THE UNIVERSAL K3 SURFACE OF GENUS 14 VIA CUBIC FOURFOLDS

GAVRIL FARKAS AND ALESSANDRO VERRA

ABSTRACT. Using Hassett’s isomorphism between the Noether-Lefschetz moduli space Ca¢ of
special cubic fourfolds X C P® of discriminant 26 and the moduli space Fi4 of polarized K3
surfaces of genus 14, we use the family of 3-nodal scrolls of degree seven in X to show that the
universal K3 surface over Fi4 is rational.

1. INTRODUCTION

For a very general cubic fourfold X C P, the lattice A(X) := H?%(X) N H*(X,Z) of
middle Hodge classes contains only classes of complete intersection surfaces, so A(X) = (h?),
where h € Pic(X) is the hyperplane class (see [V]). Hassett, in his influential paper [HI],
initiated the study of Noether-Lefschetz special cubic fourfolds. If C is the 20-dimensional
coarse moduli space of smooth cubic fourfolds X C P?, let C, be the locus of special cubic
fourfolds X characterized by the existence of an embedding of a saturated rank 2 lattice

L= (n2,[S)) = A(X),

of discriminant disc(L) = d, where S C X is an algebraic surface not homologous to a
complete intersection. Hassett [H1] showed that C; C C is an irreducible divisor, which is
nonempty if and only if d > 6 and d = 0,2(mod 6). The study of the divisors C; for small d
has received considerable attention. For instance, Cg consists of cubic fourfolds containing a
plane, whereas Cy4 corresponds to cubic fourfolds containing a quintic del Pezzo surface, see
[H2]. Relying on Fano’s work [Fal, recently Bolognesi and Russo [BR] have shown that all
fourfolds [X] € Cy4 are rational.

For every [X] € C, we denote by F(X) := {¢ € G(1,5) : £ C X} the Hilbert scheme
of the lines contained in X. It is well known [BD] that F'(X) is a hyperkahler fourfold defor-
mation equivalent to the Hilbert square of a K3 surface. For discriminant d = 2(n? +n + 1),
where n > 2, it is shown in [HI] that F'(X) is isomorphic to the Hilbert scheme S 2 of a polar-
ized K3 surface (S, H) with H? = d. If F, denotes the moduli space of polarized K3 surfaces
of genus g, the previous assignment induces a rational map

.Fg_,rl -=> Cd,

which is a birational isomorphism for d = 2(mod 6) and a degree 2 cover for d = 0(mod 6).
This map, though non-explicit for it is defined at the level of moduli spaces of weight-2
Hodge structures, opens the way to the study of F,2,,,, via the concrete geometry of cu-
bic fourfolds, without making a direct reference to K3 surfaces! The main result of this paper
concerns the universal K3 surface ;1 — 7.

Theorem 1.1. The universal K3 surface Fi4,1 of genus 14 is rational.

Nuer [Nul] proved that Cs6 (and hence F14 as well) is unirational. His proof relies on
the fact that a general fourfold [X| € Cg¢ contains certain smooth rational surfaces, whose
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parameter space forms a unirational family. One can also show that C44 is unirational, for
a general [X] € C44 contains a Fano embedded Enriques surface and their moduli space is
unirational, see [Ve2] and also [Nu]. Recently, Lai [L] showed that Cy2 is uniruled.

Mukai in a celebrated series of papers [M1], [M2], [M3], [M4], [M5] established structure
theorems for polarized K3 surfaces of genus g < 12, as well as g = 13, 16, 18, 20. In particular,
Fy is unirational for those value of g. No structure theorem for the general K3 surface of
genus 14 is known. A quick inspection of Mukai’s methods shows that the universal K3
surface F, 1 is unirational for ¢ < 11 as well. On the other hand, Gritsenko, Hulek and
Sankaran [GHS] have proved that 7, is a variety of general type for g > 62, as well as for
g = 47,51,53,55,58,59,61. In a similar vein, recently it has been established in [TVA] that Cg4
is of general type for all d sufficiently large. As pointed out in Remark[5.4, whenever F; is of
general type, the Kodaira dimension of 7, ; is equal to 19.

The proof of Theorem [1.1|relies on the connection between singular scrolls and special
cubic fourfolds. We fix a general point [X] € Cy and denote by S the associated K3 surface,
such that S1? = F(X) < G(1,5). For each p € S, we introduce the rational curve

Ay = {€ e S {p} = supp(é)}.

Under the Pliicker embedding G(1,5) C P!, the degree of A, C F(X) is equal to 7, which
suggests that each point of p € S parametrizes a septic scroll R = R, C X. Imposing the
condition disc(h?, [R]) = 26, one obtains R? = 25. Assuming R has isolated non-normal nodal
singularities, the double point formula implies that R has precisely 3 non-normal nodes. We
shall prove that indeed, a general fourfold [X| € Cy carries a 2-dimensional family of 3-nodal
scrolls R C X with deg(R) = 7. Furthermore, this family of scrolls is parametrized by the K3
surface S associated to X.

We now describe the moduli space of 3-nodal septic scrolls. We start with the Hirze-

bruch surface F; = BL,(PQ), where 0 € P?, and denote by ¢ the class of a line and by E the
exceptional divisor. The smooth septic scroll R’ = S3 4 C P® is the image of the linear system

G-z : F1 — P°

We shall show in Section 3 that the secant variety Sec(R’) C P® is as expected 5-dimensional.
Choose general points aj,a2,a3 € Sec(R') and denote by A := (a1, a2,a3) € G(2,8) their
linear span. The image R C P° of the projection with center A

A R —P°

is a 3-nodal septic scroll. Conversely, up to the action of PGL(6) on the ambient projective
space P°, each such scroll appears in this way. We denote by $.; the moduli space of un-
parametrized 3-nodal septic scrolls in P?, that is, the quotient of the corresponding Hilbert
scheme under the action of PGL(6). Then as showed in Proposition the space $gr turns
out to be birationally isomorphic to the 9-dimensional unirational variety

Hser 2 Sym® (Sec(R')) /Aut(R).

Fix a general 3-nodal septic scroll R C P°. A general X € P(H’(Zg/ps(3))) = P isa
smooth cubic fourfold. Since R has no further singularities apart from the three non-normal
nodes, the double point formula implies that [X] € Ca6. One sets up the following incidence
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correspondence between scrolls and cubic fourfolds of discriminant 26:

X = {(X, R):RC X}/PGL(G)

/ \
026 ﬁscr
Thus X is birational to a P'?>-bundle over the unirational variety $Hsc,. We then show that
the fibre over a general cubic fourfold [X] € Cy6 of the projection 7, is 2-dimensional and

isomorphic to the K3 surface S appearing in the identification F(X) = S, We summarize
the discussion above.

Theorem 1.2. The universal K3 surface F14, is birational to the P2-bundle X over the moduli space
Hser of 3-nodal septic scrolls R C P°. A general fourfold [X] € Cag contains a two-dimensional family
of such scrolls R C X C PP. The space of such scrolls is isomorphic to the K3 surface associated to X.

Theorem allows us to elucidate the structure of 14, even further and prove its
rationality. We fix a 3-nodal septic scroll R C P° as above and denote its nodes by p1,p2,
p3. The curve I'r C G(1,5) induced by the rulings of R is a smooth rational septic curve
admitting bisecant lines L;, Ly and L3 in the Pliicker embedding of G(1,5). Precisely, L;
parametrizes the lines passing through p; and contained in the 2-plane P; spanned by the
two rulings of R that intersect at the node p;, for i = 1,2, 3. Since I'g spans a 7-dimensional
linear space in projective space P** containing G(1, 5), using Mukai’s work [M6]] on realizing
canonical genus 8 curves as linear sections of the Grassmannian G(1,5), it follows that the
intersection G(1,5) - <F R) is a semi-stable curve of genus 8. We denote by ) C (I'gr) = P’ the
residual curve defined by the following equality:

) G(1,5)-(Pr) =Tr+ L1+ Lo+ L3 + Q.

