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Under market frictions like illiquidity or transaction costs, contingent claims
can incorporate some inevitable intrinsic risk that cannot be completely hedged
away but remains with the holder. In general, they can not be synthesized by
dynamical trading in liquid assets and hence not be priced by no-arbitrage ar-
guments alone. Still, an agent can determine a valuation with respect to her
preferences towards risk. The utility indifference value for a variation in the
quantity of illiquid assets held by the agent is defined as the compensating vari-
ation of wealth, under which her maximal expected utility remains unchanged.
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Definition and terminology

Consider an agent acting in a financial market with d+1 liquid assets, which can
be traded at market prices in a frictionless way anytime up to horizon T' < co.
In addition, there are J illiquid assets providing risky payouts (B7)n—1, . at
T. A preference order of the agent is described by an (indirect) utility function
ub(z), describing the maximal expected utility obtainable when holding at t a
position consisting of wealth z € R invested in liquid assets (at market prices)
and b € R” shares of illiquid assets. At time ¢, the agent prefers a position (z, b)
to («/,0) if ub(x) > ul' (/). She is indifferent if u?(z) = ul (2’). The agent’s
utility indifference (buy) value for adding ¢ illiquid assets to her current position
(z,b) is defined as the compensating variation 72" (5) of her present wealth that
leaves her utility unchanged, i.e. as the solution to

u e —mT(6) = up(x). (1)

The indifference sell value is —Wf’x(—d). In comparison, the certainty equivalent

for adding ¢ to her postion in illiquid assets is the equivalent variation cf’z (6) of
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the wealth that yields the same utility, i.e. it is the solution to

up(z + 7)) = uyt(x). (2)
Equations (1), (2) have unique solutions if the functions x +— u?(x) are strictly
increasing and have the same range for any b. The notion compensating variation
is classical from the economic theory of demand by John Richard Hicks [7].
Alternatively, the terms indifference value (“price”) or reservation price have
been used frequently in recent literature. We will use the terms synonymously,
but note that the classical terminology appears more accurate in reflecting the
definition (1). In particular, the compensating variation 7."*(8) is not a “price”
for which ¢ illiquid assets can be traded in the market. Moreover, " (8) is
determined only at ¢ in dependence of the position (z,b) prevailing and the
variation § occurring at the same time ¢; it should not be interpreted prematurely
as a “value at t” that could be attributed at times before ¢t to the payoff § B at
T.

Preliminaries and model setup

To access dynamic properties of indifference values, we introduce a market model
in which a family of utility functions u;, ¢ < T, is to be obtained. For simplicity,
we consider a finite probability space (2, F, P). For time t € {0,...7T} being
discrete, the information flow is described by a filtration (F)o<i<7 (see eqf02-
011), that is defined by refining partitions A; of € and corresponds to a non-
recombining tree (see eqf04-018, Figure 1). The smallest non-empty events of
F, are called atoms A € A, of F;. Take Fy as trivial, Fp = F = 29 as the set
of all events, and all probabilities P(w) > 0, w € Q to be positive. Random
variables X; known at time ¢ are denoted by X; € Ls,. They are determined
by their values on each atom A € A;, and can be identified with elements of a
suitable RYN. A process (Xt)i<r is adapted if X; € Lg, for any t. Inequalities
and properties stated for random variables and functions are meant to hold
for all outcomes (coordinates). Conditional expectations with respect to F; are
denoted by Ei[-]. For a family {X?} C Lg, (R), the random variable ess sup, X"
takes the value sup, X7 (A) on atom A € A;.

