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Abstract We determine the Kodaira dimension of the Deligne-Mumford compactification
Diff, of the universal difference variety over the moduli space of curves.
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1 Introduction

For an algebraic curve C of genus g > 2, setting i := L%J, the difference map
oc :Ci x C; — PicO(C) defined by ¢c(D, E) := Oc(D — E),

is surjective, that is, C; — C; = Pic’(C). For even genus, ¢c is generically finite of degree
(21.'), see [2, Chapter V]. For odd genus g = 2i — 1, when the curve C is non-hyperelliptic,
the one degree lower difference variety C;_1 — C;_1 is a divisor of class (21_1'_—12)9’ where
0 € H?>(Pic®(C), Q) is the class of the theta divisor. This divisorial difference variety has
another incarnation via the results of [7] as the generalized theta divisor of the middle exterior
power of the normal bundle of C inside its Jacobian variety Pic®(C). If Qc is the rank g — 1

vector bundle on C defined via the exact sequence
0— Q¢ — H(C,Kc) ® Oc — K¢ — 0, (1)

then the following equality of cycles holds for any non-hyperelliptic curve C, see [7]:
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98 G. Farkas, A.Verra

i—1
Cic1 = Cim1 =0 i1 = [g e Pic’(C) : h° (c, )\ Qc ®.§) > 1] )

The difference map is thus a canonical resolution of singularities of ® A ocs in the same

way that the Abel-Jacobi map C,_; — Pic8 —1(C) provides a resolution of singularities of
the classical theta divisor of C. This suggests an alternative approach to Green’s Conjecture
[19] on the syzygies of a canonical curve of odd genus and maximal Clifford index. Green’s
Conjecture holds for such a curve C, if and only if the map

i—1 i—1
N\ H(C. Kc)Y — HO (C, A Qc)

induced by taking exterior powers and cohomology in the sequence (1) is an isomorphism, that
is, h°(C, N1 Q¢) = (;%,)- Onthe other hand, results from [15] link n°(C, A7 Qc)tothe
singularities of the theta divisor ® A oe which could open the way towards understanding
the syzygies of C in terms of the singularities of ¢c.

Motivated by this connection, our aim is to pose this problem variationally and the bira-
tional properties of the universal difference variety ’Diffg = My 2i/6; x &;; the two
copies of the symmetric group &; act by permuting the first and the last i marked points of
each 2i-pointed curve [C, x1, ..., x;, y1, ..., yi] respectively. The difference variety Diff,
is equipped with a surjective difference map diff : Diff, — ‘ﬁicg to the universal degree zero
Jacobian variety over Mg, as well as with an Abel-Jacobi map aj : Diff, — ‘Bic? . Note
than the universal Jacobian ‘ﬁicg, being a fibration in abelian varieties over My, is never of
maximal Kodaira dimension, precisely kod(&Bic‘;) < 3g — 3. Our main result concerns the
birational classification of Deligne—-Mumford compactification DTﬁg = ﬂg,z,- /6 x 6;:

Theorem 1.1 The universal difference variety Diff, is a variety of general type for g > 13.
The Kodaira dimension of Diffy is equal to zero and kod(Diff1,) > 33.

It is known that the Kodaira dimension of ﬂg,zi is negative for g < 9, so the same
conclusion holds for @Tﬁg in this range. Theorem 1.1 fits into a pattern of recent classification
results. It is shown in [9] that the Kodaira dimension of the degree g universal Jacobian variety
%icf, is equal to 3g — 3 for g > 12, to 19 for g = 11, whereas kod(%icig) = 0. This result
was extended to any degree d satisfying the condition gcd(2g —2,g 4+ 1 —d) = 1 in [3],
where it is shown that the Kodaira dimension of the degree d universal Jacobian ‘Bicg is
independent of d. In the paper [10], we proved that the universal theta divisor ¥h ¢ over the
moduli space of curves has general type for ¢ > 12 and is uniruled for g < 11.

The proof of Theorem 1.1 distinguishes between the cases when g is odd or even, and
uses in an essential way results from [7,9] in order to produce a big, effective representative
of the canonical class Kmiiffg' Precisely, if 7 : ﬂg,zi — Wﬁg is the quotient map, then the
Hurwitz formula implies that

7 (Kaigs, ) = Ky — S0uex = S0y € Pie(Mg20), 6)

where 8¢,y (respectively 8o.yy) is the boundary divisor class on ﬂg,zi corresponding to
curves having a rational tail containing precisely two marked points, both of the type x, and
xp (respectively y, and yp), where | < a < b < i. Since on one hand, at the level of rational
Picard groups, the map 7* : Pic(ﬁﬁg) — Pic(M, 2;) is injective and, on the other hand,
the sum of cotangent lines Z%’zl Y€ Pic(ﬂgg,-) descends to a big and nef line bundle on
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The universal difference variety over ﬂg 99

Wﬁg (essentially the same proof like that of Proposition 1.2 in [10]), in order to conclude that
@Tﬁg is of general type for a given g, it suffices to find a G; x &;-invariant effective divisor
Don ﬂg,gi such that 77 * (K,}Tﬁg) is an effective Q-combination of the class [D], the Hodge
class A, boundary divisors invariant under the action of &; x &; and a positive multiple of
Z?’: | ¥ In carrying this out, the choice of the divisor D is crucial. In odd genus, this role is
played by the fibrewise pull-back of the generalized theta divisor ® AN oe = Cio1—Ci
considered in Sect. 1 under the difference map diff : Diff, — ‘Bicg. Precisely, we define the
locus
i
Ug = 1[Cx1, o X Y1, 0.0, Yi] € Mg i - Oc Z(Xj — yj) eCi-1—Ci_1¢,
j=1

and refer to Sect. 2 for more details.

