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Intro duction

given: Sto chastic Program (2-stage, mixed-integer linea r)

� : (


0

; F

0

) ! ( R

k

; B ( R

k

)) ; � := dom ( � ) � R

k

min

8

>

>

<

>

>

:

c

0

x +

Z

�

�

q

0

y ( � ) + �q

0

�y ( � )

�

d P ( � )

�

�

�

�

�

�

�

�

x 2 X ; y ; �y measurable

y ( � ) 2 Z

^m

+

; �y ( � ) 2 R

�m

+

Wy ( � ) +

�

W �y ( � )

= h ( � ) � T ( � ) x

9

>

>

=

>

>

;

unkno wn: p robabilit y distribution P 2 P (�)

iid-samples �

j

from P can b e obtained

, ! P

n

:=

1

n

P

n

j =1

�

�

j

empirical measure

goal: estimate fo r the optimal value + con�dence interval

metho ds: empirical p ro cess theo ry , functional delta metho d,

resampling metho ds ( b o otstrap, subsampling )
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F ramew o rk

1

st

stage: min

�

c

0

x +

Z

�

'

�

h ( � ) � T ( � ) x

�

dQ ( � ) : x 2 X

�

2

nd

st. ' ( t ) := inf

�

q

0

y + �q

0

�y : Wy +

�

W �y = t ; y 2 Z

^m

+

; �y 2 R

�m

+

	

Assumptions:

X � R

m

compact (ma y contain integralit y constraints),

c 2 R

m

, q 2 R

^m

, �q 2 R

�m

, W 2 Q

r � ^m

,

�

W 2 Q

r � �m

,

T : � ! R

r � m

and h : � ! R

r

a�nely linea r,

relative complete recourse + dual feasibilit y

� � R

k

b ounded , P ; Q 2 P (�) (p robabilit y distributions on �)

�

1

; �

2

; ::: �

iid

P , ! P

n

:=

1

n

P

n

j =1

�

�

j

2 P (�)




De�nition:

v ( Q ) := optimal value fo r p robabilit y distr. Q , �1 < v ( Q ) < 1 ,

S ( Q ) := 1st stage solution set , S ( Q ) � X � R

m
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Refo rmulation

De�nition:

F := f f

x

: x 2 X g class of all p ossible integrands of SP with

f

x

: � ! R

� 7! f

x

( � ) := c

0

x + ' ( h ( � ) � T ( � ) x )

Consequence: sto chastic p rogram reads:

v ( Q ) = min f Qf : f 2 F g = min f Qf

x

: x 2 X g

with Qf :=

R

�

f ( � ) dQ ( � ) P

n

f =

1

n

P

n

j =1

f ( �

j

)

Lemma : 9 K 2 R 8 x 2 X ; � 2 � : j f

x

( � ) j � K

Consequence:

P ; Q 2 `

1

( F ) := f F : F ! R j F b ounded on F g

(no rmed space with k : k

1

-no rm), P (�) � `

1

( F ),

P

n

: 
 ! `

1

( F ) not measurable
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Classical Results

Empirical distribution function:

F

n

( t ) :=

1

n

P

n

j =1

� f �

j

� t g = P

n

(( �1 ; t ]) = P

n

�

( �1 ; t ]

Glivenk o-Cantelli (1930) : sup

t 2 R

j F

n

( t ) � F ( t ) j ! 0 a.s.

Donsk er (1952) :

p

n ( F

n

( : ) � F ( : ))  N

�

0 ; ( F (min f s ; t g ) � F ( t ) F ( s ))

s ; t 2 R

�

The set G = f �

( �1 ; t ]

: t 2 R g is a

P -Glivenk o-Cantelli class : sup

g 2G

j P

n

g � Pg j ! 0 a.s.

P -Donsk er class :

p

n ( P

n

g � Pg )  no rmal distribution, ...

