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4.1 (5 points) Let Y : Ω → Ω′ be a map from some set Ω to a measurable
space (Ω′,A). Let further Z : Ω → [−∞, +∞]. Show that Z is mea-
surable with respect to the σ-algebra σ(Y ) generated by Y on Ω if and
only if there exists a [−∞, +∞]-valued measurable function g on (Ω′,A)
such that

Z(ω) = g(Y (ω)).

Hint: Prove the claim first for simple functions Z.

4.2 (4 points) Let X be a nonnegative random variable on (Ω,A, P ) and let
H be a sub-σ-algebra of A. Show that

HX :=
{

ω ∈ Ω
∣∣ E[X|H](ω) > 0

}
is the smallest set in H containing {X > 0}, i.e. for all H ∈ H such that
{X > 0} ⊆ H it holds HX ⊆ H P -a.s..

4.3 (4 points) Let X and Y be independent and identically distributed ran-
don variables such that E[|X|] < ∞. Show that

E[X|X + Y ] = E[Y |X + Y ] =
X + Y

2
P -a.s..

4.4 (5 points) Let T0 and T1 be independent random variables, both exponen-
tially distributed with parameter α > 0. Let further X := min (T0, T1).

a) Show that

E[X|T0] =
1

α
(1− e−αT0).

b) Prove that the best linear estimator X̂ of X based on T0 is given
by

X̂ =
1

4
(T0 +

1

α
).

The problems 4.1 -4.4. should be solved at home and delivered at Wednesday,
the 14th November, before the beginning of the tutorial.