We shall establish in Lemmas 4.1 and [4.2] that @ is a smooth rational quartic curve and
Q-L;=1fori=1,2,3,aswell as Q - I'gr = 3. Therefore @ is the curve of rulings of a quartic
scroll R C P°, which contains three rulings ¢, >, {3, such that that p; € ¢; and ¢; € P; for

i = 1,2,3. In particular, Ry contains the three nodes of the septic scroll R. We can show
furthermore that R, is smooth and isomorphic to Fy, see Theorem [4.10}

The construction above can be reversed. Using the automorphism group of the scroll
Rg C P, we fix three of its rulings ¢1, £2, {3 € G(1,5), as well as points p; € ¢;. We set
P} :={P, € G(2,5):4; C B},
for i = 1,2, 3, then define a map
s P X PY X P3/G3 —— Heer,

by reversing the above construction and using the decomposition (I). Along with the fixed
point p;, each 2-plane P; € P? defines a line L; C G(1,5) meeting the curve ( at the point ¢;.
Precisely, L; is the line of lines in P; passing through the point p;. To the triple (P, P>, P3) we
associate the scroll R C P° whose associated curve of rulings I'r, is defined by the formula .
The above discussion indicates that sz is dominant. In fact more can be proved:

Theorem 1.3. The moduli space of scrolls $s, is birational to P3 x P3 x P3/&3 and is thus rational.
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Indeed, using the theorem on symmetric functions, see [Ma] or [GKZ] Theorem 2.8 for
a recent reference, all symmetric products of projective spaces are known to be rational. It is
now clear that Theorem [1.3|coupled with Theorem [I.2]implies that Fi4 ; is a rational variety.
Acknowledgment: We are most grateful to the referee, who carefully read the paper and
whose many suggestions significantly improved the presentation and readability.

2. K3 SURFACES AND CUBIC FOURFOLDS

We begin by setting some notation. Let U C |Ops(3)| be the locus of smooth cubic

fourfolds and set

C:=U/PGL(6)

to be the 20-dimensional moduli space of cubic fourfolds. For an integer d = 0,2 (mod 6), as
pointed out in the Introduction, C; denotes the irreducible divisor of C consisting of special
cubic fourfolds of discriminant d. As usual, F, is the irreducible 19-dimensional moduli space
of smooth polarized K3 surfaces (S, H) of genus g, that is, with H? = 2g — 2. We denote by
u: Fy1 — F, the universal K 3 surface of genus g in the sense of stacks. Each fibre u=!([S, H])
is identified with the K3 surface S.

Using the Hodge-theoretic similarity between K3 surfaces of genus g = n? + n + 1
and special cubic fourfolds of degree 2g — 2, Hassett [H1] constructed a morphism of moduli
spaces

0 Fp2inie — CQ(n2+n+1)7
which is birational for n = 0,2(mod 3), and of degree 2 for n = 1(mod 3) respectively. In
particular, for n = 3 there is a birational isomorphism of spaces of weight 2 Hodge structures

@ : Fia — Cog,

that will be of use throughout the paper. At the moment, there is no geometric construction
of the polarized K3 surface ¢!([X]) associated to a general fourfold [X] € Cos.

We recall basic facts on Hilbert squares of K3 surfaces and refer to [HT1] for a general
reference on these matters. Let (S, H) be a polarized K3 surface with Pic(S) = Z - H and
H? = 2g—2. We denote by S the Hilbert scheme of length two 0-dimensional subschemes on
S. Then H?(S!?Z) is endowed with the Beauville-Bogomolov quadratic form g. We denote by
A C SP the diagonal divisor consisting of zero-dimensional subschemes supported only at
a single point and by ¢ := 5] € H2(S[, Z) the reduced diagonal class. One has ¢(d,§) = —2.
Note the canonical identification

A=P(Ts) =U{A,:pe S},
where A, is the rational curve consisting of those 0-dimensional subschemes ¢ € A such that
supp(¢) = {p}. We set 6, := [A,] € Ha(S1?, 7).
For a curve C € |H| in the polarization class , we introduce the divisor
fo ={€e S supp(¢)nC # 0}
and set f := [fc] € H?(S?,Z). If p € S is a general point, we also define the curve
F,:= {§:p+x65[2] ::UGC}

and set f, := [F,] € Hy(S,Z). The Beauville-Bogomolov form can be extended to a qua-
dratic form on Hy(S!?,Z), by setting q(a, @) := q(wa, ws), with w, € H?(S? Z) being the
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class characterized by the property o - u = q(wa,u), for every u € H?(S? 7). Here a - u
denotes the usual intersection product.

One has the following decompositions, orthogonal with respect to ¢, both for the Picard
group and for the group N;(S?, Z) of 1-cycles modulo numerical equivalence:

Pic(S)~7Z.faZ-6 and Ny(SB,2)= 7. f, &7 -6,
We record, the more or less obvious relations:
(2) [ fp=29—2,0-0p=—1, f-6,=0andé- f, =0.

Assume now that X C P is a general special cubic fourfold of discriminant 26 and let
[S, H] = ¢ 1([X]) € F14 be the associated polarized K3 surface such that

3) S~ p(X) C G(1,5) — P4

Following [BD], let vs := [Og21(1)] be the hyperplane class of G(1, 5) restricted to the Hilbert
square under the identification (3). Since ¢(vs,vs) = 6, using (2), it quickly follows that

vs = 2f — 76 € H*(S?, 7).

Proposition 2.1. Suppose [S, H] € Fag is a general element and let R C Sl be an effective 1-cycle
such that R - vg = 7. Then R is one of the rational irreducible curves Ay, for p € S. In particular, R
is smooth.

Proof. Assume that R is an effective 1-cycle and write [R] = af, — b3, € Ni(S?,Z). Since
7= R-~s = 52a — 7b, hence we can write a = 7a;, with a1 € Z, and then b = 52a; — 1. Using
[BM] Proposition 12.6, we have ¢(R, R) > —35. We obtain 39a} — 26a; — 1 < 0, and the only
integer solution of this inequality is a; = 0, therefore [R] = J,.

Since [R] - § = —1, it follows that R C A. We claim that R lies in one of the fibres of the
Pl-bundle 7 : A = P(Ts) — S, which implies that R = A, for some p € S. Indeed, otherwise
m(R) = mH, for some m > 0. Accordingly, we write

mH*=R-n"(H)=R-f=06,-f=0,
which is a contradiction. O

Remark 2.2. Unlike degree 26, for other values of d, a general [X]| € C4 may contain several
types of scrolls. For instance when d = 14 and vs = 2f — 56, the curves A, withp € S
correspond to quintic scroll, but X also contains quartic scrolls corresponding to rational
curves R C F(X) with [R] = 3f, — 166,. Note that ¢(R, R) = —2.

We now recall the correspondence between scrolls and rational curves in Grassmanni-
ans. Following for instance [Dol] 10.4, we define a rational scroll to be the image R C P" of
a Pl-bundle 7 : R’ = P(§) — P! under a map ¢ : R’ — P" given by a linear subsystem of
|Op(e)(1)], thus sending the fibres of 7 to lines in P". Let f : P! — G(1,n) be the map

Fr(t) = [(z~(1))]

and denote by I'r, its image. Conversely, start with a non-degenerate map f : P! — G(1,n),
then consider the pull-back under f of the projectivization of tautological rank 2 vector over
G(1,n), that s,

4)

(1]

={(t.a):teP we Ly} P xp
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Here L) C P" denotes the line whose moduli point in G(1,n) is precisely f(t).
The projection 7 : = — P" is a finite map and its image is a scroll R C P" of degree

deg(T'r) = degf*(Og(um(1)).