The price evolution of d liquidly traded risky assets is described by an R9-
valued adapted process (S;)o<t<7. All prices are expressed in units of a further
liquid riskless asset (unit of account) whose price is constant at 1. If, for instance,
the unit of account is the zero coupon bond with maturity 7', all prices are
expressed in T-forward units. A trading strategy (J;);<r € © is described by
the numbers of liquid assets 9; € Ly, , to be held over any period [t — 1,¢). Its
gains from ¢ until T are ftTﬁdS = Zzzt-&-l 9L ASy, with ASy = S, — Sk_1.
Any Xr € Ly, of the form Xpr = x + ftTﬁdS represents a wealth at time T
that is attainable from = € Lg, at t by trading. Let Xr(x,t) denote the set
of all such X7, and set X¢(z) := X¢(z,¢t — 1). In addition to the liquid assets,
there exist J illiquid assets delivering payoffs B = (B7)1<j<s € Ly, (R”) at T.
A quantity b € R” of illiquid assets provides at T' the payoff bB = SV B



We assume that the market is free of arbitrage in the sense that the set M¢ of
equivalent probability measures ) under which S is a martingale (see eqf02-023)
is non-empty. This is equivalent to assuming that all sets D, ,, s <t < T, of
conditional state price densities are non-empty. Technically, @S,t is the set of
strictly positive D, € Ly, satisfying Es[Dy,] = 1 and Es[Ds fst 9dS] = 0 for
all ¥ € ©. For brevity, let D; := D;_; ;. State price densities are related to the
likelihood density process Z; = E;[dQ/dP] of a Q € M® by Dy = Z;/Z,.

Conditional utility functions and dual problems

Our agent’s objective is to maximize her expected utility (3) of wealth at T for
a direct utility function U, which is finite, differentiable, strictly increasing and
concave on all of R, with lim,_,_ o, U’(x) = oo and lim,_,o, U'(z) = 0. Holding
position (z,b) € R x R’ in liquid and illiquid assets at ¢ < 7', she maximizes

ul(z) = esssup E;[U(X7p+bB)] = esssup E;[uf(X7)] . (3)
XTEDCT(.’E,t) XTE:XZT(f,t)

We call ul(x) u-regularif (for all b,w) the function z +— u?(z) is strictly concave,

increasing and continuously differentiable on R with lim,_, s u/2(2) = +o0 and
limg 00 w/2(2) = 0. For t =T, ub.(z) = U(x + bB) satisfies the condition

ul(z) is u-regular, concave & differentiable in (z,b), with u’(R) = U(R), (4)

with U(R) = {U(z) : © € R} denoting the range of U. The primal problems (3)
are related, see A1-3, to the dual problems
vX(y) ;== essinf E, [Vb(yDt,T)] , y>0, (5)

t, 7€D¢, T

for the conjugate function V°(y) := esssup, (U(x + bB) — xy) (y > 0, b € RY),
with V®(y) = VO(y) —ybB and v4.(y) = Vb(y). For later arguments, we assume:
(A1) ub(z) satisfies (4) for any ¢, b, and the value functions are conjugate:

vi(y) = esssup,er(uy(c) —ay), y>0, (6)
ul(z) = essinf,~o(vl(y) +2y), z€R. (7)

(A2) For any t <T and b, z,y € Ly, ,, there exist unique )/(\’tb(ac) and ﬁf(y)
that attain the single-period optima (8) and (9)

u? (z) = esssup  Eyq [u}(Xy)] = Ei [uf()?f(x))} ) (8)
Xt€x1>(1‘ t*l)
o) = esinfBia [vD)] = Eia o)D) | (9)
and satisfy v’ ()? (z)) = ( ) for z and y being related by w ? 1(x) =y.

(A3) For t < T, b,z,y € Ly, unique optima Xb and DfT for the multi-
period problems (3 ) (5) are attained, and can be constructed by dynamical



programming )A(,l; = X};()A(};_l) and ﬁfk = ﬁ?,k—lﬁz(yﬁf,k—l) fort < k<T,
with ﬁg() and )?,Z;() from A2 and )/(:f =z and ﬁf’t := 1. The optima satisfy
U/Z()/(\',l;) = yﬁf)k, t <k <T,for x and y being related by u’f(x) =y.

Q being finite, A1-3 can be shown by convex duality; by arguments as in
[21] follows inductively that A1-3 hold for ¢ — 1 on each atom, given they hold
at t. See also eqf02-026 and eqf04-008. Let us just mention here that, under
regularity, the transforms (7) and (6) are inversions of each other, and —v?(y)

is the inverse function of the marginal utility v’ ?(x) = a%uf (z).

