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QD-Type Algorithms for the Nonnormal
Newton—Padé Approximation Table

B. Beckermann and C. Carstensen

Abstract. It is well known that solutions of the rational interpolation problem or
Newton—Padé approximation problem can be represented with the help of continued
fractions if certain normality assumptions are satisfied. By comparing two interpolating
continued fractions, one obtains a recursive QD-type scheme for computing the required
coefficients. In this paper a uniform approach is given for two different interpolating
continued fractions of ascending and descending type, generalizing ideas of Rutishauser,
Gragg, Claessens, and others.

In the nonnormal case some of the interpolants are equal yielding so-called singu-
lar blocks. By appropriate “skips” in the Newton—Padé table modified interpolating
continued fractions are derived which involve polynomials known from the Kronecker
algorithm and from the Werner—Gutknecht algorithm as well as from the modification
of the cross-rule proposed recently by the authors. A corresponding QD-type algorithm
for the nonnormal Newton—Padé table is presented. Finally, the particular case of Padé
approximation is discussed where—as in Cordellier’s modified cross-rule—the given
recurrence relations become simpler.

1. Introduction

Throughout this paper we will represent rational interpolants with the help of continued
Jractions

A As Aj
(L.D BO+”T'+FE,+F§,+.”,

where Aj, Ay, ...and By, By, ... are complex-valued polynomials. It is well known that
the numerator p; and the denominator g; of the jth convergent

g A, M| Ay A
,Tj_‘ 0+| Bl +[Bz +[B3 + + Bj-

satisfy the three-term recurrence relation (for j = 1,2,3,...)

pj = Bj-pji-1+ 4 pj-a
q; = Bj-qj-1+4;-gj-,
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together with the initializations p_; = 1, po = By, g-1 = 0, and g9 = 1 (see, e.g., [13,
Chapter 1}). For these basic recurrence relations we will use the shorter notation

1.2) (m) _B. (Pj—l) Fa;- (p,-_z)
qj gi-1 qj-2

Note that the numerator and denominator of a convergent are only unique up to scaling,
i.e., up to multiplication with a common factor. Switching to a different scaling cor-
responds to an equivalence transformation of the continued fraction. Obviously, for a
continued fraction to be nonterminating we have to suppose that A; # 0 for all j or,
equivalently, that two succeeding convergents have to be distinct.

For Padé approximation (i.e., rational interpolation at a single confluent knot),
Rutishauser proposed to consider the following interpolating continued fraction

x| x|
i r 1 [ 1 ’

k+1 (k+1)
(1.3) o+ +opxt +rck+1x bl B/

where ¢y, ¢, 2, . . . are the coefficients of a given power series. The quantities q].(k ) and

e](.k) are usually displayed in the so-called QD-table

(1)
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9 |
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q 9,
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These coefficients can be computed simultaneously for all indices k according to eék) =0,
*y _
ql - Ck+1 / Ck»

® @D et q(k)l e(k+1)
oD _ ) ) eel _ e

€ —€_ 1 =4y 9 and +h — ,®
£ J4

(k, £ =1,2,3,...) which justifies Rutishauser’s notion “Quotienten-Differenzen-Algo-
rithms” or, simply, QD-algorithm [21]. This method is well established in numerical anal-
ysis, and we may refer to standard literature for proofs and further interesting properties
of the algorithm. In particular, the convergents of (1.3) are equal to the entries

desc.
(LAY T.7%% Fieon Pht1,00 P 1, 1s P2, 1s T 2,25 Th43,25 - - (k=0,1,2,..)

of the Padé table, which lic on a descending staircase.

Generalizations of the QD-algorithm to the Newton—Padé case (rational interpola-
tion with arbitrary knots) using various scalings were given in [7], [17], and [24]. An
ascending QD-type algorithm was stated in [16] and was generalized to Newton—Padé
approximation in [8]. It yields rational interpolants on an ascending staircase

(L5) T Fi0s Fre1,00 The 1,1y Tk=2,15 Fk=2.2> Fk—3.25 - - -2 TOLk k=1,2,..).
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In the first part of the paper we briefly review both types of interpolating continued
fractions using a uniform approach. It is shown that the entries of a so-called b-table,
which is computed by a QD-type algorithm, enable us to construct simultaneously all
deesc, k > 0, and T2, k > 0. The resulting interpolatiﬁg continued fractions include
those from [8] and [16], but we use a scaling different from that in (1.3) (and its general-
izations [7], [17], [24]), which is the same as in the descending interpolating continued
fraction due to Thiele.

All QD-type algorithms mentioned above obviously require the regularity assumption
that any two neighboring rational interpolants (i.e., successive convergents in any 7,3
or 7;*°) are distinct. This is called the normal case. In the second part of this paper we
consider the more general nonnormal case where singular blocks might occur, which
leads to various difficulties. In [2] and [3] the authors generalized Claessens’ cross-rule
to the nonnormal Newton—Padé approximation table so that the question “How to modify
the above continued fractions then?” appears naturally and is solved in this paper.

An appropriate modification for interpolating continued fractions seems to be straight-
forward. The main idea here is to consider a (maximal) subsequence of interpolants from
deesc or T*° such that two successive approximants are distinct, i.e., we “skip” singular
blocks along diagonals and antidiagonals, respectively. Descending continued fractions
modified in this way are obtained by, e.g., the method of Werner [23] and its generaliza-
tions due to Gutknecht [18], or by the Viskovatov method (see, e.g., [13, p. 89} and [1,
L, p. 129 ff)).

The skips on ascending staircases are implicit in the recurrence relation of the modified
Kronecker algorithm [ 1, Part I]. However, for these methods we fix k and consider only
one continued fraction, hence they are not efficient if one is interested in more than one
interpolating continued fraction.

As far as we know, for the nonnormal case, QD-type schemes connecting neighboring
staircases deesc and dejsf have only been given for Padé approximation [9], [14], [19],
and [20]. In [9], horizontal and vertical skips are suggested leading to quite complicated
recurrence relations. Moreover, Draux mentioned [14, p. 167] that in addition to the
proposed three basic relations one has to apply 14 other rules in order to cover all
singular cases.

The paper is organized as follows. In Section 2 we fix the notation and give Froebenius
identities of type (1.2). These yield the interpolating continued fractions deesC and T;¢,
k > 0, for the normal case discussed in Section 3. All required scalar coefficients
a,, = b, , are displayed in the b-table introduced in Section 4, where we propose a
new QD-type algorithm closely connected to Claessens’ cross-rule [6].