Throughout the paper, we interpret scrolls in terms of their associated curves of rulings.
It will be useful to determine, using this language, when a scroll is smooth.

Proposition 2.3. Let R C P" be a scroll which is not a cone and such that I is a smooth rational
curve in G(1,n) which is not contained in a plane. Then there is a bijective correspondence between
singularities of R and bisecant lines to I'r lying on G(1,n). In particular, if T'r admits no bisecant
lines contained in G(1,n), then R is smooth.

Proof. We consider the projection 73 : Z — R defined by (4). Then Z is a smooth variety and
the assumptions made on R imply that 7 is a finite map. If a point z € R corresponds to a
singularity, then one of the two following possibilities occur: (i) the fibre 7, ' (z) consists of
more than point, or (ii) the differential of 72 at a point of (¢, z) € 7, ! (z) is not an isomorphism.

In case (i), we choose distinct points ¢1, %2 € m; (7r2_ 1(37)) Denoting by ¢; := fr(t1) and
{5 := fr(t2) the rulings of = corresponding to these points, we observe that € ¢;N¢5. The set
L of lines in the 2-plane (¢, {2) passing through z is a linein G(1, n) such thatI'rNL 2 {¢1, {2},
that is, I'p possesses a secant line lying inside G(1,n) in its Pliicker embedding. Note that L
is a genuine secant line in the sense that it meets the curve I'g in two distinct points ¢; and
/5. All lines lying inside G(1, n) in its Pliicker embedding correspond to pencils of lines in a
2-plane passing through a point in P". Thus conversely, when such a line meets I'r in two
distinct points, these will correspond to two incident rulings of R. In particular R is singular
at their point of intersection.

To deal with case (ii), we carry out a local calculation. Assume (¢p,z) € = is a point at
which the differential of 75 is not an isomorphism. We set ¢y := fr(ty) and denote by
pij(t) = ai(t)bj(t) — aj(t)bi(t), where 0 < i < i<n
the Pliicker coordinates of the curve I' in a neighborhood of ¢y, where a(t) = (ag(t), .. ., an(t))
and b(t) = (bo(t), ..., bn(t)).
In local coordinates, the map 7z is given by P! x C > ([A, p], t) — [(Aa;(t) +pubs(t))] =: =.
By direct calculation, the condition that (dm2), ) is not an isomorphism is equivalent to

2
b (to) Aa(te) =0 € A\ CL.

Setting a; := a;(to), b; := bi(to), a; := a,(to) and b, := b;(t9), we then observe that the
Pliicker coordinates of a point on the tangent line T, (I'r) C P("z) L are given by

a;bj — a;b; + ,u(agbj + aib;- — a;bi - ajbg) = b;(a; + pa;) — bi(a; + ,ua;),
for some scalar p. It follows that the tangent line to I' at ¢ is contained in G(1,n). The

argument being reversible, we finish the proof. O

The scrolls R C P™ we consider most of the time have at worst non-normal nodal singu-
larities x € R, corresponding to the case |¢~!(x)| = 2. The tangent cone of R at z is isomorphic
to the union of two 2-planes in P* meeting in one point. According to Proposition to each
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such singularity corresponds a line in the Pliicker embedding of G(1,n) meeting I'g in two
distinct points.

Suppose now that R C X C P° is a rational scroll with isolated nodal singularities
contained in a cubic fourfold. Using the double point formula [Ful] 9.3 applied to the map
¢ : R’ — X, we find the number of singularities of R = ¢(R'):

(5) D(¢) = R* — 6h* — K% — 3h - KR + 2Xt0p(R).

When [X] € Cg6, assuming that A(X) = (h?,[R]), where h? - [R] = deg(R) = 7, nec-
essarily R? = 25. From formula , we compute D(¢) = 3, that is, if R has only (isolated)
improper nodes, then it is 3-nodal.

Before stating our next result, we recall that M (F(X),7) denotes the space of stable
maps f : € — F(X), from anodal curve C of genus zero such that deg(f*(Op(x)(1)) = 7. We

denote by M(F(X),7) the open sublocus consisting of maps with source P! and denote by
M7(X) the closure of Mo (F(X),7) inside My (F(X),7).

Corollary 2.4. Let [X| € Cog a general special fourfold of discriminant 26 and [S, H| € Fog its
associated K3 surface. Then there is an isomorphism S = M7(X).

Proof. Using the identification SI? = F(X), we define the map j : S — M7(X), by setting
Jj(p) == A, C F(X). All points in the image of j consist of embedded smooth rational curves
P! = A, and we identify A, with the corresponding map P' — F(X). In a neighborhood of
this map, the moduli space My(F(X),7) is locally isomorphic to the Hilbert scheme of septic
rational curves on F'(X).

The tangent space of M7(X) at the point [A,] is canonically isomorphic to H(Na /p(x))-
Using the following exact sequence on A, = P!

0— NAP/A — NAP/F(X) — OAP(A> — 0,

since Na,/a = Ofi and Oa,(A) = Oa,(—1), we compute Np /r(x) = Ofi ® Op,(—1). It
follows that H!(A,, N, A,/F(x)) = 0, hence the obstruction space for deformations vanishes
and
dim T[Ap] (mo(F(X), 7) = hO(Ap, NAP/F(X)) = 2.

We conclude that [A,] is a smooth point of expected dimension of M7(X), for every p € S.

Furthermore, j is injective, because for distinct points p,q € S, since A, N A, = 0,
the associated scrolls R, and R, share no rulings. We finally observe that j is an immersion.
Indeed, for each p € S, we have the identification A, = P (TP(S) ®T,(S)/ Tp(S)) , the quotient
being given by the diagonal embedding. Thus the differential dj(p) is essentially the identity

~

map, via the identification P(Ts) = s P(Na,/a)- Since according to Proposition we
have that M (F(X),7) € Im(j), we can conclude the proof.

3. NODAL SEPTIC SCROLLS AND CUBIC FOURFOLDS

In this section we study in more detail the moduli space $s.. of 3-nodal septic scrolls
that will be used to parametrize the universal K3 surface of degree 26. We fix once and for all
the smooth septic scroll

R = 5374 — PS,
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given as the image of the map ¢33 on the Hirzebruch surface F; = Bl,(P?). We denote by
h : R’ — P! the map induced by the linear system |¢ — E|. The fibres of h are pairwise disjoint
lines in P®. Equivalently, we consider the vector bundle on P*
and then R’ = P(G). One has the canonical identification between space of sections:
H°(R',Op/(1)) = H°(P(G), Op(g)(1)) = H°(P',G).

Later, when computing the dimension of the parameter space of 3-nodal septic scrolls,

we shall make use of the basic fact
dim Aut(R’) = dim Aut(F;) = 6.

Every smooth septic scroll in P® is obtained from R’ by applying a linear transformation of
P®. In particular, the Hilbert scheme of septic scrolls in P® has dimension equal to

dim PGL(9) — dim Aut(R’) = 80 — 6 = 74.

Using coordinates in P8, if Pz?;o7.-.,y3 C P8 is the linear span of the twisted cubic E cor-
responding to the exceptional divisor on F; and Pj‘co C P8 is the linear span of a rational

quartic curve linearly equivalent to ¢, then the ideal of R’ in P8 is given by the following
determinantal condition, see for instance [Hal] Lecture 9:

rk<9€0 r1 T2 T3 Yo Y1 yz>§1'
T1 T2 T3 T4 Y1 Y2 Y3

yeees T4

The secant variety Sec(R’) C P® is also determinantal, with equations given by the 3 x 3
minors of the following 1-generic matrix:

To T1 X2 Yo WY1
rk |z 22 23 y1 yo | <2
T2 T3 T4 Y2 Y3
It follows from [CJ] Lemma 3.1 that, as expected, Sec(R’) is 5-dimensional. Furthermore,
applying e.g. [Ei] Corollary 3.3, it follows that the singular locus of Sec(R’) coincides with the
scroll R'.

