SYZYGIES OF CURVES AND THE EFFECTIVE CONE OF M,

GAVRIL FARKAS

1. INTRODUCTION

The aim of this paper is to describe a systematic way of constructing effective
divisors on M, having exceptionally small slope. In particular, these divisors provide
a string of counterexamples to the Harris-Morrison Slope Conjecture (cf. [HMo]). In a
previous paper [FP], we showed that the divisor K10 on Mg consisting of sections of
K3 surfaces contradicts the Slope Conjecture on M. Since the moduli spaces M, are
known to behave erratically for small g and since the condition that a curve of genus g
lie on a K3 surface is divisorial only for g = 10, the question remained whether Ko is
an isolated example or the first in a series of counterexamples. Here we prove that any
effective divisor on M, consisting of curves satisfying a Green-Lazarsfeld syzygy type
condition for a linear system residual to a pencil of minimal degree, violates the Slope
Conjecture. A consequence of the existence of these effective divisors is that various
moduli spaces M, ,, with g < 22, are proved to be of general type.

We recall that the slope s(D) of an effective divisor D on M, is defined as the
smallest rational number a/b > 0 such that the divisor class aX —b(do + - - - +d[g/2]) — [D]
is an effective combination of boundary divisors. The Slope Conjecture predicts that
s(D) > 6+ 12/(g + 1) for all effective divisors D on M, (cf. [HMo]). More generally,
the question of finding a good lower bound for the slope of M,

sq :=inf{s(D) : D € Eff(M,)}

is of great interest for a variety of reasons, for instance it would provide a new geometric
solution to the Schottky problem. In a different direction, since s(ng) = 13/2 (cf.
[HM]), to prove that M, is of general type it suffices to exhibit a single effective divisor
D on M, of slope s(D) < 13/2.

The Slope Conjecture is true for all M, with g < 9 but in [FP] we proved that
on Mg, we have the equality s(K19) = 7 < 6 + 12/11 (in fact K1 is the only effective
divisor on M, having slope < 6 + 12/11). In [FP] we also showed that K1 has four
incarnations as a geometric subvariety of M. In particular, Ko can be thought of as
either

(1) the locus of curves [C] € M for which the rank 2 Mukai type Brill-Noether locus
SU,y(C, K¢, 6) := {E € SUy(C,K¢) : h°(C,E) > 7}
is not equal to (), or
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2 G. FARKAS

(2) the locus of curves [C] € Mg carrying a pencil A € W{(C) such that the multipli-
cation map j14 : Sym?HO(C, K¢ ® AY) — HO(C, (Ko ® AY)%?) is not surjective.

The geometric conditions (1) and (2), unlike the original definition of Ky, can
be extended to other genera. We fix ¢ = 2k — 2 and denote by o : &, — M, the
Hurwitz scheme of k-sheeted coverings of P! of genus g parametrizing pairs (C, A) with
A € WL(C). For each i > 0 we introduce the cycle U, ; consisting of pairs (C, 4) € &}
such that K¢ ® AV fails the Green-Lazarsfeld property (N;). By setting Z,; := o(Uy.:)
we obtain an induced geometric stratification of M,

Zg0C 241 C...C 25 C...C M,

\%
If for each (C, A) € &, we consider the map C K@) k=2 induced by the residual

linear system, we can define two vector bundles A and B on &} such that
A(C, A) = H* (> (i + 2)) and B(C, A) = H* (.- (i + 2) ® O¢).

For g = 6i 4 10 (hence k = 3i + 6), it turns out that rank(.A) = rank(B) and U, ; is the
degeneracy locus of the natural vector bundle map ¢ : A — B, thatis, Z,; is a virtual
divisor on My, with virtual class o.c;(B — A). The main result of this article is the
computation of the compactification inside M, of this degeneracy locus (see Theorem
4.1 for a more precise statement):

Theorem A. If o : @éi 16 — Maeitio is the compactification of the Hurwitz stack by limit

linear series, then there is a natural extension of the vector bundle map ¢ : A — B over @;Z— 16
such that Z ; is the degeneracy locus of ¢. Moreover the class of the pushforward to M, of the
virtual degeneracy locus of ¢ is given by

ox(c1(B) —c1(A)) =a X —bgdp — by 61 — -+ — b3i1503i45,
where a, by, . . ., bsi15 are explicitly determined coefficients such that b; > b for j > 1 and
a  3(4i+7)(6i% +19i + 12) 12
bo (i +2)(12i2 + 31i + 18) g+ 1

Corollary. If the degeneracy locus Zgi110,; is an actual divisor on Me; 10, then we have that
3(4i + 7)(6i% + 19 + 12) . 12
(1 +2)(124% 4 31i + 18) g+1’

thus contradicting the Slope Conjecture on Meit10.

5(§6i+10,i) =

The idea of the proof is to define a whole host of vector bundles G, , and H, , over
&} for a,b > 0, having fibres

Gap(C,A) = HO(Q%—2(a+b) ® O¢) and H,y(C, A) = HO(Q% 2 (a +b)).

These bundles are related to one another by certain exact sequences (4) and (6) over QS}C
(see Section 3). After an analysis over each boundary divisor ail(Aj), where 0 < j <
3i + 5, we find in Section 3 a unique way of extending G, ; and H,; to vector bundles

over @,16 such that (4) and (6) continue to make sense and be exact and then use this to
compute the Chern numbers of A = H,; 2 and B = G; ».
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We expect Zgi110,; to be always a divisor on Mg, 119 but we are able to check this
only for small i. To verify this in general one would have to prove that if [C] € Mg;110

is a general curve, then one (or equivalently all) of the finitely many linear systems

ggﬁii} = Ko(—g3;,) satisfies property (N;). This is a direct generalization of Green’s

Conjecture to the case of curves and line bundles L with h!(L) = 2 (see Section 2 for
more on this analogy).

