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Abstract

This thesis is concerned with Schrodinger operators acting on the sections of
a Hermitian line bundle over an even-dimensional flat torus. Schrodinger
operators are constructed from a connection on the bundle and a function on
the torus. Restricting to translation-invariant connections and line bundles with
nondegenerate Chern class I give statements concerning the extent to which the
spectrum of the Schrodinger operator determines the torus, line bundle or
potential.

I show that the potential is determined by the collection of spectra of
translation-invariant connections. This collection is a canonical generalisation
of the Bloch spectrum of the torus. For weakly Z,-invariant connections one
can recover the even part of the potential from the corresponding spectrum
provided that the lattice has a nondegenerate length spectrum. Counterexamples
show that this condition cannot be dropped and also that neither potentials,
tori nor line bundles are spectral invariants.

Those results were obtained by Gordon, Guerini, Kappeler and Webb.
However, I streamlined their work by constructing explicit transplantations
for the counterexamples. Also, this thesis includes a classification of line
bundles.
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Introduction

Let M be an n-dimensional flat torus L\IR" given by some lattice L. Every poten-
tial Q € C*°(M) canbe interpreted as a smooth L-periodic function Q: R"” — R.
It gives rise to a Schrodinger operator A + Q on R". The periodic spectrum
of Q is defined to be the spectrum of this Schrédinger operator acting on the
L-periodic functions on R". The (classical) Bloch spectrum is the collection
of all spectra (Spec, Q)e(r) of the Schrédinger operator acting on functions

that satisfy f(x +1) = e?™*()f(x) for all I € £. In [ERT84a] and [ERT84b]
Gregory Eskin, James Ralston and Eugene Trubowitz describe the extend to
which the potential Q is determined by its periodic spectrum or by its Bloch
spectrum.

From every connection V on a given Hermitian line bundle A one can con-
struct a Laplacian acting on the smooth sections of A. Let Spec(Q, A,V) denote
the spectrum of the corresponding Schrodinger operator. This spectrum de-
pends on the potential and on the connection. In [Gui90] Victor Guillemin
noted that in the case of two-dimensional tori the Bloch spectrum of a poten-
tial is also given by the collection of spectra (Spec(Q, 4,V))(, v), where (4,V)
ranges over all line bundle-connection pairs with vanishing curvature form.
In particular, if A is the trivial complex line bundle over M and V is the trivial
connection, then the periodic spectrum coincides with Spec(Q, A,V).

Guillemin considered only Hermitian line bundles with Chern number
+1 over two-dimensional tori with nondegenerate length spectrum and assumes
that one is given a Z-invariant bundle-connection pair and a Z-invariant
potential Q, i.e. a connection and a potential invariant under the isometry
induced on the torus by the map x — —x. With those assumptions he proves
that, if V satisfies some curvature bounds, then both the connection V and the
potential Q are determined by Spec(Q, A, V).

This thesis largely follows the paper [GGKWO08] in which Carolyn S. Gor-
don, Pierre Guerini, Thomas Kappeler and David L. Web extend Guillemins
considerations to higher-dimensional tori. The connections used have a “con-
stant” curvature in the following sense: A connection is called translation-
invariant if its curvature 2-form is invariant under the group of isometries
induced on M by the translations. The A-Bloch spectrum of a potential Q is
defined to be the map V - Spec(Q, A, V), where V ranges over the translation-
invariant connections.

Every line bundle over a torus is uniquely, up to isomorphism, determined
by its Chern class, which can be understood as a translation-invariant 2-form.
A Chern class is called nondegenerate if it is nondegenerate as an antisym-
metric bilinear form at one and therefore at every point. Only nondegenerate
line bundles w will be considered, that is line bundles with a nondegenerate
Chern class. This condition requires the dimension of the torus to be even,
say n = 2m, and associates a unique ordered m-tuple (r1,...,tm) of positive
integers with rq | - - | 7y, to every line bundle. The r; are called Chern invariant
factors. On those line bundles the map ¥ := —x gives rise to a map V - Vacting
on the set of connections such that Vis Z;-invariant if and only if V = V. If this
equation holds only up to gauge equivalence, V ~ V, then V is called weakly
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Zy-invariant. The following questions are addressed in [GGKWO08]:

— Does Spec(Q, w,V) determine the potential Q when V is a fixed translation-
and weakly Z;-invariant connection?

— Does the entire w-Bloch spectrum determine the potential?

If all Chern invariant factors are equal to 1, then the second question can
be answered positively even without assuming nondegeneracy of the length
spectrum. Concerning the first question, one can recover the even part of the
potential from the (single) spectrum of a translation- and weakly Z,-invariant
connection provided that the length spectrum is nondegenerate and the Chern
invariant factors equal 1. A counterexample shows that this assumption cannot
be dropped. The positive results are shown by constructing wave invariants.
The interested reader can find those in the Appendix of [GGKWO08].

The focus of this text lies on the negative results. Those can already be
found in [GGKWO08]. However, I use the main proof of the negative results
[GGKWO08, Theorem 3.4] to calculate explicit transplantations, i.e. isomor-
phisms of function spaces mapping the eigenfunctions of one differential
operator to eigenfunctions with the same eigenvalue of another differential
operator, thereby establishing bijections between the eigenspaces of the two
operators. The technique of transplantations was first introduced by Peter
Buser in [Bus86].

Using this method it will be shown that the spectrum of the vanishing
potential Spec(0,w,V) is independent of the choice of translation-invariant
connection V, thereby defining a spectrum of the line bundle w. Examples show
that neither the isometry class of the underlying torus nor the line bundle w
are determined by this spectrum.

Also, I prove that line bundles are classified by their Chern class and I
will describe all proofs in more detail than in [GGKWO08]. On the other hand,
the technique of transplantations is more direct than the proof of [GGKWO08,
Theorem 3.4] and therefore I do not need to consider principal circle bundles
and their connections [GGKWO08, Section 2C] to prove Theorem 6.13. This
makes the construction of a nilpotent Lie group and of actions of this group on
some function spaces superfluous. The organization of this work is outlined
in the following section.

Finally, note that there are two small errors in [GGKWO08, Notation 3.3 (ii)
and Theorem 3.4 (2)]: One should have g, (s) = q(s1 + (u1—c1) /71, -, Sm +
(tim = cm)/1m) and the spectrum Spec, (Q, L) of Q(u,v) = q(v) coincides with
S(q,r,b,a,—u). Confer Definition 6.6 and Definition 6.16.

Acknowledgment. I want to thank Professor Dr. Dorothee Schiith for sup-
port and proofreading. Also, I thank Peter Herbrich for suggesting many
improvements for this work.



Results and Overview

Sheaves and Cohomology & Line Bundles The Hermitian line bundles over

a fixed closed manifold M are classified, up to an isomorphism, by the
second Cech cohomology group H?(M, Z) of the constant sheaf Z on M.
The Cech cohomology class corresponding to an Hermitian line bundle
is called its Chern class and can be interpreted as a de Rham cohomology
class, which contains exactly one harmonic representative Q).

Flat Tori I will not consider arbitrary manifolds but only flat fori which are

the quotient manifolds R modulo some lattice L. On flat tori the harmonic
representative is given by a bilinear, antisymmetric map on R” x R". If it
is nondegenerate, then the dimension of the torus must be even and there
is a normal form Q) = 27i Z?:/ 2 ridu’ A dv', where the {1/} '} are coordinates
with respect to some lattice basis and r; are integers, called Chern invariant
factors. Line bundles with such nondegenerate representatives will be
called nondegenerate. The normal form will be used to construct an explicit
representative w for every class of nondegenerate line bundles over M.

Connections The sections and connections of this bundle w are in close rela-

tionship to the corresponding objects of the trivial line bundle 6! over R".
The sections of w are isomorphic to the L-invariant functions C*(IR", C)<
and the connections of w descend from connections on the trivial bundle of
the form d + A, where A is an appropriate imaginary-valued 1-form. I will
only regard translation-invariant connections up to gauge equivalence. In
every gauge equivalence class of translation-invariant connections there is
a connection VP + a4, where a is a harmonic 1-form and VP a distinguished
connection constructed from Q). The form a can be interpreted as a functional
on R, Also (weak) Z,-invariance will be introduced in this section.

The Laplacian and Spectra From each connection one can construct a Lapla-

cian A := trace V? acting on sections. For the connections VP + a the Lapla-
cian shall be denoted by AD. The spectrum Spec,(Q, w) is the set of eigen-
values of the Schrodinger operator A? + Q, where Q € C* (M) is a potential.
The w-Bloch spectrum is the collection of all such spectra.

Transplantations The negative results will be obtained constructively by giv-

ing explicit transplantations. In Theorem 6.13 a map from (I?(w), AD + Q)
with Q(u,v) = p(u) to some simpler space (H,Dy;) is given provided
that the line bundle is rectangular. This transplantation maps every section
to finitely many of its Fourier coefficients with respect to the v-coordinate.
Those are sufficient to reconstruct any section. In Lemma 6.19 two of those
transplantations are joint together to yield a transplantation from one torus
to another.

Negative Results In this section I use the transplantations to prove the fol-
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lowing Corollaries of Theorem 6.13:

Corollary 7.1. For every even-dimensional rectangular flat torus and ev-
ery nondegenerate rectangular line bundle w over this torus Spec(w) =
Spec, (0, w) is independent of 2 and is called the spectrum of w.

Corollary 7.3. For every even integer n > 4 there exists an n-dimensional
flat torus M and two topologically distinct but isospectral nondegenerate



rectangular line bundles over M.

Corollary 7.4. For every even-dimensional rectangular flat torus M and
every nondegenerate rectangular line bundle w over M there exists another
nonisometric rectangular flat torus M and a nondegenerate rectangular line
bundle @ over this torus with the same Chern invariant factors such that
(M, w) and (M, @) are isospectral.

Corollary 7.7. Letw be anondegenerate rectangular line bundle over a flat
torus M and let {U;}, V;} be an orthogonal Chern basis. If there is a j such that
IV;ll/|IU|| is rational but not equal to 1, then for every translation-invariant
connection there exist two isospectral but noncongruent potentials on M.
Those potentials can be chosen to be analytic and Z,-invariant. In par-
ticular, the statement holds for any nondegenerate line bundle over any
nonsquare, two-dimensional torus with a rational ratio of side lengths.
The expression of the transplantation in Corollary 7.7 can be simplified for
a Zy-invariant connection and r; = --- = r,;, = 1 such that it does not
contain any infinite sums.

Positive Results To contrast the negative results I will cite, without proof,
some spectral invariants which are used to show the following results.
Although a potential is in general not determined by a single spectrum by
Corollary 7.7, itis determined for line bundles withry = --- = r;; = 1by the
entire w-Bloch spectrum. However, parts of the potential are determined
by a single spectrum provided that the corresponding connection is chosen
appropriately:

Theorem 8.4. Every smooth potential on a fixed even-dimensional torus
with line bundle w whose Chern invariant factors arery = --- =r, = 1is
uniquely determined by its w-Bloch spectrum.

Theorem 8.8. Let M be an even-dimensional torus with nondegenerate
length spectrum, let w be a line bundle with Chern invariant factors r; =
-+ =1y = 1 and assume a translation- and weakly Z,-invariant connec-
tion is given, then the even part of a potential is spectrally determined.
With sufficiently strong restrictions on the potential one may conclude that
the potential is uniquely determined by its spectrum with respect to any

translation- and weakly Z,-invariant connection.
If one restricts to two-dimensional tori with nondegenerate length spec-

trum, to line bundles with Chern invariant factor r; = 1 and to the dis-
tinguished connection, then one can improve this result: There are no
nontrivial continuous isospectral deformations within the space of smooth
potentials. Also, if one is given two isospectral potentials P and Q with real
analytic odd parts such that the odd part of one of them is one-dimensional,
then P = Q or P = Q, where Q(x) := Q(~x).
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My work always tried to unite the
truth with the beautiful; but when
I had to chose one or the other, I
usually chose the beautiful.

Hermann Weyl

1 Sheaves and Cohomology

In this section I will briefly describe the language of sheaves used in the next
section to classify line bundles. In those two sections I largely follow [GH94].

Definition 1.1. A sheaf ¥ on a topological space M associates to each non-
empty open set U C M an abelian group ¥ (U) and to each pair of nonempty
open sets V c U a group homomorphism pyv: F (U) — F (V) such that

(a) for any triple W c V c U of nonempty open sets pyyw = pv.w © pu,v-

An element s € ¥ (U) is called a section of ¥ over U. The maps py; v are called
restrictions and are written as s|ly := pyv(s). For any two nonempty open sets
U, V ¢ M another two axioms are postulated:

(b) Foralls € F(U) and t € ¥ (V) with s|yny = tuny thereisanr € F(UU V)
with 7|y =sand r|y = tand

(c) ifse F(UUV) withs|y =0and s|ly =0thens = 0.

Definition 1.2. A sheaf map f: ¥ — G on M is a collection of group ho-
momorphisms {fi;: ¥ (U) = G(U) | 0 # U € M open} that commute with the
restrictions. A short sequence of sheaf maps

05FLg3H S0
is called exact if for every open® # U Cc M
(@) fu is injective,

(b) for everys € ker gi7 and all p € U there is a neighbourhood p € V C U such
that s|y € im fy and

(c) foreverys e H(U)and all p € U there is a neighbourhood p € V c U such
that sy € im gy.

Definition 1.3. Let ¥ be a sheaf on M and let il = {U}}¢] be a locally finite
open cover of M. Then for p € INg the group of p-cochains is defined as

cFLF) =[] FUpn--nu,).

ig##iy



Denote the p-cochains s = {sl € F(Nier Ui)}

letters. The coboundary operator is a map

Hp+1” like sections, by Latin

6: CP(U,F) —» CPFILF)  with
p+1

— k
0ty = (i lugon,

k=0

Every s € im 0 is a coboundary and the group of cocycles is

ZP(W,F) =kero.
A straightforward calculation shows that 6 o 6 = 0 and therefore that
SCP=L(U, F) c ZF (U, F). The factor group

HP (U, F) = ZP (0, F) /5CPL (U, F)
is the pth Cech cohomology of the cover W and the sheaf F .
Remark 1.4. An open cover B = {V} ¢ is called refinement of the cover U =

{Uilier, written B < 1, if there is map ¢: ] — I such that V; C Uy forall j € J.
This map ¢ induces a map

o' CP(UF) > C(B,F) with  (¢78)jo, = Spjprsjp Vv, -

Two calculations show that this map is a chain map, which means that it
commutes with the coboundary operator, ¢* 0 § = 6 o ¢¥, and that for another
such map 1 one has a homotopy operator K: CP(U, F) — CP~1(B,F) with

p-1
k
(K)jgjpr = 2, (=1 St
k=0

between ¢* and * that is 0K + K6 = ¢* — ¢*. Thus, both maps induce the
same map in cohomology, which we denote by py o : FP (U, F) — HP (B, F).

Definition 1.5. The set of locally finite open covers is directed by the notion
of refinement. The set of Cech cohomology groups is indexed by this directed
set and together with the maps py g it forms a direct system of groups, which
means

pu,u = idI:IP(lI,T) and ,011,2)3 = P*B,QB (e} pu’% fOI‘ W < B < .

