SIAM J. NUMER. ANAL. (© 2018 Society for Industrial and Applied Mathematics
Vol. 56, No. 4, pp. 20082028

ASYMPTOTIC EXACTNESS OF THE LEAST-SQUARES
FINITE ELEMENT RESIDUAL*

CARSTEN CARSTENSEN' AND JOHANNES STORNf?

Abstract. The discrete minimal least-squares functional LS(f;U) is equivalent to the squared
error ||u — U||? in least-squares finite element methods and so leads to an embedded reliable and effi-
cient a posteriori error control. This paper enfolds a spectral analysis to prove that this natural error
estimator is asymptotically exact in the sense that the ratio LS(f;U)/||u — U||? tends to one as the
underlying mesh-size tends to zero for the Poisson model problem, the Helmholtz equation, the lin-
ear elasticity, and the time-harmonic Maxwell equations with all kinds of conforming discretizations.
Some knowledge about the continuous and the discrete eigenspectrum allows for the computation
of a guaranteed error bound C(7)LS(f;U) with a reliability constant C(7) < 1/a smaller than
that from the coercivity constant . Numerical examples confirm the estimates and illustrate the
performance of the novel guaranteed error bounds with improved efficiency.
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1. Introduction. The least-squares finite element method (LSFEM) approxi-
mates the exact solution u € X to a partial differential equation by the discrete
minimizer U € X (7)) of a least-squares functional LS(f;e) over a discrete subspace
X(T) C X. For the problems in this paper, namely the Poisson model problem, the
Helmholtz equation, the linear elasticity, and the Maxwell equations, the functional
LS(f;e) is equivalent to the norm ||e||% in X with equivalence constants o and 3. In
particular, the discrete minimizer U € X (T) satisfies « < LS(f;U)/|lu — Ul||% < B
and the computable residual LS(f;U) leads to a guaranteed upper bound (GUB)
lu—Ul|% < a *LS(f;U) [3]. Table 1 displays computed upper and lower bounds of
the quotient LS(f;U)/||lu—"U||% for a Poisson model problem and provides numerical
evidence of asymptotic exactness of the least-squares residual LS(f;U). This experi-
ment suggests that the GUB a~'LS(f;U) is too pessimistic for o=t = 1.442114.

The first main result of this paper verifies that the ratio LS(f;U)/||u — U||%
with the unique exact (resp., discrete) minimizer u (resp., U) tends to one in the
model problems from section 2 as the maximal mesh size § of the underlying regular
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TABLE 1
Guaranteed lower bounds (LB) and upper bounds (UB) for the quotient LS(f;U)/||lu—U||% in
the Poisson model problem with right-hand side f = 1 on the L-shaped domain Q = (—1,1)?\[0,1)?
from subsection 5.1.

ndof LB UB ndof LB UB
13 0.85367257 | 0.85996324 49153 0.99217867 | 1.00640795
49 0.93237486 | 0.94497564 196609 0.99522104 | 1.00419431
193 0.96674683 | 0.99157065 786433 0.99704395 | 1.00271554
769 0.98486169 | 1.01697465 3145729 | 0.99815838 | 1.00174352
3073 | 0.96995255 | 1.01406884 12582913 | 0.99884783 | 1.00111247
12289 | 0.98692470 | 1.00963924 50331649 | 0.99927741 | 1.00070662

triangulation T, written T € T(¢), tends to zero:
(1) Ve>036>0VT €T(6) (1—e)|lu—U|)k <LS(f;U) < (1+¢)|u—U|%.

One key observation is that ¢ and § are independent of the right-hand side f in L?(Q)
and do not depend on the polynomial degrees of a balanced or unbalanced conform-
ing discretization (but certainly depend on the domain and the parameters in the
differential operators). To the best of the authors’ knowledge, this is the first result
of the asymptotically exact error estimation for those problems with standard dis-
cretizations; the results in [8] are caused by an unbalanced discretization. The proof
of (1) in section 3 utilizes a spectral decomposition of the ansatz space X and the
Galerkin orthogonality of the error w — U. The asymptotic exactness result implies
the overestimation of |[u — U|% by the natural GUB a~'LS(f;U) with the factor
a~! > 1 as the maximal mesh-size tends to zero. The second aim of this paper is to
overcome this inefficiency by an (offline) improvement of the reliability constant C(7)
with ||u — U||3% < C(T)LS(f;U) in a GUB (displayed in Figure 1), which captures
the convergence of the least-squares residual to the exact error. Section 4 combines a
priori knowledge of the continuous eigenspectrum with additional information on the
discrete eigenspectrum and achieves a computable constant C(7"). The proof utilizes
the Galerkin orthogonality of the discrete solution U and so the GUB requires an
exact solve but is independent of the data f; i.e., the constant C(7) depends only
on T and C(T) < C(T) for any refinement 7 of T even with polynomial enrichment
of the discrete ansatz space X (7’) A three-stage algorithm leads in subsection 4.2
to C(T) and a significant improvement of the GUB a~!LS(f;U), which is up to 132
times larger than C(7)LS(f;U) in Figure 1. Further numerical experiments in sec-
tion 5 on the Laplace, Helmholtz, and Maxwell equations investigate the improvement
in computational benchmarks: Once the relevant eigenfunctions of the least-squares
system are resolved with sufficient accuracy, the novel reliability constant C(7) leads
to a significant improvement of the GUB. The relevant eigenmodes are of low fre-
quency in the Poisson and elasticity problems, while certain parameters of w in the
Helmholtz and Maxwell equations might lead to relevant high-frequency eigenmodes
solely resolved for very fine meshes.

Standard notation on Lebesque and Sobolev spaces applies throughout this paper,
HY(Q) == {v € L} (R) : Vv € L2(RYY, HI(Q) == {v € HY(Q) : v|gpg = 0},
H(div,Q) = {q € L*(;R?) : divg € L?(Q;R)}, and, for d = 3 only, H(curl,Q) :=
{F € L>(O;R3) : curl F € L*(Q;R3)}, Ho(curl, Q) := {F € H(curl,Q) : v x F =0 on
0Q} with outer unit normal vector v € R3.

2. Four applications of the LSFEM. This section introduces the model prob-
lems and their finite element discretizations for a bounded polyhedral Lipschitz do-
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Fic. 1. Convergence history plot from subsection 5.4 of the squared error, residual, and GUB
for the Helmholtz equation with w = 4.

main Q C RY.

2.1. Poisson model problem. Given f € L?(;R), the Poisson model problem
seeks (u,p) € X := H}(Q) x H(div,Q) with

—divp=fin Q and Vu =pin (.

First-order systems least-squares (FOSLS) methods such as, e.g., those in [2, 10, 18,
20] utilize the equivalence of the Poisson model problem to the minimization of the
least-squares functional

LS(f;0,9) = lla = Vol[2(q) + If + divalF2 (o
over all (v,¢) € X with norm ||(v, q)[[% = [[Vv[[72q) + 4120 + 1divall7: (-

2.2. Helmholtz equation. Given some f € L?(Q;R) and a frequency w? > 0
different from a Dirichlet eigenvalue of the Laplace operator, the Helmholtz equation
seeks (u,p) € X := H}(Q) x H(div,Q) with

—divp —w?u=finQ and Vu =pin Q.

This problem is well posed. The equivalent FOSLS formulation from [10] minimizes
the least-squares functional

LS(f;’U, q) = ||q - VUH%2(Q) + Hf + OJQ’U + leqH%Q(Q)
over all (v,q) € X with norm as in subsection 2.1.

