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Abstract This paper introduces a new locking—free formulation that combines the
discontinuous Galerkin methods with weakly over-penalized techniques for Reissner—
Mindlin plates. We derive optimal a priori error estimates in both the energy norm
and L? norm for polynomials of degree k = 2, and we extend the results concerning
the energy norm to higher-order polynomial degrees. Numerical tests confirm our
theoretical predictions.
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1 Introduction

Given g € L%(2) and f e L?(£2;R?), the weak formulation for the Reissner—
Mindlin plate model (without the shear variable) reads: seek (0, w) € H(} (2; R?) x
Hg (£2) such that

a@, ) +172u@ - Vuw,me = (f,ne forall ne Hj(2;R?)
—t_zu,(0 —Vw,Vv)p = (g,v)e forall ve Hol(.Q). €))
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396 P. R. Bosing, C. Carstensen

Here, and throughout this paper, ¢ is the plate thickness, £2 is a convex polygonal
domain, and e(&) is the symmetric part of the gradient of &,

2u

1
Ce(§) = 3 |:2M6’(§) + O

divél :|
where p and A are the Lamé coefficients and / is the identity 2 x 2 matrix, and

a(®,n) = (e(@),Ce(n) 2.

Motivated by the simplicity of the weakly over—penalized symmetric interior
penalty (WOPSIP) formulation [12], and by the medius error analysis of [6,26] applied
to study problems under minimal regularity, we introduce in this paper a new locking—
free completely discontinuous formulation for (1) that combines the traditional dis-
continuous Galerkin methods with WOPSIP methods techniques.

This new formulation has the following desirable characteristics: (i) it does not
involve the shear stress variable; (ii) it does not need any reduced integration tech-
niques; (iii) it is simpler, in the sense that have less terms; (iv) its number of degrees of
freedom is small compared to other discontinuous formulations with the shear stress
variable; (v) it allows more freedom in the choosing of the penalty parameters; (vi)
it requires only reasonable and standard hypotheses on the domain; (vii) it works for
minimal regularity assumptions. Furthermore, we prove optimal a priori error esti-
mates in the energy norm and L? norm for the symmetric version and low—order
approximation.

The first equation of the Reissner—-Mindlin model adopts the formulation in [1,
2,8,15], while the second equation adopts that in [15], as WOPSIP methods [12].
We highlight that the present method is completely different from that introduced in
[15], since here we do not introduce shear as an unknown. The formulation of this
paper does not have the interface term that arises from the integration by parts of the
second equation. This interface term was treated in [8] using the first equation of the
Reissner—-Mindlin model to proceed with one substitution, but it is more commonly
handled by introducing shear as an extra unknown. With this approach the interior
penalty term for the displacement will be over-penalized but, on the other hand, the
penalty parameter can be any positive constant. However, for polynomials of degree
k = 2, for which we have the required theoretical regularity available for the convex
domain (see Theorems 6 and 7, and [3,4]), the over-penalization (the power of /) will
be as in [8] and [15] and similar to [31-33] for the biharmonic equation.

Other locking—free formulations where completely discontinuous spaces were used
for all unknowns can be found in [1,2,8] (see [30] for an overview of the first two
articles) and [15]. Many other formulations for the Reissner—Mindlin model combine
(with or without bubble function) nonconforming, conforming and fully discontinuous
elements [1-3,5,7,13,14,19,20,23,25,27,28,34]. See [24] for a general review of
finite element methods for the Reissner—Mindlin and related problems.

In comparison with the formulation in [8], that also does not have the shear stress
as a variable, the formulation of this paper is: (i) simpler for high order (less terms);
(i1) has more freedom in the choosing of the penalty parameter for the displacement;
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dGWOPIP for Reissner—Mindlin plates without the shear 397

(iii) has optimal error for the rotation in L? norm for low-order approximation; (iv)
for low—order approximation, require only the regularity provided for the solution in
the case of a convex polygon domain; (v) the norms of solution and the shear stress
present on the right—hand side of the error estimates are uniformly bounded in the
case of a convex polygon domain and low—order approximation; (vi) establishes some
error estimates for the displacement in L2 norm and discrete H' norms.

As commented in [15], by combining the discontinuous Galerkin methods (dG) with
WOPSIP techniques, the resulting discrete formulation is not consistent. This prevents
us from obtaining the Galerkin orthogonality and the traditional error analysis of
discontinuous Galerkin methods is not applicable. Furthermore, since the consistency
term depends on 7, we can obtain only suboptimal error estimates (in relation to ¢) if
we apply the WOPSIP analysis techniques.

For the k = 2 case we will extend the results of [23] in order to prove the optimal
a priori error estimates in the energy norm. Applying duality arguments we derive
optimal a priori error estimates in the L? norm for the case of the symmetric version.
For k > 2, we will establish the convergence of the method in two different ways.
Firstly applying WOPSIP error analysis techniques we will extend the results obtained
in relation to the energy norm to the case of k = 2. This allows us to prove some
additional convergence results related to the displacement variable. The other second
approach proceeds with the analysis through the residual estimates which are typical of
a posteriori error analysis [16—18,29] and enriching operators [9,10]. This technique
called medius error analysis for [6,26] confirms the convergence in a slightly different
energy norm.

For this strategy to be successful we need to assum that the Helmholtz decompo-
sition is valid when dealing with the case of k = 2. Fortunately, this is the case if
£2 is a convex polygon domain. Under this hypothesis our a priori error estimates
will require only the regularity provided theoretically for the solution in the case of
a convex polygon domain (or smooth domain), and the norms of the solution and the
shear stress present on the right-hand side are uniformly bounded with respect to ¢.

The remaining parts of this paper are organized as follows: In the next section we
introduce the necessary notation and recall some definitions to deal with discontinuous
Galerkin methods. In Sect. 3 we introduce the discrete formulation which combines
discontinuous Galerkin methods with WOPSIP techniques. Section 4 is dedicated to
the analysis of the case of k = 2 while in the Section 5 we treat the case of k > 2.
In the final section we present some numerical tests consistent with the theoretical
findings.

2 Notation and preliminaries

Let T be a shape-regular family of regular triangulation of £2 C R? into closed
triangles 7', convex, with pairwise disjoint interiors, and such that

2=

TeT
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398 P. R. Bosing, C. Carstensen

On the regular triangulation 7 € T, the piecewise constant function i1 is defined by
hrir = hy :=diam(T) on T €T

and we denote by /& the maximum of i for T € 7. Let £ be the set of all edges E of
all the triangles in 7 and let us define the piecewise constant function kg as

hgg = hg :=diam(E) on E e€&.

E(T) denotes the set of the three edges of 7. The set £ will be divided into two subsets,
E(£2) and £(952), defined by

E@)={Ee€f: EC)} and £0R)={Ee€&: EC082}.

The shape-regularity of T, provides some constant 0 < y(T) < 1 such that V7 €
T, VT €7, VEe€&(T)

yhr <hg <hr.

The Sobolev space of real order s of real-valued functions defined on w C $2,
will be labeled by H* (w). Its inner product, norm and semi-norm will be denoted by

(s Js.00 | - 5,0, and | - |5, respectively. In particular, we will write || - ||, and (-, -)e
instead of || - |lo.,, and (-, -)o,, respectively. Similarly, for any E € & let’s denote
by (-,-)r and || - || the inner product and the induced norm in the space L*(E),

respectively. Also, we will denote by H*(w; R?) = H(w) x H*(w) the Sobolev
space of vector functions for which, as in the case of the scalar function, (-, -)s , Will
denote the inner product. We note that the same notation for the inner product also
will be used occasionally for symmetric tensors.
Let
HS(T)={veL*(Q): vyr € H(T) forall T € T}

be the space of piecewise Sobolev H*-functions. We denote its inner product, norm and
semi-norm by (-, )54, || - Ils.» and | - |5, respectively. H*(7; R?) = HS(T) x H*(T)
denotes the space of piecewise Sobolev H?-vector functions.

