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Abstract

This thesis is concerned with Schrodinger operators acting on the sec-
tions of a Hermitian line bundle over an even-dimensional flat torus.
Schrodinger operators are constructed from a connection on the bundle
and a function on the torus. Restricting to translation-invariant connec-
tions and line bundles with nondegenerate Chern class I give statements
concerning the extent to which the spectrum of the Schrodinger operator
determines the torus, line bundle or potential.

I show that the potential is determined by the collection of spectra
of translation-invariant connections. This collection is a canonical gen-
eralisation of the Bloch spectrum of the torus. For weakly Z,-invariant
connections one can recover the even part of the potential from the
corresponding spectrum provided that the lattice has a nondegenerate
length spectrum. Counterexamples show that this condition cannot be
dropped and also that neither potentials, tori nor line bundles are spec-
tral invariants.

Those results were obtained by Gordon, Guerini, Kappeler and
Webb. However, I streamlined their work by constructing explicit
transplantations for the counterexamples. Also, this thesis includes
a classification of line bundles.
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Introduction

Let M be an n-dimensional flat torus L\IR" given by some Iattice L.
Every potential Q € C*(M) can be interpreted as a smooth L-periodic
function Q: R" — R. It gives rise to a Schrodinger operator A + Q on
R". The periodic spectrum of Q is defined to be the spectrum of this
Schrodinger operator acting on the L-periodic functions on R”. The
(classical) Bloch spectrum is the collection of all spectra (Spec,, Q) qe(rr )
of the Schrodinger operator acting on functions that satisfy f(x +1) =
e2mia(l) f(x) for all I € £. In [ERT84a] and [ERT84b] Gregory Eskin,
James Ralston and Eugene Trubowitz describe the extend to which
the potential Q is determined by its periodic spectrum or by its Bloch
spectrum.

From every connection V on a given Hermitian line bundle A one
can construct a Laplacian acting on the smooth sections of A. Let
Spec(Q, A, V) denote the spectrum of the corresponding Schrodinger op-
erator. This spectrum depends on the potential and on the connection.
In [Gui90] Victor Guillemin noted that in the case of two-dimensional
tori the Bloch spectrum of a potential is also given by the collection of
spectra (Spec(Q,A,V))(1,v), where (A,V) ranges over all line bundle-
connection pairs with vanishing curvature form. In particular, if A is
the trivial complex line bundle over M and V is the trivial connection,
then the periodic spectrum coincides with Spec(Q, A,V).

Guillemin considered only Hermitian line bundles with Chern num-
ber +1 over two-dimensional tori with nondegenerate length spectrum
and assumes that one is given a Zj-invariant bundle-connection pair
and a Zj-invariant potential Q, i.e. a connection and a potential in-
variant under the isometry induced on the torus by the map x — —x.
With those assumptions he proves that, if V satisfies some curvature
bounds, then both the connection V and the potential Q are determined
by Spec(Q, A, V).

This thesis largely follows the paper [GGKWO08] in which Carolyn
S. Gordon, Pierre Guerini, Thomas Kappeler and David L. Web extend
Guillemins considerations to higher-dimensional tori. The connections
used have a “constant” curvature in the following sense: A connection
is called translation-invariant if its curvature 2-form is invariant under
the group of isometries induced on M by the translations. The A-Bloch
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spectrum of a potential Q is defined to be the map V — Spec(Q, A,V),
where V ranges over the translation-invariant connections.

Every line bundle over a torus is uniquely, up to isomorphism, de-
termined by its Chern class, which can be understood as a translation-
invariant 2-form. A Chern class is called nondegenerate if it is nonde-
generate as an antisymmetric bilinear form at one and therefore at every
point. Only nondegenerate line bundles w will be considered, that is line
bundles with a nondegenerate Chern class. This condition requires the
dimension of the torus to be even, say n = 2m, and associates a unique

ordered m-tuple (r1,...,1y) of positive integers with ry | -+ | 1, to ev-
ery line bundle. The r; are called Chern invariant factors. On those line
bundles the map ¥ := —x gives rise to a map V +— V acting on the set of

connections such that Vis Z-invariant if and only if V = V. If this equa-
tion holds only up to gauge equivalence, V ~ V, then V is called weakly
Zy-invariant. The following questions are addressed in [GGKWO08]:

- Does Spec(Q, ,V) determine the potential Q when V is a fixed trans-
lation- and weakly Z,-invariant connection?

— Does the entire w-Bloch spectrum determine the potential?

If all Chern invariant factors are equal to 1, then the second question
can be answered positively even without assuming nondegeneracy of
the length spectrum. Concerning the first question, one can recover the
even part of the potential from the (single) spectrum of a translation- and
weakly Z,-invariant connection provided that the length spectrum is
nondegenerate and the Chern invariant factors equal 1. A counterexam-
ple shows that this assumption cannot be dropped. The positive results
are shown by constructing wave invariants. The interested reader can
find those in the Appendix of [GGKWO08].

The focus of this text lies on the negative results. Those can already
be found in [GGKWO08]. However, I use the main proof of the negative
results [GGKWO08, Theorem 3.4] to calculate explicit transplantations,
i.e. isomorphisms of function spaces mapping the eigenfunctions of
one differential operator to eigenfunctions with the same eigenvalue
of another differential operator, thereby establishing bijections between
the eigenspaces of the two operators. The technique of transplantations
was first introduced by Peter Buser in [Bus86].




Using this method it will be shown that the spectrum of the vanish-
ing potential Spec(0,w,V) is independent of the choice of translation-
invariant connection V, thereby defining a spectrum of the line bundle w.
Examples show that neither the isometry class of the underlying torus
nor the line bundle w are determined by this spectrum.

Also, I prove that line bundles are classified by their Chern class and
I'will describe all proofs in more detail than in [GGKWO08]. On the other
hand, the technique of transplantations is more direct than the proof
of [GGKWO08, Theorem 3.4] and therefore I do not need to consider
principal circle bundles and their connections [GGKWO08, Section 2C]
to prove Theorem 6.13. This makes the construction of a nilpotent Lie
group and of actions of this group on some function spaces superfluous.
The organization of this work is outlined in the following section.

Finally, note that there are two small errors in [GGKWO08, Nota-
tion 3.3 (ii) and Theorem 3.4 (2)]: One should have g, ,(s) = q(s; +
(w1 =c1)/r1,-,8m + (Um = ¢m) /) and the spectrum Spec, (Q, L;) of
Q(u,v) = gq(v) coincides with S(g,7,b,a, —u). Confer Definition 6.6 and
Definition 6.16.

Acknowledgment. Iwant to thank Professor Dr. Dorothee Schiith for
support and proofreading. Also, I thank Peter Herbrich for suggesting
many improvements for this work.
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Results and Overview

Sheaves and Cohomology & Line Bundles The Hermitian line bun-
dles over a fixed closed manifold M are classified, up to an iso-
morphism, by the second Cech cohomology group H?(M, Z) of the
constant sheaf Z on M. The Cech cohomology class corresponding
to an Hermitian line bundle is called its Chern class and can be inter-
preted as a de Rham cohomology class, which contains exactly one
harmonic representative ().

Flat Tori Iwill not consider arbitrary manifolds but only flat tori which
are the quotient manifolds IR” modulo some lattice L. On flat tori the
harmonic representative is given by a bilinear, antisymmetric map
on R" x R™. If it is nondegenerate, then the dimension of the torus
must be even and there is a normal form ) = 2ni£?:/ f ridu' A do,
where the {1} v'} are coordinates with respect to some lattice basis
and r; are integers, called Chern invariant factors. Line bundles with
suchnondegenerate representatives will be called nondegenerate. The
normal form will be used to construct an explicit representative w
for every class of nondegenerate line bundles over M.

Connections The sections and connections of this bundle w are in
close relationship to the corresponding objects of the trivial line
bundle 0! over R". The sections of w are isomorphic to the £-
invariant functions C*(R”, C)£ and the connections of @ descend
from connections on the trivial bundle of the form d + A, where
A is an appropriate imaginary-valued 1-form. I will only regard
translation-invariant connections up to gauge equivalence. In every
gauge equivalence class of translation-invariant connections there is
a connection VP + g, where a is a harmonic 1-form and VP a distin-
guished connection constructed from ). The form a can be interpreted
as a functional on IR". Also (weak) Z,-invariance will be introduced
in this section.

The Laplacian and Spectra From each connection one can construct a
Laplacian A := trace V? acting on sections. For the connections VP +a
the Laplacian shall be denoted by AY. The spectrum Spec,(Q, w) is
the set of eigenvalues of the Schrodinger operator AP + Q, where
Q € C®(M) is a potential. The w-Bloch spectrum is the collection of all
such spectra.
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Transplantations The negative results will be obtained constructively
by giving explicit transplantations. In Theorem 6.13 a map from
(I?(w), A? + Q) with Q(u,v) = p(u) to some simpler space (H, Dyp)
is given provided that the line bundle is rectangular. This transplan-
tation maps every section to finitely many of its Fourier coefficients
with respect to the v-coordinate. Those are sufficient to reconstruct
any section. In Lemma 6.19 two of those transplantations are joint
together to yield a transplantation from one torus to another.

Negative Results In this section I use the transplantations to prove the
following Corollaries of Theorem 6.13:

Corollary 7.1. For every even-dimensional rectangular flat torus
and every nondegenerate rectangular line bundle w over this torus
Spec(w) := Spec,(0,w) is independent of a and is called the spec-
trum of w.

Corollary 7.3. Forevery even integer n > 4 there exists an n-dimen-
sional flat torus M and two topologically distinct but isospectral
nondegenerate rectangular line bundles over M.

Corollary 7.4. For every even-dimensional rectangular flat torus M
and every nondegenerate rectangular line bundle w over M there
exists another nonisometric rectangular flat torus M and a nonde-
generate rectangular line bundle & over this torus with the same
Chern invariant factors such that (M, ) and (M, @) are isospectral.
Corollary 7.7. Let @ be a nondegenerate rectangular line bundle
over a flat torus M and let {U;, V;} be an orthogonal Chern basis. If
there is a j such that [|Vjl|/||Uj|| is rational but not equal to 1, then for
every translation-invariant connection there exist two isospectral but
noncongruent potentials on M. Those potentials can be chosen to be
analytic and Zy-invariant. In particular, the statement holds for any
nondegenerate line bundle over any nonsquare, two-dimensional
torus with a rational ratio of side lengths.

The expression of the transplantation in Corollary 7.7 can be simpli-
fied for a Z,-invariant connection and r; = --- = r,, = 1 such that it
does not contain any infinite sums.

Positive Results To contrast the negative results I will cite, without
proof, some spectral invariants which are used to show the following
results. Although a potential is in general not determined by a single
spectrum by Corollary 7.7, it is determined for line bundles with
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ry = -+ = 1y = 1 by the entire w-Bloch spectrum. However, parts
of the potential are determined by a single spectrum provided that
the corresponding connection is chosen appropriately:

Theorem 8.4. Every smooth potential on a fixed even-dimensional
torus with line bundle w whose Chern invariant factors are r; =
.-+ =1y = 1is uniquely determined by its w-Bloch spectrum.
Theorem 8.8. Let M be an even-dimensional torus with nondegen-
erate length spectrum, let w be a line bundle with Chern invariant
factors rq = -+ = 1 = 1 and assume a translation- and weakly
Zs-invariant connection is given, then the even part of a potential is
spectrally determined.

With sufficiently strong restrictions on the potential one may con-
clude that the potential is uniquely determined by its spectrum with

respect to any translation- and weakly Z;-invariant connection.
If one restricts to two-dimensional tori with nondegenerate length

spectrum, to line bundles with Chern invariant factor r; = 1 and
to the distinguished connection, then one can improve this result:
There are no nontrivial continuous isospectral deformations within
the space of smooth potentials. Also, if one is given two isospectral
potentials P and Q with real analytic odd parts such that the odd
part of one of them is one-dimensional, then P = Q or P = O, where

Q(x) = Q(-x).
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My work always tried to unite the truth
with the beautiful; but when I had to
chose one or the other, I usually chose
the beautiful.

Hermann Weyl

1 Sheaves and Cohomology

In this section I will briefly describe the language of sheaves used in
the next section to classify line bundles. In those two sections I largely
follow [GH94].

Definition 1.1. A sheaf ¥ on a topological space M associates to each
nonempty open set U C M an abelian group ¥ (U) and to each pair
of nonempty open sets V c U a group homomorphism pyy: F(U) —
¥ (V) such that

(a) foranytriple W C V C Uof nonempty opensets pyyw = pv.w © pu,v-

An element s € F(U) is called a section of ¥ over U. The maps pyv
are called restrictions and are written as sly = pyy(s). For any two
nonempty open sets U, V C M another two axioms are postulated:

(b) For all s € F(U) and t € F(V) with slyny = tluny there is an
re F(UUV)withry =sand rly = tand

(c) if se F(UU V) withs|y =0ands|ly =0thens =0.

Definition 1.2. A sheaf map f: ¥ — G on M is a collection of group
homomorphisms {fi;: F(U) - G(U) | 0 # U c M open} that commute
with the restrictions. A short sequence of sheaf maps

0FLgSH S0
is called exact if for every open @ # U c M
(@) fy isinjective,

(b) foreverys € ker gyand allp € U thereisaneighbourhoodp € V c U
such that s|y € im fy and




(c) foreverys € H(U)andallp € U thereisaneighbourhoodp € V. c U
such that s|y € im gy.

Definition 1.3. Let ¥ be a sheaf on M and let il = {U}}; be a locally
finite open cover of M. Then for p € Ny the group of p-cochains is
defined as

cF) =[] Fun--nu).
ig#e#iy
Denote the p-cochains s = {51 € F(Nier Ui)}
Latin letters. The coboundary operator is a map
6: CP(UL,F) - CPFLLF)  with

p+1

o k
(08)igeiy = Z(—l) Sio‘..{k...iﬁl|ui0m-~mu,»p+1 :
k=0

H—p 1’ like sections, by

Every s € im 6 is a coboundary and the group of cocycles is
ZP(0,F) == kerd.
A straightforward calculation shows that 6 o 6 = 0 and therefore that
6CP~1(U, F) c ZF (U, F). The factor group
HP (U, F) = ZP (U, F) /6CPH (U, F)
is the pth Cech cohomology of the cover W and the sheaf F .
Remark 1.4. An open cover B = {Vj} i is called refinement of the cover

U = {Uj}ier, written B < U, if there is map ¢: | — [ such that V; € Uy;
for all j € J. This map ¢ induces a map

o' P, F) > CP(B,F) with  (§78) e, = Spjggrj Vv, -

Two calculations show that this map is a chain map, which means that
it commutes with the coboundary operator, ¢* 0§ = 60 ¢*, and that
for another such map 1 one has a homotopy operator K: CP(2, ) —
CP~1(B,F) with

p-1

k
(KS)jpipr = D (=1 Sojor- i g s
k=0



between ¢* and ¢* that is 6K + K& = ¢* — ¢*. Thus, both maps induce
the same map in cohomology, which we denote by py ¢ : HP (U, F) —
HP (B, 7).

Definition 1.5. The set of locally finite open covers is directed by the
notion of refinement. The set of Cech cohomology groups is indexed by
this directed set and together with the maps py ¢ it forms a direct system
of groups, which means

P = idHP(uf) and PUW = PV O PUB for W<V <.