2.3. Linear elasticity. Given f € LQ(Q;Rd), the linear elasticity seeks the
solution (u,0) € X := H}(QRY) x H(div, Q; R¥?) to

—dive = f and o = Ce(u)

with the linear Green strain tensor &(u) := (Vu+ (Vu)")/2, positive Lamé constants
A and p, and the fourth-order elasticity tensor C [14]. The problem is equivalent to
the minimization of the least-squares functional

LS(f;v,7) = |27 — C2e(0)| 7o) + IS + div T2y

over all (v,7) € X with norm |[|(v,7)||% = |‘C1/25(U)H%2(Q) + ||(C_1/27'H2L2(Q) +
HdiVTH2L2(Q) [9].
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2.4. Time-harmonic Maxwell equations. Given some right-hand side f €
L2(2;R?) and a frequency w? > 0 different from an eigenvalue of the resonant cav-
ity problem, the time-harmonic Maxwell equations in d = 3 space dimensions seek
(E,H) € X := Hy(curl, Q) x H(curl, Q) with

—~w?E+culH=finQ and cwrlE—H=0inQ.
The problem is well posed and its solution minimizes the least-squares functional
LS(f; F,G) = ||G = cwrl F|[72q) + [|f + W’ F — curl G||7 g

over all (F,G) € X with norm [|(F, G)|[% = w!||[F||72q) + llewl F[72q) +Gl172q) +
chr1G||2L2(Q). This problem is related to the problem in [6] with the exception of an
additional term similar to the extra term in subsection 3.3.

2.5. Discretization. Let T be the set of admissible and shape regular tri-
angulations of the polyhedral bounded Lipschitz domain Q@ C R? into simplices
[5, Chap. 5]. Given § > 0, the subset T(4) C T consists of all triangulations
T € T with diameter hy := diam(T) < § for all T € T. Let Py(T;R?) de-
note the set of polynomials of total degree at most k£ € Ny seen as a map from
T to RY, ¢ € N, and define RTy(T) := P(T;R?) + Pi(T;R)id C P.(T;R*) and
NE(T) := P (T;R3) + P(T;R?) x id C Pi(T;R?) with the identity id on 7. Define
for all k € Ny the Courant, Raviart—Thomas, and Nédélec element spaces

ST :={V e HYQ) : YT € T, V| € Pry1(T;R)},
RT(T) :={Q € H(div,Q) : VT € T,Q|r € RTi(T)},
N¥(T):={F € H(curl,Q) : VT € T, F|lr € N*(T)}.
Furthermore, set Sg (7)) := S*1(T) N H(Q) and NE(T) := N*(T) N Hy(curl, Q).

It is well known and understood throughout this paper that the discrete spaces X (7)
in Table 2 and the continuous spaces X satisfy the pointwise density property [4, 5, 7]

(D) Ve>0Vwe X 30 >0VT € T(H) IW € X(T) lw—Wlx <e.

3. Proof of the asymptotic exactness. The unifying analysis departs with
an abstract framework and thereafter applies it to the model examples of section 2.

3.1. An abstract setting. This subsection provides an abstract asymptotic
exactness result based on three hypotheses.

(H1) Suppose a : X x X — R is a scalar product that is equivalent to the scalar
product b on the real Hilbert space (X,b) with associated norm ||e|, = |le||x. In
particular, there exist positive constants «, 5 with

(2) VeeX  alzlf < a(z,2) = |l2ll; < Bl

(H2) Suppose that there exist countably many pairwise distinct positive numbers
w(0) =1, pu(1), u(2), u(3), ... with closed eigenspaces E(u(j)) C X for j € Ny and

3) VjeNo Vo, € E(u(j)) Ve e X alg;, x) = u(5)b(¢;, ).

Let the eigenspaces have finite dimension dim E(u(j)) € N for all j € N (while
dim E(u(0)) € No U {occ} may be infinity or zero), and suppose that the linear hull of
all eigenspaces E(1(0)), E(u(1)),... is dense in X,

(4) X = span{E(u(j)) : j € No}.
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(H3) Suppose (0) = 1 is the only accumulation point of (1(5))jeng, im0 p(j) =
1.

Given a right-hand side F' € X* in the dual X* of X, let u € X be the unique
solution to a(u,v) = F(v) for all v € X. Furthermore, let X(7) C X satisfy the
density property (D), and define the discrete solution U € X (7") with a(U,V) = F(V)
for all Ve X(T).

THEOREM 3.1. Suppose (H1)-(H3), (D), and € > 0. Then there exists some
d >0 for all F € X* such that for all T € T(9)

(5) (L=e)llu= Ul < llu=Ullz < (1 +e)u — U

Some remarks are in order before the proof of the theorem concludes this subsec-
tion.

Remark 3.2 (bounded eigenvalues). It follows from (H1) that p(0), (1), u(2), . ..
are bounded in the compact interval [, 5] and, since p(0) = 1, it holds that « < 1 < .

Remark 3.3 (orthogonal eigenspaces). The eigenvectors ¢; € E(u(j)) and ¢ €
E(u(k)) with j, k € N satisfy p(5)b(¢;, dx) = a(d;, ox) = aldr, ¢;) = u(k)b(¢w, ¢;).
If j # k, it holds that 0 # u(j) # u(k) # 0, and so b(¢;, dx) = a(¢;, i) = 0. Thus,

6)  VikeNonj#k  E(u(j) Lo E(u(k)) and E(u(j)) Ly E(u(k))-

Remark 3.4 (orthogonal decomposition of X). Given an index set J C Ny, define
X (J) as the closure of span{E(u(j)) : j € J}, and set the complement J¢ := Ny \ J.
Then (4) implies that any v € X can be decomposed into v = w + z with some
w =3 ;w; € X(J) and some 2 = >, ;. zp € X(J¢) such that w; € E(u(j)) for
all j € J and z, € E(u(k)) for all k € J°. Since X (J) and X (J¢) are closed with
respect to the norm ||e||y, (6) implies b(w,z) = 0. This proves the b-orthogonality
X(J) Ly X(J¢). Similar arguments and the equivalence (2) of ||e||, and ||e||, imply
the a-orthogonality X (J) L, X (J°).

Remark 3.5 (built-in error control of LSFEMs). The least-squares formulations
from section 2 allow (H1)—(H3) such that ||u — U||2 = LS(f;U) is a computable

residual and serves as an error estimator for the unknown error |u—U|lp = |lu—U||x.
The ellipticity in (H1) leads to

(7) allu—Ul§ < LS(f;U) = lu— U3 < Bllu—Ull;.

This is well known in the least-squares community and called reliability and efficiency
in the a posteriori error analysis. It is a consequence of Theorem 3.1 that the GUB
in (7) leads to an overestimation by the factor a~! as the mesh size tends to zero.

Proof of Theorem 3.1. The Galerkin orthogonality a(u — U, W) = 0 for all W €
X (T) is rewritten as u — U € X(T)* :={v e X : VW € X(T),a(v, W) = 0}. Then
the theorem follows from the more general assertion

(8) Ve>036>0VT €T(6) Yve X(T)* (1—e)|vlI? <|lv]? < (14 ¢)|v|3.

To prove (8),let 0 < & < 1 and v € X(T)* with ||Jv]|, = 1.

Step 1 (decomposition of v). Recall p(0), pu(1),... from (H2), and, given £ > 0,
define the index set J(g) := {j € N : |1 — u(j)| > ¢} with complement J¢(g) :=
No \ J(g). It is a consequence of (H3) that the index set J(¢) is finite. As outlined
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TABLE 2
Notation in subsection 3.2.