Properties of utility indifference values

(Concavity (Convezity)): By concavity of U, utility indifference buy (sell) val-
ues " () (respectively —m " (—8)) are concave (convex) with respect to the
quantity ¢ of illiquid assets that they compensate for, i.e.

M (0N + (1= M)l ®(0%) < 7l"(A' + (1 — \)§%)  for e [0,1].  (10)
(Monotonicity): Monotonicity of U implies, for any atom A € Ay, that
1Tl (8) < 14wl (8")  for b,6,8 € RY with 1,6B < 148'B,  (11)

and that 147" () = 0 holds if 1,6B = 0.

(Dynamic consistency with no-arbitrage): So far, we took the agent to trade
optimally in liquid assets, while holding a fixed position b in illiquid assets. Now,
suppose that she is ready to buy (or sell) shares of illiquid assets in quantities as
requested by another agent (‘he’) at her compensating variations, dynamically
over time. Let B; — By € Lg,_,(R7) denote the cumulative position in illiquid
assets she has accepted until date t — 1, when she initially has held Gy := b GARJ .
At t —1 < T, he chooses to sell AB; € Lg,_, (R”) illiquid assets. Given X;_;
is the wealth in liquid assets she arrived with at ¢ — 1, paying compensating

variation changes her liquid wealth to X, 1 = X’t,l — wfj’ll’Xt’l(Aﬂt) such

that the utility of her position stays equal uffll (X¢—1) = ul* | (X,_1) . Investing
optimally for the next period according to A2 from her new position (X;_1, ;)
(without knowing his future (8i4)k>1), she arrives at ¢ with liquid wealth

~ t
X, =XP(X) = Xy — a7 (A8 + [ 0dS, (12)
t—1

for an optimal strategy 9 over (t — 1,t]. Given an initial wealth )?0 =2z € R,
the wealth process Xt is determined by compensating variations and A2 such
that (ul*(X,)) is a martingale. Trading against indifference values but not
following strategy 9 would result in a sub-optimal wealth process X; for which
the utility process (u/*(X;)) is a supermartingale, therefore decreasing in the
mean. By accepting to trade illiquid assets against her indifference values, she



is not offering arbitrage opportunities to her counterparty. Indeed, a strategy
6 € © would offer arbitrage profits to him, jointly with (3;), if his gains

Gr ::/ 0dS+Z S (aB) — (B - b) B (13)
0

satisfy Gr > 0 and P[G7r > 0]. Unwinding her illiquid asset position at T,
leaves her with final wealth

T T
XT:;E+/ 9ds — S al N ag) + prB. (14)
0 t=1

Adding (13) to (14), would imply E[u :C+f0 0+19 as)] > E[ ()?T)] = uf(z),
contradicting definition (3).

(Static no arbitrage bounds): In particular, there is no arbitrage from buy-
and-hold strategies in illiquid assets, for € R, b,§ € R’ it thus holds

72%(0) < esssup EC[0B] and — m"(—6) > essinf EC[6B]. (15)

QeMe QeMe
Hence, for replicable payoffs B/ = Bg + ftT 9B’ dS with 9B’ € O for all J and
B, € Lg,(RY), the indifference value 77" (8) is equal to the replication cost B;.
(Marginal indifference values): In general, " (8) is non-linear in §, Since

e — ult(z — 7" (e6)) is constant, we obtain
0 gradpu? ()
— 0 ==—"9. 16
agﬂ't (5 ) =0 UI?(Q?) ( )