For g = 10 we recover of course the results from [FP]. In the next two cases, g = 16
and 22 we have complete results:

Theorem 1.1. The following subvariety of Mg

Z161 = {[0] € Myg : L € W4, (C) such that C . P7 is not cut out by quadrics},

is an effective divisor, and the class of its compactification is given by the formula
Z161 = 286(407A — 61 69 — 325 61 — by 8y — - -+ — bs Js),
where b; > by forall 2 < j < 8. In particular s(Z16,1) = 407/61 = 6.6721... < 6 + 12/17 =

6.705..., hence Z16,1 provides a counterexample to the Slope Conjecture on M.
In a similar manner we have the following example of a geometric divisor on Moo
of very small slope:

Theorem 1.2. The following subvariety of Mao

2929 :={[C] € May : 3L € W3)(C) such that C 5 P fails property (N)},
is an effective divisor on Moy and the class of its compactification is given by the formula
Z922 = 25194(1665 X — 256 6y — 1407 & — bady — - -+ — b1y 011),
where b; > by for all 2 < j_§ 11. In particular 5(222,2) = 1665/256 = 6.50@)... <
6 +12/23 = 6.52173..., and Z99 5 gives a counterexample to the Slope Conjecture on Mas.

We note that while Theorem A gives a sequence of (virtual) examples of divisors
contradicting the Slope Conjecture, for any given g one can construct other (actual)
divisors on M, of slope < 6+12/(g+ 1) also defined in terms of syzygies. For instance,
the locus consisting of curves [C] € My for which there exists L € W240(C) such that

C ﬂ P* is not cut out by quartics (or equivalently, the map I4(L) ® H (L) — I;(L) is
not bijective), is a divisor on My violating the Slope Conjecture.

We record the following consequence of Theorems 1.1 and 1.2:
Theorem 1.3. (1) The moduli space of n-pointed curves Mas ,, is of general type for all n > 2.
(2) The moduli space May , is of general type for all n > 4.
(3) The moduli space Mg, is of general type for all n > 9.

(4) The moduli space Moy ., is of general type for n > 6.
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It is also possible to give examples of divisors of small slope on the moduli spaces
My, of n-pointed stable curves. We have only pursued this for genera g < 22 with the
goal of proving that various moduli spaces M, , are of general type (this is automatic
for g > 23). One of our examples is the following:

Theorem 1.4. The following subvariety of M4

2114’0 = {[C,p] € M1 : IL € W(C) such that C L)l P® fails property (No)}

is an effective divisor on M4,1. The class of its compactification gi 4,0 18 given by the formula
?}4,0 = 33(237 A + 14 @Z) —35 (5(] - 16951 - 183513 - b2(52 — b12612>,

where b; > 15+ 27j for 3 < j < 12, j # 4, by > 325 and by > 271. In particular [?}470]
lies outside the cone of Pic(Mia,1) spanned by pullbacks of effective divisors from My, the
boundary divisors 0y, . . . , 813 and the Weierstrass divisor W on My 1.

An equivalent formulation of the Slope Conjecture on M, for g such that g + 1
is composite (which we learned from S. Keel), is to say that the Brill-Noether divisors
M;d consisting of curves with a g, when g — (r+1)(g — d+r) = —1, lie on a face of the
effective cone Eff(M,). It is well-known that s(M;, ;) = 6 + 12/(g + 1) (cf. [EH3]), so
the Slope Conjecture singles out these divisors as being of minimal slope. One can ask a
similar question on M, ;. Are the pullbacks 7* (ﬂ; 4) of the Brill-Noether divisors from
M, and the Weierstrass divisor W := {[C,p] € M, : p € C is a Weierstrass point} on
a face of the effective cone Eff(M,1)? The question makes sense especially since in
[EH2] it is proved that the class of any generalized Brill-Noether divisor on M%l (that
is, any codimension 1 locus of curves (C,p) € M, 1 having a linear series with special
ramification at p) lies inside the cone of Pic(M,,1) spanned by by [7* (M ;)] and [W].
Theorem 1.4 shows that at least for g > 14 the answer to the question raised above is
emphatically negative.

Acknowledgments: I had useful conversations with many people on subjects
related to this paper. I especially benefitted from discussions with J. Harris, S. Keel, D.
Khosla and M. Popa.

2. SYZYGIES OF ALGEBRAIC CURVES

In this paragraph we review a few facts about the resolution of the ideal of a
curve embedded in a projective space. As a general reference for syzygies and Koszul
cohomology we recommend [L] or [GL].

Suppose that C' is a smooth curve of genus g and L is a very ample line bundle
on C giving an embedding C' — P" = P(V), where V = H"(L). We denote by I pr the
ideal of C' in P" and consider its minimal resolution of free S = Sym(V')-modules

O—)Fr+1—>“'—>F2—>F1—)IC/PT—>O.

Then one can write F; = @ez5(—j — 1)%+(©), where bj,(C) = dim¢Tor? (S(C), (C)j+l is
the graded Betti number of C' that comes on the [-th row and j-th column in the Betti
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diagram of C. Following Green and Lazarsfeld we say that the pair (C, L) satisfy the
property (NN;) for some integer ¢ > 1, if F; = @S(—j — 1) for all j < i (or equivalently
in terms of graded Betti numbers, b;;(C) = 0 for all | > 2). Using the computation of
b;1(C) in terms of Koszul cohomology, there is a well-known cohomological interpreta-
tion of property (NV;): we denote by M = Qpr(1) and M, = M ® Oc¢, hence we have an
exact sequence

0— My — H'(L)® Oc — L — 0.

By taking exterior powers, for each i > 0 we obtain the exact sequence:
(1) 0— ATMp — ANTHY(L) @ O — AN'Mp ® L — 0.
If L is a normally generated line bundle on C, then (C, L) satisfies property (1V;) if and
only if for all j > 1, the natural map

uij: NTYHO(L) © HO(L®) — HO(AN' M, @ LEUHY)
obtained by tensoring the sequence (1) and taking global sections, is surjective (cf. e.g.
[GL], Lemma 1.10).

We will be interested in the vector bundle M7, in the case when C is a curve of
genus g = 2k —2and L = K¢ ® AV is residual to a base point free pencil 4 € W}'(C).
We start by establishing a more general technical result used throughout the paper:

Proposition 2.1. Let C be a curve of genus g and L a globally generated gl on C. If p > 1 is
an integer such that g + min{r, p} < d, then forall j > 2and 0 < i < p + 2 — j, we have the
vanishing HY(AN'"Mp, @ L®7) = 0.