We use the differential operators Curl(v) = (dv/dy, —dv/dx) for a scalar function
v, and rot () = dnz/dx — dn1/dy for a vector function = (n1, n2). We observe
that any differential operator defined over a piecewise Sobolev space will be indicated
by a subscript 4.

For any T € 7T let vy = (v, vp) be the outer unit normal to the boundary 97
and let T7 = (—v2, v1) be the tangential vector. Let T~ and T be two distinct
elements of 7 sharing the comon edge E = T~ (T € £(£2). We define the jump
of v e HY(T) on E by

[wl=v v +ovtyT,

where v* := v|y+ and v* denotes the outer unit normal v;+ on T*. For a vector

function n € H LT, ]R2), define
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dGWOPIP for Reissner—Mindlin plates without the shear 399

Ml=n"-v +77 vt and [pl=n"Ov +97 OvT,

where n © v = (yvT 4 vy7)/2. Similarly, for a tensor € € H'(£2; R**?) the jump
on E is defined by

[el=e v +etvt,

Note that the jump of a scalar function is a vector. For a vector function 5 the jump
[n] is a scalar, while the jump [[5]] is a symmetric matrix, and for a tensor the jump
is a vector. The average of a tensor, scalar function or vector function y is defined by
=30 +xh.

On a boundary edge, we define the average {x } as the trace of x, while we consider
[v] tobe vy, [p]tobe 5 - v, [y]l to be n © v and [[€]] to be ev.

Occasionally, we shall use the jump on FE in relation to the tangent vector t, in this
case denoted by [v]¢, that is, [v]l; = v™t~ + vt ™ (idem for a vector function).

For a positive integer k, Py (T) will denote the linear space of polynomials on 7
with a total degree of less than or equal to k, and Py (T'; R2) := Pi(T) x Pi(T). The
discrete space for the displacement will be

P ={veLl2(@): YT eT, vz e P},
and for rotation will be
Pe 1 (T: R?) = {n € L2(2R): YT €T, nyp € Pei(T; RZ)}.

Let 7w denote the natural projection onto Py (7) (see [1] for definition of ).
For w € H*1(£2) let w! = mww be the interpolant of w. It then follows that
w! € P (T) N HY(£2) and that for 0 < g < k + 1, there exists a constant ¢ such that

lw—wlllgn < k9wl o forallw e H*'(2). )
The rotated Brezzi—Douglas—Marini space of degree k — 1, i.e. the space of all

piecewise polynomial vector fields of degree k — 1 subject to interelement continuity
of the tangential components, will be denoted by BDM,f_l. Let @ be the natural

projection operator of H'!(£2; R?) into BDM,IS_1 C Pi_1(T;R?).Forf € H*(2; R?)
we define the interpolant 0! of 0 by 0! = 7t 0. With this choice, for 0 < s < £ and
1 <t <k,wehave

10 — 0"l < ch“*|I0]l.o forall@ € H (2; R?). 3)

Set y! = =20 — Vw!) and y = t 20 — Vw). The commutative property
teVw = Vayw states

Ttey =1 ‘me@ — Vw) =1t (el — Vayw) =t 2@ — vuw)) =y!. @
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400 P. R. Bosing, C. Carstensen

Thus p! interpolates y and for 0 < s < £ and 1 < £ < k we have
1y = »"lsn < ch*llylee forally € H (2; R?). )

To develop our dG with WOPSIP for the Reissner—Mindlin plate model, we need
to define the following auxiliary norms

02 _
Il = 22 IVavli7 + > 5 Ml forall ve H'(T);

TeT EcE E
o
I = > (leaF + I3 ) + > D forall g € H'(T;®);
TeT Ee&

lIn, vl = iz + vl forall (. v) € H'(T:R?) x H'(T).
Here and throughout this paper, p, o1 and o are positive constants that will be
defined below. The operator IT* ! is the orthogonal projections from L?(E; R?) onto

Pr_1(E; R?) where P;_1(E) is the space of polynomials of degree less than or equal
tok—1lonE.

3 Combined formulation of dG and WOPSIP

The new formulation for the Reissner—-Mindlin model that comlgines WOPSIP and dG
uses the following bilinear form on (H'**(T; R?) x H'(T))” with x > 1/2,

AnEusm,v) =B, m) + 1720 D (€ = Vi, = Viv)r + T, v). (6)
TeT

Here and throughout this paper, for any &, n € H I (T, Rz) andu,v € H! (7), set

Bu(g.m) = anE.m) — > (Cen®). In) e — 8 D ((Cen(m). IEN) £ + J . m).

EeE Ee&
an€.m) = D (Cen(&). ex(m)r.
TeT
JEm = TH(IED D).
Ee& E
T(uv) = 3 Sl ), 1 .
EcE 'E

Moreover, o1 and o, are the penalty parameters, and p > 1 (which depends on k)
will be specified below. The parameter —1 < § < I is the symmetric/nonsymmetric
bilinear form parameter.
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dGWOPIP for Reissner—Mindlin plates without the shear 401

This gives the following energy norm associated with the bilinear form Ay (-, -; -, +)

. vll* = llen @G, + 1t 21m = Vavlg, + J @ n) + T (v, v)

h
+>° a—’f H{Cen (1%

Ee&

for all (,v) € H'™(T; R?) x H'(T), and the energy norm

Imll® = Il , + D heliCenmYE + J (. ), ™
Ee&

associated with the bilinear form By (-, -).

The weakly over—penalized interior penalty combined with the discontinuous
Galerkin method (dGWOPIP) for the Reissner—Mindlin model reads: Seek (0, wy) €
Pr_1(T: R?) x Pr(T) such that

Ap@n, wi; n,v) = (g, V) +(f, Me forall (y,v) € Pr_1(T; R?) x Pr(T). (8)

We note that the dGWOPIP formulation differs from the discontinuous Galerkin
formulation introduced in [8] (without the shear stress variable): (a) the penalization
term of displacement here involves the projection of the jump while in [8] it involves
simply the jump; (b) if k > 2, the AGWOPIP formulation does not include the interface
terms ([w], {divCe;()})e and ([v], {divCe,(0)})s present in [8]; (c) if k > 2 the
over—penalization (the power of /) for the displacement of the dGWOPIP formulation
will be greater than that of [8].

Clearly, we have the continuity of By, (-, -) over H'™%(7T, R?) x H'**(T, R?) with
respect the norm (7). The coercivity of By, (-, -) over Px—_1 (T, R?) is established in [2,
Proposition 4.7].

Lemma 1 [2, Proposition 4.7] There exist positive constants 6, and ¢ independent
of h and t such that: if o1 > &, then

slinli> < Bu(n, ) forall n e Pe_y(T;R?).

In the following we will establish the continuity and coercivity of the bilinear form

Ah(., e )

Lemma 2 Let T € T, then there exists a positive constant ¢ independent of h and t,
such that for all (&, u), (y,v)) € (H'7(T; R?) x HY(T))? satisfies

AR (&, u;m, v)| < cllg, ull lin, vil.

Proof This follows from Cauchy—Schwarz inequality. O
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402 P. R. Bosing, C. Carstensen

Lemma 3 Let 7 € T and assume that the Lamé coefficients are uniformly bounded.
Then there exists positive constants 6 and ¢ > 0, such that, o1 > 6&p, imply

clim, vlli® < An(n, v g, v)

for all (9, v) € Pr_1(T;R?) x Pr(T) and for any choice of 05 > &5 > 0 where 6>
is arbitrary but fixed.
Proof Let Ag, A be positive constants such that

Aollen IR, < lan (. )] < ArllenII3 -
Then we have

An(n, v, 0) = slin, vli> = (Ao — llen@ 13,
(1 — 2l = Vaull§, + 1 =) (J@n) + T (v, v))
h
~(1+8) > ({Cenm}. Il e — 5 D, U—’fn{Ceh(n)}n%.