In [10], we constructed &,,-invariant effective divisors on ﬂg,n forn € {g —1,g — 2}
which determine an extremal ray of the respective cones of effective divisors. For instance,
on Mg,g_z, the closure of the locus of pointed curves [C, x1, ..., Xg_2] € Mg ¢ 2 such
that there exists a pencil A € Wé}_l (C) containing all the marked points in one of its fibres

is an extremal divisor on ﬂg, ¢—2 see [10, Theorem 0.7]. We carry out a somewhat similar
construction on M, ,3.If D € C,_3 is a general effective divisor of degree g —3 on a curve
[C] € Mg, we observe that Kc(—D) € W; 1(C). A natural codimension one condition on

Mg o3 is that this plane model have a triple point [a similar construction requiring instead
that K¢ (— D) have a cusp, produces a “less extremal” divisor]:

Theorem 1.2 The closure inside Mg 43 of the locus

g3
Dy = {[C.x1,.... %, 3] € Mg 3:3L e WHC)with H*[C.L[=D x; || #0
j=1

is an effective divisor. Its class in Pic(ﬂg, ¢—3) is equal to

_ 2g—17) (g —3 2¢—3 (g —4\ 52 -3
[Dg]:—(gf)(gz ))\4— g3 (82 )zwi_(gz )(Sirr

i=1

—(8% =58 +5)(g — o2 — - .

One immediate consequence of Theorem 1.2 is that it gives a bound on the effective cone
of the symmetric product C,_3 of any curve [C] € M,. Restricting ﬁg under the rational
map Cg—3 --» ﬂg, ¢—3/6¢—3 obtained by fixing the moduli of C, we obtain that the class
0 — %x € HZ(Cg_3, Q) is effective. Here 6 and x € Hz(Cg_3, 7Z) denote the class of the
pullback of the theta divisor and that of the locus of effective divisors of degree g — 3 having
a fixed point in their support respectively. We conjecture that this class spans an extremal ray
of the effective cone of Cy_3, see Sect. 2 for details.

We close by thanking the referee for insightful comments that clearly improved this paper.

2 Effective divisors on universal difference varieties

The aim of this section is to prove Theorem 1.1 and we begin by reviewing the notation for
boundary divisors and tautological classes on M . All the Picard groups of moduli spaces
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100 G. Farkas, A.Verra

of curves considered in this paper are with rational coefficients, in particular, we identify
the Picard group of the moduli stack with that of the corresponding coarse moduli space.
A standard reference is [1]. For an integer 0 < j < L%J and a subset T C {1,...,n}, we
denote by A ;.7 the closure in ﬂgyn of the locus of n-pointed curves [C1 U C, x1, ..., X,],
where C and C; are smooth curves of genera j and g — j respectively, meeting transversally
in one point, and with the marked points lying on C; being exactly those indexed by 7. We
define §;.7 :=[Aj.rlg € Pic(ﬂg,n). For0 < j < L%J and 0 < s < n, we set

Ajyg = Z 6j2T7 8j:s = [Aj:s](@ € PiC(Mg,n)Gn-
IT|=s
By convention, 8¢.; := ¥, for s < 2, and §;;5 := 84— j.n—s. For j = 1,...,n, we denote, as
usual, by ¥; € Pic(ﬂg, n) the cotangent class corresponding to the marked point labeled by
Jothen set ¥ :=37i_; ¥ € Pic(Mg ).

Ifo: ﬂg,n — ﬂg is the morphism forgetting the marked points, we introduce the
Hodge class A := ¢*(1) and iy := ¢*(Sirr), Where Sirr := [Airr] € Pic(ﬂg) denotes the
class of the locus of irreducible nodal curves. The canonical class of M, , is computed via
Kodaira—Spencer theory, see [13, Theorem 2] and [16, Theorem 2.6] respectively:

Kg,, =130 =28+ =2 D" 8jr — dip € Pic(Mg.n). A3)

Assume from now on thati := L%J and n := 2i. We divide the 2i-marked points into
two equal groups and denote a general element ofﬂg’zi by [C, x1, ..., Xxi, y1,...,Yi]. The
group &; x &; acts on the marked points as follows

(0, 7) - (X1, s X, Y1 oo D) = (Xa(1)s - s Xa (i) Ye(l)s -+ -5 Ve (i)

With respect to this action, there are invariant cotangent divisor classes

i i
Vo= Yy, and = >y € Pie(My )X,

j=1 j=1
For non-negative integers 0 < j < i,0 < s < 2iand 0 < ¢ < s, we define the
&; x G;-invariant boundary divisor class on M, »;

S5 =2 b 1T N el =T N i) =5 = €Pie(Mg ) OO
T

To ease notation, we write suggestively So.xx = 8(2):’3, 80.yy = 88:’22 and 8p.xy = 8(1):;,
indicating how many marked points labeled by either x; or y; lie on a rational tail of the
corresponding stable pointed curve. The classes A, ¥y, ¥y, 8irr together with all the bound-
aries {Sf;j_g}j,s,gzg generate the group PiC(ﬂgji)Gi *Si  For g > 3, there are no relations
between these classes.