The pth Cech cohomology of the sheaf ¥ is defined to be the direct limit of
this direct system:

HP (M, ) = lim FP (1, F) ]_[HP u, 7—‘/

with FHP(U, F) 3 s ~ t € HP(B, F) if there is a refinement 2 of T and
U such that py s = pywt. Heuristically, the maps p are restrictions
of classes of cocycles to finer open covers of M and two such classes
are considered equal if they are equal on a sufficiently fine cover. The
group operation on the direct limit is defined by

[s] + [t] = [puws + pywt],

where s € HP(U,F) and t € HP(B,F) are representatives of the cor-
responding classes in FI? (M, ) and 20 is a common refinement of the
locally finite open covers U and B.

Remark 1.6. A sheaf map f: ¥ — G induces a map of cochains
[ OWTF) - UG),

which commutes not only with restrictions but also with the coboundary
operator 6 and thus induces a map in cohomology

PP (M F) > TP (M,G).

Definition 1.7 (Another Coboundary Operator).
Given an exact sequence of sheaves

05FLgSH S0




one can define another coboundary operator
6 HP (M, H) — P (M, F)
through diagram chasing:

o, F) — (1, 6) — 5= P, H)

| | |
Cp+1 (H, 7:) L> Cp+l (H,g) i> Cp+1 (11, (].{)

For each s € ZF (U, H) one can find a refinement ¥ of U and a cochain
t € CP(B,G) for which gt = py s and thus gét = 6gt = dpyps = 0
holds. This means 6t € ker ¢ ¢ CP*1(B,G). After passing to another re-
finement 2 one can find a cochain u € CP*1(W, F) with fu = py dt. In
particular, § fu = dpg wdt = 0 and, since f is injective, u € ZP+1 (W, F).
Define

6*[s] = [u] e HPFFY (M, F).

Considering all three choices made (that of a particular s, t and u) one
finds that 6" is well-defined.

Remark 1.8. The following sequence is exact:
0 i) L0 m,6) S o) & -
LS wrmE) L) S S

Proof. For example, im f* C ker g* follows from g* o f* = (go f)* =0
because the short exact sheaf sequence is exact. For any [t] € HP (M, G)
one has 0% o ¢g*([t]) = 0*[g(t)] = [u] with fu = 6t = 0. Due to the
exactness f is injective, u = 0 and im ¢* C ker 6*. Similarly, f* o &*[s] =
f*[u] = [fu] = [6t] = 0. The converse inclusions follow similarly. O



2 Line Bundles

In this section I will use the notion of sheaves and cohomology to in-
troduce the Chern class of a line bundle and I will show that every
isomorphism class of line bundles over a fixed manifold is uniquely
determined by its Chern class. Again, I follow [GH94]. For more infor-
mation about fibre bundles in general and vector bundles in particular,
see [Hus94].

Definition 2.1. Given a smooth real manifold M let A” be the sheaf
of smooth complex-valued p-forms on M and A" the sheaf of the mul-
tiplicative group of smooth nowhere vanishing complex-valued func-
tions on M, which means for every nonempty open set U C M

AU) = (F(U,C),+) and AU :=(C°(UC\0)}),").
Lemma 2.2. H(M, AP) = 0 for g > 0.

Proof. For every locally finite cover U = {U,};¢; of M there is a partition
of unity {p;}ie; subordinate to U, i.e. supp p; € U; and Y ;; p; = 1. For
s € Z9(U, AP) define

tiO"'iq—l = Z PiSiigig_y € ﬂp(uioﬂ <N Uiq_l ) ,
i€l
where every section PiSiigiy is extended onto U;;N---N Uiqfl by zero.
Note that the sum is well-defined as  is locally finite. By substituting

=0 into
q

q
(65)ii0~~~iq = SiOH.iq + Z(—l)]+15iio...{j.
j=0

6ti0"~iq = Z(_l)jpisiio,,,{]_,,,iq one obtains 6t = Z pis =s. ]

ij iel

Definition 2.3 (Picard group).
A complex line bundle A = (L, m, M) is a rank 1 complex vector bundle
nt: L — M. The Picard group

(Pic M, ®)




is defined as the set of isomorphism classes of line bundles with the
group operation given by the tensor product. This group is abelian, the
trivial bundle is the neutral element and the inverse of a line bundle A
is the dual bundle A".

Definition 2.4. If Il = {U;} is an open cover of M with trivialisations
gi: T (U;) » U;xC  of A, then

the transition functions ¢ = {g;;} € C' (U, A*) are defined by

(pioei™)p.2) = (P 8ij(p)2)
forallpe U;nUjand z € C.

Lemma 2.5. The assignment A — ¢ mapping line bundles to their
transition functions induces a group isomorphism

®: PicM —» H' (M, A).

Proof. First, @ is well-defined: For an arbitrary isomorphism class of
line bundles in Pic M choose a representative A and a trivialising cover
U of M. The corresponding transition functions g always satisfy

gij-gi=1 —and gy gi-&ij=1,
which means that 6¢ = 1. Therefore, these transition functions form a
cocycle and represent a class in H' (M, A*). If one chooses another set of
trivialisations {¢;} over U, then there is an f € CO(, A*) with @; = f; - @;
and the transition functions are given by

. fi . 3
8ij = f;-gi]' meaning g-of=g.

The two cocycles thus represent the same cohomology class.

For transition functions given over different covers one can use the
same argument after passing to a common refinement. To see that
isomorphicline bundles give the same transition functions just note that,
if F: A - A’ is a bundle isomorphism, then ¢; o F~! are trivialisations
for A’ with the transition functions g.



Second, ¢ is a group homomorphism: It is well-known that, if A and
A’ are line bundles with transition functions ¢ and g’ over a common
trivialising cover, then A ® A" has the transition functions {g; - g7;} and
the dual bundle A* has the transition functions { gz.‘].l}.

Third, ® is surjective: For a collection of functions {g;;} € ZH(u, )
over a cover U of M one can construct a line bundle by setting

L= (Hiuixc)/~,

with (U;NU;j) XC > (p,z) ~ (p, gijz) € (U;NU;) X C. This yields a line
bundle with the given cocycle as its transition functions.

Fourth, @ is injective: If all the components of a given cocycle are
the constant function 1, then the above construction gives a line bundle
isomorphic to the trivial bundle. O

Corollary 2.6. Since the Picard group is the image of the set FI! (M, A*)
under the function ®~!, the axiom schema of replacement of the set
theory of Zermelo and Fraenkel states that Pic M is indeed a set.

Theorem 2.7. Thereis a group isomorphism between the isomorphism
classes of line bundles over M and the cohomology group of the constant
sheaf Z on M

c: PicM —» H2(M, 7).
Proof. It is sufficient to prove that there is a group isomorphism be-

tween H! (M, A*) and H?(M, Z). Such a map is obtained from the short
exact sequence of sheaves

2ri.
0—Z— A P ) A -0, which gives the exact sequence

s M, AN S M, A S TR(M, Z) - TR(M, A0) — -

Since FH(M, AP) = 0 for all § > 0 by Lemma 2.2, the obtained function
Y := 0" mustbe anisomorphism. Setc := Yo ® with P asin Lemma2.5.0

Definition 2.8 (Chern class).
The first and only Chern class of a line bundle A is defined as

c(A) e HAX(M, Z).




Since c is a homomorphism, one has for any two line bundles A and A’
and the trivial line bundle 61%4 (all over M) that

c(A®XN)=c(A)+c(X), c(X)=-c(d) and c(6;)=0.

Also, the Chern class is natural, which means that if f: M — N is a
smooth map between two manifolds and A is a line bundle over N, then

c(f'A) = fc(A)  Dbecause the diagram

(M, A) —~—>T2(M, Z)

T
FY(N, A") —X~F2(N, Z)
is commutative.
Theorem 2.7 shows that the line bundles over any smooth manifold
are classified by their Chern classes. The next Lemma gives an inter-
pretation of the Chern classes as de Rham cohomology classes and it

yields a connection of those classes to the geometry of the line bundle.
To formulate this Lemma the following Definition is needed.

Definition 2.9 (Curvature form).

If £ is a vector bundle over M, let AP (&) be the sheaf of smooth &-valued
p-forms. Every section of AP (&) over some open set U C M is a linear
combination of sections of the form a ® s, where a € A” (U) is a p-form
on U and s € §(&)(U) a section of & on U. A connection V can be
interpreted as a sheaf map

dV=v: A(E) - A8).

This sheaf map can be extended to a sequence of sheaf maps
dV: AP (&) - APTL(E) by demanding that
dV(a®s) :=da®s + (-1)Pa AVs

holds for every open set U and all p-forms a and all &-sections s on U.
In contrast to the usual exterior derivative d this sequence need not
be exact. If e := {e;} is a local frame of the vector bundle & over some

8



open set U C M, then one can locally define a curvature matrix k¥ on
UbydVodVe, =Y jij - ej. Each component of this matrix is a 2-form,
Kij € A%(U). If ¢is another frame over another open set I ¢ M and if g is
the corresponding matrix of transition functions, i.e. & = Y.; gij -ej, on
UNnU,then® = g-x-¢g ' on UNU. If £ is a line bundle, then those local
curvature matrices consist of only one 2-form satisfying & = x. Thus,
the local curvature forms patch together to give one global curvature
form of the connection V.

The curvature form can be calculated from the connection as follows:

Remark 2.10. If £ is a vector bundle over M and ¢ a frame over some
open subset U C M, then the connection matrix 6 of a connection V is
defined by Ve; =} j 0i; ® ej and one has the Cartan structure equation

k=dO0+6O6A0 With(@/\@)iji=zk6ik/\6kj.

On line bundles the connection matrix consists of a single 1-form and
this equation simplifies to x = d@. Analogously, if € is another frame
over U ¢ M and g the corresponding matrix of transition functions,
then

6=dg-g'+g-0-g7",
which simplifies to  — 0 = dg/g in the case of line bundles. See [GH%,
Chapter 0.5] for details.

Lemma 2.11 (Cech-de Rham isomorphism).
There is an isomorphism FF (M, R) = Hfx (M) and thus an inclusion

H (M, Z) — Hix (M) .
Under this inclusion one may write

c) =[5+

2mi

where Hfx (M) is the pth de Rham cohomology on M and « is the
curvature form of any connection on A. In particular, the curvature
forms of any two connections are cohomologous.




Proof. In analogy to the definition of A’ let ZP be the sheaf of closed
differential p-forms. Thus, Hfx (M) = ZF(M)/dAP~1 (M) and one has
ZP(M) = HO(M, ZP): If s = {s;} is a cocycle over an open cover {U;}
representing an element of H’ (M, Z”), then the closed differential forms
s; on U; patch together to give a closed differential form on M,

0 = (6s)ij = silunu; = silunu; -

Conversely, every element of ZF(M) gives a cocycle over every open
cover and all those cocycles represent the same element of H’ (M, Z7).
Together with the analogous isomorphism for A” one obtains that
HEx (M) = HO(M, ZP)/d*HO(M, AP~1). Therefore, it suffices to show
that the last group is isomorphic to the Cech cohomology of the constant
sheaf R on M.
For every p > 0 the sheaf sequences

0—>Zpin;>dﬂpi>zp+1—>0

are exact by the Poincaré lemma, which yields a long exact sequence

s M, A S (M, Z077) -
F91 (M, 2P0 S e (v, ApT) s
Since H¥(A') = 0 for any k > 0, the following groups are isomorphic:
HO(M, ZF)/d"HO (M, A1) = ' (M, ZV 1) = - = P (M, Z°),

if p > 0. But for p = 0 this is trivially true as A1 := 0. Thus, HE (M) =
HP (M, Z°) for p > 0.

For an open cover U consisting of connected open sets one has
CP(U,Z°% = CP(U,R). Every open cover has such a cover as a re-
finement, which shows that FIP (M, R) = H? (M, Z°) = HE (M).

To see the form of the inclusion Remark 2.10 is needed. Let A be aline
bundle over M with a trivialising cover U = {U;} consisting of connected
U; and trivialisations @; over those U;. Every e;(x) = ¢; ! (x,1) forx € U;
is a frame of A over U; and each transition function g;; of A is also the
transition function of the corresponding frames ¢; and ¢}, i. e. gjje; = e;.
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Further, every connection V on A is given by its connection forms 6;.
Those 0; are 1-forms on the corresponding U; C M and satisfy

0;j—0;i= _gi_jldgij = —d(loggij) on U;NUj.

Remark 2.10 also states that x = d6; on U,;.
In the case p = 2 the Cech-de Rham isomorphism is induced by the
two exact sequences

0—>Zlf—>ﬂ1£>Z2—>0 and 0—>z0;>ﬂ03>z1—>0,

which give two coboundary operators

. g & . 8
HO(M, Z%)/d'H'(M, A') S H' (M, Z') and H'(M,Z') 3 H2(M,R).
Using 0; — 0; = —d(log g;j), * = d0; and (see the proof of Theorem 2.7)

c(A)ijk = Yo @(A)ij = (6 0 exp(2mi-. )—1g)ijk

1
= 5 (log gij —log gix + log i)
those coboundary operators evaluate as follows:
5367 () = 85 (60d k) = 55(16, - 63}) =
o d_l({G]' -0} = {—(logg]-k —log gix + loggij)} = 2mi-c(A).

Here f~!(y) for a nonbijective map f: X — Y is not the preimage of y
but any element x € X with f(x) = y. ]

The Chern class seen as a de Rham cohomology class is not only
given by the curvature of an arbitrary connection but is also represented
by a unique harmonic 2-form:

Definition 2.12. If the manifold M is closed and oriented, then there
exists the Hodge-operator + and one can define an operator d* =
(=1)"P+n+l + d+ mapping p-forms to p—1-forms. The Laplace-Beltrami
operator is given by

ALB 3=d*0d+d0d*.

A p-form w is called harmonic if Ajpw = 0. Details can be found in
[War83, Chapter 6].
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Conclusion 2.13. The line bundles over a given closed and oriented
manifold M are classified by their Chern classes in FI?(M, Z) — HZ (M)
and by Hodge decomposition, [War83, Theorem 6.8], every de Rham
cohomology class contains one and only one harmonic representative.
This means that ¢(A) = [Q)], where () is a harmonic 2-form.

3 Flat Tori

To facilitate calculations I will from now on consider only very simple
closed manifolds: flat tori. Additionally, the line bundles over those tori
will be assumed to have nondegenerate Chern classes. This demand
will require the dimensions of the tori to be even.

Definition 3.1 (Lattice).

If (Wy,...,W,) is a basis of R", then £ = Z(Wy,...,W,) is called a
lattice. The unit cell of the lattice £ with respect to a given basis is the
compact set {Y; a;W; | a; € [0,1]}.

Definition 3.2 (Flat torus).
A lattice £ forms a group and acts on R” via the addition +. Every
translation by some [ € L

T:R'sx—1+xeR"
is an isometry and thus £ is a group of isometries acting on IR". Let
g R"—> L\R" == M

be the projection. There is exactly one metric (., .), on M such that 7t is
a Riemannian covering, where R" is equipped with the standard metric
(.,.). The Riemannian manifold (M, (., .)) is called flat torus.

