FIRST ORDER APPROACH AND INDEX THEOREMS FOR DISCRETE AND METRIC GRAPHS

OLAF POST

Abstract. The aim of the present paper is to introduce a unified notion of Laplacians on discrete and metric graphs. In order to cover all self-adjoint vertex conditions for the associated metric graph Laplacian, we develop systematically a new type of discrete graph operators acting on a decorated graph. The decoration at each vertex of degree d is given by a subspace of C^d, generalising the fact that a function on the standard vertex space has only a scalar value. We illustrate the abstract concept by giving classical examples throughout the article. Our approach includes infinite graphs as well.

We develop the notion of exterior derivative, differential forms, Dirac and Laplace operators in the discrete and metric case, using a supersymmetric framework. We calculate the (supersymmetric) index of the discrete Dirac operator generalising the standard index formula involving the Euler characteristic of a graph. Finally, we show that for finite graphs, the corresponding index for the metric Dirac operator agrees with the discrete one.

1. Introduction

In the last years, many attention has been payed to the analysis of metric graph Laplacians, i.e., operators acting as second order differential operators on each edge considered as one-dimensional space, with suitable vertex conditions turning the Laplacian into a self-adjoint (unbounded) operator. In most of the works, the second order operator is the starting object for the analysis. For more details on Laplacians on metric graphs, also labelled as “quantum graphs”, we refer to the articles [KS06, Ku04, Ku05, Kuc08] and the references therein.

In this paper whereas, we want to introduce the metric graph Laplacians with general (nonnegative) vertex conditions via first order operators, namely via an exterior derivative analogue as in differential geometry. As a by-product, we obtain a new type of discrete graph operators acting on a decorated graph. The decoration at each vertex v of degree deg v is given by a subspace of C^{deg v}, generalising the fact that a function F ∈ ℓ_2(V ) on the standard vertex space on V has only a scalar value F (v) ∈ C. In addition, we introduce the notion of a discrete exterior derivative, a discrete Dirac and Laplace operator and show an index theorem generalising the standard index formula involving the Euler characteristic of a graph (cf. Theorem 4.6).

In a second part, we define exterior derivatives, Dirac and Laplace operators on a (continuous) metric graph and relate their kernels with the appropriate discrete objects and show that the index agrees with the index of the discrete setting (cf. Theorem 6.1).

We introduce all Laplacians in a supersymmetric setting in the sense of [CFKS87], i.e., by appropriate “exterior derivatives” mimicking the corresponding notion for manifolds. The advantage is the simple structure of these operators; and the use of the abstract supersymmetric setting, e.g., the spectral equality of the Laplacian defined on even and odd “differential forms” (cf. Proposition 1.2). If not stated otherwise, the results hold for graphs with multiple edges and self-loops, as well as for infinite graphs.

One of our motivation for this work is to understand conceptionally whether a metric graph X_0 with Laplacian Δ_{X0} occurs as limit of a “smooth” space, i.e., a manifold or an open neighbourhood X_ε of X_0 together with a natural Laplacian Δ_{Xε} . If X_ε is homotopy-equivalent to X_0 then their indices agree due to the stability of the index under homotopies. In particular, the index is the Euler characteristic χ(X_ε) = χ(X_0) in both cases; and therefore, the limit space operator must have the Euler characteristic χ(X_0) as index. We comment on this observation in Section 6.2.

Date: July 28, 2009. 1

2 OLAF POST

Spectral graph theory is an active area of research. We do not attempt to give a complete overview here. Results on spectral theory of discrete or combinatorial Laplacians can be found e.g. in [Dod84, vB85, MW89, CdV98, Chu97]. For continuous (quantum) graph Laplacians we mention the works [Rot84, Nic87b, KS99, Har00, KS03, Ku04, FT04a, Ku05, KS06, Pan06, P08, LP08, P09b] and the recent book [EKK^+08]. In particular, a heat equation approach for the index formula for certain metric graph Laplacian (with energy-independent scattering matrix) can be found in [KPS07]. Fulling, Kuchment and Wilson recently proved in [FKW07] related results on indices of metric graph operators. Our method stresses the relation of discrete and metric graph operators using first order operators.

The paper is organised as follows: In the next subsection, we start with a motivating example of standard vertex conditions in order to illustrate the basic results and ideas. In Section 1.2, we develop the abstract setting of supersymmetry. In Section 2, we define a generalisation for the discrete vertex space ℓ_2(V ), namely, general vertex spaces. In Section 3 we generalise the notion of the coboundary operator (“exterior derivative”), Dirac and Laplace operators in this context. In Section 4 we calculate the index of the discrete Dirac operator for general vertex spaces and generalise the below discrete Gauß-Bonnet formula (1.6). In Section 5 we develop the theory of “exterior derivatives” on a metric graph and introduce the corresponding notion of Dirac and Laplace operators. In particular, we cover all self-adjoint vertex conditions leading to a nonnegative Laplacian. Finally, in Section 6 we show that the discrete and continuous Laplacians agree at the bottom of the spectrum, i.e., the index formula (1.8) for the general case. We conclude with a series of examples showing how an index formula can be used to find “smooth” approximations of metric graph Laplacians.

Acknowledgements. The author would like to thank the organisers of the programme “Analysis on graphs and its applications” at the Isaac Newton Institute in Cambridge for the kind invitation. The very inspiring atmosphere and many discussions led to this work.

1.1. The standard case. In order to motivate our abstract setting, we start with the standard Laplacian in the discrete and continuous setting. Details can be found in the subsequent sections. Let X = (V, E) be an oriented graph with V the set of vertices and E the set of edges e, where we denote the initial vertex by ∂_−e and the terminal vertex by ∂_+e. Denote by ℓ_2(V ) the standard vertex space with weight deg v, the degree of the vertex v. We consider a (scalar) function in ℓ_2(V ) as a “0-form”. The coboundary operator or (discrete) exterior derivative is defined as

d: ℓ_2(V ) −→ ℓ_2(E), (dF )_e = F (∂_+e) − F (∂_−e)

mapping 0-forms into 1-forms with adjoint operator

d^∗ : ℓ_2(E) −→ ℓ_2(V ), (d^∗η)(v) = 1 deg v � e∈E_v ↷ 1_e(v)η_e

where^↷1_e(v) = ±1 if v = ∂_±e and E_v is the set of edges adjacent to v. We call the operator

D(F ⊕ η) = d^∗η ⊕ dF, i.e., D ∼= � 0 d^∗ d 0 � (1.1)

the associated Dirac operator on ℓ_2(ΛX) := ℓ_2(V ) ⊕ ℓ_2(E). The associated Laplacian is defined as △_{ΛX} := D^2, and in particular, its component on 0-forms, i.e., on ℓ_2(V ) is the standard Laplacian of discrete graph theory, namely

(d^∗dF )(v) = (△^0_X F )(v) = 1 deg v � e∈E_v � F (v) − F (v_e) � (1.2)

where v_e denotes the vertex opposite to v on e ∈ E_v. For a finite graph X, we define the index of D as ind D := dim ker d − dim ker d^∗, (1.3)

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 3

i.e., the index of D is the Fredholm index of d. It is a classical result from cohomology theory, that the Fredholm-index of the coboundary operator d equals the Euler characteristic χ(X) := |V |−|E|, namely, ind D = χ(X). (1.4) If we define the curvature at the vertex v ∈ V as

κ(v) := 1 − 1 2 deg v, (1.5)

we can interpret the formula (1.4) as a “discrete Gauß-Bonnet” theorem, namely

ind D = � v∈V κ(v) (1.6)

using the classical formula 2|E| = � v∈V deg v. Note that κ(v) < 0 iff deg v ≥ 3.

Considering X as a metric graph, our basic Hilbert space is L_2(X) (cf. (5.1)). On the metric graph, we consider the “exterior” derivative

d: dom d −→ L_2(X), df = f^′ = {f^′_e}_e

where dom d = H^1_{max}(X) ∩ C(X) is the Sobolev space of functions continuous at each vertex. Its L_2-adjoint is d^∗ : dom d^∗ −→ L_2(X), d^∗g = −g^′ = {−g^′_e}_e with g ∈ dom d^∗ iff �

e∈E_v

↷g_e(v) = 0, (1.7)

where^↷g_e(v) is the oriented evaluation at v (see Eq. (5.2)). As before, we can define a Dirac operator D on L_2(X) ⊕ L_2(X) and the associated Laplacian Δ_{ΛX} such that its 0-form component is Δ^0_X f := d^∗df = −f^{′′} = {−f^{′′}_e }_e with domain dom Δ^0_X = � f ∈ dom d � � f^′ ∈ dom d^∗ �,

i.e., the standard Laplacian on a metric graph with functions continuous at each vertex and the Kirchhoff sum condition for the derivative at each vertex. Although the 0- and 1-forms are formally the same, they differ in their interpretation: We consider 0-forms as scalar functions, whereas a 1-form is a vector-field with orientation. Then the Kirchhoff sum condition Eq. (1.7) is just a “flux” conservation for the flux generated by the “vector field” f^′.

Again, we define the index ind D of the metric graph Dirac operator D as the Fredholm-index of d, i.e. in the same way as in Eq. (1.3) and one of our main results in this setting (cf. Theorem 6.1) is ker D ∼= ker D and ind D = ind D (= |V | − |E|), (1.8) i.e., an isomorphism between the kernels of the discrete and continuous case.

We want to generalise the above setting to quantum graph Laplacians with general self-adjoint operators Δ_X (such that Δ_X ≥ 0) and derive a similar index formula.

1.2. Supersymmetry. Let us first collect some structural facts shared by our graph operators defined below. Since in our cases we only have p-forms for p ∈ {0, 1}, we can identify forms of even and odd degree with the cases p = 0 and p = 1, respectively. Following [CFKS87], we define supersymmetry as follows:

Definition 1.1. Let H = H_0 ⊕ H_1 be a Hilbert space and d: dom d −→ H_1 a closed operator with dom d ⊂ H_0 (d may be bounded, in this case we have dom d = H_0). Then we say that d has supersymmetry or that d is an exterior derivative. A p-form is an element in H_p. Furthermore, we define the associated Dirac operator as

D(f_0 ⊕ f_1) = d^∗f_1 ⊕ df_0, i.e., D ∼= � 0 d^∗ d 0 �

4 OLAF POST

with respect to the decomposition H = H_0 ⊕ H_1. The associated Laplacian is given by Δ := D^2. In particular,

Δ ∼= � Δ_0 0 0 Δ_1 � , where Δ_0 = d^∗d and Δ_1 = dd^∗ on their natural domains.

Clearly, Δ and Δ^p are closed, non-negative operators. Note that ker d = ker Δ_0 and ker d^∗ = ker Δ_1.

We denote the spectral projection of Δ_p by 1_B (Δ_p). We have the following results on the spectrum away from 0:

Proposition 1.2. Assume that d has supersymmetry and that B ⊂ [0, ∞) is a bounded Borel set. Then d1_B (Δ_0) = 1_B (Δ_1)d and d^∗1_B (Δ_1) = 1_B (Δ_0)d^∗.

Furthermore, if 0 is not contained in B, then

d: 1_B (Δ_0)(H_0) −→ 1_B (Δ_1)(H_1) and d^∗ : 1_B (Δ_1)(H_1) −→ 1_B(Δ_0)(H_0) are isomorphisms. In particular, dim 1_B (Δ_0) = dim 1_B (Δ_1) and σ(Δ_0) \ {0} = σ(Δ_1) \ {0}, i.e., the spectra of Δ_0 and Δ_1 away from 0 agree including multiplicity.

Proof. The first assertion follows from dφ(d^∗d) = φ(dd^∗)d, first for polynomials φ, then for functions φ(λ) = (λ + 1)^{−k}, k ≥ 1, and finally by the spectral calculus also for (fast enough decaying) continuous and measurable functions. The second assertion follows since ker d = ker Δ_0 = 0 and ker d^∗ = ker Δ_1 = 0. The last statement is a simple consequence of the isomorphisms. □ We have the following result, an abstract version of the Hodge decomposition:

Proposition 1.3. Assume that d has supersymmetry and that the associated Dirac operator D has a spectral gap at 0, i.e., dist(0, σ(D) \ {0} > 0. Then^1 H = ker D ⊕ ran d^∗ ⊕ ran d, H_0 = ker d ⊕ ran d^∗ and H_1 = ker d^∗ ⊕ ran d.

Proof. It is a general fact that H_0 = ker d ⊕ ran d^∗ and similarly for H_1. It remains to show that ran d and ran d^∗ are closed. Let ~D be the restriction of D onto (ker D)^⊥. By our assumption, ~D has a bounded inverse, namely

~D^{−1} ∼= � 0 ~d^{−1} (~d^∗)^{−1} 0 � , where ~d and ~d^∗ are the restrictions of d and d^∗ to (ker d)^⊥ and (ker d^∗)^⊥, respectively. In particular, ~d−1 and (~d∗)−1 are bounded.

Let g ∈ ran d, then there exists a sequence {f_n}_n ⊂ H_0 such that df_n → g in H_1. Without loss of generality, we may assume that f_n ∈ (ker d)^⊥. Therefore, ~d^{−1}df_n = f_n → ~d^{−1}g =: f. Now, f_n → f, df_n → g and d is closed, so f ∈ dom d and in particular, df = g ∈ ran d. □ Definition 1.4. If ker d and ker d^∗ are both finite dimensional (i.e., 0 /∈ σ_{ess}(D)), we define the index of D as ind D := dim ker d − dim ker d^∗.

Note that ind D is the usual Fredholm index of the operator d. We need the following fact in order to calculate the index in concrete examples:

1The spectral gap condition is only need in order to assure that the ranges are closed. If we replace ran d by ran d and ran d^∗ by ran d^∗, then we can drop this condition. Here, ran d denotes the range of the operator d, i.e., ran d = { df | f ∈ dom d }.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 5

Proposition 1.5. Assume that {D_t}_{t∈R} is a family of bounded Dirac operators such that t → D_t is norm-continuous. Then ind D_t is constant.

Proof. This follows from the fact that the Fredholm index depends continuously on the operator and that a continuous function into Z is locally constant (see e.g. [Gil95, Lem. 1.4.3]). □

We need the notion of a morphism of this structure.

Definition 1.6. Suppose that H = H_0 ⊕H_1 with operator d and ~H = ~H_0 ⊕ ~H_1 with operator ~d and associated Dirac operators D and ~D, respectively, have supersymmetry. We say that a linear map Φ: dom D −→ dom ~D respects supersymmetry iff Φ decomposes into Φ = Φ_0 ⊕ Φ_1 where Φ_p maps p-forms onto p-forms.