Ee& Ee&

For any positive constant ¢ the Cauchy—Schwarz inequality and arithmetic-geometric
inequality show that

10‘1

h
—({Cen(m}, Inl) £ > —%U—fnweh(n)}n% —~ EEIIIDJ]]II%-

With this, and an inverse inequality, we obtain
A vin.v) = slln vl* = (= o)t llp = Vivl§, + (1= )T (v, v)
c oc 5
+lAo—s|1l+—)—-A+H—])llen(MIl
o] 201

146
+<1—§—( ;; ))J(n,n)-

If § # —1, we first choose o such that 1 — % > 0. In the following we choose

o such that Ag — (1 + 8)% > (. The assumption follows with ¢ > 0 such that

(1+9) Ao—(1+5)%]

<minql, u, 1 — ,
o [ ’ 20 I+

On the other hand, if § = —1, the assumption follows for any choice of o1 > 6 > 0,
with &3, arbitrary but fixed, if ¢ > 0 be such that

il Ao
< min . . " .
S # I+ £
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dGWOPIP for Reissner—Mindlin plates without the shear 403

To ensure the coercivity given by Lemmas 1 and 3 simultaneously, we will consider
throughout this paper that o7 > 1 := max{6,, op}.

4 A priori error analysis for low order

In this section, we will carry out the a priori error analysis for the dGWOPIP formu-
lation when k = 2. In order to achieve optimal error estimates we will assume that y
has a Helmholtz decomposition in the form

¥y = Va+ Curl(8) with o« € H*(2)NH}(2) and e H*(2)/R. (9)
In addition, we will assume that

lallz,e +1Bl2.2 Slvine, and el + 181e S IYIH@GY, (10)

where H (div) is the space of vectors in L2(£2; R?) that have the divergence in L(£2)
and here, and throughout this paper, an inequality a < b replaces a < Cb with
a multiplicative (¢, ht, hg)-independent constant C. We note that this result holds
if £2 is a convex polygon and if we have H? regularity for the Poisson problem
Aa = div(py).

Recall that the operator IT*~! is the orthogonal projection from L2(E; R?) onto
Pr_1(E; R?), that is, for any & € L?(E; R?)

/(nk*ls—s>-nds=0 v one P (B R,
E

Let 751 . L2(E) — Pi_1(E) be the L2 orthogonal projection onto Py_1(E), that
is, for any u € L%(E)

/(nk_lu —wvds=0 YV vePi(E).
E

For simplicity, if k = 2 we will write IT and 7 instead of IT' and 7!, respectively.
We will now recall the following lemma proved in [21], which will play an important
role in the error analysis below.

Lemma 4 For any integer m withO < m < k — 1 and for any E € E(T), there exists
a constant ¢ > 0 such that

k—1 1
/¢(u—n u)ds| < chp @l 7 lulmsr, 7
E

forall ¢ € H'(T) and all u € H™T(T).

For convenience we rewrite the dGWOPIP formulation (8) as: Seek (0, wy) €
P1(T; R?) x P2(T) such that
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404 P. R. Bosing, C. Carstensen

Bi@n.m+un D> pmr=(f.me ¥ neP(T:R) (11a)
TeT
— 1 D @ V)T + T, v) = (g, v)e ¥ vePy(T).  (1lb)
TeT

Here, and throughout this paper, y, = t=2(0;, — Vywy), that is, y,, is the discrete
shear stress.

It can easily be observed that the solution (@, w) of the Reissner—Mindlin equation
satisfies

Bi@®.m+p D v.mr=(f.meV¥ne H(T;R? (12a)
TeT
—u Y . Vav)r + T (w. v)+u2/ y -vvds = (g, v)oVve H'(T).
TeT TeT
(12b)

Subtracting (11a) from (12a) and (11b) from (12b) we have

Bi@® —6,,n)+nun Z @ —vynmMr=0 VY nePi(T;R? (13)
—n 2 Y- Vh,th)T—l-J(w—wh,v)—i—u Z Jor ¥ - vvds =0
TeT
vV vePT). (14)
Denoting ~
0=0h—01, wzwh—wl and f:yh—yl (15)

we have 12y = =0 — V,u and for n= 6andv = W adding (13) and (14) we find that

By(® —04.0)+ 12 > (¥ —yp. P)r + 10 Z fop v -vibds
TeT

+J(w — wy, w) =0. (16)

From Lemma 1 we have [|0]12 < 5,8, 0) = B,(0 —0',0) — B,(0 — 0}, ). With
this and (16) we obtain

1017 + UG, + T, B) < Br® —0",0) +1> > (¥ — 3. P)r
TeT

+ Z/ y -vivds +J(w —wy, ®) + 21715, + T @, ®)
TeT

=B, — 6, 0)+t22(y r! y)T—i—Z/ y -vids + T w—w!, ).
TeT TeT
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dGWOPIP for Reissner—Mindlin plates without the shear 405

Applying the Cauchy—Schwarz inequality and continuity of the bilinear form By, (-, -),
we find that

612 + 21715, + T @, @) S 16 — 0 N8l + 21y — ¥ llonlI7llon

Z/aTy~vwds

TeT

1/2
+ (T = v w—wh) (@, o)+ )

The inequality (17) is fundamental to prove an a priori error estimate. We will
first proceed with the analysis of the last term in the next lemma. We observe that the
combination of the next lemma with the inequality (17) can be seen as an extension of
[23, Lemma 5.2] to the case of discontinuous Galerkin with weak over-penalization.

Lemma 5 Assuming that the Helmholtz decomposition (9) is valid we have that

Z/Ty~vﬁ)ds

TeT ?

S hPylell?lon + kY laaiv 191

p—1 - o~
+h T Y H@i (T @, ©))2,

where W, 0 and y are defined by (15).

Proof Using the Helmholtz decomposition (9) we have

T::Z y-vwds

TeT ar
:Z/ Vot-vzi)ds—f—Z/ Curl(B) -vwds =: T1 + V3.
rer /0T rer /0T

We developed the analysis of each part independently. Using the orthogonal projection
we decompose the first term in the following way

T = Z/ (Va-v—n(Voz~v))ti)ds+Z/ 7 (Va - v)yds = Yig + Tip.
TeT aT TeT aT

Applying Lemma 4 with m = 0 and noting that V,w = 0 — 125 we obtain the
following inequality

Tia S bz Vadlon S hlelzg (los+217l0s) . (8)

As 7 is an orthogonal projection, we obtain from the self-adjoint property that

Tip = Z Va -vma(w)ds.
TeT aT
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406 P. R. Bosing, C. Carstensen

Since Vo € H'(£2;R?), we obtain from the definitions of jumps and orthogonal
projections that,

Yip = Z/{Voc} [ ()] ds = Z/{ch} O[w]ds.

Ee& EeE

Applying Cauchy—Schwarz inequality and trace inequality

2
Tiv = | Valr /2”H[w]”E

Ee€
1/2 . 1/2
§(Z nly (hE1||Vot||2T+hE|Voz|%’T)) (Z h—pun[w]u%)
TeT EcE E
from which it directly follows that
Y <h'T 172 19
VS (llellt, 2 + el 2) (T (o, W)/~ (19)

Combining (18) with (19) we find that
Y <h 0 25 21 - o 1)2
1 S hllallz.e (191lo.n + 27Pllon ) +h 2 llallz,e (T, w))"=.  (20)

Let B! € P1(7T) be the regularized Clement-type interpolation of B, that is, 8/ €

H' (), 1B = Blon S B2 1B=Bn S hlBlla.e and 1B 1114 S 1Bl
After integration by parts we obtain

T, = Z/Curl(ﬂ) Vi dx

TeT

= Z/Curl(ﬁ By - Vywdx + Z/Curl(ﬁ ) Vidx =: Yoq + Yap.