Proof. M is a manifold because .L acts smoothly, freely and properly
on R", confer [Lee02, Theorem 9.19].

The map 7t is a smooth covering and therefore there is a neighbour-
hood U for every [x] € M such that U is diffeomorphic via 7, to an open
set V in R™ The choice of V is not important because the translations
are isometries. Then, the metric (., .), can and must be defined as

X, Yy = ((dnﬁ)[—ﬁx, (dni)[—xm for X, Y € Ty M.

12



This metric is smooth because 7/ is a diffeomorphism on V, in particular

it is a chart for M. In this chart the coordinate vector fields are 8%"1\/1 =
92

dmg#% and thus

0 J ..
<8_xiM' 8_fo>L = 0jj foralli,j=1,...,n.
Hence, (., .) is indeed a flat metric. O

Remark 3.3. Every flat torus is closed and orientable. Therefore, the
Laplace-Beltrami operator Arp exists and by Conclusion 2.13 every line
bundle over a flat torus is represented by an harmonic 2-form.

Definition 3.4. Every translation T, on R” by an x € R” descends to an
isometry on the torus. A differential form is called translation-invariant
if it is invariant under the group of those isometries.

Lemma 3.5. A differentiable form on a flat torus is translation-invariant
if and only if it is harmonic.

Proof. Obviously, every translation-invariant form is also harmonic.
Since M is closed, Green’s formula reads

f(gradh,gradf) —h-ApfdV=0  forallh feC”(M).
M

For a harmonic function f and / := f one obtains fMIIgrad f IPdV =0
and thus grad f = 0. Hence, f is translation-invariant.

Now, let w = Zi1<~~~<i,, a),-ll_,_,ipdxil A---Adx bea p-form in the stan-
dard local coordinates. One can check by a tedious calculation that

Arpw = Z (ALB@i,..,i,) dXTA - Adx? .

i1<'-~<ip

Thus, if @ is harmonic, so are its components. This means that the
components and therefore w itself are translation-invariant. O

Remark 3.6. Let {¢;} denote the standard basis of R” and (x}, ..., x") the

corresponding coordinates. If U C IR" is the interior of a unit cell, then

the standard coordinates descend to coordinates on 7t (U) and thus one
2

obtains a basis {9_xi} on every T,M with x € U.
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A translation-invariant p-form A on M is already defined by any
single Ay: T.MP ? R. When identifying the tangent space T.M with

R™ via the map =%  ¢;, one can identify the translation-invariant p-

form A with an antisymmetric p-linear map on R".

This identification will be of great importance later in this work
because I will study connections which are determined by harmonic
forms. Before that the following observation about the harmonic repre-
sentative of a Chern class will be very useful.

Lemma 3.7. If Q) is the harmonic representative of [Q] € H?(M,Z),
then () can be considered as an antisymmetric bilinear map R”xR"” — R
with Q(Lx L) C Z.

Proof. Two linearly independent lattice vectors [,k € L span a paral-
lelepiped in IR™. Its projection P ¢ M is a closed 2-chain in the singular
homology of M. The class [(Q] can be seen as an element of the corre-
sponding cohomology and one can show that the de Rham isomorphism
is given by integration. Thus:

A,k = [0 = [0)p) ez
P
Confer [Lee02, Chapter 16] or [War83, Chapter 5]. O

Lemma3.8. If O: R"XR" — R is a nondegenerate antisymmetric
bilinear map with Q(L x L) C Z, then n = 2m is an even integer and
there exists one and only one tuple (4, ...,7,) € N" such that

(a) there exists a lattice basis B := {Uq,..., Uy, V4,..., V) of L with
Q(ui,V]’) =17 61']' and Q(ui, u]') = Q(VI,V]) =0 for i,j = 1,. .., m,

®) rilrp || rm.

If{ul...,um oL ..., v"”} are the coordinates corresponding to the ba-
sis B, then ) = ) ; r; du’ A dv'. The integers r; are called Chern invariant
factors and every such basis B shall be called Chern basis.

Proof. For every U € L the set ay = {Q(U, V)|V e L} C Zisan
ideal and, since Z is a principal ideal domain, a;; = dyZ. Since Q)
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is nondegenerate, one can assume dyy > 0 for U # 0 and thus r =
min :du |Ue .E\{O}} > 0. Choose U; and V; such that Q(Uy, Vi) = 1.

By construction r; divides both Q(U, U;) and Q(U, V) for every
U € L; in particular

Q(U, Uy) Qu, vy)
Vi—
" "

u+

Uy € Ly,

where £,,_; is the orthogonal complement with respect to Q of Z(U;, V1)
in L. This means that £ = Z(Uy, V;) & £,,—; and that £, is a lattice of
dimension n—2in Z(Uy, V})*+ = R- £L,_», where L is to be understood
with respect to Q).

The restriction of () to R-L,_, is again nondegenerate, and re-
peating this process with £,,_, inductively gives a tuple (rq,...,) of
integers with the corresponding lattice basis (Uj, ..., Uy, V4,...,Viy). In
particular, n = 2m is even.

Now assume (without loss of generality) that 1 { 72, i. e. there is an
a € Z such that 0 < rp —ary < ry. This implies

0< Q(Uz, Vz) —lZQ(Ul,Vl) =
QU Vi + Vo) —aQ(Uy, Vi + Vo) = Q(Up —ally, Vi + V3) <11,

which contradicts the choice of 7.

It remains to show that the tuple r is unique. Let O :== QA --- A Q.
This is an alternating 2i-linear form and, if one chooses pairwise distinct
indices k1, ...,k; € {1,...,m}, then

Qi(ukl,Vkl,. cey Uki,Vki) =il Ty = Tk; -

When applied to any other combination of 2i vectors in {U;, V;} the form
vanishes. Therefore, for every 2i-tuple (Wy,...,Wy;) € L% there are
integers fy,..x, with

QW Wai) = Y| Bryek, 11 Ty T -
k1<'“<k1‘

Since rq | - -+ | 1, the product i! - rq- - - r; divides all summands and there
is a suitable N € IN with [Q/(Wy,..., Wy;)| = il -7{---7; - N.

This means i! - r1- - - 7; is the minimum of the nonzero values of ||
on £2. This characterises the invariants r; of Q. O
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Conclusion 3.9. Line bundles over a given manifold M are classified,
up to isomorphism, by their Chern classes c(1) € H>(M, Z), and on flat
tori those classes can be identified with antisymmetric bilinear maps ()
on R"x IR" taking integer values on the lattice. If this map is nondegen-
erate, then the line bundle is said to have a nondegenerate Chern class or
just to be nondegenerate. In this case one also obtains a normal form of
Q.

In the following this normal form is used to construct an explicit rep-
resentative for every isomorphism class of nondegenerate line bundles
over a given flat torus.

Definition 3.10. For any given class [Q] € H?(M,Z) use its Chern
invariant factors r; and a fixed Chern basis B to define for x, y € R":

wy(y) = 2 rad ()0 (y)  and  ex(y) =2 W) e U(1),
i=1

where {1}, '} are the coordinates corresponding to the Chern basis. Also
define an action of the group L on the total space R" X C of the trivial
line bundle 6! over R" via

I.(x,z) = (I+x,¢(x) z) forle L,xe R"andz € C.

Define a bundle w = (Ly, 1w, M) over M by setting L, := L\(R"xC)
and 7,: Ly 3 [x, 2] — [x] € L\R" = M.

Lemma 3.11. w is a Hermitian complex line bundle over M, where the
Hermitian structure is induced by the standard Hermitian product of
the trivial bundle. Moreover, @ pulls back to the trivial bundle over R"
under the canonical projection R” — L\IR". The Chern class of w is [(].

Proof. There are local trivialisations such that the structure group is
the unitary group U(1): For every [x| € M there is a neighbourhood U
which is evenly covered by riy, i.e. /N (U) = Ujep !+ V, where V
is diffeomorphic to U via 7ty and all [ 4 V are disjoint. Now, for every
class [y] € U there is a unique lift y € V. Define the trivialisations as

ty: Lolu 2 [y,z] — ([y],z) e UXC.

16



For another trivialisation ty» one may assume that g (V) = g (V') = U
and thus that V+1 = V’ for an | € L. Therefore, one obtains

tyr oty ([y],2) = [yl a(y) -2),
which proves that the transition functions are given by
tyy: UNU 3 [y] - ¢(y) € U(L).

Also, one can define a Hermitian metric on w through the local trivi-
alisations and those local metrics are independent of the choice of the
trivialisation function and thus give a global metric.

The claim that  pulls back to the trivial bundle means 7" (w) = 6!
and is obvious from the commuting diagram

R"x C —> L\(R"xC)

lngl lﬂw

R" L\R" and from

1 (LR X C)) = {(x, [y,2]) [ me(x) = mo([y, 2])} =
{(x,[x,z]) [ xeR" ze C} = R"*XC.

s

The Chern class ¢(w) will be computed at the end of this section. O

To clarify calculations I will introduce some notations relating sec-
tions to functions. Also, a model connection on w will be distinguished.

Definition 3.12. A section s € §(0!) of the trivial line bundle 6! over
R" has the form s(x) = (x, f(x)) with a function f € C*(R", C). Define
an isomorphism

f: 8(0') 35+ feC°(R"C) with inverse

s: CO(R",C) > f - (., f() € §(0").
Remark 3.13. Given a group G acting on two spaces X and Y a function
f: X — Yis called G-equivariant if g- f(x) = f(g-x) for all x € X and

¢ € G. The group also acts on the set of functions Fun(X,Y) = {f: X —
Y} via

(82f)(x) =g f(g7"x).
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Thus, a function is G-equivariant if and only if it is G-invariant under
this action. If F ¢ Fun(X, Y) is an arbitrary set of functions from X to Y,
denote the subset of G-invariant functions by
FC:={feF|gaf=fforallgeG}=
{feFlg-f(x)=f(g-x)forallge G, xeX]}.
Definition 3.14. The group L acts on the vector fields X(R") via
1+X =T, Xr,.

A vector field on R” descends to a vector field on M if and only if it is
L-invariant. There is an isomorphism

X(M) - X(R")L.
Remark 3.15. Note that the group £ acts on the sections of 6! via

(l_ns)(x) =l.s(x-1)= (x, er(x) -fs(x—l)),

because w;(x — 1) —w;(x) = —w;(l) € Z and thus ¢;(x — 1) = ¢;(x). Also,
one can define an action of £ on C*(R", C) by setting

(l_nf)(x) =e(x)- f(x=1).

Those two L-actions are the same actions in the following sense: Sec-
tions of w pull back to L-invariant sections of 6! under 7, and those
correspond, via f, to L-invariant functions. Conversely, every such
function gives an L-invariant section via s and thus a section of w.
There is an isomorphism

fo i=fomg": E(w) — C°(R"% C)L.
Denote its inverse by s,.

Proof. The diagram on page 17 shows that the pullback s* of a given
section s € &(w) is the unique section of O with os* = som,. Thus,
mos*(x) = mos*(x+1). This means that there exists a k € £ with
k.s*(x) = s*(x+1). Since s is a section and satisfies 7, os* = id, this k
mustbe I: [.s*(x) = s*(x +1). Hence, s* is L-invariant.
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If one is given an L-invariant section s* € &(0'), then one obtains a
section s € §(w) by setting s([x]) := 7 0 s*(x). This is well-defined:

s(fx+1)) =mnos*(x+1) =n(l.s'(x)) = mos™(x) =s([x]). |

Definition 3.16. For every complex-valued 1-form A on IR” one obtains
a connection on the trivial bundle 0! over R" by setting

Vi=d+A4, which means that for any vector field X € X(R")
(sz)(x) = (x, X (fs) + Ax(X) -fs(x)) for every s € £(0).
Also, every connection on 0! has this form. A connection V on 60!
descends to a connection on w, also called V, if and only if it maps

L-invariant sections to L-invariant sections. More precisely, for every
s € 8(6")f and X € X(R™)£ the connection must satisfy

(Vxs)(I+x) =1.(Vxs)(x)  forallxe R"and € L.
Lemma 3.17. V descends to a connection on w if and only if
T'A = A - 2niw, foralll e L.

Proof. Note that using the canonical isomorphism identifying R” with
all its tangent spaces one can consider w; as a function and as a 1-form
on R" and for X € X(IR") one has X(w;) = w;(X). Assuming A satisfies
the given equation one has for s € (01, X € X(R")£ and x € R™:
Ag(X) - (s 0 Ti(x)) = (T7A)x(X) - Ts(x) -er(x) =

e1(x) - (Ax(X) - Ts(x) — fs(x) - 2mizoy (X))
and with

Xy (18) = Xe(fs 0 T}) = Xe(ey - Ts) = ey(x) - (Xx(fs) + s (x) - 27inoy (Xy))

it follows that Vys is L-equivariant:

f((Vxs) o Tp) = X7, (fs) + Ag(X) - (fs o T})
= ¢+ (X(is) + A(X) - fs) = (1. Vxs).

Reasoning backwards gives the converse. O

19




Lemma 3.18. A connection is compatible with the Hermitian product
on the trivial bundle 6! if and only if the 1-form A is purely imaginary,
i.e. Ay(X) €iR for all x € R"” and all X € T,R".

Proof. Compatibility with the Hermitian product means
X(s,t) = (Vxs, 1) + (s, Vxt)  foralls,t € &(O') and X € X(R").

The right hand side is equal to X(fs) - ft + fs - X(ft) + (A(X) + A(X)) :
fsft = X.(s, t) + fsit - (A(X) +A(X)). Thus, compatibility is equivalent to

A(X) +A(X) = 0. o

Definition 3.19. For convenience let us define a distinguished connection
VP on w through

AP = omiw, for all x € R"™.
This connection is Hermitian.

Proof. Since all tangent spaces of R" can be identified, the equations
ALY = —2niwr, = —2miwy — 2niw; = A - 2miw,
are meaningful and thus VP induces a connection on w by Lemma 3.17.0

This connection is very useful as every connection on w is equal
to this connection plus some 1-form on the torus. But before studying
this, the distinguished connection will be used to calculate the harmonic
representative of the Chern class of w.

Lemma 3.20. The Chern class c(w) is represented by ().

Proof. Under the Cech-de Rham isomorphism (Lemma 2.11) the Chern
1

class is represented by —5-%, where x is the curvature form of any
connection on w. Let e be a local frame of the trivial bundle 6! over
R" such that d(fe) = 0. The connection form of the distinguished
connection with respect to this frame is AP and the Cartan structure
equation (see Lemma 2.10) yields

m

k =dAP = —27‘[12 T du' A dov' = —27iQ).
i=1 o
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4 Connections

The Laplacians and their spectra considered later will be constructed
from connections on w. Thus, it is important to know those connec-
tions. Their number can be reduced by excluding some of them from
our considerations and by introducing an equivalence relation on the
remaining ones. The classes of this equivalence relation will have very
simple representatives.

Remark 4.1. Every connection V on the line bundle w has the form
V=VP+B  with B=a+db+d¥,

where VP is the distinguished connection and B is a 1-form on M split
up by Hodge decomposition into a direct sum of a harmonic 1-form a,
an exact part given by a function b € C*(M, C) and a coexact part given
by a 2-form c. If the connection is Hermitian, then B as well as 4, b and
c are imaginary-valued.

