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Abstract An adaptive finite element algorithm for problems in elastoplasticity with
hardening is proven to be of optimal convergence with respect to the notion of approx-
imation classes. The results rely on the equivalence of the errors of the stresses and
energies resulting from Jensen’s inequality. Numerical experiments study the influ-
ence of the hardening and bulk parameters to the convergence behavior of the AFEM
algorithm. This is the first optimal adaptive FEM for a variational inequality.
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1 Introduction

Elastoplasticity with hardening is of great importance in many problems of struc-
tural engineering. Well-known models are given by linear kinematic hardening and
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isotropic hardening allowing for the modeling of elastoplastic deformation in an incre-
mental sense [7,19,24]. One pseudo time-step of the elastoplastic model is given by
a variational inequality which is equivalent to a minimization problem with a non-
differentiable dissipation functional arising from the plastic flow law.

Adaptive finite element methods are well-established to address exact solutions of
lower regularity. Empirical evidence shows that efficient simulations converge with
optimal rates in a sequence of automatic mesh-refinement steps. These methods are
usually based on a posteriori error control which has reached a certain maturity for
linear problems. We refer to the monographs [1,3,28] for an overview. The a posteriori
error analysis for variational inequalities in elastoplasticity is established in [2]. In the
presence of hardening, the reduced model without all internal variables is uniformly
convex and hence the dual norms of the residuals from linear elasticity are applicable
and lead to reliable and efficient error control for elastoplasticity with hardening.

Adaptive finite element methods generate a sequence of triangulations and, there-
with, a sequence of approximations via the usual four steps of an adaptive finite element
algorithm (AFEM)

SOLVE — ESTIMATE — MARK — REFINE. (1)

The convergence analysis of such an AFEM algorithm started with the marking due
to Dorfler [15] and was completed with the optimality argument due to Stevenson
[25]. We refer to [13] for linear problems, to [8] for nonlinear problems and to [10]
for mixed methods. The convergence analysis of AFEM algorithms for variational
inequalities is introduced in [6,9].

In this paper, the convergence of the AFEM algorithm is proven for the discretization
of variational inequalities in elastoplasticity. The discretization is based on low-order
finite elements on triangles which are refined by newest vertex bisection. A Dorfler
marking is used in the marking step of (1). The key in the analysis is to show the
equivalence of the errors of the stresses and energies. The convergence analysis was
firstly presented in [12] and relies on the pointwise exactness of the material law.
Jensen’s inequality is applied to the convex dissipation functional and some orthog-
onality relations given by the L? projection are exploited. The convergence follows
with some contraction argument.

The main result of this paper is the proof of optimal convergence in terms of degrees
of freedom. We emphasize that this result is the first contribution to prove optimality
of the AFEM algorithm for a variational inequality. We apply the methodology of
[13] where the overlay of the triangulation generated by the AFEM algorithm and an
optimal triangulation is considered in terms of an approximation class. Using its con-
vergence property we show that the AFEM algorithm produces triangulations yielding
the same convergence rate as those which are optimal with respect to all admissible
triangulations given by newest vertex bisection.

The remaining parts of this paper are organized as follows. In the Sect. 2, we intro-
duce the formulation of one quasi-static time step in the primal problem of elasto-
plasticity with isotropic as well as linear kinematic hardening. In the Sect. 3, the
equivalence of the energy difference to the stresses is proven and a residual-based
error estimation is introduced along with some basic estimations of the data oscil-
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lations. Moreover, the AFEM algorithm with Dorfler marking is introduced in this
section. The convergence of the AFEM algorithm is proven in Sect. 4, while its opti-
mal convergence is shown in Sect. 5. Numerical experiments are presented in Sect. 6 to
study the influence of the hardening and bulk parameters to the convergence behavior
of the AFEM algorithm. Recall that, throughout this paper, the expression A < B
abbreviates A < C B with a positive constant C and A ~ B represents A < B < A.
Standard notation on Lebesgue and Sobolev spaces applies throughout the paper and
(-, -) 12 denotes the L? inner product.

We explicitly acknowledge that this optimality analysis has been discussed years
ago with Y. Kondratuyck which led to some unpublished work on uniformly convex
minimization.

2 The model of elastoplasticity

Let © C R represent the reference configuration of an elastoplastic body in d =
2, 3 dimensions with Lipschitz boundary 9<2 split into a closed Dirichlet part I'pp of
positive surface measure and a possibly empty Neumann part I'y = dQ\I'p with
outer unit normal v. The surface traction g € L*(I'y; R?) acts along I'y and the

applied volume force reads f € L?(€2; R?). The deformation of the body is described
by the displacement field

ueV:.={ve HI(Q;Rd)h) =0onTIp}.