For the convenience of the reader, we give a description of singular blocks in the
nonnormal Newton-Padé table and review some results from [2], [3], [5], and [18] in
Section 5. Then, in Section 6, the computation of the nonnormal b-table is discussed.
Using some technical lemmas proved in Section 7, we treat the modification of the as-
cending continued fraction in Section 8. Here—similar to the reliable modification of
Claessens’ cross-rule [2], [3]—the Kronecker polynomials « are essential. The modi-
fication of the descending interpolating Thiele fraction in Section 9 leads to different
polynomials 8 related to Werner polynomials [23], as already studied by Gutknecht
[18]. In Section 10 we derive recurrence relations for these polynomials where again
the coefficients b, , are required. Connections between the Kronecker and the Werner



310 B. Beckermann and C. Carstensen

polynomials are pointed out in Section 11. In Section 12 we study the particular case of
nonnormal Padé approximation where many formulas simplify. Some conclusions and
a summary of the results of this paper are given in Section 13.

2. Notation

Let (zq, 21,22, --.) be a sequence of (not necessarily distinct) knots in the complex
plane. Let f be a function, sufficiently smooth in a neighborhood of these knots. For
integers m,n > O the rational interpolation problem consists in finding polynomials
Pm,n and g, , with degrees bounded by m and n, respectively, such that f — pp »/qm.n
has at least the zeros zg, . - . , Zm+n, counting multiplicities. We consider the Newton—Padé
approximation problem which is the linearized rational interpolation problem, i.e., we
demand that gy, , - f — Pwm.n has the above zeros. Claessens [4] showed that there exist
unique polynomials p;, , and g, , of minimal degree deg p;, , < m,degq, , <n,q, ,
being a monic polynomial, such that gy, - f — p;, , has the zeros z, . . ., Zmn, cOunting
multiplicities, and any other solution of this linearized rational approximation problem
is of the form s - p}, , and s - g, , with an arbitrary polynoimal s of suitable degree.
In particular, for any solution p,, , and g, , of the linearized rational approximation
problem the meromorphic function

K
. pm,n . pm,n
Yman = = —

*
qm,n qm,n

is the same. It is known (see, e.g., [1], {4], and [13]), that, in general, the minimal poly-
nomials p;, . and g, , might have common, possibly multiple zeros called unattainable
points that are members of (2o, . .., Zn4n). Moreover, the rational interpolation problem
is solvable (with the unique solution r,, ,) iff there are no such unattainable points.

In this paper we consider the computation of the table (v, ,,: m,n = 0,1,2,...),
called the Newton—Pad¢ table, or some finite part of it. This problem is well studied if
the table is normal, i.e., if two neighbors are distinct:

Ym,n+1 #rm,n7érm+l,n (m,n=0,1,2,...).

It is well known (see, e.g., [3]) that in the normal case the degrees of the numerator and
denominator are maximal, deg p;, , = m and deggq,, , = n.
In the context of QD-type algorithms the numbers

(2.6)  am,n ;= leading coefficient of p;, ,. b= 1im 2" - 1y 1 (2),
’ Z=>00

will play an important role. The quantity a,, , € C\{0} is called the leading coefficient of
rm,n Since the leading coefficient of g, , always has to be 1. The asymptotic coefficient
by takes one of the values a, », 0, oo from the extended complex plane C;in particular
bp.n = am,n if and only if deg p;, , — degg,, , =m —n.

Note that the tables (¢, ,: m,n =0, 1,2,..)and (b, ,: m,n =10,1,2,...) (shortly
called a-table and b-table, respectively) coincide exactly in the normal case.

For simplicity, we assume that there are no singularities at the border of the Newton—
Padé table. Then 1/f has a Newton series, and we find the coefficients ag, ; and a; ¢
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in
@7 F@ =) a0 w0x)
j=0
or !
1 o ¢]
2.8) — - w0, (2)

f (Z) j=0 (lo,j
using the polynomials w; ;(z) :== 1 and fori < j
wij(2) = (2 —z) - @—2zig1) - -+ (z = zj-1)-
As mentioned in Section 1, a continued fraction is determined by the three-term
recurrences (1.2). The recurrences corresponding to 72%° and T*° are given in the next
theorem. These Froebenius identities are well known from Padé approximation (see,

e.g., [15, p. 359 f] or {1]) and have a natural generalization to the normal Newton—Padé
case [22].

Theorem 2.1 (Froebenius Identities). Assuming that the Newton—Padé table is normal,
we have form,n > 0

e 0 P Dy am, p*
(29) ( *,n+l) = (Z — Zm+n+1) . ( ;"’ ) e ( :l+1,n)’
¢ Dmnt+1 Gn,n Am41,n mti,n

@10 _° (P;er) - (P31+Ln+1) _Gntlintl (Pi‘m,n)
*° C Dt lnil Gmt1,n 7.
®

* 3
@i *°? (pm+1,n+1) = Imtlrtl -(z~zm+n+1)-(p ’"’")
q

* *
qm+1,n+1 Am.n m,n

*
+ (1= Amtlntl N [ Pmntl
a * ’
m,n qm,n+1

e (1} P
(212) .o ( m+1,n+1> — (Z —Zm+n+1) . (q;"’ )

q;:t+1,n+1 m,n
4 <am+1,n+l . Qm,n ) . (p:;1+1,n)
Am+1,n Am+t1i.n ‘I:,;+1,n
Proof. As an example, we give the proof of (2.9). Let

* * *
(P*) = (p’:’nﬂ) — (2 — Zmgn+1) - (PT,,,),
q qm,n+l qm,n
then deg ¢g* < n (since the denominators are monic) and deg p* = m + 1. Moreover,
P'=f a0 = Phnit = F dmn1) = @ = Zont )P = f - G )5
and therefore (p* — f - ¢*) has the zeros zg, . . ., Zmint1- Consequently, (p*, g*) solves
the linear rational approximation problem and, by definition of the minimal polynomials,
is a scalar multiple of (p,, .| ,» Gy 1.,)- The factor —ay »/am+1,, is found by comparing
the leading coefficients of p* and p;, /, . n

A different way to prove Theorem 2.1 is based on so-called Padé determinants, which
are also useful for nonnormal tables (see Section 7).
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3. Continued Fractions in the Normal Newton—Padé Approximation Table

From Theorem 2.1 we immediately obtain the following interpolating continued frac-
tions. In Theorem 3.1(a) we use—in contrast to {7], [17], [21], and [24}—the same
scaling as for the Thiele continued fraction whereas the scaling in (b) coincides with that
in [8] and [16].