Proof. The Leibniz rule yields (V— VD)( fs) = f(V— VD)S for every
f € C®(M,C) and every section s of w. Hence, V— VP is a C*-linear
operator and thus (V-VP) € Q!(EndL,). Since w is a line bundle,
every endomorphism on the fibres is just a complex number, i.e. V-
VP = B € OQY(M,C). If V is Hermitian, B must be imaginary. As
the Hodge decomposition is valid for the real and imaginary parts
separately, 4, b and ¢ must also be imaginary. O

Corollary 4.2. In particular, the form B can be pulled back to a form
in O'(R”, C) with T;'B = B. Conversely, for every such form AP + B
is a form with T;*(AP + B) = AP + B — 2riw; and this means that the
connection d + AP + B on 6! descends to a connection on w, namely
V. Therefore, there is a bijection between the connections on w and the
L-invariant complex-valued 1-forms on R".

Definition 4.3. A connection V on a line bundle A over M is called
translation-invariant if its curvature form is invariant under translations.

This is not a meaningless definition; there are translation-invariant
connections on every nondegenerate line bundle over any even-dimen-
sional torus: At the end of the previous section it was shown that the
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curvature form of the distinguished connection is —27i(2, which is by
definition harmonic and hence translation-invariant.

Remark 4.4. All translation-invariant connections have the same cur-
vature form.

Proof. If x is the curvature form of a translation-invariant connection
V and «P the one belonging to VP, then ¥ = xP + da with some a €
Q'(M, C) since all curvature forms are cohomologous. As both sides
are translation-invariant, they are harmonic by Lemma 3.5 and thus
Arg(xP + da) = 0. Since the curvature form of the distinguished con-
nection is —2mi(}, which is by definition harmonic, this gives Afgda = 0
and hence d*da = 0 and (da, da) = 0, because d” is the adjoint of d with
respect to the inner product (a, f) = fM a A, see [War83, Chapter 6].
Therefore, da = 0. ]

Proposition 4.5. A connection V = VP + Bon w is translation-invariant
if and only if the coexact part of B vanishes, d*c = 0.

Proof. By the Cartan structure equation (Remark 2.10) both curvature
forms differ by dB = dd’c. If the coexact part of B vanishes, both
curvature forms are equal and V is translation-invariant, because VP is.
Conversely, if both connections are translation-invariant, they have the
same curvature form and thus dd*c = 0. From this and d*d*c = 0 it
follows that d*c is harmonic. By the Hodge decompositiond’c =0. O

Definition 4.6. A bundle automorphism F of a line bundle A is a bundle
map such that: If s € (A1) is a smooth section, then F os a smooth
section and F is a linear automorphism on each fibre of A. If A is an
Hermitian line bundle, then a bundle automorphism F of A is called
Hermitian if F is an isometric automorphism on each fibre.

Definition 4.7. Two connections V!and VZ?on a Hermitian line bundle
A over a manifold M are gauge equivalent if there is a Hermitian bundle
automorphism F which intertwines the two connections:

VxoF=FoVyz  forall X € X(M).
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Gauge equivalent connections will have the same spectrum and
it will therefore be sufficient to consider only one preferably simple
representative of each gauge equivalence class.

Definition 4.8. The dual lattice £’ c (R")’ of the lattice L is the set of
all linear functionals on R” with integer values on L. If (WL...,W")is
the dual basis of a basis (W1,...,W,,) of L, i.e. WZ(W]-) = 0;j, then

L =7ZW,...,W"
and therefore £’ is indeed a lattice in (IR")’".

Proposition 4.9. The gauge equivalence class of a translation-invariant
Hermitian connection V.= VP + B = VP +a+ db is independent
of the function b € C*(M,iR) and depends solely on the class [4] €
(2miL)\i(R")".

Proof. Given a connection V¥ = VP + 4+ db define a bundle map
Fp: @ — w through L, 3 [x,z] = [v,e”?@Wz] € L,, which is a well-
defined Hermitian bundle automorphism with inverse F_;. Using this
automorphism one can construct a new connection V := FyloVboF,
satisfying

Vs = F;loVP(e™ls) = Fyl(de ™ s +e7Vls) = —db-s + VPs = VP +4

for every s € &(w). Thus, every translation-invariant connection V? is
gauge equivalent to a translation-invariant connection whose form has
vanishing exact part.

As L’ are the functionals on R" with integer values on £, one can
argue similarly: For a € 2niL’ there is a well-defined Hermitian bundle
automorphism F, via L, 3 [x,z] - [x, e_”(x)z} € L, and a new connec-
tion F,{l oVbo F,, which differs from \vd by da = a. (The differential of
the function a: R"” — R is equal to the harmonic form a.) o

Definition 4.10. Define an involutive isometry “: R" — R" by setting
¥ := —x. This map descends to an involutive isometry *: M — M of the
torus M. Define a map on the smooth functions C*(R”, C) by setting
f(x) := f(¥). This map descends to a map on the functions on the torus
M and can also be used to construct an analogous map on the smooth

sections &(w) of the line bundle w by setting § = s,((f»s) ). Further,
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denote the push-forward of X € X(M) under the isometry * by X, which
means Xy (f) = Xif.

Using the involutions on X(M) and &(w) one can construct an invo-
lution on the set of connections on w: For any connection V on the line
bundle w set

Vxs = (Vg§)  forall X € X(M) and every section s € E(A).

A connection V on the line bundle w over M is called Z,-invariant if
V=V. A connection is called weakly Z,-invariant if V~V with respect to
gauge equivalence.

Proof. The map §(w) 3 s - § € E(w) is well-defined because (f,s) is
L-invariant: For all x € R" and [ € L one has

(fws) (x +1) = fws(=x = 1) = fws(=x) -e_i(=x) = (fus) (x) - ei(x)

Also, one has to show that Vis indeed a connection. All involutions ”
are C-linear and thus Vis C-bilinear. For all f € C*(M,C) and s € &(w)
one has (fs) = f§and (Xf) = X(f). If f is real-valued and X € X(M),
then (fX) = fX and hence

Vxfs = (Vf8) = (XF) + f(V) = X(f) + f-Vxs  and

Vixs = (Vﬁ(s?)v = (fVg¥) = f-Vxs  forall real-valued f.
Thus, Vis indeed a connection. m]

Lemma 4.11. A translation-invariant connection VP + 2 with a har-
monic imaginary-valued 1-form a is Zs-invariant if and only if a = 0.
A translation-invariant connection VP + a is weakly Z;-invariant if and
only if a(L) C niZ.

Proof. By Remark 4.1 every connection on the line bundle w has the
form VP + a4 + db + d*c, where a is a harmonic imaginary-valued 1-form.
For a translation-invariant connection d*c vanishes by Propositions 4.5
and its gauge equivalence class is independent of b by Proposition 4.9.

Assume one is given a connection V = d 4 A with some 1-form A on
M and an arbitrary tangent vector X, € TyM at some point x € M. Any
tangent vector can be extended to a translation-invariant vector field on
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M: Xy = Ty—x. Xy, where T, is one of the translations acting on M with
x — y. With this vector field one has for any section s = s, f € &(w)
that T, (Vxs) (x) = Xy (f) + Ax(X) f(x) and

To(Vxs) (x) = fu( Vi) (¥) = Xa(f) + Ax(X) (%) = Xx(f) + A (-X) f (2).

Therefore, the connection d + A is Z-invariantif and only if A, (X) =
A_x(=X). By Definition 3.10 and Definition 3.19 one has AQ(X) =
AP (=X), which implies that the distinguished connection is Z,-invar-
iant. Thus, a connection VP + a for some harmonic imaginary-valued
1-form a is Zp-invariant if and only if a,(X) = a_x(-X) = ax(-X),
because every harmonic 1-form on a torus M is translation-invariant.
Hence, VP + a is Z-invariant if and only if a = 0.

To prove the second claim note first that (VP + a)xs = VPs + a(X)s.
This implies with a(X) = —a(X) that a connection VP + g is weakly
Z;-invariant if and only if there is an Hermitian bundle automorphism
F: w —» w with

Flo(VP+a)oF =VP-g.

Every Hermitian bundle automorphism on w has the form Flx,z] =
[x, e2i(@()+h(x)) . 7] for all elements [x,z] in the total space L, of w, see
Definition 3.10. Here @ € £’ and h is an L-periodic function on R" and

F7lo (VP +a) o Fs = Fls,(d (e ) 4 (AP 4 2)e?™(* 1) f) =
so(df +2mi(da + dh) f + (AP + a)f),

where f = f,s. Since the exterior differential of the function @ € C*(R")
is equal to the harmonic 1-form a, da = a, the automorphism F inter-
twines the connection VP + 2 with the connection VP + a + 2ri(a + dh).
It follows that VP + 4 is weakly Zj-invariant if there are an o € £” and
an L-periodic function & € C*(R") with a + 2ni(a + dh) = —a. By
Hodge decomposition di must vanish and therefore VP + a is weakly
Zy-invariant if and only if 2 = —mia € wiL'. |

Remark 4.12. Note that the distinguished connection VP is the unique
(up to gauge equivalence) translation- and Zj-invariant connection
on w. However, there are 2" different gauge equivalence classes of
translation- and weakly Z-invariant connections.
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5 The Laplacian and Spectra

In this section I will construct the Laplacian of a connection, introduce
potentials and define their spectra.

Remark 5.1. Let VIC denote the Levi-Civita connection over the flat
torus (M, (.,.)z). Generally, a connection on a vector bundle & over M
may be seen as a map

Ve E(E) - E(TMeE).

With the help of the Levi-Civita connection one can construct a connec-
tion VI'™ on the cotangent bundle T'M via

(VEMu)(Y) = X.p(Y) = p(VEY)
and a connection VI'™®¢ on the product bundle T'M ® & by setting
T*M . Yy
Ve " (uen) = (Vg M) @n+ue (Vin).
With those connections one has a “second derivative”
V2 = yIMee vyt which satisfies

(VM0 VEs)(X, Y) = Vg o Vys = Vi s
X

for all X,Y € X(M) and every section s € E(&).

Proof. If {X;} is a local frame of TM and {w;} its dual frame, then
Ves = Yiw; ® Vg s. The product rule for the covariant derivative on
tensor products yields
n
VIMee o yég — Z((VT*MCUZ') ®V§s + w; ®V5(V§s)) and thus
i=1
n
" 3 &
(VT Mt g V'SS)(Xk, Xl) = Z —a)i(V)%kCXl)Vis + V;(k o VX[S
i=1
n

_ vé € o . & LC N V23 € o _vé
= Vi oVis Z;(wl ® Vg s)(VECX)) = Vg o Vys VV}%EXIS
i=

Both sides of this equation are C*(M)-linear in X and in X;. Hence, this
equation holds not only on the local frame {X;} but forall X, Y € X(M).o
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Remark 5.2. Given a connection V on the line bundle & let

D} = (V3(X;, X;))

ij=1wn

be the matrix of V2 with respect to the local frame X = {X;}. The entries
of this matrix are the maps

Vg 0 Vi = Vi, 8(8) = E(8).

v;kcxl ’
If Y = {Y;} is another local frame with transition matrix A, i.e. Aisa
matrix-valued function on M with X, = A,Y, for all x € M, then the
C*(M)-bilinearity of the map (X,Y) - V?(X,Y) yields D = ADZAT.
In particular, trace D)% = trace D%ATA and thus there is a well-defined
trace of V2 for all O(n)-classes of frames.

Definition 5.3. Every connection V* on a line bundle A over a flat torus
M yields a Laplacian A acting on the sections of the line bundle A. The
Laplacian

A:E(A) —» E(A)  isdefinedby A = —trace V2
with respect to the class of orthonormal frames. If X is such an or-
thonormal frame, then the Laplacian satisfies

n

A=- Z(VQ,' © V)/}i - V%CXI‘) ’
i=1 i

If one additionally assumes that the frame field is translation-invariant,
then V)]Z_CXi = 0, since (M, (., .)) is flat, and thus

n
— A A
A=-) VioVi.
i=1

Remark 5.4. The definition of the Laplacian via orthonormal frames
will be the reason for considering only rectangular tori and only line
bundles with rectangular Chern basis over those tori in the section about
negative inverse spectral results.
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Definition 5.5. Every Hermitian connection V on the line bundle w
constructed in Definition 3.10 can be pulled back to a connection d +
A on the trivial bundle 0! with an imaginary-valued 1-form A. The
corresponding Laplacian on w shall be denoted by A4. If A = AP + 4,
where AP is the form of the distinguished connection and 4 a harmonic
1-form (see Definition 3.19 and Remark 4.1), abbreviate AY := Ayp , .

Remark 5.6. The notions of Laplacians on @ and 6! are compatible
in the following sense: If one pulls back a connection V on w to the
trivial bundle 07, then one obtains a Laplacian acting on E(0') by setting
A" = —trace V2 = — Y., Vx, 0 Vx,, where {X;} is a translation-invariant
orthonormal frame field. Since the connection comes from w and the
X; are translation-invariant, V. commutes with the action 1 of £ on the
sections §(0'). Thus, A% commutes with that action and descends to a
Laplacian on w, namely A.

The following proposition illustrates how the Laplacians of connec-
tions differ from the usual Laplacian acting on functions.

Proposition 5.7. For every Hermitian connection V = d + A on the line
bundle w over the flat torus (M, {.,.),) one has on C*(R", C)£

fooAgqo0s, = —(divo grad + diV(A#) +2Aograd —||A||2) ,

where the index-raising musical isomorphism #: TM — TM is the
inverse of the duality isomorphism b: TM 3 X — (X,.) € TM.

Proof. By definition one has for every f € C*(R", C)£ and X € X(M)

— Vx o Vxsof = —Vxso(X(f) + A(X)f) =
= s X(AF000) + X(AGO)f + 240X (f) + AXPS),

where both A and X are pulled back to R"”. By evaluating the four
summands one obtains the desired formula:

Note that the gradient is defined via (grad f, X), = X(f), which
means grad f = (df)*. Thus, for the first two terms it suffices to show
that divY = Y ; Xi(Yl’ (Xi)) for any vector field Y and any translation-
invariant orthonormal frame {X;}.
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The divergence is defined by (divY)dV = d(Y.dV) and dV =
XOA- AXD. With Y = X, YX;

n —_—
YadV =) Y(=1)TX A AXE A A XD
i=1
Since the {X;} are translation-invariant, [X;, X j} = 0 and hence

divY = d(Y2dV)(Xy,..., Xy)

n —_—
= Y DX A AXI A AKX (X, X, X))
i,l=1

= Z X(Y'(X)),  asY'(X) = (LX) =Y.
i=1

The third summand is given by
2) " AX)Xi(f) = 2A()_ (grad f, X;)X;) = 2A o grad f .

Since A is imaginary-valued and satisfies A = ¥; A(X;)X;", one has for
the fourth summand that }'; A(X;)? = —||A|. O

Definition 5.8. A potential is a real-valued function Q € C*(M). For
a € i(R")’ let AD 4+ Q denote the Schridinger operator and define the
spectrum Spec,(Q, w) of the translation-invariant connection VP +a on
w and the potential Q as the set of eigenvalues with multiplicities of the
Schrodinger operator A? + Q acting on smooth sections E(w) of the line
bundle w. Here, an eigenvalue A is a complex number with the property
that there is a nonvanishing eigensection s € E(w) with (A + Q)s = As.