The linearized Green strain tensor is defined by e(u) := (Du + Du'")/2. The plastic
strain is given by

pe0i=1(2REL,)

sym,dev

withRI*4d . — {q € R4 | tr(g) = 0} and trace tr(q) := Z‘}=1 qjj- The linearized

sym,dev | o Tosym / i i .
Green strain is split into an elastic part e and the plastic part p in a small strain

framework as
g(u) =e+ p.
The stress tensor is defined as
o(u, p):=Ce(w) — p)

with the isotropic elasticity tensor C assumed to be constant and uniformly elliptic,
ie.

sym

K([:|‘L'|2 <Cr:tforallt e L? (Q; Rd"d)
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with some global constant k¢ > 0. Using this notation, the strong form of the equi-
librium conditions reads

divo(u,p)+ f=0 inQ2 and ov=g only. 2)

We consider a linear hardening state law of the form y = Hp and R = Ha with
the isotropic hardening modulus A > 0 and the hardening tensor H assumed to be
symmetric with KH|'L'|2 < (Hr) : t forall T € L*(Q; ]Rka) and the global constant

sym
kg > 0. Here, x € Q denotes the back stress tensor and o € M := L*(Q) the
accumulated plastic strain with R € L?(2) as its dual variable. Rate-independent
plasticity models is assigned by a dissipation potential j = j(g, f) assumed to be
lower semicontinuous, convex, as well as positively homogeneous of degree one. In
the case of isotropic hardening, the dissipation potential reads

. __Joylgl forlg| < B,
Jj(q,B) = [Oo

else.

Here and throughout this paper, |¢| := (g:¢)'/? for the product A: B := Zﬁj:l AijBij
of two matrices A, B € R4*4 and oy > 0 is a material constant which is referred as
the yield stress. Provided that homogeneous initial conditions holds, the subsequent
inclusion condition follows from the time discrete form of the elastoplastic evolution
law,

(p.a) € 0j"(0, X, R).

Here, j* is the Legendre—Fenchel transform of j, and df denotes the subdifferential
of a convex function f [20]. The equivalent dual form reads

(0. x, R) € 9j(p, ).
This is equivalent to the variational inequality
(Hp — o, p), p — @) r2(q:rixdy + (Ha,a = B)12(q)
+/§2J'(p,06)—j(q,/3)dXS0 forall (p, f) € Q x M. 3)
The multiplication of (2) with test functions plus an integration by parts yields
(o (u, p), (V) p2(@:Raxdy = (fs V) 2(:rdy + (& V) 2(ry:rey forallve V. (4)
The summation of (3) and (4) implies the variational inequality [19,24]

b(z—w)<a(w,z—w)+Y(z)—¢Y(w) forallze W 5)
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with the abbreviations w = (4, p,«),z = (v,q,B8) € W:=V x Q x M and

a(w, z) := (o (u, p), e(v) — q)LZ(Q;Rdxd) + (Hp, Q)L2(Q;Rdxd) + (Ha, ,8)[,2(9)»
V(2) = / Jj(gq. B)dx,
Q

b(z) == (f, v)2(:re) + (8, V) 2(ry:RY)-

The Hilbert space W is equipped with the inner product
(wv Z)W = (M, v)Hl(Q;]Rd) + (p5 q)Lz(Q;]RdXd) + ((X, ,3)[,2(9)
forw = (u, p,a),z=(v,q,B) e W.

The induced norm in W is denoted by |zllw = (z, z)%z. The bilinear form a is
symmetric and continuous on W. The linear form b is continuous and the functional

Y is convex, lower semi-continuous and positive homogeneous. Korn’s inequality
implies that a is W-elliptic, i.e.

kllzl3 <a(z.z) forallze W

with the ellipticity constant x > 0 [19, Eq. (7.52)]. Hence, the weak form (5) has a
unique solution equivalently characterized as the unique minimizer of the functional

1
E(z) = Ea(z, 7)) —b(z)+Y(z) forze W.

A simpler model of hardening is given by linear kinematic hardening with the
dissipation potential

j(g, B) == oylql.

In this case, the accumulated plastic strain does not appear in the modeling given by
the same variational inequality (5). In other words, the Hilbert space W reduces to
W :=V x Q and the bilinear form a to

a(w,z) = (o (u, p), () — @) 2(q:rixdy + (Hp, §) 12 (q.Raxa)
forw = (u, p),z=(v,q) € W.

Again, a unique solution is guaranteed [11,19].

Remark 1 The model given by linear kinematic hardening can be extended to mul-
tiyield plasticity to describe nonlinear hardening [11,12]. This is done through an
additive split of the plastic strain into multiple variables each representing the plastic
strain associated to a particular yield surface. The yield surfaces differ only in the
material dependent parameters oy ; and H; describing particular yield stresses and
hardening tensors.
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Remark 2 The case H = 0 models perfect plasticity characterized by the absence of
hardening. In this case, the problem (5) is not well posed and the bilinear form a is
not W-elliptic. However, there exist solution of perfect plasticity in a much weaker
sense [26,27]. Furthermore, the discretized problem may lead to difficulties in the
numerical solution for H close to zero. In any case, stable approximations of the
stress are feasible [12].