Proof. We use a filtration argument due to Lazarsfeld [L]. We choose general points
z1,...,2,—1 € C such that h°(C,L ® Oc(—z1 — -+ — x,_1)) = 2 and then there is an
exact sequence

0— Lv(xl +- 4 z) — Mp — @;;%Oc(—x]’) — 0.
Taking exterior powers, we can write the exact sequence
0— AT (@;;%Oc(—mj)) QLY (x1 4 +xp_1) — NM, — /\i(GE;;%OC(—xj)) — 0.

In order to conclude that H(A'M}, ® L®7) = 0, it suffices to show that forall 1 < i <
min{r — 1, p} we have the following:

(1) HY(L®) @ Oc(—D;)) = 0 for each effective divisor D; € C; with support in the set
{331, . ,xr_l}, and

2) H*(L®U=Y ® Oc(D,—;)) = 0, for any effective divisor D,_; € C,_; with support
contained in {x1,...,z,_1}.

Statement (2) follows because of degree reasons. The only way (1) could fail is when
j=2and h°(Kc ® L) > r — i + 1, which by the Riemann-Roch theorem implies that
g+ 1> d~+ 1 and this contradicts our numerical assumption.

O

Remark 2.2. (1) For p > r, the condition g+min{p, r} < d is equivalent with H!(L) = 0.
(2) Since we work in characteristic 0, the same filtration argument from the proof of
Proposition 2.1 can be used to show that M, is a stable vector bundle on C.
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We fix g = 2k — 2 where k > 3. We denote by M the open substack of M, con-
sisting of curves C of genus g which carry no g;_,’s and which have no automorphisms
(clearly the complement of M(g) inside M, has codimension > 2). Over Mg we have a
universal curve 7 : C — /\/lg and we also consider the Hurwitz stack o : &} — M(g]
parametrising pairs (C, A), where [C] € M} and A € W}}(C) is a (necessarily base point
free) g}C on C. It is a classical result that Qi,lg is a smooth irreducible stack which is fi-
nite over MY. The isomorphism &} > (C, A) — (C,Kc ® AY) € &% 2: will be used
throughout the paper.

Let us consider now an element (C, A) € &} and set L := Kc® A". The genericity

assumption on C' implies that L is very ample and gives an embedding C' C P¥~2 of
degree 3k — 6. We denote by Z the ideal sheaf of C' in this embedding.

Proposition 2.3. Fix integers g = 2k —2 with k > 3 and i > 0 with 2k > 3i + 7. If
(C,A) € &) and L = Ko @ AY, then (C, L) fails to satisfy property (N;) if and only if

. k—2 k—1 k—1
O/pk—2 i B > — 37 — — .
hO(PE=2 N Mpi—2 ® T(2)) > (Hl)(k; 3i 6)+2(i+1> <¢+2) +1

L
Proof. We use the following diagram of exact sequences for the embedding C' 5 P2

/\i+1MPk—2 ®IC(1) —_— /\H_lHO(OPka(l)) X Ic(l) — /\iMPk72 ®Ic(2)

/\H—lMPk_z(l) — /\i+1HO(OPk—2(1))®Opk—2(1) — /\iMPk—Q(2)
a b C

ANTIMp @ L — ANHHY (L) ® L — NMp ® L?

0 0 0

For simplicity we denote by the same symbol the map on global sections corresponding
to a sheaf morphism and the morphism itself. Since H'(P*~2 A" Mpr_2(1)) = 0 (be-
cause of Bott vanishing, see [OSS], pg. 8), we can apply the snake lemma to the diagram
obtained by taking global sections in the two lower rows. The map induced by b is an
isomorphism, which gives an isomorphism

HO (PP 2 N'Mpr—2 @ To(2)) =& HY(PF2 AT Mpr—2 ® Zo(1)).
From Proposition 2.1 we have that H'(A"M, ® L?) = 0, and thus C satisfies (IN;) if and
only if the map
HYANTIM, @ L) — NTYHY(L) @ HY(L)
is an isomorphism, or equivalently h'(A™*'M, @ L) < h{(ANHHO(L) @ L) = 2(57]).
From the Riemann-Roch theorem, this is the same thing as having

dim(Coker(a)) < (’j; f) (k—3i— 6) + 2 (’Z; 11> - (’Z;;)
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But Coker(a) = H(A"Mpr—> @ Z¢(2)), so failure of (IN;) is equivalent to the map c
having a kernel of dimension at least

<l§;12>(k—32‘—6)+2<];;11> _ (’j;é) 1

k—2 ) 1
B <z’+1>(k_3l_6)(1_(k—z'—2)(i—|—2))+1'

0

Remark 2.4. An immediate consequence of this proof is that when & — 3i — 6 < 0 (or
equivalently g < 6i + 8), the pair (C, A) always fails property (N;). When k& = 3i + 6
we have that (C, A) fails (IV;) if and only if A%(P*~2 A"Mpr—» ® Z¢(2)) > 1, which we
expect to be a divisorial condition on &..

This proposition allows us to define a determinantal substack of &} consisting of
pairs (C, A) for which L fails to satisfy property (IV;). On the fibre product C x MO (GH
there is a universal Poincaré bundle £ whose existence is guaranteed by the universal
property of &;. If py : C x 9 & — Cand py : C x 9 & — & are the natural
projections, then & := po. (piw,®L") is a vector bundle of rank k—1 with fibre £(C, A) =
H%(C,K¢c® AV) over each point (C, A) € &;. We have a tautological embedding of the
pullback of the universal curve C x 50 ®;. into the projective bundle u : P(€) — &} and
we denote by J C Op(g) the ideal sheaf of the image. Next, we define the vector bundle
N on P(€) by the sequence

0 — N — u*(&) — Op(gy(1) — 0,
and we further introduce two vector bundles A and B over &, by setting

A= u, (NN ® Op(i)(2)), and B := u, (NN ® OCXMO%(Q)).

If C C P*? is the embedding given by L = K¢ ® AV, then
A(C, A) = HO(PF72, AN"Mpr—2(2)) and B(C, A) = HY(C, N'M}, ® L®?)

and there is a natural vector bundle morphism ¢ : A — B. From Grauert’s Theorem we
see that both A and B are vector bundles over & (for B use that H*(C, \'M}, @ L?) = 0
because of Proposition 2.1). Moreover from Bott’s Theorem (see again [OSS]) and the
Riemann-Roch Theorem respectively, we obtain that
rank(A) = (i + 1) ( f 2) and rank(B) = <k B

7

2) (4k — 9 — 30).