TeT TeT

Using integration by parts, Cauchy—Schwarz inequality and the fact that Curl(8!) €
H(div) we get

Yo = Z /BT Curl(8)) -vids = Z/E {Curl(ﬂ’)} -[W]ds

=3 / Cul ) - Ml ds £ 3" ) Cur(B)e — I

Ee& Ee& E

Finally, from inverse inequality, Cauchy—Schwarz inequality and the properties of A/
Yoy S BT B s (T, 0D SR T Bl e (T 0" 2. @D
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dGWOPIP for Reissner—Mindlin plates without the shear 407

Considering that V,w = 0 — 1?9 and using integration by parts

Yoy = Z/Curl(ﬂ B - 6dx — 2Z/Curl(ﬂ Bl -y dx

TeT TeT
= Z/(ﬁ BHrot (@) dx — 1* Z/Curl(ﬁ Bl -y dx
TeT TeT
—Z (/3—,31)5~1ds.
TeT

Applying Cauchy—Schwarz inequality and observing that (8 — /) € H'(£2) we
obtain

T2l £ D 1B = Blrlirot @7 + 2 D | Curl(B — BD)lIz |17 ll7

TeT TeT
Z/{ﬁ BI01e ds| < BBl 2llror @ o
Ee&
1B 1P lon + 3 hE*IE = Mg 75 6Ll
Ee€ E

For the last term applying Cauchy—Schwarz inequality, trace inequality and noting
that ||[0]. |z < |01z we have that

> n 14 - B E 1/2||[0],||E

Ee&

1/2 1/2
S(thuﬂ—ﬁ’}né) (Z ||[[011||E)

Ee& Ee€

1/2
S (Z he (5" 18— B' 1 +helf - ﬂ’|%)) 1611 < #1811 21161

TeT

Where we consider that |8 — 7|3 S ||,3|| + 18! ||1 S ||,8|| . With this,

T2l S BIBIL2 6N + 2?1 Bll2.2 17 lo.n + RIIBIL2 IO (22)

Combining (21) and (22) we obtain

—1 ~
Yo Sh 2 ||Blg (T, )% + kBl l0l + A BllaclZlon  (23)

Finally, from (20) and (23) and the definition of || - || we have that
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T < ht? (lall.e + 1B812.2) 170 + 2 (lellz.e + 1B11.2) 191
71 - -
+h'T (lelz.e + 1Blh.2) (T @B, ©) /2. (24)
The result follows from the estimates (10). O

In the next theorem we combine the result of Lemma 5, inequality (17) and the
definitions of @, w and p given by (15), to establish the energy norm error estimate.
We observe that a similar proof can be found in [1, Theorem 6].

Theorem 6 Let (8, w) be the solution of (1), and let (01, wy) be the solution of the
dGWOPIP formulation (11a)—(11b) (or (8) with k = 2). Assume that f € L2(2: R?)

and g € L2(Q ). Moreover, assume that the Helmholtz decomposition (9) is valid, then
if p = 3 we have the following error estimate

N0 — 0xll + 21y — yillon + (T (w — wy, w — wy)) />
Sh(10l2,0 +tlyie + 17l H@iv) -

Proof Applying Lemma 5 in (17) we obtain from Cauchy—Schwarz inequality that
~ ~ 1/2
WOU2 + 21713+ T (@, ) S (W01 + 21713 5 + T (B, D))
x (me =0T+ 2y =y G, + T —w' w—wh + Ry g
R By + 5 I ) -
It follows directly from this inequality that

01> + 21F 15, + T . @) S 10— 01+ 21y — v I3,
+Tw —w' w—w") + B2 o + R 1Y @i + 57 1Y @iy 25)

Using the definitions of 6, W and y given by (15), triangle inequality and (25) we
obtain

16— 0nll*> + 21y — ¥3ll5.n + T w —wa, w —wp) SEENYIT o + PP 15
Y iy + 110 = 0717 + 21y = ¥' 115, + T (w —w',w —w').

Finally, choosing p = 3 and noting that w! € H L(2) NP(T), we get from (3) and
(5) that

16 — 04117 + 21y — yullg ), + T (w — wh, w — wp)

SH2 (1003 2 + 217 1 @ + 17 1iann) -
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For the symmetric version of (8) with k = 2 using the traditional duality argument
we derive in the next theorem an optimal error estimate in the L? norm. For this purpose
we need to assume that the dual shear stress also admits a Helmholtz decomposition
in the form of (9). Once again, Lemma 5 and inequality (17) will be fundamental in
this proof.

Theorem 7 Let (0, w) be the solution of (1), and let (8}, wy) be the solution of
the dGWOPIP formulation (11a)—(11b) (or (8) with k = 2) with § = 1 (symmetric
version). Assume that f € Lz(Q; Rz) and g € L2(.Q). Moreover, assume that the
Helmholtz decomposition (9) is valid for primal and dual shear stress. Then, if p = 3,
we have the following error estimate

16 —0slle + lw —wille S A (1012,2 + Iy + 1Yl H@) -

Proof Let (¢, z) € HO1 (£2; R?) x HO1 (£2) be the solution of

a(e,n) + & Mo = (ep, Mo Ve Hy(2;R?)
—u(&, Vo)g = (ew, V)2 Y v e HJ (), (26)

where here and throughout this paper, eg = 0 —0}, e, = w—wy; and ¢ = t~2(¢p—Vz)
(the dual shear stress). The regularity result for this dual problem shows that

telhe + 1l a@iv + llellz.e S legle + lewle. 27)

Adding (12a) and (12b) and then applying the result to the dual problem with
f = eg and g = e,, we obtain

Bh(fﬂ’ﬂ)—i-/iZ(Cvﬂ—th)T+\7(z,v)+MZ/Tc-vvds

TeT TeT 9
= (eg, Me + (ew, V) Y (1,v) € HX(T;R?) x H'(T).

Setting = ep, v = ey, and observing that with this choice n — Vv = tz(y - Y
we obtain

leally + lewl = Bi(p, ea) + 21 D (&7 —yi)1 + T2, €w)
TeT

+MZ/BT§-vewds. (28)

TeT

Defining ¢! = 172(¢p! — Vz!), adding (13) and (14) and setting § = ¢! and v = !
we have

Bu(eg, ') +17u Z(y—yh,c’nw(ew,z’)wzf y-vzlds =0.(29)
TeT TeT ar
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Using the symmetry of B (-, -) and subtracting (29) from (28) we obtain

leall s + llewlls; = Bu(e — @' eo) + 21 D (& — ¢y —yp)r
TeT

+J(z—zl,ew)+u2/ §'V€wdS—MZ/ y -vzlds. (30)
TeT aT TeT aT

Due to the fact that z/, w! € P»(T) N H'(£2) we get that

vzlds = / [1ds =0,
Z/M" vz ds ZE{y} '] ds

TeT Ee&

and
E ‘veyds = E . —whyds — E / . —whd
/BTC veyds /BTC v(w—w)ds BTC v(wp —w')ds

TeT TeT TeT
=Z/{§}'[w—w’]ds—2/ ¢-v(wy —wh)ds
Eee” E reT /0T
= — ¢-vwds.
TeT aT

Based on the hypothesis that the Helmholtz decomposition (9) is also valid for ¢, then
we have from Lemma 5 that

Z aT;‘~vewds

TeT

S hPlgl el llon + R1E ] a i 101

1 | E aivy (T (0, 0))2,

where W, 6 and y are defined by (15). Substituting this in (30), applying Cauchy—
Schwarz inequality and using the continuity of B, (-, -) we obtain

lealls + llewln < lle — @l lleall + 1218 — & Ny — villon
I NN 1/2 2 ~ A
+ (J(z —z, 72 )) (T (ew, e+ h2 (2N los + RIE | H@in 101l
RIS iy (T (B, w)) /2.