The map that assigns the spectrum of the corresponding Schrédinger
operator to each translation-invariant connection

(2miL")\i(R")" 3 [a] = Spec,(Q, w),
is called the w-Bloch spectrum of Q.

Proof. The w-Bloch spectrum is well-defined because Hermitian trans-
lation-invariant connections differing by an element of 2mi.L’ are gauge
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equivalent and gauge equivalent connections on w have the same spec-
trum: If one is given two connections intertwined by an w-automor-
phism F, Vo F = FoVj, and an eigenvalue A € C of the Schrédinger
operator belonging to V, with eigensection s € E(w), (A2 + Q)s = As,
then F o s is an eigensection with eigenvalue A of the Schrodinger oper-
ator belonging to V. m]

Remark 5.9. Every Schrodinger operator AD + Q is symmetric with
respect to the inner products on the fibres of w because every connection
VP + a is Hermitian and every potential Q is real-valued. Therefore,
every eigenvalue A is actually a real number.

The w-Bloch spectrum contains the spectra of all translation-invar-
iant connections since gauge equivalent connections have the same
spectrum. Before constructing transplantations the relation to the clas-
sical Bloch spectrum shall be displayed.

Proposition 5.10. For every a € i(R")" and every potential Q on M
the spectrum Spec,(Q, w) coincides with the spectrum of the operator
AP + Q acting on the space of all smooth sections s € E(0") of the trivial
bundle 6! satisfying

fs(x +1) = e"Wey(x)fs(x) forallxe Mand ! € L.

Proof. Inanalogy to the definition of the line bundle w construct a new
line bundle w, with the total space L, := R" x C/~,, where the equiva-
lence relation is given by (x,z) ~; (x + 1, ¢?De;(x)z) for I € L. Sections
of w, can be considered as sections of the trivial bundle satisfying the
above condition.

Again, there is a bundle automorphism F: 6! — 0! given by R" x
C 3 (x,2) = (r,e"Wz) € R"x C, which intertwines the connections
VP + 4 and VP. This automorphism of 6! induces an isomorphism
between w and w,, which intertwines the connection VP + 2 on w with
the connection VP on w,. (Note that VP does indeed descend to a
connection on wj.)

Thus, this isomorphism also intertwines the Schrodinger operator
belonging to VP +a and Q on w with the operator Alg + Q acting on the
specified set of sections of 0. m
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Example 5.11. The Chern class of the trivial bundle n: M X C — M
over M is 0 and thus its harmonic representative also vanishes. Hence,
Q) = 0 and, arguing analogously to the case with a nondegenerate
O, wy = 0 for all I € L. The distinguished connection is given by
VP = d and the Laplacian is just the Euclidean Laplacian defined by
the Euclidean metric. The spectrum Spec,(Q) is the spectrum of the
Schrodinger operator A 4 Q acting on smooth functions f € C*(RR", C)
with f(x 4+ 1) = ) f(x). Thus, the definition of the Bloch spectrum
agrees in this case with the classical definition of the Bloch spectrum.

6 Transplantations

Definition 6.1 (Transplantation).

For two sets of functions C and C with differential operators H and H a
transplantation from (C,H) to (C, H) is a linear isomorphism ¥: C — C
which maps eigenfunctions of H to eigenfunctions of H with the same
eigenvalue, thereby establishing bijections between all eigenspaces of
H and H. A transplantation between two manifolds is a transplanta-
tion between their sets of smooth functions and two given differential
operators acting on those. The first transplantations were constructed
by Peter Buser in [Bus86].

Note that if such a transplantation exists, then the two sets with
their differential operators are isospectral, i.e. they have equal spectra
including multiplicities. Two potentials Q; and Q, are called isospectral
with respect to some Laplacian A if the corresponding Schrodinger
operators A + Qq and A + Q5 are isospectral.

The aim of this and the next section is to find distinct yet isospectral
tori, potentials, line bundles and Laplacians. To this end the concepts
of the previous sections will be used to construct a transplantation
and in the next section this transplantation will be applied to various
examples to give the promised negative results (see section “Results
and Overview”).

Example 6.2. With the notation of Definition 4.10 one has for any a €
i(R")’ that the map s + § is a transplantation from (E(w), AD + Q) to
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(&(w), AP, + Q). Thus, Spec,(Q,w) = Spec_,(Q, ). In particular, Q
and Q are isospectral potentials with respect to the Laplacian Alg on w.

Proof. Let s be an eigensection of AY + Q with eigenvalue A. Then

TV 138(x) = Xe(fd) + (AP (X) - a(X) Jiwd(x)
= ~X_2(fus) + (A2 (=X) +a(=X)fus(x) = (fo V4 ) (x)

gives for any translation-invariant orthonormal frame {X;} that
- D D
(A2, + Q)5 ==Y Vi o v s 4 (s
i=1

n \Z
:( Y Ao v Qs) = (A2 + Q) = 23,
i=1

since {—X;} is also a translation-invariant orthonormal frame. |

In this section assume that an even integer n = 2m and a rectan-
gular lattice £ C R", i.e. a lattice with an orthogonal basis, are given.
Let M = L\IR" denote the corresponding rectangular flat torus and fix
a nondegenerate Hermitian line bundle w over M such that the har-
monic representative of its Chern class has an orthogonal Chern basis
{Uy,..., Uy, V1,..., Vi) of L. Call such line bundles rectangular.

Let (u,0) = (ul,...,u™ v',...,0™) denote the coordinates corre-
sponding to this basis and let r = (r,...,7,) € IN" denote the tuple
withry |-+ | ry such that Q = Y ; r;du' Ado'.

Finally, assume that a harmonic imaginary 1-form a on M is given.
It can be viewed as a linear functional on IR*” and can be expressed as
a(u,v) = 2mi ) ;(pu' +v;v') with p,v € R™.

Definition 6.3. Let U := {Uj,..., Uy} and B = {V3,...,V,}. Denote by
RU and RY the two m-dimensional subspaces of R" spanned by U and
8. Analogously, define two lattices £y := ZW and Ly := Z3 in those
two subspaces and define two unit cells U := [0, 1] and V := [0, 1] 0.

With those definitions one can consider u and v as linear forms
on RU and RY such that a(u,v) = 2ni(y(u) + v(v)). One also has
R" = RUSRY, L = Ly ® Ly and the unit cell of L with respect to the
basis UUB is U X V.
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The transplantation constructed in this section depends on the cal-
culation of Fourier coefficients, which are coefficients of vectors in a
Hilbert space with respect to a Hilbert space basis. Thus, it is necessary
to extend the sets of smooth functions considered until now to I?-spaces.

Definition 6.4. Let I?(R", C)Z be the completion of the set of L-invar-
iant smooth functions C* (R”, C)£ with respect to the norm

i fu (0P duco
X

where du := du!---du™ and dv := do'---dv™ are given by coordinates
corresponding to the Chern basis WU B of L. This norm can be used to
define a norm on the smooth &(w) by demanding that

fo: 8(w) = C°(R" C)L

and its inverse s, are unitary isomorphisms. This implies that

lIslI2, @ = [fos|? (1, v) dudo = f lIsI? (1, v) dudv  for all s € E(w),
uxv uxv

where [|s|2 (1, v) = (s[u,v],s[u,])e is the norm on the fibres of w and
I?(w) the completion of &(w) with respect to -2 (@) ?(w) can be re-
garded as the set of measurable sections s of w for which the norm
||S||L2(w) is finite and f, can be extended to a unitary isomorphism
1?(w) - I2(R", C)<.

Finally, let I?(IRY, C) denote the completion of the set C* (R, C) by
the norm

A ) = f £ ()P

Definition 6.5. Define a map F: R" — (R")’ by x = Q(x,.) and write
x’ = F(x) for x € R". This map is a linear isomorphism, denote its
inverse by G. The restriction of F to Ly is an injective map from £y into
Ly, where Ly is the subset of the dual lattice £’ containing the linear
functionals vanishing on .

Using the decomposition of R" into RU& RV one has u’ = w, for
u € RU. Also, G(dv') = U;/r; and G(du') = —V;/r;. In particular,
F: Ly — Ly issurjective if and only if r = (1,...,1).
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Proof. The linearity follows from the bilinearity of () and the injectivity
from the nondegeneracy of ). Since R” and its dual space have the same
dimension, F must be an isomorphism. Because of Q(L X L) C Z, one
has F(Ly) c Ly'. Also, for u € RU and v € RB one has F(u)(v) =
Q(u,v) = wy(v) —wy(u) and w, = 0. It follows that F(u) = wy,. ]

Definition 6.6. Define an operator Dy on the dense subspace of smooth
functions in I? (IR, C) by

= o 1 92
Du = Z((Zm’iul/bi) - uz_zﬁ)'

i=1

where a; = ||Uj]| and b; := ||Vj|| denote the lengths of the basis vectors.
For a system of representatives S of the finite quotient space F(Ly )\ Ly’
define a Hilbert space

H =P, RUC),

where the inner product is induced by the product on I? (R, C). With
an Ly-periodic function p € C*(RU) and a(u,v) = 2mi(p(u) +v(v)) let

Du,p = (Du + pc)ces with pc = p( .+ G(V - C))
act componentwise on the tuples of smooth functions in H.

Remark 6.7. By Definition 6.3 v € (R®3)’ and with Definition 6.5 one
has G(v) € RU. Also, H and Dy, are independent of the choice of
systems of representatives: If R is another set of representatives of
F(Ly)\ Ly, then @ I*(R,C) is canonically isomorphic to H and
the operator Dy, stays the same because G(c) € Ly for ¢ € F(Ly) and
p is Ly-periodic.

The function p can be extended to a function (u,v) + p(u) on RU &
RYB = R" which descends to a function on M. This function shall
also be called p. It will now be shown that there is a transplantation
from (I(w), AY + p) to (H,Dy,p). Since the latter space and operator
are simpler than the Laplacian, one can find other tori, Laplacians and
potentials such that the associated (7, Dﬂ/ ﬁ) is equal or isospectral to

(H,Duyp)-
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Note that the definition gy, (s) = q(s1 + p1 —c1/7r1,..,Sm + pim —
cm/rm) in [GGKWO08, Notation 3.3 (ii)] is not correct. Definition 6.6
implies that one should have gy (s) = q(s1 + (41 —c1)/71,...,5m +
(tim = cm)/Tm)-

Definition 6.8. For any ¢ € (R")" let E; = e 2mC If ¢ € £/, then E,
is called a trigonometric monomial and descends to a function on the
torus L\R" = M.

Remark 6.9. The trigonometric monomials {E.} ¢ Ly form a complete
orthonormal system in the Hilbert space I?(V, C) of Ly-periodic square-
integrable functions on R, where the inner product is given by

f: v = f(f . §)(v) dv  withaunitcell V:=[0,1]D.
1%
Confer [War83, 6.16].

Lemma 6.10. Given a function f € 12(R"” C)£ and any u € R let
fe(u) = <{f(u,.), Echa(v,c) denote the Fourier coefficients of f(u,.) with
respect to the Hilbert space basis {E.}.c Lo Those Fourier coefficients
are well-defined and satisfy (with kK’ := Q(k,.) = Fk)

ferw(u) = fe(u+k) forall k € Ly.

Proof. Let (k1) € Ly ® Ly and recall that any L-invariant function f
satisfies f(u +k v +1) = ey 1) (u,v) f(u,0) = Ep (-v) f(u,0). In particu-
lar, every square-integrable L-invariant function f on R" is Lg-periodic
and has well-defined Fourier coefficients. Also:

fc+k'(u)Zf‘/f(u,v)EC+k,(—v)dy:
[ stk oE (e o= 4. @

This lemma shows that the Fourier coefficients with respect to dual
vectors of the same class in F(Ly)\ Ly contain the same information.
This is used to construct the first part of the transplantation to H:
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Lemma 6.11. The map
Fo LZ(]R”, C)L - H with f = (fc)cES

is a well-defined unitary isomorphism. It maps smooth maps to tuples
of smooth maps. Its inverse is given by

(757 (fo)ees)(,0) = Y Y felt+K) - B (0).

ceS kGLH

Proof. Lemma 6.10 shows that the formula gives the inverse of ¥s if it
is well-defined. If f, € I?(RY, C), then (f (1 + k) e r,, must be a square-
summable sequence for almost all # € RU. By Hilbert space theory the
sums Y e r, fe(u +k)Ecp converge to Ly-periodic functions on R
for almost all fixed u € R

Thus, the formula gives an almost everywhere defined function
g = 75 (fe)ees on R, which is L-invariant since

(o) + (k1) =Y Y felttk+h) Ecpp(l+0)

ceS hELu

=Y Y Ao+ M)Ecinoi(v) = B (0)8(1,0) = ey (1,0)3(1,0) .

ceS he Ly

The orthogonality of the E 4 and flec+k, (v)]> dv = 1 imply that

”TS (fC)CES”Lz IR"C M U = Z Z fC M+k C+k’ ||L2(]R”C

ceS kG.LH

Z Z flfc u+k) Izdu— f | fe(u Izdu—ZchHLz(MC

ceS ke Ly ceS

confer Definition 6.4. Since Y .|| f||> =(fc) ces||3{ < o0, itfollows

2(RU,C)
that 5! is a unitary isomorphism. In particular, 5 (f;)ces is a well-
defined element of I?(IR", C)£ and s is also a unitary isomorphism. O

The above Lemma yields a unitary isomorphism

Fsofw: P (w) = H.
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However, this map is not yet a transplantation between A2 + p and Dy, p-
To obtain one, a small twist by the following unitary isomorphism is
needed.

Definition 6.12. With a(u,v) = 2mi(u(u) + v(v)) define a unitary iso-
morphism by

T5: H 3 (f)ees = (E-u- fe .+ G(v=c))) eH.

Theorem 6.13. Every Ly-periodic function p € C*(IR) descends to
a potential on the torus M. If w is a nondegenerate rectangular line
bundle over the torus M, then the map

Y5 :=Tso0Fsofy: (LZ(a)),AE+p) - (ﬂlDlI,p)

is a transplantation for any chosen set of representatives S of F(Ly)\ Lgy".
In particular,

Spec,(p,w) = Spec(Du,p) .

Proof. The function p € C*(IRU) can be extended to a function (1, v) —
p(u) on RU®RYB = R" which descends to a function on M. This
potential shall also be called p and is used to construct the Schrodinger
operator A + p as explained in Section 5.

The first step of the proof will be to show that ¥s intertwines the
Schrodinger operator AR + p and

m

2 .
Dy = (Z(_alz %,2 + (2nriul/bi>2> + p(. +G(v- c)))
=i g

1=

ceS

on the smooth sections in [?(w) and their images under ¥s. Since @
is rectangular, the Chern basis A U % consists of orthogonal tangent
vectors U; = % and V; = % By Definition 5.3 normalising those gives

m

1 1
A +p= —Z(a—izvufOVuf + b—2VVi°VVf)+P-
i=1 t

The map Y¥s intertwines the three types of summands pairwise. For
an arbitrary smooth section s € &(w) and f = f,s one has for the first
summand Vi, o Vyy, that

fo (Vus) = Ui(f) + 2mipi f
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because (AP +a)(U;) = 0+ 2miy;. For smooth f one can interchange
differentiation and integration, (U;f). = U, f., and differentiation also
commutes with the translation by G(v —c). Thus, for ¢ € S the c-
component of ¥5(Vy;s) in H = P, I* (R, C) is

(¥sVus)e = Ts((Uif)e + 2mipife) = E—y - (Uife + 2mipifo) (- + G(v = )
= Uf(E-y- fo .+ G(v—0))) = Uj(¥ss).