)

Then Proposition 2.3 can be restated as follows:
Proposition 2.5. The cycle
Uy i :={(C, A) € 8}, : (C,Kc @ AY) fails property (N;)},

can be realized as the degeneracy locus of rank (i—1) (5 1)+ (i+2) (5 5) — (5.7) (k—3i—6)—1
of the vector bundle map ¢ : A — B over &;..
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In this way we obtain a stratification of M} with strata Z,; := o (Uy,;) consisting
of those curves C for which there exists a pencil A € W}!(C) such that (C, K¢ ® AV) fails
property (IV;). Note that when g = 6¢ + 10 then rank(.A) = rank(B) and U, ; is simply
the degeneracy locus of ¢ and we expect Z, ; to be a divisor on M(g).

It is of course very natural to compare this newly defined stratification
Z30C 241 C...C2g;C...C M}

with the more classical stratification of M, defined in terms of syzygies of K¢. If for
each i > 0 we set

Ny :={[C] € M, : (C, K¢) fails property (N;)},

then Green’s Conjecture for generic curves of fixed gonality (cf. [V3], [V2]) can be read
as saying that for all 0 < i < (g — 2)/2, the locus N, ; coincides with the (i + 2)-gonal
locus My ;. , of curves with a g, ,, while Ny ; = M, for all i > (g — 1)/2. One of the
morals of this paper is that the stratification Z,; is very different in nature from the
one given by gonality: whereas N is the locus of hyperelliptic curves of genus g, the
smallest stratum Z, is intimately related to the locus of curves lying on K3 surfaces
which is well-known to be transversal to any Brill-Noether locus (a curve of genus g
lying on a general K3 surface satisfies the Brill-Noether Theorem, cf. [L]).

We have already seen that Z,; = M) when g < 6i + 8 (cf. Remark 2.4). A result
due to Mukai and Voisin (cf. [V1], Proposition 3.2) states that if C' is a smooth curve of
genus g = 2k — 2 sitting on a K3 surface S with Pic(S) = Z [C], then for all A € W} (C)
the multiplication map Sym?H?(K¢c ® AY) — H((Kc ® AY)®?) is not surjective, in
other words, [C] € Z,0. In a forthcoming paper we will show that the converse also
holds, that is, the closure in M, of the smallest stratum Z; 5 coincides with the locus

Kq:={[C] € M, : C lies on a K3 surface}.

The possibility of such an equality of cycles has already been raised in Voisin’s paper
(cf. [V1], Remarques 4.13). Its main appeal lies in the fact that it gives an intrinsic
characterization of a curve lying on a K3 surface which makes no reference to the K3
surface itself! We now make the following:

Conjecture 2.6. For an even genus g > 67 + 10, the stratum Z; is a proper subvariety
of Mg. In particular, when g = 67 + 10, the stratum Z ; is a divisor on Mg.

For g < 8 the conjecture is trivially true because K, = M, that is, every curve
of (even) genus g < 8 sits on a K3 surface. The first interesting case is ¢ = 10 when
the conjecture holds and the identification ICig = Z10,0 is part of a more general picture
(see [FP] for details). We have checked Conjecture 2.6 for all genera g < 24 sometimes
using the program Macaulay. We will describe this in detail in the most interesting
cases, g = 16 and g = 22, when the strata Z16,; and Z32 2 are divisors on Ms and Mayo
respectively.

Theorem 2.7. Let C be a general curve of genus 16. Then every linear series A € W (C) gives

an embedding C g P7 of degree 21 such that the ideal of C' is generated by quadrics (that

is, it satisfies property (N1)). In particular Z16 1 is a divisor on M.
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Proof. From the irreducibility of the Hurwitz scheme of coverings of P! it follows that
the variety &§ = &1 parametrizing pairs (C, A) with [C] € My and A € Wy (C) is
irreducible. To prove that Z4 1 is a divisor it is enough to exhibit an element (C, A) € &

Kc®AY
with Ko ® AY very ample, such that the embedded curve C el P” is cut out by

quadrics.

We consider 13 general points in P? denoted by p1,p2,¢1,...,q7 and 71,...,74
respectively, and define the linear system
7 4
H=8h—3(Ep, + Ep,) —2Y Ey—Y E,,
i=1 j=1

on the blow-up S = Bly3(P?). Here h denotes the pullback of the line class from P2

H
Using the program Macaulay it is easy to check that S il P” is an embedding and the
graded Betti diagram of S is

- — 35 956

Thus S is cut out by quadrics. To carry out this calculation we chose the 13 points
in P? randomly using the Hilbert-Burch theorem so that they satisfy the Minimal Res-
olution Conjecture (see [SchT] for details on how to pick random points in P? using
Macaulay). Next we consider a curve C' C S in the linear system

6 3
2) C =14h—5(Ep, + Ep,) —4> Ey — 3B, -2 By, — E,,.
i=1 j=1

By using Macaulay we pick C' randomly in its linear system and then check that C is
smooth, g(C) = 16 and deg(C) = 21. To show that C' is cut out by quadrics one can
compute directly the Betti diagram of C. Otherwise, since S is cut out by quadrics, to
conclude the same thing about C, it suffices to show that the map

m: H°(S, H) ® H(S,2H — C) — H°(S,3H — C)

is surjective (or equivalently injective). Since h%(S,2H — C) = 2, from the base point
free pencil trick we get that Ker(m) = H%(S,C — H) = 0, because C — H = 6h — 2E,, —
2E,, —25% | E, — E, — 2?21 E,, is clearly not effective for a general choice of the 13
points. O

Remark 2.8. A possible objection to this proof could be that while we defined the Hur-
witz space 8§ — M over the open part of M4 consisting of curves carrying no gi’s,
the curve C' we constructed in the proof of Theorem 2.7 might lie outside M{;. How-
ever, this does not affect our conclusions because for every g and [ < (g + 3)/2, the
Hurwitz space of pairs (C, A) with [C] € My an A € W}'(C), is an irreducible variety,
that is, there can be no component of the Hurwitz space mapping to a proper subvariety
of the [-gonal locus M;,z (This statement can be easily proved with the methods from
[ACT]).
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Remark 2.9. For later use we are going to record a slight generalization of Theorem 2.7.
The conclusion of the theorem holds for the image in P7 of any plane curve C' that is
sufficiently general in the linear system given by (2). In particular one can choose C
to have a cusp at a general extra point y € P?, in which case we obtain that a general
one-cuspidal curve C' C P of arithmetic genus 16 and degree 21 is cut out by quadrics
(this again is quite easily checked with Macaulay). Since the Hilbert scheme of these
curves is irreducible (use again the Hurwitz scheme), it follows that for a general (C,y) €

M ;51 and for an arbitrary linear system L € W, (C) having a cusp at y, the ideal of the

cuspidal image curve C Hpis generated by quadrics.

