
Sto
hasti
 Pro
esses I Winter term 2007/2008(Sto
hastik II)Prof.Dr. Uwe Kü
hlerDipl.Math. Irina Penner Exer
ises, January 9th11.1 (3 points) Let (Xn)n=0,1,... be a Markov 
hain with 
ountable state spa
e
S and transition matrix K. We say that a fun
tion u : S → [0,∞] issuperharmoni
 if

u(x) ≥ Ku(x) :=
∑

y∈S

K(x, y)u(y) for all x ∈ S.(a) Show that (u(Xn))n=0,1,... is a Px-supermartingale for any x ∈ S with
u(x) < ∞, whose Doob de
omposition u(Xn) = Mn −An is given by

An =
n−1
∑

k=0

(u − Ku)(Xk), n = 0, 1, . . .(b) Prove that Ex[u(XT ); T < ∞] ≤ u(x) for any x ∈ S and for anystopping time T .(
) Show that any superharmoni
 fun
tion u :S → [0,∞) is 
onstant on
S if (Xn)n=0,1,... is irredu
ible re
urrent, i. e., for the stopping time
Ty := min

{

n
∣

∣ Xn = y
}, y ∈ S, it holds that

Px [ Ty < ∞ ] = 1 for all x, y ∈ S.11.2 (4 points) Consider the 
anoni
al model of a Markov 
hain (Xn)n=0,1,...with 
ountable state spa
e S and transition matrix K, and let θ denotethe shift operator on the path spa
e Ω = S{0,1,...} de�ned by (θω)(n) :=
ω(n + 1).(a) Suppose that φ is a measurable bounded fun
tion on Ω satisfying

φ = φ ◦ θ (�shift invarian
e�). Show that h de�ned by
h(x) := Ex[φ], x ∈ S,
orresponds to a bounded harmoni
 fun
tion on S, i. e., Kh(x) =

h(x) for all x ∈ S.(b) Verify that limn↑∞ h(Xn) = φ Px-a. s. for any x ∈ S.(
) Does, 
onversely, any bounded harmoni
 fun
tion on S admit therepresentation stated in i) for an appropriate φ ?



11.3 (2 points) Let us 
onsider a renewal pro
ess with p0j := fj , j ≥ 0, for
fj ≥ 0, ∑

j≥0
fj = 1 and pi,i−1 = 1, i ≥ 1. Under whi
h 
ondition doesthere exist an invariant initial distribution ?11.4 (2 points) Let (Yn)n∈N be an adapted sequen
e of nonnegative randomvariables su
h that Yn ≤ c, n ∈ N, for some 
onstant c > 0. Prove that

{

∞
∑

n=1

Yn = ∞

}

=

{

∞
∑

n=1

E[Yn | An−1] = ∞

}

P -a. s..Hint: Use the following �di
hotomy for martingales with bounded in
re-ments� (see, e. g., Shiryaev, Probability, 2nd edition, Chapter VII, § 5):If (Xn)n=0,1,... is a martingale satisfying supn∈N |Xn −Xn−1| ∈ L1(P ) thenit holds that P [C ∪ D] = 1 where
C := {ω ∈ Ω|∃ lim

n↑∞
Xn(ω) ∈ R},

D := {ω ∈ Ω| lim
n↑∞

Xn(ω) = −∞, lim
n↑∞

Xn(ω) = ∞}.11.5 (4 bonus points) Consider the simple voter model where N parti
les (�vo-ters�) take in the next period independent of ea
h other the state 1 (�pro�)or 0 (�
ontra�). Let x = (x1, . . . , xN) ∈ S := {0, 1}{1,...,N} denote the pre-sent 
on�guration and
m(x) := 1

N

N
∑

i=1

xithe 
urrent �sentiment�. Then the ith parti
le 
hooses the state �1� withprobability
pi(x) = α xi + (1 − α) m(x)for a given parameter α ∈ (0, 1).(a) Des
ribe this evolution as a Markov 
hain (Xn)n=0,1,... on the statespa
e S by means of a transition matrix K.(b) Show that the pro
ess is absorbed either in the state �all 1� or �all 0�,namely in the state �all 1� with probabilty m(x) given that the 
hainstarts in x ∈ S.

The problems should be solved at home and delivered at Wednesday, January16th, before the beginning of the tutorial.