Lemma 3.1. Let a1,a2,a3 € Sec(R') be general points and set A := (a1,a2,a3) € G(2,8). The
image R of the projection m : R' — P° with center A has three non-normal nodes corresponding to the
three bisecant lines passing through a1, as and as and no further singularities.

Proof. The chosen points aj, az, a3 can be assumed to lie in Sec(R') — (R’ U Tan(R')). Since
dim Sec(R’) = 5, by using the Trisecant lemma, see for instance [CC|] Proposition 2.6, it follows
that the scheme-theoretic intersection of Sec(R’) with A consists only of the points a1, as, as.
In particular, A N R’ = (), hence the projection 7 = my : R’ — R is a regular morphism.
Furthermore, each point a; lies on a unique bisecant line (x;, y;), where x; and y; are distinct
points of R/, fori = 1,2, 3.

Suppose now that for z,y € R/, one has n(z) = =n(y). This happens if and only if
(z,y) N A # 0, hence 0 # (z,y) N A C {a1,a2,a3} and then necessarily {z,y} = {x;,v;}, for
i € {1,2,3}. Since ANTan(R') = (, it follows that the differential of 7 is everywhere injective.
To summarize, the only singularities of R are the three non-normal nodes 7(z;) = 7(y;), for
i=1,2,3. O
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We now fix a general projection 7 = 7 : R — P° as in Lemma We denote by
pi the three singularities of the image scroll R. The map 7, is defined by the 6-dimensional
subspace V := HO(P®, Zyps(1)) of H°(P',G). To give A amounts to specifying V C H°(P', G).
Since AN R’ = 0, it follows that the evaluation map evy : V @ Op1 — @ is surjective. Hence
evy defines a morphism

f:Pl = G(1,5).
This map is induced by the ruling of the image scroll R, thatis, fr = f is the map given by
fr(t) = [r(h71(t))], for t € P'. Set 'p := Im(fr).

Proposition 3.2. For a general choice of the 3-secant plane A to Sec(R'), the following hold:

(i) dim(py,p2,p3) = 2.
(i) (p1,p2,p3) N R = {p1,p2,p3}.

Proof. 1t suffices to consider a codimension 2 general linear section Z C R’ C P®. Then Z
is a smooth 0-dimensional scheme supported at seven distinct points 1, y1, 2, ¥2, T3, y3 and
z, spanning a 6-dimensional linear space in P%. In particular, z does not lie in the 5-plane
spanned by the points {z;,v;}7_, and no line intersecting the lines (z1,y1), (z2,¥2), (z3,y3)
exists. Pick general points a; € (z;,y;), for i = 1,2, 3. Then the projection 7, defined by the
plane A = (ay, as, a3) satisfies both conditions (i) and (ii). O

For a projection 7, satisfying the assumptions of Lemma the map fr : P — G(1,5)
is an embedding, for A intesects no ruling of R’. We record the conclusion of Proposition
for a scroll R as above:

Proposition 3.3. The rational curve I'r C G(1,5) admits three secant lines that lie in G(1,5).
Conversely, a rational septic curve I' C G(1,5) having three secant lines lying in G(1,5) is the curve
of rulings of a 3-nodal septic scroll in P°.

We establish a couple of properties concerning the linear system of cubic fourfolds con-
taining a 3-nodal septic scroll:

Proposition 3.4. The following statements hold for a general 3-nodal septic scroll R C P°:
(i) dim|Zp/ps(3)] =12 and (i) H'(P°,Zgps(3)) = 0.

Proof. Recall that R is the image of a projection 7 = 75 : R’ — R with center A, and denote by
p1,p2,p3 € R the three (non-normal) singularities of R and by {z;,y;} = 7~ 1(p;), fori = 1,2, 3.
By Proposition the points p1, po and p3 are in general linear position in P? and thus impose
independent conditions on cubic hypersurfaces, that is, H!(P°, Ling(r)p3(3)) = 0.

By passing to cohomology in the short exact sequence

we write the following exact sequence:
0 — H(Zp/ps(3)) — H (Tsing(ry /w5 (3)) — H*(Tsing(ry/r(3)) — H' (T p5(3)) — 0.

Clearly h°(P®, Iy, () p5(3)) = (5) — 3 = 53. Furthermore, we have the following identifica-
tion of linear systems:

(6) ™ (}ISng(R)/R(?’)D = ‘Z{xhyl717271/275’73793}/R, (1% - 9E)‘
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The scroll [R] € $scr is obtained as a general projection like in Lemma In particular, the
points {z;,y;}?_, C R’ are general as well, hence impose independent conditions on the linear
system [12¢ — 9E| on R'. Using the identification (6), we compute:

K (R, Ising(ry/r(3)) = h(R', O/ (120 — 9E)) — 6 = h(P?, 0p2(12)) — <120> — 6 = 40.

Therefore h°(P°, Zy ps(3)) = 13 if and only if h' (P® Zp ps(3)) = 0. This last statement can
be proved via a simple Macaulay calculation by choosing the points a1, a2, a3 randomly in the
variety Sec(R') whose equations have been given explicitly. O

Remark 3.5. It is possible to realize the rational curve I' inside the linear system |Or(1)| as
follows. Recall that we have denoted by ¢ : F; — P® the embedding whose image is the
smooth scroll R'. In |4¢ — 3E| = P%, we consider the space of reducible hyperplane sections:

{A’+L’ A€ |3¢—2E|, L' € w—E\}.

Note that L' is a ruling of R/, whereas A’ C P® is a sextic with (A’) = P® and with L' - A’ = 1.
In the linear system |3/ — 2F| there exists a unique sextic A) such that A C (Al)) C P8. The
curve A, corresponds to the unique curve in the linear system

’I{xl WY1,22,Y2,23,y3} /R’ (35 - ZE) ‘

on R'. Indeed, z;,y; € Aj, therefore a; € (z;,y;) C (A[), for i = 1,2,3. It then follows that
A = (a1,a2,a3) C (Al). The projection Ag := 7(A)) C P° is a sextic curve on R passing
through the nodes p1, p2, p3s. One identifies I'r with Aj via the map L — L - Ay.

We denote by Hs., the Hilbert scheme of 3-nodal septic scrolls in R C P° and set
Hser = rHscr/PGL((s)
We regard §)s.; as the coarse moduli space of 3-nodal septic scrolls.

Proposition 3.6. The parameter space g, is birationally isomorphic to Sym?(Sec(R'))/Aut(R').
In particular, $sc, is a unirational 9-dimensional variety.

Proof. We identify Aut(R') with the group consisting of linear automorphisms ¢ € PGL(9)
such that o(R') = R'. Every o0 € Aut(R’) clearly invariates Sec(R’). Since Sing(Sec(R')) = R/,
conversely, every automorphism o € PGL(9) invariating Sec(R') belongs actually to Aut(R’).
One has a birational action of Aut(R’) on Sym?® (Sec(R')) given by
o(a,az,a) := (o(a1),0(az), 0(as)),
for o € Aut(R’) and a1, a2, az € Sec(R'). We can now define a birational morphism
¥ : Sym®(Sec(R')) /Aut(R') --» Hser, by setting

A := {a1,as,a3) — 7o (R') mod PGL(6),
where 75 : P? --» P? is a projection of center A. The assignment is clearly Aut(R’)-invariant,
hence ¥ is well-defined. Applying Lemma 3.1, we obtain that +J is a birational isomorphism.
The secant variety Sec(R’) being a P!-bundle over the rational variety Sym?(R’) is uni-
rational. This implies that Sym3 (SeC(R/ )) and thus $)¢.; are unirational as well. O
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Over the Hilbert scheme H., we consider the universal family of scrolls:
Hscr (P_l yscr L) P5'

We introduce the incidence correspondence between cubic fourfolds of discriminant 26
and nodal septic scrolls in P°:

0ps (3)] —— X :zP((pl)*(Iyscr P pgops(:s))) s He

The group PGL(6) acts on the entire diagram. By quotienting out this action, if we set X :=
X /PGL(6), we obtain two projections:

T T2
626 X fJscr

The 21-dimensional variety X being a P'?-bundle over the unirational variety $. is
unirational as well. A general scroll [R] € $)s. has precisely 3 non-normal nodes. Checking
that a general cubic fourfold X O R is smooth, reduces to a standard Macaulay calculation.
Applying (), we obtain that the lattice A(X) contains a 2-dimensional lattice (h?, [R]) of dis-
criminant 26, therefore the map 7; is well-defined. Propositionimplies dim 7 H([X]) < 2,
for all [X] € Cq6, hence X dominates Ca6. In fact one can prove something more precise and
establish in the process Theorem

Theorem 3.7. The incidence correspondence X is birational to the universal K3 surface F4 1.