Hence, marginal indifference values, that is compensating variations for infinites-
imal changes of quantities, are linear in § and given by the ratio of the gradient
of u?(x) with respect to b and the marginal utility of wealth v’ ?(x) The princi-
ple of valuation at ratios of marginal utilities is classical in economics, see e.g.
[4]. Marginal indifference values can be computed from optimizers of the dual
problem; they coincide with prices of an arbitrage-free dynamical price process
in an enlarged market, where previously illiquid assets are tradable at ‘shadow’
price processes which are such that the utility maximizing agent is not trad-
ing those assets. To see this for t = 0, fix z,b. For y and Dg’T from A3, let
Ry == EZ[B], k < T, for dQ := ﬁS’TdP. Let @4(x), v4(y) be the primal and
dual value functions (cf. (3),(5)) of the market S = (S, R) that is enlarged by
the additional price process R. The set of state price densities for the enlarged
market is smaller, but includes the minimizer for (5). Hence #§(-) > v8(-) and
6(y) = vg(y), implying o7’ (y) = v{(y) and f(x) = uf(x) by Al. Thus, the
optimal strategy in the enlarged market is not trading the additional asset at
the shadow price process (R;). The agent is, in particular, indifferent to in-
finitesimal initial variations of his position at shadow prices. Hence, Ry must be
given by the ratio in (16) of marginal utilities at ¢ = 0. If the agent is taken to



be representative for the whole market, holding a net supply of b illiquid assets,
then (R;) could be interpreted as a partial equilibrium price process.

(Numeraire dependence): In general, utility indifference values depend on
the utility functions and the numeraire (unit of account ) with respect to which
they are defined. But it is possible to choose state-dependent utility functions
with respect to another numeraire such that indifference values (and optimal
strategies) become numeraire invariant. Let (N;) be the price process of a
tradable numeraire, that is N, = No + [J 9VdS for t <T, 9N € ©, with N > 0.
Then indifference values coincide, that means TI'Z’K/ (8) = w™Ne(8) /Ny holds, if
utilities and payoffs with respect to N satisfy the relations uf y(x) = uf(zNy)
(for t = T, hence all ¢t) and By := B/Nr. Likewise, for numeraires N, N, the
relations should be ui’ﬁ(x) = ui’,N(th/Nt) and By = ByNr/Nr.

(Partial hedging): Indifference values could be associated with a utility based
hedging strategy, which for a given (aggregate) position (z,b) is defined as the
strategy whose wealth process is )?f(:r) - )??($ + ¢3" (b)), for optimal wealth
processes X, X° from A3 and > (b) from(2). The risk that remains under
partical hedging can still be substantial, see the example below.

Exponential utility preferences

Much of the literature on indifference pricing deals with exponential utility
U(z) = —1exp(—ax) of constant absolute risk aversion a > 0. Because U

factorizes, the utility functions are of the form ul(z) = —21 e=o@+C) ¢ < T,
for random variables C? € Lg, not depending on x, with Cb bB. Clearly,

72%(§) = C"*0 — CP does not depend on z, and the compensating (1) and
equivalent (2) variations coincide for exponential utility. From the dual value

functions v (y) = £(logy — 1 + aC}) from (5), one obtains a general formula

DeDy 1

707 (8) = essinf {Et[D(éB)H—;(Et[DlogD] Ey[D? 7 log D ])} (17)

for the indifference value 7" (6) = " (§) — " (b), where lA)?)T is the minimizer

of (5) for b = 0 that satisfies F [f)?,T log Dt7T] = essinfp, . E;[Dy 1 log Dy ).

By equation (17), utility indifference sell values 6B — —72""(—8) are mono-

tonic in «, and satisfy the properties of convexity, translation invariance and
monotonicity, that consitute a convex risk measure (see eqf15-003).

Under particular model assumptions, indifference values w? #(§) can be com-
puted by the backward induction scheme

0 = B [ L1ow s, [exp (- ant*(9)] | (13)

starting from 77%‘”(5) = 0B. Roughly speaking, the assumptions needed com-

prise certain independence conditions plus semi-completeness of the market at



each period. The scheme (18) has intuitive appeal, in showing that the in-
difference valuation is computed here by intertwining two wellknown valuation
methods: First, one takes an exponential certainty equivalent with respect to
non-tradable risk at the inner expectation (with F;_1 C G; C F;); after that one
takes a risk-neutral expectation of this certainty equivalent, as G;-risk is replica-
ble from ¢ — 1, at the outer expectation (under the minimal entropy martingale
measure). See [1, 18] for precise technical assumptions and examples.