In some cases we need to enlarge the Hilbert space H by a space N on which the exterior derivative acts trivially:

Definition 1.7. Let N be a Hilbert space. We set H_N := H_0 ⊕ N ⊕ H_1. Assume that d is an exterior derivative on H = H_0 ⊕ H_1. Then we call

d_N 0 = d^�⊕ 0: dom d ⊕ N −→ H_1, f ⊕ h → df

the exterior derivative trivially 0-enlarged by N . The associated Dirac operator will be denoted by D_N 0 .

Similarly, we call

d_N 1 = d^�⊕ 0: dom d −→ H_1 ⊕ N , f → df ⊕ 0

the exterior derivative trivially 1-enlarged by N . The associated Dirac operator will be denoted by D_N 1 .

Note that d^∗_{N 0} = (d^�⊕ 0)^∗ = d^{∗ �}⊕ 0 and d^∗_{N 1} = (d^�⊕ 0)^∗ = d^{∗ �}⊕ 0. Furthermore, ker d_N 0 = ker d ⊕ N , ker d^∗_{N 0} = ker d^∗ and ker d_N 1 = ker d, ker d^∗_{N 1} = ker d^∗ ⊕ N . In particular, we have

ind D_N 0 = ind D + dim N and ind D_N 1 = ind D − dim N . (1.9)

2. Vertex spaces on discrete graphs

2.1. Discrete graphs. Suppose X is a discrete weighted graph given by (V, E, ∂, ℓ) where (V, E, ∂) is a usual graph, i.e., V denotes the set of vertices, E denotes the set of edges, ∂ : E −→ V × V associates to each edge e the pair (∂_−e, ∂_+e) of its initial and terminal vertex (and therefore an orientation). That X is an (edge-)weighted graph means that there is a length or (inverse) edge weight function ℓ: E −→ (0, ∞) associating to each edge e a length ℓ_e. For simplicity, we consider internal edges only, i.e., edges of finite length ℓ_e < ∞.

For each vertex v ∈ V we set

E^±_v := { e ∈ E | ∂_±e = v } and E_v := E^+_v ·∪ E^−_v ,

i.e., E^±_v consists of all edges starting (−) resp. ending (+) at v and E_v their disjoint union. Note that the disjoint union is necessary in order to allow self-loops, i.e., edges having the same initial and terminal point. The (in/out-)degree of v ∈ V is defined as

deg^+ v := |E^+_v |, deg^− v := |E^−_v |, deg v := |E_v| = deg^+ v + deg^− v,

respectively. In order to avoid trivial cases, we assume that deg v ≥ 1, i.e., no vertex is isolated. On the vertices, we usually consider the canonical (vertex-)weight deg v (see e.g. the norm definition of ℓ_2(V ) in (2.5)).

We say that the graph X is d-regular, iff deg v = d for all v ∈ V . Furthermore, X is bipartite, if there is a decomposition V = V_− ·∪ V_+ such that no vertex in V_− is joined with a vertex in V_− by an edge and similar for V_+.

6 OLAF POST

We have the following equalities ·� v∈V E^+_v = · � v∈V E^−_v = E and · � v∈V E_v = E ·∪ E, (2.1)

since each (internal) edge has exactly one terminal vertex and one initial vertex. In addition, a self-loop edge e is counted twice in E_v. In particular, � v∈V deg v = 2|E|. (2.2)

2.2. General vertex spaces. We want to introduce a vertex space allowing us to define Laplacelike operators coming from general vertex conditions for quantum graphs. The standard discrete Laplacian is defined on 0-forms and 1-forms, namely, on sections in the trivial bundles Λ^0X = V × C and Λ^1X = E × C.

In order to allow more general vertex conditions in the quantum graph case later on, we need to enlarge the space at each vertex v. We denote G^{max}_v := C^{Ev} the maximal vertex space at the vertex v ∈ V , i.e., a value F (v) ∈ G^{max}_v has deg v components, one for each adjacent edge. A (general) vertex space is a family {G_v}_v of subspaces G_v of G^{max}_v for each vertex v. We can consider a vertex space as a vector bundle Λ^0X := · � v∈V G_v

over the discrete base space V with fibres G_v of mixed rank generalising the standard setting above, where G_v ∼= C at each vertex. An element of G^{max}_v will generally be denoted by F (v) = {F_e(v)}_{e∈Ev} . Note that G^{max} := � v G^{max}_v ∼= � e∈E C^2 (2.3)

since each edge occurs twice in the E_v, v ∈ V (cf. Eq. (2.1)).

We denote by ℓ_2(Λ^0X) = G := � v∈V G_v and ℓ_2(Λ^1X) = ℓ_2(E) (2.4)

the associated Hilbert spaces of 0- and 1-forms with norms defined by

‖F ‖^2_G := � v∈V |F (v)|^2 = � v∈V � e∈E_v

|F_e(v)|^2 and ‖η‖^2_{ℓ2(E)} := � e∈E |η_e|^2 1 ℓ_e . Abusing the notation, we also call the section space G a vertex space.

Definition 2.1. We say that an operator A on G is local iff A decomposes with respect to G = � v∈V G_v, i.e., A = � v∈V A_v where A_v is an operator on G_v.

Associated to a vertex space is an orthogonal projection P = � v∈V P_v in G^{max}, where P_v is the orthogonal projection in G^{max}_v onto G_v. Alternatively, a vertex space is characterised by fixing an orthogonal projection P in G which is local.

Remark 2.2. If X is finite, we can assume without loss of generality that P is local. If this is not the case, we can pass to a new graph ~X by identifying vertices v ∈ V for which P does not decompose with respect to G^{max}_v ⊕ � w≠v G max w . In the worst case, the new graph ~X is a rose, i.e., ~X consists of only one vertex with |E| self-loops attached.

The following notation will be useful:

Definition 2.3. The linear operator τ = (^↷·): G^{max} −→ G^{max}, F →^↷F , defined by τ := � v∈V τ_v and τ_v (F (v)) :=^↷F (v) = {^↷F_e(v)}_{e∈Ev} ,^↷F_e(v) := ±F_e(v), if v = ∂_±e, is called orientation map. We say that τ switches from an unoriented evaluation to an oriented evaluation and vice-versa.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 7

Clearly, τ is a unitary local involution and given by the multiplication with^↷1(v) on G^{max}_v where ↷ 1_e(v) = ±1 if v = ∂_±e.

Definition 2.4. Let G = � v∈V G_v be a vertex space with associated projection P . The dual vertex space is defined by^2 G^⊥ = G^{max} ⊖ G with projection P^⊥ = 1 − P . The oriented version of the vertex space G is defined by^↷G := τG with projection^↷P = τP τ.

It can easily be seen that^↷G = G iff^↷1(v) = ±1(v) for all v ∈ V , i.e., iff the graph X is bipartite (with partition V = V_− ·∪ V_+) and the orientation is chosen in such a way that ∂_±e ∈ V_± for all e ∈ E.

In the following we give several examples of vertex spaces. We will see later on that these spaces are closely related to quantum graph Laplacians where the names come from. We start with two trivial vertex spaces:

Example 2.5.

(i) We call the trivial subspace G_v = G^{min}_v = 0 the minimal or Dirichlet vertex space. The corresponding projection is P_v = 0.

(ii) We call the maximal subspace G_v = G^{max}_v the maximal or Neumann vertex space. The corresponding projection is P_v = 1. Clearly, G^{max} is dual to G^{min}.

These examples are trivial, since every edge decouples from the others:

Definition 2.6. Let G_v be a vertex space at v with projection P_v.

(i) We say that e_1 ∈ E_v interacts with e_2 ∈ E_v in G_v iff

p_{e1,e2} (v) := ⟨δ_{e1} (v), P_vδ_{e2} (v)⟩ ≠ 0

where (δ_{e1} )_e(v) = 1 if e = e_1 and 0 otherwise. If p_{e1,e2} (v) = 0, we say that e_1, e_2 ∈ E_v decouple in G_v.

(ii) We say that G_v decouples along E_1 ·∪ E_2 ⊂ E_v iff e_1 and e_2 decouple in G_v for all e_1 ∈ E_1 and e_2 ∈ E_2.

(iii) We say that G_v is completely interacting iff e_1 and e_2 are interacting for any e_1, e_2 ∈ E_v, e_1 ≠ e_2.

Lemma 2.7. The edges e_1, e_2 ∈ E_v (e_1 ≠ e_2) are interacting (resp. decoupling) in G_v iff they are in G^⊥_v . In particular, G_v is completely interacting iff G^⊥_v is.

Proof. The claim follows immediately from � δ_{e1} , P^⊥_v δ_{e2} � = − � δ_{e1} , P_vδ_{e2} � since e_1 ≠ e_2. □

Remark 2.8. Let G be a vertex space associated to the graph X such that G_v decouples along E_1 ·∪E_2 = E_v, then G_v = G_{1,v}⊕G_{2,v}. Passing to a new graph ~X with the same edge set E( ~X) = E(X) but replacing v ∈ V (X) by two vertices v_1, v_2 with E_{v1} = E_1 and E_{v2} = v_2, we obtain a new graph with one more vertex. Repeating this procedure, we can always assume that no vertex space G_v decouple along a non-trivial decomposition E_v = E_1 ·∪ E_2. It would be interesting to understand the “irreducible” building blocks of this decomposition procedure (see also [P09b, P09c]).

We will define now our main example, since it covers many of classically defined discrete Laplacians on a graph, as we will see later on:

Definition 2.9. We say that a vertex space G_v is (weighted) continuous if dim G_v = 1, i.e.,

G_v = Cp(v), |p(v)|^2 = deg v,

and G_v is completely interacting, i.e., p_e(v) ≠ 0 for all e ∈ E_v where p(v) = {p_e(v)}_e.

2Here and in the sequel, H ⊖ H_1 denotes the orthogonal complement of the (closed) subspace H_1 in H .

8 OLAF POST

A vertex space G is called (weighted) continuous if all its components G_v are (weighted) continuous and if there are uniform constants p_± ∈ (0, ∞) such that p_− ≤ |p_e(v)| ≤ p_+, e ∈ E_v, V ∈ V.

The dual of a continuous vertex space is called an (unoriented weighted) sum vertex space.

Applying the procedure of Remark 2.8, any vertex space G_v of dimension 1 with generating vector p(v) has a decomposition of G_v along E_1 := { e ∈ E_v | p_e(v) ≠ 0 } and E_2 := E_v \ E_1. The corresponding space G_{1,v} is now a continuous vertex space.

In all of the following examples, we can choose p_± = 1 as uniform bounds. Example 2.10.

(iii) Choosing p(v) = 1(v), i.e., G_v := G^{std}_v := C1(v) = C(1, . . . , 1), we obtain the (uniform) continuous or standard vertex space denoted by G^{std}_v where all coefficients p_e(v) = 1. The associated projection is P_v = 1 deg v E where E denotes the square matrix of rank deg v where all entries equal 1.

(iv) We also have an oriented version of the standard vertex space, in particular G^{↷std} = C^↷1 where^↷1 is defined in Definition 2.3. In particular, p_e(v) = ±1 if v = ∂_±e.

(v) We call the dual G^Σ_v := (G^{std}_v )^⊥ = G^{max}_v ⊖ C(1, . . . , 1) of the continuous vertex space the (unoriented uniform) sum or Σ-vertex space. Its associated projection is

P_v = 1 − 1 deg v E. (vi) The oriented sum vertex space is the dual of the oriented continuous vertex space, i.e., ↷ G^Σ := (^↷G^{std})^⊥.

(vii) A more general case of continuous vertex spaces is given by vectors p(v) such that |p_e(v)| = 1, we call such continuous vertex spaces magnetic. An example is given in the following way: Let α ∈ R^E be a function associating to each edge e the magnetic vector potential α_e ∈ R and set p_e(v) = e^{−i↷αe(v)/2} where^↷α_e(v) := ±α_e if v = ∂_±e as in Definition 2.3. We call the associated vertex space G^{mag,α} v magnetic (see also Subsection 3.3.1).

Remark 2.11. Obviously, for the standard vertex space G^{std}_v = G^{mag,0}_v . Furthermore, the oriented standard vertex space G^{↷std} of (iv) is unitary equivalent to a special case of magnetic vertex spaces in (vii): Choose α_e = π for all e ∈ E then p_e(∂_±e) = ∓i, i.e., p(v) = −i^↷1(v) and therefore G^{↷std} = iG^{mag,π}.

We want to express continuous vertex spaces with respect to the standard space ℓ_2(V ), the “classical” space of 0-forms ~F : V −→ C with norm defined by ‖ ~F ‖^2_{ℓ2(V )} := � v∈V | ~F (v)|^2 deg v. (2.5)

In particular, the next lemma shows, that the vertex-weight deg v is canonical in the sense of (iii): Lemma 2.12. Let G be a continuous vertex space with projection P and denote by [p^{−1}] the operator � p^{−1} � : G^{max} −→ G^{max}, F → ~F = {~F (v)}_v, ~F_e(v) =

F_e(v) p_e(v) . (i) The multiplication operators [p^{−1}] and [p] = [p^{−1}]^{−1} are bounded on G^{max}

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 9

(ii) We have [p^{−1}](G ) = G^{std} and [p^{−1}](G^⊥) = G^{Σ|p|2} where

G^{Σ|p|2} := � ~F ∈ G^{max} � � � � e∈E_v

|p_e(v)|^2 ~F_e(v) = 0 ∀v ∈ V �

for the dual.

(iii) Denote ~U : G^{std} −→ ℓ_2(V ) the local operator mapping ~F (v) = ~F (v)(1, . . . , 1) onto ~F (v) ∈ C, then ~U is unitary. Furthermore,

U : G −→ ℓ_2(V ), U := ~U ∘ � p^{−1} � is unitary.

(iv) The transformed projection ~P := UP : G^{max} −→ ℓ_2(V ) is given by

( ~P_vF )(v) = 1 deg v � e∈E_v

p_e(v)F_e(v) ∈ C

and no coefficient p_e(v) vanishes.