Theorem 3.1. Assume that the Newton—Padé table is normal. Then the following holds.

(a) For fixed k > 0, the (2j) and (2j + 1)th convergent of the continued fraction
deesc

k
f2) = Zaj,O‘wo,j(Z)
2

wok+1(2) | = e | i—Zi2 |
[ Varrio | @i —ao | Vaggan — Yakero
+ Z — Zk+2j-1 ( + Z T Zk42j |
|dk+Jj —@yj-rj-1 | Varpjerj— arsjj1

is equal to iy ; and riy 1, respectively, j =0, 1,2, ...
(b). For fixed k > 1, the (2) and (2] + 1)th convergent of the continued fraction T

: a0 wox(@) | ar-ro/ako | akii/ak—1o |
1@ = Yoapn-on, @) RIS - SRR Aoimes

k
i Z(_ A j—1/ - j11,j—1 [_ Ar—j,j/O—j, j—1
= r T %k I 1

_0k-1/A1k-1
Z~ 2z

isequal tory ; ; and re_;_1 ;, respectively, j =0, 1,2, .. ..

Proof. To show (a) one can easily verify that (1.2) and the corresponding initial con-
ditions yield the partial numerators and denominators

(pk+2j) _ (PZHJ) and (Pk+2j+1> . 1 (PZ+,~+1,,->
Gh+2; v Gi+2j+1 ak+J+ 17\
Here, the initialization is obvious and the three-term recurrence relations follow from

(2.11) and (2.12).
Similarly, in (b) the partial numerators and denominators

G- = ()
Gr+2) T Gier2j+1 T j1;

are determined using (2.9) and (2.10). ]
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Remark 1. The connections between the coefficients b,, , = am , and the reciprocal
differences are pointed out in [13, p. 144].

Remark 2. The polynomial identities of Theorem 2.1 are also valid in the upper half
of the Newton—Padé table; therefore, descending continued fractions can also be given
for values k < —1. This follows already from a more general duality principle: 1/ry, ,
is the (r, m)-rational interpolant of 1/f with leading coefficent 1/a,, , and asymptotic
coefficient 1/b, ,,.

4. The Normal b-Table

Claessens’ g-algorithm [6] allows us to compute the values of the normal Newton—Padé
table with the cross-rule

1 1
(413) Z =~ Zm+n {rm,n—l(z) — Fm.n (Z) Ym—1,n (Z) - rm,n(z) }
1 { 1 1 }
Z — Zm4n+l rm+1,n(z) —Vmn (Z) rm,n+l(Z) ~Tm,n @
which yields a recursion for 7y, ,4+1. Supposing the normal case, we can use the cross-rule
to compute the coefficients a,, , = b,, » as described below. For initialization only the
coefficients of the (formal) Newton series (2.7) are required. Note that (4.13) as well as

the QD-type algorithm of Theorem 4.1 are invariant with respect to the duality principle
of Remark 2.

Theorem 4.1. Let a,, , be the leading coefficient of pj;,’n, and let, in addition, a_, ; =
0,aj_1:=o00for j=0,1,....Then

Am.n Am—1,n Am.n Am . n+1
(414) + = + + Zmtn+1 — Zmtn-
Am.n—1 Am,n Ap+1,n Am.n

Proof. The initialization is the same as for (4.13)in [6]. In order to prove (4.14) multiply
(4.13) with (z =~ Zs+n) - ¥m,x, consider the asymptotic series of the negative powers of z
for z — 00, and compare the coefficient of z~ 1. First, note that

Ymn(2) _1 Gm, _
m.n \ —_ Z 1 m,n +0(Z 1)’
rm,n—l(z) - rm,n(z) Amn—1
Fin,n(Z) _1 Om, _
m,n _ 1 Gm.n +olz 1).
Fmt1,0(2) — T, (2) Am-+1,n
Similarly, we obtain the asymptotics
P (2) T n+1(2 14 -
m,n( = -1+ m,n+ () =—1—¢ 1Y%m,n+1 +0(Z 1)’
Fmat1(2) — Ym,n (2) rm,n—H(Z) — Fm.n() Am,n
Fin,n(2) Tm—1,4(2 1 _
m,n( _ _1+ m ,n() =_1““Z 1%m—1,n +0(Z 1)’
"'m—1,n (z) — Ym,n (2) Ym—1,n (z) — Ym.n (2) Am,n
T~ Zm+n —1 —
= 1427 @ttt = Zmin) + 0.
Z — Zm4n+l

Consequently, (4.13) implies (4.14). n
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Table 1. Singular block in the Newton—Padé table.

Ty v=—-1 0 1 2 3 4 5

no=-1 00 00 0o o0 o0 o0
0 0 NEy NE, NE, NE3
i 0 SWo C C C NEg
2 0 Sw, C C C NEs NE;s
3 0 SW, C C C C NE;
4 0 SW; SWy SWs C C NEg
5 0 SWe SW7 SWg

5. The Nonnormal Newton-Padé Approximation Table

In the previous section we considered the normal Newton—Padé approximation table
where “neighbors” are pairwise distinct. In this section we drop this assumption and
assume that some neighbors are equal to r,, , =: C. Then the set of coordinates (u, v)
with 7y, » = ., = C is called a singular block. Claessens described the structure of the
singular block with starting point (m, #) as a union of squares forming a symmetric tail
along the diagonal through (m, n). This is illustrated in Table 1 with (m, n) = (1, 1).

This block property, proved, e.g., in [5] and [18], can be formulated as foliows. A
starting point (7, n), 1 < m, n, is characterized by r, , =: Cand rp,—1 , # C % rmn-1.
Then all interpolants lying in a square with upper left corner (m + [, n + 1) and lower
right corner (im + 1 +k—1,n+1+k — 1) areequal to C, i.e.,

(5-15) C= Vm+lti,n4+H+x (K9 A= 0, 17 (RN k— 1)7

provided that 7yqr41-1 n41 = C OF it wrjrk—1 = C for any integers [, k.