We also introduce the forgetful morphisms

_ Ty — F A —
Mg i <— Mgoi —> Mg,

where m, drops all the marked points yi, ..., y;, whereas m, drops the marked points
X1,...,X; respectively. We summarize the pullback properties of the generators of
Pic(M g,,‘)e’i under the morphisms 7, and 7y, respectively.
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The universal difference variety over ﬂg 101

Prolﬁsition 21 For 0 < j < iand 0 < s < 2i, the following relations hold in
Pic(Mg 2;)®i*Si:

TIW) =Y — Zwknwv Z$W

n@M—Z%wnwm—Z%wan

>0 =0
77:()\) = 77;:()”) =A, ”:((Sirr) = ”;F(Birr) = Sirr-

Proof The morphism 7y : M, 2; — M, ; can be expressed as a composition of i forgetful
morphisms, by dropping successively the marked points yi, .. ., y; respectively. This reduces
the problem to that of understanding the pull-back of divisor classes under a forgetful map
f: ﬂ& PUy) — ﬂg, p, where P is an arbitrary set of labels and y ¢ P is another label.
The following formulas hold, cf. [16, Theorem 2.3]:

f*()t) =2, f*(airr) = Birr, f*(llfx) =Yy — 6O:cha foreach x € P,

as well as f*(8;.7) = 8.7 + 8;.7upy), foreach 0 < j < gand T C P. Applying these
formulas i times, the conclusion follows. O

As already pointed out, @Tffg = ﬂg,zi/ &; x &; serves as a birational model for the
universal difference variety. Let us denote by 7 : ﬂg,z,' — Wﬁg the projection morphism,
which is simply ramified precisely along the divisor Ag.,y + Ag.yy. Indeed, by studying the
action of &; x &; at the general point of each of the boundary divisors Aﬁ.’zi_z C ﬂg,zi, the
only fixed divisors are those corresponding to a 1-nodal curve with a genus O tail containing
two marked points, both either of type {x,, xp}, or {v4, y»}. These correspond either to the
boundary divisor Ag:cy Or to Ag:yy.

Proposition 2.2 The singularities of Diff, do not impose adjunction conditions, that is, if

€: 5\1}/)‘5, — Diff, is a resolution of singularities, then for any £ > 0, there is an isomorphism
€ ((Slffg)re& Kﬂ«) = H° (Qiffg’ K@:ﬁ;@f) -

Proof Follows entirely along the lines of [9] Theorem 1.1. O

As a consequence, just like in the case of a smooth projective variety, the Kodaira dimen-

sion of Diff, is equal to the Kodaira-litaka dimension of the canonical class ng. In

particular, the space Diff, has general type if and only if the Q-divisor class ng is a

linear combination of an ample and an effective Q-class on Wﬁé

In our proof of Theorem 1.1 we consider &;-invariant effective divisors on ﬂgyi, having,
preferably, negative A-coefficient. If g = 2i, let D; be the closure in ﬂg ; of the locus D; of
smooth curves [C, x1, ..., x;] € Mg ; such that HO(C, Oc(2x) + - - +2x;)) > 2. It follows
from [16, Theorem 5.4], that D5 is an effective divisor on M ¢.i and its class is equal to

[52] =—A+ 310 — 108022 — Z bj:s(gj:s € Pic(mg,i)Giv “
J:s=0
(J,$)#(0,2)

where bj.; > 0 for (j, s) # (0, 2).
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102 G. Farkas, A.Verra

We shall also need an &»; -invariant effective divisor on M, »; having, if possible, negative
A-coefficient. We consider the locus £, of g-pointed smooth curves [C, x1, ..., xg] € M, ¢
with the property h° (C, Ocx1+---+ xg)) > 2. For the class of the closure Eg inside
ﬂg, ¢» we refer either to [16, Theorem 5.4], or, for an alternative proof, to [6, Theorem 4.6]:

[Cl=—A+y— > ('S - ’2' " 1)8,»:5 € Pic(My.¢) . ®)
J.s=0

The coefficient of 8p-, in this formula is equal to —3, whereas that of d;, is equal to zero.
We then let €11 be (up to rescaling by the factor gﬁ), the locus of pointed curves
[C.x1,...,xg+1] € Mg gy1 such that there exists anindex 1 < £ < g + 1, with

g+l
W{C.oc D xj—xe]]=2
j=1

Denoting for £ = 1,..., g + 1 by 7 : Mg g1 — M the map forgetting the marked
point labeled by x;, we have the following equality of Q-divisors on Mg ¢

g+1
Eep1 = g+1Zw(2g)