Proof. (i) The boundedness follows from the global bounds p_± on |p_e(v)| (cf. Definition 2.9). (ii) [p^{−1}] restricted to G^{max}_v maps the vector p(v) onto (1, . . . , 1), i.e., G_v onto G^{std}_v ; a vector F (v) ∈ G^⊥ satisfies � e∈E_v pe(v)Fe(v) = 0, and therefore ~F (v) ∈ G

Σ|p|^2

v . (iii) We have

|~F (v)|^2_CE_v = | ~F (v)|^2|(1, . . . , 1)|^2_CE_v = | ~F (v)|^2 deg v

and therefore, ~U is unitary. Furthermore,

‖ ~F ‖^2_{ℓ2(V )} = � v∈V | ~F (v)|^2 deg v = � v∈V � e∈E_v

| ~F (v)p_e(v)|^2 = � v∈V � e∈E_v

|F_e(v)|^2 = ‖F ‖^2_G

since |p(v)|^2 = deg v. The last assertion follows by a straightforward calculation. □

Note that the decomposition into G^{std} and G^{Σ|p|2} is no longer orthogonal if [p^{−1}] is not unitary (i.e., |p_e(v)| ≠ 1 for some e ∈ E_v).

The trivial, the uniform continuous and the sum vertex spaces are obviously invariant under permutation of the edges in E_v. Indeed, these are the only possibilities for such an invariance:

Proposition 2.13. A vertex space G_v is invariant under permutation of the coordinates e ∈ E_v iff G_v is either maximal (G^{max}_v = C^{Ev} ), minimal (G^{min}_v = 0), uniform continuous (G^{std}_v = C(1, . . . , 1)) or the sum vertex space (G^Σ_v = C^{Ev} ⊖ C(1, . . . , 1)).

Proof. It can be shown, that a square matrix P of dimension d = deg v is invariant under the symmetric group S_d of order d iff P has the form

P = a1 + b E,

since the only subspaces invariant under S_d are C(1, . . . , 1) and its orthogonal complement, and the representation of S_d on the orthogonal complement is irreducible (see e.g. the references in [Ku04]). Using the relations P = P^∗ and P^2 = P for an orthogonal projection, we obtain that a and b must be real and satisfy the relations a^2 = a and 2ab + (deg v)b = b, from which the four cases follow. □

3. Operators on vertex spaces In this section, we define a generalised coboundary operator or exterior derivative associated to a vertex space. We use this exterior derivative for the definition of an associated Dirac and Laplace operator as in the supersymmetric setting of Section 1.2.

10 OLAF POST

3.1. Discrete exterior derivatives. On the maximal vertex space G^{max}, we define a general coboundary operator or exterior derivative as

d = d^{max} : G^{max} −→ ℓ_2(E), (dF )_e := F_e(∂_+e) − F_e(∂_−e),

Definition 3.1. Let G be a vertex space of the graph X. The exterior derivative on G is defined as d_G := d^{max}↾_G : G −→ ℓ_2(E), (dF )_e := F_e(∂_+e) − F_e(∂_−e),

mapping 0-forms onto 1-forms.

We often drop the subscript G for the vertex space, or use other intuitive notation in order to indicate the vertex space.

We define a multiplication operator [ℓ^{−1}] on G^{max} and ℓ_2(E) by � ℓ^{−1} � F � e(v) = 1 ℓ_e

F_e(v) and � ℓ^{−1} � η � e = 1 ℓ_e η_e,

respectively. Clearly, [ℓ^{−1}] is bounded on both spaces iff there exists ℓ_0 > 0 such that

ℓ_e ≥ ℓ_0, e ∈ E. (3.1)

Without loss of generality, we assume that ℓ_0 ≤ 1. On a vertex space G ≤ G^{max} with associated projection P , we can relax the condition slightly, namely, we assume that P [ℓ^{−1}] is bounded, i.e., that

κ := sup_{v∈V} � �P_v[ℓ^{−1}]_v � �_v < ∞ (3.2)

where | · |_v denotes the operator norm for matrices on C^{Ev} .

Remark 3.2.

(i) If (3.1) is fulfilled, then κ ≤ 1/ℓ_0. In particular, if ℓ_e = ℓ_0 for all e ∈ E then κ = 1/ℓ_0. (ii) For the (uniform) continuous vertex space G^{std}, we have

|P_v[ℓ^{−1}]_v|_v = 1 deg v � e∈E_v 1 ℓ_e .

(iii) If we assume that (3.2) holds for P and P^⊥, then (3.1) is also fulfilled. For simplicity, we assume therefore that (3.1) holds (if not stated otherwise).

Lemma 3.3. Assume (3.2), then d is norm-bounded by √ 2κ. The adjoint

d^∗ : ℓ_2(E) −→ G

fulfils the same norm bound and is given by

(d^∗η)(v) = P_v �1 ℓ e ↷η_e(v) � ∈ G_v,

where^↷η_e(v) := ±η_e if v = ∂_±e denotes the oriented evaluation of η_e at the vertex v.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 11

Proof. We have

‖dF ‖^2_{ℓ2(E)} = � e∈E 1 ℓ_e � �F_e(∂_+e) − F_e(∂_−e) � �^2

≤ 2 � v∈V � � e∈E^+_v 1 ℓ_e � �F_e(v) � �^2 + � e∈E^−_v 1 ℓ_e � �F_e(v) � �^2 �

≤ 2 � v∈V � e∈E_v 1 ℓ_e � F_e(v)

�_2

≤ 2 � v∈V � [ℓ^{−1}]_vF (v), F (v) �

= 2 � v∈V � [ℓ^{−1}]_vF (v), P_vF (v) �

≤ 2κ‖F ‖^2_G using Eq. (2.1) and the fact that F (v) ∈ G_v. For the second assertion, we calculate

⟨dF , η⟩ = � e∈E 1 ℓ_e � F_e(∂_+e) − F_e(∂_−e) � η_e = � v∈V � � e∈E^+_v 1 ℓ_e

F_e(v) η_e − � e∈E^−_v 1 ℓ_e

F_e(v) η_e �

= � v∈V � P_vF , � 1 ℓ_e

↷η_e(v) � e∈E_v � G^{max}_v

= ⟨F, d^∗η⟩

since F (v) ∈ G_v, i.e., P_vF (v) = F (v). □ Example 3.4.

(i) For the minimal vertex space, we have d = 0 and d^∗ = 0. Obviously, these operators are decoupled, i.e., they do not feel any connection information of the graph.

(ii) For the maximal vertex space, we have (denoting d = d^{max})

(d^∗η)_e(v) = 1 ℓ e ↷η_e(v).

The operator d = d^{max} decomposes as � e d_e with respect to the decomposition of G^{max} in Eq. (2.3) and ℓ_2(E) in Eq. (2.4). Here, � d_e : C^2 −→ C � ∼ = � 1 −1 � and � d^∗_e : C −→ C^2 � ∼ = 1 ℓ_e � 1 −1 �

where F_e = (F_e(∂_+e), F_e(∂_−e)) ∈ C^2. Again, the operators are decoupled, since any connection information of the graph is lost.

We can now calculate the exterior derivative and its adjoint in several general cases. The proofs are straightforward. We start with the relation to the dual vertex space: Lemma 3.5. Let G be a vertex space with exterior derivative d = d_G , then

d_G^�⊕ d_G ⊥ = d^{max} : G^{max} −→ ℓ_2(E), F ⊕ F^⊥ → d_G F + d_G ⊥ F^⊥

d^∗_G^�⊕ d^∗_G ⊥ = (d^{max})^∗ : ℓ_2(E) −→ G^{max}, η → d^∗_G η ⊕ d^∗_G ⊥ η. In particular, ((d^∗_G ⊥ η)_e(v) = 1 ℓ_e

↷η_e(v) − (d^∗_G η)_e(v).

For a continuous vertex space, it is convenient to use the unitary transformation from G onto ℓ_2(V ) (see Lemma 2.12 (iii)):

12 OLAF POST

Lemma 3.6. For a continuous vertex space, the exterior derivative ~d := d ∘ U^{−1} transformed back to ℓ_2(V ) is given by (~d ~F )_e = p_e(∂_+e) ~F (∂_+e) − p_e(∂_−e) ~F (∂_−e) and its adjoint ~d^∗ = U ∘ d^∗ by

(~d^∗η)(v) = 1 deg v � e∈E_v

p_e(v) ℓ_e

↷η_e(v).

Switching the orientation on or off leads to another class of examples:

Lemma 3.7. If Ĝ is a vertex space with projection P̂ and if we define the “unoriented” exterior derivative d̂ via d̂: Ĝ −→ ℓ_2(E), (d̂F )_e := F_e(∂_+e) + F_e(∂_−e), then its adjoint is given by (d̂^∗η)(v) = P̂_v �1 ℓ e η_e(v) � . In addition, if G = τĜ is the vertex space with switched orientation, then d = d̂ ∘ τ and d^∗ = τ ∘ d̂^∗, i.e., the above “unoriented” exterior derivative d̂ occurs as an exterior derivative in the sense of Definition 3.1 for the vertex space τG with switched orientation.

We give now some examples of exterior derivatives on continuous vertex spaces and their duals: Example 3.8.

(iii) For the standard vertex space G^{std}, the exterior derivative and its adjoint are unitarily equivalent to ~d: ℓ_2(V ) −→ ℓ_2(E), (~dF )_e = F (∂_+e) − F (∂_−e) and (~d^∗η)(v) = 1 deg v � e∈E_v 1 ℓ_e

↷η_e(v),

i.e., ~d is the classical coboundary operator and ~d^∗ its adjoint.

(iv) If G^{↷std} = τG^{std} is the oriented standard vertex space, then the exterior derivative d is unitarily equivalent to ~d: ℓ_2(V ) −→ ℓ_2(E), (~dF )_e = F (∂_+e) + F (∂_−e) and (~d^∗η)(v) = 1 deg v � e∈E_v 1 ℓ_e η_e(v).

(v) For the (unoriented) sum vertex space G^Σ = (G^{std})^⊥, we have

(d^∗η)_e(v) = 1 ℓ e ↷η_e(v) − 1 deg v � e^′∈E_v 1 ℓ e^′

↷η_e′ (v)

(vi) For the (oriented) sum vertex space G^{↷Σ} = (G^{↷std})^⊥, we have

(d^∗η)_e(v) = ± �1 ℓ e η_e(v) − 1 deg v � e^′∈E_v 1 ℓ e^′ η_e′ �

if v = ∂_±e.

(vii) For the magnetic vertex space G^{mag,α}, we have ~d: ℓ_2(V ) −→ ℓ_2(E), (~dF )_e = e^{−iα}e^{/2}F (∂_+e) − e^{iα}e^{/2}F (∂_−e) and ~d^∗ : ℓ_2(E) −→ ℓ_2(V ), (~d^∗η)(v) = 1 deg v � e∈E_v 1 ℓ_e e^{i↷αe/2 ↷}η_e(v).

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 13

3.2. Discrete Dirac operators and Laplacians. Let D = D_G be the Dirac operator associated to the exterior derivative d = d_G on the vertex space G , i.e., D = � 0 d^∗ d 0 � with respect to ℓ_2(ΛX) := ℓ_2(Λ^0X) ⊕ ℓ_2(Λ^1X) = G ⊕ ℓ_2(E)

(cf. Definition 1.1).

Definition 3.9. We define as in the abstract supersymmetric setting the Laplacians associated to a vertex space G by

△_{ΛX} := △_G := D^2_G , △_Λ0_X := △^0_G := d^∗_G d_G and △_Λ1_X := △^1_G := d_G d^∗_G . In particular, we have

(△^0_G F )(v) = P_v �1 ℓ e � F_e(v) − F_e(v_e) � (3.3a)

(△^1_G η)_e = � P_{∂+e} �1 ℓ e^′

↷η_e′ (∂_+e) � e^′ � − P_{∂−e} �1 ℓ e^′

↷η_e′ (∂_−e) � e^′ � e (3.3b)

where v_e denotes the vertex on e ∈ E_v opposite to v. Here, we see that the orientation plays no role for the 0-form Laplacian.

We have a sort of Hodge decomposition (see Proposition 1.3):

Proposition 3.10. Assume that D has a spectral gap at 0, i.e., that dist(0, σ(D) \ {0} > 0 (e.g., X finite is sufficient). Then ℓ_2(ΛX) = ker D ⊕ ran d^∗ ⊕ ran d, i.e., ℓ_2(Λ^0X) = G = ker d ⊕ ran d^∗ and ℓ_2(Λ^1X) = ℓ_2(E) = ker d^∗ ⊕ ran d.

Let us start with the Laplacians acting on the trivial vertex spaces: Example 3.11.

(i) For the minimal vertex space, we have △^p_{G 0} = 0 for p ∈ {0, 1}. (ii) For the maximal vertex space, we have (△^p_{max} := △^p_G max )

(△^0_{max}F )_e(v) = � 1 ℓ_e � F_e(v) − F_e(v_e) � e∈E_v . The operator △^0_{max} decomposes as � e(△^0_{max})_e with respect to the decomposition of G^{max} in Eq. (2.3), where � (△^0_{max})_e : C^2 −→ C^2 � ∼ = 1 ℓ_e � 1 −1 −1 1 � . Similarly, (△^1_{max}η)_e = 2 ℓ_e η_e,

i.e., △^1_{max} = 2[ℓ^{−1}] is a multiplication operator on ℓ_2(E). Proposition 3.12.

(i) The Laplacian △^p_G on p-forms associated to the vertex space G is a bounded operator with norm bounded by 2κ.

(ii) On 1-forms, we have △^1_{max} = △^1_G + △^1_{G ⊥} or △^1_{G ⊥} = 2 � ℓ^{−1} � − △^1_G on ℓ_2(E). In particular, if all length ℓ_e = 1, then △^1_G ⊥ = 2 − △^1_G and σ(△^1_G ⊥ ) = 2 − σ(△^1_G ), i.e., λ ∈ σ(△^1_{G ⊥} ) iff 2 − λ ∈ σ(△^1_G ).

(iii) Assume that ℓ_e = 1 then we have the spectral relation σ(△^0_G ⊥ ) \ {0, 2} = 2 − (σ(△^0_G ) \ {0, 2}) on 0-forms, i.e., if λ ≠ 0, 2, then λ ∈ σ(△^0_{G ⊥} ) iff 2 − λ ∈ σ(△^0_G ).

14 OLAF POST

Proof. The first assertion follows immediately from Lemma 3.3. The second is a consequence of Lemma 3.5. The last spectral equality follows from the spectral equality for 1-forms and supersymmetry to pass from 1-forms to 0-forms (cf. Proposition 1.2). □

In Proposition 4.4 we will prove a relation between the kernels, namely ker △^0_{G ⊥} ∼= ker △^1↷_G .