Proof. We define a map 0 : X — Fy4,1 as follows. We start with a pair [X, R] € X and denote
by fr : P! — F(X) the rational curve of rulings described in Proposition Denoting by
(S, H] := ¢~ ([X]) € Fi4 the polarized K3 surface provided by the identification (3), applying
Proposition 2.1} there exists a uniquely determined point p € S such that A, = I'r.

The map 0 is clearly generically injective. Since both X and F74,1 are irreducible varieties
of the same dimension 21, it follows that 6 is birational. In particular, in the isomorphism
S = M7(X) constructed in Corollary the general point on both sides corresponds to a
septic scroll R C X which is 3-nodal and has no further singularities. O

4. THE RATIONALITY OF .7:1471

In this section, using in an essential way the characterization given in Proposition
of the rational curves I'r of rulings of 3-nodal scrolls R C P°, we show that the universal K3
surface of genus 14 is rational.

We begin by recalling the structure of the moduli space of curves of genus 8. Consider
the Grassmannian G(1,5) C P in its Pliicker embedding. Denote by

2
M = G<7, P(/\ CG))/PGL((s)
the space of codimension 7 linear sections of G(1,5). Mukai [M6] has shown that the map
Mg --+ Ms,

sending a general 7-plane [P(V) — P'] € M to the intersection [G(1,5) - P(V)] € My
viewed as a canonical curve of genus 8, is a birational isomorphism. For more details on how
to extend Mukai’s isomorphism over parts of the boundary of Ms, see also [FV2].

Recall that we introduced in Section 3 the smooth septic scroll R' = F; C P8, then
considered a singular scroll R C P?, defined as the image of a linear projection 7, : R’ — P?
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whose center is a general plane A C P®, which is 3-secant to Sec(R’). We denote by p1,p2, p3
the three nodes of Rand {z;,v;} = 7~ (p;). As explained in the Introduction, P; C P° denotes
the 2-plane spanned by the rulings of R passing through p;, for ¢ = 1,2, 3. The line

L; € G(1,5) C P¥

parametrizes the lines in the plane P; passing through the point p;. If I' = I'r C G(1, 5) is the
curve of rulings associated to R introduced in Proposition then L; meets I' in two distinct
points. We keep this notation throughout this section.

Due to the results of the previous section, our strategy is now to describe the family
U C Hom(P!, G(1,5))

of smooth rational septic curves I'r C G(1,5) carrying three bisecant lines contained in
G(1,5). From Proposition it follows that U/ is birational to the Hilbert scheme Hg. of
3-nodal septic scrolls in P5. Then we show that the quotient ¢//PGL(6) is rational. Since
U/PGL(6) is birational to $s.; and, as proven in Theorem the universal K3 surface of
genus 14 is a P'2-bundle over g, its rationality will follow.

The nodal curve I' + L; + Ly + L3 C (I') - G(1,5) has arithmetic genus 3. It follows
from Mukai’s work [M1] that the intersection (I') - G(1,5) is a canonical curve of genus 8§,
provided (i) it is proper and reduced and (ii) dim (I") = 7. Using the surjectivity of the period
map for polarized K3 surfaces of genus 8, we shall show that both assumptions (i) and (ii) are
satisfied. Granting both (i) and (ii) for the moment, we consider the canonically embedded
curve in (I') = P7, pictured also below:

(7) C:=(I)-G(1,5)=Q+T+ Ly + L2+ Ls.

FIGURE 1. The canonical curve C =T1'+ Q + L1 + Lo + Ls.

Bertini’s Theorem implies that a general 8-dimensional space (I') C P® C P4 cuts out
on G(1,5) a smooth 2-dimensional linear section 7, see also [Vell], Propositions 3.2 and 3.3.
By the adjunction formula, 7' — P® is a smooth K3 surface (of genus 8) polarized by Or(C).
We now describe the Picard lattice of T

Lemma 4.1. One has the following intersection products on T':

Q*=-2,Q-T=3, Q- Li=1, T-L;=2, L;-L; = —25;, fori,j=1,2,3.
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Proof. The generality assumptions ensure that L; and L; are disjoint lines, for i # j. Else, if
L;NL; # 0, then (p;, p;) C P;N P; C P°. It follows that the four rulings of R’ passing through
the points z;, y;, 7, y; respectively, span a 6-dimensional space in P®, which is impossible for

PO (R, Or (1)(~4(t ~ E))) = K(R', O (E)) = 1,

where recall that ¢, E' € Pic(R') denote the line class and the exceptional divisor respectively.
This implies that there exists a unique hyperplane in P8 containing the four rulings, therefore
they must span a 7-dimensional linear space.

Since L? = —2, by intersecting @ with L;, we obtain @) - L; = 1. Furthermore 7 =1"- C'
and since I'? = —2, we obtain I'-Q = 3. Finally, C-Q = deg(Q) = 4, therefore Q?>+T-Q+3 = 4,
implying Q% = —2 and thus finishing the proof. O

In particular Q C (T) = P8 is a reduced, connected quartic curve of arithmetic genus
zero. Since C — Q = T' + Ly + Ls + L3, we obtain h%(T, O7(C — Q)) = 4. The next lemma
summarizes the situation.

Lemma 4.2. The span (Q) is 4-dimensional and Q) is a connected nodal quartic curve with pe(Q) = 0.

In fact, we shall construct a K3 surface T, such that the curve () described in Lemma
is actually smooth.

To establish the validity of the assumptions (i) and (ii) and thus the existence of the
special K3 surface T', we use Hodge theory. We consider the following sublattice

(8) L:=7-Q&Z -T)®Z- [L1]|SZ- L] ®Z-[L3]

generated by the (—2) classes corresponding to @,I', L1, Ly and L3 respectively, and with
intersection pairing as given in Lemma We invoke the surjectivity of the period map for
K3 surfaces. The rank 5 lattice L is even and has signature (1,4). Applying [Mo] Corollary
2.9, there exists a smooth K3 surface 7', such that Pic(7") = L. We define the following class
onT
C::F+Q+L1—|—L2+L3.

The genus zero curves I', ), L1, Lo, L3 C T cannot have multiple components, for that would
make Pic(7') larger than L, therefore they are all smooth, rational curves on T

Lemma 4.3. The linear system |Or(C')| is very ample.

