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Stability of multistage stochastic programs incorporating polyhedral risk
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We analyse stability aspects of linear multistage stochastic programs with
polyhedral risk measures in the objective. In particular, we consider sensitivity of
the optimal value with respect to perturbations of the underlying stochastic input
process. An existing stability result for multistage stochastic programs with
expectation objective is carried forward to the case of polyhedral risk-averse
objectives. Beside L,-distances these results also involve filtration distances of the
perturbations of the stochastic process. We discuss additional requirements for
the polyhedral risk measures such that the problem dependent filtration distances
can be bounded by problem independent ones. Stability and such bounds are the
basis for scenario tree approximation techniques used in practical problem
solving.
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1. Introduction

Multistage stochastic programs model the situation of a decision maker faced with a finite
number of timesteps =1, ..., T. At each step he/she observes some random outcomes &,
and has to make an (optimal) decision x, based on the exact knowledge of the past
(&1,...,& and xy,...,x,_1) and on statistical information about the future (§,,1,...,&7);
cf., e.g. [22]. The random outcomes may affect both, the objective as well as the constraints
for the decisions. The presence of statistical information is expressed by assuming
E=(&,...,&7) to be a (multivariate) stochastic process on some fixed probability space
(2, F,[P). Note that it is assumed that the stochastic process is a pure input parameter and,
hence, does not depend on the decisions.

In the following, it is supposed that & € L.(Q,F,P;RY) for t=1,..., T with some
numbers re[l,oc0] and deN. We set &:=(&,...,&) and we introduce the o-fields
Fri=0(&") for t=1,..., T. We assume without loss of generality that £, is deterministic
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and that o(§) = F. Thus, we have the following filtration: F1={0,Q} CF,<--- CFr=F.
We will consider linear multistage stochastic programs of the form

X, € Lo(Q,F,PR™) (t=1,...,T),
. T x,GX,a.S.(ZZI,...,T),
min E[Zwt(&),m] ,

=1

(D
—1

ZA[,t(i:t)xt—r =h(§)as. (1=2,...,7)

=0

with some numbers m,n, €N and ' €[l,00], polyhedral sets X, € R"™, matrices
A, € R and vectors h, € R" and b, € R™. We assume that 4, h, and b,
depend affinely linearly on & (t=1,...,7). The matrices A4,, are called the recourse
matrices (1=2,...,7T). For >0 the matrices 4,, are called technology matrices.
The random vectors x, contain the decision variables for time t=1,..., 7. They have to
be F,-measurable, respectively (non-anticipativity). The vectors b, can be interpreted as
cost factors. Note that optimality of the stochastic costs (b/(&,), x;) is determined in terms
of expectation.

For various reasons, it is of interest to analyse stability properties of stochastic
programs with respect to perturbations of the underlying stochastic input process
E=(&,...,&p). In particular, quantitative stability results have a significant impact on
methods for approximating & suitably by finite scenario trees. For the special case 7=2,
a lot is known for different types of stochastic programs; see [17,21] for a broad
exposition and [10] for applications to scenario approximation. This case is much easier to
handle since the information structure is fix: 7 = {0, Q}, F>=F. For T > 2, the situation
is much more challenging; only few approaches can be found in literature. In [11]
a stability result for the optimal values of (1) was stated introducing a so-called filtration
distance. Scenario tree approximation methods based on this stability result have been
presented in [9].

In many applications it is of interest to consider risk functionals alternatively to the
expectation functional E in the objective of (1). Typically, risk measures are inherently
non-linear. Since the existing stability results rest to some extent on the linearity of the
objective, it seems very difficult to carry them forward to problems with objectives
incorporating arbitrary risk measures. However, in [3] the class of polyhedral risk
measures was introduced containing ordinary risk measures such as CVaR/AVaR as well
as multiperiod risk measures. Polyhedral risk measures are defined as optimal values
of certain stochastic programs. As it will be demonstrated in Section 2, these risk
measures, though non-linear, behave particularly suitable in the objective of (1).
In Section 3, we will prove stability theorems similar to those from [11], which apply to
the situation obtained by incorporating a polyhedral risk measure into the objective of
(1). These stability results consist of local Lipschitz type estimates involving L.(S2, F,
P; R*) norm distances (where s=Td) as well as filtration distances. These filtration
distances depend on the solution behaviour of the particular problems. In [9], it has
already been discussed how such objects can be estimated by problem independent
metrics in the context of scenario tree approximation. However, these estimates are valid
only if the sets of g-optimal solutions (level-sets) are uniformly bounded. Hence,
in Section 4, conditions for this level-boundedness will be analysed. It will be seen that
none of the risk measures from [3] causes problems with respect to these conditions.
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Hence, we conclude in Section 5 that polyhedral risk measures are a meaningful tool
for risk aversion in multistage stochastic programming.

2. Polyhedral risk measures

Let Z denote some space of random variables on the measurable space (£2,F)
(e.g. Z=L,(Q,F,P) with p>1 or even p=0) or random processes (e.g. Z =
x‘{zle(Q,f,,,[F") with timesteps 1<t <t <---<t;<T). In the following, risk
functionals p (risk measures) will be understood as (extended) real-valued mappings on
Z, ie. p:Z—> R, z— p(z). Typically, risk functionals are essentially non-linear.
The number p(z) is intended to represent the chance of ending up with undesired
realizations z(w) of z or to represent the degree of uncertainty (spread) associated with z.
In any case, if there is a choice among different z € Z, one is interested to find a z such that
the value p(z) is rather low, i.e. one may want to minimize p(z) over a subset of Z.

Consider the one-period case, i.e. Z = L,(2, F,[P). We will assume in the followmg that
for ze Z higher outcomes z(w) are preferred to lower ones, e.g. z = —Z, (D&, X))
Classical functionals in this context are, e.g. the variance [12] (p>2 required) or the
Value-at-Risk at level a€(0,1) [6, Chapter 4.4] given by VaR,(z) = —gq,(z) with
qo(z) = inf{la € R: P(z < a) > o} denoting the upper alpha quantile. Note that both of
these functionals are known to have certain drawbacks in particular when being used for
optimization. Other well known risk functionals are semideviations [16], expected utility,
shortfall risk [6, Chapter 4.6], etc. It may also be desirable to minimize a mixture
y-p(z) — (1 —y)-E[z] of a risk measure and the expectation with some number y € [0, 1]
(mean-risk models, cf. [12,16,24]). Important work on axiomatic characterisations of risk
measures has been reported in [1] and [6, Chapter 4], but also [16] contains considerations
in that direction.