M | A| ~y ]| D | D X(T)
Poisson R [id | o | v | =div| S¥TNT) x RTW(T)
Helmholtz | R? | id | w? | V | =div | SETYT) x RTx(T)

Elasticity | R¥4 | C | 0 | e(o) | —div | S¥*(T)? x RTR(T)4
Maxwell R3 | id | w? | curl | curl NET) x N*(T)

in Remark 3.4, (H2) leads to the a- and b-orthogonal decomposition v = w + z with
w € X(J(g)) and z € X(J¢(¢)). The Pythagoras theorem reads

(9) 1= |wly = llwllz +llzl;  and  [Jollg = [lwllz + [12]Z.

Step 2 (upper bound for |w|a). Let (é1,...,¢m) be a b-orthonormal basis of

span{E(u(j)) : j € J()} = span{¢1, ..., ¢} with w = >"]" | &k . The density (D)
leads to ¢ > 0 such that for all k =1,...,m and T € T(6) there exists a &5 € X(T)
with [|¢r — @iy < £//m. The discrete W :=>")" | &Py, € X(T) satisfies

m m m 1/2
ho = Wy < S 6xlllon — Bl <m 2 6] < E(Zsi) — el
k=1 k=1 k=1

The combination with a(w, z) = 0 = a(v, W), a Cauchy—Schwarz inequality, and (2)
proves

(10)  Jwlz = a(w,v) = a(w = W,v) < Bllw = W, < bllwlly < a™ 2wl

Step 3 (upper and lower bounds for ||z||2). Since z is in the closure of the linear
hull span{E(u(j)) : 7 € J°(e)} with respect to ||e||, and |e]|y, the sums |z]|2 =
ZjeJC(s)szHg and |z||7 = ZjEJC(E)szHg converge. Then 1 —e < p(j) <1+ ¢ and
I12i112 = n()llz;3 for all j € J¢(¢) imply

(11) L =o)ll=lz < ll=l12 < @ +e)ll=l3-
Step 4 (upper bound for ||v]|2). The combination of (9)—(11) proves
vl = N2l + llwlz < @ +e)llzly + [wlf <1+e+e%5/a

Step 5 (lower bound for ||v||2). The combination of (2) and (9)—(10) shows 1 —
e2p%/a? <1 —|w||?/a <1 —||w||? = ||z||?. Consequently,

(1= -e*8%/a®) < (1 =o)zllp < 12017 < lwlZ + 1I217 = lv]lZ-

Relabeling ¢ and § for sufficiently small € concludes the proof of (8). ]

3.2. A class of problems sufficient for (H1)—(H3). This subsection compiles
the model problems in section 2 and verifies the assumptions of Theorem 3.1. Table 2
displays the particular meanings of the following abstract operators.

For all examples of section 2 the positive definite isomorphism A = A1/2 o A1/2
maps the subspace M € R™*"™ with m,n € N onto M. Furthermore, the linear
differential operator D maps the real Hilbert space V with norm |[|e||2, = ||o\|%2(9) +
HAl/QDoH%Q(Q onto a closed subset of L?(Q; M). Since D : V — L?(Q; M) is bounded,
its kernel ker D is closed. This leads to the existence of an orthogonal complement
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W CVwithW Ly ker D and V = Wgker D. There exist countably many eigenpairs
(A, ¥5) € Rx W\ {0} with D*ADvy; = A9, for j € N, Le,

(12) YveV (ADQ/Jj,DU)Lz(Q) = )\j (’L/Jj,’l))Lz(Q).

Moreover, 0 < Ay < A < ... with lim; ;oo A; = oco. The eigenfunctions (¥;);en

form a basis of W = span{t; : j € N} in V and are orthonormal in the sense that
(wj,wk)Lz(Q) = 5jk and (AD’(/)j, D¢k>L2(£2) = /\j(Sjk for all 7,k €N.

Remark 3.6. In the Poisson model problem and the Helmholtz equation (resp.,
linear elasticity and Maxwell equations), A1, Ag, ... are the Dirichlet eigenvalues of
the Laplace operator (resp., the Dirichlet eigenvalues of the Lamé operator and the
eigenvalues of the resonant cavity problem). It is known that the eigenfunctions of
(12) satisfy the aforementioned properties [4, p. 15], [15, p. 720], [19, p. 97].

Define for any 7 € L*(Q; M) and x € L*(Q;R™) with (7, Dv)20) = (X,v)2(0)
for all v € V' the operator D*7 := y, and set

L= {r e LX(M): D't € L2(R™)}, [[olf3:= A0 Zaq) + [D*e||Z:(q)-

In all model problems (3, ||e||s) is a Hilbert space [4]. Since D* : ¥ — L2(;R™)
is linear and bounded, the kernel ker D* is a closed subspace of 3. Theorem 3.7
and Lemma 3.9 are well known in the least-squares community but are stated for
completeness.

THEOREM 3.7 (equivalence of primal and first-order problem). Given a right-
hand side f € L*(;R™) and a constant v € R, u € V solves the primal problem

(13) VweV  (ADu, Dv)pz) — v(u,v)r2(0) = (f,v)L2(0)

if and only if (u,0) = (u, ADu) € V x X is the unique minimizer amongst all (v,7) €
X =V x X of the least-squares functional

LS(f;v,7) = [|A727 — AY2Do|[3a () + |If +7v = D*7l[72(q).

Proof. The solution u € V' to the primal problem (13) satisfies (ADu, Dw)2(q) =
(f +yu,w)r2(q) for all w € V. This shows ADu € ¥ with D*ADu = f +yu €
L?(Q;R™) and proves LS(f;u, ADu) = 0. On the other hand, any (v,7) € X with
LS(f;v,7) = 0 satisfies 7 = ADv and so D*ADv — yv = f. Consequently v € V
solves (13). The uniqueness of the solution implies v = u. d

Throughout this paper, (13) is well posed because either the kernel ker D = {0} is
trivial and v = 0 or v € (0,00)\ {A1, A2, ... }. Theorem 3.7 guarantees the equivalence
of (13) and the minimization of LS(f;e) over all (v,7) € X := V x ¥ with norm
[[(v, ") |lx = ||(v,7)]|p induced by

b(u,o;v,7) = v (u, v)r2(Q) + (Al/QDu7 A1/2DU)L2(Q)
+ (14_1/207 A_1/2T)L2(Q) + (D*O', D*T)Lz(g).
The minimizer (u,0) € X of the least-squares functional is characterized as the so-
lution to a(u,o;v,7) = —(f,yv — D*T)12(q) for all (v,7) € X with the symmetric
bilinear form
a(u,o;v,7) := (A1/2Du — AV2%6, A2 Dy — A_1/2T)L2(Q)
+ (yu — D*o,yv — D*T) 12 (0.
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Remark 3.8. Since most of the results in this work follow from a spectral analy-
sis, the scalar products read a(e,e) and b(e,e) rather than (Le, Le)y := a(e,e) and
(o,0)x := b(e,e), which is more frequent in least-squares publications.

LEMMA 3.9. The following splits are orthogonal with respect to (A~ 'e, ®)r2(q):
(14) L*(;M) = AD(V)@ker D*  and ¥ = (AD(V)NX) & ker D*.

Proof. Step 1 (decomposition of L*(Q;M)). Since the norm |[A'/2De||1z2(o) in
W is equivalent to ||e||v,, (W,(ADe, De);2q)) is a Hilbert space. Given any o €
L?(; M), the Riesz representation £ € W satisfies

Yw e W (ADf, DU))L2(Q) = (U, Dw)Lz(Q).

Define 0y := 0 — AD¢ with (0o, Dw)r2(q) = (0, Dw)r2(q) — (ADE, Dw)r2q) = 0
for all w € W, whence o¢ € ker D*. Since oy € ker D* and (A~'ADv,0¢)12(q) =
(v, D*0¢) 2() = 0 for all v € V, the split is orthogonal.