Proof. We use Reider’s Theorem [R], which, in the case of K3 surfaces, had been proven before
in [SD]. It suffices to show that there exists no curve £ on T with E? = 0and E - C € {1,2},
nor a curve F on T with F2 = —2and F - C = 0. We prove the first statement, the second
follows similarly. Assuming there is such a curve E, we express it as an integral combination
E = aT' + yQ + z1L1 + 2z2Ly + z3L3 of the generators of Pic(T"). If C'- E = 1, we obtain

—152% — 122y — 5y* + 2z +y = 2} + 25 + 23.
By comparing the signs of the two sides, one concludes that this equation has no integral
solutions. The case C' - E = 2 is similar. Finally, if F = 2" + yQ + 21L1 + 22L2 + 23L3 is a
(—2)-curve with C' - F' = 0, we obtain
—152% — 122y — 5y + 1 = 27 + 25 + z§7

which implies * = y = 0 and, say 22 = 23 = 0 and then 2y = 1. Thus F' = Ly, but C - L; =1,
hence this case does not appear. We conclude that C'is very ample. O
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We show that the K3 surface T' constructed in Lemma [4.3]is a linear section of G(1,5).
In particular, Mukai’s results [M6] will apply for its hyperplane section C'

Proposition 4.4. The K3 surface T carries a globally generated rank two vector bundle T' with
det(T') = Or(C), providing an embedding T' — G(1,5) such that

(T)-G(1,5) = S.

Proof. We use [M7] and need to show that the polarized K3 surface (T, Or(C)) is Brill-Noether
general, that is, for all pairs of line bundles M, N on T such that M ® N = Or(C), one has
hO(T, M) - h°(T,N) < h°(T,C). Under these circumstances, it is shown in loc.cit. that T
carries a rigid, globally generated, stable rank 2 vector bundle E with h%(T, E) = 6 and
det(E) = Or(C), inducing a map ¢r : T — G(1,5). Reasoning along the lines of [M7]
Theorem 3.10, the K3 surface 7' is then a linear section of G(1,5) in its Pliicker embedding,
thatis, ' = G(1,5) - (T).

To establish the Brill-Noether generality of (7', O7(C')), we use for instance [GLT] Lemma
2.8. It suffices to show that in the lattice L there exists no vector D such that D? = 2 and
D - C € {7,6}, nor is there a vector D with D> =0and D - C < 4.

We treat in detail only the first case, the remaining ones being similar. We write
D=zl + yQ + ZlLl + 22L2 + Zng.

The conditions D? = 2 and D - C = 7 translate into the equalities 21 + 22 + 23 + 72 + 4y = 7
and —1522 — 5y? — 12zy + 14z + Ty + 1 = 27 + 22 + 22 > 0. It is elementary to see that there
are no integral solutions. O

Using Proposition we conclude that the intersection (7) corresponding to a general
curve I'r € U corresponds to a semistable canonical curve of genus 8.

It will be useful to have a criterion for determining when the curve I' spans a space of
maximal possible dimension in the Pliicker space P!* O G(1,5). To that end, recall that the
Pliicker embedding of the dual Grassmannian G(1,5)" = G(3,5) < (P') v assigns to a point
p € G(1,5)" corresponding to a 3-plane P;’) C P the Schubert cycle

op={0€G(1,5) : {NP) #D}.
Note that dim(I') + 1 = codim(T')*. Setting
WHT) == G(3,5)N({I)" = {pe G(3,5): T C o},
for dimension reasons, the next lemma follows immediately:

Lemma 4.5. Assume W(T') is finite. Then dim(I") = 7.

Keeping the previous notation, let fz : P! — G(1,5) be a sufficiently general element
of U and set again I = I'p. Then under the assumption R’ = S5 4, we can prove that:

Theorem 4.6. The set W(T') is finite. In particular diim(T') = 7 and T is a rational normal septic
curve.

Proof. 1f p € W(T'), then P} contains an integral curve intersecting each line of R. Its strict
transform by 7, : R" — R is an integral section A of the ruled surface R’. Set d := deg(A),
hence A = (d — 3)( — (d — 4)E € Pic(F;). Clearly (A) C w;l(Pg), implying dim (A4) < 6.
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LetI4 := |H — A| be the linear system of hyperplanes in P® containing the curve A C R/.
By direct calculation, we find dim(I4) =dim|H — A| =7 —d > 1 and dim |[A]| = 2d — 6. It
follows that 3 < d < 6. Recalling that V = H°(P%,Z, sps (1)), the condition

dim(PV N14) > 1

is equivalent to the condition that the curve 7, (A) be contained in a 3-space P3. For 3 < d < 6

let G(7 — d, |H|) denote the Grassmannian of (7 — d)-subspaces of |H| = P® and introduce the
(2d — 6)-dimensional variety

Sy = {IA/ €G(T—d,|H|): A €|(d—3)f - (d—4)E|}.
For an integer k£ > 1, we consider the Schubert cycle
of = {I € G(7—d,|H|) : dim(PV NI) > k}.

The cycle o}, - Sy is finite for k = 1 and empty for k > 2, provided the intersection is proper.
By Kleiman’s transversality of a general translate this is true for a general translate of o%;
in G(d — 7,|H]|), that is, for a general choice of A (or equivalently, of V). Hence W(I') is
finite. O

Remark 4.7. The theorem above fails for rational septic scrolls in P® containing sections of
degree d < 2, that is, for the scrolls S, 7—,, where a # 3.

We turn to the smooth residual rational curve Q C G(1,5) defined by (7). Let
RoCP°
be the quartic scroll whose rulings are parametrized by the curve Q.
Lemma 4.8. R is a non-degenerate smooth rational normal scroll in P5.

Proof. First, observe that R¢ cannot be a cone. Let us assume Ry is a cone of vertex v € P°.
Then (Q) = P* C G(1,5) parametrizes the lines passing through v. This is a contradiction
because (Q) C (T') - G(1,5) = C. Now assume that Ry, is contained in a hyperplane H C P°.
Then @ is contained in the Grassmannian Gy := G(1,H) C G(1,5) of lines of H. Since
Kg,, = Og,(—5), we observe that, by adjunction, the curvilinear sections of G are curves
of arithmetic genus 1. Because of this fact and since deg(Gy) = 5, it follows that

where L is a bisecant line to (). But the only line components in C' are L1, Lo, L3 and none of
them is bisecant to ). Via Proposition the same argument shows that the scroll Ry has no
incident rulings, therefore R is smooth. 0

Lemma 4.9. The scroll Rq contains no other lines except the ruling parametrized by Q.

Proof. Assume R contains a line ¢y not parametrized by a point of (). We prove that this
implies that W!(I') is not finite, thus contradicting Theorem Consider the family G of
codimension 1 Schubert cycles o, defined by a 3-space Pz D ly. Note that G = G(1,3). We
have G C (Q)*. Since (Q) C (T'), we also have (I')* C (Q)*. Counting dimensions it follows
dim(G N ()1) > 1, which implies that W(T') is not finite. O

There are two types of smooth quartic scrolls in P?, namely 1 3 = P(Op1(1) & Op:1(3))
and Sz = P(Op1(2) ® Op1(2)). The latter case is characterized by the property that every
line contained in the scroll is a ruling. Lemma 4.9|implies the following:
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Theorem 4.10. Let I' C G(1,5) be a smooth septic rational curve corresponding to a general element
of U and Q C G(1,5) the residual quartic curve. Then R is isomorphic to So .

To summarize, to a general rational curve I' = I'r € U, we associated the quartic scroll
Rg, equipped with three rulings /1, >, {3 corresponding to the points L; - Q € G(1,5), for
i = 1,2, 3. Each ruling ¢; passes through the node p; of the scroll R and is contained in the
2-plane P; whose existence is established in Proposition 3.3}

To prove the rationality of s, and thus that Fi4 1, we reverse this construction. We
denote by V the variety classifying elements (Rq, p1,p2,p3), where Rg C P® is a smooth
quartic scroll isomorphic to Sz 2 and p; € Rg fori = 1,2, 3.

Lemma 4.11. The PG L(6)-stabilizer of a general point (Rq, p1,p2,p3) € V is trivial. In particular,
PGL(6) acts transitively on V.