Applying Cauchy—Schwarz inequality again gives
2 2 Iy2 2 12 I I 172
leolf + llewl® S (lle — @' 12 + 1208 = 8"+ Tz = ' 2= 21))
1/2
x (eall® + 211y = yylld 1 + T ews en)

1/2 ~ . N2
+h (1SR + 180 ary) % (P13 + WOI2 + T @ @) . B
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Using the regularity result (27) we have

200112 2 72
AT 2 + 1815 aiv) Shleglle +llewle)-

Owing to the definition of ¢/ we have ¢/ = mg¢. Then, applying (3) and (5) to ¢
and ¢, respectively, observing that z/ € P»(7) N H'(£2) and applying the regularity
result (27) we obtain

1/2
(lo ='W+ 218 = &"13, + T =2 2= D) S h (I9lae +11E1)
Shlesle + llewllo) -

Applying (3) and (5) to the right-hand side of (25) and due to the fact that w! e
Po(T)N H'(£2) and p = 3 we have

B ~ R N 2
(1713, + 1612 + T @, ) S h (16122 + 1Y le + 17l #@i) -

Substituting the last three inequalities on the right-hand side of (31) and using Theo-
rem 6 we find that

leall% + llewls < h* (1012,2 + tly I, + 17 | H@iv) (leglle + llewlle) .
from which the result follows. O

As a consequence of Theorem 6 and Theorem 7 we can prove the following error
estimates for the displacement.

Corollary 8 Under the assumption of Theorems 6 and T we have the following error
estimate

IViw —wi)llon S B +ho) (10122 + (il + 1P la@m) . (32)

Moreover, under the assumption of Theorem 6 we have

IVa(w —wi)llon Sh(1012,2 +lyle + 1Y IH@w) (33)
lw —wplln S (Iwlz,.e + 10122 + tlylhe + 1l Ha@iv) - (34)

Proof Since V(w—wyp) =0 —0, —t>(y — v,) the error estimate (32) follows from
triangle inequality and Theorems 6 and 7. For the same reason the error estimate (33)
follows directly from the definition of || - || and Theorem 6.
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For the last error estimate, since V,w = 6 — 1>% and based on triangle inequality
and the definitions of w, y and @ given by (15), we have

lw = walln S Vi —wHIG, + IVaDIG, + T (ew, ew)
SV —wHIG, + 1015, + 211G, + T (Cw. ew)
SV —wHG, + 10 — 07115, + 21y — »" 15, + lleallg

+2y = yullg s + T (ew. ew).

Applying the interpolation estimates (2), (3) and (5) together with Theorem 6 we
conclude the proof of (34). O

We note that the regularity required in Theorems 6 and 7 for the solution of (1)
is that & € H?(2;R?) and w € H?(£2) and this regularity always holds if £2 is a
convex polygon or a smooth bounded domain for f € L?(£22;R?) and g € L*(£2).
Furthermore, in this case (k = 2), the right-hand side 7 [y 11,2 + | ¥ | 5 @iv) + 101122
remains bounded as ¢ tends to zero.

As this result was proved under the assumption that the Helmholtz decomposition
holds for y (and ¢ for Theorem 7) we highlight that the Helmholtz decomposition
always holds if §2 is a convex domain.

5 A priori error analysis for high-order

In this section we will proceed with the analysis for high-order polynomials without
the Helmholtz decomposition hypothesis and, as usual, we need to assume additional
regularity for the solution (@, w) of (1). That is, regularity which is not theoretically
established for this problem.

In Theorem 9 and Corollary 10 we extend the results of Theorem 6 and part of
Corollary 8, respectively, combining the same arguments presented in [12] with the
previous analysis. We emphasize that if we proceed in this way, when k = 2 the
resulting estimates will not be optimal in relation to 7.

Theorem 9 Let (6, w) be the solution of (1), and let 0y, wy,) be the solution of
the dGWOPIP formulation (8) with k > 2. Assume that the solution (0, w) €
H¥(2:R?) x H*(2), f € L2 (2;R?) and g € L*(2). Then if p = 2k — 1 we
have the following error estimate

10 = Oull + 11y — ¥ullos + T (w — wh, w — wy)
SHT (I lcre +lylere +17le + 101ke) -

Proof 1t is easy to check that inequality (17) is also valid for high order. Thus, we
limited the last term of (17) using Cauchy—Schwarz inequality in the following way
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Z/ y-vwds| S Z(/{}’—VI}'[ﬁJ]der/{}'l}-[ﬁ)]dS)
TeT 2 Ee& E E
1/2 1/2
S(ZhEn{y—y’}an) (Z hgln[a}]né) + Z/{y’}-[w]ds :
Ee& Ee& Ee€E E

Since y! £ € Pr—1(E; R?) and applying Cauchy—Schwarz inequality it follows that

> [ taas

Ee&

B 1/2
< (Z G—’jll{y’}llé) (T, )2 .

Ee&

> [ o m s
E

Ee&

Using Lemma 2.2 of [12] and the fact that V,w = 0 — t2}7 we obtain

1/2
1/2
(Z hgln[w]né) S (VI3 + 7@, )

EcE
502 20512 - -\ /2
< (1813, + 21713 + T @, )

Combining these inequalities with trace inequality, Cauchy—Schwarz inequality,
inverse inequality for |y’ ||125 and triangular inequality gives

Z/aTy-v&)ds

TeT

172
-1
x (Z (7 = 2" +nkly =y B+ (1r = "1 + ||y||%))) :

TeT

~ - o 1/2
< (1813, + 21713, + T @, D)

Applying the estimate for the interpolant (5) we obtain that

12
- -1
s (Z (R0 + 07 ||y||%))

TeT

Z/{)T)wvwds

TeT

~ 5 oo\ 12
x (1613 5+ 20713, + T, D))

Following as in the demonstration of Theorem 6 and choosing p = 2k — 1 we
complete the proof. O

Proceeding as in the demonstration of Corollary 8, but now using Theorem 9, we
can also establish the following estimates.
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Corollary 10 Under the assumption of Theorem 9 we have the following error esti-
mate

lw — willy S B (lwlle.e + 101k + 1y l—t,e + 1710 + 1712);
IVa(w —wi)llonr S H Iy lt.e + v l—1.e + 1712 + 100ce) -

It is well known that the norm ||y ||x—1 2 behaves like +~*=3/2) a5 ¢ tends to zero.
For this reason multiplying this norm by the factor #+ when k = 2 keeps this term
controlled, in the sense that it remains limited as ¢ tends to zero. Unfortunately, when
we are dealing with polynomials of higher degree the norm ||y ||x—1. (for k > 2) will
appear on the right-hand side without the adequate factor multiplying it. This means
that the error estimate can blow up as t tends to zero. However, if we keep ¢ fixed,
Theorem 9 and Corollary 10, as well as the Theorem 13 below, show that the method
will maintain the rate of convergence in relation to A.

The remainder of this section will be dedicated to deriving another energy norm error
estimate using a different technique. Here, enriching operators and residual estimates
will be the main tools used to perform the analysis. We start by recalling Theorem 3
of [15] which gives the following residual estimates.

Theorem 11 Letr g, € Pu(T), f, € Pi_1(T:R?) and ¢, n € Pr_1(T:R?) be
arbitrary. Then, it holds for all T € T and for all E € £($2) that

hrllfp +diviCen(n) — ¢l < lle@) —en(mliT +hrlly —@lir
I fr = Fulla-1ry

hrlign — divi@)llr Sy — ST + llgr — gnllp—1(1);
12
hE/ ICerMUlle S le@) —enMllwy +helY — Sl + 11— Frlla—1(wp)
12
hE/ IPllle SNy — bllog + 186 — &nllp-1(wp)-

Here, and throughout this paper, g7 = 8|1, 8 = 8|y (idem for f) and wg is the
patch of two triangles sharing the face E.

The following enriching operators use averaging techniques (see [9] and [10] for
details):
En : Pi1(T; R?) — Pr_i(T; R N HY (52, R?) such that

1/2
(Z hE2||Eh'7—77||2T) +IVaErn =l S Il (39)
TeT
and Ej, : Pe(T) — Pr(T) N Hy ($2) such that

1/2
(Z hp lEmv — v||2T) + VA Erv = v)ll2 S vl (36)

TeT
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The previous inequality (35) follows from the enriching operator properties and
from the discrete Korn’s inequality (see [11] and [2]), while (36) follows from the
enriching operator properties and from [12, Lemma 2.2] (recall that p > 1).