In a somewhat similar manner we are going to show that for g = 22 the locus
Z99 2 is a divisor.

Theorem 2.10. Let C be a general curve of genus 22. Then for every linear series A € Wi, (C)

V1o . . |[Kc®AY| 10 Lo
we have that |Kc ® AY| is very ample and the resulting embedding A~ —  P*° satisfies

property (N2). In particular, the locus of curves C of genus 22 carrying a linear series gi) =
Kc(—g3s) which fails to satisfy property (N2), is a divisor on Maa.

Proof. Ideally we would like to construct a rational surface S C P which satisfies
property (N2) and then consider a suitable curve C' C S with ¢g(C) = 22 and deg(C) =
30. For numerical reasons this will turn out not to be possible but we will be able to
construct a smooth curve C' C S with ¢g(C’) = 20 and deg(C’) = 28 which satisfies
(N2). The desired curve C will be a smoothing in P of CUL UL, where L and L' are
general chords of C'.

We start by choosing random points p, p1,...,p7,q1,...,¢5 € P2. Then the linear
system

7 5

H=11h—4E,-3) E, -2) E,
i=1 j=1

yields an embedding S C P'° of Blj3(P?). Using Macaulay we get that the upper left
corner of the Betti diagram of S is

1 - - - _
— 29 98 T2 —
— - - 264 —

that is, S satisfies property (Nz), hence H'(S,A3Mg(1)) = 0. If I' = H is a general
hyperplane section of S, then ¢g(I') = 13, deg(I') = 22 and an argument very similar
to the one in Proposition 2.1 shows that the vector bundle Mr is stable. In particular
HY(T', A2Mp(2)) = 0. Since Mgr = Mr @ Or one can write the exact sequence

0 — A'Mg(1) — A'Mg(2) — AMp(2) @ AT1Mp(2) — 0,
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which leads to the vanishing H?(S, A3Mg(1)) = 0. Suppose now that C C S is a smooth
non-degenerate curve. We have a commutative diagram:

HY(C,A*Me(1))  — A3HY(Oc(1)) @ HY(Oc(1))

HY(A2Mg(2H — C)) — H2(A*Mg(H —C)) — A3H"(Os(1)) ® H2(H — C),

where the left vertical map is isomorphic because H' (S, A3 Mg (1)) = H?(S, A3Mg(1)) =
0. To conclude that C satisfies (NN2), it suffices to show that H' (S, A2Mg(2H — C))) =0,
or equivalently, that the map f : A2H%(Ogs(1)) ® H°(2H — C) — H°(Ms(3H — C))
obtained from the Koszul complex, is surjective. If (deg(C), g(C)) = (30, 22), then one
can check easily that h°(S, 2H —C) = 3 and h°(S, Ms(3H —C)) = 207, hence f cannot be
surjective for dimensional reasons. The closest we can get to these numerical invariants
is when (deg(C'), g(C)) = (28, 20) and this is the type of curve on S we will be looking
for. Take

7 5
C'=1Th—6E, ~5) E, —3) E,,
i= j=1

and consider the embedding C’ C P given by |H|. Using Macaulay we check that C”’
is a smooth curve of genus 20 and degree 28 with graded Betti diagram

1 - - —
- 27 80 -
- = — 432

Hence C’ satisfies (N2). Now choose two general chords L and L’ of C' and define
C :=C'ULUL Clearly g(C) = 22,deg(C) = 30 and one last check with Macaulay
shows that by;(C) = 0 for j > 2, that is, C satisfies (N3).

0

Remark 2.11. Just like in the case g = 16 we have a slight variation of the last Theo-

rem. The same proof shows that for a general (C,y) € Moy, and for an arbitrary linear

L
series L € W4J(C) that has a cusp at y, the one-cuspidal image curve C 5 p10 gatisfies

property (Na).
3. INTERSECTION THEORY CALCULATIONS ON M,

Recall that we have realized Z4;110; as the image of the degeneracy locus Us;+10,;
of a vector bundle morphism ¢ : A — B over &+. To compute the class of the compact-
ification Z¢;110,; we are going to extend the determinantal structure of Z4;;19,; over the
boundary divisors in Mg; 1.

We set g := 6i + 10, k := 3i + 6 and denote by M, := M) U (UIZPAY) the locally
closed substack of M, defined as the union of the locus M} of smooth curves carrying
no linear systems g}c_l to which we add the open subsets A? CAjforl <j<3i+5
consisting of 1-nodal genus g curves C' U, D, with [C] € M,_; and [D,y] € M, being
Brill-Noether general curves, and the locus A} C A containing 1-nodal irreducible
genus g curves C' = C/q ~ y, where [C, q] € M,_; is a Brill-Noether general pointed
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curve and y € C, together with their degenerations consisting of unions of a smooth
genus g — 1 curve and a nodal rational curve. One can then extend the finite covering
o ®% 2 — M) to a proper, generically finite map

0 : % — M,
by letting @5;36 be the variety of limit gk, %;’s on the treelike curves from M, g (see [EH1],

Theorem 3.4 for the construction of the space of limit linear series).

We will be interested in intersecting the divisors Zg;10,; on Mg with test curves
in the boundary of M it 10 which are defined as follows: we fix a Brill-Noether general
curve C of genus 2k — 3 = 6¢ + 9, a general point ¢ € C and a general elliptic curve E.
We define two 1-parameter families

(3) CO = {y—fq TS C} C Ag C MQ]C,Q and C! := {CUyE TS C} C A C MQk,Q.