In particular, using the pull-back formulas [16, Theorem 2.3], we find that

= (g+1—=9)cjs +5Cjs—1 .
[Egs1]=—2+ —vf > S5 € Pic(Myg g41) 5+, (6)
g+1
J.s=>0
where cj.; = (ls_éH'l) is the coefficient of —§;.; in the expression (5) of the class [i_lg].
Furthermore, we use the conventlon 80:1 := —, therefore the coefficient of —3¢.» in the

expansion of [€ ¢+1]1s equal to - Hl

Essential in the proof of Theorem 1.1 in the odd genus case g = 2i — 1, is the following
effective divisor Zjlg on ﬂ& ¢+1 having &; x &;-symmetry. We consider the locus of pointed
curve [C, X1, ..., X, Y1, ..., Yi] € Mg ¢41 possessing a pencil A € W; (C) containing all
the points {x f}3'= , and { y.,-};=1 respectively in two distinct fibres, that is,

i i
HOLC, A =D xj| | #0 and HO[C.A[=D ;|| #0

This divisor has already been considered in [7, Section 4], where the following alternative
geometric characterization of its points is shown:

i—1

i
[C.x1, . Xy il €Uy <= b0 [ €, Oc Z)c] > il ] #o.
j=1

j=1

Fibrewise, U, is the pull-back of the Raynaud theta divisor ® AN'oe © Pic?(C) under the

difference map ¢¢c : C; x C; — Pic?(C) considered in Sect. 1.
Before computing the class [I/ ¢ we record the following enumerative fact.
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The universal difference variety over ﬂg 103

Lemma 2.3 Let C be a general curve of genus 2i — 1 and fix general points x3, . .., Xi,
Yis...,Yi € C. The number of pencils A € Wzll-fl(C) such that

i i
HO{CA( =D x| | #0. and H°[C,AG=D yp | #0,

j=1
is equal to ( ) -1

Proof First we observe that the divisors xp + --- 4+ x; and y; + - -+ + y; cannot appear in
the same fibre of A, for else, A = O¢ (23‘=2 xj+ Zj‘:l yj), and then the 2i — 1 points
X2, ..., Xi,y2,...,yi move in a pencil; this contradicts the generality assumption on the
marked points. We let the points x3, ..., x; and yq, ..., y; respectively, come together. One
is led to compute, for a general 2-pointed curve [C, x, y] € M>;_1 2, the number of pencils
A € W), _,(C),suchthat H(C, A(—(i —1)x)) # 0and H(C, A(—iy)) # 0.By astandard
argument, see [4], or [6, Theorem 4.6], or [16, Theorem 3.2], we degenerate [C, x, y] to a
flag curve consisting of a smooth rational spine R and g elliptic tails meeting R at general
points pi, ..., p2i—1 € R, such that the marked points x and y specialize to general points
x,y € R. The number in question equals the number of linear series g% 41 on P! with cusps
atpi,..., p2i—1 and ramlﬁcatlon sequence (0,i—1)atx and (0, i —2) at y respectively. This
equals the intersection product 0(0 1) -0(0,i—1) - 0(0,i—2) of Schubert cycles in the cohomology

ring H*(G(1, 2i — 1), Q) of the Grassmannian of lines in P'~!. Applying the Pieri formula
we write

i—2
00i-1)  00.i-2) = D 0a2i-3-a € H*(G(1,2i — 1), Q),
a=0

hence after using [12, Example 14.7.11], the sought-after number is equal to

i—2

i—2 N .
: 2i i—a—1 1/2i
2i—1 X _ —— _
azzo 00,1) " O2i-3-a) = ;:0 (a n 1) ; =3 ( i ) 1.

Theorem 2.4 Fori > 2, the following formula holds in Pic(mzl;l,zi)ei xGi .

_ 2i =3 6i —4 1
[Z/{Zi—l] = i—2 2 )\ + (wx + 1;[/y)_i_38ir1‘_4(50:)cx +50:yy)_' A 80:xy~

We point out that the remaining coefficients of §;.; that do not appear explicitly are all
non-positive; the coefficient of o..y is equal to —1.

Proof The coefficients of A, vy, ¥, and &, in the expression [ﬁg] are determined in the
course of proving Theorem 4.1 in [7]. By the Z;-symmetry in the vectors Z'/-Zl x; and

Z;‘:l y; in the construction of Ug, the coefficients of 8p.xx and 8.y, are equal. We first

consider the forgetful map 7y, : Mg o1 — M, ¢ dropping the point x; and we claim we
have the following equality of effective divisors on Mg ,

o) (Ugl - S0iyyy) = L + Z,, )

where £, is Logan’s divisor on M, , already considered before, and Z, is the locus consisting
of smooth pointed curves [C, x2, ..., X, Y1, ..., ¥i] € Mg, for which there exists a pencil
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104 G. Farkas, A.Verra