This means that ¥ intertwines —Vy,0 Vi, / ;> and —%2 LIZ.2 = —%2 %12
To calculate the second summand, a fact about the Fourier coef-

ficients is needed: Since all f € I?(R",C)% are Ly-periodic, one can

integrate V;f - E. by parts to obtain (V;f). = —2mic;fc, where ¢; == c(V;).

Also, (AP +a)(V;) = 2mi(v; — r;u') and hence

(FsVy;5)e = T((Vif)e + 2mi(v; = raul) fo) =
E_- 2ni(vi —ci—1{(Glv=c)) = riui) fe(.+G(v—-r0)).
At this point the nondegeneracy of the Chern class of the line bundle is
crucial because it is the nondegeneracy, which guarantees the existence
of the map G, which satisfies v; — 1;(G(v — ¢) ) = ¢; by definition. This
removes the dependence on a = 2mi(u + v) from the operator. The
expression above thus equals

E_ - (—Zniriui fe(+G(v- c))) = —2niru’ (Fss). .

This shows: ¥s intertwines —Vy, o V. / b? and (2nriui/ bi)z.

Therefore, ¥s intertwines the operators AIa) and Dy. It remains to
show that the map intertwines p and p° = p(. + G(v —c¢)). Since p
depends only on u, it follows that

(¥s(p-5))e = E—u- (p- el + G(v—0))
—E_u-(p- £)(.+ G —c)) = p°- (¥ss)e.

Thus, we have Dy, o ¥s = ¥s o (AD + p) on smooth sections s = s, f.
Since Y¥s intertwines the two operators, it maps eigensections of
one operator to eigenfunctions of the other: If s € §(w) is a smooth
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eigensection of the Schrodinger operator AL + p with eigenvalue A, then
¥s(s) is a tuple of eigenfunction of Dy, with eigenvalue A, Dy, ¥s(f) =
Ys((87 +p)f) = 1¥s(f)-

Unfortunately, this does not yet show that ¥s is a transplantation.
If (fc)ces is a tuple of smooth functions in H, it is not clear whether
¥s~1(f:)ces is smooth and thus one might not be able to apply the
Schrodinger operator to this section. To work around this, some theory
about differential operators is needed:

A complete spectral resolution for a partial differential operator P acting
on sufficiently smooth sections of w is defined as a complete orthonor-
mal basis {s;},en of L2(a)) such that every section is an eigensection of
P: Ps,, = Aysy. By [Gil95, Lemma 1.6.3] such a spectral resolution exists
for every symmetric and elliptic differential operator, like A + p, and it
consists of smooth eigensections s, € E(w).

Since 75, ¥s and f,, are unitary isomorphisms, ¥;s is also one. Thus,
it maps the complete spectral resolution of the Schrédinger operator to
an orthonormal basis of H, which again consists—as was shown earlier
in this proof—of smooth eigenfunctions of Dy ,. In particular, ¥s maps
the eigenspaces in I[?(w) bijectively to the eigenspaces in H. It is a
transplantation. m]

Theorem 6.13 has an analogue for potentials given by an Ly -periodic
function in C*(RY). However, it is not possible to apply Theorem 6.13
to this setting immediately because the functions representing sections
of the line bundle w are periodic only in the v-variables. Thus, one
cannot calculate the Fourier coefficients with respect to the u-variables.
However, the asymmetry between the roles of # and v in our choice of
coordinates is arbitrary:

Definition 6.14. Let w be anondegenerate rectangular line bundle over
the torus L\IR"” = M. Let LU B denote a Chern basis of this line bundle.
Set £ = L, [ := ¥ and B := U. Construct a new line bundle & over M
from the Chern invariant factors rq, ..., r;; of w but use TuB =BVBul
(in this order) as a Chern basis, see Definition 3.10. This amounts
to replacing Q by Q) := —Q and switching the roles of the u- and v-
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coordinates in the definition of L-invariant functions R", write

m

Wy (y) = Z rivi(x)ui(y) and ox(y) = Q2midx(y)
i=1

Call a function L-invariant if f(x 4 1) = &(x)f (x ) for all x € R" and
le £. The distinguished connection on @ is d + AP with AD =27y,
and for any harmonic imaginary-valued 1-form a on M set 4 := —a and
let A]ﬁ) denote the Laplacian corresponding to the connection d + AP + 4.
Also, write (i(v) = —v(v) and P(u) = —p(u).

Lemma 6.15. Define a map y: I?(w) — 1?(&) by
fs f-é forall fe2(R"C)L where  &(x) = é,(x).

More precisely, y(s) := s¢ (Tos-2). If Qis an arbitrary smooth real-valued
potential on M, then y is a transplantation

i (B(w), 8+ Q) = (B(@), A7 + Q).

Proof. The map y is well-defined because y(f) is L-invariant if f is
L-invariant: With ey (y) = é,(x) one has for all ] € £ that

YA+ = (Fo)(x+1) = Flx+Derp(x +1) =
e-1(x) f(x)ex(x)ex(Der(x) = (f-€)(x) - &(x) = y(f)(x) - ()

by Remark 3.15. Thus, y(f) yields a section of @.

The map is also linear and unitary. Its inverse is again the map
g+ g-eand therefore it is a unitary isomorphism. Also, y intertwines
the two Schrodinger operators A? + Q and AD + Q: The first Laplacian

is given by —Y;(V AD+“0 VA /a2 + VAD+“ ";‘.DJ’“/ bi?). The second
Laplacianis given by the same formula except that the role of AY is taken
by AP = —2mid, and a is replaced by 2 = —a. Note that AP(U;) =0,
AP (U;) = —2rirpv’ and U;(é) = 2nirv'e. Thus,
D
Vi, ) = Ui f) + (AP (W) + a(Ui) )y f =
2U;(f) + fUi(@) + (~2miri! —a(Uy) Jof = - ( <7> fra() =
H{Ui(F) + (AP(U) +a(Ui) f) = VG F
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and analogously VéDM(y f) = yV“;‘_D” f. Hence, y intertwines the con-

nections given by AP+ 4 and AP + 4 and therefore y intertwines the
corresponding Laplacians. It also intertwines the multiplications by a
real-valued potential on the two function spaces:

Y(Qf) =¢-Qf =Q-¢f = Q-y(f).
Since both y and its inverse map smooth sections to smooth sections, y

is a transplantation. O

Theorem 6.13 and Lemma 6.15 yield the following Corollary. But
first an analogue of Definition 6.6 is needed:

Definition 6.16. Define a norm on C*(R%, C) by

IL£11% ::f If(v)?dv  with  do:=do'--do™
fre,0) . f(v)

and let I?(R®B, C) be the completion of C*(IRB, C) with respect to this
norm. Define an operator Dy; on the dense subspace of smooth functions
in I?(RY, C) by

m
: 1 9
Dy = Z((anivl/ai)z - Eﬁ) .

For a system of representatives R of the finite quotient space F( Ly )\ Ly’
define a Hilbert space

7‘[1; = @deR Lz(]R%,C),

where the inner product is induced by the product on I?(R®, C). With
an Lg-periodic function g € C®°(RY) and a(u, v) = 2mi(f(v) +v(u)) let

Dy = (Dy+4")ser  with 47 :=q(.+G(v-d))

act componentwise on Hg, where G is defined with respect to O=-0
in the same way as G is defined with respect to (3. Thus, G = —G and

P(u) = —p(u).
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This Definition and the following Corollary 6.17 imply a small error
in signs in [GGKWO08, Theorem 3.4 (2)]: The spectrum Spec,(Q,L;)
of the potential Q(u,v) = g(v) does not coincide with S(gq,r,b,a, 1)
but with S(q,7,b,a,—u), provided one uses the definition g, (s) =
q(s1+ (w1 =c1)/71, -+, 8m + (tim — cm) /1m). (Note that G(du?) = V;/r;.)

Corollary 6.17. If w is a nondegenerate rectangular line bundle and
g € C*(RY) an arbitrary Ly-periodic function, then one has

Spec,(q, @) = Spec(Dg,4) -

A unitary transplantation is given for any chosen set of representatives

Rof F(Ly)\Ly' = F(Ly)\ Ly’ by
Froy =TroFroy: (B(w), A7 +49) - (Hy, Dy j),
where 7 and # are defined for & analogously as 75 and ¥s are for w:

FR(f) = (f)aer  and  TR(fo)aer = (E-p- fa(-+ G0 —d)), .

Proof. By Lemma 6.15 y is a transplantation from (I?(w), A? + q) to
(I*(@), AP + q) and one can apply Theorem 6.13 to the line bundle &.
Thus, the variables and parameters (1, v, U, V, i, v, a;, b;, G) are replaced
by (v,u,V,U,{,9,b;,a;,G), where g(v) = —v(v), #(u) = —u(u) and
G = —G. Therefore, Dg,; and the transplantation

1‘i’R: (LZ(Q),A?+07) — (ﬂm,Dm,q)

have the given form and together with y this yields the desired trans-
plantation

Froy: (IF(w), A7 +q) = (Hy, Dy,g) - O

Finally, the transplantation ¥s: 1?(w) — H shall be used to construct
a transplantation from one torus to another. In the next section this
transplantation will be used to find various isospectral but “different”
tori and potentials.
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Definition 6.18. For two flat tori with line bundles (M, w) and (M, ®)
and Chern bases MU QB and TU B a linear bijection 0: £ — £ be-
tween the lattices mapping Il onto il and € onto B shall be called
lattice transplantation if it respects the line bundle structure: Q(U;, V;) =

QO (6U;, 0V;). For brevity denote the dual map £’ — £’ of 0 also by 0.

Lemma 6.19. Assume we are given two rectangular tori M and M of
the same dimension with two nondegenerate rectangular line bundles
w and @ and a lattice transplantation 0 with respect to the Chern bases
U B and U U B. Specify connections on the bundles via two harmonic
imaginary-valued 1-forms a and 4.

If two periodic potentials p on R and 5 on R satisfy p¢ = P for all
c € Ly and p° = Pforallé € L' and if there is a unitary transplantation

¥: (Z(RYU,C), Dy + P) —» (I*(RY,C), Dy + P),
then a transplantation ¥: (I*(w), AD + p) — (I2(@), AP + p) is given by
Y= ‘I’e_sl oyo¥s

with 1 acting componentwise on H = P s I*(RU,C). This map is
independent of the choice of representatives S of F(Ly)\Ly'. If one
abbreviates the notation of the transplantation by omitting the isomor-
phisms s, and sg, then the transplantation is explicitly given by

(Tf ﬁ o) Z Z Eger ()

ceS ke Ly
(Eﬁ (B £l + Gy - c))))(ﬁ +k-G(v-0c)).

Proof. To begin with, a note on lattice transplantations: Since 0: L: -
L is a lattice transplantation, F(0k) = Q(6k,.) = Q(k,07'.) = 671F(k)
for k € L. In particular,

GOF=0"! and Oc+F(k)=06de c+F0k) =d.

This equivalence states that 6 descends to an isomorphism F( Ly )\ Ly —
F(Ly)\Ly - Thus, 6S = {Oc)ccs is a system of representatives of the quo-
tient space F(Ly)\ Ly’
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It follows that the three maps
g1

¥ ¥ ~ R ~
((M), &7 +p) = (H,Dy,p) = (H, Dy ;) 5 (Z(M), A7 +p)

are unitary transplantations and consequently ‘T’e‘; o1 o¥s is a unitary
transplantation. Explicitly, (with the abbreviation f := f,s)

530 0 ¥s(s) = safs’ o Tz o Y(E-ufel- + Glv=0))

_ séggl((gﬁ Y(Eop - fol- + Gv=0)))(. - G- Gc)))ces .
Evaluating this function at the point (i1, 5) € RII&RD gives the desired
formula.

It remains to show that ¥ is independent of the choice of represen-
tatives S of F(Ly)\Ly'. Define ¥ by setting ¥(s) = Y .5 ¥e(s). In
fact, not only ¥ but all the '¥; in the explicit formula are independent of
the choice of representatives: If two representatives of the same class,
d = c+ K, are given, then

To'¥a(s)(#,0) = Z Egc o %(9)-
ke Ly
(E,1 P(E—y+ ferrr(- + Gv—Ge - k)))(ﬁ +k+ GOFk - G(7 - 6c)).

Since GOFk = 67k € Ly, one can substitute [ for k + GOFk and this
gives, together with f. .- (. —k) = f, that ¥, = ¥,. mi

7 Negative Results

In this section some isospectrality statements following from Theo-
rem 6.13 and Lemma 6.19 are provided, together with examples and
transplantations. To simplify the explicit formulae a little bit the rather
uninteresting isomorphisms f,, and s, will now be omitted and thus the
formulae will not be defined on I?(w) but I2(R”, C)<.

Corollary 7.1. For every even-dimensional rectangular flat torus M
and each nondegenerate rectangular line bundle w over this torus
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Spec(w) := Spec, (0, ) isindependent of 2 and is called the spectrum of w.
If 4 is another harmonic imaginary-valued 1-form on M, then a trans-
plantation

¥ ((w), A7) - (2(w),A) is given by

(¥f)(1,0) = Egy(u—Gv)- f(u+Gv=7),0+G(u- ).
Proof. Choose as a lattice transplantation 0 = id and as a transplanta-
tion of (I?(IRY, C), Dy) to itself = id. With those choices one obtains
a transplantation from the line bundle w with the Laplacian given by

a to the bundle with the Laplacian given by 4. By Lemma 6.19 this
transplantation is explicitly given by

(¥f)(,0) =) Y Eerrt(®) - (Epp fol -+ G(v=0)))(u + k= G(7 - 0))

ceS kELu

because w = @. Recall that S is an arbitrary system of representatives
of F(Ly)\Ly'. Thus, one can simplify this expression to

Y Ec(@)Epy(u-G-c)) fiu+G(v-7)).
ceLy

Since (Gc) = —c(Gu), one has E, (Gc) = Ec(~Gp) and therefore

(¥£)(1,0) = Egey(u=G7) Y Eelo+ Glu—f) - felu + G(v = 7)) =

CGLuB,

Epu(u=Go)- f(u+Gv=9),0+G(u—f)). o

Definition 7.2. Two nondegenerate rectangular line bundles are called
isospectral if their spectra—defined in the sense just mentioned—are
equal including multiplicities.

Corollary 7.3. For every even integer n > 4 there is an n-dimensional
flat torus M and two topologically distinct but isospectral nondegener-
ate rectangular line bundles over M.
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Proof. Choose any lattice with an orthogonal basis 2l U ¥ and lengths
such that a1 = ay, by = 1 and b, = 2. Further, choose two tuples
of Chern invariant factors 7,7 € IN" such that r = (1,4,73,...,7m)
and 7 = (2,2,73,...,tm). Then the two line bundles w, and w; de-
fined by those Chern invariant factors have different Chern classes
and are thus topologically distinct, but the operators Dy correspond-
ing to w, and Dy corresponding to w; are intertwined by the map
¥: I2(RU,C) — I?(RYU,C) interchanging the two coordinates u' and
w2 (W) (whutud,. ) = f(udulud...). Thus, Dy and Dy are isospec-
tral and it follows that w, and wr are isospectral line bundles.