It is well-known that these families intersect the generators of Pic(May_2) as follows:
COXx=0,C"6p=—(4k—6),C°- 6 =1and C°.§, = 0fora > 2, and
Cl.-X=0,C"6p=0,C'. 6, = —(4k —8), C' -5, =0fora > 2.

Next, we fix an integer 2 < j < k — 1, a general curve C of genus 2k — 2 — j and
a general curve pointed curve (D,y) of genus j. We define the 1-parameter family
CI = {C Uy D:ye C} - Aj - ﬂQk_z. We have that

CV-A=0,C"-6,=0fora#jand C?-§; = —(4k — 6 — 27).
During our calculations we will often need the following enumerative result (cf. [HM],
pg. 71):

Proposition 3.1. Let C be a general curve of genus j, y € C' a general fixed point and an
integer 0 < o < j/2.

(1) The number of pencils A € W;_, ., (Y) satisfying hO(Y, A(—=(j + 1 — 2a)y)) > 1 s

equal to
(j, ) j+1—-2a/j
a(j,a) = ——— .
o Jj+1l—a \«

(2) The number of pencils A € le_a(C) satisfying h°(Y, A(—(j — 2a)q)) > 1 for some
unspecified point ¢ € Y is equal to

b(j, ) = (j — 20 —1)(j — 2)(j — 20 + ”@'

Definition 3.2. (1) For a fixed general curve C' of genus 2k — 3 we denote by §(k, 1) the
(finite) number of linear series L € Wfk_i(C ) for which there exists a point y € C with
hO(L(—2y)) > k —2and h°(L(—ky)) > 1.

QQWefix2 <j<k—-1,0<a<j/2and a general curve C of genus 2k — 2 — j. We
denote by d(k, j, o) the number of linear series Lo € Wfk__Qj_ 4(C) for which there exists
apointy € Csuch that h°(L(—(a+1)y)) > k—1—a, h°(L(—(j—a+2)y)) > k—1+a—j
and h(L(—(k +1)y)) > 1.
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The numbers 6(k, 1) and 6(k, j, o) can be computed by degeneration. Since we
do not need their actual values we skip this calculation. Next we describe (’5§k ¢ set
theoretically. To set notation, if X is a treelike curve and [ is a limit g}, on X, for a
component Y of X we denote by ly = (Ly, Vy C H°(Ly)) the Y-aspect of I. For a point
y € Y we denote by {aly (C)}s=o..r the vanishing sequence of [ at y and by p(ly,y) :=

pg,r,d) — >0 O(aly (y) — ¢) the adjusted Brill-Noether number with respect to y

Proposition 3.3. (1) Let C} = C Uy E be an element of AY. If (¢, 1) is a limit gl % on C},
then Vo = H(L¢) and Lo € Wi 2(C) has a cusp at y, that is, h°(C, L(—2y)) = k — 2.
Ify € C is a general point, then lp = (Op((3k — 6)y), (2k — 5)y + |(k — 1)y|), that is,
g is uniquely determined. If y € C'is one of the finitely many points for which there exists
Lo € WE(C) such that p(Lo,y) = —1, then lp(—(2k — 6)y) is a gf~2 with vanishing
sequence at y being > (0,2,3,...,k — 2,k). Moreover, at the level of 1-cycles we have the
identification o*(C') = X + 6(k, 1) T, where
X :={(y,D) € C x Cp_o: h°(C, D + 2y) > 2}

and T is the curve consisting of gllj’z’s on E with vanishing > (0,2, ...,k — 2, k) at the fixed
pointy € E.

(2) Let C) = C/y ~ q be an element of A). Then limit linear series of type gy, > on C) are
in1:1 correspondence with complete linear series L on C of type g3k ¢ satisfying the condztzon
hO(C L®Oo( —q)) = h%(C, L)—1. Thus there is an isomorphism between the cycle o*(C°)
of ggk ¢ on all curves CO with y € C and the smooth curve

Y :i={(y,D) € Cx Ch_g: h°(C,D+y+q) >2}.

Proof. We only prove (1) the remaining case being similar. Suppose [ = (I¢, (g) is a limit
glgﬁﬁ on C;. Using the additivity of the Brill-Noether number (see e.g. [EH1], Lemma
3.6), we get that 0 = p(2k — 2,k — 2,3k — 6) > p(lc,y) + p(lg,y). Since the vanishing
sequence at y of the E-aspect of [ is

a'®(y) < (2k — 5,2k —4,...,3k — 8,3k — 6),

it follows that we also have the inequality a'¢ (y) > (0,2,...,k — 1). If y € C is general,
then p(lc,y) = 0 and a'“(y) = (0,2,...,k — 1). Moreover, I corresponds to a complete
linear series |L¢| on C such that h'(C,L¢) = 1 and h'(Le ® Oc(—2y)) = 2. Ify € C
is one of the points such that p(ic,y) = —1, then since C' is Brill-Noether general we
must have aéc (y) = 0, which implies that a'c(y) = (0,2,...,k — 2,k), hence a'#(y) >
(2k — 6,2k —4,...,3k — 8,3k — 6), or equivalently, [ = (2k — 6)y + |Vg|, where Vi C
H°(Op(ky)) is a 92_2 with vanishing sequence > (0,2,3,...,k — 2,k) at y. An easy
argument shows that the variety Y of such Vg’s is isomorphic to P(Og(ky))a,)- O

Proposition 3.4. Let Ci .= C Uy D be an element from Ag, where2 < j <k—1,¢9(C) =
2k — 2 — jand g(D) = j. Suppose (¢, 1p) is a limit gk 2 on C). If y € C is a general point,
then ¢ has the divisor (j — 2)y as base locus and there exists an integer 0 < « < [j/2] such
that lo(—(j — 2)y) = |L¢|, with L¢o € Wé“k_fj%(C) satisfying the inequality

ale(y) > (0,1,...,a—La+1l,a+2,....j—a,j—a+2,j—a+3,....k—1,k).
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Moreover Ip is one of the a(j, ) linear systems on D of type (2k — j — 4)y + |Lp|, with
Lp e W,f__22+j(D) such that h°(Lp(—(k+1—a)y)) = aand h°(Lp(—(k+a—j)y)) = j—a.