Proposition 3.13. Let G be a continuous vertex space, ~d : ℓ_2(V ) −→ ℓ_2(E) the unitarily equivalent exterior derivative as defined in Lemma 3.6 and ~d^∗ its adjoint, then ~△^0_G := ~d^∗~d and △^1_G are given by ( ~△^0_G F )(v) = 1 deg v � e∈E_v

p_e(v) ℓ_e � p_e(v)F (v) − p_e(v_e)F (v_e) �

(△^1_G ~η)_e = − � e∼e^′

(p_e′ p_e)(e ∩ e^′) ℓ_e′ deg(e ∩ e^′)

↷η_e′ (e) +

�|p_e(∂_+e)|2 deg ∂_+e + |p_e(∂_−e)|^2 deg ∂_−e � 1 ℓ_e η_e,

where e^′ ∼ e means that e^′ ≠ e and e^′, e have the vertex e^′ ∩e in common. Furthermore,^↷η_e′ (e) = η_e′ if the orientation of e, e^′ gives an orientation of the path formed by e, e^′, and^↷η_e′ (e) = −η_e′ otherwise.

We have several important special cases of continuous vertex spaces and their duals:

Example 3.14.

(iii) For the standard vertex space G^{std}, we have the standard (weighted) Laplacian △^0_{std} transformed to ~△^0_{std} = △^0_X = △^0_{(X,ℓ−1)} on ℓ_2(V ) and △^1_{std} on ℓ_2(E), where

( ~△^0_{std}F )(v) = 1 deg v � e∈E_v 1 ℓ_e � F (v) − F (v_e) � (3.4)

(△^1_{std}η)_e = − � e^′∼e 1 ℓ_e′ deg(e^′ ∩ e)

↷η_e′ (e) + � 1 deg ∂_+e + 1 deg ∂_−e � 1 ℓ_e η_e.

(iv) For the oriented standard space G^{↷std}, we have

( ~△^{0↷}_{std}F )(v) = 1 deg v � e∈E_v 1 ℓ_e � F (v) + F (v_e) �

(△^1↷_{std}η)_e = � e^′∼e 1 ℓ_e′ deg(e^′ ∩ e) η_e′ + � 1 deg ∂_+e + 1 deg ∂_−e � 1 ℓ_e η_e.

Note that ~△^0↷_{std} = 2[L^Σ] − ~△^0_{std}, (3.5)

where ~△^0_{std} is the standard Laplacian of Example (iii) and [L^Σ] is the multiplication operator with L^Σ(v) := 1 deg v � e∈E_v 1 ℓ_e . (v) For the (unoriented) sum vertex space G^Σ, the dual of G^{std}, we have

(△^0_ΣF )_e(v) = 1 ℓ_e � F_e(v) − F_e(v_e) � − 1 deg v � e^′∈E_v 1 ℓ_e′ � F_e′ (v) − F_e′ (v_e′ ) �

(△^1_Ση)_e = � e^′∼e 1 ℓ_e′ deg(e^′ ∩ e)

↷η_e′ (e) − � 1 deg ∂_+e + 1 deg ∂_−e − 2 � 1 ℓ_e η_e.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 15

(vi) For the oriented sum vertex space G^{↷Σ}, we have

(△^0↷_ΣF )_e(v) = 1 ℓ_e � F_e(v) − F_e(v_e) � − ↷ 1_e(v) deg v � e^′∈E_v

↷ 1_e′ (v)

ℓ_e′ � F_e′ (v) − F_e′ (v_e′ ) �

(△^1↷_Ση)_e = − � e^′∼e 1 ℓ_e′ deg(e^′ ∩ e) η_e′ − � 1 deg ∂_+e + 1 deg ∂_−e − 2 � 1 ℓ_e η_e.

(vii) For the magnetic vertex space G^{mag,α}, we have

( ~△^0_{mag,α}F )(v) = 1 deg v � e∈E_v 1 ℓ_e � F (v) − e^{i↷αe(v)}F (v_e) �

(△^1_{mag,α}η)_e = − � e^′∼e

e^{i↷αe′,e} ℓ_e′ deg(e^′ ∩ e)

↷η_e′ (e) + � 1 deg ∂_+e + 1 deg ∂_−e � 1 ℓ_e η_e,

where^↷α_e′_{,e} := (^↷α_e′ −^↷α_e)(e ∩ e^′) denotes the oriented flux along e^′ and e.

3.3. Magnetic operators, line graphs and subdivision graphs. Let us briefly interpret certain above defined abstract Laplacians as well-known objects in other situations. 3.3.1. Magnetic operators. For a real-valued 1-form β ∈ R^E we define unitary operators U_β on G^{max} and ℓ_2(E) by (U_βF )_e(v) = e^{iβe} F_e(v) and (U_βη)_e = e^{iβe} η_e, respectively. Recall that a magnetic vertex space is given by G^{mag,α}_v = Cp(v) with p_e(v) = e^{−i↷αe(v)/2} for a magnetic vector potential α ∈ R^E (see Example 2.10 (vii)). Note that any vertex space Ĝ_v = p̂(v) with |p̂_e(v)| = 1 arises in this form:

Proposition 3.15. Let Ĝ = � v Cp̂(v) with p̂_e(v) = e^{−iÂe(v)} for some Â = {Â(v)} with Â(v) ∈ R^{Ev} . Then there exists a 1-form β ∈ R^E given by β_e = −(Â_e(∂_+e) + Â_e(∂_−e))/2 such that U_β is a unitary operator from Ĝ onto G^{mag,α} for the vector potential α := dÂ ∈ R^E.

Moreover, U_β intertwines the exterior derivative on G^{mag,α} and Ĝ , i.e., d_G mag,α U_β = U_βd_Ĝ .

In particular, the corresponding Laplacians and Dirac operators for G^{mag,α} and Ĝ are unitary equivalent.

Proof. By definition of d = d^{max}, we have α_e = Â_e(∂_+e) − Â_e(∂_−e), where d = d^{max}. Let A_e(v) :=^↷α_e(v)/2, then dA = dÂ, i.e., A − Â ∈ ker d. But the kernel of d consists of the values B such that B_e(∂_+e) = B_e(∂_−e) =: β_e for all e ∈ E where β ∈ R^E is given as above; in particular, A_e(v) = Â_e(v) + β_e.

It is now easy to see that F ∈ G^{mag,α} iff U_βF ∈ Ĝ . In particular, U_β maps Ĝ unitarily onto G^{mag,α}. The intertwining property and therefore the unitary equivalences are obvious. □ Similarly, we can prove the following result on gauge invariance. Let Λ ∈ R^V be a function and α ∈ R^E a vector potential. We define a new vector potential by α̂ := α + ~dΛ. Proposition 3.16. There exists a 1-form β ∈ R^E given by β_e = (Λ(∂_+e) + Λ(∂_−e))/2 such that U_β is a unitary operator from G^{mag,α} onto G^{mag,α̂}

Moreover, U_β intertwines the exterior derivative on G^{mag,α} and G^{mag,α̂}, i.e., d_G mag,α̂ U_β = U_β d_G mag,α .

In particular, the corresponding Laplacians and Dirac operators for G^{mag,α} and G^{mag,α̂} are unitary equivalent.

Proof. The only point to be shown here is that U_β maps G^{mag,α} onto G^{mag,α̂}. But this follows from the equality β_e −^↷α_e/2 = Λ(v) −^↷α̂_e(v)/2. □

16 OLAF POST

3.3.2. Line graphs. The 1-form Laplacian of Proposition 3.13 and especially of Example 3.14 (iv) above can be viewed as an operator on the line graph. In order to define the line graph, we assume for simplicity, that X has no self-loops and multiple edges, and that no edge is isolated (i.e., deg ∂_+e and deg ∂_−e are not both equal to 1). Let L(X) be the line graph associated to the graph X, i.e, V (L(X)) = E(X) and two “vertices” in the line graph (i.e., edges in the original graph) e, e^′ are adjacent iff e ≠ e^′ and e ∩ e^′ ≠ ∅, i.e., if they meet in a common vertex. We have deg_{L(X)} e = deg_X ∂_+e + deg_X ∂_−e − 2,

and in particular, if X is a d-regular graph, then L(X) is (2d − 2)-regular.

The above example of the 1-form Laplacian is a line graph Laplacian up to a multiplication operator with the complex edge “weight”

ρ_{e,e}′ =

(p_e′ p_e)(e ∩ e^′)^↷1_e′ (e) deg_{L(X)} e ℓ_e′ deg(e ∩ e^′) . We will now show how △_{L(X)} becomes a Laplacian with positive weights.

If ℓ_e = 1 for all edges and p_e(v) = 1, then the 1-form Laplacian is related to the 0-form Laplacian △^0_{(L(X),ρ)} on the line graph with edge weights

ρ_{e,e}′ = deg_{L(X)} e deg_X (e ∩ e^′) = deg_X ∂_+e + deg_X ∂_−e − 2 deg_X (e ∩ e^′) via △^1↷_{std} = [L] − △^0_{(L(X),ρ)} where [L] is the multiplication operator on ℓ_2(V (L(X))) with the function

L(e) = � 1 deg ∂_+e + 1 deg ∂_−e � + � e^′∼e 1 deg_X (e ∩ e^′) . In particular, if X is d-regular, then L = 2. Moreover, ρ_{e,e}′ = (2d − 2)/d and

△^1↷_{std} = 2 −

(2d − 2) d △^0_{L(X)}. (3.6)

where now, △^0_{L(X)} = △^0_{(L(X),1)} is the line graph Laplacian with edge weights set to 1. In addition, we can recover a result of [Shi00, Ogu02]^3, namely a spectral relation for the line graph Laplacian and the Laplacian on the graph itself,

σ(△^0_{L(X)}) \ � d d − 1 � = d 2(d − 1) � σ(△^0_X ) \ {2} � , using supersymmetry, (3.5) and (3.6). In particular, the spectrum of the line graph is always contained in the interval [0, d/(d − 1)] and is therefore not bipartite (if d ≥ 3).

3.3.3. Subdivision graphs. There is another interesting example which relates a Dirac operator on X to the (standard) Laplacian on the subdivision graph S(X) defined as follows (cf. [Shi00, Ogu02]). Again, we assume for simplicity, that X has no self-loops and no double edges and that ℓ_e = 1. As vertices we set V (S(X)) = V (X) ·∪E(X), and the edges are given by {v, e} if v ∈ ∂e in the original graph (we do not care about the orientation here). In other words, S(X) is obtained from X by introducing a new vertex on each edge. The subdivision graph S(X) is always bipartite (choose the above decomposition). If X is d-regular, then S(X) is (d, 2)-semiregular, i.e., deg v = d for vertices in v ∈ V (X) ⊂ V (S(X)) and deg e = 2 for vertices e ∈ E(X) ⊂ V (S(X)) with respect to the bipartite decomposition.

3Shirai and Ogurisu actually showed more: If X is infinite and d ≥ 3, then d/(d−1) is contained in the spectrum of the line graph, being an eigenvalue of infinite multiplicity. A corresponding eigenfunction lies in ker△^1↷_{std} = ker d^∗↷_{std} by (3.6). For an infinite regular graph, one can see that this space is infinite-dimensional (see also Example 4.5 (iv)).

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 17

The standard Laplacian on S(X) is given by

(△^0_{S(X)})H(e) = − 1 2 � H(∂_+e) + H(∂_−e) � + H(e)

(△^0_{S(X)})H(v) = − 1 d � e∈E_v

H(e) + H(v)

for H ∈ ℓ_2(V (S(X))). In particular,

△^0_{S(X)} ∼= � 1 −~d^∗↷_{std} −^1_2 ~d^↷_{std} 1 � = 1 − � 1 0 0^1_2 � ~D_{↷std}

where ~d^↷_{std} is the (transformed) exterior derivative and ~D^↷_{std} the Dirac operator associated to the oriented standard space (cf. Example 3.8 (iv)). Furthermore, � △^0_{S(X)} − 1

�_2 ∼ = 1 2 � ~△^0_G ↷_{std} 0

0 △^1_G ↷_{std} � = 1 2 � ~△^0_G ↷_{std} 0 0 △^1_G ↷_{std} �

and (for λ ≠ 1) we have λ ∈ σ(△^0_{S(X)}) iff 2(λ − 1)^2 ∈ σ( ~△^0_G^↷std ) by supersymmetry. But the latter operator equals 2 − Δ^0_X by Eq. (3.5) since we assumed ℓ_e = 1. Therefore σ(△^0_{S(X)}) \ {1} = η^{−1} � σ(△^0_X ) \ {2} � where η(λ) = 2 − 2(λ − 1)^2 = 2λ(2 − λ). One can show that 1 is also an eigenvalue with infinite multiplicity of the subdivision graph Laplacian. In particular, we recover again a result of [Shi00].

4. Indices for Dirac operators on discrete graphs We start this section with a short excursion into cohomology (for the standard vertex space and its oriented version see also [LP08]). Assume that d = d_G : G −→ ℓ_2(E) is an exterior derivative for the vertex space G .

Definition 4.1. We define the (ℓ_2-)cohomology of the graph X associated to the vertex space G as H^0_G (X, C) := ker d and H^1_G (X, C) := ker d^∗ = (ran d)^⊥.

We call b^p_G (X) := dim_C H^p_G (X, C) and χ_G (X) := b^0_G (X) − b^1_G (X) the p-th Betti-number and Euler characteristic associated to the vertex space G , respectively.

From the definition, it follows that χ_G (X) = ind D_G .

In order to derive a sort of “Gauß-Bonnet”-theorem, we need the notion of curvature at a vertex for general vertex spaces:

Definition 4.2. We define the curvature of the vertex space G_v at the vertex v ∈ V as

κ_G (v) := dim G_v − 1 2 deg v.

The reason for the name will become clear in Remark 4.7 (i). Note that there are other notions of curvature, especially for tessellations (see e.g. [BP01]).

In order to calculate the Betti-numbers for a vertex space G , we need some more notation. For simplicity, we assume that X is connected. Let X^′ be a spanning tree of X, i.e, X^′ is simply connected and V (X^′) = V (X). For each e ∈ P (X) := E(X) \ E(X^′), there exists a unique cycle c_e (closed path without repetitions) in X containing e.

Definition 4.3. A prime cycle is a cycle c_e for some e ∈ P (X) associated to a spanning tree X^′ of X as above. A cycle c is said to be even/odd if the number of edges in c is even/odd.

18 OLAF POST

Before calculating the kernel of the Dirac operator in some examples, we establish a general result on the dual G^⊥ of a vertex space G . It shows that actually, G^⊥ and the oriented version of G are related:

Proposition 4.4. Assume that the global length bound ℓ_0 ≤ ℓ_e ≤ ℓ_+ for all e ∈ E (4.1) holds for some constants 0 < ℓ_0 ≤ ℓ_+ < ∞. Then H^0_G ⊥ (X, C) = ker d_G ⊥ ∼= ker d^∗↷_G = H^1↷_G (X, C)

are isomorphic. In particular, if X is finite, then b^0_G ⊥ (X) = b^1↷_G (X), b^1_G ⊥ (X) = b^0↷_G (X) and χ_G ⊥ (X) = −χ^↷_G (X).