In what follows, we will focus on the modeling with isotropic and linear kinematic
hardening. But, all arguments can be transferred to the case of linear kinematic hard-
ening by omitting all terms concerning the accumulated plastic strain. The ellipticity
constant « arises in the following estimate.

Lemma 1 The minimizer w € W of E and any 7 € W satisfies
kllw —z||3y < E(z) — E(w). (6)

Proof From the variational inequality (5), and the W-ellipticity of a, it follows that

2
«llz —wly

IA

%a(z —w,z—w) = %(a(z, z)—a(w,w)) —a(w,z —w)

1
5z 2) —a(w, w)) = bz —w) + ¥(@) — ¥ (w) = E@) - E(w).

IA

3 Adaptive finite element discretization

To discretize the variational inequality (5), finite dimensional subspaces V; of V, O,
of QO and M, of M are introduced. The discrete problem seeks a discrete solution
wy = (ug, pe,ag) € Wp :=Vy x Q¢ x My with

b(zg — we) < a(we, z¢ — we) + Y (ze) — Y (we) forallzp € Wy. @)

The discrete problem admits a unique solution w, which is also the minimizer of E
over Wy.

The subspaces Vy, Q¢ and M, are specified via finite elements on shape regular
triangulations (7¢)¢en, of €2 in triangles without hanging nodes. Throughout this
paper, 7y is a refinement of an initial triangulation 7y. Possible refinements of 7y are
restricted to those resulting from newest vertex bisection. The set of these admissible
refinements is denoted by T.

Let P1(7;) be the space of piecewise affine linear and Py(7;) be the space of
piecewise constant functions with respect to 7, and set

Ver=PUTERDONY, Qo= Po (T RGiy,) . Mei=Po(To.

sym,dev

Moreover, let 0 := o(u, p) and oy := o (ug, pe) withuy € Vy and py € Qy. The
following theorem states that the error of stresses is equivalent to the error of energies.
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Theorem 1 The exact and discrete solutions w and wy with stress fields o and oy

satisfy
llo — G@"iZ(Q;Rdxd) ~ E(we) — E(w) < (og — 0, e(ug — u))LZ(Q;RdXd)'
Proof The variational inequality (5) implies

llo = 0¢l17 2 g paxay S awe = w, we — w) < E(we) — E(w),

Let p¢ € Q¢ with pgr := |T|™! [ pdx and &y € My with &7 := |T|™' [, adx
as well as wy := (u¢, pe, a¢). Since j is convex, Jensen’s inequality yields

ﬂh@mswﬁ/j@ﬂML
T
This implies ¥ (wy) < ¥ (w). Thus,

E(we) — E(w) < a(wg, we — w) — b(wg — w) + ¥ (we) — ¥ (w)
<a(wg, wg —w) — b(wg — w).

From the orthogonality relations
(qe, p — PO 2 Rdxdy =0
for all g¢ € Po(Ty; R4*?) and
(Be,a —ag) =0
for all B, € Py(7;), we obtain
a(we, wy — w) = (op, e(ug — u))LZ(Q;Rdxd).
From (4), Young’s inequality, and Lemma 1, we conclude

E(we) — E(w) < a(wg, we — w) — (0, e(ug — 1)) 12(q. Rdxd)

= (O’( — 0, S(Mg) — 8(u))L2(Q;RdXd)

o — oy . + —lwg —w
2 LA(QRIxd) T 5 14

1 ) 1
=< Z“U - Uf||L2(Q;Rd><d) + E(E(w@) - E(w))

with the ellipticity constant k. This completes the proof.

The assertion of Theorem 1 remains valid for discretization spaces defined on
refinements 7y, of 7y withm > 1.
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Corollary 1 It holds
lloe = 0em |72 gaxay X EWe) = E (W)
< (00 — Ottm, E(Ue — Ugm)) [2(Q:Rd*d)-

Proof Since Wy C Wy4y, the same arguments from the proof of Theorem 1 and
Lemma 1 with w replaced by w4, prove the assertion.

The residual-based explicit error estimation for the norm || - || 12(q. gaxa) Of stresses
reads [12,19]

(D) = T f 2 gopay +IT1V D R forT €Ty,

EE(T)
loelvell 12£ Ry for E € &(Q),
Rg == 1llg —oeEl g rey for E € E(Ty),
0 for E € & (T'p).