If for some integer 0 < o < [j/2], y € C'is one of the b(2k — 2 — j, k — 1 + o — j) points
for which there exists Lo € Pic3*~173(C) such that h®(Lo(—(a +2)y)) = k — 1 — a and
h(Le((j — a+2)y)) = k — j + «, then there are two possibilities:

(1) The aspect ¢ is of the form (j — 2)y + |Lc(—y)|, whereas Ip = (2k — j —4)y + |Lp|, where
Lp € W,f__22+j(D) satisfies hO(Lp(—(k+1—a)y)) > aand h°(Lp(—(k+1+a—j)y)) >
j—a—1.

(2) The aspect lc is of the form (j — 3)y + (Lc, Vo), where Vo € H°(L¢) is such that

HO(L¢(—2y)) C Ve, and Ip = (2k — j — 4)y + |Lp| with Lp € W=7 (D) and

adP(y)=(0,1,... k—1—j+ak+l—j+o,....k—1l—a,k+1—a,....k—1k+1).

Finally, if for some 0 < o < [j/2], y € C is one of the §(k, j, &) points for which there
exists Lo € Pic®*=479(C') such that

ale(y) =(0,1,...,a—1L,a+1,....j—a,j—a+2,....k—2k—1k+1),

k—2
k—1+j

D satisfying a'o (y) = (0,2, ... k—1+a—j k+1+a—j,....k—ak+2—a,....k k+1).

thenlc = (j—2)y+|Lo|and Ip = (2k—j—5)y +1p, where I, is a (non-complete) g on

Proof. Since by definition [D, y] € M ; is Brill-Noether general, we have that p(lp,y) >
0. The locus of those (C,y) € Mayj_o_;; carrying a 9’51;26 with p(g’;,fG,y) < —21is of
codimension > 2, hence we must also have that p(lc,y) > —1. Using Proposition 1.2
from [EH3] we have that aﬁf_ 5(y) <k—-2+jand aéc (y) > j — 3. There are two cases to

consider:

@ If p(lc,y) =0, then p(Ip,y) = 0. Assume first that aéc (y) = j — 2. Since we have that
0 <ale(y)—s—(j—2) <2forall0 < s < k—2, there must exist an integer 0 < o < [5/2],
such that if Lo denotes the glgk—_z ij obtained from Ic by removing (j — 2)y, then the
vanishing at y is a’“(y) = (0,1,...,a - L,a+ l,a+2,...,j —a,j —a+2,...,k). By
compatibility, [p has (2k —j —4)y in its base locus and we write [p = (2k—j—4)y+|Lp],
where al?(y) = (0,1,....k—2+j—a,k+j—a,....k—1—a,k+1—a,...,k). By
Riemann-Roch, the number of such Lp’s equals the number of g}_a 41’son D with a
(j — 2+ 1)-fold point at y which is computed by a(j, o). If af)c (y) = j — 3, we denote by
L¢ € Pic**379(C) the line bundle obtained from I by subtracting (j — 3)y, and again
we see that there must exist 0 < a < [j/2] such that h%(Lo(—(j —a+2)y)) =k —j +
and h°(Le(—(a + 2)y)) = k — 1 — a.. By duality, K¢ ® LY @ Oc((j — a + 2)y) is one
of the finitely many g} , s on C with a (j — 2«)-fold point at y. This number equals
b(2k —2 — j,k — 1+ a — j) and this explains case (2) of our statement.

(b) If p(lc, y) = —1, then p(Ip, y) = 1. Anargument similar to that used above gives two

possibilities for a'c (y) and the rest follows because I and [ are compatible at y. O

Retaining the notation from Proposition 3.4, for each integer 0 < o < [j/2] we
define the following 1-cycles:
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Xjo={(y,Lc) € C x Pic™T74(C) rako(y) > a + 1, af< (y) > j —a+ 2},

/

Vo= {.0) € C x C? 4(C) ak(y) > 2, al(y) 2 a+2, af_o 1) > —a+2),

Yjo:={Lp € Pic* M (D) :apP, (y) 2 k+a—j+1, a% ((y) >k—a+1}

and

Yj,,l; ={le GZ:%H(D) : all(y) > 27Q§g—1+a—j(y) > k+a—j+1,a§€_1_a(y) > k—a+2}.

Z k—2

Via Proposition 3.4 we view X .Y, Y, and Yj/ as 1-cycles on (‘~53k76. Note that X ,,

10 L jar o ,Q
projects onto C' while Yj:a is isomorphic to the union of b(2k —2 —j, k — 1+« — j) copies

of P1. We can then rephrase Proposition 3.4 as follows:

Proposition 3.5. If o : @3';,;_26 — ﬁ/lvg is the natural projection and [C] € May_o_; where
2 < j <k — 1, then we have the following numerical equivalence relation between 1-cycles:

/2
(€)= Y (alj @) Xja +0(k, 2k =2 = jk+a = ) Vot

a=0

+0(2k —2—j,k—1+a—j)Y,, +48(j,a) Yf@)

To compute the class of the cycles introduced in Propositions 3.3 and 3.5, we in-
troduce some notation. Let C' be a Brill-Noether general curve of genus g. We denote by
Cq the d-th symmetric product of C, by U C C x Cy the universal divisor, and by £ the
Poincare bundle on C' x Pic?(C'). We also introduce the projections 7 : C' x Cy — C and
7 : C x Cy — Cy (and we use the same notation for the projections from C' x Pic?(C)
onto the factors). We define the cohomology classes

n = 7 ([point]) € H*(C x Cy) and x = 75(D,,) € H*(C x Cy),

where z( € C is an arbitrary point and D, := {D € C; : 29 € D} (the definition of z is
obviously independent of the point z). Finally, if 61, ...,8y5 € HY(C,Z) = HY(Cy,Z) is
a symplectic basis, then we define the class

g
v i= =7 (7 (0a)m350gra) = T (Ggra)T3(0a))-
a=1
With these notations we have the formula (cf. [ACGH], p. 338) U] = dn + v + =z,
corresponding to the Hodge decomposition of [1/]. We also record the formulas 73 =
yn = 0,1? = 0 and 4% = —2nm3(0), where § € H?(Cy,Z) is the pullback of the class of
the theta divisor on Jac(C). Similarly, ¢;(£) = dn + v, where n,v € H?(C x Pic?(C))
pull back to n, v € H*(C x Cyq). Whend = k —2and g = 2k — 3, we set M :=
1 (Kc) ® Ocxc,_,(—U), hence ¢; (M) = (3k — 6)n — v — x.