In order to choose notation along the antidiagonals m +n = j — 1, j > 0, let k;
describe the number of occurrences of C on this antidiagonal. Then kg = O and there
exists a positive integer p (or p = oo if the block is infinite) with &y, ..., k2,1 > 0,
kyp, = 0. Note that the upper left corner of the square (5.15) (induced by the equal
interpolants on the antidiagonal m + n + j — 1) must take the form (m +;, n +1;) with
an integer /; > 0. Consequently, on the antidiagonal m +# + j — 1 we have

(5.16)  SW; = rpwy+kn+i-1 #C
= Pk =Lty = Vmali+k=2,n445+1 = * = Vbl nt k-1
= C# rmylj-1n4i+k, = NEj,

compare Table 1. The notation is as in [2] and [3], and we remark thatindeed j = k; +21;,
so that one of the variables j, k;, /; could be neglected.

The characteristic numbers /;, k; determining the shape of the singular block (see
Figure 1) can be described with the help of interpolating properties of r, »,: Let A (resp.
U) denote the set of indices j € {0,...,2p — 1} such that r,, , interpolates (does not
interpolate) the function f at knot z,4n4;. Then l; 4 k; (resp. [;) equals the number of
elements smaller than j in A (resp. U), which, in fact, coincides with the number of
attainable (resp. unattainable) knots of 7.g; 44— 1 n g, 0 (Zmsms « -+ + Zmtntj—1)s counting
multiplicities. This follows from the well-known representation [5] and [18] for the
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T [+] o

T o] 0 O o o

T [+] ]

T [+ [+]

T [ o l]

T o o o 0

T © ¢ o o
T ]

Fig. 1. A singular block with characteristic numbers (the circles characterize neighbors).

corresponding minimal solution of the linearized problem

(517) (pm+l]’+kj—l—i,n+lj+i) — 1—[ (Z _ Zm+n+v) X (Z;n.n)’
m,n

*
D1,k —1—in+l+i v<j,vel

forO < j <2p,0<i <k;.
As proved in [2] and [3] the neighbors of a singular block are connected by cross-rule
type identities. Let ; be a meromorphic function such that

2
1 nieU,i<j (Z = Zmtn+i) -

—_ = - . .
J
SW] - C NE] - C l—[iEA,i<j(z - Zm+n+i) am,n . wO,m+n

(5.18)

Note that, by (5.18), any recurrence relation for o; leads to an identity in the nonnormal
Newton-Padé approximation table and vice versa.

Theorem 5.1 (See [2] and {3]). g, a1, @2, . .. are monic polynomials of degree ko, k;,
k2, ... called Kronecker polynomials. There holds ag = 1 and for any j > 0

@j1(2) = @(2) (T — Zm4ntj) — Cj ifjeaA,
@j(2) = @1 1(@) - 2~ Zmyntj) — Cjg ifjel,
where
b Bt —Lmtd 4,
(5.19) G = R VL

bm+lj+kj,n+lj—1 bm,n
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Remark 3. If wehave atrivial block containing only (m, n), i.e.,if r,, , is different from

Fotlns Fmnd s Tm—1ps @0 Fy n_thenky =ky =lo =1 =0kt =h =L =, =1,

and from Theorem 5.1, after eliminating o/, we obtain ¢; = ¢g + Zmtn — Zminsl OF
Qm,n bm—l,n Am.n bm,n+1

(520) + = + +z n+1 — Im+n
bm,n—l Am.n bm+1,n Am.n et *

which generalizes Theorem 4.1.

In the sequel, we say that the coordinate (., v) lies at the northern border of a block
induced by rp, , if = Py DUt 7 _1, F i s we will use the short notation (p, v) =
CN. Similarly, we will write CW, CS, and CE for coordinates at the other borders
and note that cases like CN = CE, etc., can occur. In addition, coordinates in the
neighborhood of a singular block will be denoted by N, W, S, and E, e.g., E = (u, v)
is an eastern neighbor if v, , # rp,, but ry | = r,,. Finally, for two coordinates
Ci = (u1,v1), C2 = (u2, v2) lying in the common singular block induced by 7., ,,
81 =pi+vi—m—n <8 = Uy + v, —m — n, we will use the short notation

U A
0 e@= [l Gozm), @@= ] G zmian),

Sy <i<by,iclU 81 <igdyicA

such that, for instance,

* _ U * * _ U *
(5.2 Pc, = ¢ ¢, Pey dc, = @e, ¢, "4dc,>
and if
(5.22) SieA ol o 0l L =w
’ 1 * LG Cy,C; — Ppritvnpattl.

Remark 4. If (m, n) is a starting point of a singular block, i.e., 7,—1 7 Fimn 7 Fmn—1s
then necessarily deg p;, , = manddeg g, , = nholds (see [3, Theorem 1] or Lemma 7.2
below). From (5.17) we can conclude that the degrees of the numerators p;, , all have
maximal degree u for (u,v) = CN, CE, W, S, and the degrees of the denominators
q,’j‘u all have maximal degree v for (i, v) = CW,CS, N,and E.

6. The Nonnormal »-Table

Of course, the asymptotic coefficient b,, , introduced in Section 2 is also well defined
in the nonnormal case, but now it might take one of the values 0, oo different from the
leading coefficient a,, ,. A singular block in the table of Newton—Padé approximants
(ru,») With starting point (m, n) canonically leads to a related “singular block™ in the
b-table with the same coordinaies. From deg p;, , = m and deg g, , = n (see Remark 4)
and (5.17) we can conclude that the nonvanishing complex number b,, , = a,, , can be
found on the diagonal of the block through (2, n) while all other entries corresponding
to the singular block are zero or infinity. The b-table related to Table 1 is given in
Table 2.

Note that due to Remark 4 the coefficients b, , are different from zero for (u, v) =
CN,CE,W,and § and different from infinity for (t, v) = CW,CS, N,and E. Therefore
we are able to determine singular blocks uniquely if the b-table is (partly) known. Also,
the nonnormal a-table is determined by the b-table: The leading coefficient a,, , with
{(u, v) lying in a singular block with starting point (m, r) is given by a,,, = by ».
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Table 2. Singular block in the b-table.

buy v=-1 0 1 2 3 4 5

n=-1 o0 o0 00 o0 o) o)
0 0 ® A0 FO0O FOO FOO
1 0 #0 a1 o0 00 F00
2 0 #0 0 g, o0 Foo Foo
3 0 #O 0 0 a1 o0 7500
4 0 #0 #0 F#0 0 a1 #oo
5 0 #0 #0 #0

Theorem 6.1. Using the initializations and recurrence relations of Theorem 4.1 and
5.1, the nonnormal b-table as well as the corresponding Kronecker polynomials can be
computed without any a priori information about singular blocks.