A € W;il(C) containing the points x3, ..., x; (respectively y», ..., y;) in two distinct
fibres. Granting (7), it follows that the . -coefficient in [Hg] is equal to —1. Indeed, on one
hand, one has the identity (7, )*((Saxm) = —y, and no other push-forward class of type
(7Tx )5 (& - 80:x1y, ), Where & € Pic(ﬂg, ¢+1) 1s a tautological class, contains vy, . Therefore,
the 8.y, y, -coefficient of [ﬁg] is equal to the (—/y, )-coefficient of [£4]+ [zg]. The definition
of Zg makes no reference to the marked point y;, hence zg is the pull-back of an effective
divisor from M, o under the map 7y, : Mgy o — M, o1 dropping yi. In particular the
Yy, -coefficient of [Eg] is equal to zero. The conclusion now follows from relation (5).

We now prove the equality of divisors (7). We choose a general point in the intersection
Ug N Ag.y, y, - It corresponds to a stable curve C U, P!, where C is a smooth curve of genus g,
and to distinct marked points xp, y; € P! — {p} and x3,...,x;,y2,...,yi € C — {p}
respectively. From the definition of Ug it follows that there exists a limit linear series
[ := (¢, Ip1) of type g}), onCU, P!, together with pairs of sections (o¢, op1) and (z¢, Tp1)
of /, satisfying the following conditions:

diviec) = x2+---+x;,  div(te) = y2 + -+ i,
div(op1) > x1, div(zp1) > y;, and
ord,(oc) +ord,(op1) > g, ord,(zc) + ord,(tp1) > g.

Note that both sections op1 and 7p1 vanish somewhere else apart from p, hence o¢ and 7¢
both vanish at p. Assuming o¢ # 7¢, it follows that the linear system /¢ € G}; (C) has abase

point at p. Subtracting it, we obtain a pencil I, € G:z—l (C) having the divisors xo + - - - + x;
and y> + - - - + y; appear in two of its fibres. This shows that

[C.x2, ..o Xis p=Y1,Y2,---, )il € Zg.

If, on the other hand, oc and t¢ are equal (up to scalar multiplication), then the
underlying line bundle of I¢ is O¢c(p + Z’jzz(xj + y;)). In particular, we conclude that
[C,x2,...,xi, p=Y1,...,Yi] € £,. This proves the set-theoretic inclusion

(T[Xl)* ([ag] : A0:)c|y|) C Eg Uzg.

The reverse inclusion, as well as the fact that these points appear with multiplicity one in the
equality (7), are standard exercise in admissible coverings, see also [7, Proposition 4.6].
To determine the .y -coefficient in [U/¢], we use a fibral curve of m,,. We fix a general

curve C of genus g, general points x2, ..., X;, y1,...,y; € C,and denote by Fy, C ﬂg,gH
the fibre n;ll([C, X2, .oy Xiy Y15 -+, Yil) C Mg g11. Then one has
Fo Y =28—242i—1=6i=5, Fy, Yy, =---=Fy -V, =Fy Yy, = =Fy - ¥y, =1

Furthermore, Fy, - §o:xx =i — 1, Fy| - 80.xy = 1 and Fy, - 8¢.yy = 0. The intersection of F,
with all other tautological classes in Pic(M, 1) is obviously equal to zero. On the other
hand, Fy, -U, is equal to i times the number of pencils A € Wzlifl (C) containing the divisors
X3 + -+ +x; and y; + - - - + y; respectively, in two different fibres. Applying Lemma 2.3
this number is equal to %(211) — 1. In this we obtain a relation determining the §,-coefficient

of [Uy]. o
The last ingredient in the proof of Theorem 1.1 is the following result:

Proposition 2.5 The divisor class ¥ := Yy + ¥y € Pic(ﬂg,gi) descends to a big and nef
divisor class on Wﬁg.
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The universal difference variety over ﬂg 105

Proof The class ¥ is Gy;-invariant, hence there exists a class Ny 2; € Pic(ﬂg,gi/Gzl'),
which pulls back to . It is proved in [10, Proposition 1.2] that this class N, 2; is big

and nef. Consider the sequence of finite maps ﬂg,y BN ﬁﬁg LN ﬂg,y /G32;. Then
V*(Ng i) € Pic(@iiffg) is still big and nef and has the property that 7*(vV*(Ng2)) = ¥,
which finishes the proof. m}

We can finally determine the Kodaira dimension of Diff, for g > 13. Theorem 1.1 will
follow from the following two, more precise statements given in terms of the slope

s (ﬂg) = infDEEff(ﬂg)s(D)

of the moduli space of curves. Recall that the Brill-Noether divisors ﬂ; 4 of curves C with

W)(C) # @ for p(g,r,d) = —1, yield the upper bound s(Mg) <6+ glﬁ, for any g such
that g 4 1 is composite, see [4]. For any even genus g = 2k — 2, the Petri divisors provide

the slightly weaker upper bound s(ﬂg) < 6%;" _/‘1_)6. Stronger lower bounds are given for an

infinite sequence of genera g in [6] using Koszul divisors, though these will not be needed
in this paper.