Example in continuous time

For an instructive example, consider a (non-finite) filtered probability space
(Q, (Ft)t<r, P) with Brownian motions (W) and (/I/Iv/t) = (pW; + /1 — p2 W)
correlated by p € [—1,1]. The price process of a single risky asset is S; =
So + o(W; + At) with A\, Sy € R, 0 > 0), as in the model by Louis Bachelier.
The illiquid asset’s payout B := Y for Y; = Yy + G(Wt + Xt) can be interpreted
as position in a non-traded but correlated asset. Trading strategies 1 € © are
taken to be adapted and bounded. The maximal expected exponential utilities

w(z) = —;exp<—a(m+;/:(T—t)—i-w?’x(b))), sbER, (19)

are then attained by the optimal strategies P = ﬁ - bg p, with

707 (b) = bY; + b5 (A — Ap)(T — t) — %a6252(1 — (T —1). (20)

Indifference values are given by " () = 70" (b+6) —m"* (b) and do not depend
on current wealth . Optimality of (19) and ® follows by noting that ub( fot 9dS)
is a martingale for ¥ = 9® and a supermartingale for any other ¢ € ©. Clearly,
indifference buy (sell) values 7 "*(8) (respectively —m>"*(—68)) are decreasing
(increasing) in the risk aversion a. They are linear in the quantity J only if
correlation is perfect (|p| = 1). Then, they coincide with the replication cost of
6B. Marginal utility indifference values are given by

0 b i ~

%wf’ (6) =Yy + (A= Ap)(T —t) — b+ 8)52(1 — p*)(T —t). (21)
Under the (minimal entropy) martingale measure dQ° = exp(—AWr—\2T/2)dP
we have S; = Sy+ oW} for independent Q°-Brownian motions (W) and (W).
Indifference values can be expressed by

= ﬁ log EtQO [exp (a(1 — p®)(—bB))] . (22)

Formulas like (22) have been obtained also for different models, including the
case where the price processes of the risky and the non-traded asset (underlying
of B) are given by correlated geometric Brownian motions, see [6, 16].



To discuss the possible size of the partial hedging error, let Sy, Yy, A, X be
zero, T' = 1 and 0 = 0. We assume that the agent has accepted initially an
illiquid position b at her indifference value. Her utility-based partial hedging
strategy when holding b illiquid assets is P — 90 = —bp. Her hedging error
H = —70"(b) + bB — bopW? = 1ab0%(1 — p?) + bo\/1 — p?Wi- is normally
distributed. Its standard deviation accounts for /1 — p2*100 percent of that
for the unhedged payoff bB = bYr. For correlation p = 80%, e.g., the error size
is still substantial at a ratio of 60%. Even for p = 99%, it is still above 14%.
To be compensated for the remaining risk in terms of her expected utility, the
agent requires —y” (b) = sab?c?(1—p?) at t = 0. Her compensating variation
of wealth is proportional to the variance of H and to her risk aversion a.

Extensions and further reading

To value options under transaction costs, indifference pricing was applied in [8].
The method is not limited to European payoffs. For payoffs with optimal exer-
cise features, see [10, 17]. Indifference values for payoff streams could be defined
by (1) for utilities that reflect preferences on future payment streams, like in
[22]. For results on non-exponential utilities, see [5, 14, 12]. For performance of
utility-based hedging strategies see [15]. Besides dynamical programming and
convex duality, solutions have been obtained by backward stochastic differen-
tial equations (see eqf02-020) [10, 13, 20], also for closed constraints [9] and
jumps [2]. For asymptotic results on valuation and hedging for small volumes,
see [2, 5, 12, 13]. A Paretian equilibrium formulation for indifference pricing
has been presented in [11]. Being non-linear, indifference values can reflect di-
versification or accumulation of risk for applications areas like real options or
insurance, see [6, 14, 19, 22]. But modeling and computation are more demand-
ing, since a portfolio of assets cannot be valued by parts in general. Instead,
each component is to be judged by its contribution to the overall portfolio. More
comprehensive references are given in [1, 3, 4, 6, 16].
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