If in addition, D has a spectral gap at 0, then ran d^∗_{G ⊥} ∼= ran d^↷_{G ⊥} .

Proof. We define ψ : ℓ_2(E) −→ G^⊥ via (ψη)(v) := P^⊥_v {^1_{ℓe} η}, then

‖ψη‖^2_G max = � v∈V � e∈E_v 1 ℓ^2_e

|η_e|^2 = 2 � e∈E 1 ℓ^2_e

|η_e|^2 ≤ 2 ℓ_0

‖η‖^2_{ℓ2(E)},

and therefore ψη ∈ G^⊥. Furthermore, ψ(ker d^∗↷_G ) ⊂ ker d_G ⊥ since d^∗↷_G η = 0 implies that P_v{^1_{ℓe} η_e} = 0 and therefore, (ψη)_e(v) =^1_{ℓe} η_e. In particular, the latter expression is independent of ∂_±e, so that d_G ⊥ (ψη) = 0. The other inclusion can be shown similarly: Let F ∈ ker d_G ⊥ and set η_e := ℓ_eF_e(v) independent of v = ∂_±e. Then η ∈ ℓ_2(E) using the global upper bound ℓ_e ≤ ℓ_+. Furthermore, (ψη)(v) = P^⊥F (v)) = F (v) and d^∗↷_G η =^↷1P F = 0 since F ∈ G^⊥. The other assertions follow from the definitions and the fact that ⊥ and^↷· are involutions. The isomorphism of the ranges follows from Proposition 3.10. □

When writing the index of D, we implicitly assume that the graph is finite, i.e., that |E| < ∞. We calculate the cohomology for the list of our examples. For simplicity, we assume that X is finite and connected. In particular, the global length bound (4.1), i.e., 0 < ℓ_0 ≤ ℓ_e ≤ ℓ_+ < ∞ is fulfilled.

Example 4.5.

(i) For the minimal vertex space, we have ker d_G 0 = 0 and ker d^∗_G 0 = ℓ_2(E). In particular, ind D_G 0 = −|E|.

(ii) For the maximal vertex space, we see from Proposition 4.4 that ker d_G max ∼= ker d^∗_{G 0} = ℓ_2(E) and ker d^∗_G max ∼= ker d_G 0 = 0. In particular, ind D = |E|.

(iii) For the standard vertex space G^{std} we obtain the classical homology groups H^p(X, C).

The 0-th Betti-number counts the number of components, i.e., b^0_{std}(X) = 1, and the 1-st the number of prime cycles. It is a classical fact that b^1_{std}(X) = |P (E)| = |E| − |V | + 1 and therefore ind D_G std = b^0_{std}(X) − b^1_{std}(X) = |V | − |E| = χ_{std}(X)

(iv) For the oriented standard vertex space G^{↷std}, the 0-th Betti number counts the number of bipartite components of X, i.e., if X is connected, then b^0↷_{std} = 1 if X is bipartite and 0 otherwise. This can be seen using the characterisation that X is bipartite iff X contains no odd cycle. Note that (~d ~F )_e = 0 for each edge e in an odd cycle c implies that ~F vanishes on each vertex in c.

The 1-st Betti number counts the number of prime cycles |P (E)|, where one has to subtract 1 if there is an odd prime cycle. But the existence of an odd (prime) cycle is equivalent to the fact that X is not bipartite. In particular,b^1↷_{std} = |E| − |V | + 1 if X is bipartite and b^1↷_{std} = |E| − |V | otherwise. Again, we have ind D_G^↷_{std} = |V | − |E|.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 19

(v) For the (unoriented) sum vertex space G^Σ we can apply Proposition 4.4. In particular,

ker d_G Σ = � F ∈ G^{max} � � � Fe(∂+e) = Fe(∂−e) =: Fe, � e∈E_v

F_e = 0 �

is isomorphic to ker d_G^↷_{std} , i.e., b^0_Σ = b^1↷_{std} = |E|−|V |+1 iff X is bipartite and b^0_Σ = |E|−|V | otherwise. Furthermore,

ker d^∗_G Σ = � η ∈ ℓ_2(E) � � � 1 ℓ_e

↷η_e(v) is independent of e ∈ E_v for v ∈ V �

is a sort of “oriented” continuity condition. In particular, b^1_Σ = b^0↷_{std} = 1 iff X is bipartite and b^1_Σ = 0 otherwise. Finally,

ind D_G Σ = −χ_{std}(X) = |E| − |V |.

(vi) The oriented sum vertex space G^{↷Σ} is related to the standard vertex space, i.e, b^0↷_Σ = |E| − |V | + 1 and b^1↷_Σ = 1 by Proposition 4.4. In particular,

ind D_G^↷_Σ = −χ_{std}(X) = |E| − |V |.

(vii) Assume that X is finite. For the magnetic vertex space G^{mag,α}, we need to define the flux through a circuit c: If c =

�_n i=1 p_ie_i ∈ H_1(X, Z) is a cycle represented in the homology group, then we define the flux of α through c as

c · α := n� i=1 p_i^↷α_e(e_i),

where^↷α_e(e_i) is defined in Proposition 3.13. Now, b^0_{mag,α} = 1 iff c · α ∈ 2πZ for all cycles c ∈ H_1(X, Z) and b^0_{mag,α} = 0 otherwise. In order to calculate b^1_{mag,α}, we note that the linear system (~d^∗_{mag,α}η)(v) = 0 for all v ∈ V consists of |E| variables η_e and |V | equations, therefore b^1_{mag,α} ≥ |E| − |V |. It remains to show that the rank of the coefficient matrix can increase by 1 iff c · α ∈ 2πZ for all c ∈ H_1(X, Z), i.e., b^1_{mag,α} = |E| − |V | + 1 in this case and b^1_{mag,α} = |E| − |V | otherwise. We do not give a formal proof of this fact here, since the result follows by abstract arguments of the next theorem. Indeed, we have

ind D_G mag,α = χ_{std}(X) = |V | − |E|.

These examples suggest the following theorem:

Theorem 4.6. Assume that X is a finite graph, i.e., that |E| < ∞, with vertex space G . Then the index of the Dirac operator D associated to the exterior derivative d as defined in Definition 3.1 is given by ind D = dim G − |E|.

Remark 4.7.

(i) We can interpret the above theorem as a discrete “Gauß-Bonnet”-theorem for general vertex spaces, namely χ_G (X) = � v∈V κ_G (v) (4.2)

using Eq. (2.2), where χ_G (X) is defined in Definition 4.1 and κ_G (v) in Definition 4.2. (ii) The index ind D gives at least some simple information on the vertex space, namely G is trivial (i.e., G is the maximal or minimal vertex space G^{max} or G^0 = 0) iff ind D = ±|E|. This follows from Eq. (2.2) and Example 4.5 (i)–(ii).

(iii) For continuous vertex spaces G , we obtain the classical case where dim G = |V |, i.e., the classical discrete Gauß-Bonnet formula Eq. (1.6).

20 OLAF POST

(iv) Of course, the theorem is a consequence of the rank theorem for matrices (the dimension of the kernel minus the dimension of the cokernel equals the dimension of the initial space minus the dimension of the target space). Nevertheless, we would like to give a prove which is more related to the geometry of the problem.

Before proving our index theorem, we use a deformation argument in order to calculate the index:

Lemma 4.8. Let G_0 and G_1 be two vertex spaces with dim G_0 = dim G_1 = n, then ind D_{G0} = ind D_{G1} for the Dirac operators associated to the vertex spaces.

Proof. Denote P_t the associated orthogonal projections, t ∈ {0, 1}. Note that P_0 and P_1 can be connected by a (norm-)continuous path P_t inside the space of orthogonal projections of rank n: This can be seen as follows: Let {φ_{0,k}}_k and {φ_{1,k}}_k be two orthonormal bases such that the first n vectors span the range of P_0 and P_1, respectively. Let U_1 be the unitary operator mapping φ_{0,k} onto φ_{1,k}. Since the space of unitary operators is connected, we can find a (norm)-continuous path t → U_t from the identity operator U_0 := 1 to U_1 such that all operators U_t are unitary. Define P_t := U^∗_t P_0U_t, then t → P_t is a continuous path from P_0 to P_1.

Let φ_{t,k} := U_tφ_{0,k}, then t → {φ_{t,k}}_k is a continuous family of orthogonal bases. Let D_t be the Dirac operator defined with respect to G_t = ran P_t. Passing to the basis {φ_{t,k}}_k in G_t, we may assume that the family t → D_t is defined on C^n ⊕ℓ_2(E). Moreover, the family t → D_t is continuous, since t → U_t is. The index formula follows from Proposition 1.5. □

Proof of Theorem 4.6. For each dimension n = dim G , we use a simple vertex space ~G of dimension n. In particular, we choose the space ~G_v := C^{dv} ⊕ 0 ⊂ C^{deg v} = G^{max}_v where d_v := dim G_v is the dimension of the original vertex space at v. This vertex space corresponds to d_v “Neumann” boundary conditions at the first d_v edges, and deg v − d_v “Dirichlet” boundary conditions at the remaining edges in E_v. Due to the stability of the index shown in Lemma 4.8, it suffices to calculate the index of the model vertex space ~G .

It is easily seen as in Example 4.5 (i)–(ii) that for a graph consisting of a single edge with two adjacent vertices, we have

ind D^{DD} = −1, ind D^{DN} = 0 and ind D^{NN} = 1.

For example, for the mixed case, dF = F (1) if the Neumann space is at the vertex 1. In particular, d and d^∗ are both injective, so ker d = 0 and ker d^∗ = 0.

Due to the additivity of the index with respect to orthogonal sums, we therefore have

ind ~D = #{edges with N-N} − #{edges with D-D}.

for the Dirac operator associated with the vertex space ~G . It remains to show that

#{edges with N-N} − #{edges with D-D} = #{all N} − |E|. (4.3)

In order to show this last equality, we argue by induction over the dimension n of ~G , i.e., the total number of Neumann conditions in ~G . For n = 0, the vertex space is the minimal or Dirichlet vertex space, for which the index formula is correct by Example 4.5 (i). For the induction step n → n + 1 we have to distinguish two cases:

Case A. In an existing edge with two Dirichlet or one Dirichlet and one Neumann vertex space, we replace one Dirichlet space by a Neumann one. This increases the LHS of Eq. (4.3) as well as the RHS by 1.

Case B. We add an edge with Dirichlet and Neumann vertex space to the graph. The LHS is unchanged, and in the RHS, we increase the number of Neumann conditions by 1, but subtract also one additional edge. □

5. Exterior derivatives on quantum graphs

In this section, we develop the notion of exterior derivatives on metric graphs. We first start with the definition of a metric graph, and some general results needed later.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 21

5.1. Continuous metric graphs. A (continuous) metric graph X = (V, E, ∂, ℓ) is formally given by the same data as a discrete (edge-)weighted graph. The difference is the interpretation of the space X: We define X as X := · � e∈E [0, ℓ_e]/ ∼_ψ

where we identify x ∼_ψ y iff ψ(x) = ψ(y) with

ψ : · � e∈E {0, ℓ_e} −→ V, 0_e → ∂_−e, ℓ_e → ∂_+e.

In the sequel, we often identify the edge e with the interval (0, ℓ_e) and use x = x_e as coordinate. In addition, we denote dx = dx_e the Lebesgue measure on e inducing a natural measure on X. The space X becomes a metric space by defining the distance of two points to be the length of the shortest path in X joining these points.

We first define several Hilbert spaces associated with X. Our basic Hilbert space is

L_2(X) := � e∈E L_2(e) (5.1)

where again e is identified with (0, ℓ_e).

Remark 5.1. The interpretation of an edge e as a “continuous” interval is in contrast with the discrete case where e is considered as a single point, e.g. in (2.4). Another point of view is that we use different types of measures, in the discrete case a point measure and in the metric case the Lebesgue measure. This fact of choosing two different types of measures (or even combinations of them) is pointed out in the works of Friedman and Tillich (cf. [FT04a, FT04b]) and also in [BF06, BR07].

More generally, we define the decoupled Sobolev space of order k by

H^k_{max}(X) := � e∈E H^k(e).

Obviously, for k = 0, there is no difference between L_2(X) and the decoupled space. Namely, evaluation of a function at a point only makes sense if k ≥ 1 due to the next lemma. We need the following notation: For f ∈ H^1_{max}(X), we denote

f = {f(v)}_{v∈V} , f(v) = {f_e(v)}_{e∈Ev} , f_e(v) := � f_e(0), v = ∂_−e f_e(ℓ_e), v = ∂_+e

the unoriented evaluation at the vertex v. Similarly, for g ∈ H^1_{max}(X), we denote

↷g = {^↷g(v)}_{v∈V} ,^↷g(v) = {^↷g_e(v)}_{e∈Ev} ,^↷g_e(v) := � −g_e(0), v = ∂_−e g_e(ℓ_e), v = ∂_+e

(5.2)

the oriented evaluation at the vertex v.

The following proposition is a simple consequence of a standard estimate for Sobolev spaces: Proposition 5.2. Assume the condition (3.1) on the edge lengths, i.e., there is ℓ_0 ≤ 1 such that ℓ_e ≥ ℓ_0 > 0 for all e ∈ E. Then the evaluation maps (·): H^1_{max}(X) −→ G^{max}, f → f and (^↷·): H^1_{max}(X) −→ G^{max}, g →^↷g,

are bounded by 2/ √ ℓ_0.

Proof. By density, we can assume that f is smooth on each edge. For e ∈ E_v, let χ_{v,e} be the affine linear function with value 1 at v and 0 at the other vertex v_e. Then

f_e(v) = � e (f_eχ_{v,e})^′(x) dx^↷1_e(v) = � e (f^′_eχ_{v,e})(x) dx^↷1_e(v) + 1 ℓ_e � e f_e(x) dx. (5.3)

22 OLAF POST

In order to avoid an upper bound on ℓ_e, we replace the edge e by the shortened edge ~e_v of length ~ℓ_e = max{ℓ_e, 1} starting at v. Then

|f_e(v)|^2 ≤ 2~ℓ_e‖f^′‖^2_{ev} + 2 ~ℓ_e

‖f‖^2_{ev} ≤ 2 max � 1, 1 ℓ_0 � ‖f‖^2_H1_{(e)}

using Cauchy-Schwarz. Summing the contributions over e ∈ E_v and v ∈ V and using (2.1) we are done. The same arguments hold for^↷g. □

For a general vertex space G , i.e., a closed subspace of G^{max} := � v∈V C^{Ev} , we set

H^1_G (X) := � f ∈ H^1_{max}(X) � f ∈ G � = (·)^−G , i.e., the preimage of G under the (unoriented) evaluation map, and similarly, H^1↷_G (X) := � g ∈ H^1_{max}(X) � �^↷g ∈ G � = (^↷·)^−G

the preimage of G under the (oriented) evaluation map. In particular, both spaces are closed in H^1_{max}(X).