The pth Cech cohomology of the sheaf F is defined to be the direct limit of this
direct system:

FP(M, ) = i FP (0,7 ]_[HP W)/~

with FIP(U, F) 5 s ~ t € HP (B, F) if there is a refinement W of ¥ and U such
that py s = pgwt. Heuristically, the maps p are restrictions of classes of
cocycles to finer open covers of M and two such classes are considered equal
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if they are equal on a sufficiently fine cover. The group operation on the direct
limit is defined by

[s] + [t] := [puws + pwt],

where s € HP (U, F) and t € HP(B, F) are representatives of the corresponding
classes in FP (M, ) and 20 is a common refinement of the locally finite open
covers U and V.

Remark 1.6. A sheaf map f: ¥ — G induces a map of cochains
fOWTF) - FUG),

which commutes not only with restrictions but also with the coboundary
operator 0 and thus induces a map in cohomology

(M F) - HP(M,G).

Definition 1.7 (Another Coboundary Operator).
Given an exact sequence of sheaves

0oFLgSH S0

one can define another coboundary operator
6 HP (M, H) — FPFL(M, F)

through diagram chasing:

oL F) — s o (1,6) — = ()

) l@ ié
cr+1 (11, 7:) *f> cr+1 (ll,g) i> cr+1 (11,?()

For each s € ZP(U,H) one can find a refinement ¥ of i and a cochain ¢ €
CP(B,G) for which gt = pygs and thus g6t = 0gt = dpyus = 0 holds.
This means 6t € kerg C CPT1(B,G). After passing to another refinement
W one can find a cochain u € CPH1(W, F) with fu = pyuwdt. In particular,
6fu = Spymdt = 0 and, since f is injective, u € ZPT1(W, F). Define

5's] = [u] € P (M, F) .

Considering all three choices made (that of a particular s, t and u) one finds
that 6" is well-defined.

Remark 1.8. The following sequence is exact:

0 - FOM,F) L O, 6) & ro (M ) B -

S wpmr) Lirae) S S



Proof. Forexample,im f* C ker ¢* follows from ¢* o f* = (g o f)* = O because
the short exact sheaf sequence is exact. For any [t] € HP(M,G) one has 6" o
2 ([t]) = 0*[g(#)] = [u] with fu = 6t = 0. Due to the exactness f is injective,
u = 0and img* C ker6*. Similarly, f* 0 6*[s] = f*[u] = [fu] = [6t] = 0. The
converse inclusions follow similarly. m|

2 Line Bundles

In this section I will use the notion of sheaves and cohomology to introduce the
Chern class of a line bundle and I will show that every isomorphism class of
line bundles over a fixed manifold is uniquely determined by its Chern class.
Again, I follow [GH94]. For more information about fibre bundles in general
and vector bundles in particular, see [Hus94].

Definition 2.1. Given a smooth real manifold M let AP be the sheaf of smooth
complex-valued p-forms on M and A" the sheaf of the multiplicative group of
smooth nowhere vanishing complex-valued functions on M, which means for
every nonempty open set U C M

AU) = (F(U,C),+) and  A(U):=(C°(UC\0}),").
Lemma 2.2. H1(M, A) = 0 for g > 0.

Proof. For every locally finite cover U = {U;};e; of M there is a partition
of unity {pi}ie; subordinate to U, i.e. suppp; € U; and Y ,;p; = 1. For
s € Z9(U, AP) define

tiO"'iq—l = Z PiSiigig € ﬂ”(uioﬂ -ee N uiq_l) ,
i€l
where every section PiSiig-ig1 is extended onto U;;N---N Uiq_l by zero. Note
that the sum is well-defined as U is locally finite. By substituting

q
= i+1 _ .
(6S)ii0"'iq = Sigeiy T+ Z()(_1>] Siigeijiy = 0 nto
]:
6tig~--iq = Z(_l)jpisiiO"‘fj"'iq one obtains 6t = Z pisS = s. O
i,j iel

Definition 2.3 (Picard group).
A complex linebundle A = (L, 7, M) is arank 1 complex vector bundle 7t: L —
M. The Picard group

(PicM, &)

is defined as the set of isomorphism classes of line bundles with the group
operation given by the tensor product. This group is abelian, the trivial bundle
is the neutral element and the inverse of a line bundle A is the dual bundle A*.



Definition 2.4. If A = {U;} is an open cover of M with trivialisations
@i (U) = U;xC of A, then

the transition functions g = {g;;} € C' (U, A*) are defined by

(pio@)p.2) = (p. gij(p)z)
forallpe U;NnU;and z € C.

Lemma 2.5. The assignment A — ¢ mapping line bundles to their transition
functions induces a group isomorphism

®: PicM — HY (M, AY).

Proof. First, ® is well-defined: For an arbitrary isomorphism class of line
bundles in Pic M choose a representative A and a trivialising cover U of M. The
corresponding transition functions g always satisfy

gij-8ji=1 and Sk 8ki* &ij =1,

which means that 6g = 1. Therefore, these transition functions form a cocycle
and represent a class in ! (M, A*). If one chooses another set of trivialisations
{@;} over 1, then there is an f € CO(U, A*) with @; = f; - ¢; and the transition
functions are given by

Sij = }i - Qij meaning g-of=g.
]

The two cocycles thus represent the same cohomology class.

For transition functions given over different covers one can use the same
argument after passing to a common refinement. To see that isomorphic line
bundles give the same transition functions just note that, if F: A — A’ is a
bundle isomorphism, then ¢; o F! are trivialisations for A’ with the transition
functions g.

Second, @ is a group homomorphism: It is well-known that, if A and A’
are line bundles with transition functions g and g’ over a common trivialising
cover, then A ® A" has the transition functions {g;; - ¢;;} and the dual bundle A"
has the transition functions { gi—jl 1

Third, ® is surjective: For a collection of functions { gij} ez! (U, A*) over a
cover U of M one can construct a line bundle by setting

L:= (HiuixC)/~,

with (U;NU;)xC 3> (p,z) ~ (p, &ijz) € (U;NU;) X C. This yields a line bundle
with the given cocycle as its transition functions.

Fourth, ® is injective: If all the components of a given cocycle are the
constant function 1, then the above construction gives a line bundle isomorphic
to the trivial bundle. o



Corollary 2.6. Since the Picard group is the image of the set FI' (M, A*) under
the function ®~!, the axiom schema of replacement of the set theory of Zermelo
and Fraenkel states that Pic M is indeed a set.

Theorem 2.7. Thereisa group isomorphism between the isomorphism classes
of line bundles over M and the cohomology group of the constant sheaf Z on
M

c: PicM — H2(M,Z).

Proof. It is sufficient to prove that there is a group isomorphism between
H' (M, A*) and H?(M, Z). Such a map is obtained from the short exact se-
quence of sheaves

2nti-.
0—Z— A eXp(—>m ) A -0, which gives the exact sequence

s HYM, A - M, A S F2(M, Z) — FR(M, AY) — -

Since H9(M, AP) = 0 for all ¢ > 0 by Lemma 2.2, the obtained function ¥ := &*
must be an isomorphism. Set ¢ := ¥ o ® with ® as in Lemma 2.5. m|

Definition 2.8 (Chern class).
The first and only Chern class of a line bundle A is defined as

c(A) e HX(M, Z).

Since ¢ is a homomorphism, one has for any two line bundles A and A’ and the
trivial line bundle 6]{4 (all over M) that

c(A®AN) =c(A)+c(X), c(A7) = —c(A) and  c(0;)=0.

Also, the Chern class is natural, which means that if f: M — N is a smooth
map between two manifolds and A is a line bundle over N, then

c(f'A) = fc(A)  Dbecause the diagram

F (M, A —S>F12(M, Z)

o

(N, A) ——~T2(N, Z)

is commutative.

Theorem 2.7 shows that the line bundles over any smooth manifold are
classified by their Chern classes. The next Lemma gives an interpretation of
the Chern classes as de Rham cohomology classes and it yields a connection
of those classes to the geometry of the line bundle. To formulate this Lemma
the following Definition is needed.



Definition 2.9 (Curvature form).

If &£ is a vector bundle over M, let AP(&) be the sheaf of smooth &-valued
p-forms. Every section of A” (&) over some open set U C M is a linear com-
bination of sections of the form a ® s, where o € AP(U) is a p-form on U and
s € &(&)(U) a section of & on U. A connection V can be interpreted as a sheaf
map

dV=v: AE) - A(E).

This sheaf map can be extended to a sequence of sheaf maps
dV: AP (&) - APTL(E) by demanding that
d"(a®s) :=da®s+ (-1)Pa AVs

holds for every open set U and all p-forms a and all &-sections s on U.

In contrast to the usual exterior derivative d this sequence need not be exact.
If e := {¢;} is a local frame of the vector bundle £ over some open set U C M,
then one can locally define a curvature matrix « on U by dVodVe, =Y jKij - €j.
Each component of this matrix is a 2-form, x;; € A%(U). If & is another frame
over another open set U C M and if g is the corresponding matrix of transition
functions, i.e. & = Z]-gij-ej, on UNU, then # = g~1<-g_1 on UNU. If & is
a line bundle, then those local curvature matrices consist of only one 2-form
satisfying ® = «. Thus, the local curvature forms patch together to give one
global curvature form of the connection V.

The curvature form can be calculated from the connection as follows:

Remark 2.10. If £ is a vector bundle over M and ¢ a frame over some open
subset U C M, then the connection matrix 0 of a connection V is defined by
Ve; =Y, j 0;; ® ej and one has the Cartan structure equation

k=d0+6A0 With(@/\@)i]'Z:Zink/\Qk]’.

On line bundles the connection matrix consists of a single 1-form and this
equation simplifies to xk = d6. Analogously, if & is another frame over U ¢ M
and g the corresponding matrix of transition functions, then

O0=dg-g'+g-0-g7",
which simplifies to 6 — 0 = dg/g in the case of line bundles. See [GH94,
Chapter 0.5] for details.

Lemma 2.11 (Cech-de Rham isomorphism).
There is an isomorphism FIP (M, R) = HE (M) and thus an inclusion

H' (M, Z) — HE (M) .
Under this inclusion one may write

c(A) = [—LK] ,

2mi

where Hfr (M) is the pth de Rham cohomology on M and « is the curvature
form of any connection on A. In particular, the curvature forms of any two
connections are cohomologous.



Proof. In analogy to the definition of AP let ZV be the sheaf of closed dif-
ferential p-forms. Thus, Hiz (M) = ZP(M)/dAP~1 (M) and one has ZP (M) =
HO(M, ZP): If s = {s;} is a cocycle over an open cover {U;} representing an ele-
ment of FH?(M, ZP), then the closed differential forms s; on U; patch together
to give a closed differential form on M,

0 = (6s)ij = sjlunu; = silunu; -

Conversely, every element of ZF(M) gives a cocycle over every open cover
and all those cocycles represent the same element of FI°(M, ZP).

Together with the analogous isomorphism for A? one obtains that Hf (M) =
HY(M, ZP)/d*H (M, AP~1). Therefore, it suffices to show that the last group
is isomorphic to the Cech cohomology of the constant sheaf IR on M.

For every p > 0 the sheaf sequences

incl

0—>pr—>\7{pi>zp+1—>0

are exact by the Poincaré lemma, which yields a long exact sequence

s M, A S M, 2T -
F91 (M, 2P0 0 (v, Apl) s
Since H¥(A') = 0 for any k > 0, the following groups are isomorphic:
HO(M, ZP)/d'HO (M, AP~ Yy = HY (M, ZP7Y) = --- = HP (M, Z°),

if p > 0. But for p = 0 this is trivially true as A~' := 0. Thus, Hfz (M) =
H? (M, Z°) for p > 0.

For an open cover Ul consisting of connected open sets one has C? (I, Z°) =
CP(U,R). Every open cover has such a cover as a refinement, which shows
that HP (M, R) = AP (M, Z°) = HEx (M).

To see the form of the inclusion Remark 2.10 is needed. Let A be a line
bundle over M with a trivialising cover U = {U;} consisting of connected U;
and trivialisations ¢; over those U;. Every ¢;(x) := ¢ !(x,1) for x € U; is a
frame of A over U; and each transition function g;; of A is also the transition
function of the corresponding frames ¢; and ¢, i.e. gjje; = ;. Further, every
connection Von A is given by its connection forms 6;. Those 0; are 1-forms on
the corresponding U; € M and satisfy

6] -0; = —g:]ldglj = —d(logglj) on U] N Uui.
Remark 2.10 also states that xk = d6; on U;.

In the case p = 2 the Cech-de Rham isomorphism is induced by the two
exact sequences

052> A S 2250 and 0520 A S Z 50,
which give two coboundary operators

. . [ . o5
H(M, Z2)/d A (M, AY) S HY (M, Z') and H'(M, Z') 3 H2(M,R).



Using 0; — 0; = —d(log gij), k¥ = dO; and (see the proof of Theorem 2.7)

o 1
C(/\)ijk =Y%Yo qD(A)l]k = (6 o exp(Zm-, ) 1g)l‘]‘k = 2_7'(1(10g gl] - log gik + 10g g]k)

those coboundary operators evaluate as follows:

5507 () = 85 (60d k) = 5516, - 63}) =
o d_l({ej -0} = {—(loggjk —log gix + loggij)} = 2mi-c(A).

Here f~'(y) for a nonbijective map f: X — Y is not the preimage of y but any
element x € X with f(x) = y. o

The Chern class seen as a de Rham cohomology class is not only given by
the curvature of an arbitrary connection but is also represented by a unique
harmonic 2-form:

Definition 2.12. If the manifold M is closed and oriented, then there exists
the Hodge-operator * and one can define an operator d* := (—1)"P"*+1+dx
mapping p-forms to p—1-forms. The Laplace-Beltrami operator is given by

ALB = d*Od-f—dOd*.

A p-form w is called harmonic if Appw = 0. Details can be found in [War83,
Chapter 6].

Conclusion 2.13. The line bundles over a given closed and oriented manifold
M are classified by their Chern classes in H?(M, Z) < H3: (M) and by Hodge
decomposition, [War83, Theorem 6.8], every de Rham cohomology class con-
tains one and only one harmonic representative. This means that c(1) = [()],
where () is a harmonic 2-form.



3 Flat Tori

To facilitate calculations I will from now on consider only very simple closed
manifolds: flat tori. Additionally, the line bundles over those tori will be
assumed to have nondegenerate Chern classes. This demand will require the
dimensions of the tori to be even.

Definition 3.1 (Lattice).

If (Wq,...,W,) is a basis of R”, then £ = Z(Wy,...,W,) is called a lattice.
The unit cell of the lattice £ with respect to a given basis is the compact set
{X;aiW; | a; € [0,1]}.

Definition 3.2 (Flat torus).
A lattice £ forms a group and acts on R” via the addition +. Every translation
by somel € L

TT:R'sx—>1+xeR"
is an isometry and thus £ is a group of isometries acting on IR". Let
g R - L\R" = M

be the projection. There is exactly one metric (.,.); on M such that i, is a
Riemannian covering, where R" is equipped with the standard metric (., .).
The Riemannian manifold (M, (., .)) is called flat torus.