Proof. By applying (5.20) we are able to detect a singular block in the b-table and to
determine its shape and all western, southern, and some of its northern neighbors. The
process is similar to the strategy described in [3] for computing the values in the nonnor-
mal Newton—Padé approximation table along antidiagonals via the reliable modification
of Claessens’ cross-rule. Using Theorem 5.1, we obtain the first Kronecker polynomials
«a; for j € A. Again Theorem 5.1 yields the missing polynomials «; (for j € U) together
with the eastern neighbors b of the singular block considered. For details we refer to
[3]. n

Instead of giving a complete algorithmic description, let us illustrate the preceding
theorem by the following example where the singular block of Tables 1 and 2 is discussed.
The entries of the nonnormal b-table and the Kronecker polynomials will be required
for the modification of the continued fractions of Theorem 3.1 in Sections 8 and 9.

Example 6.1. Taking the coordinates as described in Table 1, we suppose that all
western and southern neighbors bgw,, j = 0, 1,2,4, 5,7, 8 and the norther neighbors
byg, for j = 0,1, 2 have already been computed by Theorem 4.1 or by a singular
rule with respect to another singular block. Hence the shape of the singular block (with
A=1{0,1,2,5} and U = {3, 4, 6,7)}) as well as the quantities cg, c|, c; of (5.19) are
known. By Theorem 5.1 we may initialize ¢y = 1 and compute «;, o, a3. Moreover,
a4, s are also completely determined since 3,4 € U. This gives ¢4, ¢s and by (5.19)
we obtain by E; for j = 4, 5. Theorem 5.1 enables us again to compute o, o7, g = 1
and c7, cg leading to bNEj for j =7,8.

The missing quantities byg; for j = 3, 6 can be obtained by applying Theorem 4.1
or (for j = 6) by recognizing that by g, = 0 implies that by £, and by g, induce a new
singular block and hence by g, = byk,.
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7. Tools

The following two simple lemmas are useful tools. U, V, W € N3 denote coordinates
in the Newton—Padé table.

Lemma 7.1 (See [9]). We have

(7.23)  det[V, W] (p U) = det{U, W] - (” V) — det[U, V] - (p W)
v v Iw

with

Py DYy
detflU, V] :=det| "V TV},
0. V] (qi‘/ LI?J)

Proof. Expand

Py Py Pw Py Py Pw
O=det{q; qv aw|=det| gy 497 aw
Py PV P @ 9 9w
with respect to the last row. ]

Lemma 7.2 (See [9] and [13]). Letm,n, u,v € No withm +n < u + v. Then there
exists a unique polynomial o of degree less than or equal to max{u —m — 1, v —n — 1}
with

J A
det[(m, n), (u, v)] = det( o ’:‘”) = o - WOmtntl-

m,n w,v
Moreover, if deg p,, , +degq,, , —deg p;, , —deggq,, , > 0 (resp. < 0), then the leading
coefficient of a is equal 10 ay, , (resp. equal to a, ;).

Proof. The polynomial

p;kn,nqz,u - p;,vq:l,n = q;:,v(p:z,n - fq;:ln) - p;;n(p;u - fq:,v)

has at least the zeros zo, ..., Zmin, counting multiplicities (due to the interpolation
conditions of the linearized problem), and is of degree < max{m +v, n+ u}. This yields
the lemma. n

8. Reliable Modification of the Ascending Continued Fraction

In this section we consider the ascending continued fraction 7,2 of Theorem 3.1(b) [8],
[16] which determines (r¢.o, ¥x—1.0, Fk—1.1, Fx=2,1, - - - » Yo &) for any integer k > 0.

Let (5.16) hold for some integers m, n, k;, [; > 0 and suppose that both SW; and
NE; lie on the ascending staircase 7;*° and that the successor of SW; in 7,2 is equal
to C. Note that this situation covers a singular block (where we want to skip from C to
NE;) as well as a normal case (k; = 0,/; = 0, 1) in the antidiagonal (m +n + j — 1)
(J =k +2I}).
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Table 3. Notation in Theorem 8.1.

N CE E
. . cs
w CwW S
(a) (&)
We have to distinguish between the two cases (SW;, NE;) = (rw,ry) and

(SW;, NE;) = (rs,rg) as illustrated in Table 3. In case (a), the singular block be-
comes wider while going from antidiagonal (m +n 4 j — 1) to (m 4+ n + j), and hence
Jj € A, whereas in (b) it becomes narrower while going from antidiagonal (m+n+ j —2)
tom+n+j-—-1)({G—-1el).

Theorem 8.1. Suppose that (5.16) holds.

(@) Letrmiy+i;n+1, = C and define (see Table 3) CW = (m+1; +kj, n+1;),CN =
(m+lj, n+lj+kj), W = (m +lj+kj, n+lj —1D,N=(m ‘|"lj -1, n+l,-+k,~).

Then,
(55) = (i) -5 (2)
* =aNw - % - *
dn dew aw 9w
with oy w being equal fo the Kronecker polynomial o of (5.18).
(b) Let rmyt;4i;—1,n+1,—1 = C and define (see Table 3) CS = (m +1; + k; — 1,n +

=D, CE=m+L—-tn+Li+k—-0D,S=m++k,n+l;~1),
E=@m+1l—1,n+1 +k;). Then,

( f) =as,E-<z—zm+,,+j_1>-( fS) ——--( 5).
dE dcs as ds

with as g being equal to the Kronecker polynomial o of (5.18).

Proof. We will only show the assertion of case (a) since a proof of (b) can be given
using the same methods. From Remark 4 and Lemma 7.2 we know that

det{W, CW1 = aw - @omin+tj and detlCN, N] = acw - @o myn+j
and that we may define a (monic) polynomial aw » by
det(W, N] = aw - aw,n - @0 msn+j-

Moreover, by assumption we have pf.y, = péy and gty = gfy since the coordinates
CW and CN lie on the same antidiagonal in the singular block. Hence the given identities
for numerators and denominators follow from Lemma 7.1. It remains to prove aw y = o;
where o satisfies (5.18). We get

1 1 _ 'y —rw
SW;—C NE;—=C  (rv —rcn) - (rw —rew)
. N det[W, N]
= 9en T 9Cw " GICN, N1 - det[W, CW]
- 9en - 9lw
- W.N

acw * 0,m+n+j
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Consequently, comparing g¢y = g¢yw and g, , with the help of (5.17) completes the
proof of (a). n

9. Reliable Modification of Thiele’s Fraction

In this section we modify the Thiele-type fraction of Theorem 3.1(a) by deriving some
relations for the minimal polynomials on the descending staircase. Similarly, as in the
last section, we have to distinguish between two cases: We can enter a singular block at
the western or the northern border. Note that if the last interpolant before the singular
block has the local coordinates SW; = ry and NE; = ry, then we always leave the
singular block at interpolants SW; = rg and N E; = rg, respectively, with k; = k; and
li <lj(andi € A, j — 1 € U), since they must lie on the same diagonal.