Note that 6 = id isnota lattice transplantation from (M, w) to (M, @)
in this example: Q(Uy, V1) = 1 # 2 = Q(Uy, V3). In fact there exists no
lattice transplantation in this case because the Chern invariant factors
are different. O

Corollary 7.4. Forevery even-dimensional rectangular flat torus M and
every nondegenerate rectangular line bundle w over M there exists
another nonisometric rectangular flat torus M and a rectangular line
bundle @ over this torus with the same Chern invariant factors such
that (M, w) and (M, @) are isospectral.

Example 7.5. Let r be the Chern invariant factors with respect to the
lattice basis {Uy, ..., Uw, V1, ..., Vi) of the lattice of M. Given any tuple
a = (ay,...,am) € (RT)™ one can rescale this basis by setting U, :=
a;-U; and V; := V;/a;. One can choose the factors @ such that the new
basis defines a nonisometric torus M. One can use the Chern invariant
factors r; of @ to define a line bundle & over this new torus M.

Those two tori and line bundles are isospectral: Since the coordinates
with respect to the new lattice basis WU B = {Uy,..., Uy, 4,..., V) are
given by il = u'/a; and since @; = aja;, b; = bi/a; and 9/dii' = U; =
a;U; = a;d/ou’, one has

m
- o 1P o
Dy = Z((aniul/bi)z - Eﬁlz) = Dy and in particular
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is a unitary transplantation from (I? (R, C), Dy) to (I*(R, C), Dy):

19 1 g = o [ £ = [ 170 e = 1 g

Setting 6(U;) := U; and 6(V;) = V; defines a lattice transplanta-
tion. By Corollary 7.1 the spectrum of a line bundle is independent
of the chosen harmonic imaginary-valued 1-form a used to construct
the Laplacian AD. Choosing a = 0 on M and 4 = 0 on M one can
apply Lemma 6.19 to see that a transplantation is provided by (with

)
(¥A)@8) =C-Y | Y Ego () fel@i+k+GOc = Ge)
ceS keLu
=C-Y Y B i(0) - forp(ii+ k+ G- Go™'e)
ce0S ke Ly
=C-) Ec(0) fyp(ii+Ge-GO™'e)
CGLB

= Vai-ay- Z Egc(9) - fe(it + GOc — Ge) .

Definition 7.6. Two potentials Q; and Q5 on a flat torus M are called
congruent if there is an isometry 0: M — M such that Q; = Q0 o0.
Assume there is a nondegenerate line bundle w given over M. Two
potentials are called isospectral with respect to a translation-invariant
connection if the spectra of the Schrodinger operators given by the con-
nection and the respective potentials are equal including multiplicities.

Corollary 7.7. Let w be a nondegenerate rectangular line bundle over
any flat torus M and let L U B be an orthogonal Chern basis. If there
isaj € {l,...,m} such that b;/a; is rational but not equal to 1, then
for every translation-invariant connection there exist two isospectral
but noncongruent potentials Q; and Q, on M. Those potentials can be
chosen to be analytic and Z;-invariant.

Example 7.8. Thisexample will be constructed with the help of Lemma
6.19, which uses Theorem 6.13. It will be shown that Lemma 6.19
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yields a transplantation (I?(w), AP 4+ Q1) — (I2(®), A? + Q7) and then
Lemma 6.15 can be applied to give a transplantation to (I? (w), AD + Q).

But before one can construct transplantations, the potentials need to
be defined. Write bj/a; = f/a € Q with @, € N. Let P € C*(RUj)
be any nonconstant Ly, /ar;j-periodic function and with the projec-
tion 7: RU — RUj sending all U; # U; to 0 set P :== Pom. De-
fine p .= P(.—Gv) and g := Po A(. - Gp), where A: RS — RU
is the linear isomorphism sending each V;/b; to Vi/a; = U;/a; and
a(u,v) = 2mi(pu(u) + v(v)) = =2ni(f(v) + 9(u)), see Definition 6.14.

Since « and r; are integers and since G(dv') = U;/r; and G(du') =
—V;/ri, p is not only Ly-periodic but it also satisfies

p=P(.+Gv—-Gc—-Gv) =P(n—c(Vj)/rj-Uj) =Pom =P

for every c € Ly. Analogously, g is Ly-periodic and satisfies

49 =PoA(.+Gv—Gd-Go) = P(mo A—d(U))b; - U;/ (rja;)) =
P(moA—d(U))B-U;/(rja)) = Po A

for all d € L. With the projections 7ty: R” - RU and 7y : R” —» RY
the two functions p and g define two potentials Q; := pomy and Q7 =
g o g, which are noncongruent. To see this consider the connected
subsets of M on which Q; is minimal. Let N € IN denote their number.
Since Q7 is nonconstant, the number of such sets of Q is

N-bj/aj=N-B/a#N, (adivides N since Q; is L{ul/mj}-periodic.)

since bj/a; # 1. Thus, Q; and Q, cannot be congruent. They are
isospectral though: To apply Lemma 6.19 one needs the map

P: 2(RU,C) » I2(RB,C)  with  ¢f= J2bn.ro4,

ay--am
which is a transplantation from the operator Dy = Dy + P to the
operator Dy + Po A = Dg 3 because %/902(fo A) = Pf/Iu? o0 A-
b?/a? and (2nriv'/a;)2(f o A) = ((2mru/b;)%f) o A give
L 1 92
— ipN2 - Y _
Da(f 04) = (Y (@nrnd/ b = = 225)f + Pf) o A =(Duf +P)or

i=1
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for every smooth function f in I? (IR, C). 1 maps smooth functions to
smooth functions and so does y~!: g > /2:5’: - g o A71, which implies
that ¢ is a transplantation. Also, i is unitary:

bl"'bm . by . (b_l 1 % m)
||17l}f||L2 RZ, C T apeap ]R%foA( )dU T apeap L%f alv AR ﬂmv dU

)= 1

Now;, as in Definition 6.14 let @ be the line bundle over M defined by
the Chernbasis Il := 8 and $ := U and the Chern invariant factors r;. As
a lattice transplantation from & to w choose 9: £ — £ with 00, = U;
and OV; := V;, which satisfies Q(U;, V;) = r; = Q(U;, V;) = Q(0U;, 0V;).
With the transplantation i and the lattice transplantation 6 one can use
Lemma 6.19 to obtain a transplantation

¥: (F(w), A7+ Q1) = (BF(0), A7 + Q)
which is explicitly given by
PN by--bi A
¥f)(@,0) = G Y, ), Eoersil0)
ceS ke Ly

(Ep ‘E_yoA- fo(A.+G(v - c)))(ﬁ Fh-G(P-60))

with an arbitrary system of representatives S C F(Ly)\Ly. Using
Lemma 6.15 one obtains the desired transplantation

@ =y o ¥: (IP(w), A2+ Q1) = (P(w), A2+ Q2)

and using (F, G, 1,9, i, 7) = (=F,—G, v,u, —v,—) one obtains

(qu)(”'v) = \/zi Z:ﬁ COH]Z Z Egc—pi(u

ceS keLly

(E_V E_yoA- fu(A.+ G(v —c)))(v +k—G(u+ 60))

In particular, the two potentials are isospectral.

49




Corollary 7.9. Foranynondegenerate line bundle over any two-dimen-
sional nonsquare rectangular torus with rational ratio of side lengths
and any translation-invariant connection on this line bundle there are
two noncongruent but isospectral potentials. Those potentials can be
chosen to be analytic and Z,-invariant.

Proof. By assumption, the torus is given by a two-dimensional lattice
with an orthogonal basis {U7, V;}. The line bundle is represented by an
antisymmetric and nondegenerate map () having integer values on the
lattice. Let 0 < 7y = Q(Uy, Vy). As the lattice is two-dimensional, the
tuple (r;) € IN' satisfies the conditions of Lemma 3.8 and therefore r;
is the only Chern invariant factor and {Uj, V4} is an orthogonal Chern
basis. This means that—in this case—any such line bundle is already
rectangular and that Corollary 7.7 can be applied. m]

Remark 7.10. It is possible to simplify the transplantation & in Exam-
ple 7.8 under additional assumptions: If the connection is translation-
and Zj-invariant, if the Chern invariant factors are all equal to one,
r=1(1,...,1),and if b;/a; € Z for alli € {1, ..., m}, then the transplanta-
tion is given by

(f)(1,0) = B e (0) 5 Y FAv, A7 w4 1),

leS

where S ¢ Ly is any (finite) system of representatives of the quotient
space Ly /ALy.

Proof. Since all Chern invariant factors are one, F is bijective as a map
from Ly to Ly'. Choose ¢ = 0 as a representative for the only class
in F(Ly)\Ly". Also, the only translation- and Z,-invariant connection
is the distinguished connection and therefore u = 0 and v = 0, confer
Lemma 4.11. This yields

(@) (w,0) = /222 - (0) conj Y | E_pelu) - fo o A(+K).
ke Ly

The assumption thatb; /a; € Z foralli € {1,...,m}is equivalent to the
demand that Ak € Ly for all k € Lg. In particular, the quotient space
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Ly /ALy is well-defined and finite. Also, one can use that fy(Av +
Ak) = frax(Av). Together with E_py (1) = Epar(A~1u) this gives

(@F)(w,0) = /322 - eu(o) conj ) | Epae(A™'u) - frax(Av) =
ke Ly

Vi oy (o) Y F(Av A7 (u 4 1).

leS

To see the latter equation consider the map

n: (R, C)Le > 12(RB, )4 4 with g #is Z g(.+A7),
leS

which is the projection of the Ly-periodic functions onto the ALy~
periodic functions. In particular, every trigonometric monomial E.
corresponding to an element ¢ € Ly’ not in the coarser dual lattice
(ALy)" = {FAk | k € Ly} of the finer lattice A~Ly is mapped to zero.
On the other hand, 7(graxErax) = §rakErax for all k € Lg. O

Remark 7.11. One can also prove Remark 7.10 directly instead of cal-
culating the Fourier coefficients of the map

(f)(1,0) = B (o) 3 Y FAo, A7 w4 1)
leS

It is easy to check that Vy, o VVI.CID(f)/bi2 = ®(Vy,0 Vi, f/a:?) and Vi, 0
Vi, @(f) /a2 = ®(Vy, 0 V. f/b;?). In fact, this holds true for every sum-
mand of ® individually. Also, ®(pf)(u,v) =poA-P(f) =q-P(f) and
hence ® intertwines the Schrédinger operators of Q; and Q.
However, only ®(f) but not each summand is L-invariant and de-
scends to a section of the line bundle w. Note that ® is independent
of the choice of representatives S of Ly /ALy because f is L-invariant
and therefore Ly-periodic. For any h € Ly and k € Ly one has with
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C:= /(b1 bw)/(ar---an) that

O(f) (u+hotk) = eu(v)eu(k)eh(v)% Y F(A(+K), A (u+1+h)) =
leS

eh(v)eu(v)eu(k)% Z e_Ak(A_l (w414 h))?(AU,A_l (u+1+ h)) =
leS

en(0)eu(0) s Y F(A0, A7 (1 + 1) = ey (0) () (1, 0)

IeR

since R := S + h is also a system of representatives of Ly /ALgy.

Hence, @ is a well-defined map I?(w) — I?(w) intertwining the
Schrodinger operators of the two potentials Q; and Q. This means that
® is a transplantation.

Example 7.12. Finally, an illustration of Remark 7.10 shall be given.
Let M be the two-dimensional torus defined by the lattice £ := {U;, V1},
where Uj := ej and V; := 2¢; are given by the standard unit vectors. This
means a; = 1 and b; = 2. Let w be the line bundle with the Chern basis
{U7} U {V1} and the Chern invariant factor »; = 1. If one chooses the
only translation- and Zj-invariant connection, i.e. the distinguished
connection VP, one can apply the previous simplification to obtain the
transplantation (with u := u! and v = v?)

1 —2miuv [ g, 7 +1
:Ee 2 (f(Zv,g)+f(ZU,uT))

This map is a transplantation from the Schrodinger operator Alg +pofan
arbitrary Lyi;,)-periodic potential p € C*(RRUj ) to the Schrédinger op-
erator A% + g of the corresponding potential 4(v) := p(2v). For instance,
one can choose p(u) := cos(2mu) and correspondingly g(v) = cos(4nv),
which are shown in Figure 1. Note that both potentials are analytic and
Zy-invariant.

D(f)(u,0)
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Figure 1: Two noncongruent even

potentials on a nonsquare torus,

which are isospectral with respect

to the distinguished connection on

a line bundle with Chern invariant
1 factorr =1.

o

8 Positive Results

To contrast the negative results obtained in this work I will give some
positive results by constructing some spectral invariants in this final
section.

Definition 8.1. An invariant f of an equivalence relation ~ on a set X is
a function f: X — Y which descends to a function on the quotient space
X/~. Provided that every element of X has a spectrum, two elements
x,y € X are said to be equivalent if they have the same spectrum. An
invariant on X of this equivalence relation is called a spectral invariant.

It was shown in the previous section in Corollary 7.7 that a potential
is in general not determined by its spectrum with respect to a given
translation-invariant connection. However, under one additional con-
dition a potential is determined by its entire w-Bloch spectrum. To prove
this some invariants are needed. Let |.| denote the Euclidean norm on
R". Denote by dV the Riemannian volume form of the flat torus M or
on R" and set Vol M := fM 1dV. Abbreviate dx := dV(x).

Proposition 8.2. Let M = L\IR" be a torus defined by a lattice £ and let
w be a line bundle over this torus such that all Chern invariant factors
areequal toone, r = (1,...,1). Witha € (R")" and | € L set

1
Wi(Q) = By [ [ B Qe-1-dta,
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where W is a unit cell of the lattice, FI := Q(],.) and Q a smooth potential
on M. Then for every length d occurring in |£],

C(M)2Qm Y WH(Q) eC
leL,|l|=d

is an invariant of Spec,_; , (Q, w) on the set of smooth potentials.

A torus M = L\IR" is said to have a nondegenerate length spectrum if
the only lattice vectors of the same length |/| € |£] are / and —I. If £ has
a nondegenerate length spectrum, then the above invariants are equal
to Wl“ + Wf“l for each [ € £L\{0}.

Proof. A proof for the case d = 0 will be given later in Proposition 8.6.
For the general case see [GGKWO08]. m]

Corollary 8.3. If Q; = (Q, Ec)LZ(M) = m fMQ - E.dV denotes the
Fourier coefficient of Q for ¢ € L/, then for every d € | L]

VHQ) = Z Q_p-Ea(l) is equal to Z W' (Q) and hence

ll=d ll=d
an invariant of Spec,_; (Q, w).