Proof. M is a manifold because .L acts smoothly, freely and properly on R”,
confer [Lee02, Theorem 9.19].

The map s is a smooth covering and therefore there is a neighbourhood
U for every [x] € M such that U is diffeomorphic via 7, to an open set V in
R". The choice of V is not important because the translations are isometries.
Then, the metric (., .), can and must be defined as

X,Y)p = <(dn£)[_}jX, (dnz)ﬁw for X, Y € Ty M.

This metric is smooth because 7 is a diffeomorphism on V, in particular it is

a chart for M. In this chart the coordinate vector fields are (%,M =dn Laixi and
thus
Jd d
— ,— = 0;; foralli,j=1,...,n.
<8x1M 8x1M>£ K J
Hence, (., .) is indeed a flat metric. |

Remark 3.3. Every flat torus is closed and orientable. Therefore, the Laplace-
Beltrami operator Ayp exists and by Conclusion 2.13 every line bundle over a
flat torus is represented by an harmonic 2-form.

Definition 3.4. Every translation T, on R" by an x € IR" descends to an isom-
etry on the torus. A differential form is called translation-invariant if it is
invariant under the group of those isometries.
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Lemma 3.5. A differentiable form on a flat torus is translation-invariant if and
only if it is harmonic.

Proof. Obviously, every translation-invariant form is also harmonic. Since M
is closed, Green’s formula reads

f(gradh,gradf)—h-ALBf dv =0 forallh, f € C*(M).
M

For a harmonic function f and / := f one obtains fMII grad f II>dV = 0and thus
grad f = 0. Hence, f is translation-invariant.

,,,,,

local coordinates. One can check by a tedious calculation that

A pw = Z (ALBwil ,,,,, ip) dxftA - Adar .

i1<'~~<ip

Thus, if w is harmonic, so are its components. This means that the components
and therefore w itself are translation-invariant. O

Remark 3.6. Let {¢;} denote the standard basis of R” and (x7, ..., x") the corre-
sponding coordinates. If U C R" is the interior of a unit cell, then the standard
coordinates descend to coordinates on 7tz (U) and thus one obtains a basis {aiaci}
on every T,M with x € U.

A translation-invariant p-form A on M is already defined by any single
Ay: TeMP — R. When identifying the tangent space T,M with R” via the
map a%l  e;, one can identify the translation-invariant p-form A with an
antisymmetric p-linear map on R”.

This identification will be of great importance later in this work because I
will study connections which are determined by harmonic forms. Before that
the following observation about the harmonic representative of a Chern class
will be very useful.

Lemma 3.7. If Q is the harmonic representative of [Q)] € H?(M,Z), then
) can be considered as an antisymmetric bilinear map R”x R" — R with

Q(Lx L) CZ.

Proof. Two linearly independent lattice vectors |, k € L span a parallelepiped
in R™ Its projection P C M is a closed 2-chain in the singular homology of M.
The class [(Q] can be seen as an element of the corresponding cohomology and
one can show that the de Rham isomorphism is given by integration. Thus:

QL k) = f[Q} =[Q|(P)eZ
P
Confer [Lee02, Chapter 16] or [War83, Chapter 5]. O
Lemma 3.8. If O: R"x R" — R is a nondegenerate antisymmetric bilinear

map with Q(L X L) c Z, then n = 2m is an even integer and there exists one
and only one tuple (ry,...,7,) € IN™ such that

11



(a) thereexistsalatticebasis B := {U;, ..., Uy, Vl,...,Vm}ofLWithQ(Ui,Vj) =
ri-0;j and Qu;, U]-) = Q(Vi,Vj) =0fori,j=1,...,mand

d) rilrp || rm.

If {ud...,um vl‘, ... ,;)m} are the coordinates corresponding to the basis B,
then Q) = ) ;r;du’ A dv'. The integers r; are called Chern invariant factors and
every such basis B shall be called Chern basis.

Proof. For every U € L theset ayy == {Q(U,V) |V € L} C Z is an ideal and,
since Z is a principal ideal domain, aj; = dyyZ. Since () is nondegenerate, one
can assume dy; > 0 for U # 0 and thus r; := min {du |U e L\{O}} > 0. Choose
U; and V; such that Q(Uy, Vp) = r1.

By construction r; divides both Q(U, Uy ) and Q(U, V1) for every U € L; in
particular

Q(urul) Q(u/‘/l)
V-
a1 1

u+ U eL,,
where £,,_; is the orthogonal complement with respect to Q of Z(Uy, V4 ) in L.
This means that £ = Z(Uy, V1) ® L,,—» and that £,,_; is a lattice of dimension
n—2inZ(Uy, V1)* = R- L,_», where L is to be understood with respect to Q).
The restriction of () to R - £,,_» is again nondegenerate, and repeating this
process with £,,_, inductively gives a tuple (rq,...,ry,) of integers with the
corresponding lattice basis (Uy, ..., Um, V4,..., V). In particular, n = 2m is
even.
Now assume (without loss of generality) that 1 1 2, i.e. thereisana € Z
such that 0 < r, —ary < rq. This implies

0< Q(Uz, V2) —lZQ(Ul,Vl) =
Q(UQ,V] + Vz) —aQ(ul,Vl + Vz) = Q(Uz —al, V] + Vz) <ri,

which contradicts the choice of 7q.
It remains to show that the tuple r is unique. Let (3" :== QA --- A Q). This
is an alternating 2i-linear form and, if one chooses pairwise distinct indices
ki,...,ki€{1,...,m}, then
QI(Ukl,Vkl, ceey uki’Vki) =il Ty o Tk; -

1

When applied to any other combination of 2i vectors in {U;, Vj} the form van-
ishes. Therefore, for every 2i-tuple (W, ..., Wy;) € L% there are integers fy ...k,
with

Ql(Wl, veey Wz,') = Z :Bkr“ki -1l Ty s Tk -
k1<'~-<k,‘

Since 71 | -+ | 1y, the product i! - r- - - r; divides all summands and there is a
suitable N € N with [/ (W4, ..., Wy;)| =il -ry---7;-N.

This means i! - 71+ - - 7; is the minimum of the nonzero values of || on £Z.
This characterises the invariants r; of Q). O
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Conclusion 3.9. Line bundles over a given manifold M are classified, up to
isomorphism, by their Chern classes c(1) € FI?(M,Z), and on flat tori those
classes can be identified with antisymmetric bilinear maps () on R" X IR" taking
integer values on the lattice. If this map is nondegenerate, then the line bundle
is said to have a nondegenerate Chern class or just to be nondegenerate. In this
case one also obtains a normal form of ().

In the following this normal form is used to construct an explicit represen-
tative for every isomorphism class of nondegenerate line bundles over a given
flat torus.

Definition 3.10. For any given class [Q] € H?>(M, Z) use its Chern invariant
factors r; and a fixed Chern basis B to define for x, y € R™:

wy(y) = Z rl(x)o'(y)  and  ey(y) =¥ e U(1),
i=1

where {1}, v} are the coordinates corresponding to the Chern basis. Also define
an action of the group £ on the total space R" x C of the trivial line bundle 6'
over R” via

I.(x,z) = (I4+x,¢(x)-z) forle £,xe R"and z € C.
Define a bundle w = (L, 1w, M) over M by setting L, := L\(R"Xx C) and
Tlw: Ly 3 [x,2] — [x] € LAR" = M.

Lemma 3.11. w is a Hermitian complex line bundle over M, where the Her-
mitian structure is induced by the standard Hermitian product of the trivial
bundle. Moreover, w pulls back to the trivial bundle over R” under the canon-
ical projection R” — £L\IR". The Chern class of w is [(}].

Proof. There are local trivialisations such that the structure group is the uni-
tary group U(1): For every [x] € M there is a neighbourhood U which is evenly
covered by niz, i.e. iy (U) = Ujeg I+ V, where V is diffeomorphic to U via
ng and all I + V are disjoint. Now, for every class [y] € U there is a unique lift
y € V. Define the trivialisations as

ty: Lolu 2 [y,z] = ([y],z) e UXC.

For another trivialisation ty» one may assume that 7tz (V) = ng (V') = U and
thus that V +1 = V’ for an I € L. Therefore, one obtains

tyr oty [yl 2) = ([y], e(y) -2),
which proves that the transition functions are given by
tyy: UNU 3 [y] — e(y) e U(1).

Also, one can define a Hermitian metric on w through the local trivialisations
and those local metrics are independent of the choice of the trivialisation
function and thus give a global metric.
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The claim that @ pulls back to the trivial bundle means 7,*(w) = 6! and
is obvious from the commuting diagram

R"x C —> L\(R"x C)

lnel \an

U9s n
R” L\R and from

e (LA\R"XC)) = {(x, [y,2]) | te(x) = o ([y, 2])} =
{(x,[x,z]) [ xe R, ze C} 2= R"xC.

The Chern class ¢(w) will be computed at the end of this section. O

To clarify calculations I will introduce some notations relating sections to
functions. Also, a model connection on w will be distinguished.

Definition 3.12. A section s € §(0') of the trivial line bundle 6! over R"
has the form s(x) = (x, f(x)) with a function f € C*(R" C). Define an
isomorphism

f: &0Y) 35 fe C*(R"C) with inverse
s: CO(R",C) > f o (., f() € 8(0").

Remark 3.13. Given a group G acting on two spaces X and Y a function
f: X — Yis called G-equivariant if ¢- f(x) = f(g-x) forallx € X and g € G.
The group also acts on the set of functions Fun(X,Y) = {f: X — Y} via

(§2f)(x) =g f(g7"x).

Thus, a function is G-equivariant if and only if it is G-invariant under this
action. If F ¢ Fun(X, Y) is an arbitrary set of functions from X to Y, denote the
subset of G-invariant functions by

FC:={feF|gaf=fforallgeG}=
{feF|lg-f(x)=f(g-x)forallge G, xeX}.
Definition 3.14. The group L acts on the vector fields X(R") via
1+X = T, Xr,.

A vector field on R” descends to a vector field on M if and only if it is L-
invariant. There is an isomorphism

X(M) - X(R")L.
Remark 3.15. Note that the group £ acts on the sections of 6! via

(l_ns)(x) =1l.s(x-1)= (x, er(x) - fs(x - l)),
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because w;(x — 1) —w;(x) = —wy(l) € Z and thus ¢;(x — 1) = ¢;(x). Also, one
can define an action of £ on C*(RR", C) by setting
(12 f)(0) =en(x) - fx=1).

Those two L-actions are the same actions in the following sense: Sections of w
pull back to L-invariant sections of 6! under ©t r and those correspond, via f, to
L-invariant functions. Conversely, every such function gives an L-invariant
section via s and thus a section of w. There is an isomorphism

fo =Ffomy™: E(w) - CT(R" C)L .
Denote its inverse by s,.

Proof. The diagram on page 14 shows that the pullback s* of a given section
s € &(w) is the unique section of O! with mos* = som,. Thus, mos*(x) =
mos*(x+1). This means that there exists ak € L withk.s*(x) = s*(x+1). Since
s* is a section and satisfies 71y os* = id, this k must be I: .5*(x) = s*(x + ).
Hence, s* is L-invariant.

If one is given an L-invariant section s* € §(9'), then one obtains a section
s € &(w) by setting s([x]) := 7 0 s*(x). This is well-defined:

s(x+1]) =mos*(x+1) =n(l.s*(x)) =mos™(x) =s([x]). o

Definition 3.16. For every complex-valued 1-form A on RR" one obtains a
connection on the trivial bundle 6! over R” by setting

V=d+A4, which means that for any vector field X € X(R")

(sz)(x) = (x, Xy (fs) + Ax(X) 'Ts(x)) for every s € §(01).
Also, every connection on 0! has this form. A connectionV on 6! descends to
a connection on w, also called V, if and only if it maps L-invariant sections to

L-invariant sections. More precisely, for every s € &(01)£ and X € X(R")£
the connection must satisfy

(VXS)(Z +x)=1. (sz)(x) forallxe R"and € L.
Lemma 3.17. V descends to a connection on w if and only if
T'A = A - 2miw, foralll e L.

Proof. Note that using the canonical isomorphism identifying IR"” with all its
tangent spaces one can consider w; as a function and as a 1-form on R” and for
X € X(R") one has X(w;) = w;(X). Assuming A satisfies the given equation
one has for s € §(0")£, X € X(R")£ and x € R™:
Ag)(X) - (fs o Ty(x)) = (TrA)x(X) - Ts(x) -er(x) =
r(x) - (Ax(X) - Ts(x) ~ Ts(x) 2w (X))
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and with
Xy () = Xe(fs 0 Ty) = Xx(ey - fs) = ey(x) - (Xx(fs) + T (x) - 2mian; (X))
it follows that Vxs is L-equivariant:
i((Vxs) o Tj) = Xgy(7s) + A7 (X) - (fs 0 T) = - (X(Is) + A(X) - T5) = (1. Vi)
Reasoning backwards gives the converse. m]
Lemma 3.18. A connection is compatible with the Hermitian product on the

trivial bundle 0! if and only if the 1-form A is purely imaginary, i. e. Ax(X) € iR
for all x € R" and all X € T,IR".

Proof. Compatibility with the Hermitian product means
X(s,t) = (Vxs, t) + (s, Vxt) foralls,t € §(6') and X € X(R").

The right hand side is equal to X(fs) - ft + fs - X(ft) + (A(X) —|—A(X)) st =
X (s, t) + fsft - (A(X) —I—A(X)). Thus, compatibility is equivalent to

A(X)+A(X) =0. 0

Definition 3.19. For convenience let us define a distinguished connection VP on
w through

AP = 2miw, for all x € R"™.
This connection is Hermitian.

Proof. Since all tangent spaces of R” can be identified, the equations
AL = —2niwr, = —2miwy — 2riw; = AL - 2miw,
are meaningful and thus VP induces a connection on @ by Lemma 3.17. ]

This connection is very useful as every connection on w is equal to this
connection plus some 1-form on the torus. But before studying this, the
distinguished connection will be used to calculate the harmonic representative
of the Chern class of w.

Lemma 3.20. The Chern class ¢(w) is represented by Q).

Proof. Under the Cech-de Rham isomorphism (Lemma 2.11) the Chern class
is represented by — ﬁx, where « is the curvature form of any connection on w.
Let e be a local frame of the trivial bundle 6! over R” such that d(fe) = 0. The
connection form of the distinguished connection with respect to this frame is
AP and the Cartan structure equation (see Lemma 2.10) yields

m
xk =dAP = —27112 7 du' A dv' = —27iQ).
i=1 O
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4 Connections

The Laplacians and their spectra considered later will be constructed from
connections on w. Thus, it is important to know those connections. Their
number can be reduced by excluding some of them from our considerations
and by introducing an equivalence relation on the remaining ones. The classes
of this equivalence relation will have very simple representatives.

Remark 4.1. Every connection V on the line bundle w has the form
V=VP+B with B=a+db+d%,

where VP is the distinguished connection and B is a 1-form on M split up by
Hodge decomposition into a direct sum of a harmonic 1-form a4, an exact part
given by a function b € C*(M, C) and a coexact part given by a 2-form c. If
the connection is Hermitian, then B as well as a, b and c are imaginary-valued.