For the case that discrete time random processes z = (z;,, ..., z;,) are to be evaluated,
multiperiod risk measures have to be used [2,7,13—15,18]; see also [23, Sections 11-13]. In
this case, axiomatic characterisation turned out to be more controversial and fewer
instances are suggested in literature, too. If a multiperiod risk measure shall be minimized
within a multistage stochastic programming framework such as (1), the risk measure does
not necessarily need to take all timesteps =1, ..., T into account but may be restricted to
a subset t1,...,t; of timesteps. Hence, for the multiperiod case we will consider
Z= x Lp(2, .7-" ;> P).

For the purpose of being minimized in a (multistage) stochastic program, polyhedral
risk measures have been introduced in [3] and applied to electricity models in [4,5]. Risk
measures from this class are defined as optimal values of certain simple-structured
stochastic minimization problems. Consider the multiperiod case with some (fixed)
timesteps 1 =g < ;< ---<t;=Tand Z = ijzle(Q,}",/., [P). Then a functional p is called
a (multiperiod) polyhedral risk measure if it has the following form:

¥ € LU Fy Py RY) (7= 0,....J),

, J yieY as. (j=0,...,J),
p(z) = inf [E[Z iy ] ’4 / )
= Z(»vj,r,yj,T) =z, as. (j=1,...,J)

=0
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with some numbers k;eN and vectors ¢; € R (=0,....J), wir e [RE-, G=1,....J,
1=0,...,/), a polyhedral set Yy € R*, and polyhedral cones Y; C RY (j=1,....J).
Typically, when using this type of functional in the objective of a multistage stochastic
program (cf. (1)), one has z, = — ;’:1 (b(&), x,) for z=(z,...,2;,) € Z. Note that the
case of minimizing a combination like y - p(z,,, ..., z;,) — (1 — y) - E[z7] is fully included in
this framework, since such a mixture can be expressed by modifying the vectors ¢; in (2)
suitably [3, Remark 2.3]. For Z=L,(Q2, F,[P), i.e. for the one-period case, the definition is
accordingly (J=1and t;, =T1).

One reason why polyhedral risk measures are particularly suitable for being minimized
is as follows. For a stochastic program of the form (1) with a polyhedral risk measure in
the objective

Xt € Lr/(Q,f,,[FD; Rm’), Xt € X[ a.s. (l - 1,...,T),

t—1
Y AvE)xi e =h(E) as. (1=2,...,T)
=0

l’niIl ,O(Zfl,...,ZfJ) (3)
!
z =28, X)) 1= =) (belE).x) (t=1,.... 1)
=1
there is an obvious equivalence to
x, € L(Q,F,P;R™), x,e X;as. (t=1,...,7),
v € Ly Fi, P, RY), ye Yyas. =0,....J),
J t—1
min IE[ <c,,yj>} 3 AE)xie = hE) as. (1=2,....T), @)
Jj=0 =0
J U
(WiesYjoe) + Y _(belEo).xe) =0 as. = 1,....J)
=0 =1

by inserting the definition (2). The equivalence is basically in terms of optimal values
rather than in terms of solution sets [3, Proposition 4.1]. The resulting problem (4)
is almost of the form (1) (but the matrices 4,, then depend on & rather than &, only).
This equivalence is, e.g. useful for algorithmic approaches (see, e.g. [8]).

Example 2.1 For Z=L,Q,F,P), ie. for the one-period case, the Conditional
or Average Value-at-Risk at level «€(0,1) (CVaR, or AVaR,, cf. [19,24] and [6,
Chapter 4.4]) is given by

AVaR,(z) := i /: VaRa(z)da = }i)ré&{yo + é[E[(yo + Z)]} ©)

where the second representation on the right is due to [19]. By introducing variables for
positive and negative parts of y,+ z, respectively, AVaR, can be rewritten in the form (2)
with J= 1, k(): 1, k] =2, Co= 1, c] = (0, 1/0[), W]’OZ(I, —1), W11 =—1, Y()ZIR, and
Y, = IRi. Hence, AVaR,, is a polyhedral risk measure. Moreover, AVaR, is known to be
a convex measure of risk in the sense of [6], a coherent risk measure in the sense of [1],
and it is consistent with 2nd order stochastic dominance [16].
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Example 2.2 Consider the expected regret or expected loss defined by
ELg(z) = E[(z — B)7]

with some fixed target g € R. This functional, too, can be written in the form (2) with /=1,
ko=1,ki=2,¢c0=0, ¢;=(0, 1), wi o=, =1), w1 =1, Yo={p}, and ¥V, =R, xR,.

Example 2.3 For the multiperiod case J > 1, not many instances of risk measures are
known. In [3], four different multiperiod polyhedral risk measures, i.e. four possible
choices for Y, ¢;, and w; ., have been suggested, cf. Table 1. These instances p;, p2, p3, and
p4 of (2) can be understood as multiperiod extensions of the Average Value-at-Risk. As a
start, p; 1s just an average of AVaRs applied to different time stages, whereas p, is deduced
herefrom by interchanging minimization and summation:

J

I 1 -
pi(2) = 32;21&{»‘ + o Bl +2) ]}

=Y

Q‘i—‘

: 1<
pa(2) = }%Ié&{yo + }Z:

The instances p3 and p,4 are such that the information structure of the value process z
has a definite impact. In particular, p; can be understood as the multiperiod extension
of AVaR according to [18]. In [3] it is shown that each of these four risk measures
is multiperiod coherent in the sense of [2].