The reason for two different vertex evaluations becomes clear through the following lemma:

Lemma 5.3. For f, g ∈ H^1_{max}(X), we have ⟨f^′, g⟩_X = ⟨f, −g^′⟩_X + ⟨f,^↷g⟩_G max .

Proof. We have

⟨f^′, g⟩_X + ⟨f, g^′⟩_X = � e∈E � ⟨f^′, g⟩_e + ⟨f, g^′⟩_e �

= � e∈E � fg � ∂e = � v∈V � e∈E_v

f_e(v)^↷g_e(v) = � v∈V ⟨f(v),^↷g(v)⟩_CEv = ⟨f,^↷g⟩_G max

and the latter expression is defined due to Proposition 5.2. □

5.2. Quantum graphs.

Definition 5.4. A Laplacian on a (continuous) metric graph X = (V, E, ∂, ℓ) is an operator Δ_X acting as (Δ_X f)_e = −f^{′′}_e on each edge e ∈ E.

We have the following characterisation from [Ku04, Thm. 17]:

Theorem 5.5. Assume the condition (3.1) on the edge lengths, namely ℓ_e ≥ ℓ_0 > 0. Let G ≤ G^{max} be a (closed) vertex space with orthogonal projection P , and let L be a self-adjoint, bounded operator on G . Then the Laplacian Δ_{(X,G ,L)} with domain

H^2(X, G , L) := � f ∈ H^2_{max}(X) � � f ∈ G , P^↷f^′ + Lf = 0 �

is self-adjoint with associated quadratic form

d_{(X,G ,L)}(f) := ‖f^′‖^2_X + ⟨f, Lf⟩_G = � e∈E ‖f^′_e‖^2_e + � v∈V ⟨f(v), L(v)f(v)⟩_{Gv}

and domain dom d_{(X,G ,L)} = H^1_G (X) = { f ∈ H^1_{max}(X) | f ∈ G }.

Remark 5.6.

(i) At least for finite graphs, the converse statement is true, i.e., if Δ is a self-adjoint Laplacian in the sense of Definition 5.4 then Δ = Δ_{(X,G ,L)} for some vertex space G and a bounded operator L. For infinite graphs, the operator L may become unbounded but we do not consider this case here.

(ii) Note that Δ_{(X,G ,L)} ≥ 0 iff L ≥ 0.

We slightly restrict ourselves and consider only those self-adjoint Laplacians on X that are obtained as in the above theorem:

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 23

Definition 5.7. A quantum graph X is a metric graph together with a self-adjoint Laplacian Δ_{(X,G ,L)} where G is a vertex space and L a self-adjoint, bounded operator on G . A quantum graph X is therefore determined by the data (V, E, ∂, ℓ, G , L), i.e., by the metric graph (V, E, ∂, ℓ) and the vertex conditions determined by (G , L).

Remark 5.8.

(i) In [KS99] (see also [KPS07]) there is another way of parametrising all self-adjoint vertex conditions, namely for bounded operators A, B on G^{max},

dom Δ_{(A,B)} = { f ∈ H^2_{max}(X) | Af + B^↷f^′ = 0 }

is the domain of a self-adjoint operator Δ_{(A,B)} iff

(a) A^�⊕ B : G^{max} ⊕ G^{max} −→ G^{max}, F ⊕^↷F → AF + B^↷F , is surjective (b) AB^∗ is self-adjoint, i.e., AB^∗ = BA^∗.

Given a vertex space G ≤ G^{max} and a bounded operator L on G , we have Δ_{(A,B)} = Δ_{(X,G ,L)} if we choose A ∼= � L 0 0 1 � and B = P ∼= � 1 0 0 0 �

with respect to the decomposition G^{max} = G ⊕ G^⊥. The associated scattering matrix with spectral parameter μ = √ λ is

S(μ) = −(A + iμB)^{−1}(A − iμB) ∼= � −(L + iμ1)^{−1}(L − iμ1) 0 0 −1 � . In particular, S(μ) is independent of μ iff L = 0, and in this case, we have S(μ) = 1 ⊕ −1 for all μ.

(ii) In [FKW07], there is a useful description of vertex conditions, closely related to ours:

Namely, a vertex condition is determined by the Dirichlet part f ∈ G , the Neumann part ↷ f^′ ∈ G^′ and the Robin part P_1^↷f^′ = L_1P_1f. Here, G^′ = ker L ⊕ G^⊥, and P_1 denotes the projection onto ran L. Moreover, L_1 is the restriction of L onto ran L = (ker L)^⊥. In particular, L_1 is invertible.

The aim of the subsequent section is to express Δ_{(X,G ,L)} as d^∗d or dd^∗. Of course, to do so, we need L ≥ 0 (since operators d^∗d and dd^∗ are always non-negative). Furthermore, for non-trivial L ≠ 0, we need to enlarge the L_2-spaces by the vertex space G .

5.3. Differential forms, exterior derivatives and Dirac operators. The definition of differential forms is a bit technical, since a priori, we want to include the more general metric graph Laplacians Δ_{(X,G ,L)}. As a motivation, we refer to the limit operator defined on an “enlarged” metric graph in the smooth space limit (see Examples 6.6–6.7 and [EP05, P09c, P09a]). The limit operator acts on an “enlarged” space which is precisely the 0-enlarged space defined below.

Definition 5.9. For p ∈ {0, 1}, let G^p be a vertex space. We call the space

L_2(Λ^pX) := L_2(X) ⊕ G^p

the L_2-space of p-forms.

A subspace H^1(Λ^pX) of L_2(Λ^pX) is called an H^1-space of p-forms iff

(i) the space H^1(Λ^pX) is dense in L_2(Λ^pX), (ii) we have ι^p(H^1_∘(X)) ⊂ H^1(Λ^pX) and (iii) we have (ι^p)^∗(H^1(Λ^pX)) ⊂ H^1_{max}(X), where ι^p : L_2(X) → L_2(Λ^pX), f → (f, 0), p ∈ {0, 1}, denote the natural embedding operators. We set

L_2(ΛX) := L_2(Λ^0X) ⊕ L_2(Λ^1X) and H^1(ΛX) := H^1(Λ^0X) ⊕ H^1(Λ^1X).

24 OLAF POST

Note that (ι^p)^∗ is the projection onto the first factor.

For the definition of an exterior derivative, we need the following decoupled operator d_0 : H^1_∘(X) −→ L_2(X), d_0f = f^′.

Note that d_0 is a closed operator with adjoint d_1g = −g^′ and dom d^∗ = H^1_{max}(X). We now define an exterior derivative associated to spaces of p-forms. Examples are given below. Definition 5.10. Let L_2(Λ^pX) be an L_2-space of p-forms and H^1(Λ^0X) be an H^1-space of 0-forms. We call an operator d: H^1(Λ^0X) −→ L_2(Λ^1X) an exterior derivative on the metric graph X iff the following conditions are fulfilled:

(i) The operator d as unbounded operator from the 0-form space L_2(Λ^0X) into the 1-form space L_2(Λ^0X) is closed.

(ii) We have dι^0 = ι^1d_0, i.e., d(ι^0f) = ι^1f^′ for all f ∈ H^1_∘(X). (iii) We have (ι^1)^∗d = −d^∗_0(ι^0)^∗, i.e., (ι^1)^∗d ~f = ((ι^0)^∗ ~f)^′.

Note that the closeness of d ensures that we choose the “right” norm on H^1(Λ^pX) (and not an artificially smaller space).

Lemma 5.11. Given the p-form spaces L_2(Λ^pX), p ∈ {0, 1}, the 0-form space H^1(Λ^0X) and an exterior derivative d: H^1(Λ^0X) −→ L_2(Λ^0X), then the adjoint d^∗ is uniquely defined and closed as operator from L_2(Λ^1X) into L_2(Λ^0X). Its domain H^1(Λ^1X) := dom d^∗ is an H^1-space of 1-forms (cf. Definition 5.9 (i)–(iii)).

Proof. Since d is densely defined by Definition 5.10 (i), it follows, that d^∗ is uniquely determined, closed and densely defined, i.e., Definition 5.9 (i) is fulfilled. In order to verify Definition 5.9 (ii), we have to show that for f ∈ H^1_∘(X), the 1-form ι^1f is in dom d^∗: Set h := −ι^0d_0f. Then h ∈ L_2(Λ^0X) and we have ⟨h, g⟩ = ⟨−d^∗_0(ι^0)^∗ ~f, f⟩ = ⟨(ι^1)^∗d ~f, f⟩ = ⟨d ~f, ι^1f⟩ for all ~f ∈ dom d, i.e., ι^1f ∈ dom d^∗, where we used Definition 5.10 (iii). Condition (iii) follows similarly from Definition 5.10 (ii). □ Definition 5.12. We call the operator D : H^1(ΛX) −→ L_2(ΛX), D(f, g) := (d^∗g, df) the Dirac-operator associated to the p-form spaces H^1(ΛX) ⊂ L_2(ΛX) and the exterior derivative d. Remark 5.13.

(i) Obviously, D is a closed and self-adjoint operator with the matrix representation

D ∼= � 0 d^∗ d 0 �

where we split the space in its 0- and 1-form component.

(ii) In order to define a Dirac operator D, it suffices — due to Lemma 5.11 — to determine G^0, G^1, H^1(Λ^0X), d: H^1(Λ^0X) −→ L_2(Λ^1X), and to ensure that the conditions of Definition 5.9 (i)–(iii) for p = 0 and Definition 5.10 (i)– (iii) are fulfilled. In this case, the Dirac operator is uniquely determined.

Again, we have a “baby” version of the Hodge decomposition theorem (see Proposition 1.3): Proposition 5.14. Assume that D has a spectral gap at 0, i.e., that dist(0, σ(D) \ {0} > 0 (e.g., X compact is sufficient). Then L_2(ΛX) = ker D ⊕ ran d^∗ ⊕ ran d, i.e., L_2(Λ^0X) = ker d ⊕ ran d^∗ and L_2(Λ^1X) = ker d^∗ ⊕ ran d.

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 25

We will now give concrete examples of Dirac operators. Since at this stage it is not clear what definition is “natural” we list some reasonable possibilities how to define the H^1-spaces:

Proposition 5.15. Assume the condition (3.1) on the edge lengths, namely ℓ_e ≥ ℓ_0 > 0.

(i) The simple case: We set G^0 := 0, G^1 := 0, H^1(Λ^0X) := H^1_G (X), df := f^′.

Then H^1(Λ^1X) = H^1↷_{G ⊥} (X) and d^∗g = −g^′.

(ii) The 0-enlarged space: Let G be a vertex space with bounded operator L ≥ 0 on G . We set G^0 := G , G^1 := 0, H^1(Λ^0X) := � (f, F ) ∈ H^1_G (X) ⊕ G � � f = L^{1/2}F �

and d(f, F ) = f^′. Then we have

H^1(Λ^1X) = H^1_{max}(X) and d^∗g = (−g^′, L^{1/2}P^↷g).

(iii) The 0-enlarged space with projection: Let G be a vertex space with associated projection P and bounded operator L ≥ 0 on G . We set G^0 := G , G^1 := 0, H^1(Λ^0X) := � (f, F ) ∈ H^1_{max}(X) ⊕ G � P f = L^{1/2}F � and d(f, F ) = f^′. Then

H^1(Λ^1X) = H^1↷_G (X) and d^∗g = (−g^′, L^{1/2↷}g).

(iv) The 1-enlarged space: Let G be a vertex space with bounded operator L ≥ 0. We set

G^0 = 0, G^1 := G , H^1(Λ^0X) := H^1_{max}(X), df = (f, L^{1/2}P f). Then

H^1(Λ^1X) = � (g, G) ∈ H^1_{max}(X) ⊕ G � �^↷g ∈ G ,^↷g + L^{1/2}G = 0 �

and d^∗(g, G) = −g^′.

(v) The 1-enlarged space with projection: Let G be a vertex space with associated projection P and bounded operator L ≥ 0 on G . We set G^0 := 0, G^1 := G , H^1(Λ^0_G X) := H^1_G (X), df = (f^′, L^{1/2}f).

Then H^1(Λ^1X) = � (g, G) ∈ H^1_{max}(X) ⊕ G � � P^↷g + L^{1/2}G = 0 �

and d^∗(g, G) = −g^′.

Proof. We only check the conditions for (ii) since the other cases are similar. We apply Lemma 5.11 and have to show first that H^1(Λ^0X) is an H^1-space of 0-forms and second, that d is an exterior derivative. In order to show the first, note that H^1(Λ^0X) is dense in L_2(Λ^0X): Let (f, F ) ∈ L_2(X) ⊕ G and ε > 0. By density of H^1_{max}(X) we can find a function f_1 ∈ H^1_{max}(X) such that ‖f − f_1‖_{L2(X)} ≤ ε/2. Furthermore, we can change f_1 to f_2 near a vertex v in such a way that f_2(v) = F (v) and that their norm difference does not exceed ε/2. Then (f_2, F ) has distance at most ε from (f, F ) in L_2(Λ^0X).

The second and third condition of Definition 5.9 are obviously fulfilled. In order to show that d is an exterior derivative we have to check the conditions of Definition 5.10. For the closeness of d note that the graph norm of d defined by ‖(f, F )‖^2_d := ‖df‖^2_{L2(Λ}1_) + ‖(f, F )‖^2_{L2(Λ}0_{X)} = ‖f^′‖^2_{L2(X)} + ‖f‖^2_{L2(X)} + ‖F ‖^2_G

is the Sobolev norm. It remains to show that H^1(Λ^0X) is closed in H^1_{max}(X)⊕G : Note that (f, F ) → P f − L^{1/2}F is continuous by Proposition 5.2 and since L is bounded. Furthermore, H^1(Λ^0X) is the kernel of this map and therefore closed. The second and third condition of Definition 5.10 follow by an immediate calculation. □

26 OLAF POST

Remark 5.16. By splitting the vertex space G we may assume that L is invertible on a smaller vertex space: For example, in the 0-enlarged case (ii), the condition f = L^{1/2}F implies that f ∈ (ker L^{1/2})^⊥ =: G_1. Then we have

H^1(Λ^0X) = � (f, F ) ∈ H^1_{G1} (X) ⊕ G_1 � f = L^{1/2}_1 F_1 � ⊕ G_0

where G_0 := ker L and L_1 := L↾_{G1} is invertible.