Proof. The Leibniz rule yields (V— VD)( fs) = f(V— VD)S for every f €
C*(M,C) and every section s of w. Hence, V- VP is a C®-linear operator
and thus (V-VP) € Q!(End L,). Since w is a line bundle, every endomor-
phism on the fibres is just a complex number, i.e. V-VP = B € Q!(M,C). If V
is Hermitian, B must be imaginary. As the Hodge decomposition is valid for
the real and imaginary parts separately, a, b and ¢ must also be imaginary. O

Corollary 4.2. In particular, the form B can be pulled back to a form in
Q! (R", C) with T;"B = B. Conversely, for every such form AP + Bis a form with
T*(AP + B) = AP + B — 2rtiw; and this means that the connection d + AP + B
on 0! descends to a connection on w, namely V. Therefore, there is a bijection
between the connections on w and the L-invariant complex-valued 1-forms
on R™.

Definition 4.3. A connection V on a line bundle A over M is called translation-
invariant if its curvature form is invariant under translations.

This is not a meaningless definition; there are translation-invariant connec-
tions on every nondegenerate line bundle over any even-dimensional torus:
At the end of the previous section it was shown that the curvature form of
the distinguished connection is —2mi(), which is by definition harmonic and
hence translation-invariant.

Remark 4.4. All translation-invariant connections have the same curvature
form.

Proof. If « is the curvature form of a translation-invariant connection V and
xP the one belonging to VP then x = xP + da with some a € Q!(M,C)
since all curvature forms are cohomologous. As both sides are translation-
invariant, they are harmonic by Lemma 3.5 and thus Arg(xP +da) = 0.
Since the curvature form of the distinguished connection is —2mi(}, which
is by definition harmonic, this gives Apgda = 0 and hence d*da = 0 and
(da, da) = 0, because d* is the adjoint of d with respect to the inner product
(a,B) = fM a A+f, see [War83, Chapter 6]. Therefore, da = 0. O
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Proposition 4.5. A connection V = VP + B on w is translation-invariant if and
only if the coexact part of B vanishes, d*c = 0.

Proof. By the Cartan structure equation (Remark 2.10) both curvature forms
differ by dB = dd*c. If the coexact part of B vanishes, both curvature forms
are equal and V is translation-invariant, because VD is. Conversely, if both
connections are translation-invariant, they have the same curvature form and
thus dd*c = 0. From this and d*d"c = 0 it follows that d*c is harmonic. By the
Hodge decomposition d*c = 0. m]

Definition 4.6. A bundle automorphism F of a line bundle A is a bundle map
such that: If s € §(A) is a smooth section, then F o s a smooth section and F
is a linear automorphism on each fibre of A. If A is an Hermitian line bundle,
then a bundle automorphism F of A is called Hermitian if F is an isometric
automorphism on each fibre.

Definition 4.7. Two connections V!and VZon a Hermitian line bundle A over
amanifold M are gauge equivalent if there is a Hermitian bundle automorphism
F which intertwines the two connections:

VgoF=FoVy  forall X € X(M).

Gauge equivalent connections will have the same spectrum and it will
therefore be sufficient to consider only one preferably simple representative of
each gauge equivalence class.

Definition 4.8. The dual lattice £’ C (R")’ of the lattice L is the set of all linear
functionals on R" with integer values on L. If (WL...,W") is the dual basis
of a basis (Wy,...,W,) of £, i.e. W’(Wj) = 0;j, then

L =zZW,..., W
and therefore £’ is indeed a lattice in (R")’.

Proposition 4.9. The gauge equivalence class of a translation-invariant Her-
mitian connection V = VP + B = VP + 4 + db is independent of the function
b € C*(M,iR) and depends solely on the class [a] € (2miL)\i(R")".

Proof. Given a connection V* = VP + 4 + db define a bundle map Fy: @ — @
through L, 3 [x,z] = [x,e”?®Wz] € L,, which is a well-defined Hermitian
bundle automorphism with inverse F_;. Using this automorphism one can
construct a new connection V := F; Lo VP o F, satisfying

Vs = F; o VP (es) = Fyl(de™ s + e PVPs) = —db-s + VPs = VP 4-a

for every s € E(w). Thus, every translation-invariant connection V? is gauge
equivalent to a translation-invariant connection whose form has vanishing
exact part.

As L’ are the functionals on R” with integer values on L, one can argue
similarly: For a € 2niL’ there is a well-defined Hermitian bundle automor-
phism F, via Ly, 3 [x,z] & [x, e_”(x)z] € L, and a new connection F; 1o V¥o F,,
which differs from V? by da = a. (The differential of the functiona: R"” — R is
equal to the harmonic form a.) ]
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Definition 4.10. Define an involutive isometry “: R" — R” by setting ¥ := —x.
This map descends to an involutive isometry “: M — M of the torus M. Define
a map on the smooth functions C®(R", C) by setting f(x) := f(¥). This map
descends to a map on the functions on the torus M and can also be used to
construct an analogous map on the smooth sections E(w) of the line bundle
w by setting § = s, ((fws) ). Further, denote the push-forward of X € X(M)
under the isometry ~ by X, which means X, (f) := X f.

Using the involutions on X(M) and &(w) one can construct an involution
on the set of connections on w: For any connection V on the line bundle w set

Vxs = (Vg8)  forall X € X(M) and every section s € E(A).

A connection V on the line bundle w over M is called Zj-invariant if V =
V. A connection is called weakly Z-invariant if V ~ V with respect to gauge
equivalence.

Proof. The map &E(w) 3 s — § € &(w) is well-defined because (f,s) is L-
invariant: For all x € R" and I € £ one has

(fws) (x +1) = fus(=x = 1) = fus(=x) - e (=x) = (fus) (x) -e1(x)

Also, one has to show that V is indeed a connection. All involutions ~ are
C-linear and thus V is C-bilinear. For all f € C*(M,C) and s € &(w) one has
(fs) = fsand (Xf) = X(f). If f is real-valued and X € X(M), then (fX) = fX
and hence

Thus, Vis indeed a connection. a

Lemma 4.11. A translation-invariant connection VP + 2 with a harmonic ima-
ginary-valued 1-form a is Zs-invariant if and only if 4 = 0. A translation-
invariant connection VP + a is weakly Z,-invariant if and only if a(£) C miZ.

Proof. By Remark 4.1 every connection on the line bundle w has the form
VP + a4+ db + d'c, where a is a harmonic imaginary-valued 1-form. For
a translation-invariant connection d*c vanishes by Propositions 4.5 and the
gauge equivalence class of the connection is independent of b by Proposi-
tion 4.9.

Assume one is given a connection V = d + A with some 1-form A on
M and an arbitrary tangent vector Xy € T,M at some point x € M. Any
tangent vector can be extended to a translation-invariant vector field on M:
Xy = Ty—x«Xx, where Ty, is one of the translations acting on M with x - .
With this vector field one has for any sections = s, f € E(w) that f,(Vxs)(x) =
Xx(f) + Ax(X)f(x) and

o (Vxs) (x) = fu(Vid) (¥) = X (f) + Ax (X) f (%) = Xa(f) + A-x (=X) f (2).

Therefore, the connection d + A is Zp-invariant if and only if A,(X) =
A_x(=X). By Definition 3.10 and Definition 3.19 one has A?(X) = AP (-X),
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which implies that the distinguished connection is Z,-invariant. Thus, a con-
nection VP + 4 for some harmonic imaginary-valued 1-form a is Z,-invariant
if and only if a,(X) = a_x(—X) = ax(—X), because every harmonic 1-form on
a torus M is translation-invariant. Hence, VP + a is Z,-invariant if and only if
a=0.

To prove the second claim note first that (VP +a)xs = Vs +a(X)s. This
implies with a(X) = —a(X) that a connection VP + 4 is weakly Z;-invariant if
and only if there is an Hermitian bundle automorphism F: @ — w with

Flo(VP4a)oF =VP—q.
Every Hermitian bundle automorphism on w has the form
F[x, Z] _ [x’ e2ni(a(x)+h(x)) . Z]

for all elements [, z] in the total space L, of w, see Definition 3.10. Here o € £’
and & is an L-periodic function on R” and

Flo(VP+a)oFs= F‘lsw(d(ezm(“*h)f) + (AP + a)eZ”i(‘”h)f) =
so(df +2mi(da +dh) f + (AP +a)f),

where f = fys. Since the exterior differential of the function a € C*(R")
is equal to the harmonic 1-form a, da = a, the automorphism F intertwines
the connection VP + a with the connection VP + a + 2mi(a + dh). It follows
that VP + a is weakly Z-invariant if there are an @ € £’ and an L-periodic
function h € C®(R") with a + 2ni(a + dh) = —a. By Hodge decomposition
dh must vanish and therefore VP + 4 is weakly Z,-invariant if and only if
a=-—nie e miL'. ]

Remark 4.12. Note that the distinguished connection VP is the unique (up to
gauge equivalence) translation- and Z,-invariant connection on w. However,
there are 2" different gauge equivalence classes of translation- and weakly
Z,-invariant connections.
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5 The Laplacian and Spectra

In this section I will construct the Laplacian of a connection, introduce poten-
tials and define their spectra.

Remark 5.1. Let VEC denote the Levi-Civita connection over the flat torus
(M, <., .)z). Generally, a connection on a vector bundle & over M may be seen
as a map

Ve E(E) —» E(TMeE).

With the help of the Levi-Civita connection one can construct a connection
VT™ on the cotangent bundle T*M via

(VEMp)(Y) = Xpa(¥) = p(VECY)

and a connection VI™®< on the product bundle T'M ® £ by setting
Ve (pen) = (VgMu) @n+ ue (Vyn).

With those connections one has a “second derivative”

V2 = yIMeL, vt which satisfies

(VT*M®<§ ° V‘Ss)( X,Y) = Vgo Vs — Vémys
X

forall X, Y € X(M) and every section s € §(&).

Proof. If {X;} is a local frame of TM and {w;} its dual frame, then V¢s =
Yiwi® V}‘Es. The product rule for the covariant derivative on tensor products
yields

yIM®E | yég — Zn:((VT*Mwi) ®V§is + w; ®V5(V§is)) and thus
i=1
n

(VT*M®§ o Vgs)( Xy, X)) = Z —wi(V)I(‘EXI)V;s + V)‘Ek o Vf(ls

n

CVE o VE s — Y (w0 @VE S)(VECX)) = VE o VE s —
= Vg oVys Z‘f(a)Z ®Vy s)(VEX)) = Vg o Vi s Vascx®
=

Both sides of this equation are C®(M)-linear in X and in X;. Hence, this
equation holds not only on the local frame {X;} but for all X, Y € X(M). o

Remark 5.2. Given a connection V on the line bundle & let

D} = (V3(X;, X;))

i j=1-n

be the matrix of V2 with respect to the local frame X = {X;}. The entries of this
matrix are the maps

vf(k °© V;; - VéLCX’ : 8(6) - 8(5) .

Xk
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If Y = {Y;} is another local frame with transition matrix A, i.e. A is a matrix-
valued function on M with X, = A, Y, forallx € M, then the C*(M)-bilinearity
of the map (X,Y) = V2(X,Y) yields D = ADZA”. In particular, trace D3 =
trace D%ATA and thus there is a well-defined trace of V? for all O(n)-classes of
frames.

Definition 5.3. Every connection VA on a line bundle A over a flat torus M
yields a Laplacian A acting on the sections of the line bundle A. The Laplacian

A:E(A) - EN) is defined by A := —trace V2

with respect to the class of orthonormal frames. If X is such an orthonormal
frame, then the Laplacian satisfies

n
A== Z(V)/}i ° V;(\[ B V%Cxi) '
i=1 i
If one additionally assumes that the frame field is translation-invariant, then
V)L(CXI- = 0, since (M, {.,.)z) is flat, and thus

n
_ 2' A g
A=-— VXiOVXi.
i=1

Remark 5.4. The definition of the Laplacian via orthonormal frames will be
the reason for considering only rectangular tori and only line bundles with
rectangular Chern basis over those tori in the section about negative inverse
spectral results.

Definition 5.5. Every Hermitian connection V on the line bundle w con-
structed in Definition 3.10 can be pulled back to a connection d + A on the
trivial bundle 0! with an imaginary-valued 1-form A. The corresponding
Laplacian on w shall be denoted by A4. If A = AP + 4, where AP is the form
of the distinguished connection and a a harmonic 1-form (see Definition 3.19
and Remark 4.1), abbreviate AD := Ayp .

Remark 5.6. The notions of Laplacians on @ and 0! are compatible in the
following sense: If one pulls back a connection V on w to the trivial bundle 6',
then one obtains a Laplacian acting on E(6') by setting A9 = —trace V2 =
- Y. Vx, o Vx,, where {X;} is a translation-invariant orthonormal frame field.
Since the connection comes from w and the X; are translation-invariant, V
commutes with the action J of £ on the sections E(0'). Thus, AP commutes
with that action and descends to a Laplacian on w, namely A.

The following proposition illustrates how the Laplacians of connections
differ from the usual Laplacian acting on functions.

Proposition 5.7. For every Hermitian connection V = d + A on the line bun-
dle w over the flat torus (M, {.,.)s) one has on C*®(R", C)<

fooAgos, = —(divo grad + div(A*) + 24 o grad —||A||2) ,
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where the index-raising musical isomorphism #: T'M — TM is the inverse of
the duality isomorphism b: TM 3 X - (X,.) € TM.

Proof. By definition one has for every f € C*(R", C)£ and X € X(M)

— Vxo Vxsof = —Vxsw(X(f) + A(X)f) =
- s X(dF(0)) + X(AG)f + 240X (f) + AXPf ),

where both A and X are pulled back to R". By evaluating the four summands
one obtains the desired formula:

Note that the gradient is defined via (grad f, X), = X(f), which means
grad f = (df)*. Thus, for the first two terms it suffices to show that divY =

Y XZ-(YIJ ( Xl)) for any vector field Y and any translation-invariant orthonormal
frame {X;}.

The divergence is defined by (divY)dV = d(Y.dV) and dV = X? Ao A
X0, With Y = ¥, Y'X;

n —_—
YadV =) Y(=1)TX A AXE A A XS
i=1
Since the {X;} are translation-invariant, [Xj, X;] = 0 and hence
divY = d(YadV)(Xy, ..., Xy)

= i —D)HX(YXY A /\)E?/\w-/\XZ (X1, Xy, X)) :i Xi(Y'(X;))
il=1 i=1

as Y’ (X;) = (Y, X;) = Y. The third summand is given by
2) " AX)X;(f) = 2A()_ (grad f, X;)rX;) = 2A o grad f .

Since A is imaginary-valued and satisfies A = ZiA(Xi)Xib, one has for the
fourth summand that }; A(X;)? = —||A|]%. O

Definition 5.8. A potential is a real-valued function Q € C*(M). Fora € i(R")’
let AY + Q denote the Schridinger operator and define the spectrum Spec,(Q, )
of the translation-invariant connection VP +a on @ and the potential Q as
the set of eigenvalues with multiplicities of the Schrodinger operator AY + Q
acting on smooth sections &(w) of the line bundle w. Here, an eigenvalue A is
a complex number with the property that there is a nonvanishing eigensection
s € &(w) with (A? + Q)s = As.