We recall now the following definitions of oscillation for a scalar function and for

a vector function 172
orete = (Z e - Pgnéw)

EecE

and 12
Osc(f) = (Z IfEg— Pf||%11(w5)) ’

Ee&

where P : L?>(2) — Pi(T) is the L* orthogonal projection onto P (7) and P :
L?(£2; R?) — P4_1(T; R?) is the L? orthogonal projection onto P;_1(7; R?). That
is,

/Q(Pg —g)vdx =0 V v e Py(7) (analogous to P f).
As proved in [6], if f € LP(£2; R?) for p > 1 we have
Osc(f) S h'2P7VD|f —PfllLrie). (37)
where p and g are such that 1/p + 1/g = 1. In the same way it is possible to obtain
Osc(g) S h' V21D )g — PgllLrg) (38)

if g e LP(2) for p > 1.

The main steps of the proof for the next theorem are analogous to those performed
in Theorem 7 of [15]. However, as we are dealing with a different method we will write
almost the complete proof for clarity reasons. We observe that under conditions N2
and N3 of [26, Lemma 2.1] the term Y, defined below is related to the interpolation
error part while the term Y, is related with consistency/nonconforming error part.
Unfortunately, the analysis here is more complex because condition N3 for our energy
norm was not established. However, as in [26] we perform the analysis using residual
estimates and enriching operator properties.

Theorem 12 Let (0, w) be the solution of (1) and let (0}, wy) be the solution of the
dGWOPIP formulation (8) with k > 2. Then we have

n€Pi—1(T;R?)
vePr(7T)

+T(w—v, w—v) + [[e@) — x5, +JO —n.0 —n)

10— 0, w—wpll* < inf [ (h"—1 +12+ 1) ly — @15

h
+ 2 U—'f {Cen (8 — n>}||%] +05c% (@) + 0s(f) +h" iy lE
Ee&

where ¢ = t~2(g — Vjv).

@ Springer



416 P. R. Bosing, C. Carstensen

Proof Step 0: Let » = 0, — 5 and v = wy — v where 5 and v are arbitrary in
Pr_1(T; R?) and Py (T), respectively, and @, and wy, are the solution of the AGWOPIP
formulation (8). The coercivity of the bilinear form given by Lemma 3 and (8) implies
that

I, 51 < AnGi, 05 5, 0) = An @, ws 7, 0) — An(p, v; §, D)
=(f.1—Emao+ @ v-E)e — Ay, v;i —Exip, v — Epd)
+(f, ExDo + (g, Exd)o — An(m, v; Exn, Ep0). (39)

Step 1: Proof of

1/2
Yo S (Z (lle® = en 1 + lly - ¢||2T)) litlln

TeT

1/2
+(2||y—¢||2r) 15lln+ (J O — 0,0 —q)'*l7lln,  (40)
TeT

where ¢ = t‘z(n — Vyv) and
Yo = (f,Exo + (g, Exv) o — An(n, v; Exp, Ej0).

For the analysis of Y, observe that Exij € HJ(2;R?) N Pr_1(T; R?) and E;1 €
Hj (£2) NPx(T). Hence, (1) and (6) lead to

Yo = Z ((Ce(0) — Cen(n), eBpi))r + (¥ — &, Exi))r — 1y — @, VE,0)7)
TeT

+ > (Il {CeEri e =: Y1 + T2+ Y3+ Ya.
Ee&

Applying Cauchy—Schwarz inequality for each term we obtain

Ti =D (Ce®) — Cen(m). e €T < D 1e®) — en(lirlleEnid)Ir:

TeT TeT
T2+ Y35 Dy —olrlEsilir + D Iy — lirIVE,dlir;
TeT TeT

T4§Z(S

h
‘,/Z—l[[n]] [ E(Ce(Erii))
Ec& E o1

1/2
< J, 21))‘/2(2 ||e<Ehﬁ)||2T)

TeT

E E
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where we also used inverse inequality for the fourth term. The combination of these
bounds shows

Yo S D, (le®) —enlrleEridlir + ly — ¢lirIEniilir)

TeT
1/2
+ >y = 8lrIVE:Dlr + (J (@, n))”z(z ||e<Ehﬁ>||2T) :
TeT TeT

Applying the properties of the enriching operators (35) and (36) we obtain (40).
Step 2: Proof of

172
TS (Z (e®) — enm1 + 1y - ¢||T)) il

TeT
) 12 ) 12
+(T@—v, w=v)+0s@) 3l + (JO6 = 1.0 =)+ 0s(f))
%115
12
—1 ~
+(Z(||y — 7 +hhly - lF + ||y||%>)) 151 (41)
TeT
Where, as before, ¢p = t’z(n — Vv) and
Yp:=(f, 1 —Ex)e + (g, 0 — Epv)o — An(n, v; § — Exfp, v — Ep0).
To facilitate the handling, we use the definition of the bilinear form Ay(, -; -, ) to

write all terms of Y, that is,

Yo = (f.7—EniDe + (.0 —Exd)o — D (Cen(n), en(ii — Exii)r

TeT
=D (@ i —EniDr + D (@, Vi@ — Exd))r
TeT TeT
+ D ({Cen(m}, 17 — Eniil) e + 8 D ({Cen (i — Exii)}, 1) &
Ee& Ee&

—J, ) —Jw,0) =Y +...+ Yo.

Proceeding as in the proof of Theorem 7 of [15] (Step 2) we obtain the following
limitations

12 1/2
Y1+ Y3+ Ya+ Yo < +(Z hg2 i — Ehﬁn%) (Z hEn[weh(n)]]nZE)

TeT Ee&

1/2 1/2
+(Z W3 |IP £ + div ;, (Cen (1)) — ¢||2T) (Z h2 i — Ehﬁn%) ;

TeT TeT
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12 12
T2+ s < (Z hy || Pg — diw(qs)n%) (Z hg2 o — Ehﬁn%)

TeT TeT
h?l 2 2 v 1/2
+(Z - (||y—¢||T+||y||T)) J(@.0)
TeT
1/2 1/2
+(Zh5n[¢]n%) (ZhE2||ﬂ—Ehﬁ||2T) ;
Ee& TeT

and

1/2
Y74 Ts+ Yo < (Z lex (Gt — Emn%) +(J G i)'
TeT

X (J—0,0 =00+ (Tw—v,w—o)?(T@, )"

Combining all of these inequalities and using enriching operator properties (35) and
(36) together with the Theorem 11 we prove (41).

Step 3: We combine the previous steps to finish the proof. Firstly observe that || ]|, <
17, vlin, lvlln < I, v]l5 and that there exists positive constants ¢ and ¢, such that
(finite dimension)

cillm, vll < lip, viin = c2lim, vl (42)

Finally from (39)—(41) and (42) we have

1. 512 S Y (le® — entmliF + Iy — ¢1)

TeT

+ >y = I3+ Ay — 13 + 1¥13)
TeT

+T(w—v,w—v)+JO —1,0 — ) + Osc>(f) + Osc*(g).

From triangle inequality we complete the proof. O

Theorem 13 Let (6, w) be the solution of (1), and let (0}, wy) be the solution of
the dGWOPIP formulation (8) with k > 2. Assume that the solution (0, w) €
HK(2;R?) x HX(2), f € H*2(2;R?) and g € H*2(2). Then, if p = 2k — 1
we have the following error estimate

00 — 65, w —will S B (Ipllk—t,2 + Y l—1.2 + 1712 + 101k2)
(1 k2.2 + 118 llk—2.2) -
Proof We prove this result exploring the infimum on the right-hand side of Theo-

rem 12. Choosing § = 7 and v = w’ we have from (4) that ¢ = t=>(n — V,v) = p'.
This allows us to use the interpolation estimates (3) and (5).
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Using the trace inequality and interpolation estimate (3) we obtain

INT 1 1 he m?
le® = w0l + 0 =00 -0+ 3 2 Jicen® — oM

S e® = en®I3, + D hr (7' llen(® — 0113 + hrlen® — 8113 1)
TeT

o1 _
+> e —0'ME S 017 -
Ee&

For v = w! since w! € H'(£2) N Py(7T) and w € H'(2), we have [w — v] = 0.
Therefore, J (w — v, w —v) = 0. Applying the interpolation estimate (5) we find that

Tom (W 4 24 1)y =y B SR (0 4 2 1) Iy g
as p > 1 it follows that

TS (IR0 + 2P e) -

Combining this result and choosing p = 2k — 1 we obtain from Theorem 12 that,

06 —0n, w—will S A (Iyl—ie + 1y l—1.2 + 17Ile + 101ke)
+O0sc(f) + Osc(g).