Remark 5.17. We assume here that L is invertible on G . Then we can pass to the limit L → ∞ in the equation G = LF in the following sense: We consider the limit L^{−1} → 0 in L^{−1}G = F , i.e., F = 0 and no restriction on G. We use this interpretation in order to show how the above different cases are related in the limit case:

(ii) The 0-enlarged space: Here, the condition in H^1(Λ^0X) is f = L^{1/2}F . The limit L → ∞ leads to F = 0, i.e., G^0 = 0. Moreover, the second component in d^∗g has to vanish, i.e., P^↷g = 0. In particular, the added space G^0 = 0 vanishes and we arrive at the simple case (i).

(iii) The 0-enlarged space with projection: The condition in H^1(Λ^0X) is P f = L^{1/2}F .

The limit L → ∞ leads again to F = 0, i.e., G = 0. Furthermore, the second component in d^∗g has to vanish, i.e.,^↷g = 0. In particular, we arrive at the simple case (i) with Neumann vertex space G = G^{max}.

(iv) The 1-enlarged space: The condition in H^1(Λ^1X) is^↷g + L^{1/2}G = 0. The limit L → ∞ here leads to G = 0, i.e., G^1 = 0 and therefore P f = 0. In particular, we arrive at the simple case (i) with the roles of G and G^⊥ interchanged.

(v) The 1-enlarged space with projection: Finally, in this case, we arrive at the simple case (i) with Dirichlet vertex space G = G^{min} = 0.

As in Section 1.2 we can associate a Laplacian Δ_{ΛX} := D^2 to the Dirac operator D on the metric graph X with differential form space H^1(ΛX) ⊂ L_2(ΛX) with natural domain

H^2(ΛX) = � ω ∈ H^1(ΛX) � Dω ∈ H^1(ΛX) � . Furthermore, the operator decomposes into the components Δ_{ΛX} = Δ_Λ0_X ⊕ Δ_Λ1_X = d^∗d ⊕ dd^∗ with natural domains H^2(Λ^0X) := � f ∈ H^1(Λ^0X) � � df ∈ H^1(Λ^1X) �

H^2(Λ^1X) := � g ∈ H^1(Λ^1X) � � d^∗g ∈ H^1(Λ^0X) �.

Lemma 5.18. Assume that D is a Dirac operator on the metric graph X and that Δ_{ΛX} := D^2 is its associated Laplacian. Then the components Δ_Λp_X act as Laplacians on the metric graph part, i.e., (ι^0)^∗Δ_Λ0_X ι^0 = d^∗_0d_0 : H^2_D(X) −→ L_2(X)

(ι^1)^∗Δ_Λ1_X ι^1 = d^∗_0d_0 : H^2_D(X) −→ L_2(X),

where d^∗_0d_0 = � e∈E Δ^D_e is the sum of the Dirichlet Laplacian on each edge.

Proof. The assertion follows directly from Definition 5.10 (ii)–(iii). □

We give the concrete domains of the Laplacians in each of the above cases:

Proposition 5.19. Assume the condition (3.1) on the edge lengths, namely ℓ_e ≥ ℓ_0 > 0.

(i) The simple case: Here we have

H^2(Λ^0X) = � f ∈ H^2_{max}(X) � � f ∈ G ,^↷f^′ ∈ G^⊥ �, Δ_{Λ0X} f = −f^{′′}

H^2(Λ^1X) = � g ∈ H^2_{max}(X)

�_↷ g ∈ G^⊥, g^′ ∈ G � , Δ_Λ1_X g = −g^{′′}.

In particular, on 0-forms, we have the quantum graph (X, G , 0), and on 1-forms the quantum graph (X,^↷G^⊥, 0).

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 27

(ii) The 0-enlarged space: Here we have

H^2(Λ^0X) = � (f, F ) ∈ H^2_{max}(X) ⊕ G � � f ∈ G , f = L^{1/2}F �,

H^2(Λ^1X) = � g ∈ H^2_{max}(X) � g^′ ∈ G , g^′ + LP^↷g = 0 � , Δ_Λ0_X (f, F ) = (−f^{′′}, L^{1/2}P^↷f^′), Δ_Λ1_X g = −g^{′′}.

The 1-form space H^2(Λ^1X) equals H^2(X,^↷G^{max}, ~L) where ~L(F, F^⊥) := (LF, 0) with respect to the decomposition G^{max} = G ⊕ G^⊥. In particular, the 1-form space represents the quantum graph (X,^↷G^{max}, ~L).

(iii) The 0-enlarged space with projection: We have

H^2(Λ^0X) = � (f, F ) ∈ H^2_{max}(X) ⊕ G � � P f = L^{1/2}F,^↷f^′ ∈ G �

H^2(Λ^1X) = � g ∈ H^2_{max}(X) � �^↷g ∈ G , P g^′ + L^↷g = 0 �,

Δ_Λ0_X (f, F ) = (−f^{′′}, L^{1/2↷}f^′) and Δ_Λ1_X g = −g^{′′}.

The 1-form Laplacian defines a quantum graph (X,^↷G , L). (iv) The 1-enlarged space: We have

H^2(Λ^0X) = � f ∈ H^2_{max}(X) � �^↷f^′ ∈ G ,^↷f^′ + LP f = 0 �

H^2(Λ^1X) = � (g, G) ∈ H^2_{max}(X) ⊕ G � �^↷g ∈ G ,^↷g + L^{1/2}G = 0 �,

Δ_Λ0_X f = −f^{′′} and Δ_Λ1_X (g, G) = (−g^{′′}, −L^{1/2}P g^′).

We have H^2(Λ^0X) = H^2(X, G^{max}, ~L) where ~L is defined as in Case (ii). In particular, the 0-form Laplacian defines the quantum graph (X, G^{max}, ~L).

(v) The 1-enlarged space with projection: We have

H^2(Λ^0X) = � f ∈ H^2_{max}(X) � � f ∈ G , P^↷f^′ + Lf = 0 �

H^2(Λ^1X) = � (g, G) ∈ H^2_{max}(X) ⊕ G � � g^′ ∈ G , P^↷g + L^{1/2}G = 0 �,

Δ_Λ0_X f = −f^{′′} and Δ_Λ1_X (g, G) = (−g^{′′}, −L^{1/2}g^′).

The 0-form Laplacian defines the “classical” quantum graph (X, G , L).

Note that the case (ii) becomes the case (iv) and the case (iii) becomes the case (v) when interchanging 0- and 1-forms, replacing F by −G, and exchanging G by^↷G and L by^↷L = τLτ.

6. Index formulas for metric graphs

6.1. Isomorphism between kernels of discrete and quantum graph Dirac operators. We will now present one of the main results of this article, namely we establish an isomorphism between ker D and ker D in the five cases of differential forms mentioned above respecting the supersymmetric space decomposition.

We need some notation: For a bounded operator L in G , we set G_0 := ker L and G_1 := (ker L)^⊥. Furthermore, G^⊥_i := G^{max} ⊖ G_i. In addition, we denote the projections corresponding to G_i and G^⊥_i by P_i and P^⊥_i , respectively. Similarly, we denote the corresponding exterior derivatives by d_i : G_i −→ ℓ_2(E) and d^⊥_i : G^⊥_i −→ ℓ_2(E).

The discrete Dirac operator needs to be trivially enlarged by the space N = G_0 in the cases (ii)–(v) (cf. Definition 1.7). Finally, η := � g is defined by η_e :=

�_{ℓe} 0 g_e(x) dx.

Recall that our graphs may be infinite and may have multiple edges or self-loops.

Theorem 6.1. Let X be a metric graph fulfilling the global lower bound condition on the edge lengths (3.1), i.e., ℓ_e ≥ ℓ_0 > 0. Denote by D and D the Dirac operators associated to the metric and discrete exterior derivatives d and d, respectively, described below. Then there exists a bounded operator Φ: H^1(ΛX) −→ ℓ_2(ΛX)

28 OLAF POST

with norm bounded by 2/ √ ℓ_0 such that Φ(ker D) = ker D is an isomorphism respecting the supersymmetry (i.e., Φ = Φ_0 ⊕ Φ_1, cf. Definition 1.6). In particular, Φ_0(ker d) = ker d and Φ_1(ker d^∗) = ker d^∗ are isomorphisms. If in addition, X is a finite graph, then ind D = ind D, The operators d and Φ are given in the different cases as follows:

(i) The simple case: Here, d: G −→ ℓ_2(E), Φ: H^1_G (X) ⊕ H^1↷_G (X) −→ G ⊕ ℓ_2(E), (f, g) → (f, � g), ind D = ind D = dim G − |E|.

(ii) The 0-enlarged space: Here, d: G_1 ⊕ G_0 −→ ℓ_2(E), F_1 ⊕ F_0 → d_1F_1, Φ: H^1(ΛX) −→ (G_1 ⊕ G_0) ⊕ ℓ_2(E), (f, F, g) → (P_1f, P_0F, � g), ind D = ind D = dim G − |E|.

(iii) The 0-enlarged space with projection: We have d: G^⊥_0 ⊕ G_0 −→ ℓ_2(E), F^⊥_0 ⊕ F_0 → d^⊥_0 F^⊥_0 , Φ: H^1(ΛX) −→ (G^⊥_0 ⊕ G_0) ⊕ ℓ_2(E), (f, F, g) → (P^⊥_0 f, P_0F, � g), ind D = ind D = |E|.

(iv) The 1-enlarged space: We have d: G^⊥_1 −→ G_0 ⊕ ℓ_2(E), F^⊥_1 → 0 ⊕ d^⊥_1 F^⊥_1 , Φ: H^1(ΛX) −→ G^⊥_1 ⊕ (G_0 ⊕ ℓ_2(E)), (f, g, G) → (P^⊥_1 f, P_0G, � g), ind D = ind D = |E| − dim G .

(v) The 1-enlarged space with projection: We have d: G_0 −→ G_0 ⊕ ℓ_2(E), F_0 → 0 ⊕ d_0F_0, Φ: H^1(ΛX) −→ G_0 ⊕ (G_0 ⊕ ℓ_2(E)), (f, g, G) → (P_0f, P_0G, � g), ind D = ind D = −|E|.

Remark 6.2.

(i) Note that in all cases, the index is independent of L, i.e., of the decomposition of G into G_0 = ker L and G_1 = G ⊖ ker L as one expects since the index should be constant passing to the limit L → 0.

(ii) In the first two cases, we obtain the Euler characteristic as index (if G = G^{std}). These two cases are the ones we obtain by a limit argument where the metric graph is approached by a manifold (cf. [EP05, P09c] and a forthcoming paper) provided the transversal manifold F is simply connected (see also Examples 6.5–6.7).

(iii) If we assume that L is invertible, then the index in each case remains the same when passing to the limit L → ∞ (cf. Remark 5.17).

(iv) We can interpret Φ in the above theorem as a sort of Hilbert chain morphism (cf. [Lüc02, Ch. 1]). For example, in the 0-enlarged case (ii), we have

0 � H^1(Λ^0X) d � L_2(Λ^1X) � 0

0 � G_1 ⊕ G_0

Φ_0

� d_1^�⊕ 0� ℓ_2(E)

Φ_1 � � 0

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 29

where the rows are obviously chain complexes (with bounded maps) and the diagram is commutative. Note that indeed, Φ_1 : L_2(Λ^1X) −→ ℓ_2(E), g → � g, is a bounded map also on the L_2-space. The commutativity of the diagram follows from the fact that � (dΦ_0 − Φ_1d)(f, F ) � e = (P_1f)_e(∂_+e) − (P_1f)_e(∂_−e) − � e f^′_e dx

= −(P_0f)_e(∂_+e) + (P_0f)_e(∂_−e)

for f ∈ H^1(Λ^0X). But note that f = L^{1/2}F implies f ∈ (ker L)^⊥ = G_1, so that dΦ_0 = Φ_1d, i.e., Φ is a chain morphism. The corresponding homology induces the above isomorphism of the Dirac operator kernels. The other cases can be treated similarly. If one wishes to stress this abstract point of view one can interpret the “enlarged” spaces as twisted chain complexes.

Proof. The boundedness of Φ in the particular cases follows immediately from Proposition 5.2 and Cauchy-Schwarz. We only prove the second case, since the other ones are similar. First, we note that in Case (ii), we have (f, F, g) ∈ ker D iff f_e, g_e are constant, f ∈ G_1,^↷g ∈ G^⊥_1 and f = L^{1/2}F . In particular, df = 0, d^∗ � g = P_1^↷g = 0 and therefore Φ(ker D) ⊂ ker D.

In order to show that Φ is injective on ker D, we note that P_1f = 0 implies f = 0 (since already f ∈ G_1). Furthermore, P_0F = 0 and from 0 = f = L^{1/2}F we conclude P_1F = 0, i.e., F = 0. Finally, � g = 0 and g_e = const implies that g = 0.

It remains to show that ker D ⊂ Φ(ker D), let (F_1, F_0, η) ∈ ker D. Set f_e(x) := F_{1,e}(∂_±e) (both values are the same since dF_1 = 0), F := L^{−1/2}F_1 +F_0 and g_e(x) := η_e/ℓ_e. Then (f, F, g) ∈ H^1(ΛX) since f ∈ G_1 ≤ G and L^{1/2}F = F_1 = f. Next, D(f, F, g) = (−g^′, L^{1/2}P^↷g, f^′) = 0 since L^{1/2}P_0^↷g = 0 and L^{1/2}P_1^↷g = L^{1/2}d^∗η = 0, and f_e, g_e are constant. Finally, Φ(f, F, g) = (P_ef, P_0F, � g) = (F_1, F_0, η) and the assertion is proven.