The map that assigns the spectrum of the corresponding Schrodinger op-
erator to each translation-invariant connection

(2miL)\i(R")" 3 [a] - Spec,(Q, ),

is called the w-Bloch spectrum of Q.
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Proof. The w-Bloch spectrum is well-defined because Hermitian translation-
invariant connections differing by an element of 27i.L’ are gauge equivalent
and gauge equivalent connections on w have the same spectrum: If one is
given two connections intertwined by an w-automorphism F, Vi o F = Fo V;,
and an eigenvalue A € C of the Schrédinger operator belonging to V, with
eigensection s € &(w), (A2+ Q)s = As, then Fos is an eigensection with
eigenvalue A of the Schrodinger operator belonging to V;. m]

Remark 5.9. Every Schrodinger operator AD + Q is symmetric with respect
to the inner products on the fibres of @ because every connection VP + a is
Hermitian and every potential Q is real-valued. Therefore, every eigenvalue
A is actually a real number.

The w-Bloch spectrum contains the spectra of all translation-invariant con-
nections since gauge equivalent connections have the same spectrum. Before
constructing transplantations the relation to the classical Bloch spectrum shall
be displayed.

Proposition 5.10. For every a € i(R")” and every potential Q on M the spec-
trum Spec,(Q, w) coincides with the spectrum of the operator Aj + Q acting

on the space of all smooth sections s € E(0') of the trivial bundle 0 satisfying
fs(x + 1) = e"Wey(x)fs(x) forallxe Mand ! € L.

Proof. In analogy to the definition of the line bundle w construct a new
line bundle w, with the total space L, := R"x C/~,;, where the equivalence
relation is given by (x,z) ~; (x + 1, €?Ue;(x)z) for I € L. Sections of w, can be
considered as sections of the trivial bundle satisfying the above condition.

Again, there is a bundle automorphism F: 6! — 6! given by R*x C >
(x,2) — (x,e"Wz) € R"x C, which intertwines the connections VP +a and VP.
This automorphism of 0! induces an isomorphism between w and w,, which
intertwines the connection VP + 4 on w with the connection VP on w,. (Note
that VP does indeed descend to a connection on w,.)

Thus, this isomorphism also intertwines the Schrodinger operator belong-
ing to VP + a4 and Q on w with the operator A]g + Q acting on the specified set

of sections of 6. O

Example 5.11. The Chern class of the trivial bundle 7: M X C — M over
M is 0 and thus its harmonic representative also vanishes. Hence, (3 = 0
and, arguing analogously to the case with a nondegenerate (), w; = 0 for all
| € L. The distinguished connection is given by VP = d and the Laplacian is
just the Euclidean Laplacian defined by the Euclidean metric. The spectrum
Spec,(Q) is the spectrum of the Schrodinger operator A + Q acting on smooth
functions f € C*(R", C) with f(x + 1) = ) f(x). Thus, the definition of the
Bloch spectrum agrees in this case with the classical definition of the Bloch
spectrum.
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6 Transplantations

Definition 6.1 (Transplantation).

For two sets of functions C and C with differential operators H and H a trans-
plantation from (C,H) to (C,H) is a linear isomorphism ¥: C — C which
maps eigenfunctions of H to eigenfunctions of H with the same eigenvalue,
thereby establishing bijections between all eigenspaces of H and H. A trans-
plantation between two manifolds is a transplantation between their sets of
smooth functions and two given differential operators acting on those. The
first transplantations were constructed by Peter Buser in [Bus86].

Note that if such a transplantation exists, then the two sets with their
differential operators are isospectral, i.e. they have equal spectra including
multiplicities. Two potentials Q1 and Q> are called isospectral with respect
to some Laplacian A if the corresponding Schrodinger operators A + Q; and
A + Qy are isospectral.

The aim of this and the next section is to find distinct yet isospectral tori,
potentials, line bundles and Laplacians. To this end the concepts of the previ-
ous sections will be used to construct a transplantation and in the next section
this transplantation will be applied to various examples to give the promised
negative results (see section “Results and Overview”).

Example 6.2. With the notation of Definition 4.10 one has for any a € i(R")’
that the map s + § is a transplantation from (E(w), A? + Q) to (E(w), AP, + Q).

~

Thus, Spec,(Q,w) = Spec_,(Q,w). In particular, Q and Q are isospectral
potentials with respect to the Laplacian Alg on w.

Proof. Let s be an eigensection of AY + Q with eigenvalue A. Then
TV 8(3) = Xe(fd) + (AR (%) = a(X) b (v)
= ~X_x(iws) + (AP (~X) +a(=X) Jiws(~x) = (foVA s) (x)

gives for any translation-invariant orthonormal frame {X;} that

n
(A2, + Q) ==Y v o viPas 4 Qs
i=1
“ D D \’
A A D - ¥
:( -2 Vi "o Vi s+ QS) = (82 +Q)s) = a3,
i=1
since {—X;} is also a translation-invariant orthonormal frame. m|

In this section assume that an even integer n = 2m and a rectangular lattice
L c R% i.e. a lattice with an orthogonal basis, are given. Let M = L\R"
denote the corresponding rectangular flat torus and fix a nondegenerate Her-
mitian line bundle w over M such that the harmonic representative of its Chern
class has an orthogonal Chern basis {Uj, ..., Uy, V4,..., Vi) of L. Call such
line bundles rectangular.
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Let (u,0) = (ul,...,u™ 0%,...,0™) denote the coordinates corresponding to
this basis and let ¥ = (r1,..., ) € N™ denote the tuple with 7y | - - - | 7, such
that Q = Y, r;du A do'.

Finally, assume that a harmonic imaginary 1-form a on M is given. It can
be viewed as a linear functional on R*" and can be expressed as a(u,v) =
2701 Y (piut 4+ vio') with p,v € R™,

Definition 6.3. Letl :={Uy,..., Uy}and B = {V;,...,V};}). Denote by R and
R the two m-dimensional subspaces of R" spanned by  and B. Analogously,
define two lattices Ly := ZUW and Ly := Z% in those two subspaces and define
two unit cells U := [0,1]U and V = [0, 1] V.

With those definitions one can consider y and v as linear forms on RU
and R such that a(u,v) = 2ni(y(u) + v(v)). One also has R" = RUS R,
L = Lyy® Ly and the unit cell of £ with respect to the basis AU B is U x V.

The transplantation constructed in this section depends on the calculation
of Fourier coefficients, which are coefficients of vectors in a Hilbert space with
respect to a Hilbert space basis. Thus, it is necessary to extend the sets of
smooth functions considered until now to I2-spaces.

Definition 6.4. Let I?(IR", C)£ be the completion of the set of L-invariant
smooth functions C®(R", C)£ with respect to the norm

2 — 2
By = [ If,0)f duco

where du := du'---du™ and dv := do'---dv™ are given by coordinates corre-
sponding to the Chern basis XU QB of L. This norm can be used to define a
norm on the smooth &(w) by demanding that

fo: &(w) —» C°(R" C)L

and its inverse s, are unitary isomorphisms. This implies that

= Ifosl? (1, v) dudo = lIsl2 (1, v) dudv  for all s € E(w),
uxv

2
S
sl "

where |[s|[2 (1, v) = (s[u,v],5[u,v])w is the norm on the fibres of w and 1?(w)
the completion of &(w) with respect to ||.llj2(4)- I?(w) can be regarded as the
set of measurable sections s of w for which the norm |s||;2 (@) is finite and f,
can be extended to a unitary isomorphism I?(w) — I?(R", C)<.

Finally, let I?(IR2l,C) denote the completion of the set C*° (IR, C) by the
norm

2 = 2du.

Definition 6.5. Define a map F: R” — (R")’ by x = Q(x,.) and write x’ :=
F(x) for x € R". This map is a linear isomorphism, denote its inverse by G.
The restriction of F to Ly is an injective map from Ly into Ly, where Ly’ is
the subset of the dual lattice £’ containing the linear functionals vanishing on
.
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Using the decomposition of R" into RU® RY one has 1" = wy, for u € R
Also, G(dv') = U;/r; and G(du') = —V;/r;. In particular, F: Ly — Ly is
surjective if and only if r = (1,...,1).

Proof. The linearity follows from the bilinearity of (2 and the injectivity from
thenondegeneracy of (). Since R” and its dual space have the same dimension,
F must be an isomorphism. Because of Q(L x L) € Z, one has F(Ly) c Ly'.
Also, for u € R and v € RYB one has F(u)(v) = Q(u,v) = wy,(v) —w,(u) and
wy = 0. It follows that F(u) = wy,. mi

Definition 6.6. Define an operator Dy on the dense subspace of smooth func-
tions in I?(R, C) by

- 1 2
— N2 -
Du = ;((ZTU’IM /bl) aiz &uiZ)’
where g; := ||U;]| and b; := ||V}]| denote the lengths of the basis vectors. For
a system of representatives S of the finite quotient space F(Ly)\ Ly  define a
Hilbert space

H = P, A(RU,C),

where the inner product is induced by the product on I?(R,C). With an
Ly-periodic function p € C*(RU) and a(u,v) = 2mi(p(u) + v(v)) let

Du/p = (Du + pc)ces with pc = p( .+ G(V - C))
act componentwise on the tuples of smooth functions in H.

Remark 6.7. By Definition 6.3 v € (R®B)’ and with Definition 6.5 one has
G(v) € RU. Also, H and Dy, are independent of the choice of systems
of representatives: If R is another set of representatives of F(Ly)\Ly', then
P, I2(RY, C) is canonically isomorphic to H and the operator Dy, stays
the same because G(c) € Ly for ¢ € F(Ly) and p is Ly-periodic.

The function p can be extended to a function (#,v) — p(u) on RIS RV =
R", which descends to a function on M. This function shall also be called p.
It will now be shown that there is a transplantation from (I?(w), A7 +p) to
(H, Dy p). Since the latter space and operator are simpler than the Laplacian,
one can find other tori, Laplacians and potentials such that the associated
(H, f)ﬁ,ﬁ) is equal or isospectral to (H, Dy p).

Note that the definition gy, (s) = q(s1 + g1 = c1/71, ..., Sm + tm = Cm/ Tm)
in [GGKWO08, Notation 3.3 (ii)] is not correct. Definition 6.6 implies that one
should have gy, (s) = q(s1 + (g1 —c1)/71, -, Sm + (Wm = Cm) / Tm).

Definition 6.8. For any c € (R")’ let E := e 2mc Ifc e L7, then E, is called a
trigonometric monomial and descends to a function on the torus L\IR" = M.
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Remark 6.9. The trigonometric monomials {Ec}.c r,/ form a complete ortho-
normal system in the Hilbert space 1?(V, C) of Ly-periodic square-integrable
functions on IRB, where the inner product is given by

f,9vwe) = f(f : E)(v) dv  withaunitcell V:=10,1]8.
v
Confer [War83, 6.16].

Lemma 6.10. Given a function f € I>(R", C)£ and any u € RU let f.(u) =
(f(u,.), Echa(v,¢) denote the Fourier coefficients of f(u,.) with respect to the

Hilbert space basis {Ec}.c r,s- Those Fourier coefficients are well-defined and

satisfy (with k" := Q(k,.) = Fk)
feaw (1) = fe(u+k) for all k € Ly.

Proof. Let (k1) € Ly ® Ly and recall that any L-invariant function f satis-
fies f(u+kv+1) = ey (u,0)f(u,v) = Ep(-0v)f(u,v). In particular, every
square-integrable L-invariant function f on R” is Lg-periodic and has well-
defined Fourier coefficients. Also:

i) = [ 0,00 do = [ fut koo do = flu ).

This lemma shows that the Fourier coefficients with respect to dual vectors
of the same class in F(Ly)\Ly' contain the same information. This is used to
construct the first part of the transplantation to H:

Lemma 6.11. The map
Fs: LZ(]R’II C)L - H with f (fc)cES

is a well-defined unitary isomorphism. It maps smooth maps to tuples of
smooth maps. Its inverse is given by

( (fC)CGS (u,0) Z Z fe(u+Kk) - Ecpp (0).

ceS ke Ly

Proof. Lemma 6.10 shows that the formula gives the inverse of ¥ if it is well-
defined. If f. € I?(IRU,C), then (f.(u + k))er, must be a square-summable
sequence for almost all u € R. By Hilbert space theory the sums Yy r, fo(u +
k)E.. converge to Lg-periodic functions on R for almost all fixed u € R2I.

Thus, the formula gives an almost everywhere defined function g =
¥t (fc)ces on R", which is L-invariant since

(o) + (D) =Y. Y felu+k+h)-Ecp(I+70)

ceS helLy

=Y ) Sl W Ee e (0) = E_e (0)g(1,0) = ey (4,0)3(1,0)

ceS hELu
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The orthogonality of the E.» and fVIEC +x (0)]2 dv = 1 imply that

||7:§ (fC)CES”LZ ]R”C 1/[ U = Z Z fC M+k C-‘rk’ ||L2 ]R"C

ceS kELu

ZZflfcu—i—klzdu—Zflfc Izdu—ZIIchLz]RuC

ceS ke Ly ceS ceS

confer Definition 6.4. Since Y .gl|fII> = |( fc)CGSII?H < 00, it follows that

I2(RU,C)
Fslis a unitary isomorphism. In particular, Fs 7 (fe)ees is a well-defined
element of I?(R", C)£ and s is also a unitary isomorphism. O

The above Lemma yields a unitary isomorphism
Fsofw: ?(w) = H.

However, this map is not yet a transplantation between A? + p and Dy,p. To
obtain one, a small twist by the following unitary isomorphism is needed.

Definition 6.12. With a(u,v) = 2mi(u(u) + v(v)) define a unitary isomor-
phism by

T5: H 3 (fo)ees = (E-u- fel-+G(v=0))) € H.

Theorem 6.13. Every Ly-periodic function p € C*(IR) descends to a poten-
tial on the torus M. If w is a nondegenerate rectangular line bundle over the
torus M, then the map

Y5 = TsoFsofw: (B(w), A7 +p) = (H, D)

is a transplantation for any chosen set of representatives S of F(Ly)\Lg'. In
particular,

Spec, (p, w) = Spec(Dy,p) -

Proof. The function p € C*(IRU) can be extended to a function (u,v) — p(u)
on RI®RY = R" which descends to a function on M. This potential shall
also be called p and is used to construct the Schrodinger operator AD + p as
explained in Section 5.

The first step of the proof will be to show that ¥s intertwines the Schrodinger
operator A? + p and

m o ‘
Dy, = (Z(—alz %12 + (27171'14’/171')2) + p(. +G(v- c)))
1 1

é ceS
1=

on the smooth sections in I?(w) and their images under ¥s. Since w is rectan-
gular, the Chern basis U U ¥ consists of orthogonal tangent vectors U; = %
and V; = % By Definition 5.3 normalising those gives

m

1 1
Bty ==Y (5o Vu, + b—2Vw°VW)+P~
=1 i
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The map ¥s intertwines the three types of summands pairwise. For an
arbitrary smooth section s € E(w) and f := f,s one has for the first summand
Vu, oV, that

fm(vllis) = ul(f) + Zniliif

because (AP +a)(U;) = 0+ 2miy;. For smooth f one can interchange differ-
entiation and integration, (U;f). = Uif., and differentiation also commutes
with the translation by G(v —c). Thus, for ¢ € S the c-component of ¥s(Vy;s)
inH = P, (R, C) is

(YsVu;s)e = 7§((Uif)c + 27'ciyl-fc) =E - (Uifc + 2niyifc)(. +G(v—0))
= Uf(Ey- fo(+ G(v=0))) = Ui(¥ss). .