Theorem 2.6 Set g := 2i. The universal difference variety Diff, is of general type, whenever
s(M) < 4

Proof Recall that D, is the effective divisor on ﬂg,i whose class is computed by (4).
Applying Proposition 2.1, we write the following formula

TE(D2)) + 7w ((D2]) = =20 4 3(Yx + ¥y) — 6801y
—10(80:xx + 80:yy) — - - - € Pic(Mg 21) S *Si;

the coefficient of §;;, in this formula is equal to zero and all the other boundary classes appear
with non-positive coefficients.
The &-invariant class Eg on Mg, ¢ constructed in [16] and has the following class [Eg] =
— A+ +1¥y —3(80.xy +80:xx +80:yy) —- - - . We form the following effective Q-combination
in Eff(M, ;)i % Si
1 * /1N * /17 I -
Fi= 5 (w2(DaD) + 7 (D2D) + £ (2]
2 11
= _g)‘ + E(‘//x + 1,[fy) - 280:xy - 3(802xx + 80:yy) —
where the coefficient of 8, in this expression is equal to zero and all the other boundary
classes have non-positive coefficients. We now fix an effective divisor D € Eff(ﬂg) of
slope s(D) = s as small as possible, for instance a Brill-Noether or Petri divisor; after
possibly rescaling by a positive rational number, we write

L5]
[D] = sA — 8ir — »_b;8; € Pic(My).
j=1

Using the explicit formulas for [ D] from [4], we have that b; > 1 for j > 1. Then the class

2 11
(2s — D™ ([D) + F = (2S - §) At 5 e +¥y) = 280uxy = 3C@0xx + Boryy) — -
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is effective. By comparing this class against that of n*(ng), from (2), it follows that

whenever 2s — % < 13, the universal difference variety Diff, has general type. This last
condition is satisfied when s(ﬂg) < %. O

Theorem 2.6 coupled with the above mentioned upper bounds on s (M) implies Theorem
1.1 for even g > 14. In genus g = 12, we only have partial results, via the existence of
the global Abel-Jacobi generically finite map Diff, --» ‘,Bicg. In particular, we have the
inequality kod(®Diff,») > kod(Pic|3) and it is shown in [9] that kod(Fic|3) = 33.

Remark 2.7 In view of Tan’s [18] lower bound s(M3) > % for the slope of Mjs, the
geometry of Diff;, appears quite intriguing. Note also that g = 12 is the smallest genus
when s(M,) is not known. It is an interesting open question to construct an effective divisor
on M, having slope %. The known effective divisor on M of smallest slope is the one

. Vi 4415
from [11], giving the bound s(M2) < %55

Theorem 2.8 Set g := 2i + 1. The universal difference variety Diff, is a variety of general
type for g > 13.

Proof This time we consider the divisor [ﬁg] and the &4 | -invariant class [Eg+ 1]on ﬂg, g+l
whose class is computed in (6). We set the positive constants

i 8(5)-3 (i)
“=Eozae o ™ T
(i—2) - (i—z) -
then choose an effective divisor D on My, where [D] = sA — 8ir — - -+ € Pic(My). We

form the effective Q-linear combination

i—1
2i -3

Fi= (2 -8 ) ¢ ([DD) + o - [Egr1] + B - [Uy] € Eff (Mg g4 1) S,

whose 8;/r, 80:xx» 80:yy and 8¢.y-coefficients respectively are all equal to those of the class

n*(KZDiffg) =131+ 1//x + 1/fy - 280:xy - 3(5O:xx + 80:yy) —

whereas the coefficient of ¥ 41 is smaller than 1. It follows that the class * (ng) —F
is big if and only if the following inequality holds
2i —3)(x 4+ 13) —283i —2)

22 =3)—BGE —1)

s(My) <

This inequality is satisfied for i > 7, which shows that Diff, is of general type for odd
g > 13.Fori = 6, we obtain the bound s < 6.907..., but since s(M11) > 7, see for instance
[8], there is no effective divisor on M satisfying this condition. O

We make no prediction concerning the Kodaira dimension of ®iff;;. We complete the
proof of Theorem 1.1 by dealing with the case g = 10.

Theorem 2.9 The Kodaira dimension of ©iff, is equal to zero.

Proof We consider the divisor 1o on Mo consisting of curves lying on a K3 surface. It
follows from [8] that s(}C19) = 7; furthermore, the Kodaira—Titaka dimension of the linear
system |K1o| is equal to zero. It is shown in [9] Theorem 0.1 that the Kodaira dimension
of the universal symmetric product ﬂlo,m /G190 is equal to 0. Since there is a finite map