Step 2 (decomposition of ¥2). Given o € ¥, the split in L?(Q; M) leads to £ € V
and og € ker D* C ¥ with 0 = AD{+ 0 and (A_lADﬁ,oo)Lz(Q) = 0. Since 0,00 € X
and ¥ is a vector space, AD{ =0 — oy € 2. 0

Remark 3.6 and (12) imply for each model problem in section 2 that the subspace
span{ADv; : j € N} C ¥ is dense in AD(V') N X with respect to ||e||s, i.e., AD(V)N
¥ = span{ADv; : j € N}. For all j € N define v; := X\j(v + 1)2/((A; + 1)(7* + A;))
and set po := 1 and ¢ € ker D x ker D* C X,

(15&) H2j—1 = 1-— I/;/2 and (;52]',1 = (()\? + )\j)l/z('y2 + Aj)71/2wj,AD1/Jj> € X,

(15b) H2j5 = 1 + I/;/2 and ¢2j = (()\? + )\j)l/2(72 + )\j)il/QQ/}j, —AD’L/)J> e X.
THEOREM 3.10. The formulae in (15) define the least-squares eigenpairs
(16) V] € NO V(U, T) eX a’(¢j7 v, T) = /‘ij((b]a ’UvT)'

Proof. Step 1 (decomposition of the bilinear forms). Given (u,0),(v,7) € X,
(14) leads to &, 9 € W and og, 19 € ker D* with ADE, ADY € ¥, 0 = ADE + 0, and
T = ADY + 15. Furthermore, W = span{t; : j € N} and V = W @ ker D show the
existence of coefficients u;,v;,£;,9; € R for j € N and elements ug, vy € ker D with

w=uo+ Y uity, v=uvo+ Y vy, E= &y, and &= ;1.

jEN jeN jeN jeN

The density of span{v; : j € N} in W C V, the density of span{ADv; : j € N} in
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AD(V)NX C X, and the orthogonality of the eigenfunctions imply
a(u,o;v,7) = (Al/QD(u —&) — A71/2cro, Al/zD(v —9) — A71/2TO)L2(Q)
+ (yu — D*ADE, vyv — D*AD’Lg)L*z(Q)
— (Z(uj —&)AV2DY;, > (v — ﬂk)Al/QDwk)

jEN keN L2(Q)

+ (Z(’Y“j = X&)y, Y (yor — Akﬁk)wk) o
L2(Q

= heN

+ (14_1/2007 A_1/2TO)L2(Q) + 72(“0700)”(“)

=22 ) ()
S\&G) = AT

+ (A7 200, A7210) 12 (0) + 77 (w0, v0) L2 (0.

Similar arguments lead to

) i+ ~2 0 .
w5 () (5 42 ()

jEN
+ (A™Y25y, A_l/ZTo)Lz(Q) +9%(uo, vo) £2(0)-

Step 2 (computation of eigenpairs). The decomposition of a and b in Step 1
shows that pg = 1 satisfies (16) for all elements ¢g in ker D x ker D*. Moreover, the
decomposition leads for all j € N and all (v,7) € X with decomposition as in Step 1
to

o I O N i D Y R e N A e O R 2AN LY
“(d’%—l’””)_( 1 Ny R )\

o, A2+ 0) T2 (A0 vj
-t 1 0 N+ \Y;

= pi2j—1b(P2j—1;v, 7).

Analogously, a(¢2;;v,T) = p2;b(¢p2;;v,7) follows for all j € N and (v,7) € X. 0
THEOREM 3.11. The model problems satisfy (H1)-(H3) and (1).

Proof. Step 1 (proof of (3) from (H2)). The countably many numbers pq, 1, . . .
from (15) lead to countably many pairwise distinct numbers p(0) = 1, (1), u(2), .. .
with {ug : k € No} = {p(j) : 5 € No}. Theorem 3.10 (resp., Theorem SM1.1) proves
that the closed subspaces E(u(0)) := ker D x ker D* and E(u(j)) := span{¢y : k €
N, pr = p(4)} for all j € N with ¢y, from (15) (resp., (SM2)) satisfy (3).

Step 2 (proof of (H3)). It follows from a simple calculation that po;—1 and po;
from (15) (resp., (SM1)), and so p(j) tend to one as j (and so A;) tends to infinity.

Step 3 (proof of dim E(u(j)) € N for all j € N from (H2)). The eigenspace
E(u(4)) is the span of ¢y with ur = p(j). Since the eigenfunctions ¢1, ¢, ... are
linearly independent, it holds with the counting measure | o | that

(17) dim E(u(5)) = {k € N . = p(4)}-

It follows from limy_,o pr = 1 and p(j) # 1 that (17) is for all j € N a finite number.
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TABLE 3
FEigenvalues p; with (16) (resp., (18)) as a function of the eigenvalues \; with (12) for all j € N.

Problem Least-squares eigenvalues
Poisson p2j—1=1—(+1)"1/2
Elasticity p2; =1+ (N + 1)~1/2
whang (WA2X;)2  (w2—1x;)2
Helmholtz H2j-1= —53 —\/ 4,\?J ERCYEsY
w2y (Wi423;)2  (w2-1;)2
K25 = 73%; Y [CYESRY
Maxwell | poj—1=1—(1—(w?—X;)2(\; +1)"H(w* + /\j)—l)l 2
pog=1— (14 @? = 220 + D~ w +2)" )2

Step 4 (proof of X = span{E(u(j)):j € No} from (H2)). The model problems
satisfy either v # 0 or v = 0 and ker D = {0}. If v # 0, it holds for all (v,7) € ¥ that

min{1, 9} (o[} + I71%) < (v, )Il; < max{1,42}([v]§, + lI7]%),

and with ker D = {0} it holds that (1++2A7 )" (v, )6 < (v, T)lbe < (v, 7)o I
ker D = {0} and v = 0, it holds for all (v,7) € ¥ that

@+ I + 713 < )l < olly + lI7)13

Hence, the norms e[}, and [[e]vxs := (||e[]3 + [[$)"/* (resp., [[e]s, and [e]vxs)
are equivalent. Since W = span{v); : j € N} in V, (¢;,0) € span{E(u(k)) : k € N}
for all j € N, and ker D C E(u(0)), the equivalence of the norms and V' =W @ ker D
lead to

V' x {0} Cker D x {0} @ span{(¢;,0) : j € N} C span{E(u(j)) : j € N}.

The density of span{AD1i;, ADs,...} in AD(V) N X implies that (0, ADvy;) €
span{E(u(k)) : k € N} for all j € N. With the equivalence of the norms this leads to

{0} x ¥ C {0} x ker D* & span{(0, AD%);) : j € N} C span{E(p(j)) : j € N}.
Step 5 (proof of (H1)). The density of span{E(u(j)) : j € No} in X proves

inf u(j)l|(v, 7)ll; < ll(v, DIE < sup p(i)ll(v, 7)ll;
Jj€No J€No
for any (v,7) € X. Since v ¢ {A1,Ao,...} and lim;_,o p(j) = 1, this leads to (2)
with 0 < o := minjen, 1(j) < maxjen, u(j) =: 8 < oc.

Step 6 (proof of (1)). The application of Theorem 3.1 and ||u — U||2 = LS(f;U)
in the model problems results in (1). 0

Remark 3.12. Tt follows from 0 < o := minjen, p(j) < maxjen, #(j) =: 8 < 00
that a = py and 8 = pe with pq, ps from Table 3 for the Poisson model problem and
the linear elasticity. Furthermore, the Helmholtz equation and Maxwell equations
satisfy o = pg;j—1 and B = po; for some j € N.