Andreas Eichho rn and W erner R• omisch Humb oldt-Universit y Berlin

Sto chastic Integer Programming: Limit Theo rems and Con�dence Intervals



Sta rting P oint Limit Theo rems Bo otstrap Extended Bo otstrap Subsampling

Classical Results

Sto chastic Programming:

[Salinetti/W ets91], [T alagrand87]:

Conditions fo r a class G to b e a P -Glivenk o-Cantelli class

[Shapiro91], [No rkin92], [Kaniovski/King/W ets95] , non-integer case:

p

n ( P

n

f � Pf ) sto chastically b ounded unifo rmly on F

[Shapiro89], [P
ug96], [King/Ro ck afella r93] , non-integer case:

Limit theo rems

[P
ug/Ruszczynski/Schultz99] , mixed-integer case:

F is a P -Glivenk o-Cantelli class

[Kleyw egt/Shapiro/Homem-de-Mello2001] , pure integer case, X �nite:

Convergence rates / limit theo rems
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General Limit Theo rem

Theo rem :

F o r the mixed-integer SP the class

F =

�

c

0

x + '

�

h ( � ) � T ( � ) x

�

: x 2 X

	

;

is a P -Donsk er class , i.e., in `

1

( F ) w e have w eak convergence

p

n ( P

n

� P )  G

P

with a P -Bro wnian Bridge G

P

: 
 ! `

1

( F ), i.e.,

G

P

is measurable, tight, and Gaussian:

G

P

� N

�

0 ; ( Pfg � PfPg )

f ; g 2F

�
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General Limit Theo rem

Pro of:

suitable structure of 2 nd -stage function ' ( cf. [R• omisch03] )

empirical p ro cess theo ry

[vanderV aa rt98]

[vanderV aa rt/W ellner96]

Donsk er class criterion:

�nite unifo rm entrop y integral

Z

1

0

sup

n

p

log N ( �; F ; L

2

( Q )) : Q 2 P

d

(�)

o

d � < 1 �
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Delta Metho d

Question :

p

n ( P

n

� P )  G

P

in `

1

( F ) )

p

n ( v ( P

n

) � v ( P ))  ? in R

Delta metho d in R

n

:

p

n ( X

n

� # )  N (0 ; �) ; � : R

m

! R

�m

di�erentiable )

p

n

�

�( X

n

) � �( # )

�

 N

�

0 ; �

0

( # ) � �

0

( # )

�

�

Generalization to general vecto r spaces?

Which so rt of di�erentiabilit y?
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Hadama rd Di�erentiabilit y

Let D ; F linea r metric spaces, � : D ! F .

De�nition :

� is called Hadama rd directional di�erentiable in #

0

2 D : ( )

9 �

0

#

0

: D ! F such that 8 h 2 D ; h

n

! h ; t

n

# 0:

lim

n !1

�( #

0

+ t

n

h

n

) � �( #

0

)

t

n

= �

0

#

0

( h )

Prop erties :

�

0

#

0

continuous on D

p ositive homogeneit y

(!) not necessa rily linea r
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F unctional Delta Metho d

Let #

0

2 D (non-random) and G : (
 ; A ) ! D (random va riable)

and #

n

: 


n

! D (random, not necessa rily measurable)

Theo rem:

Let

p

n ( #

n

� #

0

)  G and let � : D ! F b e Hadama rd directional

di�erentiable in #

0

. Then:

p

n

�

�( #

n

) � �( #

0

)

�

 �

0

#

0

( G )

Pro of : extended continuous mapping theo rem �

In our case: D = `

1

( X ) o r `

1

( F ), F = R ,

# $ Q ; �( # ) = inf

x 2 X

# ( x )
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In�mal V alue Mapping

Let X metric space, D := `

1

( X ), F := R . De�ne

	 : `

1

( X ) ! R

# 7! inf f # ( x ) : x 2 X g

and fo r " � 0 the level sets

S ( #; " ) := f x 2 X : # ( x ) � 	( # ) + " g

Prop osition [Lachout04] :

	 is Hadama rd directional di�erentiable at every #

0

2 D

	

0

#

0

( h ) = lim

" # 0

inf f h ( x ) : x 2 S ( #

0

; " ) g

If #

0

is lo w er semicontinuous and h continuous then

	