Proof. The automorphism group of Sz 2 = Fy is the semidirect product of PGL(2) x PGL(2)
with Z/27. The last factor corresponds to the automorphism u € Aut(Fy) permuting the two
factors. In particular, Aut(S;2) is 6-dimensional. This implies that the space V has dimension

dim PGL(6) — dim Aut(S22) + 3dim(Rg) = 35 = dim PGL(6).
Choose general points p; = (a;, b;) € Fy = Sa 2, with a; # b;, for i = 1,2,3. Up to the action
of u € Aut(Fy), the stabilizer Stab pg1,(6)(Rg, p1, P2, p3) corresponds to pairs of automorphism
(0'1,0'2) c PGL(Q) X PGL(2), such that 0‘1((1@') = a; and O'2(b@') = b;. Thus o1 = 09 = 1. The
points p; not lying on the diagonal of Fy, the automorphism u does not fix any of them, thus

the stabilizer in question is trivial. Since V and PGL(6) have the same dimension, this also
implies the trasitivity of the PGL(6)-action on V, as claimed. O

We can thus start by fixing once and for all the quartic scroll Rg. Precisely, we embed
the surface Fy := P! x P! in P° via the linear system |Of, (1,2)| and denote by

Ry C P
the image quartic scroll. The rulings on Ry are the elements of the linear system |Of, (0, 1)|.
Let Qo C G(1,5) be the curve of rulings of Ry. We then fix three points in Fy, for instance
op:=([1:0],[0:1]), op:= ([0:1],[1:0]) and o3 := ([1:1],[-1: —1]),
which we identify with their images in Ry. As explained in Lemma the stabilizer sub-

group G of PGL(6) fixing both R as well as the set {01, 02, 03} is isomorphic to the subgroup
of PGL(2) x PGL(2) fixing the set {01, 02, 03}. Therefore G = G3.

For i = 1,2, 3, we denote by ¢; the ruling of Ry passing through the point o;. Then, let P?
be the projective space consisting of 2-planes I1; C P° containing the line ¢;. Giving a plane I1;
is equivalent to specifying a line L; C G(1, 5) in the Pliicker embedding of the Grassmannian.
Note that L; meets @y transversally at precisely one point, namely ¢; € G(1,5).

We introduce a rational map

#: P} x P3 x P3/63 --> Heer
defined as follows. To a triple of planes (II;, I, II3), we attach the lines Ly, Lo, L3 C G(1,5).
Since Qo C G(1,5) is a smooth rational quartic curve, in the Pliicker embedding we have that
(Qo) = P*. Attaching one general 1-secant line to Q) increases the dimension of the linear
span of the union by one, therefore by attaching three general 1-secant lines, we have

(Qo+ Ly + Lo+ Lg) = P7 C P,
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We write

(Qo+ L1+ Lo+ L3)-G(1,5) = Qo+ L1 + Lo + Ly + T,
where I' is a degree 7 curve. Applying Lemma it follows that I" is a rational curve and
I'-L; = 2,fori = 1,2,3. We denote by ¢; and ¢ the intersection points L;-I'. From Proposition
it follows that that the scroll R := Rr induced by I' is 3-nodal, with nodes given by the
intersection ¢; N ¢/ taken in the 2-plane II;. We set

»(I; + Iy 4+ 1I3) := [R].
We conclude the proof of the rationality of the Hilbert scheme of 3-nodal scrolls in P:

Proof of Theorem We first observe that s is well-defined. To that end, we choose the
polarized K3 surface (T, Or(C)) constructed in Propositions and and we keep the
notation used there. Applying Theorem the residual quartic rational curve @ C G(1,5)
parametrizes the rulings of a quartic scroll Ry C P?, which is isomorphic to Sa 5. Applying
Lemma there exists a unique automorphisms o € PGL(6) such that o(Rg) = Ry and
O’(pi) = 0;, fori = 1, 2, 3. Set U(PZ) = Hi € P? and then %(Hl + Hg + H3) = [RF]

To finish the proof it suffices to observe that s is generically injective. A general septic
curve I' € U corresponding to a 3-nodal septic scroll [Rr| € $)gr has precisely 3 bisecant lines
lying in G(1,5). Giving I' determines its linear span (I'), hence the set {L1, Lo, L3} as well. [
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We denote by F,, the universal n-pointed K3 surface of genus g. Thus F,, is an
irreducible variety of dimension 19 + 2n. Similarly, one can consider the universal Hilbert
scheme of 0-dimensional cycles of length n, that is, u™ fg[n] — F4. We also introduce the
notation Cy,, := M, /&,, for the degree n universal symmetric product over M,, where the
symmetric group &,, acts by permuting the marked points.

The aim of this short last section is to point out how Mukai’s results determine the

birational type of F,,, and that of }}g"] for small g, and thus put our Theorem better into
context:

Theorem 5.1. The following results on the Kodaira dimension of Fg,, hold:

() Fy,g+1 is unirational for g < 10.

]

(ii) Fi1,1 is unirational. The Kodaira dimension of both Fi1 11 and .7-'1[111 equals 19.

Proof. For g < 5, the general K3 surface of genus g is a complete intersection in a projective
space and the result follows easily. For details, see the table after Theorem 1.10 in [M7].

For 6 < g <10, Mukai [M1] has constructed a rational homogeneous variety V;, C PNy,
where Ny = g + dim(V}) — 2, such that the general K3 surface of genus g is obtained as
a general linear section S = V, N A,, where A, C P"s is a g-dimensional plane, with the
polarization being the one induced by Opn,(1). Moreover, one has the following birational
isomorphism, see [M1] Corollary 0.3:

Fg -=> G(g, Ny)/Aut(Vy).
These results imply the existence of a dominant map x, : VJ ™ --» F, 411 given by

X(mla s a$g+1) = [Vg N <l‘1, . 'axg+1>ax1a s 7xg+1]-

This proves that 7, ;11 (and hence F,,, for n < g + 1) is unirational in this range.
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For g = 11, we use [M8], where it is shown that a general curve [C] € M;j; lies on
a unique K3 surface C C S as a hyperplane section, with Pic(S) = Z - C. This implies the
existence of a rational map x,, : Mi1, --+ Fi1,, defined by

Xn([Cyz1,. .. xn]) =[S, 21, .., 2p].

The map x,, is dominant for n < 11 and a birational isomorphism for n = 11. Indeed, in
H
this last case, given an embedded K3 surface S |<—>| P! and general points z1,...,z11 € 5,

the hyperplane (z1,...,211) = P9 cuts out a canonical genus 11 curve C on S, which comes
equipped with the marked points x1,...,z11. By quotienting the action of the symmetric
group &1, the map x11 induces a birational isomorphism between the universal symmetric

product Cq1,11 and ]-"1[111}. Now we use [EV1] Theorem 0.5. Both varieties M1 11 and Ci1,11
have Kodaira dimension 19, hence we conclude.

We now pass on to the universal K3 surface F11,1. To that end we define a rational map
v Mioz -+ Fi1,1,

associating to a 2-pointed curve [C,p1,p2] € Mgz, the unique K3 surface S of genus 11
containing the curve [X := C/p; ~ po] obtained from C by identifying p; and p2. To show
that ¢ is well-defined, that is, Mukai’s construction [M8] can be also carried out for the 1-
nodal curve [X] € My, we use [CLM]| Proposition 4.4. Observe that the K3 surface S has a
distinguished point corresponding to the image of the singularity of X. The map ¢ is clearly
dominant, for in each linear system on a K3 surface, the 1-nodal curves fill-up a divisor. The
unirationality of 11,1 now follows from that of M2, which can be established in a variety
of ways, see for instance [BCF] Theorem B.

O

Remark 5.2. It is claimed incorrectly in [L] Table 3, that My, is unirational for n < 10.
The argument sketched in loc.cit. only establishes the uniruledness of M1y, when n < 10,
precisely using the map x,, : Mi1,, — Fi1,,, which is birationally a P!'="_bundle. But this ar-
gument alone offers no indications concerning the birational nature of the base variety Fi1 .
One can establish partial results on the birational nature of 71 ,, for n < 10. For instance,

it is shown in [Vel] that the universal product Ci; ¢ is unirational, which implies that Fl[?] is
unirational as well.