Theorem 9.1. Let m,n, i, j > 0 be integers and let (5.16) hold both for j and for j
replaced by i with kj = ki, I; < l; (i =21; + ki < j =2; + k).

(a) Deﬁne W = (m+ll +k,‘,l’l +l,' - 1), CW = (m +li +k,',l’l +l,‘), CS =
(m+L+ki—1,n+l;—1),S = (m+1L;+k;, n+1; — 1) belonging all to the same
descending staircase, as shown in Table 4(2). Assumerwy # vrcw = C =res # rs
so that CW and C S belong to the same singular block. Then there exists a unique
polynomial Bw,s of degree less than l; — 1;, called the Werner polynomial, with

1 (ps O¢w.cs (Pl Pew
(9.24) — ) === Bws S,
as \qgg aw 9w 9cw
l 1 * . *
(9.25) - = Bys - Jew dcs
rs—C ry—C W6, mtn+j—1

() Define N =m-+L —1,n+L+k),CN=m+L,n+1+k), CE =
(m+1l -, n+l+k;—1),and E = (m+1;—1, n+1;+-k;) belonging all to the same
descending staircase, as shown in Table 4(b). Assumery # rey = C =reg £ rg
so that CW and C S belong to the same singular block. Then there exists a unique
polynomial By p of degree less than I; — 1;, called the Werner polynomial, with

PE A Py BvE [Pin
9.26) ( )zw ( L Bue (Pon)

9k CN.CE qy acn  \4dcy

l 1 gcn "4k
9.27 - _ gy . dcwdcs
©27 ry—-C rg—=C Pu.e aty - W0 manti—1

Table 4. Notation in Theorem 9.1.

CN
s CE E
(@ ®)
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Proof. Asinthe proof of Theorem 8.1 we get from Remark 4 and Lemma 7.2, fogether
with (5.21), (5.22),

det[W, CW] = aw - @y min+is
det[S, CW] = det[S, CS]- (0w cs) ™" = as - @omintj-1 - (@ cs) ™"
= a5 O0minti - Opw.cs
(note thati € A), and we may define a polynomial Sw,y of degree less than [; — I; by
det[W, S] = aw - as - Bw.s - @o.m+n+i-
Then the identities for numerators and denominators follow from Lemma 7.1. In addition,
1 1 . . det[W, S]
rs—C rg—C W 9CW GelS CW]- detlW, CW]’
which gives the rest of assertion (a). The proof of (b) is similar; we omit the details. W

10. Recurrence Relations for Werner Polynomials

The following theorem gives recurrence relations for the polynomials 8 required in
Theorem 9.1.

Theorem 10.1.

(a) In addition to th_e definitions in case (a) of Theﬂem 91letW=m+1+k +
l,n-l_-l,- D, CW=m+L;+ki+1,n+1),CS = (m+lj +kj -1, n+l,- —-2),
and § = (m +I; + k;, ’L:I‘il_: 2)_such that, if W, CW, CS, and § belong to

the staircase deesc, then W, CW, CS, and S belong to the descending staircase

T3¢, see Table 5(a).

Assume riy # rem = Ycw = rcs = rgg # 550 that CW, CW, CS,and CS
belong to the same singular block. Then we have the Froebenius identities

p'*— ay * a— x
(1028) . °° ( y) - —W-(z—zm+,,+i)-<p3> __W,<pfw)’
‘ T aw dw bw \4qcw
* - * -
(10.29) * (pf) -5, (Pf> _9% (Pés),
°* \gg as \gs/ bs \dcs

and the recurrence relation

1, 1
(10.30) Pws =Pys = - ewcs + Bs CW.Cs”

Table 5. Notation in Theorem 10.1.

W CW N N
W Cw CN CN

=

CE
CE E

o;lal
“Q

() ®)
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(b) In addition to the definitions in case (b) of Theorem 9.1 let N = (m +1; — 1,n +
Li+ki+1),CN=m+l,n+li+k+1),CE=m+L—-2,n+1+k —1),
andf—(m—l—l 2,n +l; + kj) such that, if N, CN, CE, and E belong to
the staircase deesc then N, W ﬁ and E belong to the descending staircase
T, see Table 5(b).

Assume ri; # gy =TcN = TCE = Igg 7 I'g §0 that CN,CN, CE, and CE
belong to the same singular block. Then we have the Froebenius identities

*_ * b *
(1031) . (” ;V) = @~ Zmtnsi) (Piv) _ b (Pgw),
. 95 dn/ - dcn \4qcn
% * b *
(1032) ° (” f) - (Pf) _be (pr)
** \g: 9 ace \dcg
and the recurrence relation
(10.33) BveE=PyE— waC—N et bEwCN CE"

Proof. As before, we only show (a) since (b) follows analogously or by a duality
argument, see Remark 2. If ryy = ry; and consequently by = oo, then identity (10.28)
holds trivially. But from ry # ry we can conclude that all rational interpolants involved
are distinct, and hence (10.28) follows from (2.9). Identity (10.29) can be proved using
the same arguments. With the new notation W, §, CW, and CS, (9.24) becomes

p % A p W
as ~®cwies’ p — +Bws Pry
Replacing p% and p*W with the help of (10.28) and (10.29) leads to

1 * 1 * A 1 * 1 *
s _b_S‘Pcs—wz:W"c-S-' ;‘V;'(Z—Zm+n+i)'PW—W'PCW
+ ﬁW,E ' PZ—W,
which after rearranging and using (5.21) gives
Ps A v Pw
a_s = WOsvEs (Z = Zmtnti) - E

1 U A 1 *
+ (b_s "@ewes T Pewes bw + ﬁW,E) “Pew-

Comparing this equation with (5.15) leads to (5.18) since with (5.22) we have wZ_ CW ol
wh

A =
(2~ Zminti) = Wy s duetoi € A, j—1¢€ U, and wcwcs = 0% s due to

U
j—1eU,andwCW’CS—w_C_W,CSduetoz+1eA. ]

Remark 5. Note that the Froebenius identities (10.28) and (10.29) of Theorem 10.1(a)
hold as well if we have the trivial case i = j — 2 and with § = W, CS = CW, and



QD-Type Algorithms for the Nonnormal Newton—Padé Approximation Table 323

CS, CS being undefined. Hence comparing (10.28) and (10.29) with (9.24) gives the
initialization for constant g8 (since [; —~; — 1 =0)

1 1

(10.34) Bws = — — — if CW=CS.
bs bw

Similarly, from (10.31) and (10.32) we obtain

(10.35) Byve =bg — by if CN=CE.