0

#

0

( h ) = inf f h ( x ) : x 2 S ( #

0

; 0) g

Andreas Eichho rn and W erner R• omisch Humb oldt-Universit y Berlin

Sto chastic Integer Programming: Limit Theo rems and Con�dence Intervals



Sta rting P oint Limit Theo rems Bo otstrap Extended Bo otstrap Subsampling

Optimal V alue Limit Theo rem

De�nition : F o r Q 2 P (�) � `

1

( F ) de�ne #

Q

2 `

1

( X ) b y

#

Q

( x ) = Qf

x

= c

0

x +

Z

�

'

�

h ( � ) � T ( � ) x

�

dQ ( � ) ( x 2 X )

Note : 	( #

Q

) = v ( Q ) (optimal value of SP with distribution Q )

Limit Theo rem refo rmulated :

p

n ( #

P

n

� #

P

)  #

G

P

� N

�

0 ; ( Pf

x

f

y

� Pf

x

Pf

y

)

x ; y 2 X

�

in `

1

( X ) with #

G

P

2 `

1

( X )




measurable and tight.

Co rolla ry ( optimal value limit theo rem ):

F o r 	( #

P

) := min f #

P

( x ) : x 2 X g = v ( P ) it holds in R

p

n ( v ( P

n

) � v ( P ))  	

0

#

P

( #

G

P

)
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Distribution of Derivative?

Goal : con�dence intervals fo r v ( P )

p

n ( v ( P

n

) � v ( P ))  	

0

#

P

( #

G

P

)

Problem : 	

0

#

P

( #

G

P

) � ?

#

G

P

� N

�

0 ; ( Pf

x

f

y

� Pf

x

Pf

y

)

x ; y 2 X

�

	

0

#

P

( h ) = lim

" # 0

inf f h ( x ) : x 2 S ( #

P

; " ) g not necessa rily linea r!

even if 	

0

#

0

linea r: 	

0

#

P

( #

G

P

) to o di�cult to calculate analytically

, ! App ro ximation of distribution of 	

0

#

P

( #

G

P

)

b y resampling metho ds , i.e., sampling from f �

1

; :::; �

n

g

with replacement , ! b o otstrap

without replacement , ! subsampling
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Classical Bo otstrap (Theo ry)

sampling with replacement = iid-resampling �

�

1

; �

�

2

; :::; �

�

n

� P

n

, ! P

�

n

:=

1

n

P

n

j =1

�

�

�

j

b o otstrap empirical measure

Theo rem [vanderV aa rt98,vanderV aa rt/W ellner96] :

If F is a P -Donsk er class, then

p

n ( P

�

n

� P

n

)  

�

G

P

=

p

n

�

#

P

�

n

� #

P

n

�

 

�

#

G

P

in `

1

( F ) / `

1

( X ) , resp ectively .

convergence (  

�

): \conditionally to �

1

; �

2

; ::: in distribution"

Theo rem (delta metho d) [vanderV aa rt98,vanderV aa rt/W ellner96] :

Let � : D ! R Hadama rd-directional-di�. in #

0

2 D , �

0

#

0

linea r ,

let further

p

n ( #

n

� #

0

)  G and

p

n ( #

�

n

� #

n

)  

�

G . Then:

p

n (�( #

�

n

) � �( #

n

))  

�

�

0

#

0

( G )
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Classical Bo otstrap Pro cedure

T ogether :

p

n ( v ( P

�

n

) � v ( P

n

))  

�

	

0

#

P

( #

G

P

) if 	

0

#

P

is linea r , !

1. Fix n 2 N (su�ciently la rge) and sample from P

solve app ro ximated p roblem , ! v ( P

n

)

2. Resample from P

n

with the same n

solve app ro ximated p roblem , ! v ( P

�

n

) , !

p

n ( v ( P

�

n

) � v ( P

n

))

3. Rep eat p revious step m times ( holding P

n

�xed , m su�. la rge)

, ! empirical distribution function of 	

0

#

P

( #

G

P

)

4. Obtain (empirical) �= 2-quantiles of 	

0

#

P

( #

G

P

) ( � small)

, ! �

�

�= 2; m

, �

�

1 � �= 2; m

, !