Proof. One has for every ! € L with |I| = d that

1
W?(Q)—Ea(l)v(jwfwfo Epl(x)ZQcEc(x—l-t)dtdx

cel’
1
= Ea(l) Z Qc - (Ep, E—C>L2(M) : j(; Ec(—l . t) dt.
cel’

Since all Chern invariant factors are one, F is an isomorphism from £
to L’ and there is one and only one ¢ € £ with FI = —c. For this c
one has c(—1-t) = tFI(l) = tQ)(I,1) = 0 and thus E.(—/-t) = 1. Hence,
W(Q) = Q-piEa(I), which gives

Y WEHQ) =) QurEall) = VIQ).
[l|=d [l|=d
Since the left hand side is a spectral invariant by Proposition 8.2, the

same holds for the right hand side. O
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Theorem 8.4. Every smooth potential on a fixed even-dimensional
torus with line bundle w whose Chern invariant factors are r; = --- =
rm = 1is uniquely determined by its w-Bloch spectrum.

Proof. Let!y,..., Iy € L be the lattice vectors with length d € |£| and
assume that some aj,...,a; € (R")’ are given. Then the vector Vj; =
(Vda] (Q),..., Vdak(Q)) is a spectral invariant and V; = Ag, where g :=
(Q—Flll ceey Q—Flk) and

Ea; () -+ Eay(l)
A= : . :

Eq (l1) -+ Eq(l)

Thus, if one chooses @3 = 0 and @, such that all E,, (];) are pairwise
distinct, and if one further sets a; = (j—1) - a2, then A isa Vandermonde
matrix with nonvanishing determinant. This means A is invertible and
the Fourier coefficients g are determined by the invariants V. Since
F: £ — [ is bijective, all Fourier coefficients are determined this way
and are thus invariants. ]

This Theorem shows that the entire w-Bloch spectrum contains a
lot of information. Under stronger assumptions, however, some parts
and properties of a potential are already determined by the spectra
associated with certain given connections. This shall be shown in the
rest of this section.

Remark 8.5. If, additionally to the assumptions of the previous The-
orem, the length spectrum of the torus is nondegenerate, then Q is
already determined by Spec, ;;, (Q, @) and Spec, ;5(Q, @) for two suit-
able elements «, 8 € (R")’. The connections must be chosen subject to
the weak condition that (a« — g)(I) is irrational for all nonzero lattice
vectors I. Indeed, in that case the matrix

(Ea(_l) Ea(l))
Eg(=1)  Ep(l)
has nonvanishing determinant for each I € £\{0} and therefore the

spectral invariants W' + W = Vlfl‘ and Wlﬁ + W[_; = Vlﬁ determine the
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Fourier coefficients Q. forall I € £\{0}. Finally, Qy is determined since
itequals Vi = Vf .

For later use and as promised, I will now prove Proposition 8.2 ford = 0.

Proposition 8.6. Given any line bundle w over a torus M and a Lapla-
cian A associated to any (fixed) connection V on the line bundle w

1 2 _ 1 2
Vol M LQdV and Q) = Form fMQ dv

are spectral invariants of the Schrédinger operator A + Q.

Qo=

Proof. In [Gil95, Chapter 1.6] it is shown that for every symmetric
elliptic differential operator P of positive order d acting on the smooth
sections of any vector bundle over a closed Riemannian manifold M (like
Schrodinger operators over flat tori) there is a well-defined operator e ™"
for every t > 0 such that

otP _
£(x) fM K(t,%,y)f(y)dy,

where K(t,x,y) is a homomorphism from the fibre over y to the fibre
over x and dx = dV/(x). Itis also shown that the trace of this heat kernel
is a spectral invariant since

tracez vy e 0 = et :f trace,,, K(t,x,x) dx,

S

where (Ay)uen is the spectrum of P (with multiplicities). In [Gil95,
Lemma 1.8.2] it is shown that there is an asymptotic expansion

K(t,x,x) ~ Z ti_Tnei(x) ast \, 0,
i=0

where n = dim M and (only in this proof) ¢;(x) is an endomorphism of
the fibre over x of the vector bundle under consideration. From those
two equations one can deduce that the dimension n and for each i € N
the number fM trace e;(x) dx are spectral invariants. Note that e;(x) = 0
if i is odd. Applying [Gil95, Theorem 4.1.6] to the operator A + Q on a
line bundle over the flat manifold M yields eg(x) = idx/B, e, = —Q/B
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and ey = (%Q2 - %AQ + 11—201-]-Qij)/B, where the ();; are given by the
connection and B := (47)"/2. Thus,

B'f traceep(x) dx = VolM and B-f traceep(x) dx = —f Q(x) dx
M M M

are spectral invariants. Therefore, Qp is a spectral invariant. Since M is
closed, the Divergence Theorem gives fM AQ(x)dx = 0and

2(471)"/2[ tracee4(x)dx:f Q%*(x)dx +C,
M M

where C = 2(4m)"/2 fM trace ﬁQijQij dx does not depend on Q. Thus,
\ﬁ/{ fM Q*dVisa spectral invariant. Since Q is a real function, this
integral is equal to [|Qll}2 M)-

A simpler introduction to the heat kernel of the Laplacian acting on
functions can be found in [Ros97]. O

The notation needed for the following Remark 8.7 is introduced in
Definition 4.10.

Remark 8.7. If Qis a potential on a torus M, then the even and the odd
part of Q are defined by

Q" =5(0+Q) and  Q =3(Q-0),

respectively, and Q = Q" + Q™. By substitution one obtains O =
<Q, Ec)LZ(M) = {Q, EC)LZ(M) = Q- for each ¢ € L. Thus, the Fourier
coefficients of the even and odd part of the potential are (Qc + Q—¢)/2
and (Q; — Q_)/2, respectively. Also note that QT and Q~ are I?(M)-
orthogonal and by Pythagoras” Theorem

QI (g = 1Q Iy gy + 1Q 71T -

Theorem 8.8. Let M be an even-dimensional torus with nondegenerate
length spectrum and let w be a line bundle with Chern invariant factors
ry = +-- = ry = 1. If one is given an arbitrary but fixed translation- and
weakly Zs-invariant connection, then the even part of a potential and
the norm of the odd part are spectrally determined.
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Proof. The lattice having nondegenerate length spectrum means that
there are only two lattice vectors of a given length d € |£|\{0}. Propo-
sition 4.9 states that every translation-invariant connection on the line
bundle w is gauge equivalent to a connection VP + a, where 4 is a har-
monic imaginary-valued 1-form on M and VP the distinguished con-
nection on the line bundle w. This notation is introduced in Remark 4.1.
If one denotes the given connection by VP + 27ia, then one obtains for
all c € £’\{0} that

ViH(Q) = Q-cEa(Ge) + QcEa(=Ge)

is a spectral invariant by Corollary 8.3. Recall that G is the inverse of
the map F: R" — (R")” with F(x) = Q(x,.). The restriction of F to L is
bijective map L — L’ because all Chern invariant factors are equal to 1.
Thus, G: L — L, see Definition 6.5.

Since the connection is assumed to be weakly Z,-invariant, one has
a(£L) ¢ 3Z by Lemma 4.11. Hence, E4(Gc) = Eq(-Gc) = =1 and thus
(Qc + Q-¢)/2 s also an invariant. Additionally, Qy is spectrally deter-
mined by the previous Proposition. Hence, by Remark 8.7 all Fourier
coefficients of the even part of the potential are spectral invariants.

According to Proposition 8.6 and Remark 8.7 the [2-norm of Q is a
spectral invariant and ||Q|Ii2 ) = |IQ+|Ii2 M) + IIQ_IIi2 My Therefore, if
the even part is known, one can calculate the norm of the odd part. O

Corollary 8.9. Let Iso(Q, w,V) be the set of potentials on w having the
same spectrum as Q with respect to the connection V. Under the assump-
tions of the Theorem 8.8 one has that if Q is even then Iso(Q, w,V) = {Q}
for every translation- and weakly Z;-invariant connection V.

Proof. Let P € Iso(Q,w,V). By Theorem 8.8 one has Q* = P* and
0= “Q_”LZ(M) = ||P‘||L2(M>. Thus, the odd part of P vanishes and
P=Pt=Q" =Q. o

Finally, a variant of Theorem 8.8 for two-dimensional tori will be shown.

Definition 8.10. A dual lattice vector a € £’ shall be called minimal if
a(L) = Z. Let L’ be a set of minimal dual lattice vectors such that for
any minimal a € £’ eithera € L or —a € L/ but not both. Fora € £,
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and a given potential Q on M define a one-dimensional potential on the
one-dimensional torus Z\RR by setting

Qu(s) — Z Qkae_kas-

keZ\{0}

This sum converges with respect to the [?(Z\R)-norm because the
maps {s — e_zmks}kez\{o} form an orthonormal basis of I?(Z\R) and
{Qkatkez\(0) is a subset of the set of Fourier coefficients of Q.

Lemma 8.11. Any smooth potential on M can be written as

Q=Qo+ ), Qoa

4
aeLJr

and for any minimal 2 one has (Q%)* = (Q*)".

Proof. First note that Q% oa is a well-defined function on M because
for x,y € R" withx = y+ 1 for an ! € L one has a(l) € Z and thus
Q"oa(x) = Yiez\(0) Qpee 2k @) +a(l)) — Q% o 4(y). The last note is a
simple calculation:

(Qa)i<s> — Z %(Qkae—mziks iQkanTIikS) _

keZ\{0}

Z 1(Qua = Q-ka)e 2™ = (Q*)"

kez\{0}

by Remark 8.7. To show the decomposition into one-dimensional po-
tentials it is sufficient to prove that £’ is the disjoint union of {0} and all
Z\{0} -a witha € L’ since

Q'oa= Z QrkaEra -
keZ\{0}

First, assume there is a ¢ € Z\{0}-aNZ\{0}-bfora # b e L, ie.
assume that ¢ = k,a = kyb with k,;, k, € Z\{0}. By the minimality of a
and b there are two lattice vectors I, and I, such that a(l,) = 1 = b(l})
and thus

k, = kbb(lu) AN ky= ua(lb) giving kplke AN kilkp .
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However, this means that k; = +k, and 2 = +b, which is not possible by
the definition of £, . Hence, the considered union is disjoint.

Second, choose any a € L’ and some basis {Wy,..., Wy} of L. Set
a; = a(W;) and let k be the greatest common divisor of the a;. Define
a new dual lattice vector b by setting b(W;) := a;/k. Since the greatest
common divisor of the b(W;) is 1 by construction, therearek, ... k, € Z
with Y7, kib(W;) = b(X!, kiW;) = 1. Therefore, 1 € b(£) and b is
minimal. This shows thatb € £, or —b € L', and, sincea € Z\{0} - (+b),
the union contains all of L. m]

The previous Lemma holds for arbitrary tori. In the next Lemma,
however, it is necessary to assume that M is two-dimensional.

Lemma 8.12. For any line bundle w with Chern invariant factor r; = 1
over an arbitrary two-dimensional torus M and any smooth potential
Q with vanishing mean on this torus one has the following equation of
functions on M:

1
f Q(.—tGka)dt = Q% oa forallk € Z\{0}and alla € L',
0

where G is the inverse of the map F: £ — £’ with F(I) = Q(l,.). In
particular, Q" is a real-valued function.

Proof. By the minimality of a thereisan! € Lwith1 = a(l) = Q(Ga,l).
Since Q) is skew-symmetric, Ga and I form a basis of R% They even form
a basis of £: Let k € L be arbitrary. There are two real numbers «, § € R
such that k = aGa + Bl. But

-B=Q(k,Ga) e Z and a=Q(kl)eZ.

As F: L — [’ is an isomorphism (r; = 1), a and FI form a basis of
L’ and every b € L’ satisfies: b(Ga) = 0 if and only if b = a -a with
a € Z.. Therefore,

1 1
foQ('_tGk”)dtZI ZQbEb(~—tGka)dt:

0 bel’

Z QvEp fol Ep(—tGka) dt = Z QiaEia = Q" 0a.

beL’ ieZ\{0}
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The left hand side of this equation is real-valued and it follows that Q” o a
isreal-valued. Froma(l) = 1 one concludes that Q%(s) = Q%oa(s-1) € R
foralls € R. O

Theorem 8.13. Let w be a line bundle over a two-dimensional torus M
with Chern invariant factor r; = 1. Let Q be any smooth potential on
M. If the torus M has a nondegenerate length spectrum, then one has
for all P € Iso(Q,®,VP) and a € L/, that |(P7)| = |(Q)"|, where the
distinguished connection VP is the unique translation- and Z;-invariant
connection on w.

Proof. Assume forany k € Z and a € £’ _that

1
ﬁ fM Era () fo Q (x - tGka) d)’ dV/(x)

is a spectral invariant of Spec,(Q, w), see [GGKWO08] for a proof. The
previous Lemma shows that those invariants are equal to

<((Q_)u ° a)z’ E_ka>L2(M)'

Per definitionem ((Q~)“ 0 a)? lies in the subspace of I?(M) spanned by
{E_talkez, which proves that all ((Q7)%0a)? = ((Q)%)? o a are deter-
mined by those invariants. Hence, the |[(Q™)?| are spectral invariants of

Spec,(Q, w). |

Corollary 8.14. If M is a two-dimensional torus with nondegenerate
length spectrum, @ a line bundle with Chern invariant factor r; =
1 over this torus and if one considers only the translation- and Z,-
invariant connection, then there are no nontrivial continuous isospectral
deformations within the space of smooth potentials.

Proof. By Lemma 4.11 the only translation- and Z-invariant con-
nection is the distinguished connection VP. If {Qthefo,¢] 1s an 12(M)-
continuous family of smooth and mutually VP-isospectral potentials, it
easily follows that (O} and {Q; } are also continuous. For t,s € [0, €]

Q7)o a = (Q5)* el ZIQt = Q) <107 = Q5 i

keZ\{0
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shows that {(Q; )? o a} is also a continuous family.

By Theorem 8.13|(Q; )| = |(Qg )?I- Thus, all one-dimensional poten-
tials (Q; )” in this family have the same zeros Z and are equal up to sign
on the connected subsets of M\Z. The continuity of the deformation
implies that (Q; )" oa = (Q;)” oa. Thus, Lemma 8.11 and (Q; )o = 0
yield

Qr = Y (Q)ea= Y (Q)ea=0Q;.

ae Ll acl’,
Since Q" = Q; by Theorem 8.8, one concludes Q; = Qp. o

Corollary 8.15. Assume that M is a two-dimensional torus with non-
degenerate length spectrum and w a line bundle with Chern invariant
factor r; = 1 over this torus. Let Q be a potential on this torus such that
Q" is one-dimensional in the sense that Q= = (Q7)?oa forana € £/ .
If P € Iso(Q, ,VP), then P~ = (P~)?oaand |P7| = |Q~|. If P~ and Q~
are real analytic, then P = Qor P = 0.

Proof. By Theorem 8.13 [(P~)"| = |(Q™)?| forany b € L', . In particular,
(P‘)b = 0 for any b € L’ \{a}, which shows with (P7)o = 0 that both
P~ = (P7)"oaand |P~| = |Q7|. This means that P~(x) = £Q~(x) for
all x € M. Since both functions are analytic, only one of those two cases
can occur. Thus, P~ = Q™ or P~ = —Q~, which gives together with
P* = Q% by Theorem 8.8 that P = QorP = Qt -Q™ = Q. =

Example 7.12 shows that Corollary 8.15 does not hold if the length
spectrum is degenerate.
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