Hence Theorem 8.1 (for k; = 0) and Theorem 9.1 (for i = j — 2) together imply
Theorem 2.1 as a particular case. .

; A _ A
Remark 6. Due to the block structure, the polynomials Ve s = PEwcE and

wZ_ =wY_  occurring in (10.30) and (10.33) all have degree I; —I; — 1, whereas
cw.cs  CN.CE

Bw.s, By, E and ﬁ'vﬁ ﬂ?v',E have degrees bounded by /; — /; — 1 and [; — [; — 2, respec-
tively. Hence the coefficients of 7=l Bw s and By g are 1/bs — 1/bw and by — by,
respectively (as already shown for the trivial case i = j — 2 in Remark 5).

Remark 7. In the notation of Theorem 10.1, the following recurrence relations of
Theorem 5.1 hold:

acw  bw
0N = owN (2= Zmgnti) =7 — — ——,
’ bw = acw
acw  bg
o5 = dsw - (&= Zngntj-1) = 57— — ——
: bs  acw

(also valid if W = S and N = E). This can be shown following the ideas of the proof
of Theorem 10.1.

Using the initializations of Remark 5 and the recurrence relations of Theorem 10.1
the required polynomials 8 in Theorem 9.1 can be calculated from the b-table. The
computation may be organized along diagonals with increasing degrees as illustrated in
the following example.

Example 10.1. Taking the coordinates as in Table 1, we can initialize the polynomials
Bsw,, sw,» Bsws,swy» BNE,, NE,»20d By e, N E, @s in Remark 5. Afterwards, we may compute
Bsw,,sw, by (10.30) and By g, nE; by (10.33). Knowing Ssw, sw, enables us to determine
Bsw,,sw, by (10.30). We then require a formula connecting Bsw, sw, With Bsw, sw,
and Ssw, sw, (and similarly for the north-eastern coordinates) which will be derived in
the next theorem. Note that such situations do not occur for the special case of Padé
approximation since these singular blocks always have the shape of a square.

Theorem 10.2. Let the assumptions of Theorem 9.1 be true for two pairs-(ig, jo) and
(i1, J1) with jo = i1.

(a) As in Theorem 9.1(a), we obtain two tuples of coordinates Wy, CWy, C Sy, So and
Wi, CWy, CSy, Sy with So = W all belonging to the same descending staircase,
see Table 6. Then there holds the recurrence relation

A U
(10.36) Bwo.s. = Bwo.so - Wew, cs, T Bwis - Ocw,cw, -
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Table 6. Notation in Theorem 10.2.

Wo CWy No
S . ChNy
CSo . .
So Cwp CEy Eg
. . CN,
CS, . .
S CE; E;
Case (a), here W) = Sp Case (b), here Ny = Ey

(b) Asin Theorem 9.1(b), we obtain two tuples of coordinates Ny, C Ny, CEy, Ey and
N1, CNy, CEy, E| with Ey = Ny all belonging to the same descending staircase,
see Table 6. Then there holds the recurrence relation

_ A U
(10.37) Pwo,E, = BNo.Eo - WCn,,cE, t BNLE, - Wengon, -

Proof. Applying Theorem 9.1 three times for (i, j) equalto (ig, jo), (i1, j1),and (i, j1)
gives the identities

s Py
S _ A Wo *
— = Wcw,.cs, + Bwo,So * Pewys
as, aw,
* *
Ps, A Py, *
— = Wcw,cs, "~ T Bwis - Pow,>
as, aw,
and
* *
Ps, A Pw, *
= Wy, cs, + Bwe.si * Pew,-
as, aw,

Similar identities can be derived for the denominators g*. Since Sp = W; we obtain—
after elimination of S; and Sy with (5.21)—

*
A Pw, *
Ocw,cs, - T T Bwosi - Pow,

a Wo

*
— WA ot Pw
= Wcw,,cs, " Pcw,,CSy

aw,

A * U *
+ wcw, cs, - Pwoso - Pow, T Bw.,s, - Ocwy.cw, " Pcw,

and again a similar relation for the denominators. Since rcw, # rw,, we may compare
coefficients; this leads to (10.36). Similarly, one can show (10.37). [ |

11. Connections Between Kronecker and Werner Polynomials

In this section we fix (i, j) as in Theorem 9.1 and use the notation from Theorem 8.1(b)
and from Theorem 8.1(a) with i replacing j (see Table 3). Then the neighbors N, W, E,
and § form a particular Cordellier rectangle, which is illustrated in Figure 2. Relations
between the polynomials & and 8 are given in the next theorem.
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T o on 0

T wWicCw © o o o
T [+ o
T o [+
T [+] o
T [+ o [+] [+]
T [+

Fig. 2. The Cordellier rectangle.

Theorem 11.1. With the above notation
' Bn.E

v A
0s.E " Wcw.cs * (2= Zmintj—1) —AWN * Ooy.cs = Bw.s - acw + -

Proof. From Theorem 8.1(a), (b) and the equation (5.18) we have

* *
1 1 dcn " 9ew
— = QyN:G ————,
rw—C ry—C acw - W0, m+n+i
*
1 1 4¢s  9cE 2 = Zmentj-1)
— = agE - .
rs—C rg—C -~ dew  O0mtntj—1

Subtracting the first equation from the second gives with (9.25) and (9.27)

1 1 1 1
— + —
rS—C rw—C I‘N—C }’E—C
* * * *
den " 9ew qcs  9cE - 2 — Zmanyj-1)
= —ayN - + U5 F "
acw - Wo,m4n+i acw * Wo,m+n+j—1

* * * *
— dcw " 4cs dcw " 49ck
=Pws  ————+PNvE 5.
WO, m+n+j—1 acn - Wo,m+n+j—1

SINCe Whn-pntiymintj—1 = Wy cs * Pow cs ad gy = gy, etc., the assertion of the
theorem follows after some simplifications. [ ]