The index formulas follow from Theorem 4.6 and Eqs. (1.9) and (2.2). □

Remark 6.3. We would like to interpret the above index formula together with the discrete index formula of Theorem 4.6 as a “Gauß-Bonnet theorem” on quantum graphs. To do so, we define the curvature κ := κ_{(X,G ,L)} of the quantum graph (X, G , L) as

κ_e(x) = 2

� κ_{eG} (∂_−e) � e^′∈E_{∂−e} ℓe^′

(ℓ_e − x) + κ_{eG} (∂_+e) � e^′∈E_{∂+e} ℓe^′ x � (6.1)

where κ_{eG} (v) is the discrete curvature defined in Definition 4.2, but for the vertex space ~G given by ~G_v = G_v in the cases (i)–(ii), by ~G_v = G^{max}_v in the case (iii), by ~G_v = G^⊥_v in the case (iv), and by ~G_v = 0 in the last case (v) (cf. the index formulas in Theorem 6.1). In particular, we can interpret the index formula ind D = ind D as ind D = � X κ dx (6.2)

since � X κ dx = � v∈V κ_{eG} (v) = ind D (6.3)

by an obvious calculation and Theorem 4.6. Note that the choice of κ_e is somehow arbitrary, but it is the unique way to define it if we require that (6.3) holds, that κ_e(v) = c(v)κ_{eG}(v) for some sequence c(v) > 0 and that κ^{′′}_e = 0.

In particular, we have

κ(v) = κ_{(X,G ,L)}(v) =

2κ_{eG} (v) � e^′∈E_v ℓe^′ . If we have a continuous vertex space, i.e., dim G_v = 1 like the standard vertex space, then κ(v) = 0 iff deg v = 2. This reflects the fact that a vertex of degree 2 is invisible. Furthermore if deg v = 1 (i.e., a “dead end” with Neumann vertex space), then κ(v) > 0. Furthermore, if deg v ≥ 3, then κ(v) < 0. Moreover, shorter lengths ℓ_e at a vertex v mean a higher absolute value of the curvature.

30 OLAF POST

For example, a dead end e with Dirichlet vertex space at v ∈ ∂e has negative curvature. In some sense, one could say that high negative curvature forces the function to vanish: If the dead end has length ℓ_e → 0 with standard vertex conditions on the other vertex w ∈ ∂e (of degree ≥ 3), then e has curvature κ_e → −∞ as ℓ → 0, and finally forces the function to vanish also on w.

On the other hand a dead end e of length ℓ_e → 0 with Neumann vertex space at the endpoint v has curvature tending to ∞, but the curvature at the other point w is negative and remains finite. Therefore there exists a point x → w as ℓ → 0 on the edge e such that κ_e(x) = 0; and the dead end just “disappears” in the limit.

Remark 6.4. Here, we only discussed the spectral relation for the discrete and metric Laplacian at the bottom of the spectrum. The relation for other points in the spectrum is in general complicated. If the metric graph is equilateral, i.e., if all length are the same, say ℓ_e = 1, then there is a simple relation between the spectrum of the metric and discrete graph Laplacian. Such questions are discussed e.g. in [vB85, Nic87a] and in [Pan06, P08] using the notion of boundary triples. In [P09a] we also discussed the “enlarged” case. Finally, in [LP08], the “exceptional” Dirichlet eigenvalues arising from eigenfunctions on an equilateral metric graph vanishing at the vertices are described in a geometric way.

6.2. Metric graphs as limits of smooth spaces. We will give several examples of quantum graph operators on X_0 = X which occur as limits of an appropriate smooth approximation X_ε. A simple example is given if X_0 is embedded in R^2 and if we choose some homotopy-equivalent open neighbourhood X_ε of X_0. Note that χ(X_ε) = χ(X_0),

since X_0 and X_ε are homotopy-equivalent.

In [RS01, KuZ01, KuZ03, EP05, P05, P06, EP07, P09c], the convergence of the 0-form operators has been established in various situations. We will show in a forthcoming article, that the result extends also to differential forms on X_ε under suitable conditions. Note that in the three first examples below, the “approximating” Laplacian d^∗_εd_ε on X_ε (with Neumann boundary conditions on ∂X_ε) and its dual d_εd^∗_ε on 1-forms have index equal to χ(X_0) (more precisely, the Dirac operator associated to the exterior derivative d_ε : H^1(X_ε) −→ L_2(Λ^1X_ε) has index equal to χ(X_0)).

We indicate the limit operators acting on a metric graph in several situations:

Example 6.5 (Standard vertex conditions). If the vertex neighbourhoods do not shrink too slow (e.g., the ε-neighbourhood of the embedded metric graph X_0 ⊂ R^2 is good enough), then the Neumann Laplacian on functions converges to the standard metric graph Laplacian (see the references above), and we will also show that the 1-form Laplacian on X_ε converges to the 1-form metric graph Laplacian. In particular, the vertex space of the limit operator is G = G^{std} and the domains are given by

H^2_{std}(X) := � f ∈ H^2_{max}(X) � � f_e(v) is independent of e ∈ E_v, � e∈E_v ↷ f^′(v) = 0 � , H^2↷_Σ(X) := � g ∈ H^2_{max}(X) � � g^′_e(v) is independent of e ∈ E_v, � e∈E_v

↷g(v) = 0 �

as domains for the Laplacian on 0- and 1-forms, respectively. The associated Dirac operator D has index equal to the Euler characteristic (see (1.8)). The same is true for more general Schrödinger operators on X_ε like magnetic Laplacians (for the convergence, see e.g. [KuZ01, EP07]). Magnetic Laplacians on metric graphs have been studies thoroughly in [KS03].

Example 6.6 (The decoupling case). In [KuZ03] and [EP05, Sec. 6] there is a class of approximations X_ε ⊂ R^2 (roughly with slowly decaying vertex neighbourhood volumes of order ε^{2α} with 0 < α < 1/2). In this case, the limit operator on 0-forms is � e∈E Δ^D_e ⊕ � v∈V 0,

FIRST ORDER APPROACH AND INDEX THEOREMS FOR GRAPHS 31

i.e., the 0-enlarged case (ii) with G = G^{std} and operator L = 0. Again, the index of the associated Dirac operator is χ(X) (cf. Theorem 6.1 (ii)). The dual operator is the decoupled Neumann operator.

Example 6.7 (The borderline case). In [KuZ03] and [EP05, Sec. 7] there is a special class of approximations X_ε ⊂ R^2 where the volume of a vertex neighbourhood U_{ε,v} is vol U_{ε,v} = ε vol U_v (i.e., α = 1/2). In this case, the limit operator on 0-forms is of the form Proposition 5.19 (ii) with G = G^{std} and L(v) = (vol U_v)^{−1} (multiplication operator). In particular, the unusual vertex conditions in this case with the enlarged graph space are “natural” in this setting. Again, the index of the associated Dirac operator is χ(X). Note that the dual operator is a “real” quantum graph Laplacian, namely the domain consists of functions g ∈ H^2_{max}(X) such that

g^′ is continuous, (deg v)(vol U_v )g^′(v) = � e∈E_v

↷g(v),

i.e., a type of δ^′-condition with strength given by the local volume (and with oriented evaluation, since we are on 1-forms).

Example 6.8 (The Dirichlet decoupling case). In [P05] we proved an approximation result for the Laplacian with Dirichlet boundary conditions on a certain set X_ε ⊂ R^2 which is “small” around the vertex neighbourhood. The limit operator on functions in this case is the simple decoupled operator � e Δ^D_e , i.e., the simple case (i) with G = 0. The index formula in this case leads to ind D = −|E|.

Note that the index of the Dirichlet Laplacian on X_ε is the relative Euler characteristic χ(X_ε, ∂X_ε) = χ(X_ε) − χ(∂X_ε) = χ(X_ε) = χ(X_0) = |V | − |E| in this case. But we have to consider here the Laplacian on functions and closed 1-forms only, leading to a different index. We will treat this question also in a forthcoming publication.

References

[BF06] M. Baker and X. Faber, Metrized graphs, Laplacian operators, and electrical networks, Quantum graphs and their applications, Contemp. Math., vol. 415, Amer. Math. Soc., Providence, RI, 2006, pp. 15–33.

[BP01] O. Baues and N. Peyerimhoff, Curvature and geometry of tessellating plane graphs, Discrete Comput.

Geom. 25 (2001), no. 1, 141–159.

[BR07] M. Baker and R. Rumely, Harmonic analysis on metrized graphs, Canad. J. Math. 59 (2007), no. 2, 225–275.

[vB85] J. von Below, A characteristic equation associated to an eigenvalue problem on C^2-networks, Linear Algebra Appl. 71 (1985), 309–325.

[Chu97] F. R. K. Chung, Spectral graph theory, CBMS Regional Conference Series in Mathematics, vol. 92, Published for the Conference Board of the Mathematical Sciences, Washington, DC, 1997.

[CdV98] Y. Colin de Verdière, Spectres de graphes, Cours Spécialisés, vol. 4, Société Mathématique de France, Paris, 1998.

[CFKS87] H.L. Cycon, R.G. Froese, W. Kirsch, and B. Simon, Schrödinger operators, with application to quantum mechanics and global geometry, Springer-Verlag, Berlin, 1987.

[Dod84] J. Dodziuk, Difference equations, isoperimetric inequality and transience of certain random walks, Trans.

Amer. Math. Soc. 284 (1984), no. 2, 787–794.

[EKK^+08] P. Exner, J. P. Keating, P. Kuchment, T. Sunada, and A. Teplayaev (eds.), Analysis on graphs and its applications, Proc. Symp. Pure Math., vol. 77, Providence, R.I., Amer. Math. Soc., 2008.

[EP05] P. Exner and O. Post, Convergence of spectra of graph-like thin manifolds, Journal of Geometry and Physics 54 (2005), 77–115.

[EP07] , Convergence of resonances on thin branched quantum wave guides, J. Math. Phys. 48 (2007), 092104+43.

[FKW07] S. Fulling, P. Kuchment, and J. H. Wilson, Index theorems for quantum graphs, J. Phys. A 40 (2007), no. 47, 14165–14180.

[FT04a] J. Friedman and J.-P. Tillich, Calculus on graphs, Preprint arXiv:cs.DM/0408028 (2004). [FT04b] , Wave equations for graphs and the edge-based Laplacian, Pacific J. Math. 216 (2004), no. 2, 229–266.

[Gil95] P. B. Gilkey, Invariance theory, the heat equation and the Atiyah-Singer index theorem, CRC Press, Boca Raton, 1995.

32 OLAF POST

[Har00] M. Harmer, Hermitian symplectic geometry and extension theory, J. Phys. A 33 (2000), no. 50, 9193– 9203.

[KPS07] V. Kostrykin, J. Potthoff, and R. Schrader, Heat kernels on metric graphs and a trace formula, Adventures in Mathematical Physics, Contemp. Math., vol. 447, Amer. Math. Soc., Providence, RI, 2007, pp. 175– 198.

[KS99] V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires, J. Phys. A 32 (1999), no. 4, 595–630. [KS03] , Quantum wires with magnetic fluxes, Comm. Math. Phys. 237 (2003), no. 1-2, 161–179, Dedicated to Rudolf Haag.

[KS06] , Laplacians on metric graphs: eigenvalues, resolvents and semigroups, Quantum graphs and their applications, Contemp. Math., vol. 415, Amer. Math. Soc., Providence, RI, 2006, pp. 201–225.

[Ku04] P. Kuchment, Quantum graphs: I. Some basic structures, Waves Random Media 14 (2004), S107–S128. [Ku05] , Quantum graphs. II. Some spectral properties of quantum and combinatorial graphs, J. Phys. A 38 (2005), no. 22, 4887–4900.

[Kuc08] , Quantum graphs: an introduction and a brief survey, in [EKK^+08] (2008), 291–312. [KuZ01] P. Kuchment and H. Zeng, Convergence of spectra of mesoscopic systems collapsing onto a graph, J.

Math. Anal. Appl. 258 (2001), no. 2, 671–700.

[KuZ03] , Asymptotics of spectra of Neumann Laplacians in thin domains, Advances in differential equations and mathematical physics (Birmingham, AL, 2002), Contemp. Math., vol. 327, Amer. Math. Soc., Providence, RI, 2003, pp. 199–213.

[LP08] F. Lledó and O. Post, Eigenvalue bracketing for discrete and metric graphs, J. Math. Anal. Appl. 348 (2008), no. 2, 806–833.

[Lüc02] W. Lück, L^2-invariants: theory and applications to geometry and K-theory, Ergebnisse der Mathematik und ihrer Grenzgebiete., vol. 44, Springer-Verlag, Berlin, 2002.

[MW89] Bojan Mohar and Wolfgang Woess, A survey on spectra of infinite graphs, Bull. London Math. Soc. 21 (1989), no. 3, 209–234.

[Nic87a] S. Nicaise, Approche spectrale des problèmes de diffusion sur les réseaux, Séminaire de Théorie du Potentiel, Paris, No. 8, Lecture Notes in Math., vol. 1235, Springer, Berlin, 1987, pp. 120–140.

[Nic87b] , Spectre des réseaux topologiques finis, Bull. Sci. Math. (2) 111 (1987), no. 4, 401–413. [Ogu02] O. Ogurisu, Supersymmetric analysis of the spectral theory on infinite graphs, Seminars on infinite graphs and their spectrum at Lake Kawaguchi, January 2002, Contemporary Mathematics, 2002, pp. 57–75.

[Pan06] K. Pankrashkin, Spectra of Schrödinger operators on equilateral quantum graphs, Lett. Math. Phys. 77 (2006), no. 2, 139–154.

[P05] O. Post, Branched quantum wave guides with Dirichlet boundary conditions: the decoupling case, Journal of Physics A: Mathematical and General 38 (2005), no. 22, 4917–4931.

[P06] , Spectral convergence of quasi-one-dimensional spaces, Ann. Henri Poincaré 7 (2006), no. 5, 933– 973.

[P08] , Equilateral quantum graphs and boundary triples, in [EKK^+08] (2008), 469–490. [P09a] , Generalised discrete Laplacians on graphs and their relation to quantum graphs, Ulmer Seminare 13 (2009), 145–173.

[P09b] , Spectral analysis of metric graphs and related spaces, in “Limits of graphs in group theory”, eds.

G. Arzhantseva and A. Valette, Presses Polytechniques et Universitaires Romandes, 109–140 (2009). [P09c] , Spectral analysis on graph-like spaces, Habilitation thesis (2009).

[Rot84] J.-P. Roth, Le spectre du laplacien sur un graphe, Théorie du potentiel (Orsay, 1983), Lecture Notes in Math., vol. 1096, Springer, Berlin, 1984, pp. 521–539.

[RS01] J. Rubinstein and M. Schatzman, Variational problems on multiply connected thin strips. I. Basic estimates and convergence of the Laplacian spectrum, Arch. Ration. Mech. Anal. 160 (2001), no. 4, 271–308.

[Shi00] T. Shirai, The spectrum of infinite regular line graphs, Trans. Amer. Math. Soc. 352 (2000), no. 1, 115–132.

Institut für Mathematik, Humboldt-Universität zu Berlin, Rudower Chaussee 25, 12489 Berlin, Germany

E-mail address: post@math.hu-berlin.de