5. Asymptotically consistent con�dence interval fo r v ( P ), level � :

�

v ( P

n

) �

1

p

n

�

�

1 � �= 2; m

; v ( P

n

) �

1

p

n

�

�

�= 2; m

�
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Example

[Ca ro e/Schultz99]

min

�

x

0

�

� 1 : 5

� 4

�

+

Z

�

' ( � � x ) dP ( � )

�

�

�

�

x 2 f 0 ; 1 ; 2 ; 3 ; 4 ; 5 g

2

�

' ( t ) := min

8

<

:

y

0

0

@

� 16

� 19

� 23

� 28

1

A

�

�

�

�

�

y 2 f 0 ; 1 g

4

�

2 3 4 5

6 1 3 2

�

y � t

9

=

;

P � U (�) ; � :=

n �

5

5

�

;

�

5

6

�

; :::;

�

5

15

�

;

�

6

5

�

; :::;

�

15

15

�o

Optimal value: v ( P ) = � 62 : 29

Solution: x

�

( P ) =

�

0

4

�

(unique!),

	

0

#

P

is linea r! (see b elo w) , ! b o otstrap theo ry applies here!
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Numerical T est

n = 75 , ! v ( P

n

) = � 61 : 267 , !

v ( P

�

n

)

p

n ( v ( P

�

n

) � v ( P

n

))

-58.64 22.7476

-61.8533 -5.08068

-58.56 23.4404

.

.

.

.

.

.

-63.9867 -23.5559

quantiles ( m = 500):

� [ �

�

�= 2 ; m

; �

�

1 � �= 2 ; m

]

10% [-28.5211,23.786 8]

5% [-33.0822, 28.7520]

2% [-39.2021, 35.4493]

� con�dence interval fo r v ( P )

10% [-64.0133, -57.9733]

5% [-64.5867, -57.4467]

2% [-65.3600, -56.7400 ]
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Numerical T est

validation of con�dence levels, k = 200 con�dence intervals:

� # covering ratio avg. length

10% 180/200 90% 6.01218

5% 188/200 94% 7.1325

2% 197/200 98.5% 8.4506

con�dence interval length vs. samplesize ( � = 5%):

samplesize n avg. length length *

p

n

50 8.5852 60.70

75 7.1325 61.77

150 4.8139 58.95

200 4.3117 60.98

300 3.411 2 59.08

, ! length= �(1 =

p

n )
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Linea rit y?

Question:

Under which conditions is 	

0

#

P

linea r?

Su�cient Criterion:

	

0

#

P

is linea r if

unique solution: # S ( P ) = # S ( #

P

; 0) = 1 and

1 X consists of isolated p oints only (purely integer 1st stage ) o r

2 ^m = 0, i.e., no integers in 2nd stage

very restrictive!

desirable: metho ds without linea rit y assumptions
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Extended Bo otstrap (Theo ry)

Prop osition: F o r a P -Donsk er class F it holds in `

1

( F ) that

�

p

n ( P

n

� P ) ;

p

n ( P

�

n

� P

n

)

�

 ( G

P

; G

�

P

)

unconditional with indep endent P -Bro wnian Bridges G

P

/ G

�

P

.

Lemma: Let (

p

n ( #

n

� #

0

) ;

p

n ( #

�

n

� #

n

))  ( G ; G

�

) in D and let

� : D ! F b e Hadama rd directional di�erentiable in #

0

. Then:

p

n

�

�( #

�

n

) � �( #

n

)

�

 �

0

#

0

( G + G

�

) � �

0

#

0

( G )

Co rolla ry: F o r 	 : `

1

( X ) ! R , 	( # ) = inf f # ( x ) : x 2 X g :

p

n

�

	

�

#

P

�

n

�

� 	 ( #

P

n

)

�

 	

0

#

P

( #

G

�

P

+ #

G

P

) � 	

0

#

P

( #

G

P

)

p

n ( v ( P

�

n

) � v ( P

n

) )  	

0

#

P

( #

G

�

P

+ #

G

P

) � 	

0

#

P

( #

G

P

)

Can w e b ene�t from this?
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Extended Bo otstrap (Theo ry)

Observation: Consider

~

�

1

;

�

�

1

;

~

�

2

;

�

�

2

; ::: �

iid

P ,

~

P

n

:=

1

n

P

n

j =1

�

~

�

j

and

�

P

n

:=

1

n

P

n

j =1

�

�

�

j

. F is P -Donsk er , !