Remark 3.13. Table 3 shows that small eigenvalues A of the differential operator
D*AD cause small and large eigenvalues p in the Poisson model problem and the lin-
ear elasticity. However, small and large eigenvalues p for the Maxwell and Helmholtz
equations result not only from the size of the eigenvalues A but also from the dis-
tance |\ — w?| to the frequency w. Subsection 5.4 below presents a corresponding
example with a huge preasymptotic regime caused by the necessity to resolve the
high-frequency eigenfunctions sufficiently well.
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Remark 3.14. The detailed analysis behind Table 3 is performed for four model
problems but can be extended to other norms and bilinear forms exemplified for the
alternative choice

bo(u, 05 0,7) = (AY2Du, AY2Dv) p2(q) + (A7 20, A7V21) 12y + (D*0, D*T) 12(q)

for all (u,0), (v,7) € X for the Helmholtz equation in Table 3 and the w-independent
norm ||e||p, induced by by (e, ®). The Helmholtz equation admits the eigenvalues o = 1
and p; displayed for all j € N in Table 3 of the eigenvalue problem

(18) Y(v,7) € X a(gj;v,7) = puibo(¢s;v, 7).

This follows analogously from the proof of Theorem 3.10, and so details are provided
in section SM1 of the supplementary material.

3.3. The Poisson model problem with H!'-conforming compatible con-
straint. The following FOSLS method for the Poisson model problem [11, 13] is
based on H' conforming ansatz functions and adds the constraint curlp = 0 to the
problem in subsection 2.1. This ansatz leads to the norms

(19a) (o, DI == |Im - VUH%z(Q) + ”diVT”%?(Q) + ”CUﬂTll%?(Q)’

(19b) 1w, DIIE = IVUl1 22y + 17122 () + [1div T 22y + leurl 77z q)

for all (v,7) € X := H}(Q) x (H(div, Q)N H(curl,Q)) with associated scalar product
a(e,e) to ||e||, and b(e,e) to ||e||.

THEOREM 3.15. (a) The eigenvalue problem (16) has the eigenpairs (u;, ¢;) €
Rx X, j €N, from (15) for the Poisson model problem, and po = 1 has the eigenspace
¢o € {7 € H(div,Q) N H(curl, Q) : divr = 0}.

(b) The model problem (19) satisfies (H1)-(H3) and (1).

Proof. Let (A\j,1;) € Rx H}(£2), j € N, denote the eigenpairs of the —A operator.
The spectral representation of HE () functions and the orthogonal split of Lemma 3.9
lead, for any (u, o) and (v, 7) in X, to coefficients u;,v;,0;,7; € R for j € N and zero-
divergence functions g, 79 € H(div, Q) N H(curl, ) with

U= Zuj¢j, v = Zvjwj, o=o00+ ZUde)j, and T=1y+ ZTjV¢j.
jEN JEN jEN JEN
As in the proof of Theorem 3.10, this representation results in
o 7) = u; Ai A ) (Uj)
a(u,o;v,7) = .
( ) % (gj) (-Aj A +a2) Lo
+ (Jo, T())Lz(Q) + (curl 0, curl Tg)Lz(Q),
U Aj 0 op
o5 (0) G o))
% & 0 Aj+2A7) \Y;
+ (0’0, To)Lz(Q) + (curl 0, curl TO)LQ(Q)-
The remaining details of the proofs of (a) and (b) follow those in Theorems 3.10
and 3.11 and are omitted for brevity. |

4. Improved GUB. This section aims at the computation of a guaranteed up-
per bound (GUB) for the model problems that capture the convergence of LS(f;U)/||lu—
U||% to one.
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4.1. A lower bound for the coercivity constant. Estimate (8) indicates
that the coercivity constant on the a-orthogonal complement X (7)* := {v € X :
YW e X(T),a(v,W) =0} of X(T)in X with T €T

Q

(20) a<a(T):= inf Aﬁﬁlgl
vexmivor vl

converges to one as the mesh size tends to zeros. This constant improves the GUB
for the exact and discrete LSFEM solution v and U to

lu = Ully < a(T) " u—Ulg < o™ lu—UlS.

The aim is the approximation of a(7)~! from above by a constant C(7). The fol-
lowing ansatz requires the smallest discrete eigenvalues pi(7) < -+ < pu,(7) for
a fixed n < dim X (7) with normed eigenfunctions ®;,...,®,, € X(7T), that is,
[@1llp = - = [|®n[ls = 1 and

(21) Vi=1,...nVYWeX(T) a(®;,W)=u(T)bd;W).

Furthermore, let py < --- < 41 be the smallest exact least-squares eigenvalues with
eigenfunctions ¢1, ..., ¢,41 such that b(¢p,, dx) = ;i for all j,k=1,...,n+ 1, and

(22) Ywe X a(dj,w) = p; b(¢y, w).

It follows from (H2) that 0 < uq and {1, .., unt1} C {p(j) : 7 € N}. The compari-
son of exact and discrete eigenvalue clusters in {p1, ..., pu,} and {p(T), ..., ua(7T)}
is the basic idea in the computation of C(T) > «(T)~'. Therefore, define for any
compact interval [/, #'] C R the spaces

E(a/, ') == span{E(u(j)) : j € No, o/ < p(j) < '} C X,
E(,B',T) =span{®; : j € {1,...,n}, o/ < pu;(T) < p'} C X(T),

and let [ay, B1],- .., [@m, Bm] be intervals which satisfy the following hypothesis.

(H4) Let [, B1], - - -, [am, Bm] be pairwise disjoint compact intervals with m < n
and 0 < a1 < a < B < ag < By < -+ < B < ame1, which satisfy, for all
{=1,...,m,

dimE(OLg,ﬂg) = dimE(Ozg,ﬂg,T) and X = E(al,ﬂg) @E(az+1,ﬂ).

The intervals from (H4) lead to

oRBr Qg1 — oy

(23) C(T) =0}y (1 +) ok Oyl — O PBr — o ) .
k=1

THEOREM 4.1. Suppose (H1)—(H4); then X(T)* from (8) and C(T) satisfy
Yoe X(T)H  ulli < Gz

Remark 4.2. Suppose (H1)-(H4) and oy = u(¢) for all £ = 1,...,m + 1 with
the smallest pairwise distinct eigenvalues (1), u(2),...,u(m + 1) of (3). A small
eigenvalue error § := maxy=1,__mn (8¢ — () of the discrete space guarantees

a(T)" 1< OT) = p(m 4+ 1)~ + 0(9).
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Suppose the eigenvalue error is of the form ¢ = O(h% ,,) for some rate s > 0 and the
maximal mesh-size hyax in 7. With a constant C'(m), which depends in particular
on m, (1) implies

(24) = U/ lu=Ull; < (7)™ < C(T) < plm + 1)1 + C(m)h;

max-*

Proof of Theorem 4.1. Step 1 (decomposition of v € X(T)*). Given any v €
X(T)+\ {0}, (H2) implies X = E(ay,p1) @ -+ ® E(am, Bm) ® E(ms1, ) with
Bm+1 = from (2) and so the existence of vy, ...,vm41 € X with v; € E(o;, §;) for
allj=1,....,m+1landv= Z;”:Jrll v;. The pairwise orthogonality of the eigenspaces
(6) implies that a(v;,vx) =0 =b(vj,vg) for all j,k=1,...,m+ 1 with j # k.