@ Springer



The universal difference variety over ﬂg 107

v : Diff;9 = Mio.10/S10, one obtains the inequality kod(Diff;9) > 0. We now establish
the opposite inequality and show that kod(M g, 19, ﬂ*(KW1o)) =0.
Applying (2) and (5), we write the following equality in Pic(M g, 10) 5% 65
7 (Kaigs,y) = 216" E10)] + [Fiol + oy + D djisbis @®)
j,s=>0

where the coefficients d.; are all non-negative and dy.> = 0. For each pair of distinct indices
1 <i < j <5, acovering family I';; for the divisor €19 on Mg, 19 was constructed in [9,
Proposition 1.4]; starting with a general curve [C, x1, ..., X5, Y1, ..., y5] € £10, the 1-nodal
curve of genus 11 obtained from C by identifying x; and x; lies on a K3 surface S. Moving
this curve in a pencil of 1-nodal curves on S, desingularizing the entire family and finally
making a base change of order 2 to distinguish between the sections corresponding to the
nodes, one obtains a sweeping curve I';; C £10, having the following numerical features
(recall that g = 10):

Lij-A=2+ 1, T'ij - 6w =2(6g +17), Ty -, =2"Torz € {xi,xj}c,
Tij - =Tij-¥a; =5, Tij -80:(x.0;) =2, Tij -8er =0for0<¢ < 10, and T C {x;, x;}“.
We ﬁndtILat [jj-80:xx =4andI"-8g.cy = I';j-80.yy = 0. We further calculate I"-¢* (K19) = 0
and F,‘j -210 =-2<0.

Since I';; fills-up the divisor £10, this couplﬂ with relation (8) implies that for all integers
n > 0, one has an equality of linear series on Mg 10

‘nn* (Kmlo) = ‘nn* (Kmm) - nfm’ .

To show that the remaining linear system has Kodaira dimension O one follows the last lines
of the proof of Theorem 0.1 in [9], using the extremality of the divisor }C19 on M. O

3 An effective divisor on M, o3
The aim of this section is to prove Theorem 1.2. We begin by solving the following enumer-
ative question which comes up repeatedly in the process of computing [D,].

Theorem 3.1 Let [C, p] € M, | be a general pointed curve of genus g and a fixed integer
0 <y < g — 3. Then there exist a finite number of pairs (L, x) € Wg(C) x C such that

HY(C,L(~yx—(g=3—y)p) = L.

Their number is computed by the formula

glg—1(g—5)
3

Proof We introduce auxiliary maps x : C x C3 = C,y3and ¢ : Cy13 — C, given by,

N(g,y):= y(yg—3y — 1.

xX(x,D)y:=y-x+D, and (E):=E+((g—-3—y) p.

The number we evaluate is N (g, y) := X*L*([Cg]), where C§ = {D € Cg : dim|D| > 3}.
The cohomology class of this variety of special divisors is computed in [2, p. 326]:

€ H3(Cy—3, Q).

[cz] 6*  x03  x%0?
1203 6
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Noting that ¢*(6) = 6 and t*(x) = x, one needs to estimate the pull-backs of the tautological
monomials x*0*~%. For this purpose, we use [2, p. 358]:
g!

*(xepr :7[1+ fn+60)- (1492 +1t 4_0‘]
x( ) (g_4+a)!( yti+0)* - (1+y*n +n)

,
ne

where the last symbol indicates the coefficient of the monomial #1 t23 in the polynomial appear-
ing on the right side of the formula. The rest follows after a routine evaluation. O

The second enumerative ingredient in the proof of Theorem 1.2 is the following result,
which can be proved by degeneration using Schubert calculus. We skip details and refer
instead to [4,6], or to the proof of Lemma 2.3 in this paper:

Proposition 3.2 For a general curve [C] € Mg_y, there exist a finite number of pairs
(L,x) e W;(C) x C satisfying the conditions

h°(C,L(-2x)) =2, and h°(C,L(—(g—2)x)) > L.
Each pair corresponds to a complete linear series L. The number of such pairs is equal to
n(g—1:=(g—1g—2)(g-3)g—-4"

Proof of Theorem 1.2 'We expand [5g] € Pic(M& ¢—3), and begin the calculation by deter-
mining the coefficients of X, 8j;; and ¥ := Zf;f Y, respectively. It is useful to observe that
if i, : ﬂg,n — ﬂg,n,l is the map forgetting the marked point labeled by n for some n > 1
and D is any divisor class on Mg, n» then for distinct labels i, j # n, the A, 8;y and v; coeffi-
cients of the divisors D on Wg, nand (77,) (D - 8¢:in) ON ﬂg,n_l respectively, coincide. The
divisor (7))« (D - 80:in) can be thought of as the locus of points [C, x1, ..., x,] € D where
the points x; and x,, are allowed to come together. By iteration, the divisor 5;73 on Mg |
obtained by letting all points x, ..., x;—3 coalesce, has the same A and &, coefficients as
D,. But obviously