�

p

n (

�

P

n

� P ) ;

p

n (

~

P

n

� P )

�

 (

�

G

P

;

~

G

P

)

with indep endent P -Bro wnian Bridges

�

G

P

/

~

G

P

.

Note : (

�

G

P

;

~

G

P

) � ( G

P

; G

�

P

)

Lemma: Let

�

p

n

�

�

#

n

� #

0

�

;

p

n

�

~

#

n

� #

0

��

 

�

�

G ;

~

G

�

in D

and let � : D ! F b e Hadama rd directional di�erentiable. Then:

p

n

�

2�

�

1

2

(

�

#

n

+

~

#

n

)

�

� �(

~

#

n

) � �( #

0

)

�

 �

0

#

0

(

�

G +

~

G ) � �

0

#

0

(

~

G )

Co rolla ry: F o r the in�mal value mapping it holds that

p

n

�

2 � v

�

1

2

(

�

P

n

+

~

P

n

�

� v (

~

P

n

) � v ( P ) )

�

 	

0

#

P

( #

�

G

P

+ #

~

G

P

) � 	

0

#

P

( #

~

G

P

)
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Extended Bo otstrap Pro cedure

1. Fix n 2 N (su�ciently la rge).

2. Sample from P and solve the app ro ximated p roblem , ! v ( P

n

).

Resample from P

n

using the same sample-size n ( , ! P

�

n

) and

solve the resulting p roblem , ! v ( P

�

n

).

3. Rep eat the p revious step m times (sampling and resampling)

, ! empirical distribution of 	

0

#

P

( #

G

�

P

+ #

G

P

) � 	

0

#

P

( #

G

P

)

4. Obtain empirical �= 2-quantiles �

�

�= 2; m

, �

�

1 � �= 2; m

( � small) of

empirical distribution of 	

0

#

P

( #

G

�

P

+ #

G

P

) � 	

0

#

P

( #

G

P

)

5. Sample t wice indep endently from P with sample-size n to get

~

P

n

and

�

P

n

. Calculate v (

~

P

n

) and v (

1

2

(

~

P

n

+

�

P

n

)).

6. asymptotically consistent con�dence interval fo r v ( P ), level � :

h

2 v (

1

2

(

~

P

n

+

�

P

n

)) � v (

~

P

n

) �

1

p

n

�

�

1 � �= 2; m

; 2 v (

1

2

(

~

P

n

+

�

P

n

)) � v (

~

P

n

) �

1

p

n

�

�

�= 2; m

i
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Example

[Ca ro e/Schultz99] (adapted)

min

�

x

0

�

� 1 : 5

� 3 : 768595041

�

+

Z

�

' ( � � x ) dP ( � )

�

�

�

�

x 2 f 0 ; 1 ; 2 ; 3 ; 4 ; 5 g

2

�

' ( t ) := min

8

<

:

y

0

0

@

� 16

� 19

� 23

� 28

1

A

�

�

�

�

�

y 2 f 0 ; 1 g

4

�

2 3 4 5

6 1 3 2

�

y � t

9

=

;

P � U (�) ; � :=

n �

5

5

�

;

�

5

6

�

; :::;

�

5

15

�

;

�

6

5

�

; :::;

�

15

15

�o

Optimal value: v ( P ) = � 61 : 36

Solutions: S ( P ) =

n �

0

3

� �

0

4

�o

(not unique!),

	

0

#

P

is not linea r! , ! only extended b o otstrap theo ry applies!

Andreas Eichho rn and W erner R• omisch Humb oldt-Universit y Berlin

Sto chastic Integer Programming: Limit Theo rems and Con�dence Intervals



Sta rting P oint Limit Theo rems Bo otstrap Extended Bo otstrap Subsampling

Numerical T est

n := 75

v ( P

n

) v ( P

�

n

)

p

n ( v ( P

�

n

) � v ( P

n

))

-60.5725 -59.2439 11.506

-62.9277 -63.2391 -2.69685

-57.1905 -57.6172 -3.69504

.