Here and throughout this paper, [-] denotes the jump along an edge E of 7; and vg
is a fixed unit normal vector with respect to E. The set £(T') is the set of all edges
of T € 7. Furthermore, £;(2) is the set of all interior edges of 7y, & (I'y) the set

of all edges on 'y, and £ (I'p) the set of all edges on I'p. The residual-based error
estimator is

ng =ng(T), mpM) = D ni(T) for M CT.
TeM

With the integral means fr := |T|™! [ fdx and gg := |E|™! [, gds for E €
& (T ) we define the oscillations by

os (£, T) =TI f = frl7acp.mays

1/2
osc(f, M) = ( Z oscz(f, T)) for M C 7y,
TeM

0sc*(g, E) = |T1"? g = 8£ 1171y

1/2
osc(g, F) = (Z oscz(g, E)) for F C E(T'y).
EeF

The oscillations on a triangle K € 7, dominate the oscillations on the subtriangula-
tion Tosm(K) := (T € Toam | T C K} and Egsm(F) := (E € Eym(Ty) | E C F)
with F € £(K). In turn, the oscillations are dominated by the local error estimator
n¢(K). This is stated in the following lemma.
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Lemma 2 Any K € 7y satisfies

0 (f, Team(K)) < 0s¢*(f, K) < nj (K),
and any F € E(K) N & (T'y) satisfies

0sc? (g, Ep4m(F)) < 0sc>(g, F) < 7 (K).

Proof We find that f € Po(Tosm(K); RY) with fl7 := fr and T € Tom(K) is the
L? projection of f on Po(Tpm(K); RY) and that fx € Po(Tpm(K); RY). Thus,

os?(f, Teem (KN = D7 TS = frl 72050,

T€ﬂ+n1 (K)

<IKl D I =[xl aigipay = 05 (S, K).

Te€Tpim(K)

A

Since fx is the L? projection of f in Py(K; R?) and 0 € Po(K;RY), we have
osc2(f, K) < |K|”f”%2(K-Rd) < n¢(K). The second assertion follows by the same
arguments. ’

It is well known that the estimator 7y is reliable and efficient with constants that

only depend on the material and hardening parameters as well as on the initial trian-
gulation 7.

Theorem 2 It holds

lo — 0€||L2(Q;]Rdxd) SneSllo— 0€||L2(Q;]Rdxd) + osc(f, 7¢) + osc(g, Ee(TN)).
Proof See [12] for a proof.

The error estimator remains reliable on the set of triangles refined from level ¢ to
level £ + m. This set is denoted by Ze\ T4 :={T € 7¢ | T ¢ 7o }. Note the set of
unrefined triangles is given by 7y N Ty,

Theorem 3 (Discrete reliability) It holds
E(we) = E@em) S 10eim — 001220 pasay S 0T\ Titm).

Proof The Scott—Zhang interpolation on 7y\ 7y, of up — ugyy, defines vy € Vy with
ug — ug4m — ve = 0 on 7y N 7yyy. Corollary 1 and

(O¢+m — 01, £(V0)) 2 Rdxdy = 0
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imply

2
||Uf — Of+m ”LZ(Q;Rdxd)
S (Ottm — 00, €(Uetm — Ue — Vo)) 2 Rdxd)
= (f egm — ug — UK)LZ(Q;RH) — (o¢, e(ug — Ugym — Ul))L2(Q;Rdxd)-

This and other arguments from [13,25] prove the assertion. Since the remaining details
are the same for linear problems, they are omitted here.

Algorithm 1 The AFEM algorithm.
Input: Loads f € LZ(Q), g€ LZ(F N ), initial triangulation 7p, bulk parameter 0 < 6 < 1.
fort=0,1,...do
SOLVE: Compute the solution w, € Wy of (7).
ESTIMATE: For all T € 7;, compute the estimated error 1y (7).

MARK: Determine the set M of all elements marked for refinement by Dorfler marking/bulk chasing,
i.e. compute M, C 7y of minimal cardinality | M| with

o2 < 2 (My). ®)

REFINE: Refine all elements in M, with newest vertex bisection strategy, where green, blue and
bisec3 refinement patterns from Fig. 1 are allowed to be used to compute the regular refinement 7y 1.

end for

Output: Sequence of shape regular triangulations (ﬂ)gENO C T, sequence of discrete solutions
(we)geN, in the nested spaces (Wy)gen, -

Algorithm 1 describes the AFEM algorithm used for adaptive refinement. It consists
in loops over SOLVE, ESTIMATE, MARK, and REFINE steps as introduced in (1). In
the SOLVE step, an appropriate solution scheme for the discretization of elastoplastic
problems has to be applied. We refer to modified Newton’s methods [14,17,21,29] and
to algorithms of predictor-corrector type [19]. Due to its implementational simplicity,
we use Uzawa’s method based on a discretized mixed variational formulation which
is equivalent to the discrete variational inequality (7) [16,18]. We emphasize that
efficient Newton-type methods as referred above should be preferred because of their
much better convergence properties. Dorfler marking is used in the MARK step [15],
and newest vertex bisection is applied in the REFINE step, see Fig. 1.