Zt, +y0 ]}

Example 2.4 The multiperiod risk measure suggested in [13—15], is based on the concept
of the value of perfect information (cf., e.g. [22, Chapter 1.2.5]). The risk measure R is
defined as a difference of two functionals assessing the utility of a financial income stream
z=1(z4,...,z;,) with one functional being derived from the other one by relaxing the
information constraints, i.e. by assuming that the actual values of all future incomes are
perfectly known from the beginning (clairvoyance). Hence, the difference R(z) is supposed
to measure the financial value of being clairvoyant. The utility functional (including the
information constraints) is denoted by ps. It is defined' as the optimal value of the
following multistage model

J-1
—S0Yo,1 + [E|:Z(_SjJ’j,l + qyi3) —dysa + QJyJ,3i|5
=

ps(z) =infy y; € L,(Q, F,, P; R (j=0,....J), yo2 =yo3 =171 =0, (6)
Vi2=0 as., y3=>0 as.(j=1,...,J),
Yi2 = YVi3 =Vji-12 +Zy; — yji-11 &S, G=1,....J)

with given constants ¢; (shortfall cost factors), s; (surplus utility factors), and d (discount
factor). For economic and mathematical consistency, these constants have to satisfy the
relations d < s,y < --- <51 <spand 5;_; < g;for j=1,...,J. The functional (6) is of the
form (2) with k;=3 (j=0), Yo=Rx {0} x {0}, V;=R xR, xR, (1<j<J), ¥,={0} x
Ry xRy, wi1=(1,0,0), wio=(0,1,-1) (=1), w;;=(1,-1,0) (G> 1), further w;,=0
for 7> 1, ¢g=(-50,0,0), ¢;=(=s; 0, ¢)) (1<j<J), and ¢,=(0,—d, g,). Hence, it is a
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polyhedral risk measure. It is a coherent risk measure in the sense of [2] if 57 =1 (cf. [3]).
Being clairvoyant with respect to the income process z can be expressed by replacing
Vi € Ly(2, Fyy, P R3) in (6) by yie Ly(Q, F,P; [R*). This relaxation simplifies the utility
functional drastically (cf. [14, 15]), such that the overall risk measure, i.e. the difference
between ps and its clairvoyance modification, is given by

J
R(Zl‘la L) )Z[J) = 105(2[19 ) ZIJ) + ZSJFIIE[Z[/]'

Observe that R is always non-negative. Note that it is intended to apply this functional to
income processes z = (zy,, . .., z;,) rather than to (accumulated) value processes. Hence, in
problem (3), one has to replace

z[,z—Z;(bz(s,),x» byz, =— Y (bil&).x.).

t:f/;1+l

Remark 1 1In [3], dual representations for (2) have been derived. For these results it is
required that the following conditions for Y, ¢;, and w; . hold:

° complelelecourse (Wi, Yj) = IR(]_I ),

o dual feasibility: ﬂ] oD, ;#0 with D, ;: _{uelRJ +Y7 Wy €= YT}

v=max{1,j}

By using the latter notation, the dual representation of (2) reads

e Ly(Q,F,.P),

J
o(z) = sup yglel)f;o<c0 + UX:; [E[)»U]wv’v,y0> |:Z)» Z,/:| M]:t,] €D, as. (7)
Gg=1,...,J)
with p" €[1,00] such that 1/p+1/p' =1, or

J
p(z) = sup { —E [ijz,,}
=1

for the case that Y, is a cone. Moreover, it has been shown in [3] that, if complete
recourse and dual feasibility hold, the polyhedral risk measure p is finite, continuous,
and convex on Z. Furthermore, a criterion for (multiperiod) coherence (cf. [1,2]) based on
the dual representation (8) has been stated.

®)

A€ x WLy(2, F P,
Er|F,]€Dyjas. (j=0,...,J)

3. Stability of multistage stochastic programs

Consider a multistage stochastic program of the form (3) with a polyhedral risk measure p
of the form (2) in the objective. We will study the stability behaviour of its optimal value
with respect to perturbations of the stochastic input process & = (&, ..., &7). One possible
approach for this analysis would be to analyse the equivalent problem (4) which is similar
to problem (1). However, it has turned out to be more fruitful to pursue another approach,
namely to analyse sensitivity of p and then to use these results to analyse problem (3)
directly.
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For the sensitivity analysis of p resp. (2) with regard to perturbations of & in (3),
observe that p does not only depend on z =(z,,...,z,) but also depends on £ via the
o-fields F,=o0o(&"). Moreover, perturbations of £ in (3) may cause variations of x and,
hence, variations of z in (2) since z=z(&, x) in (3). Therefore, we will use notations like
p(z, &) instead of just p(z) in the sequel. Furthermore, we introduce the notation

Zg = [(zg) Ee L(QFPR), zexl LP(QG(S)[FD)}

for pairs of processes such that z is adapted to &. For (z, §) € Zz we set

yvieY as. (j=0,...,J),

J
y,,(z, g) R PAS XjJ:()Lp(Qa O-(“;:[/)> I]:D; Rk Z Wiz, Vj— ‘[ =2Zy a.s. (9)
=0
=1 )

for the feasible set of (2). Accordingly, for y=(yg, y1,...,ys), we set
J
Fy(y) = E[Z(c/,m] (10)
=0

for the objective. With these notations formula (2) can be written in the following short
form: p(z, &) =inf{F(y):y € V,(z, €)}. For a given level ¢ >0 the sets

lp,e(2,8) = {y € Vp(2,8) : F)(y) < p(z,6) + ¢} an

are called the /level-sets. For &> 0 these level-sets are non-empty. For &£=0,
L0(z, §)=:8,(z, &) is called the solution set.

ProrosiTioN 3.1  Consider a multiperiod polyhedral risk measure p of the form (2) on Zg
satisfying complete recourse and dual feasibility. Then there exists a constant K,> 0
such that

19 = pE B = K, (112 = 2, + Dy ()., 9)) (12)
for (z,8),(z, £) € Zz. Here, Dy, denotes the filtration distance for p given by
Dy p((2.6).(Z,8) = sup Dyp.o((2,6). . £)

5~ Ejoe]],

. J-1 ) Sel (25,
Dy, o((2,8).(2,8)) ::inf{Zmax{H )7_/—[E[)7_/|a(§’/):| K Y € lpe(2,8) }
=1

Fel, (9
Proof Let ¢ >0, (z,£),(Z,€) € Zg, and y = (Jo,V1,---,01) € Ly £(2,6). In the following,
an element y = (Jo, J1,...,Vs) € V,(Z, &) is recursively constructed such that the distance

between y and [E[)7j|a(§ff)] is small in some sense. To this end, consider the set-valued
mappings (multifunctions)

M R—=3RY
ur—=>M;(u) == {y; € Y;: (w0, ) = u}
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for j=1,...,J. Note that each M; has polyhedral graph and, hence, is Lipschitz
contmuous w1th respect to the Hausdorff distance [20, Example 9.35] with some
modulus /;. Thus,

infyepr o |5 — y1 < i — ul (13)

for all (non-random) &, u € R and § € M;(21). Here, ||, denotes the Euclidian norm in RY.
Now, the random element y is constructed as follows: for j=0, we set yy := yo. For j > 0,
consider the random elements