Step 2 (existence of V; € E(on,B;,T) with v; —V; € E(aj41,8)). Let j €
{1,...,m} and p = dim E(c, §;), so that ¢1,...,¢, € X form a basis of E(ai, 3;).
Since dim E(a1, 3;) = dim E(oy, 5, T), there exists a basis ®1,...,®, € X(T) of
E(aq,p;,T). It holds that X (7) C X = E(an, 8j) ® E(aj41, ). Consequently, there
exists a p X p matrix B = (Bys)g,e=1,..p € RP*P with

p
VE=1,....,p  ®r— Y Buds € E(ai1,B).
/=1

To prove that B is invertible, let £ = (§1,...,&p) € R? with B = 0. In other words,
S & Bre=0forall £=1,...,p. Define

W .= 51(131 + - +€pq)p S E(Ozl,ﬂj,T).
If £ #0, W € E(ai, B;,T)\ {0} satisfies a(W, W) /b(W, W) < B;. Furthermore, since

P p P p
> &Y Brdi=> (Z ffk3u> ¢ =0,
(=1 k=1

k=1 (= (=1

it holds that

p P r p
W=Ww— ka Z Brepe = Zﬁk ((I)k - ZBke¢e> € E(ajy1,B).
=1 k=1 =1

k=1 =

This implies a1 < a(W, W) /b(W, W) and contradicts §; < cj11. Therefore, W =0
and (&,...,&,) = 0. This proves that B is invertible. Thus, there exist coefficients
bets... by € Rforall £ =1,...,p with

/4
¢ — Y bur®r € E(ajia, ).

k=1
This implies for v; € span{¢1,...,$,} the existence of V; € span{®,...,P,} with
(25) ’Uj — ‘/J S E(aj+1,ﬂ) and ‘/J S E(Oél,ﬂj,T).

Step 3 (upper bound for ||V;||?). It follows from E(au, ;) Lo E(aj+1,) and
E(a1,B;5) Lo E(aj+1,B) that for V; from Step 2 the Pythagoras theorem, |v;]|2 =
IViI12 = 1oy — V3112 and [lo; — V32 = V31 — 1o, holds. Since V; € E(ar, 35, T), it
holds that ||V;]|2 < B;|V;||Z. Moreover, v; —V; € E(a;41,3) implies aji1|v; — V|2 <
llv; — V;l12; v; € E(aj, B;) induces a;|v;||Z < |lv;||2. This leads to

agllv 1§ < llosllz = V311G = llv; = Vlla < BilIViIE = e (V515 — llos13)-
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Consequently,

Qi) — Q@

(26) V51l < £ ljl5-

1 — B
Step 4 (upper bound for ||v;||2). Case 1. Let v; # 0. This step utilizes a(v;,v; —
V;) =0=a(v,V;) and a Cauchy-Schwarz inequality to deduce
;] = a(v,v;) = a(v,v; = V;) = alv = vj,0; = V;) < [lv = vj]lallv; = Villa-

The combination with the Pythagoras theorem, [[v — v;[|2 = [[v||2 — [|lv;]|2 and |Jv; —
Villa = Vil = llvsllz, teads to [[ollZ v 112 + [l IZIIVi NI < [lollZ V5115 Given v; 0,
it follows from v; — V; € E(ajy1,8) and E(a;j, ;) N E(aj4+1,6) = {0} from (25) that
V; # 0. Consequently, the division of the previous estimate by |[|v||?v;]|2]|V;]|2 # 0
results in

(27) lolle® + IVille® < lloslla™.

A

Since V; € E(ay, 85, T) and v; € E(ay, 8;) fulfill 8;7|Vj|l;* < [[Vj]lo* and [|v;l;°
a; vl %, (26) leads in (27) to

1 ajt1 — B
28 12 < _ J+1 J 2
(28) sl < (aj T a1l

Case 2. The estimate (28) is trivial for v; = 0.
Step 5 (lower bound for ||v||2). The estimate ojlv;||7 < |lv;||? for all j =
1,...,m+ 1 and the pairwise a- and b-orthogonality of v1,...,vmy41 prove

m—+1

m m
(29) > aylloil +am+1(llv||§ - levji) < D llosllz = llllz-
j=1 j=1 j=1

Since aj — amy1 < 0, the lower bound decreases monotonically in ||v;]|? for each
j=1,...,m and fixed ||v||?. Hence, the substitution of (28) into (29) leads to

m
1 1 — B 2
am[[lly < ollz + ) (1 —ay) < - o]l
" ’ ; " Naj o Bilag1 —ay) ‘

S ami1 — @ B —a; 2
L+ ajn [[oll5- 0
= a;fj 1=y

4.2. Numerical realization. The application of Theorem 4.1 for the model
problems runs a three-stage algorithm.

Stage 1. Compute N + 1 lower bounds 0 < pl*V < ... < MIK,‘L for the smallest
continuous eigenvalues in (16) (resp., (18)), ie, p®™ < pj for j = 1,...,N + 1.
This computation is independent of the current triangulation and done offline. The
numerical experiments in this paper adopt [1, 12] as detailed in section 5.

Stage 2. Given a triangulation 7 € T, compute upper bounds for the smallest
discrete least-squares eigenvalues 0 < p1(7) < -+ < pn(7) with linear independent
eigenfunctions ®1,...,®x € X(7) \ {0} such that

(30) VO=1,...,NYW € X(T)  a(®, W)= ue(T)b(®,W).
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This leads to pP(T) < -+ < pi\(T) with po(7T) < p,*(T) for all £ = 1,...,N.
The MATLAB function eigs (with standard parameters) solves (30) in section 5 and
achieves pi,"(T) = pg(T) for all £ =1,... N.

Stage 3. Given the lower and upper eigenvalue bounds from Stages 1 and 2,
compute C(T) for all n =0, ..., N via the subsequent routine

(i) set oy := pl*V and m := 0;

(ii) for k=1,...,n,

if P (T) < oY, then set m:=m+1, By == ppP (T), Cmg1 = p0;

(iii) apply the formula (23);

Output: The minimum C(7) of the values from (iii) for n =0,..., N

PROPOSITION 4.3. The three-stage algorithm leads to C(T) in Theorem 4.1.

Proof. Tt suffices to show that the values a1, ..., a;,41 and By, ..., By, from (i) and
(ii) in Stage 3 with n = 0,..., N satisfy (H4) for all £ =1,...,m. Then Theorem 4.1
applies to all n =0,..., N and results in the GUB.

Step 1 (proof of 0 < a1 < a < P < az < fa < -+ < By < aypy1). For all
j=1,...,n, the Rayleigh-Ritz principle leads to

low : : up
W<, = min max a(v,v) < i (T) = min max a(V,V) < pu:"(T).
Him = 1= 8% ey (v,0) < 15(T) X;(T)CX(T) VX, (T) VV) s (T)
dim X;=j [|v|lp=1 dim X;(T)=j |[V[ls=1

This proves 0 < a; = pl*V < py = o < uy*(T) = 1. Moreover, for all £ = 1,...,m
there exists a k € {1,...,n} such that 8 = p;"(T) < ¥y = . If £ < m, it also
holds that g1 = Yy < et (T) < Beya.

Step 2 (proof of dim E(ay, Be) = dim E(ay, Be, T)). Given an interval [y, 5]
with £ = 1,...,m, let ¢, € {1,...,n} be the smallest index with a, = u}ﬁw and
ly € {{1,...,n} the biggest index with 8, = p,> (7). Then

ap=p™ < oy < pger <o < iy < ppP(T) = By

implies ¢ — ¢1 + 1 < dim E(ag, Be). If o — 01 + 1 < dim E(ay, Be), there exists
an eigenpair (i, @) € [ap, Be] x X \ {0} with a(¢, w) = pb(é,w) for all w € X and
b(¢p,r) = 0 for all kK = 1,...,n + 1. The eigenvalue p is strictly smaller than
te,+1. This contradicts the assumption that p1,. .., y41 are the smallest eigenvalues.
Therefore, dim E(ay, B¢) = €2 — ¢1 + 1. Similar arguments lead to dim E(ay, 8¢, T) =
by — 01 + 1.