Remark 8. Theorem 11.1 also covers the case k; = k; = 0, ie., N, Wand §, E
are neighbors of the north-western and the south-eastern corner of the singular block,
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respectively. From Theorem 5.1 we know that in this case aw y = o5, g = 1 and therefore
Theorem 11.1 gives

BN.E

Bw,s - acw + P l_[(Z — Zmintv) — 1—[(2 Zmtntv)-
cw

vel veAd

12. The Padé Case

Let us have a closer look at the Padé approximation problem which is included as the

particular case of confluent knots (z9 = z; = --- = 0).
Itis well known that singular blocks in the Padé table always have the shape of a square,
hence with the notation of the former section, j € {p + 1,...,2p} and necessarily

i =2p— j,whichimplies N =(m —-1,n+2p—j),W=m+2p—jn-1),
S=(m+p,n+j—p—1),andE = (m+j— p—1,n+ p). Cordellier [10] showed
that. '

12.38) ! _ + Lo 0

( ) VS—C rw-—C }"N—-C rE—C_ '
From (5.18) we may conclude thatew y = o5 g (confer [2] and [3]) and by Theorem 11.1
also Bw.s - acw = —PBn.e/acw. In view of Remark 6, this yields the simple Cordellier-
type formula for the nonnormal Padé case

(12.39) gey by _dew | be

bw acw  bs  acw
generalizing (5.20). Obviously, by identity (12.39)—the “limiting analog” of (12.38)—
we obtain a direct QD-type algorithm for computing the nonnormal b-table without
necessarily computing any auxiliary polynomials or applying Theorem 5.1. Moreover,
from Theorems 5.1 and 9.1 the following explicit formulas for the Kronecker and Werner

polynomials are immediate:

awn(t) = osp(t) =177 +2p_zj_1ti- Gmn_ motnti
W.N S,E b i

i—=0 m-+i,n—1 Am.n

J
2 i—p—1
_ﬂW,S(t) : (am,n) = E PP (bm+i—p—l,n+p - bm—l,n+2p—i)-
i=p+1

Consequently, due to the simplicity of the resulting QD-type algorithm, our scaling seems
to be preferable to that used in the computational schemes proposed by [9] and [14].

Bn.e®)

i

13. Summary and Conclusion

The recurrence relations of Theorems 8.1 and 9.1 enable us now to write down explicitly
the modified interpolating continued fraction 72 and 7,8 for the nonnormal Newton—
Padé approximation problem.
Let Vg, Vi, Vs, .. . denote the coordinates belonging to de"sc (resp. to T,%°), enumerated
in the natural order. We define the two subsequences (X;);=p and (¥;);=1 of (V¢)s=0 by
=V, £(0) =0, and for j > 1

Xj = Ve, Y; = Vig-1, where "oy = e = ° 7" = Mg a Ve -
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Note that by construction all X,; belong to the diagonal k and all X,;.,| to diagonal k 41
(antidiagonal k and k£ — 1). For the sake of simplicity, we assume that there is no singular
block in the first column of the Newton-Padé table so that £(1) =1, £(2) = 2, i.e.,

Xy =Y = (k,0), X1 =Y, =k+1,0) and Xo=G(+1,1)

(resp., Xo = Y1 = (k,0), X1 =Y, = (k—1,0),and X = (k—1, 1)). Then the modified
descending continued fraction T2 reads

Ek: o, k+1(2) Z w)‘%
13.40 = a:o - s + > J—1.Y;
( : T j=0 0 @05 @ 1/aks1,0 =2 ﬁY,--z,xj

and the modified ascending continued fraction 7,* reads

k
(1341 f@) = Zaj,o-wo,j(z)_’%o_“;’oﬂil
=0
ax,; ijax,._ | ax,,/ax,, D
+ - 2j=2 — j i .
j; ( I (Z - Zk) . aYZj—z,XZj I aYZi—I»ijH

We conclude the paper with some computational remarks.

Remark 9. It is a well-known fact that a knot which once has been an unattainable
point cannot later become attainable (i.e., Zmnt+i = Zm4ntj,i € U,i < jimplies j & A)
[3, Theorem 4]. Hence with the notation of Theorem 10.2, the polynomials wé w,.cs, and
a)g Ww,.Cs, cannot have acommon zero. Consequently, given By, g, , we are able to compute
both B, g, and By, g, by (10.37) since deg By, g, < deg a)gl\,o’CNl —-1=10 = —1
and deg Bw, g, <degwfy cp, —1=1L, — 1 — 1.

In addition, by (10.33) (see Remark 6) we can determine the quantities P z and bg
supposing that By, g and by are given.

Finally, if N and E are neighbors of a north-eastern corner of the singular block and
by, By .k are given, then we obtain by by the initialization (10.35).

Taking Remarks 8 and 9 into account we see that there are essentially two strategies to
compute the polynomials B required for the modified descending interpolating continued
fraction.

As proposed in the former sections, we could first compute the nonnormal b-table of

asymptotic coefficients together with the polynomials aw, y and e g, then compute the
polynomials Bw,s with the help of (10.34) and (10.30), and finally compute By g along
diagonals with decreasing degrees by Theorem 11.1.
' Alternatively, we can compute directly first the by, bs, some of the by and the shape
of the block by (5.20) (or a singular rule with respect to another block), afterward By s
with the help of (10.34) and (10.30) along the diagonals with increasing degrees, and,
finally, simultaneously the By g, bg, and the other by along diagonals with decreasing
degrees using the equation of Remark 8 and the ideas given in Remark 9.

Let us finally raise the important question of numerical stability of the algorithms
mentioned above. It is well known that the QD-algorithm and its generalizations are nu-
merically unstable. Our method also has this disadvantage and hence should preferably
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be applied if exact arithmetic is available such that tests for zero and the detection of
singular blocks are unambiguous. There are some approaches to overcome these numer-
ical difficulties. For a class of rhombus-type algorithms in the sense of {11} including
Claessens’ g-algorithm and therefore the cross-rule (4.13), Cordellier gave a reliable and
stable implementation [ 12, Annexe 6]. It seems, however, that his methods do not extend
to QD-type algorithms. Another approach was proposed by Gutknecht [19] and [20] for
Padé approximation where, roughly speaking, one skips not only singular blocks but
also blocks corresponding to “not well conditioned” interpolation problems. Here, the
connection between two neighboring descending staircases is specified as a matrix recur-
rence relation. A stable and efficient QD-type algorithm for Newton—Padé approximation
will be a subject of further research.
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