J J
) = 2y() =Y e ) () = () =Y i Fie()
=1 =1

as well as the following set-valued mappings:
M QZRY M QRN
w— Mj(ii(w)) o—>arg min |E[7lo(E"))(w) —
YeM; ()

Obviously, Ml(a)) is closed, convex, and, due to the complete recourse assumption,
non-empty for every we Q. sz(a)) is non-empty for weQ because the distance
function |[E[y]|a(5’/)](a)) — .| is coercive. Further, since #; is measurable with respect to
o(€Y), M} and M} are measurable with respect to o(§"); cf., e.g. [20, Theorem 14.36]
and [20 Theorem 14.37]. The Ilatter theorem also guarantees the existence of a
a(é’/) measurable function y; with yj(a))EMz(a)) for we Q. Now, using (13) with
y= [E[y,|a($")](w) u = Elujlo(§))(w), u = iij(w), and y = yj(w) (note that y; was chosen
as a pointwise minimizer) yields the estimate

[EL10(6)] = 37| < H{E[10(6)] - ]
[z,, Zw,f,ymo(s )}—zﬁz Wi Fjc)
<3l =208 )|+ oo (2)] - -

E[ el (877 | = firr

< lj<|E|:|Z,] z,/||a( )] + Xj: (Wl
3 el5e(8)] - ()]

pointwise on € for j=1,...,J. Note that Jensen’s inequality has been used for the first
term of the final estimate. Putting these estimates together recursively (recall that yo = )

(&)
Eli-cto(§)] ~ El-aio ()]

sio(e)] 5| = -
+ZZCm

i=1 =
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with some positive constants K;; and C;;.. Hence, since y € [, .(z,€) and y € V,(Z, é),
we have

M“

p(Z,€) — p(z,8) < [E[

sl -] 5|+

E[ (¢35 — E[ 1o (&) )] +

>~ 1o [ — E[1o(2)][] +¢

(s Eelp 6] 5
=)+ T el (@)] - 5[] ++

< (i S]]+

with some other positive constants K;, C;,, C;, and C. Observe that the terms in the final
line of the previous display do not depend on ¥ which has been constructed dependent on
an arbitrary y €/, (z,&). Thus, the roles of (z,&) and (Z, 5) can be changed, i.e. for
arbitrary j € [, .(Z, ) it holds that

Il
o

J

I
M\

1

~.
Il

M“

~.
I

M-

~.
I

I
Mx

~.
I

J—1
p(z,8) — pl2,8) < C(IIZ — |, + Z IEL ()] —yi,-n,,> +e

j=1

with some positive constant C. With K,:=max {C, é} it follows that

Ipz.8) — pE.E) < K (nz—zn,, +Zmax{Hy, ~E[31o(&)]| - 15~ Eio ()] })
for arbitrary y € [, ((z,€) and y € [, .(Z, %7). Hence, we can pass to the infimum arriving at

1,6 = P8 < K,y (112 = 2l + Dy o(2,6), G, ) + e
< Kp('lz - E”p + Df,P((zs E)a (2’ é))) +é

and because ¢ was chosen arbitrarily the assertion follows. |

Next, we will make use of the latter result for the analysis of the risk-averse
stochastic program (3). To this end, we introduce similar notations as for p that stress the
dependence on &:

F(&, x) == p(z(§, X))
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for the objective with

1

Z(é’ X) = (Ztl(ga X)a R th(éa X)) Zt(sa X) = Zt(stn X[) = _Z<bf($1’)a x'f)

=1

and

X() = L@t PiRm|
=X € X, Lu(R,0(8), P xr e X(x g as. (1=2,...,7)

for the constraint set with

—1
X[(xt_lssf) = {xt € X;: ZAt,r(Et)xr—r = ht(gt)} CR™
=0

for t=2,...,T. Then the model (3) can be written in the following short form:
min{F(§, x): x € X(§)} (14)
and with v(&) :=inf{F(, x): x € X(§)} we denote its optimal value. For any ¢ >0 let
l:(F(§,-)) := {x € X(§): F(§,x) < v(§) +¢}

denote its e-level-set. For the integrability numbers r,7,p>1, we will set r and /' in
dependence of the class of problem (3) by the assignment

€ [p, 00) arbitrarily, if only costs or right-hand sides are random

r:=1 2p, if only costs and right-hand sides are random
pT, if all technology matrices are random
pr . (15)
, if only costs are random
r—p
=r if right-hand sides are random but technology matrices aren’t
00, if all technology matrices are random

which implies r>p and ' >p. We will consider the following conditions for the
optimization model (3):

(Al) Ee L. (Q, F,P;R%) ; }

(A2) There exists a §; > 0 such that for any & € L.(22, F,P; R®) with ||E —&|, < &, any
t=2,...,T and any x;€X), x;€ L/(Q,0(£),P;R™) with x; € X (x",&),
1=2,...,1— 1, the r-th feasibility set X,(x'~', &) is non-empty (relatively complete
recourse locally around §). B 3

(A3) The optimal values v(&) of (14) with input & are finite for all & in a neighbourhood of &
and the objective function F'is level-bounded locally uniformly at &: for some g9 > 0
there exists a 8, > 0 and a bounded set B C L.(€2, F,P; R") such that v(&) € R and
lo,(F(E, ) € B for all £ € L/(Q, F,P; ') with || —&], < &,.

(A4) The recourse matrices 4, (§,) are fixed, i.e. they do not depend on &, (r=1,..., 7).
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THEOREM 3.2 For the multistage stochastic program (3) respectively (14), let p € [1, 00) and
rand ' be defined by (15) and assume that the multiperiod polyhedral risk measure p on Zg
of the form (2) satisfies complete recourse and dual feasibility. Furthermore, let (A1)—(A4) be
satisfied and X, be bounded. Then there exist positive constants K, ey and § such that the
estimate

v(® — vl < K(llg— &, + Dp(6.6) (16)

holds for all random elements £ e L(Q,F,P: R with ||§— &ll, < 38. Here, the filtration
distance Df’X(?;‘, &) is given by

DPY(£,€) = sup DPY(E.6)

e€(0, &)

3 x| [t (£)] -

3 [€i(#)] -

where the infimum is taken with respect to all x € [(F(E,-)), ¥ € L.(F(E, ), y € L, .(z(&, x), &),
and € 1, (2(§, %), §).

Proof For the sake of clarity and without loss of generality we restrict the following
presentation to the case that A4,,=0 for t>2. Since [11, Theorem 2.1] deals with the
same problem but with expectation objective, we will use here some formulas from the
proof of [11, Theorem 2.1] whose derivation does not depend on the objective.