Step 3 (proof of X = E(aq,Be) ® E(ags1,0)). For all £ =1,...,m there exists
ke{l,...,n} with pup < >(T) = Be < apy1 = 2y < pey1- Let ¢; € E(u(j)) with
j € N. Since p1,..., 1, are the smallest eigenvalues with (22), it holds that either
w(j) < pg or g < p(j). This reveals ¢; € E(a1, Be) or ¢; € E(cy+1, ). Therefore,
any eigenfunction belongs to E(a1, 8¢) ® E(ay+1, ). The density of the linear hull of
eigenfunctions in X from (H2) implies X = FE(a1, 8¢) ® E(as1, ). O

Remark 4.4. Tt follows from the Rayleigh-Ritz principle that xy*(7), ..., x5\ (T)
are upper bounds for the smallest discrete eigenvalues in (30) for any discrete space
X(T) with X(T) € X(T). Thus, the GUB C(T)LS(f;U) holds for the solution U/
to the LSFEM with any discrete space X (7) with X(7) ¢ X (7). This enables the
possibility of applying (adaptive) hp-refinements.

5. Numerical experiments. This section underlines the theoretical results of
this paper with numerical experiments for the Poisson model problem, the Helmholtz
equation, and the Maxwell equations and exploits its efficiency.
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Fic. 2. Coercivity constant o (dashed line) and C(T)™' on the unit square (left) and the
L-shaped domain (right) in the Poisson model problem.

5.1. Asymptotic exactness in the Poisson model problem. The first ex-
periment is displayed in Table 1 and investigates the asymptotic exactness of the resid-
ual LS(f;uc,prr) with the discrete solution (uc,prr) € X(T) := SHT) x RTo(T)
to the Poisson model problem on the L-shaped domain with constant right-hand side
f =1 on uniformly refined meshes. The exact solution (u,p) € X to the problem is
unknown, but the computation of reference solutions on finer grids results in guaran-
teed upper and lower bounds for the error ||(u, p) — (uc, prr)| x; details can be found
in section SM2 of the supplementary material. The outcome verifies the convergence
of the ratio LS(f;uc,prr)/||(u,p) — (uc,prr)||% to one and confirms (1). This is
also observed in other numerical examples outlined in section SM3.

5.2. Improved GUB for the Poisson model problem. This experiment ex-
ploits the improvement of the error estimation with the three-stage algorithm from
subsection 4.2 with N = 60. It solves the Poisson model problem with X(7) :=
S$(T)x RTo(T) on uniformly refined grids. The lower least-squares eigenvalue bounds
from Stage 1 utilize the Crouzeix—Raviart-FEM (see section SM4 of the supplemen-
tary material for details), which applies on the fly on each triangulation 7. The upper
bounds for the discrete eigenvalues in Stage 2 are computed with the MATLAB func-
tion eigs. The required CPU time for the first 60 eigenvalues in the algebraic eigenvalue
problem is approximately 15 times larger than the CPU time for one solve of the LS-
FEM with the MATLAB function mldivide. Figure 2 displays the result for the square
and the L-shaped domain and visualizes the convergence of C(7) (and so of a(T))
to one as well as the improvement of the GUB |ju — U||% < C(T)LS(f;U) compared
with the classical GUB |[u—U|% < a='LS(f;U) with coercivity constant o from (2).
On the finest mesh the improvements read C(7) = 1.044854 < o~! = 1.281371 on
the square domain and C(7) = 1.108241 < a~! = 1.442114 on the L-shaped domain.

5.3. Improved GUB for the Helmholtz equation. This subsection investi-
gates the three-stage algorithm from subsection 4.2 with N = 60 for the Helmholtz
equation with X (7") := S§(T) x RTy(T) on the square domain Q = (0,1)? and on the
L-shaped domain Q = (—1,1)2\ [0,1)? with uniformly refined meshes. The lowest-
order Courant-FEM computes upper eigenvalue bounds for A and the Crouzeix—
Raviart-FEM computes lower eigenvalue bounds for Ag. If the lower eigenvalue bound
for Ay is bigger than w? or the upper eigenvalue bound for ) is smaller than w?, it
leads to a lower bound for the least-squares eigenvalue in Table 3. Otherwise, the
approach fails (this leads to the missing data in Figure 4). Figure 3 plots C(7)~!
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Fic. 3. Coercivity constant o (dashed line) and C(T)™' on the unit square (left) and the
L-shaped domain (right) in the Helmholtz equation.

for w = 1 and w = 2. It indicates the convergence of C(7)~! (and so of a(T)) to
one. The reliability constant C'(7) improves the classical reliability constant a~! on
the finest grid as follows: C(7) = 1.093083 < a~! = 1.708149 on the square do-
main with w = 1, C(T) = 1.253660 < a~! = 4.256367 on the square domain with
w=2,C(T) = 1237410 < o~ ! = 2.290786 on the L-shaped domain with w = 1,
C(T) = 1.758341 < a~! = 11.521603 on the L-shaped domain with w = 2.

5.4. Improved GUB for the Helmholtz equation with large frequen-
cies. Table 4 compares the reliability constant a~' (computed with the Dirichlet
eigenvalues of —A from [21] and [17]) with the reliability constant C(T) (computed
with the three-stage algorithm from subsection 4.2) for the Helmholtz equation of
subsection 5.3 with frequencies w = 0,...,10. For frequencies w > 7 the compu-
tation leads to C(T) close to a~!. In other words, the improvement of the GUB
with the three-stage algorithm was negligible. To study the efficiency of the GUB
C(T)LS(f;U), Figure 4 and Table 5 compare the residual and the exact error of
the LSFEM for the Helmholtz equation on the unit square with w = 4 and known
solution (sin(mz)sin(my), Vsin(rz) sin(my)) as well as with w = 7 and known solu-
tion (sin(27x) sin(my), Vsin(27z) sin(ry)). The experiment indicates that the GUB
a tLS(f;U) is indeed an accurate upper bound in the preasymptotic regime and
cannot be improved by C(7). However, for finer triangulations and small frequen-
cies such as w = 4, the GUB C(T)LS(f;U) captures the fast decay of the error and
results in an improvement by several orders of magnitude and so justifies the higher
CPU time as discussed in subsection 5.7. For large frequencies w > 7, the FEM does
not resolve the highly oscillating eigenfunctions in the computational domain of this
experiment. This provides numerical evidence for an efficient error control despite the
fact that the constant is far away from one in the preasymptotic regime. The limited
memory of the computer does not allow us to determine the constant C'(7) on finer
grids than the nine times uniformly refined mesh 7y, and so C(7y) is applied to finer
meshes as well with reduced efficiency.