AN

(a) green (b) bluej¢¢ (c) blue,ight (d) bisec3

Fig. 1 Possible refinements of a triangle in the AFEM algorithm. Thick lines denote refinement edges for
subsequent newest vertex bisection
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4 Convergence of the AFEM algorithm

The point of departure for the AFEM convergence analysis is the error estima-
tor reduction for increasing refinement levels £ € N. For this purpose, define the
patches wg = int(T UT’) for T,T' € Ty and E € E(T) N E(T') as well as
or = Jge (1) @E- Note that the trace theorem and the shape regularity of 7 imply

I[ottm — oelVEl 2(p:rey S TEI™ 2 1004m — 0¢ll 2(0p:raxdy for E € E(),

I(@esm — oOVEN 2Ry S VEIT 2 l00tm — 0cll 120y ixay for E € E(Tn).

&)

In the following, we apply similar techniques as proposed in [13]. In particular, we
make use of the identity

(a+b)* = ,nin ((1 +na® + (1 + 1/:)192) fora,b > 0. (10)

<t<0o0

Lemma 3 There exists a constant Ay > 0 such that

(1) < L+ WP (T) + Ao+ 1/ 0t4m = 02172, sy
forxa>0and T € Tg N\ Tpqpn.

Proof The triangle inequality leads to

1Me4m (T) = ne(T)]

1/4 2
<7 > (Moermlvell 2z rey — lloelvell 2z ra)
EcE(T)NE(RQ)
1/2
2
+ Z (lge — oermvEl 2Ry — II8E — 0¢VEl L2(£:RY))
EcE(T)NE(TN)
<|T|'* > loem = oVl g
EcE(T)NEH(R)
1/2
+ > o= om)VEN g,
EcE(T)NE(TN)

The combination with (9)—(10) concludes the proof.

Lemma 4 There exists a constant A1 > 0 such that

N Tem (K)) < 27120+ 20m7 (K) + At (L+ 1/ 100m = 021172 ey
forx > 0and K € Ty\Tp4m-
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Proof The refinement patterns of the newest vertex bisection of the AFEM algorithm
from Fig. 1 shows |T| < |K|/2 forall T € Ty4,,(K). Thus, (10) implies

Nty Tem(K))
= > T agpe,
T€Tpim(K)
+ D> AT > loemVENT g
T€Tim(K) E€E(T)NEr1m ()
+ > I(eE = oermVENT2 gpay

E€E(TMNEr+m(TN)

<IKI2 D I ape,

T€Tom(K)

+A+1 D AT > o — oevEl 2 gy
TeTpim(K) Ee&E(T)NEr+m ()
+ > 1@etm = oOVEN2 (. pa,
EcE(TMNEr+m(Tn)
HAKYD2A+2 D MoelvellZa g
FeE(K)NEH(R)

+ D ler —ovrlagp gy
FeEK)NE(TN)

The assertion follows from the definition of nz(K ) and (9).

Theorem 4 There exists a constant A > 0 which only depends on the initial triangu-
lation Ty such that the estimators ng and ngp, satisfy

3 12
Netm < (BT 0 Teem) + 27 203N Tem))  + Allotim — o0l 2@umasa):
Proof From Lemmas 3 and 4, we obtain

Mesm = N1 (Te O Tom) + 17y (TN To1m)
= U+ 2) (1T N Te) + 27 20T\ T
+4(1+ 1/2) max{Ao, A} 0erm — ¢l 72 g pasay:
The assertion directly follows from (10).

The following corollary is a direct consequence of the Dorfler marking (8).

Theorem 5 Given the bulk parameter 0 < 6 < 1 and the constant A > 0 from
Theorem 4, then p; := (1 — 6 + 2-1/29y1/2 < 1 satisfies

Ne+1 < pine + Alloesr — oell 2 raxdy-

@ Springer



An optimal adaptive finite element method

Proof The Dorfler marking (8) implies
2 2 2 _ .2 2
Ong < ng(Me) < ny(Te\Tev1) = ng — 0 (Te NV o).
This leads to
2 2
ne(Te N o) < (1 = O)ny.

Theorem 4 yields

1= +27 V2 (2 = (T N'T, 2 -
nes1 < ((L—=0)ny + ng — ne(Te N Toq1) + Allogt1 — oellL2(q:Rdxa)

B 1/2
< (a—omf+272 (i = =0nF)) "+ Allorss — ol 2 gpe)

= pine + Alloet1 — oell L2 rdxdy-

The convergence of the AFEM algorithm directly results from the convergence of
the weighted sum

£} =i + Bo
with §; := E(w¢) — E(w) and some B > 0. This is stated in the following theorem.
Theorem 6 There exist parameters § > 0 and 0 < py < 1 such that
§ev1 < p2§¢ forall € € No.
Proof For 0 < A < pfz — 1 Theorem 5 and (10) imply

N1 < L+ 200007 + (L4 1/ A% oes1 — 06l g pavay

For p;, = (1 + )\),012 < 1 and a further constant 8, > 0, which also depends on A,
Corollary 1 shows

Nipr < oang + Br(E(we) — E(wei1)) = pang + Bade — Pades1.