This means that ¥ intertwines —Vy,0 Vi, / 2% and - U2 —% %2

To calculate the second summand, a fact about the Fourler coefficients is
needed: Since all f € I?(R",C)< are Ly-periodic, one can integrate V;f - E.
by parts to obtain (V;f). = —2mic;f., where ¢; := c(V;). Also, (AP +a)(V;) =
2mi(v; — r;u') and hence

(¥sVy8)e = T5((Vif)e + 2mi(v; — i) £.) =
E_, -Zni(vi —ci—1i(Gv=c)) - riui) fe(.+Gv—0)).

At this point the nondegeneracy of the Chern class of the line bundle is crucial
because it is the nondegeneracy, which guarantees the existence of the map
G, which satisfies v; — 7;(G(v —c))’ = ¢; by definition. This removes the de-
pendence on a = 2mi(u + v) from the operator. The expression above thus
equals

E_y-(-2mirad - fo(.+ G(v=c))) = —2nmir;u! (¥ss). .

This shows: ¥s intertwines —Vy; o Vy,/ b% and (27mtru'/b;)?.

Therefore, ¥s intertwines the operators A2 and Dy;. It remains to show that
the map intertwines p and p° = p(. + G(v —c¢)). Since p depends only on u, it
follows that

(¥s5(p-5))e = E-u- (p- el + G(v=0))
= Ey-(p- f)(.+ Gy =c)) = p° - (¥ss)s.

Thus, we have Dy, 0o ¥s = ¥5 0 (A? + p) on smooth sections s = s, f.

Since ¥s intertwines the two operators, it maps eigensections of one oper-
ator to eigenfunctions of the other: If s € &(w) is a smooth eigensection of the
Schrodinger operator AY + p with eigenvalue A, then ¥s(s) is a tuple of eigen-
function of Dy, with eigenvalue A, Dy ,¥s(f) = ¥s((A7 +p)f) = A¥s(f).

Unfortunately, this does not yet show that ¥s is a transplantation. If ( f¢)ces
is a tuple of smooth functions in H, it is not clear whether ¥l (fo)ces is
smooth and thus one might not be able to apply the Schrédinger operator to
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this section. To work around this, some theory about differential operators is
needed:

A complete spectral resolution for a partial differential operator P acting on
sufficiently smooth sections of w is defined as a complete orthonormal basis
{Sn)nen of I2 (w) such that every section is an eigensection of P: Ps, = A,s,. By
[Gil95, Lemma 1.6.3] such a spectral resolution exists for every symmetric and
elliptic differential operator, like AY + p, and it consists of smooth eigensections
sy € E(w).

Since 7g, 5 and f,, are unitary isomorphisms, ¥ is also one. Thus, it maps
the complete spectral resolution of the Schrédinger operator to an orthonormal
basis of H, which again consists—as was shown earlier in this proof—of
smooth eigenfunctions of Dy ,. In particular, ¥s maps the eigenspaces in
I[?(w) bijectively to the eigenspaces in H. It is a transplantation. O

Theorem 6.13 has an analogue for potentials given by an Lg-periodic
function in C*(R8). However, it is not possible to apply Theorem 6.13 to
this setting immediately because the functions representing sections of the line
bundle w are periodic only in the v-variables. Thus, one cannot calculate the
Fourier coefficients with respect to the u-variables. However, the asymmetry
between the roles of # and v in our choice of coordinates is arbitrary:

Definition 6.14. Let w be a nondegenerate rectangular line bundle over the
torus L\R" = M. Let WU B denote a Chern basis of this line bundle. Set

£ =L 0 =% and B = U. Construct a new line bundle & over M from the
Chern invariant factors 1, ..., 7 of  but use TUB = BUUA (in this order) as a
Chern basis, see Definition 3.10. This amounts to replacing Q by () := —Q and
switching the roles of the u- and v-coordinates in the definition of L-invariant
functions R”, write

Wx(y) = Z T’ivi(x)ui(]/) and ex(y) = o2t (y)

—_

Call a function L-invariant if f(x +1) = é&(x)f(x) for all x € R" and I € L.
The distinguished connection on @ is d + AP with AP := —2ni®,, and for any
harmonic imaginary-valued 1-form a on M set 4 := —a and let Nﬁ) denote the

Laplacian corresponding to the connection d + AP + 4. Also, write fi(v) :=
—v(v) and P(u) = —pu(u).
Lemma 6.15. Define a map y: 1?(w) — I?(&) by
fs f-e forall feI2(R% C)L where  &(x) :=éx(x).
More precisely, y(s) = s4(fos-é). If Q is an arbitrary smooth real-valued

potential on M, then y is a transplantation

i (B(w), 82+ Q) = (B(@), A7 + Q).
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Proof. The map y is well-defined because y(f) is L-invariant if f is £-
invariant: With e,(y) = é,(x) one has for all / € £ that

YA+ = (fo)(x+1) = flx+Dey(x+1) =
e_1(x) f(x)ex(x)ex(Dey(x) = (f-2)(x) - &(x) = y(f)(x) - &(x)

by Remark 3.15. Thus, y(f) yields a section of @.

The map is also linear and unitary. Its inverse is again the map g +—
g - e and therefore it is a unitary isomorphism. Also, y intertwines the two
Schrodinger operators A? + Q and AD + Q: The first Laplacian is given by

- XV AD*“ VA /0% + VA +a VA +”/ bi?). The second Laplacian is given

by the same formula except that the role of AL is taken by AP = —27iW
and a is replaced by @ = —a. Note that AP(U;) = 0, AP(U;) = —2niro' and
U;(é) = 2mir;o'e. Thus,

VA f) = Uiy f) + (AP (U;) + a(Uy) )y f =
eu;(f) + fFUi(e) + ( 2miryo’ — a(U; )) ef =é- (Ul(f) —f-a(ul-)) =
Y(Ui(f) + (AP(U) +a(Un)) f) = Vi, f

and analogously VéD+ﬁ(y f) = yVéD+“ f. Hence, y intertwines the connections

given by AP+ 4 and AP + a and therefore y intertwines the corresponding
Laplacians. It also intertwines the multiplications by a real-valued potential
on the two function spaces:

Y(Qf) =¢-Qf =Q-ef =Q-y(f).

Since both y and its inverse map smooth sections to smooth sections, y is a
transplantation. m]

Theorem 6.13 and Lemma 6.15 yield the following Corollary. But first an
analogue of Definition 6.6 is needed:

Definition 6.16. Define a norm on C* (RS, C) by

112 g f|f JPdo  with  do=dol-do”

and let I?(R®B, C) be the completion of C* (RSB, C) with respect to this norm.
Define an operator Dg on the dense subspace of smooth functions in I?(R%, C)

by
— . (2 . i/ .)2_ia_2
B = i_El v’/ a; biz 502"

For a system of representatives R of the finite quotient space F(Lg )\ Ly define
a Hilbert space

Hy = @deR (RB,C),
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where the inner product is induced by the product on I?(R®,C). With an
Lg-periodic function g € C*°(R8) and a(u, v) = 2mi(f(v) + ?(u)) let

Dyj=(Dy+i%)ser  with g% :=q(.+G(v-d))

act componentwise on Hy, where G is defined with respect to () = —Q in the
same way as G is defined with respect to Q). Thus, G = -G and 7(u) = —u(u).

This Definition and the following Corollary 6.17 imply a small error in signs
in [GGKWO08, Theorem 3.4 (2)]: The spectrum Spec,(Q,L;) of the potential
Q(u,v) = g(v) does not coincide with S(gq,r,b,a, u) but with S(q,7,b,a,—p),
provided one uses the definition g, (s) := q(s1 + (i1 —c1) /71, .-, Sm + (thm =
¢m)/Tm). (Note that G(du') = V;/r;.)

Corollary 6.17. If w is a nondegenerate rectangular line bundle and g €
C*(R®B) an arbitrary Lg-periodic function, then one has

Spec,(q,w) = Spec(Dg,4) -
A unitary transplantation is given for any chosen set of representatives R of
F(Ly)\ Ly = F(Ly)\ Ly by

Yroy =TroFroy: (B(w), A7 +4q) = (Hu, Dy j),
where 7 and F are defined for & analogously as 75 and ¥s are for w:

FR(f) = (fdeer  and  TR(fadaer = (E-p- fa( -+ G(0=d))

Proof. By Lemma 6.15 7 is a transplantation from (I?(w), AD + q) to (I?(®),
Alﬁ) +¢) and one can apply Theorem 6.13 to the line bundle &. Thus, the vari-
ables and parameters (u,v, U, V, 1, v,a;,b;, G) are replaced by (v, u, V, U, 1,7, b;,
a;,G), where fi(v) = —v(v), ?(u) = —u(u) and G = —G. Therefore, Dg,3 and
the transplantation

‘?R : (L2 (Cf)), Ag + l]) - (7’{%, Dq;’q)
have the given form and together with y this yields the desired transplantation

$roy: (P(w),AD +q) — (Hsy, Dy, 5) - O

Finally, the transplantation ¥s: [?(w) — % shall be used to construct a
transplantation from one torus to another. In the next section this transplanta-
tion will be used to find various isospectral but “different” tori and potentials.

Definition 6.18. For two flat tori with line bundles (M,w) and (M, &) and
Chern bases U8 and T U ¥ a linear bijection 0: £ — £ between the lattices
mapping Il onto U and B onto ¥ shall be called lattice transplantation if it
respects the line bundle structure: Q(UI;, Vj) = Q(6U;, 0V;). For brevity denote
the dual map £’ — £’ of 0 also by 0.
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Lemma 6.19. Assume we are given two rectangular tori M and M of the same
dimension with two nondegenerate rectangular line bundles w and & and a
lattice transplantation 6 with respect to the Chern bases Il U % and AU 8.
Specify connections on the bundles via two harmonic imaginary-valued 1-
forms a and 4.

If two periodic potentials p on R1 and /# on Rl satisfy p° = P forall c € Ly’
and p°= P forall ¢ € Ly and if there is a unitary transplantation

¥: (IZ(RYU,C), Dy + P) — (I*(R4,C), Dy + P),
then a transplantation ¥: (I?(w), AD 4+ p) — (I2(®), AP + p) is given by
Y= ‘?9_51 opo¥s

with ¢ acting componentwise on H = P ¢ [?(RY, C). This map is indepen-
dent of the choice of representatives S of F(Ly)\Ly". If one abbreviates the
notation of the transplantation by omitting the isomorphisms s, and sg, then
the transplantation is explicitly given by

(¥f)@5) =) Y Ege (o)

ceS ke Ly
(Eﬁ (Ey- fol + Gy = c))))(a +k=G(m-00)).

Proof. To begin with, a note on lattice transplantations: Since 0: £ — Lis a
lattice transplantation, F(6k) = Q(0k,.) = Q(k,671.) = 07'F(k) for k € Ly.
In particular,

GOF=0"' and Oc+E(k)=6d < c+F0k) =d.

This equivalence states that 6 descends to an isomorphism F(Ly)\Ly" —
F(Li)\Lg . Thus, 6S = {Oc}.cs is a system of representatives of the quotient
space F(Lj)\Lg/ -

It follows that the three maps

Y. y - ~
(P(M), 82 +p) 3 (H,Dy,) 5 (H,Dy ) 5 (P(31), B2 + p)

» -

are unitary transplantations and consequently ‘T’Q_Sl o1 o¥s is a unitary trans-
plantation. Explicitly, (with the abbreviation f := f,s)

¥oaopo¥s(s) = saFyg'oTysto IP(E—pr(- +G(v—- C)))ces

— a5 ((Ea - (B Sl + G- )= 6o - 00) .
Evaluating this function at the point (iI,5) € RU@®RD gives the desired for-
mula.

It remains to show that ¥ is independent of the choice of representatives S
of F(Ly)\Ly'. Define ¥, by setting ¥ (s) = Y .cs ¥c(s). Infact, notonly ¥ butall
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the ¥ in the explicit formula are independent of the choice of representatives:
If two representatives of the same class, d = ¢ + k’, are given, then

i0¥a(s)(1,8) = ) Eg. opey ()
i{ELﬁ

(Ep : lp(E_H “ ferre(.+ Gv—Gc —k)))(ﬁ +k+ GOFk - G(7 - Gc)).

Since GOFk = 07k € Ly, one can substitute  for k + GOFk and this gives,
together with f. (. —k) = f, that ¥, = ¥,. O

7 Negative Results

In this section some isospectrality statements following from Theorem 6.13 and
Lemma 6.19 are provided, together with examples and transplantations. To
simplify the explicit formulae a little bit the rather uninteresting isomorphisms
fo and s, will now be omitted and thus the formulae will not be defined on
I?(w) but I2(R", C)<.

Corollary 7.1. For every even-dimensional rectangular flat torus M and each
nondegenerate rectangular line bundle w over this torus Spec(w) := Spec, (0, w)
is independent of 2 and is called the spectrum of w. If i is another harmonic
imaginary-valued 1-form on M, then a transplantation

¥ (B (w), A7) = (F(w), A7) isgivenby

(¥f)(,0) = Egy(u—Gv)- f(u+Gv—9),0+G(u- ).
Proof. Choose as a lattice transplantation 6 = id and as a transplantation
of (I?(RY,C), Dy) to itself ¢y = id. With those choices one obtains a trans-
plantation from the line bundle w with the Laplacian given by a to the bundle

with the Laplacian given by 4. By Lemma 6.19 this transplantation is explicitly
given by

(¥f)(,0) =) Y Eerri(@) - (Egp- fol -+ G(v=0)))(u + k= G(7 = 0))
ceS keLy

because w = @. Recall that S is an arbitrary system of representatives of
F(Ly)\Ly" Thus, one can simplify this expression to

Y Ec(@)Epy(u-Go-c))- filu+G(v-7)).
ceLy’

Since y(Gc) = —c(Gu), one has E,(Gc) = Ec(~Gu) and therefore
(¥f)(w,0) = Egu(u=G) Y Ec(o+G(u— ) folu+Gv-7)) =

CELQ‘\,

Epu(u=G)- f(u+G(v=9),0+G(u-f)). O
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Definition 7.2. Twonondegenerate rectangular line bundles are called isospec-
tral if their spectra—defined in the sense just mentioned—are equal including
multiplicities.

Corollary 7.3. Foreveryevenintegern > 4 there is an n-dimensional flat torus
M and two topologically distinct but isospectral nondegenerate rectangular
line bundles over M.