Let eg, §;, and &, be selected as in (A2) and (A3) and set §:=min{s;,5} > 0.
Let £ €(0, &g]. First, recall from the proof of Proposition 3.1 that there exists a positive
constant K, such that

o3, g) —p(z,€) < Kp(”z — §||p + S"E[ﬁ/|0(§ff>] — )7/‘”1)) +¢
=1

E[%l0(&)] ~ %],

r’,

DY (E,8) i= inf

,

E[7io(e')] -7, |

(17)
J=1
p(z.6) = p(Z.8) < Kp(nz =2l + | E[3lo(6M)] - y”.fll,,) e

J=1

holds for all j €/, .(z,€) and j € [, .(Z,€) and all pairs (z,€) and (5,€) in Zz. Now,
let X € L(F(,-) and £ € L.(Q,F,P;R’) be such that ||§~—$||,. < 4. In the following,
we construct X € X (é) in the same manner as in the proof of [11, Theorem 2.1] (similarly to
7 in the proof of Proposition 3.1) such that X; = &, and the estimate?

el -] (6)]
el efean)] o)) oo

LlEl Vel - &

IE[%/|o(E)] — %l </, (Z max{
=2

—1
+ Z max{ 1,
=2

5’
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holds with some positive constants /, for t=2,...,T. Note that the first sum on the
right-hand side disappears if only costs are random and that both max-terms vanish if the
technology matrices are not random. 3

Now, because x € [(F(&,.)) and X € X(&), the optimal values fulfil for any y €
Iy o(2(5, %), 6)

V() — W) < p(z(€, X, €) — p(z(£,%).6) + ¢
< Kp(Hz(s, 9 - E9)] + S Eo(@)] —y‘ij) +2 (19
j=1

where (17) is used for the second estimate.
Next, we derive an estimate for |z(&, %) — z(&, X)|l, by making use of (18). With
X = lE[x[|cr(§ )] and X = (Xy,...,X7) we have

(&, %) — z(&. D), < l12(6. %) — 2(&. D), + 25, %) — 2(&, DI, + 1€, %) — 2(E, ), (20)

and for the first summand we obtain

J ) 1/p
= ([E[Z 126 %) — 2, €, WD

z<bf<s»—bf<s:>,xf>”})”p

o-vaof )

)"

[ECEEEGR)

"

bi&) — bi(E), )

([E[)(b (&) — bi(E). %)
"
)"

X1,
r

(e[ (b6 — b1, %)

[
<y i(w[

)= bu&)|

) = by(&)

=1

where Minkowski’s inequality in L7(2, F,[P) as well as the Cauchy—Schwarz inequality
in R™ have been used. For the final estimate, a generalised version of Holder’s inequality
has been used which is valid for 1/r+1/¥ = 1/p (the case of stochastic cost and
deterministic technology matrices) as well as for p <r < r =oo (the case of stochastic
technology matrices). For the case that only right-hand sides are random, this estimate is
also valid, because then the deterministic® cost factors b, can be moved outside the
expectation and Lyapunov’s inequality yields the same result. Now, since x € B, B is L,-
bounded and b,(-) is affine linear, it holds that that

I12(€, %) — zE D), < C1lIE — £ll,
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with some positive constant C; depending on B and b, (=1, ..., T). For the second and
the third summand in (20) we conclude analogously:
p])l/p

)
(@]
eio(e)] 5[
o Jeio)] -5,

7

|69 -=E.9] < Jli([E[w,(ézw

ol 6)]

1.5 — zE. D, < JZ( |

z(gr

where we have re-substituted %, = E[%,|o(£")]. Since & € L(2, F,[P;[R*) and ||€ — ||, <,

it holds that
6.0 -], < >3 fs - efsio(®)]],
160 -=€.0], = Y efsie()] - 5],
with some positive constant C, depending on &, 48, and b, (1=1,..., T). Now, the latter
estimate will be continued by inserting (18).

First, we consider the situation that only cost are random and » < oco. We use
Minkowski’s and Jensen’s inequalities and arrive at
,,/i|>l/r/

J+€. - =€ 0], = 23 (e [e[o(8)] - =
t=1
%~ E| 5o ()|

T
<Gy b ([E[
=1 T
,,/i|>l/r’

—1 [
=
T ~
< G Z(E[ % —E[%lo(#)]
=1
with some positive constant Cj.
Next, we consider the situation that right-hand sides are random but technology
matrices are non-random. Then we have r=1" < oo and analogously we obtain
/}) 1/r

1

o))

Jo(:5) ~=(:9)] = & 2] [ ®)] -5/ ])
<306 el -] o8]+ Soel v~ lao(E) ] o)
< fe-d + (el r-elsee) ]) )

with some constant Cj.




Optimization 309

Finally, we consider the case that the technology matrices are random and r=Tp <
i’ =o00. Then, however, we need to start at the point before Holder’s inequality was applied

Hz(é’ﬁ) —2(5, i) Hp < JZTI:([E[ b,(ét) ! []E[)‘th(gt)] s p])l/p
W) Zm“"‘{ e[ fe - & 10()]

o S £ . efr(e) e
)

T
SCEOF—SH+§:
R
with a constant Cs depending on b,(-), ||&],, and §".
Hence, in all cases we can bound each of the three summands on the right-hand of (20)
suitably, i.e. in each case there is a constant C such that

T
% — E|%/lo(&
3O
holds for each x € [(F(&,.)) (and X constructed appropriately). Hence, we can continue

Jse.0— 6.5 < C<Hs -+
(19) as follows:
(@]« S]] ¢ e

with some positive constant K. The estimate is valid for any % € [ (F(&, ) and any y €
Lp.(2(&, X), €) and does no longer depend on ¥. Changing the role of & and £ yields another
constant K such that

% — E[#10(@)]

) - v(5)<K<Hs sH+Z

) — () = k(((s | + Tz_thE[x,w(sf)] — %+ J:H[E[ﬁ;la(é”)] - Hp) +2 (22)

for any X € lg(F(é,g, J)and y € qug(z(é, X), SN). We note that the second and third summands
in (21) and (22) are bounded by

- max{ efs1o(#)] -
Zm{ Jelsie(#)] -5, ot -5

respectively. This leads directly to

[Filo(8)] - %

v(® — @)l < K(llg — &, + DP(. ) +2e
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with K := max{K, K}. Finally, it remains to take the infimum of the right-hand side with
respect to ¢ > 0 and the proof is complete. |