The result follows from (37) and (38). O

6 Numerical results

In this section we will show some numerical results that illustrate the performance of
the dGWOPIP formulation. Aiming at the calculation of the error and the numerical
order of convergence we will consider the following slight modification of the solution
given in [20]. If

1
wi(x, y) = §x3<x - Dy - 1),
wa(x, ¥) = ¥ (v — D3x(x — D(Gx* = 5x + 1)
+3(x = D3y(y — D(Sy* =5y + ),
it follows that

2 WD) fnx, ),
321+ )

f1(x,y) = &’ (y — ’x*(x — D?(2x — 1),

Or(x,y) = &x*(x — D?y*(y — D22y — 1),

w(x,y) =cwi(x,y) —t
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solve the Reissner—Mindlin equation in £2 = (0, 1) x (0, 1) with f = 0 and

Ca
8= 32t c{12y(y — D(5x Sx+D[2y“(y — D +x(x — D(Sy Sy+1)]

+12x(x — D(5Y? =5y + D2x%(x — D> + y(y — D(5x> = 5x + D]}

Here, we introduce the constant ¢ simply to stretch out the solution. In the numerical
result we set ¢ = 10%.

The dGWOPIP described above was implemented in the PZ environment [22]. We
proceeded to check the convergence for both the symmetric and nonsymmetric versions
and for lower-order polynomials (that is, k = 2) and higher-order polynomials. In our
numerical simulations we set the Lamé coefficients A = p = 1 and after some
numerical tests we selected o7 = 10 for all cases, along with oo = 2 X 103 for
lower-order and o, = 4 for higher-order polynomials.

Unfortunately, due to the over-penalization, parameter o> is a more complex choice
than parameter o1. However, as the solution (@, w) of the Reissner—Mindlin equation
converges to (V@, @) as ¢ tends to zero, where @ is the solution of the biharmonic
problem, and considering the penalization parameters of the dG formulation for bihar-
monic equation [31-33], we see that here there is no power of k in these parameters.
On the other hand, the power of /& here may be greater. This suggests that in some way
the penalization parameter o2 needs to “compensate” this lack/excess indicating that,
for example, it should be large for k = 2 and small for k = 4.

We successively divide the domain using 222+ triangles. Thus, if e; denotes the
error at the level of refinement L, the rate of convergence for this level is given by

r. = log (;gl) /102(0.5).
In Tables 1 and 2 we investigate the convergence rates for the rotations and vertical
displacements for k = 2. Table 1 shows the results for the symmetric formulation and

Table 2 for the nonsymmetric formulation.

Table 1 Numerical convergence with the symmetric formulation for k = 2 with #; = 1071, 1 = 1073
and 13 = 107°
t L L*D) HY(T) L%(T;R?) HY(T:R?)

ew rr ew rr ep rr ep rr

1.249e—1 2.93 7.441e+0 1.86 7.43%9e—2 1.83 3.672e+0 0.724
1.546e—2 3.01 1.890e+0 1.98 1.882e—2 1.98 1.936e+0 0.924
1.956e—3 2.98 4.724e—1 2.00 4.691e—3 2.00 9.810e—1 0.980
1.140e—2 2.05 1.05%—1 1.71 1.053e—1 1.70 3.439e+0 0.779
2.442e—-3 222 2.760e—2 1.94 2.748e—2 1.94 1.794e+0 0.939
5.782e—4 2.08 6.616e—3 2.06 6.571le—3 2.06 9.068e—1 0.984
1.144e—-2 2.04 1.061le—1 1.71 1.055e—1 1.70 3.439¢e+0 0.779
2.478e—3 221 2.782e—-2 1.93 2.771le-2 1.93 1.794e+0 0.939
5.953e—4 2.06 6.804e—3 2.03 6.778e—3 2.03 9.064e—1 0.985

~
)
wn A W LR W WA W
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Table 2 Numerical convergence with the nonsymmetric formulation for k = 2 with#; = 1071, = 1073
and 13 = 1070

t L L*D) HY(T) L%(T; R?) HY(T:R?)

€w rL €w L €q L €q L

1.255e—1 2.92 7.441e+0 1.86 9.816e—2 1.58 3.738e+0 0.730
1.565e—2 3.00 1.890e+0 1.98 2.771e-2 1.82 1.956e+0 0.935
1.987e—3 2.98 4.724e—1 2.00 7.262e—3 1.93 9.860e—1 0.988
1.533e—2 1.74 1.314e—1 1.49 1.305e—1 1.49 3.536e+0 0.771
3.913e—-3 1.97 3.860e—2 1.77 3.839¢e—-2 1.77 1.825e+0 0.954
8.996e—4 2.12 1.020e—2 1.92 1.014e—2 1.92 9.146e—1 0.997
1.535e—2 1.74 1.315e—1 1.49 1.306e—1 1.49 3.536e+0 0.771
3.944e—3 1.96 3.878e—2 1.76 3.858e—2 1.76 1.825e+0 0.954
9.313e—4 2.08 1.040e—2 1.90 1.035e—2 1.90 9.142e—1 0.998

~
)
Lh A W LR W N R W

Table 3 Numerical convergence with the symmetric formulation for k = 4 with 1] = 107 1 = 10-3
and 13 = 107°

t L LXT) HY(T) L%(T;R?) HY(T:R?)

ew rr €w rr €9 rr ep rr

2.872e—-2 4.19 1.235e+0 3.21 2.250e—2 3.24 7.108e—1 2.23
1.019e—-3 4.82 8.953e—2 3.79 1.666e—3 3.76 1.064e—1 2.74
3.398e—5 491 5.893e—3 3.93 1.094e—4 3.93 1.387e—2 2.94
1.297e-2 2.99 4.797e—2 2.45 4.617e—2 2.39 8.074e—1 2.11
3.794e—4 5.10 2.344e—3 4.36 2.308e—3 4.32 1.177e—1 2.78
1.261e—5 491 1.161e—4 4.34 1.141e—4 4.34 1.469e—2 3.00
1.299e—-2 2.99 4.800e—2 2.45 4.621e—2 2.39 8.081e—1 2.11
3.818e—4 5.09 2.349¢—3 435 2.317e-3 4.32 1.182e—1 2.77
1.418e—5 4.75 1.252e—4 423 1.244e—4 4.22 1.499e—-2 2.98

H
)
AW R WD R W

According to Theorem 6 it follows that the convergence rate for the rotation in
the H'(7; R?) norm needs to be equal to one for both formulations (symmetric and
nonsymmetric). The numerical results clearly show this in the last columns of Tables 1
and 2.

For the symmetric version, we observe from Theorem 7 that the convergence rates
for the rotation and vertical displacement in the L? norm must be quadratic. We
can see from Table 1 that the numerical convergence rate for the rotation in L? is
quadratic for all thickness values considered and that this value is attained for the
vertical displacement for 7, and 73, while, for #; it is one order better. We note that a
similar result was also obtained for the nonsymmetric version.

From the tables we can observe that the numerical rates of convergence in H L
for the vertical displacement for both formulations are very similar to those obtained
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for the rotation in L2(7; R?). To be precise, this rate tends to be quadratic, which is
better (one order) than the theoretical result proved in Corollary 8.