D8 = {[C, x] € Mg, : 3L € W(C) such that h°(C, L(—(g — 3)x)) > 1} ,

and note that this is a “pointed Brill-Noether divisor” in the sense of Eisenbud—Harris. The
cone of Brill-Noether divisors on M, ; is 2-dimensional, see [5, Theorem 4.1], and there

exist constants &, v € Q, such that [5;3_3] = /- BN+ v - [W], where

-1
+1 = . o
B i= (g + Ik = S —bir = D (g = )31 € Piec(My,1)
j=1

is the pull-back from ﬂg of the Brill-Noether divisor class and WV is the divisor of Weierstrass
points in M, | with class given by the formula

g—1 .
— — 1 _
[W]=_x+w—2(g ;Jr )5,»:1 € Pic(Mg 1).
j=1

The coefficients p and v are computed by intersecting both sides of the previous identity
with explicit curves inside M, . First we fix a genus g curve C and let the marked point
vary along C. If C, := o~ (C) c M ¢,1 denotes the induced curve in moduli, then the
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only generator of Pic(ﬂg,l) which has non-zero intersection number with C, is v, and
Cy - ¥ = 2g — 2. On the other hand one has Cy -553 = N(g, g —3), that is,

L Neg-3)
glg—D+D

To compute ., we construct a curve inside Aj.1 as follows: Fix a 2-pointed elliptic curve
[E, x,y] € M2 such that the clas§ xX—yE€ Pic’(E) is not torsion, and a general curve
[C] € Mg_1. We define the family C := {[C U, E, x]},¢c, obtained by varying the point
of attachment along C, while keeping the marked point fixed on E. The only generator of
Pic(M, 1) meeting Cy non-trivially is 8.1 = 8,_1.¢, in which case C; - §1.1 = —2g +4.On
the other hand, C; - 5;’:,_3 is equal to the number of limit linear series g2 on curves of type
C U, E, having vanishing sequence at least (0, 1, g — 3) at x € E. This can happen only if
this linear series is refined and its C -aspect has vanishing sequence at the point of attachment
y € C equal to either (i) (1,2, g — 3), or (ii) (0, 2, g — 2). In both cases, the E-aspect being
uniquely determined, we obtain that C; - 5§_3 = N(g—1,g —4) 4+ n(g —1). This leads
top=3(g—-3)(@Eg-4/(g+1D.

Next, let 5‘;_4 be the divisor on M, » obtained from D, by letting all marked points
except one, come together. Precisely, 5;74 is the closure of the locus of pointed curves
[C, x, y] € Mg such that there exists L € WZ(C) with h°(C, L(—x — (g —4)y))) = 1.
We express [5§_4] = cx Yy + ¢y ¥y — €80y — - - - € Pic(My 2), and observe that ¢, equals
the y/-coefficient of D,, whereas the coefficient e = v (g ‘ZLI) has already been calculated. We
fix a general curve [C] € ﬂg and define test curves C, := {[C,x,y] :x € C} C ﬂg,z and
Cy:={[C,x,y]:y € C} C My >, by fixing one general marked point on C and letting the

. o84 . .
other vary freely. By intersecting Dg with these curves we obtain the formulas:

(2¢ — Dex +cy —e=Cy - DY = N(g, 1)
and ¢+ (2g — ey —e=Cy - DS = N(g, g — 4.

Solving this system, determines c,. Finally, the 6y.2-coefficient of 5g is computed by inter-
secting D, with the test curve ¢g_l3 ([C, X1, ..., Xg—4]) C M, o3, Obtained by fixing g — 4
marked points on a general curve, and letting the remaining point vary. O

As an application, we bound the effective cone of the symmetric product of degree g — 3
on a general curve [C] € M. Letu : Cg_3 --» ﬂg,g_g/Gg_3 the (rational) fibre map and
D, the effective divisor on Mg ;—3/6, 43 to which D, descends. Then Dg[C] := u*(D,)
is an effective divisor on C,_3:

Theorem 3.3 The cohomology class of the codimension one locus inside Cq_3
Dy[C]:= (D € Cy_3:3L € W (C) with h°(C. L(~D)) = 1} equals

_ (=5 -3k—-D 8
[Dy(O)] = . (o - g_3x).

It is natural to wonder whether the class 6 — g%x is extremal in Eff(Cq_3). If so, Dy [C]
together with the diagonal class ¢ = —6 + (2g — 4)x would generate the effective cone
inside the 2-dimensional space N 1(Cg_3)<@. We refer to [14] Theorem 3, for a proof that
dc spans an extremal ray, which shows that in order to compute Eff(C,_3), one only has
to determine the slope of Eff(Cy_3) in the fourth quadrant of the (0, x)-plane. A similar
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description of the effective cone of C,_> was given in [17]. We have a partial result in this
direction, showing that all effective divisors of slope higher than é (if any), must contain
a geometric codimension one subvariety of D,y [C].

Proposition 3.4 Anyirreducible effective divisor on Cy_3 with class proportional to 0 —ax €
HZ(Cg_3, Q), where a > g‘gj, contains the codimension two locus inside Cq_3

Zy 3[Cl:={D € Cy3:3A € W, ,(C) with H'(C, A(—D)) # 0}.

Proof For a pencil A € ng_z(C ), we denote by Vgl_3 (A) the 1-cycle of effective divisors
D e C,_3 that appear in a fibre of the pencil. The class [Vgl_3(A)] is computed in [2, page
342]. By direct calculation, we find that the inequality [V;ﬁ3 (A)] - (0 — ax) < 0 holds,
whereas [V, 3(A)] - Dg[C] = 0. o
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