Remark 5.3. Mukai [M4] gives an explicit orbit space realization over a projective space for
the universal K3 surface 713 1. The unirationality of 713 thus follows. Presumably, a similar
argument works for genus 12, when Fi5 is known to be birational to a P'3-bundle over the
rational moduli space M F2; of Fano 3-folds Vay C P13, see again [M1].

Remark 5.4. Since u : F,;1 — Fg4 is a morphism fibred in Calabi-Yau varieties, by litaka’s
easy addition formula x(F,1) < dim(F,) = 19, in particular, 7, is never of general type.
Furthermore, by [K]], we also write x(F,,1) > x(Fg). In particular, when F, is of general type,
then x(Fy1) = 19.

REFERENCES

[BCF] E. Ballico, G. Casnati and C. Fontanari, On the birational geometry of moduli spaces of pointed curves, Forum
Math. 21 (2009), 935-950.

[BM]  A.Bayer and E. Macri, MMP for moduli of sheaves on K 3s via wall-crossing: nef and movable cones, Lagrangian
fibrations, Inventiones Mathematicae 198 (2014), 505-590.



THE UNIVERSAL K3 SURFACE OF GENUS 14 VIA CUBIC FOURFOLDS 19

A. Beauville and R. Donagi, La variété des droites d'une hypersurface cubique de dimension 4, C.R. Acad. Sci.
Paris Ser I Math, 301 (1985), 703-706.

M. Bolognesi and F. Russo, Some loci of rational cubic fourfolds, arXiv:1504.05863.

M. Catalano-Johnson, Possible dimensions of higher secant varieties, American Journal of Mathematics 118
(1996), 355-361.

C. Ciliberto, A. Lopez and R. Miranda, Projective degenerations of K3 Surfaces, Gaussian maps, and Fano
threefolds, Inventiones Mathematicae 114, (1993) 641-667.

L. Chiantini and C. Ciliberto, Weakly deffective varieties, Transactions of the American Mathematical Society
354 (2001), 151-178.

L. Dolgachev, Classical algebraic geometry: a modern view, Cambridge University Press 2013.

D. Eisenbud, Linear sections of determinantal varieties, American Journal of Mathematics 110 (1988), 541—
575.

G. Fano, Sulle forme cubiche dello spazio a cinque dimensioni contenenti rigate razionali del 4 ordine, Commen-
tarii Math. Helvetici 15 (1943), 71-80.

G. Farkas and A. Verra, The classification of universal Jacobians over the moduli space of curves, Commentarii
Math. Helvetici 88 (2013), 587-611.

G. Farkas and A. Verra, The geometry of the moduli space of odd spin curves, Annals of Mathematics 180
(2014), 927-970.

W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete 2, Springer-Verlag,
Berlin 2nd edition 1998.

I. Gelfand, M. Kapranov and A. Zelevinsky, Discriminants, resultants and multidimensional determinants,
Birkh&duser 1994.

F. Greer, Z. Li and Z. Tian, Picard groups on moduli of K3 surfaces with Mukai models, International Mathe-
matical Research Notices Vol. 2015, No. 16, 7238-7257.

V. Gritsenko, K. Hulek and G.K. Sankaran, The Kodaira dimension of the moduli space of K3 surfaces, Inven-
tiones Mathematicae 169 (2007), 519-567.

J. Harris, Algebraic geometry: A first course, Graduate Texts in Mathematics Vol. 133, Springer-Verlag 1992.
B. Hassett, Special cubic fourfolds, Compositio Mathematica 120 (2000) 1-23.

B. Hassett, Some rational cubic fourfolds, Journal of Algebraic Geometry 8 (1999), 103-114.

B. Hassett and Y.Tschinkel, Intersection numbers of extremal rays on holomorphic symplectic varieties, Asian
Journal of Mathematics 14 (2010), 303-322.

B. Hassett and Y. Tschinkel, Rational curves on holomorphic symplectic fourfolds, Geometry and Functional
Analysis 11 (2001), 1201-1228.

Y. Kawamata, The Kodaira dimension of certain fibre spaces, Proc. Japan Academy, 5 (1979), 406—408.

K.-W. Lai, New cubic fourfolds with odd degree unirational parametrizations, arXiv:1606.03853.

A. Logan, The Kodaira dimension of moduli spaces of curves with marked points, American Journal of Mathe-
matics, 125 (2003), 105-138.

A. Mattuck, The field of multisymmetric functions, Proceedings of the American Mathematical Society 19
(1968), 764-765.

D. Morrison, On K3 surfaces with large Picard number, Inventiones Mathematicae 75 (1984), 105-121.

S. Mukai, Curves, K3 surfaces and Fano 3-folds of genus < 10, in: Algebraic Geometry and Commutative
Algebra in Honor of M. Nagata, 357-377, Kinokuniya, Tokyo, 1988.

S. Mukai, Curves and symmetric spaces II, Annals of Mathematics 172 (2010), 1539-1558.

S. Mukai, Polarized K3 surfaces of genus 18 and 20, in: Complex Projective Geometry, London Math. Soc.
Lecture Notes Series 179, 264-276, Cambridge University Press 1992.

S. Mukai, Polarised K3 surfaces of genus 13, in: Moduli Spaces and Arithmetic Geometry (Kyoto 2004),
Advanced Studies in Pure Mathematics 45, 315-326, 2006.

S. Mukai, K3 surfaces of genus 16, RIMS preprint 1743, 2012, available at http://www.kurims.kyoto-
u.ac.jp/preprint/file/RIMS1743.pdf.

S. Mukai, Curves and Grassmannians, in: Algebraic Geometry and Related Topics (1992), eds. J.-H. Yang, Y.
Namikawa, K. Ueno, 19-40.

S. Mukai, New developments in the theory of Fano threefolds: vector bundle method and moduli problems, trans-
lation of Sugaku 47 (1995), 125-144.

S. Mukai, Curves and K 3 surfaces of genus eleven, in: Moduli of vector bundles, Lecture Notes in Pure and
Applied Mathematics Vol. 179, Dekker (1996), 189-197.



20
[Nu]
[R]
[SD]
[TVA]
[Vel]

[Ve2]
[Vl

G. FARKAS AND A. VERRA

H. Nuer, Unirationality of moduli spaces of special cubic fourfolds and K3 surfaces, arXiv:1503.05256, to appear
in Algebraic Geometry.

L. Reider, Vector bundles of rank 2 and linear systems on algebraic surfaces, Annals of Mathematics 127(1988),
309-316.

B. Saint-Donat, Projective models of K 3 surfaces, American Journal of Mathematics 96 (1974), 602—-639.

S. Tanimoto and A. Varilly-Alvarado, Kodaira dimension of special cubic fourfolds, arxiv:1509.01562.

A. Verra, The unirationality of the moduli space of curves of genus 14 and lower, Compositio Mathematica 141
(2005), 1425-1444.

A. Verra, A short proof of the unirationality of As, Indagationes Math. 46 (1984), 339-355.

C. Voisin, Théoreme de Torelli pour les cubiques de P?, Inventiones Mathematicae 86 (1986), 577-601.

HUMBOLDT-UNIVERSITAT ZU BERLIN, INSTITUT FUR MATHEMATIK, UNTER DEN LINDEN 6
10099 BERLIN, GERMANY
E-mail address: farkas@math.hu-berlin.de

UNIVERSITA ROMA TRE, DIPARTIMENTO DI MATEMATICA, LARGO SAN LEONARDO MURIALDO
1-00146 RoMA, ITALY
E-mail address: verra@mat .uniroma3.it



	1. Introduction
	2. K3 surfaces and cubic fourfolds
	3. Nodal septic scrolls and cubic fourfolds
	4. The rationality of F14,1
	5. The unirationality of the universal K3 surface of genus at most 12
	References