Proof. Choose any lattice with an orthogonal basis X U ¥ and lengths such
that ay = ap, by = 1 and by = 2. Further, choose two tuples of Chern invariant
factors r,7 € N™ such thatr = (1,4,73,...,r) and 7 = (2,2,73,...,7m). Then
the two line bundles w, and w; defined by those Chern invariant factors have
different Chern classes and are thus topologically distinct, but the operators
Dy corresponding to @, and Dy corresponding to wy are intertwined by the
map ¢ LZ(]RII C) — I?(RY,C) interchanging the two coordinates u' and u?:
(W) WLuzud...) = f(uZu'u’...). Thus, Dy and Dy are isospectral and it
follows that w; and wr are isospectral line bundles.

Note that 6 = id is not a lattice transplantation from (M, w) to (M, @) in
this example: Q(Uy, V) = 1 # 2 = Q(Uy, V4). In fact there exists no lattice
transplantation in this case because the Chern invariant factors are different.00

Corollary 7.4. For every even-dimensional rectangular flat torus M and every
nondegenerate rectangular line bundle w over M there exists another noniso-
metric rectangular flat torus M and a rectangular line bundle @& over this torus
with the same Chern invariant factors such that (M, w) and (M, @) are isospec-
tral.

Example 7.5. Let 7 be the Chern invariant factors with respect to the lat-
tice basis {Uy,...,Um, V1,..., Viy} of the lattice of M. Given any tuple a =
(1,...,am) € (RT)™ one can rescale this basis by setting U; := a;- U; and
V, := V;/a;. One can choose the factors a such that the new basis defines a
nonisometric torus M. One can use the Chern invariant factors r; of @ to define
a line bundle @ over this new torus M.

Those two tori and line bundles are isospectral: Since the coordinates with
respect to the new lattice basis HU B = {U,..., Uy, V4, ..., V) are given by
il = u'/a; and since d; = aja;, b; = b;/a; and &/814 =U,; = a;U; = a;d/du’, one
has

m
Dy = Z((aniﬁi/f)i)z - a__) = Dy and in particular
1

is a unitary transplantation from (I*(R, C), Dy) to (I*(R,C), Dy):

1911 ) = 1'--am-fm|f( |2du—f )P dit = 11 e )

Setting O(U;) := U; and 0(V;) = V; defines a lattice transplantation. By
Corollary 7.1 the spectrum of a line bundle is independent of the chosen har-

36



monic imaginary-valued 1-form a used to construct the Laplacian AD. Choos-
inga = 0on M and @ = 0 on M one can apply Lemma 6.19 to see that a
transplantation is provided by (with C := a1 --ay,)

(¥£)@,0) =C-Y Y Egey () - folii +k + GOc - Ge)

ceS ke[II
=C-Y. Y B (0 fop(i+k+ G- Go™')
ceQSkeLu
=C-Y E:(0) fye(ii+GE-GO™')

ce.CB

= Var—an- Y| Eec(d)- fo(i +GOc - Go).

ceLy

Definition 7.6. Two potentials Q1 and Q; on a flat torus M are called congruent
if there is an isometry 0: M — M such that Q1 = Qp 00. Assume there
is a nondegenerate line bundle w given over M. Two potentials are called
isospectral with respect to a translation-invariant connection if the spectra of the
Schrodinger operators given by the connection and the respective potentials
are equal including multiplicities.

Corollary 7.7. Let w be a nondegenerate rectangular line bundle over any flat
torus M and let L U B be an orthogonal Chern basis. If thereisa j € {1,...,m}
such thatb i /a i isrational but notequal to 1, then for every translation-invariant
connection there exist two isospectral but noncongruent potentials Q; and Q»
on M. Those potentials can be chosen to be analytic and Z;-invariant.

Example 7.8. This example will be constructed with the help of Lemma 6.19,
which uses Theorem 6.13. It will be shown that Lemma 6.19 yields a trans-
plantation (I?(w), AD + Q1) — (I2(®), A + Q;) and then Lemma 6.15 can be
applied to give a transplantation to (I?(w), A? + Q).

But before one can construct transplantations, the potentials need to be
defined. Write b;/a; = B/a € Q with a, € N. Let P € C*(RUj) be any
nonconstant L{u]. /M].}-periodic function and with the projection 7: RU — RU;
sending all U; # Uj to 0 set P := Pon. Define p == P(.-Gv) and q =
PoA(.-GP), where A: R® — R is the linear isomorphism sending each
Vi/b; to Vi/a; = U;/a; and a(u,v) = 2mi(u(u) +v(v)) = —=2mi(f(v) + 0(u)),
see Definition 6.14.

Since « and r; are integers and since G(do') = U;/r; and G(du!) = -V /r;,
p is not only Ly-periodic but it also satisfies

p¢ =P(.+Gv-Gc—-Gv) =P(n—c(Vj)/rj-Uj) =Pom =P
for every c € Ly'. Analogously, g is Lg-periodic and satisfies

A

49 =PoA(.+Gv—Gd-Gv) = P(mo A—d(U))b;- U;/ (rjaj)) =
P(noA-d(Uj)p-U;/(rja)) = Po A
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for all d € £y/. With the projections 71y: R” —» RU and 7ty : R” — RY the two
functions p and q define two potentials Q; := p o myy and Q> = g o ny, which
are noncongruent. To see this consider the connected subsets of M on which
Q1 is minimal. Let N € IN denote their number. Since Q; is nonconstant, the
number of such sets of Q is

N-bj/aj=N-B/a#N, (adivides N since Q1 is L{ul/mj}—periodic.)

since bj/a; # 1. Thus, Q1 and Q; cannot be congruent. They are isospectral
though: To apply Lemma 6.19 one needs the map

¥: I2(RY,C) — [3(RYB,C) with  ¢f = M,foA/

Ay

which is a transplantation from the operator Dy, = Dy + P to the opera-
tor Dy + PoA = Dy ; because 9%/dv’(f o A) = 9*f/du’? o A-b*/a;? and
(2mrvi/a;)?(f o A) = ((2mrui/b;)* f) o A give
= 1 92
_ Gi/pN2 - Y _
Dy ;(foA) = (Z((anlul/bl) o )f+Pf) o A =(Dyf + Pf)oA

i=1

for every smooth function f in I?(IR, C). 1 maps smooth functions to smooth
functions and so does y~!: ¢ — /Zl g c O AT L which implies that ¢ is a
transplantation. Also, ¢ is unitary:

bl"'hm . — bybm . (h_l 1 bﬂ m)
||lpf” B C - ar-am IR%f ° A(U) dv - ar-am me ay Uyeeny am v dU

IRlIf(ull M ) ”f”LZ R, C

Now, as in Definition 6.14 let @ be the line bundle over M defined by
the Chern basis Il := 8 and $ = U and the Chern invariant factors r;. As
a lattice transplantation from @ to w choose 6: £ — £ with 6U; = U; and
OV; = V;, which satisfies Q(U;, V;) = r; = Q(U;, V;) = Q(6U;, 0V;). With the
transplantation ¢ and the lattice transplantation 6 one can use Lemma 6.19 to
obtain a transplantation

¥ (12 (w), A+ Q1) = (12(@), AP+ Q),

which is explicitly given by

by-b R
aima:'nl Z Z E6c+ﬁc(v)

ceS ke Ly

(Ea-Eopoh- filA + Glv =)@ +

w»
Q)

(?=6c))

with an arbitrary system of representatives S C F(Ly)\Ly". Using Lemma 6.15
one obtains the desired transplantation

@ =y lo¥: (I%(w), A0+ Q) = (I%(w), AL+ Q)
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and using (E, G, 10,9, f,7) = (-F -G, v,u, —v,—u) one obtains

ceS kELm
(E_V E_yoA- fu(A.+ G(v— c)))(v 4 k—Gu+ 60))
In particular, the two potentials are isospectral.

Corollary 7.9. For any nondegenerate line bundle over any two-dimensional
nonsquare rectangular torus with rational ratio of side lengths and any trans-
lation-invariant connection on this line bundle there are two noncongruent
but isospectral potentials. Those potentials can be chosen to be analytic and
Zsy-invariant.

Proof. By assumption, the torus is given by a two-dimensional lattice with an
orthogonal basis {U1, V1}. The line bundle is represented by an antisymmetric
and nondegenerate map () having integer values on the lattice. Let 0 < ry :=
Q(Uy, V7). As the lattice is two-dimensional, the tuple (r1) € IN! satisfies the
conditions of Lemma 3.8 and therefore r1 is the only Chern invariant factor
and {U;, V1} is an orthogonal Chern basis. This means that—in this case—any
such line bundle is already rectangular and that Corollary 7.7 can be applied.O

Remark 7.10. It is possible to simplify the transplantation ® in Example 7.8
under additional assumptions: If the connection is translation- and Z,-invar-
iant, if the Chern invariant factors are all equal to one, ¥ = (1,...,1), and if
bi/a; € Z for alli € {1,...,m}, then the transplantation is given by

(f)(w,0) = E ey (o) Y FAv, A7 w4 D),
leS

where S C Ly is any (finite) system of representatives of the quotient space

Ly/ALy.

Proof. Since all Chern invariant factors are one, F is bijective as a map from
Ly to Ly". Choose ¢ = 0 as a representative for the only class in F(Ly)\Ly'.
Also, the only translation- and Zj-invariant connection is the distinguished
connection and therefore u = 0 and v = 0, confer Lemma 4.11. This yields

(@) (w,0) = /222 e (v) conj Y | E_pelu) - fo o A(o+K).
ke Ly

The assumption that b;/a; € Z for all i € {1,...,m} is equivalent to the
demand that Ak € Ly forall k € Lg. In particular, the quotient space Ly /ALy
is well-defined and finite. Also, one can use that fy(Av + Ak) = frar(Av).
Together with E_g (1) = Epar (A~ u) this gives

(@) (w,0) = /=22 - eu(v) conj ) | Epa(A™"u) - frax(Av) =

ke Ly

V% 'eu(z’)% Z,?(AUM‘V1 (u+ l)).

leS
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To see the latter equation consider the map

n: [2(RY,C) L - LZ(IRQB,C)A_ILu with g % Zg( AT,
les

which is the projection of the Ly-periodic functions onto the A~LLy-periodic
functions. In particular, every trigonometric monomial E; corresponding to
an element ¢ € Ly’ not in the coarser dual lattice (A™LLy)" = {FAk | k € Ly} of
the finer lattice A~y is mapped to zero. On the other hand, 7(graxErax) =
gFAkEFAk forall k € Ly. O

Remark 7.11. One can also prove Remark 7.10 directly instead of calculating
the Fourier coefficients of the map

(f)(1,0) = B (o) i Y FA0, A7 1)
leS

It is easy to check that one has Vy; o Vi ®(f) /bi* = ®(Vy, 0 Vi, f/a;?) and Vi, 0
Vu,@(f) /a2 = ®(Vy, 0 V. f/ b?). In fact, this holds true for every summand
of ® individually. Also, ®(pf)(u,v) = poA-P(f) = q-P(f) and hence ®
intertwines the Schrodinger operators of Q; and Qy.

However, only @(f) but not each summand is L-invariant and descends
to a section of the line bundle w. Note that @ is independent of the choice
of representatives S of Ly /ALy because f is L-invariant and therefore Lg-
periodic. For any h € Ly and k € Ly one has with C := \/(b1-+-by) /(a1 - am)
that

O(f) (1 +hy o +K) = eu(v)eu(k)eh(z})% Y F(A+ k), A7 1+ 1) =
leS

eh(v)eu(v)eu(k)% Y e AN+ 1+ ) F(A0, A7 (14 1)) =
leS

en(0)eu(0) 3= Y F(A0 A7 (14 1)) = e4(0) () (1,0)

leR

since R := S 4 I is also a system of representatives of Ly /ALy.

Hence, ® is a well-defined map 1?(w) — I?(w) intertwining the Schro-
dinger operators of the two potentials Q; and Q. This means that ® is a
transplantation.

Example 7.12. Finally, an illustration of Remark 7.10 shall be given. Let M be
the two-dimensional torus defined by the lattice £ := {U;, V1], where U; = ¢;
and V] := 2e; are given by the standard unit vectors. This means a; = 1 and
by = 2. Let w be the line bundle with the Chern basis {U;} U {4} and the Chern
invariant factor r; = 1. If one chooses the only translation- and Z;-invariant
connection, i.e. the distinguished connection VE one can apply the previous
simplification to obtain the transplantation (with u := u! and v := ')

ie_zni”v : (?(20, g) + 7(22}, uTH)) :

O(f)(u,0) = N
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This map is a transplantation from the Schrodinger operator A‘g +p of an
arbitrary L;,)-periodic potential p € C*(RU;) to the Schrodinger operator
Alg + g of the corresponding potential q(v) = p(2v). For instance, one can
choose p(u) = cos(2mu) and correspondingly q(v) = cos(4mv), which are
shown in Figure 1. Note that both potentials are analytic and Z-invariant.

2 2 Figure 1: Two noncongruent even po-
tentials on a nonsquare torus, which
are isospectral with respect to the dis-
tinguished connection on a line bun-
dle with Chern invariant factor r = 1.

1

0

0 0 1
0 1 0 1

8 Positive Results

To contrast the negative results obtained in this work I will give some positive
results by constructing some spectral invariants in this final section.

Definition 8.1. An invariant f of an equivalence relation ~ on a set X is a
function f: X — Y which descends to a function on the quotient space X/~.
Provided that every element of X has a spectrum, two elements x,y € X are
said to be equivalent if they have the same spectrum. An invariant on X of
this equivalence relation is called a spectral invariant.

It was shown in the previous section in Corollary 7.7 that a potential is in
general not determined by its spectrum with respect to a given translation-
invariant connection. However, under one additional condition a potential is
determined by its entire w-Bloch spectrum. To prove this some invariants are
needed. Let|.|denote the Euclidean norm on R". Denote by dV the Riemannian
volume form of the flat torus M or on R" and set Vol M = fM 1dV. Abbreviate
dx :=dV(x).

Proposition 8.2. Let M = L\IR" be a torus defined by a lattice £ and let w be
a line bundle over this torus such that all Chern invariant factors are equal to
one, 7 = (1,...,1). Witha € (R")" and ] € L set

1
WiQ) = By [ [ Eno-Q-1-ata,

where W is a unit cell of the lattice, FI := Q)(],.) and Q a smooth potential on
M. Then for every length d occurring in | ],

C¥(M)3Qm Y Wi Q) eC
leL,|l|=d
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is an invariant of Spec,_;, (Q, w) on the set of smooth potentials.

Atorus M = L\IR" is said to have a nondegenerate length spectrum if the only
lattice vectors of the same length |/| € |£| are [ and —I. If £ has a nondegenerate
length spectrum, then the above invariants are equal to W' + W? for each

l'e £\{0}.

Proof. A proof for the case d = 0 will be given later in Proposition 8.6. For
the general case see [GGKWO08]. O

Corollary 8.3. If Q. := (Q, EC>L2(M) = W fM Q- E.dV denotes the Fourier
coefficient of Q for ¢ € L/, then for every d € | L]

ViHQ) = Z; Q_p-Ex(]) is equal to Z W' (Q) and hence

ll=d ll=d

an invariant of Spec, . . (Q, w).