Remark 1 The filtration distance DF’X depends on the e-level-sets, i.e. on the solution
behaviour of the problem which is typically unknown in practice. The question arises,
whether Df’X can be estimated by objects that are better computable. In particular,
for making use of Theorem 3.2 for scenario tree approximation of &, this question becomes
important. For the scenario tree generation procedure described in [9], such an upper
bound for DE’X has been used. Analogously, for the situation here, assume that (A3) is
satisfied and that the set

U he(2(6.%).€) (23)

Sel.(FE,), 1E—¢],<s

is bounded in L,(2,F,P; R”) for some & > 0. Then, obviously, the following estimate
holds

DI(e ) < c( sup TiH[E[on(gr)] —E[xlo(#)]]

lxlly <1 =5
J—1

+ sup Z"E[yf|o(s’f)] —[E[yﬂa@"’)] ”p>

=<1 557

with some constant C > (0. The right-hand side here represents a distance measure
for the filtrations of & and its perturbation £ and does not depend on the particular
problem; cf. [9].

The level-sets I(F(&,)) and [(F( ) are bounded in L.(Q,F,P;R™ due to
condition (A3) (e.g. if the sets X, are bounded for r=1,...,T). However, the
corresponding level-sets /,(z(§, x),&) and lpﬂg(z(g, )Nc),’g:) of the polyhedral risk measure
may be unbounded in L,(22, F,[P; [RJ) since the sets Y; C RY are assumed to be cones,
i.e. unbounded. Hence, (23) can be unbounded in general. By the definition of the
elements z(£, ¥) in L(2, F,P; R”), the pairs (z(é, %), in (23) vary in a bounded subset
of Zg if (A3) is satisfied. Hence, it remains to clarify the question, under what conditions
the level-sets of the polyhedral risk measures are uniformly bounded on bounded
subsets of Zz.

4. Level-sets of polyhedral risk measures

As just motivated in the above remark, it is of interest for the stability analysis to know,
whether the sets of e-optimal solutions are uniformely bounded on bounded subsets
Z C Zgz. However, the following example shows that, for p > 1, the level-sets, even for
a single element (z, &) € Zg, are typically unbounded.

Example 4.1 Consider the Average Value-at-Risk at level ae€(0,1) (AVaR,,
cf. Example 2.1) and let z € L,(2, F,[P) with some p €[1, oc]. Due to the results in [19] it
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is known that the solution set of (2) is given by

SAVaRa(Z) = {(J/O, (Z +J/0)+» (Z +)’0)_) ‘o € [_Qa(z)a —qa(z)]}

with ¢.(z) =infla € R: P(z < @) > o} and ¢, (z)=inf{a e R:P(z <a)>«} denoting the
upper and lower quantile of the distribution of z, respectively. Hence, since the interval
[—qu(2), —qu(2)] is always compact, the solution set Savar,(z) is bounded in
L2, F,P;RY).

However, things are different for the level-sets /avar,..(z) for & > 0. Suppose the
probability space (2, F,[P) is rich enough such that there exist sets S, € F with P(S,) =
1/n for n e N. Consider

0@ = (= s & = Gul2) + e, (= Gu2) +enls,)

for neN. Obviously, y"(z) € Yavar,(2), ie. y"(z) is feasible for each n, and
Favar,(""(2)) = p(z) + &, i.e. Y7(2) € Iavar,.<(2). But even if we assume z € L,(Q, F,P)
it holds that || y"(z)||, ~ n'~"/P) — oo for p € (1, 00}, i.e. the level-set /avar,, (z) for a single
random variable z is unbounded in L,(2, F, P; R3) for p > 1. Thus, for the boundedness of
the AVaR, level-sets, there is only hope for p=1. It will be seen below that /av,r,. (2)
is bounded in L(2, F,P; [R3) indeed, actually in a uniform manner.

Since the multiperiod polyhedral risk measures (cf. section 2) from [3] boil down to
AVaR for J=1, and, hence, their level-sets are unbounded in L, if p > 1, we will assume
p=1 from now on (and accordingly p’ =00). In the following, a simple criterion will be
derived which guarantees the sort of uniform L;-boundedness of the level-sets /,(z, &) as it
is required in Remark 1 in Section 3. This criterion, though appearing to be very specific,
applies for most of the polyhedral risk measures p introduced so far. Here, the extended
real-valued function @, called the value function given by

(I)P(_y()sza g) = Lylinf:‘?J{Fp(yOsyla ce ayJ) : (yO:yla ce ,J/J) € yl)(za ‘5)}
will be used. Observe that p(z,§) = inf, cy, P,(10,z,&). The notation m; will denote the
projection to the j-th component of a vector.

ProrosiTion 4.2 Let p be a functional of the form (2) satisfying complete recourse and dual
feasibility and assume

(i) k=2, (c;, Y) SR, for j=1,....,J,
(i) the vectors c; and w;q are linearly independent for j=1,...,J,
(iii) (), Dp.v) is bounded in R for j=1,...,J, and
(iv) Yy is bounded, or alternatively
(v) ko=1, ¢o >0, and inf{Z{=1 uw;ju € ij=1 D,.j} < —co.
Let Z C Zz such that the projection w\(Z) to the z component is bounded in L(Q, F,P;R’).

Then the union over all level-sets U(z,s)ez 1y, 6(z, &) is bounded in Li(Q2, F,[P; R kf) for any
e>0.

Proof First of all, consider the numbers M, :=sup{|z|,:(z,§)eZ}, Mp .=
sup{|u|s, 1 u € ﬂ}’leN}, and M ,:=sup{|p(z)|:(z,&) € Z}. Observe that M, < oo accord-
ing to the assumptions about Z and that M < oo due to assumption (iii). First, we show
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that also M, < oo. To this end, consider the dual representation (7) and note that due to
assumption (iii) the feasible set

A(E) = [)\ € XL Loo(Q,0(€"),P) - E[ME] € D, as. = 1,... ,J)}

is bounded in L.o(2, F,P; R’) with a bound M, not depending on & Hence, (7) yields the
following estimates:

J
p(z.8) < sup inf 60+Z[E[/\ Woou 30 ) + MM,
rEA (s)‘oe 0 —1

(Z g) > sup inf <CO + Z[E[)‘ Wy, u,y0> - MZMA

reh (&) Yoo —1

and since

J
sup inf <c0 + Z[E[)Lv]wv,v,yo> sup inf <c0 + Zuku U,y0>

e Y yoeY(
AEA (§) J0ETO =1 ueﬂ » D, 0€ 1o =1

it becomes clear that this number, which does not depend on (z,£&), must be finite
(otherwise p(z, &) would be infinite). Hence, M, is finite indeed.