From Theorems 1 and 2, we conclude that there exists some constant C > 0 such that
8¢ < Cn?. With

_ d=p)Ba

Y= and = +0C <1,
51 02 i= Py

we obtain

77§+1 + Babes1 < pang + Bade < pang + (Ba — 98¢ = p2(ne + Brde).
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5 Optimal convergence of the AFEM algorithm

The convergence rate of the AFEM algorithm is described via the notion of an approx-
imation class. For this purpose, set

W(T) := P\(T:R%) x Py (T; Rdxd ) x Po(T)

sym,dev
for a triangulation 7" and denote the minimizer of E over W (7)) by wy € W(7). Fur-
thermore, recall the definition of T as the set of refinements of the initial triangulation

Ty resulting from newest vertex bisection and define the subset T(N) := {7 € T |
|7| —179| < N} for N € N. Given any 0 < s < oo define the semi-norm

l(w, f, 8.4
= sup N° min (oscz(f T) + osc’(g, E(TN)) + E(wy) — E(w))l/2
" NeN  TEeT(N) ’ ’

and the approximation class
A= [, f1) € W LA RY x LATwi RY | |(w, £, )], < 0]

The main result of this paper states the optimal convergence of the AFEM algorithm
with respect to the energy and in the norm || - || ;2(q Raxay Of stresses.

Theorem 7 There exist 0 < 6y < 1 and a constant C(s) > 0 such that for all bulk
parameters 0 < 0 < 0y of the AFEM algorithm it holds

(T2l — 1 ToD)* (E(we) — E(w) + osc*(f, o) + osc? (f, E(Ty))) /2
< C®w, £, ), (11)

Furthermore, there exists a constant C(s) > 0 such that

(17el = 170D’ (lo = 0el}2 g gaxay + 0567 (f, Te) + 0s¢* (g, E¢(Tw)))'/2
< CO)|w, f,8)la,- (12)

The remaining part of this section is devoted to the proof in four steps.
Step 1. Given 0 < 7 < 1 and (w, f, g) € A;, choose a minimal Ny € N such that

(w, f.)la, < TEN].

Such a minimal N, satisfies
Ny < 2(Ne — 1) < 2|(w. f. )14 (&) ~'V". (13)
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The definition of the approximation class Ay implies the existence of a triangulation
7y € T(Ny) and a discrete solution wy € W (7Z;) such that

E(iy) — E(w) + osc®(f, 7¢) + osc?(g. E¢(Tn)) < Ny 2% |(w, f. )% < (&)
y N (14)
with the set & (I'y) of all edges of 7; on I'y.

Step 2 considers the (unique) smallest common refinement 7, & 7~2 € T of 7y and ’27
[13], which satisfies

1Te ® 7ol — 7o) < 172l — 1Tl

Notice carefully that

T\TeTl< D, (TeT)Ml-1
TeT\(T&Ty)
= (Tt ® TO\Tt| — 1T\ & Tp)| = |Te & To| — | Tel

and conclude
1 Te\(Te ® T0)| < |Te| — | Tyl < Ny (15)

Step 3 proves
ne Sne (TN @) (16)

In fact, Theorems 2 and 3 imply

N S Nlo = 0ell 72 qupaxay + 056 (f, To) + 0s¢’ (g, E(Tx))
S 16 = 0el o qupaxay + 10 = 8¢l 72 gupasay + 056 (f, Te) + 0s¢* (g, E(TN))

<2 (T\(T ® T) + E(ibe) — E(w) 4 0s¢>(f, T ® o) + 0sc?(g, E/(Tw)).

Here, é@(FN) is the set of all edges of 7y & 7, on Ty and 6 := o (iiy, pe) with the
discrete solution wy := (it¢, pe, Q¢) € Wﬂeﬂ?' Note

osc?(f, Tp) = osc>(f, To N (Ty ® Tp)) + osc>(f, Te\(Te @ Tp))
< osc’(f, T ® To) + ni (T\(Te © To)).

Lemma 2 and (14) yield

E(ibe) — E(w) + 0sc®(f, Te ® Tg) + 0sc?(g, E(Tw))
< E(ig) — E(w) + osc®(f, 7¢) + osc*(g, £(Tn))

< (t&)* <l
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Hence, n% S 77% (TN & Ty)) + 1217%. The estimate (16) follows with a sufficiently
small T > 0.