.

.

.

.

.

.

.

.

-65.3144 -65.403 -0.767256

quantiles ( m = 500):

� [ �

�

�= 2 ; m

; �

�

1 � �= 2 ; m

]

10% [-29.4241,23.633 8]

5% [-35.0455, 29.3868]

2% [-42.5669, 32.6578]

� con�dence interval fo r v ( P )

10% [-65.8567, - 59.7301 ]

5% [-66.5210, -59.0810]

2% [-66.8987, -58.2125]
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Numerical T est

validation of con�dence levels, k = 200 con�dence intervals:

� # covering intervals ratio average interval length

10% 182/200 91% 6.1277

5% 191/200 95,5% 7.4400

2% 195/200 97.5% 8.6862

Length of con�dence interval is of o rder

1

p

n

.

Computational e�o rt:

classical b o otstrap metho d:

m + 1 p roblems of size n

extended b o otstrap metho d:

2 m + 1 p roblems of size n and 1 p roblem of size 2 n

Rema rk:

Sampling from P might b e exp ensive in p ractice
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Subsampling Theo ry

[P olitis/Romano94] : Resampling limit theo rem under few assumptions

Resampling without replacement, resamplesize � n

Sta rting P oint: Limit Theo rem in R based on iid samples

�

n

( T ( P

n

) � T ( P ))  G

Let b ; m 2 N with b < n ,

N

n ; b

j

� f 1 ; :::; n g randomly chosen with # N

n ; b

j

= b fo r j = 1 ; :::; m ,

P

�

( N

n ; b

j

) empirical measure based on subsample ( �

j

)

j 2 N

n ; b

j

.

Theo rem: F o r b ; n ; m ! 1 and b = n ! 0 it holds that

1

m

m

X

j =1

�

�

�

b

�

T ( P

�

n

( N

n ; b

j

)) � T ( P

n

)

�	

 G
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Subsampling Theo ry

In our case:

T ( P ) = v ( P ), T ( P

n

) = v ( P

n

), T ( P

�

( N

n ; b

j

)) = v ( P

�

( N

n ; b

j

)),

�

n

=

p

n , G = 	

0

#

P

( #

G

P

)

Basic limit theo rem:

p

n ( v ( P

n

) � v ( P ))  	

0

#

P

( #

G

P

)

Subsampling theo rem:

1

m

m

X

j =1

�

�

p

b

�

v ( P

�

n

( N

n ; b

j

)) � v ( P

n

)

�	

 	

0

#

P

( #

G

P

)

Not required: additional limit theo rem of the fo rm

p

n ( v ( P

�

n

) � v ( P

n

))  

�

	

0

#

P

( #

G

P

)
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Subsampling Pro cedure

1. Fix n ; b ; m 2 N .

2. Sample from P with samplesize n and solve the app ro ximate

p roblem , ! v ( P

n

)

3. Resample from P

n

without replacement with samplesize b < n

(subsampling) and solve the smaller p roblem , ! v ( P

b

).

4. Rep eat p revious step m times.

5. Calculate quantiles �

�

�= 2 ; b ; m

and �

�

1 � �= 2 ; b ; m

of

p

b ( v ( P

b

) � v ( P

n

)) values.

6. Asymptotically consistent con�dence interval fo r v ( P ), level � :

�

v ( P

n

) �

1

p

b

�

�

1 � �= 2; b ; m

; v ( P

n

) �

1

p

b

�

�

�= 2; b ; m

�
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Numerical T est

Same example as ab ove (non-unique solution, v ( P ) = � 62 : 29),

n = 150, b = 75, m = 500, v ( P

n

) = 62 : 16 , !

� con�dence interval fo r v ( P )

10% [ -63.7800 , -60.2467]

5% [ -64.0733 , -59.5067 ]

2% [ -64.1800 , -58.8333 ]

validation of con�dence levels, k = 200 con�dence intervals:

� # covering intervals ratio average interval length

10% 176/200 88% 4.2451

5% 192/200 96% 5.0630

2% 199/200 99.5% 6.0207
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