5.5. Improved GUB for the Maxwell equations. The three-stage algorithm
from subsection 4.2 is run with N = 20 to the Maxwell LSFEM with X (7)) = NJ(T) x
NO(T) on the cube domain = (0,1)? and the Fichera corner domain Q = (—1,1)3\
[0,1)3. The lower eigenvalue bounds in Stage 1 are taken from the exact Maxwell
eigenvalues A; on the cube domain from [16]. The upper and lower eigenvalue bounds
for A\; on the Fichera corner domain from [1] lead with the identities in Table 3 to
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TABLE 4

Reliability constants C(T) and a1 in the Helmholtz equation on the uniformly refined unit

square with ndof = 1048577, hmax = 2—15/2 (left) and the L-shaped domain with ndof = 786433,

hmax = 27 13/2 (right).

w C(T) a T w C(T) a~ T
0 1.04485379 | 1.28137056 0 1.10824134 | 1.44211422
1 1.09308333 | 1.70814860 1 1.23740999 | 2.29078585
2 1.25365982 | 4.25636803 2 1.75834047 | 11.5216028
3 1.58732441 | 21.4998095 3 2.34866936 | 2607.01809
4 3.32921432 | 438.219776 4 7.40823054 | 7198.38756
5 4.73101753 | 497.903825 5 193.267713 | 1021.20011
6 8.98796502 | 394.084011 6 1319.38306 | 2678.88237
7 1010101.01 | 1041666.66 7 1204819.28 | 1041666.67
8 160.287234 | 1520.40382 8 151285.930 -
9 90171.3255 | 128700.129 9 125786.164 -
10 558659.22 598802.395 10 | 609756.098 -
3 [T TP —TT 1T T T Ty T T Ty T T Ty T T Ty T TTTm T T
10 104 L —
00 0 - —I— ?&—%
10 L | 100 L -
].075 T A 0 1 1 M 1 ORI BT 1074 T T 17 1T M

10! 102 103 10* 10° 10% 107
ndof

10! 102 103 10* 10° 10% 107
ndof

F1a. 4. Error |[u—"U|% (—e—), residual LS(f;U) (——), GUB LS(f;U)/c (
C(T)LS(f;U) (—e—) in the Helmholtz equation with w =4 (left) and w =7 (right).

), and GUB

TABLE 5
Leag(C(T)) := C(T)Y2LS(f; U)?/|lu = Ullx and Ieg(e) := o= Y2LS(f;U)Y?/|lu — Ul x.

w=4 w=7

ndof Ieff(C(T)) Ief‘f(a) IEH(C(T)) Ief‘f(a)
257 33.44 1.23 - 1.75
1025 1.60 1.29 - 1.24
4097 1.27 1.77 - 1.06
16385 1.22 3.02 - 1.02
65537 1.23 5.56 1.47 1.01
262145 1.25 9.72 1.09 1.01
1048577 1.23 14.15 1.03 1.05
4194305 1.46 16.70 1.15 1.17
16777217 1.53 17.60 1.54 1.56

lower eigenvalue bounds for the Fichera corner domain. Table 6 shows a preasymptotic
regime with C'(7) and a~! close (C(7T) = a~! on the coarsest mesh) together without
significant improvement of C(T). As hmax < 1 decreases, the values C(T) decrease
and lead to a smaller reliability constant.

5.6. Convergence speed. Remark 4.2 states that with a fixed number N of
approximated eigenvalues the constant C'(7)~! converges toward the inverse ,u&h_l of
the N+1 smallest least-squares eigenvalue py 41 in (16) (resp., (18)). The convergence
speed depends on the convergence speed of the eigenvalue bounds toward the exact
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TABLE 6
C(T) forw =1 and w =2 on the unit cube (left) and Fichera corner domain (right).

ndof w=1 w=2 ndof w=1 w=2
106 1.749637 | 5.433454 96 7.005450 | 282.3264
772 1.673570 | 5.328303 682 6.519202 | 282.3264
6024 1.494625 | 4.071214 5284 4.981221 279.1736
47888 1.372395 | 2.962454 41928 3.746034 | 261.4379
382496 1.297562 | 2.269467 334736 | 3.066027 | 232.3960

LBLILILLAL B 1 1111 11 B m ML 100 L1 1 11 B B AR
1071 1
, 1072 i
10 | —e—N=1 | —eo—N=1
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FiG. 5. Distance ,u;,1+1 — C(T) in the Poisson model problem on the unit square (left) and the
L-shaped domain (right).

eigenvalues. This leads to C(T) — tqu{&-l = O(h2,,,) for the Poisson model problem on
the unit square. The reduced elliptic regularity on the L-shaped domain results for
the Poisson model problem in the reduced convergence speed C(7T)— u;,ﬂ_l = O(h2.9)
with € > 0 and an educated guess € = 2/3. Figure 5 displays the distance C(T) —,u;,lJrl
from a computation as in subsection 5.2 with fixed N = 1,4, 19 and uniformly refined
meshes. It confirms the expected convergence rate on the unit square. On the L-
shaped domain, the displayed convergence speed equals O(hL7 ) for N = 1,4 and
differs from the expected rate O( fn/sx). This might indicate that the computation
with up to ndof = 1048577 degrees of freedom does not overcome the preasymptotic
regime. For the same reason, no convergence rate can be observed for N = 19 on the
L-shaped domain.

5.7. Discussion. The overall conclusions from all the numerical benchmarks re-
ported in this section are in agreement with the theoretical predictions of this work.
The improvement of the reliability constant aC(7T) is visible in all experiments and
moderate for the Poisson model problem without degenerated geometry but can ex-
ceed several orders of magnitude for certain parameters of w in the Helmholtz and
Maxwell equations. A possible explanation starts with the overall observation that
lu—Ul|% < LS(f;U) in (1) so that 1 < C(T) < a~! and a~! moderate merely
implies a moderate improvement of «C(7) < 1. For critical parameter 2 < w < 6 in
subsection 5.4, Table 4 displays 4 < a~! < 500 and allows for a dramatic improvement
of aC(T) < 1. In those examples, a few eigenfunctions need to be resolved (with Amax
sufficiently small) so that (24) leads to C(T') close to u(m+1)~1 < p(1)~! = a~! with
a moderate m € N. This reduction factor of nearly au(m + 1)~ for fine meshes has
to be evaluated in relation to the additional costs for several eigenvalue calculations.

The remaining parts of this subsection focus on the guaranteed error control as
a stopping criterion of an adaptive mesh-refinement with guaranteed control of ||u —
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U||x smaller than a given tolerance tol. Suppose that a fine triangulation 7 satisfies
C(T)LS(f;U) < tol® with ndof degrees of freedom in the discrete system. For a
simplified comparison, suppose that the computational costs CPU are proportional to
ndof (for an optimal iterative solver despite the fact that our numerical examples run
with the direct MATLAB solver mldivide). Subsection 5.2 suggests that the adaptive
algorithm may stop with the triangulation 7", but requires extra costs of 15 CPU for
the more expansive improved GUB; the final result is obtained with the costs 16 CPU
(online) with the application of the three-stage algorithm of subsection 4.2. In the
present model situation, the usage of a~!LS(f;U) implies further mesh-refinements
until the bound a 'LS(f;U’) < tol® holds for a discrete solution U’ with respect
to a much finer mesh 77 with ndof degrees of freedom. In the case of low-order
discretizations at hand and an optimal convergence rate 0.5 of the adaptive algorithm
in 2D, one may expect andof’ = ndof/C(T). The computational costs of the discrete
solutions with respect to 77 are larger than a~1C(7)~!. Hence, if «C(T) < 1/16, the
three-stage algorithm of subsection 4.2 appears less expensive in the computational
online costs. This calculation leaves out the additional mesh-refinements required
in the adaptive algorithm to compute 7’ and therefore is very conservative. This
discussion also ignores the fact that C (7') may be computed on a moderate mesh T~
and may utilize C(7") < C(T) for all refinements 7.

The offline costs concern the eigenvalues of the domain, which are known in
subsection 5.5 and are less laborious in subsections 5.2-5.4: the convergence rate
O(h2,.) of the eigenvalue error is of higher order compared to O(hS,,.) in the source
problem for s < 1 depending on the reduced elliptic regularity.

Based on this discussion, the three-stage algorithm of subsection 4.2 is advanta-
geous in subsection 5.4 for 3 < w < 6 (and for higher w with much finer meshes). As
a rule of thumb, the proposed algorithm appears advantageous if 16 < p(m + 1) for
moderate m and sufficiently small tolerances in guaranteed error control.
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