Step 4 utilizes the BDV-Theorem [5] for newest-vertex bisection, namely
[Ze] — 170l < |1T\To] S |IMo U -+~ U Mg_1]. (17)

The estimate (16) implies the existence of a parameter 0 < 0y < 1 so that 9017% <

T]%(’Tg\(’fg @ 7;)). This means that 7;\(Z; @ 7T;) also satisfies the bulk criterion (8)
for all bulk parameters 0 < 6 < 6. Since M is of minimal cardinality, (13) and (15)

imply
IMel < IT\T & To)l < Ne < 2|(w, f.9)I'{ (x&) 11",

The estimate (17) leads to

£—1 =1
1/s _— —1
el = 1ol S D0 IMil S lw, £ o)l e > g7,
k=0 k=0

Theorem 6 with 0 < py < 1 yields
& < py & for0<k<t.

Hence,

-1 £—1 pl/s
—1/s —1/s t—k)/s —1/s o)
ng S%_( Zp2 Sé:[ l/s'

k=0 k=0 1—p,

Therefore,

02
E(ITe| — 1T0D" < — W £ )l
(1 ' )S

The definition of &, as well as Theorems 1 and 2 eventually yield the assertion (11).
The assertion (12) directly follows from Theorem 1 and (11). O

6 Numerical results

The numerical experiments of this section study the influence of the hardening ten-
sor H and the choice of the bulk parameter 6 to the convergence properties of the
AFEM algorithm. In the first experiment, we consider the L-shaped domain Q2 :=
[0, 1]%\[0, 0.5]> and apply Hooke’s material law with Lame’s constants A := 1000
and p := 1000. The volume force is set to f := 0 on €2 and the surface traction
to g := (0.75,0)" on [0, 1] x {1}. We prescribe homogeneous Dirichlet boundary
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(a) (b)
(c) (d)

lambda
02 04 0.6 0.8
HHH‘HIIHH[“HIH\

. | —

0.006 1

Fig. 2 Displacement and plastic/elastic zone foroy =2.5anda§ =0.1,bé§ =1,¢§ =10,d & = 100

conditions on I'p := [0, 0.5] x {0}. The hardening tensor is defined as H := £ with
& > 0 and identity tensor I. In Fig. 2, adaptive meshes after 30 refinements with the
bulk parameter 6 := 0.1 and the hardening parameter & € {0.1, 1, 10, 100} are shown.
In this experiment, the yield stress is set to oy, := 2.5. The figures show

A =0y " dev(o (ur, pr) — Hpy)|
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Fig. 3 Estimated error for 1004 [FTTT T T =
different hardening parameters &
100,2 - -
100 - 8
~
S
10-02 |- .
10—0.4 H |
L Ll Ll

102 103 104
ndof

indicating py = 0 if Ay < 1 [23]. We observe high yielding of the material for

the lowest hardening parameter & = 0.1 resulting from tension on [0, 1] x {1}.
The adaptive refinements resolve the singularity at the reentrant corner at (0, 0) as
well as the transition regions from elasticity (A, < 1) to plasticity (A, = 1). In

Fig. 3, the estimated error 1, is plotted for the different hardening parameters with
respect to the number of degrees of freedom (ndof). For the moderate hardening para-
meters £ = 10 or & = 100, we find nearly parallel estimated convergence rates.
This is not the case for the small hardening parameters £ = 1 and & = 0.1. The
corresponding convergence rates seem to have slightly smaller slopes than the rates
given by the moderate hardening parameters. The reason for this observation could
be the essentially smaller ellipticity constant ¥ which directly influences the effi-
ciency and reliability constants of the estimator described by Theorem 2. This, in
turn, may lead to a larger pre-asymptotic region of the convergence. Note that & tend-
ing to zero leads to the case of perfect plasticity. The problem (5) is no longer well
posed in this case since the bilinear form a is not guaranteed to be W-elliptic. For &
close to zero, numerical algorithms may often fail to solve the discretized problem in
practice.
The estimated error for several bulk parameters

0 €{0.1,0.25,0.5,0.9,0.95, 1} (18)

is shown in the Figs. 4 and 5. Here, the hardening parameter is set to £ := 100
and the yield stress to oy, := 1.25. Obviously, the convergence rates resulting from
the adaptive refinements (6 < 1) have a larger slope than the uniform refinements
(@ = 1). In fact, the low regularity properties of the solution resulting from the
singularity at the reentrant corner and the elastoplastic material modeling prevents
better convergence rates in the case of uniform refinements. Furthermore, we observe
that the pre-asymptotic region is more distinct in comparison to the results of Fig. 3.
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Fig.4 Estimated error for UL L B s o o 1 B e o 1 s e e R e e
adaptive and uniform |
refinements

100

)
& t i
1071 - 5
bl Lol Lol Ll Lo
102 103 10% 10°
ndof
Fig. 5 Zoom of Fig. 4 T T T T T T
1004
10706
N N
= N

—o— 0=1.00
—a— 0=0.95
10798 H —e— 9=0.90
—— 0=0.50
—o— 0=0.25
--0--60=0.10
-8 - ndof ~1/2
107! I I I I I L
104 1042 1044 1046 1048 105 1052

ndof

YF———————--=a

This may result from the smaller yield stress in this parameter configuration leading
to a larger region of plastic deformation, see Fig. 6b.