In Table 3 we report the results for the symmetric formulation with k = 4. The last
column shows that the rates of convergence for the rotation in ' (7; R?) are equal to
k— 1 for all thickness values considered. This is in agreement with the theoretical result
present in Theorem 9. Once again the numerical rates for the displacement in H'(7')
are better (by at least one order) than the theoretical result present in Corollary 10. Once
again, similar results were obtained for the nonsymmetric version of the dGWOPIP.

Acknowledgments This work was developed while the first author was visiting the Department of Math-
ematics at Humboldt University. He wishes to express his gratitude to this institution for its hospitality.

References

1. Arnold, D.N., Brezzi, F,, Falk, R.S., Marini, L.D.: Locking-free Reissner-Mindlin elements without
reduced integration. Comput. Methods Appl. Mech. Eng. 196(37—40), 3660-3671 (2007)
2. Arnold, D.N., Brezzi, F., Marini, L.D.: A family of discontinuous Galerkin finite elements for the
Reissner—Mindlin plate. J. Sci. Comput. 22(23), 25-45 (2005)
3. Arnold, D.N,, Falk, R.S.: A uniformly accurate finite element method for the Reissner—Mindlin plate.
SIAM J. Numer. Anal. 26(6), 1276-1290 (1989)
4. Arnold, D.N.,, Falk, R.S.: The boundary layer for the Reissner—-Mindlin plate model. SIAM J. Math.
Anal. 21(2), 281-312 (1990)
5. Arnold, D.N., Falk, R.S.: Analysis of a linear-linear finite element for the Reissner—Mindlin plate
model. Math. Models Methods Appl. Sci. 7(2), 217-238 (1997)
6. Badia, S., Codina, R., Gudi, T., Guzman, J.: Error analysis of discontinuous Galerkin methods for the
Stokes problem under minimal regularity. IMA J. Numer. Anal. 34(2), 800-819 (2014)
7. Beirdo da Veiga, L., Chinosi, C., Lovadina, C., Stenberg, R.: A-priori and a-posteriori error analysis
for a family of Reissner—-Mindlin plate elements. BIT 48(2), 189-213 (2008)
8. Bosing, P.R., Madureira, A.L., Mozolevski, I.: A new interior penalty discontinuous Galerkin method
for the Reissner—-Mindlin model. Math. Models Methods Appl. Sci. 20(8), 1343-1361 (2010)
9. Brenner, S.C.: Two-level additive Schwarz preconditioners for nonconforming finite element methods.
Math. Comput. 65(215), 897-921 (1996)
10. Brenner, S.C.: Convergence of nonconforming multigrid methods without full elliptic regularity. Math.
Comput. 68(225), 25-53 (1999)
11. Brenner, S.C.: Korn’s inequalities for piecewise H 1 vector fields. Math. Comput. 73(247), 1067-1087
(2004)
12. Brenner, S.C., Owens, L., Sung, L.-Y.: Higher order weakly over-penalized symmetric interior penalty
methods. J. Comput. Appl. Math. 236(11), 2883-2894 (2012)
13. Brezzi, F,, Fortin, M.: Numerical approximation of Mindlin—Reissner plates. Math. Comput. 47(175),
151-158 (1986)
14. Brezzi, F., Marini, L.D.: A nonconforming element for the Reissner—Mindlin plate. Comput. Struct.
81(8—-11), 515-522 (2003). In honour of Klausiirgen Bathe
15. Bosing, P. R., Carstensen, C.: Discontinuous Galerkin with weakly over-penalized techniques for
Reissner—Mindlin plates J. Sci. Comput. (in press)
16. Carstensen, C.: Residual-based a posteriori error estimate for a nonconforming Reissner—Mindlin plate
finite element. STAM J. Numer. Anal. 39(6), 2034-2044 (2002). (electronic)
17. Carstensen, C., Hu, J.: A posteriori error analysis for conforming MITC elements for Reissner—Mindlin
plates. Math. Comput. 77(262), 611-632 (2008)
18. Carstensen, C., Schoberl, J.: Residual-based a posteriori error estimate for a mixed Reissner—-Mindlin
plate finite element method. Numer. Math. 103(2), 225-250 (2006)
19. Carstensen, C., Xie, X., Yu, G., Zhou, T.: A priori and a posteriori analysis for a locking-free low order
quadrilateral hybrid finite element for Reissner—-Mindlin plates. Comput. Methods Appl. Mech. Eng.
200(9-12), 1161-1175 (2011)

@ Springer



dGWOPIP for Reissner—Mindlin plates without the shear 423

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Chinosi, C., Lovadina, C., Marini, L.D.: Nonconforming locking-free finite elements for Reissner—
Mindlin plates. Comput. Methods Appl. Mech. Eng. 195(25-28), 3448-3460 (2006)

Crouzeix, M., Raviart, P.-A.: Conforming and nonconforming finite element methods for solving the
stationary Stokes equations. I. Rev. Francaise Automat. Informat. Recherche Opérationnelle Sér Rouge
7(R-3), 33-75 (1973)

Devloo, P. R. B.: Pz: An object oriented environment for scientific programming. Computer Methods
in Applied Mechanics and Engineering 150(1-4):133-153 (1997). In: Symposium on Advances in
Computational Mechanics

Durén, R., Liberman, E.: On mixed finite element methods for the Reissner—Mindlin plate model.
Math. Comput. 58(198), 561-573 (1992)

Falk, R.S.: Finite elements for the Reissner—Mindlin plate. In: Boffi, D., Gastaldi, L. (eds.) Mixed
finite elements, compatibility conditions, and applications. Lecture Notes in Mathematics, vol. 1939,
pp. 195-232. Springer, Berlin, Heidelberg (2008)

Falk, R.S., Tu, T.: Locking-free finite elements for the Reissner—Mindlin plate. Math. Comput. 69(231),
911-928 (2000)

Gudi, T.: A new error analysis for discontinuous finite element methods for linear elliptic problems.
Math. Comput. 79(272), 2169-2189 (2010)

Hansbo, P., Heintz, D., Larson, M.G.: A finite element method with discontinuous rotations for the
Mindlin-Reissner plate model. Comput. Methods Appl. Mech. Eng. 200(5-8), 638-648 (2011)
Lovadina, C.: A low-order nonconforming finite element for Reissner—Mindlin plates. SIAM J. Numer.
Anal. 42(6), 2688-2705 (2005) (electronic)

Lovadina, C., Stenberg, R.: A posteriori error analysis of the linked interpolation technique for plate
bending problems. SIAM J. Numer. Anal. 43(5), 2227-2249 (2005) (electronic)

Marini, L. D.: Discontinuous Galerkin elements for Reissner—-Mindlin plates. In Numerical Mathe-
matics and Advanced Applications, pages 27-36. Springer, Berlin Heidelberg, 2008. Proceedings of
ENUMATH 2007, Graz, Austria, September (2007)

Mozolevski, 1., Bosing, P.R.: Sharp expressions for the stabilization parameters in symmetric interior-
penalty discontinuous Galerkin finite element approximations of fourth-order elliptic problems.
Comput. Methods Appl. Math. 7(4), 365-375 (2007)

Mozolevski, I, Siili, E., Bosing, P.R.: ip-version a priori error analysis of interior penalty discontinuous
Galerkin finite element approximations to the biharmonic equation. J. Sci. Comput. 30(3), 465-491
(2007)

Siili, E., Mozolevski, I.: hp-version interior penalty DGFEMs for the biharmonic equation. Comput.
Methods Appl. Mech. Eng. 196(13-16), 1851-1863 (2007)

Ye, X., Xu, C.: A discontinuous Galerkin method for the Reissner—-Mindlin plate in the primitive
variables. Appl. Math. Comput. 149(1), 65-82 (2004)

@ Springer



	Weakly over-penalized discontinuous Galerkin schemes for Reissner--Mindlin plates without the shear variable
	Abstract
	1 Introduction
	2 Notation and preliminaries
	3 Combined formulation of dG and WOPSIP
	4 A priori error analysis for low order
	5 A priori error analysis for high-order
	6 Numerical results
	Acknowledgments
	References