Now, let ¢ > 0. We prove boundedness of the level-sets for each component j=0,
1,...,J successively. For j=0, we show that, if Y, is unbounded, the value function
®,(v0, 2, &) grows to infinity uniformly on Z as |yo| — oo. For yy— + oo this is obvious
since ® (o, z, £) > coyo due to assumption (i) and cyyy — oo due to assumption (iv'). For
o < 0, we obtain the following estimate by relaxing the non-anticipativity constraints and
making use of [20, Theorem 14.60] and LP duality [20, Example 11.43]:

v € x1 Li(Q, ("), P; RY),

:| ye x|, Yas,

—1

J
cD[J(yO’ Z, E) - CO)’O + lnf [Z C]’y]

j=1

~.

(Wjr, Vji—e) = Z; — WjjYo a.s.

Il
<)

T
yexL Li(QF.P;RY),

yex Y as.,

J
> coyo + inf [E|:Z(cj, yj)]
=

-1
(Wi, Vj—r) = Zy — WiYo a.s.

Il
=)

T
J

J
= coyo + E| inf Zc,,y/ Jj—1
J=1 anyj o) =25 = Wio
7=
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J
u=u,...,uy) € ﬂDp.j}:|
=1

J

= coyo + [E|:sup { Z ui(wjyo — z1,)

J=1

J

> coyo + Yo inf{ D
=

J
uz(ul,...,uj) S mDPl} —MzMD
=1

Thus, due to assumption (iv'), ®,(yo, z, §) = 400 uniformly on Z as y,— —oo. Hence,
there is a real number M|, such that for all (z, §) € Z and for all p = (Jo, ..., Vy) € [, (2, &)
it holds that |py| < My. Now, for j=1 it holds due to assumption (i) that

J
|(er. 30, = Eler. 901 < D> El{er. 53] = Fo($) — (co. $o)
J=1

<p(zy,..szy) e+ lclMy < M, + e+ [col My
w10, 20N = Nlze, — (wi 1, Do)l
< lzylly + w1 Moy < Mz + |wi 1| Mo,

i.e. (c1,wy.0) 1 is bounded in L(R, F,P; [R?) by a number that does not depend on (z, &).
The 2 x 2 matrix (c;, wyp) is regular due to assumption (ii), hence, y; is L;-bounded.
By induction we conclude analogously for j > 1. |

This proposition applies directly to the exemplary polyhedral risk measures ELg,
AVaR,, p,, p3, and p4 as far as, say, o;=a < 0.5 for j=1,...,J; cf. Tables 2 and 3.
Moreover, uniform level-boundedness of risk measure p; is guaranteed, too, since its
level-sets can be understood as a Cartesian product of level-sets of AVaR,,.

Example 4.3 Of course, since Proposition 4.2 appears rather technical and for all the
examples from Section 2 the level-sets are L;-bounded, the question arises, whether there
exist polyhedral risk measures on L, satisfying complete recourse and dual feasibility that
have unbounded level-sets. The answer can be given directly: Consider the infimum
representation of the Average Value-at-Risk in Example 2.1, i.e. the right-hand side of (5).
Set o« =1 (though, typically, @ < 1 is assumed since it is known that AVaR;=—F).
The resulting minimization problem still satisfies complete recourse and dual feasibility
but neither condition (iv) nor (iv’) of Proposition 4.2 hold. For z=0, formula (5) reveals

Table 2. Feasible sets of the dual representations (7) for the exemplary polyhedral risk measures.

Riskm. Do D,;(j=1,....J=1) D,

AVaR, {1} :0,&]

EL, sign(B)-R.,. [0,1]

N I e
02 {ueIR{J:Zuj:I} ueRJ:OSu,-,ujsj%f} uelR 1use O,J%[J
03 {ue[RJ:Zu_,:I{ ue[RJ:OSu,-,u,-—l—u_,-Hs%“j} HGRJ:L{JE:O,%‘J
o {MERJ:u|:}} ”e[RJ:”j:“jH’“j—JT[/} MGRJ:H‘IG—O,%‘J:
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Table 3. Details to verify condition (iv') of Proposition 4.2 for some polyhedral risk measures when
ajissettoa < 1 forj=1,...,J.

. J Wij 1 }
Riskm. iz Dy.j Co Wi G=1) uelr%gp_, DUy
AVaR, 0, lJ 1 ~1 1

|« o

1 1

J
P2 Xz [03 J_a] 1 -1 —1 -
1 1 1
J .

p3 MGR+~HJ§E,U/‘+H]'+ISE} 1 -1 —-1 T
1 1 1
R‘/ : — .= < — —1 _
- wERy ”’—Ja} 7 0 Ja

that the y, component of the solution set is given by mo(S,(0, £)) =R_, i.e. it is unbounded
in R. Hence, S,(0, &) and thus /, (0, £) are unbounded in L,(2, F,P; R*). We conclude
that complete recourse and dual feasibility are not sufficient conditions for bounded
level-sets.

Example 4.4 Regrettably, Proposition 4.2 does not apply to the value of perfect
information based risk measure (6) from [14,15] (cf. Example 2.4), because k;#2,
i.e. condition (i) is not satisfied. However, it has been observed in [15] that the risk measure
decomposes into functionals for each time period:

J
ps(z) = D E[—sjz, + (-1 — 5)AVaRy, (| F;, )]

J=1

where o; = (s;_1 —5,)/(q; — 5;). This decomposition will simplify the analysis of the level-sets
drastically. In [15] it has been derived via the dual representation (8) of ps, but it can be
deduced directly from (6) by making use of the dynamic constraints z, = yj> — yj3—

Vi-12 + Yj-1.1:

J
ps(z) + ZSJ[E[Z;/]
J=1

J
—s0)0,1 + [E|:Z(_5jyj,l +4;yi3) — dyj,z]

J=1

J
+[E[Z 52 = ¥i3 = V12 + y_/—l,l)}

= inf =1
Y € Ly, F ., P RY) (j=0,....,J), yoo=y03=ys1=0,
Vi2=0 as., yi3=0 as., yo—yi3=y-12+2,—y-11 as.