Proof. One has for every ! € £ with |I| = d that

1
Wla(Q) = Ea(l)VoiW ]I;\/fo Epi(x) Z QcEc(x—1-t)dtdx

cel’

1
= Ea(l> Z Qc- (EFlr E—C>L2(M) . fo EC(—Z . t) dt.
cel’

Since all Chern invariant factors are one, F is an isomorphism from L to £’
and there is one and only one c € £’ with FI = —c. For this conehas ¢(-I-t) =
tFI(1) = tQ(1,1) = 0and thus Ec(~I-t) = 1. Hence, W}'(Q) = Q_piEa(I), which
gives

Y WHQ) =) QupEall) = VIQ).
[l|=d |l|=d

Since the left hand side is a spectral invariant by Proposition 8.2, the same
holds for the right hand side. m]

Theorem 8.4. Every smooth potential on a fixed even-dimensional torus with
line bundle w whose Chern invariant factors are r; = --- = ry, = 1is uniquely
determined by its w-Bloch spectrum.

Proof. Letl,...,Ix € L be the lattice vectors with length d € |£| and assume
that some a1, ..., a; € (R")" are given. The vector V; :== (V"' (Q),..., V.*(Q))

d d
is a spectral invariant and V; = Aq, where q := (Q_ry,, ..., Q-p;,) and
Ea1 (ll) Tt EO¢1 (lk)
A= 0
Eq () -+ Ea(l)

Thus, if one chooses a1 = 0and a; such thatall E,, (I;) are pairwise distinct,
and if one further sets a; = (j—1)-ay, then A is a Vandermonde matrix
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with nonvanishing determinant. This means A is invertible and the Fourier
coefficients g are determined by the invariants V. Since F: £ — L’ is bijective,
all Fourier coefficients are determined this way and are thus invariants. o

This Theorem shows that the entire w-Bloch spectrum contains a lot of in-
formation. Under stronger assumptions, however, some parts and properties
of a potential are already determined by the spectra associated with certain
given connections. This shall be shown in the rest of this section.

Remark 8.5. If, additionally to the assumptions of the previous Theorem, the
length spectrum of the torus is nondegenerate, then Q is already determined
by Spec, i, (Q, w) and Spec, ;4(Q, w) for two suitable elements a, € (R")".
The connections must be chosen subject to the weak condition that (a — g)(I)
is irrational for all nonzero lattice vectors I. Indeed, in that case the matrix

(Ea(_l) Ea(l))
Eg(-1)  Eg(l)

has nonvanishing determinant for each | € £\{0} and therefore the spectral
invariants W' + W?, = Vlfl' and Wlﬁ + Wﬁ ;= Vllﬁ| determine the Fourier coeffi-
cients Q. for all € £\{0}. Finally, Qo is determined since it equals V' = Voﬁ .

For later use and as promised, I will now prove Proposition 8.2 for d = 0.

Proposition 8.6. Given any line bundle w over a torus M and a Laplacian A
associated to any (fixed) connection V on the line bundle w

1 2 _ 1 2
VOleMQdV and QU2 ) = Toraz fMQ dv

are spectral invariants of the Schrodinger operator A + Q.

Qo=

Proof. In [Gil95, Chapter 1.6] it is shown that for every symmetric elliptic
differential operator P of positive order d acting on the smooth sections of
any vector bundle over a closed Riemannian manifold M (like Schrédinger
operators over flat tori) there is a well-defined operator e for every t > 0
such that

—tP _
e Pf(x) = fM K(t,%,y)f(y)dy,

where K(t,x, y) is a homomorphism from the fibre over y to the fibre over x
and dx := dV(x). Itis also shown that the trace of this heat kernel is a spectral
invariant since

traceLz(M) et = Ze_m" = f trace, K(t, X,x) dx,
M

where (A, )nen is the spectrum of P (with multiplicities). In[Gil95, Lemma 1.8.2]
it is shown that there is an asymptotic expansion

K(t, x,x) ~ Z tFTnei(x) ast \, 0,
i=0
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where n = dim M and (only in this proof) e;(x) is an endomorphism of the fibre
over x of the vector bundle under consideration. From those two equations one
can deduce that the dimensionn and foreach i € IN the number fM tracee;(x) dx
are spectral invariants. Note that ¢;(x) = 0 if 7 is odd. Applying [Gil95,
Theorem 4.1.6] to the operator A + Q on a line bundle over the flat manifold M
yields ep(x) = idy/B,ep = —Q/Band ey = (%Q2 - %AQ + ﬁQi]’QU)/B, where
the () are given by the connection and B := (47)"/2. Thus,

B'f traceep(x) dx = VolM and B-f trace ey (x) dx = —f Q(x) dx
M M M

are spectral invariants. Therefore, Qy is a spectral invariant. Since M is closed,
the Divergence Theorem gives fM AQ(x)dx = 0and

2(47‘1)”/2f trace64(x)dx:f Q?*(x)dx +C,
M M

where C = 2(4m)"/? fM trace £5);;Q);; dx does not depend on Q. Thus, the
norm Voﬁ fM Q*dVis a spectral invariant. Since Q is a real function, this
integral is equal to [|Q|l}2 (M)-

A simpler introduction to the heat kernel of the Laplacian acting on func-
tions can be found in [Ros97]. O

The notation needed for the following Remark 8.7 is introduced in Defini-
tion 4.10.

Remark 8.7. If Q is a potential on a torus M, then the even and the odd part
of Q are defined by

Q" =3Q+0) and Q=3(Q-Q),

respectively,and Q = Q" + Q™. By substitution one obtains O = (Q, Eopz M) =
Q, EC>L2 M) = Q- for each ¢ € L. Thus, the Fourier coefficients of the even
and odd part of the potential are (Q, + Q) /2 and (Q. — Q-¢) /2, respectively.
Also note that Q" and Q™ are 1?(M)-orthogonal and by Pythagoras’ Theorem

QIR gy = QI ) + Q7

Theorem 8.8. Let M be an even-dimensional torus with nondegenerate length
spectrum and let w be a line bundle with Chern invariant factors ry = --- =
rm = 1. If one is given an arbitrary but fixed translation- and weakly Z,-
invariant connection, then the even part of a potential and the norm of the odd
part are spectrally determined.

Proof. Thelattice having nondegenerate length spectrum means that there are
only two lattice vectors of a given length d € | L|\{0}. Proposition 4.9 states that
every translation-invariant connection on the line bundle w is gauge equivalent
to a connection VP + 4, where a is a harmonic imaginary-valued 1-form on M
and VP the distinguished connection on the line bundle w. This notation is
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introduced in Remark 4.1. If one denotes the given connection by VP + 2mia,
then one obtains for all ¢ € £’\{0} that

V;(Q) = Q—cEa(Gc) + QcEa(_Gc)

is a spectral invariant by Corollary 8.3. Recall that G is the inverse of the map
F: R" — (R")" with F(x) = Q(x,.). The restriction of F to £ is bijective map
L — L because all Chern invariant factors are equal to 1. Thus, G: £ — £,
see Definition 6.5.

Since the connection is assumed to be weakly Z,-invariant, one has a(£) C
1Z by Lemma 4.11. Hence, E4(Gc) = Eq(-Gc) = %1 and thus (Qc + Q—c)/2
is also an invariant. Additionally, Qg is spectrally determined by the previous
Proposition. Hence, by Remark 8.7 all Fourier coefficients of the even part of
the potential are spectral invariants.

According to Proposition 8.6 and Remark 8.7 the [?-norm of Q is a spectral
invariant and ”Q”IZZ(M) = |IQ+|IiZ(M) + IIQ_IIi2 M) Therefore, if the even part is

known, one can calculate the norm of the odd part. ]

Corollary 8.9. Let Iso(Q, w,V) be the set of potentials on w having the same
spectrum as Q with respect to the connection V. Under the assumptions of
the Theorem 8.8 one has that if Q is even then Iso(Q, w,V) = {Q} for every
translation- and weakly Z;-invariant connection V.

Proof. Let P € Iso(Q,w,V). By Theorem 8.8 one has Q" = P and 0 =
1Q 7 ll2(ar) = IP~ lli2(a1)- Thus, the odd part of P vanishes and P = Pt =Qt

Finally, a variant of Theorem 8.8 for two-dimensional tori will be shown.

Definition 8.10. A dual lattice vector a € £’ shall be called minimal if a(L) =
Z. Let L' be a set of minimal dual lattice vectors such that for any minimal
a € L eithera € L/, or —a € L/, butnotboth. Fora € £, and a given potential
Q on M define a one-dimensional potential on the one-dimensional torus Z\IR
by setting

Q)= ), Que™™.

kezZ\{0}

This sum converges with respect to the I?(Z\R)-norm because the maps {s
e 2iks) kez\ {0} form an orthonormal basis of I?(Z\R) and {Qkatkez\ (0 is a subset
of the set of Fourier coefficients of Q.

Lemma 8.11. Any smooth potential on M can be written as

Q=Q+ ), Q'oa

!
a6£+

and for any minimal 2 one has (Q*)* = (Q*)".
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Proof. First note that Q” o a is a well-defined function on M because for x, y €
R" with x = y+1 for an | € L one has a(l) € Z and thus Q? oa(x) =
Ykez)\(0) Qe 2mka(y)+a()) = 7 o a(y). The last note is a simple calculation:

(@) = Y, HQue™ % Que™) = 3 1(Qu = Qura)e ™™ = (Q*)"

kez\{0} keZ\{0}

by Remark 8.7. To show the decomposition into one-dimensional potentials it
is sufficient to prove that £’ is the disjoint union of {0} and all Z\{0} - 2 with
a€ L since

Q'oa= Z QkaEka -

keZ\{0}

First, assume there is a ¢ € Z\{0}-a N Z\{0}-b fora # b € L, i.e. assume
that ¢ = ksa = kpb with k,, k, € Z\{0}. By the minimality of 4 and b there are
two lattice vectors I, and I, such thata(l;) = 1 = b(l,) and thus

k, = kbb(la) AN k= ua(lb) giving kplke AN kglky .

However, this means that k, = +k;, and a = +b, which is not possible by the
definition of £/, . Hence, the considered union is disjoint.

Second, choose any a € £’ and some basis {Wy,..., W} of L. Seta; =
a(W;) and let k be the greatest common divisor of the 4;. Define a new dual
lattice vector b by setting b(W;) = a;/k. Since the greatest common divisor
of the b(W;) is 1 by construction, there are ky, ..., k, € Z with }.7_; kib(W;) =
b(L! ,kiW;) = 1. Therefore, 1 € b(L) and b is minimal. This shows that
be L' or-be L and,sincea € Z\{0}- (+b), the union contains all of £’. O

The previous Lemma holds for arbitrary tori. In the next Lemma, however,
it is necessary to assume that M is two-dimensional.

Lemma 8.12. For any line bundle w with Chern invariant factor r; = 1 over an
arbitrary two-dimensional torus M and any smooth potential Q with vanishing
mean on this torus one has the following equation of functions on M:

1
f Q(.—tGka)dt = Q% 0a forallk € Z\{0}and alla € L',
0

where G is the inverse of the map F: £ — £’ with F(I) = Q(!,.). In particular,
Q% is a real-valued function.

Proof. By the minimality of a thereisan! e Lwith1 = a(l) = Q(Ga,!). Since
Q is skew-symmetric, Ga and [ form a basis of R% They even form a basis
of L: Let k € L be arbitrary. There are two real numbers «, 8 € R such that
k = aGa + pl. But

-B=Q(k,Ga) e Z and a=Q(kleZ.
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As F: L — [’ is an isomorphism (r; = 1), a and FI form a basis of £’ and
every b € L' satisfies: b(Ga) = 0if and only if b = a - a with a € Z. Therefore,

f Q(. - tGka) dt = f ZQbEb — tGka) dt

0 bel’
Z QbEbf (—tGka) dt = Z QisEig = Q" 0a.
beL’ ieZ\{0}

The left hand side of this equation is real-valued and it follows that Q% o a is
real-valued. From a(l) = 1 one concludes that Q?(s) = Q" oa(s-I) € R for all
s€R. O

Theorem 8.13. Let w be a line bundle over a two-dimensional torus M with
Chern invariant factor r; = 1. Let Q be any smooth potential on M. If the torus
M has a nondegenerate length spectrum, then one has for all P € Iso(Q, w,VP)
and a € £, that|(P~)? = |(Q")“|, where the distinguished connection V" is
the unique translation- and Z;-invariant connection on w.

Proof. Assume forany k € Z and a € L', that

1
VoiM LE’W(’C)( fo Q_(x—tGka)dt)de(x)

is a spectral invariant of Spec;(Q, w), see [GGKWO8] for a proof. The previous
Lemma shows that those invariants are equal to

(@) oa) Ertahpguey

Per definitionem ((Q~)" 0a)? lies in the subspace of I? (M) spanned by {E_y, }xcz,
which proves that all ((Q7)%oa)? = ((Q7)%)? o a are determined by those in-
variants. Hence, the |(Q™)"| are spectral invariants of Spec,(Q, w). o

Corollary 8.14. If M is a two-dimensional torus with nondegenerate length
spectrum, w a line bundle with Chern invariant factor r; = 1 over this torus
and if one considers only the translation- and Zj-invariant connection, then
there are no nontrivial continuous isospectral deformations within the space
of smooth potentials.

Proof. By Lemma 4.11 the only translation- and Z;-invariant connection is
the distinguished connection VP. If {Qthic(,e) Is an I?(M)-continuous family of

smooth and mutually VP-isospectral potentials, it easily follows that {Q;} and
{Q; } are also continuous. For t,s € [0, ¢]

Q7)) oa = (Q5)" el = ZIQt Q) <107 = Qs

kezZ\{0

shows that {(Qt_)” oa} is also a continuous family.
By Theorem 8.13 |(Q;)?l = [(Q,)"l- Thus, all one-dimensional potentials
(Q; )" in this family have the same zeros Z and are equal up to sign on the
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connected subsets of M\Z. The continuity of the deformation implies that
(Qp)1oa=(Qy)" oa. Thus, Lemma 8.11 and (Q; )o = 0 yield

Qf = Z (Q;)foa= Z (Qy)ea=Qy.

ae Ll ael’,
Since Qf = Qar by Theorem 8.8, one concludes Q; = Qo. O

Corollary 8.15. Assume that M is a two-dimensional torus with nondegener-
ate length spectrum and w a line bundle with Chern invariant factor r; = 1 over
this torus. Let Q be a potential on this torus such that Q™ is one-dimensional
in the sense that Q- = (Q")?oa forana € L,. If P € Iso(Q,,VP), then
P~ = (P )"oaand |P7| = |Q7|. If P~ and Q™ are real analytic, then P = Q or

v

p=20.

Proof. By Theorem 8.13 |(P~)?| = |(Q7)?| for any b € L’ . In particular,
(P)? = 0 forany b € L’ \{a}, which shows with (P~)o = 0 that both P~ =
(P7)"oa and |P7| = |Q7|. This means that P~(x) = +Q~(x) for all x € M.
Since both functions are analytic, only one of those two cases can occur. Thus,
P~ = Q or P~ = —Q~, which gives together with P* = Q* by Theorem 8.8
thatP=QorP=Qt-Q =0Q. i

Example 7.12 shows that Corollary 8.15 does not hold if the length spectrum
is degenerate.
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