Theorem 7 states the existence of a certain limit 8y so that optimal convergence
rates are ensured for all bulk parameters smaller than this limit. Figure 5 shows a
zoom of Fig. 4. Therein, we observe that the bulk parameter 8 = 0.5 seems to be a
candidate of such a limit in the selection (18) of bulk parameters, i.e. the convergence
rates (~O(ndof ~1/2)) are not improved if smaller bulk parameters are chosen. The
adaptive mesh for this bulk parameter is depicted in Fig. 6a where, again, the singularity
at the reentrant corner and the transition regions are resolved by adaptivity.

To estimate the limit y more precisely, we may have a closer look at the proof of
Theorem 7 (Step 3 and Step 4) where 6 is presumed as
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(b)

lambda
0.8
|

-

0.006 1

0.2 0.4 0.6
JH\HH‘H\H H‘HHHH

Fig. 6 a Adaptive mesh for & = 0.5. b Displacement and plastic/elastic zone for oy = 1.25 and & = 100

Fig'7 Numberofdegreesof USLEURARL] T T T TTTT T T T T T T T T T T T TTT

freedom (ndof) versus number 60 || —e— 6=1.00 -
of refinement steps —8— 0=0.95
—e— 0=0.90

50 1 — 9=0.50 |

—— 0=0.25
40 || —©--0=0.10 -

2,
2 30 :
ey
2}
20 [~ N
10 - N
o,
Ok |
il Ll Ll Lol Lo
102 103 104 10°
ndof
P Ceff — 7
0= —T"—T"—"—"-—
(14 €)Crel

with the efficiency constant Cef > 0 of Theorem 2 and the discrete reliability constant
Crel > 0 of Theorem 3 as well as some parameters 0 < T < Cegr and € > 0. Thus,

O = min{CeffCr_ell, 1} may be an appropriate choice.
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(a) (b)

Fig. 8 a Coarse mesh of the benchmark problem. b Adaptive mesh for 6 = 0.1

Recall that in each refinement step a non-linear problem has to be solved which
produces the largest computational amount. Hence, it is favorable to choose a bulk
parameter which is as large as possible since this reduces the number of refinement
steps in the AFEM algorithm. In Fig. 7, the number of degrees of freedom (ndof)
versus the number of refinement steps are plotted. We see that these numbers differs
strongly, in particular, the smaller the bulk parameter is chosen. Thus, to ensure optimal
convergence rates with minimal computational amount, it is reasonable to choose the
limit Gy as bulk parameter.

In the first experiment, we observe that local refinements result from different types
of sources, the reentrant corner and the elastoplastic material modeling. In the second
experiment of this section, we consider a problem where local refinements only result
from elastoplasticity. The configuration of this experiment is based on the benchmark
problem as introduced, for instance, in [4,22]. In this problem, the upper left quarter
of a stretched square with a hole is considered. The quarter may be described by

Q= (0,10)\{(x, y) e R? | (x — 10)> + y> < 1}.

Again, we use Hook’s law, here with modulus of elasticity £ := 206900 and Poisson’s
ratio v := 0.29. The volume force is set to f := 0 on Q2 and the surface traction is
set to g := (0.75, 0)" on [0, 10] x {10}. The yield stress is set to oy, := 400. In
accordance to the benchmark problem, we use the boundary conditions uy := 0 on
[0, 9] x {0} and u; := 0 on {10} x [1, 10]. The hardening tensor is defined as above
via & := 10000.

In Fig. 8a, the coarse mesh is depicted that is used in the experiment where the hole
at the bottom right corner is approximated during the refinement process. Figure 8b
shows the adaptive mesh after 39 refinement steps with bulk parameter 6 := 0.1.
The local refinements coincide with the plastic zone that is indicated by Ay = 1 in
Fig. 9. The convergence of the adaptive scheme is depicted in Fig. 10. We observe
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Fig. 9 Plastic and elastic zones
indicated by g

lambda

0.2

0. L

0.023416 1

Fig. 10 Estimated error for T
adaptive and uniform 1025
refinements of the benchmark

problem

102 -

e

1015 H —e— 6=1.00
—a— 6=0.10
—e— ndof /4

—+— ndof /2

103 10 10°
ndof

that the convergence rates resulting from the adaptive refinements are clearly of the
order O(ndof ~!/2) whereas the convergence rates resulting from uniform refinements
(6 = 1.0) are slightly smaller than these rates.

Recall that the mesh size of uniformly refined meshes is O (ndof !/ 2), the conver-
gence rates of the proposed adaptive scheme with low order finite elements seem to
be optimal in both experiments as predicted.
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