G=1,....J)
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—Y0,1(S0 — $1) + [E|:Z(Sj S]+l)(V]2 Vi, 1)+ Z(% Sj)y] 3:| :

Jj=1 Jj=1
= inf y/ S LP(Q,]:[/., [FD7 [Rg) (]: 07 B '9J)a Y02 =Y03 =Vs1 = 07
yi2=0 as., y3>0 as., yo—yi3=y-12+2,— Y11 as.

G=1,....J)

where it is set s,:=d for convenience. Substituting y;; := y;» — y; yields immediately

J
ps(2) =Y ((s5-1 = 5)ps,(z,) — sjElz,]) respectively

=
J

R(z) = Z(Sj—l — 5)(05,(z,)) + Elz,])
=

with
_)?]'71,1 S Lp(Qa ff,_]s[FD)a
— S]' ] yj,zayj,3 € Lp(Qa f{/al]:D)a
7,3

l_S]

pSJ(ZI) =inf [E[y] 1,1 + 9 (24)

via=0as., y3>0as.,

Vi2 —Yj3 = Z; + Vi-11 as.

for j=1,...,J. Interchanging minimization and integration can give the above
interpretation ps;(z,) = E[AVaR,,(z,|F, )] from [15].

ProrosiTiON 4.5 Let Z C Zg such that the projection w(Z) to the z component is
bounded in L\(2, F,P; IR"). Then, for the risk measure ps in (6), it holds that the union over
all e-level-sets . gcz lps. e(2,) is bounded in Ly(2, F,IP; R3VHD) for ¢ > 0.

Proof We show that for ¢ > 0 and for each j=1,...,J the union U( ez lps; e(2, 6) of all
e-level-sets of ps i(z;,, &), cf. (24), is bounded in L (Q F,P;R. To this end, we first note
that the number M, := sup{|ps;(z,)| : (z,) € Z} is finite. This can easily be seen by
considering the dual of (24) given by

A€ L,(2,0(&9),P),

4 —Sj
Sj— 1—SJ

ps,(z,&) = sup{ —E[%;z,]

0<i < E[A1E'] =1 as.

Now, let (z™, £”) e Z and y = (y(”) l,yj(”z),y](”;) €l F(z(”) £M) for n e N. Suppose there
is a subsequence (y"¥) such that ||(y(”"1 ) Il = occ. In thlS case, the following estimate
for the objective of (24) would hold:

. 3 1 1
L P =L P CERe )]
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~ 8t (5510 L -2
—11=
1
= (— — 1> ]) H +— [E|:1 < (J’%A) ("k)):| — 00.
% L=

The convergence to infinity holds because l/oe, > 1 y(”“ > 0, and because the sequence (z")
is Li-bounded. However, F,  (#)) — oo isa contradiction to V€ 1, (2, ") since the
sequence (s, (z(”) £MY) is bounded due to M, < oo. Hence, the sequence ((y( )1 D7) is Ly-
bounded. Suppose there is a subsequence 0/(’“)) such that ||(y(’”1) DTl — oo Obv1ously, this
would also imply F), (y("’f)) — 00 since y( ") > 0 and thus cause a contradiction. Hence, the
sequence (y( )1 1) is Ll bounded. Also the existence of subsequences (y"*)) such that
I y("k)|| | — ooor | y/”A I} — oo would cause a contradiction in the same manner. Hence, the
overall sequence (") is Ll bounded. That is, the union over all level-sets of ps_;is indeed
bounded in L(Q, F,P;R?). Finally, note that this boundedness for ps, j implies uniform
boundedness of the e-level-sets of (6) for ps, because the substitution (y1, y2) — (3> — 1, V2)
in Example 4.4 is bijective in R x R, .. ]

5. Conclusion for stability and scenario tree approximation

In [3], the class of polyhedral risk measures has been suggested. As discussed in Section 2,
replacing the expectation in (1) by a (multiperiod) polyhedral risk measure yields
problem (3). Problem (4), which is equivalent to (3), has an expectation objective and is of
a similar form (but not the same) as (1) with additional stochastic decision variables y; and
additional constraints. The stability theorem from [11], however, does not hold. Here,
we provided an equivalent stability theorem (Theorem 3.2) for Problem (3). This result is
based on sensitivity analysis for polyhedral risk measures (Proposition 3.1).

Stability according to Theorem 3.2 involves so-called filtration distances which involve
the sets of e-optimal solutions (level-sets) of the underlying problem. In order to make use
of Theorem 3.2 in the context of scenario tree approximation, it turns out to be necessary
to have these level-sets bounded; cf. Remark 1 in Section 3, see also [9]. However,
though in many application the original decision variables x, can be assumed to be
bounded from the outset, the feasible sets of the additional y; variables arising from the
polyhedral risk measures are inherently unbounded. For this reason, criteria for the
boundedness of the y; components of the level-sets are derived in Section 4; in particular,
it has been detected that boundedness is guaranteed for all the instances of the class
of polyhedral risk measures from [3,15], if the integrability number p of the arguments of
the risk measure is set to 1.

As in [11], Theorem 3.2 makes several restrictions for the integrability number r of the
stochastic input process &. At first glance there seem to be more degrees of freedom for r
than in [11] since, theoretically, p may be chosen arbitrarily. But, as mentioned above,
in the context of scenario approximation p=1 is the only choice. Then, however,
the situation is the same as in [11].

To conclude, by means of the present paper the results from [9,11] apply to Problem (3)
where [ in (1) is replaced by a polyhedral risk measure from [3]. In particular, the same
scenario approximation techniques can be used as soon as the criteria for the boundedness
of the level-sets for the polyhedral risk measure are satisfied.
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Notes

[1] We adopt the notation of [14,15] to the notation of ployhedral risk measures (2).
To this end, the original identifies ¢, a,, K,, M,, L, and ¢, form [14,15] have been replaced by J,
Vic1.1s Yji2s Viss Z, and s,_1, respectively.

[2] In the proof of [11, Theorem 2.1]
the term (1 4 |x,_|) occurs additionally in the first conditional expectation on the right-hand
side of (18) if the technology matrices are not random. However, due to (A3), we have that B is
bounded in L., in this case. Hence, since x € /.(F(§,.)) C B, |x,_1| can be estimated by || X;_1 |«
and we assume the latter norm to be integrated in the constant /,.

[3] Of course, if b, are non-random, both sides of the above estimate are zero anyway, but the same
argument will be used again below where this is not the case.
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