We now compute the class of the curves X and Y defined in Proposition 3.3:
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Proposition 3.6. Let C' be a Brill-Noether general curve of genus g = 2k — 3 and ¢ € C a
general point.

(1) The class of the curve X = {(y, D) € C x Cy_z : h%(C, D + 2y) > 2} is given by

gk—2 k=3, 29k_3’7

e el Tl eyl T
2004y A(k+1) 4k —2
RSy A R e T

(2) The class of the curve Y = {(y, D) € C x Cy_g : h°(C, D +y + q) > 2} is given by

0k—2 9k—3x 6k—3,}/
(k—=2)! (k=3 (k-3)
k4 k+1

B k—4
Thoo et 1t

Y]

!—i-

k=1 k3
ek

Proof. We will realize both X and Y as pullbacks of degeneracy loci and compute their
classes using the Thom-Porteous formula. We consider the map € : C' x Cy_o2 — Cj
given by e(y, D) := 2y + D. It is easy to check that
€ (z) =2n+xand € (0) = 4gn + 6 — 2.
Then X = ¢*(C}) and to compute the class of C} = {E € Cy : h°(E) > 2} we in-
troduce the rank & vector bundle P := (m2).(7] K¢ ® Oy) on Cj, having total Chern
class ¢;(P) = (1 — x)*k“‘eﬁ (cf. [ACGH], pg. 240). There is a natural bundle map
¢V : e*(PV) — HY(K¢o)Y @ Ocxe,_,, and X = Zi_1(¢"). Then by Thom-Porteous, we
can write
1 L, 082 oOF3
(X1 = [yl = < (=1 — o500
ct(e*(PY)) (k—=2)!  (k—3)!
(49n+6 —29)" 2 (490 +6 — 29)"3(2n + x)
(k—2)! (k—3)! ’
which quickly leads to the desired expression for [X].

To compute the class of Y we proceed in a similar manner: we consider the map
X : C x Cx_g — C given by x(y,D) := y + ¢+ D. Then x*(z) = x +nand x*(0) =
gn + 6 — . For each (y, D) € C x Cj_2 we have a natural map

HO(KC|y+q+D)V - HO(KC)V

which globalizes to a vector bundle map " : x*(PY) — H*(K¢)Y ® Ocxc,_, and then
itis clear that Y = Z;_;(¢V). Applying Thom-Porteous again, we obtain

1 . 9k72 x9k73
e =X G e
(gn+0—-1"2 (gm+0—7)r3n+a)

(k—2)! (k—3)! ’
which after a straightforward calculation gives the class of Y. O

Y] =
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We also need the following intersection theoretic result:

Lemma 3.7. For j > 1 we denote by F; := (m2).(M®7) the vector bundle on Cy_o with fibre
F;j(D) = H(C, jK¢ — jD) over each D € C_o. Then ¢1(F;) = —j20 — 5(3j — 2)(k — 2)z.

Proof. We apply the Grothendieck-Riemann-Roch Theorem for the map 7y : C'xCj_o —
C_9. We obtain that
2

(7)) = [ (w2 ((143(Bk =6 —7 —2) + % (Bk =6~y —a)?) - (1= (2k—4)n) )| =

= 520 — j(3j — 2)(k — 2)x.
O

Next we compute the class of X, when 2 < j < k — 1. It is convenient to state
our result as follows:

Proposition 3.8. Let C be a general curve of genus 2k — 2 — j such that 2 < j < k — 1. We
have the following relation in H*~421 (C x Pic**~1=4(C)):

+

WZZ] (j,a) X; 2(2k — 3)! (9%21 (3kj + 12k — 95 — 18)9?k—3—J~
WO e = ik —2)1(2k — 3 — j)I \2k —2 — j 2% — 3

a=0
02k—3—j77
(2k — 5)(2k — 3) (

67 3
60 — 64k + 16k> +5(60 — k- 10k2+6k3)+j2(15+2k—5k2)+§kj3)>.

Proof. We fix aninteger 0 < « < [j/2] and a divisor D € C, of degree e > k—j—1. We set
d:=3k—4—j,T := DxPic’(C) and denote by u, v : C' x C x Pic’(C) — C x Pic*(C) the
two projections and by J,, (L) the a-th jet bundle of the Poincare bundle on C' x Pic?(C).
Then P(D) = (m2)«(L ® OCXPiCd(C)(F)) is a vector bundle of rank e 4+ k — 1. For
each o > 0 we define the vector bundle J, (£, D) := u, (v*(£) ® (’)(QH)AH*(F)), where
A C C x C x Pic%(C) is the diagonal, and consider the vector bundle map
o Jo(L, D) — (m2)"(P(D))",

which on fibres is the dual of the map H%(Lc ® O(D)) — H?(L¢ ® Oq11)y+p(D)) for
each pair (y, L¢) € C x Pic?(0).

The cycle X, consists of pairs (y, Lc) such that dim Ker(¢q(y, Lc)) > 1 and
dim Ker(¢j—a+1(y, Lc)) > 2 and its class is given by the formula (cf. [Fu],Theorem
14.3):

Xj,oz = Cj+1fa(a) Ck—l+a—j(j — o+ 1) - Ck—a(a) Ck—2+a—j(j — o+ 1)7

where ¢;(3) := ¢;((m2)*(P(D))Y — Jg(L, D)V). Since ¢t ((m2)*(P(D)) = €’ and ¢1 (L) =
dn + v (independent of D!), after a short calculation we obtain that

91 elfl 0171

() = 37+ gy (B4 D7+ (B4 D+ Bk =3 = )n) = 7573+ D(E+ 2,

A straightforward computation now leads to the stated formula. O
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For each integers 0 < a < k— 2 and b > 2 we shall define vector bundles G, j over
(’5’§k ¢ with fibre
Gap(C, L) = HO(\"My ® L*)
over every point (C, L) € 65;36. Note that le@g;&s = B, where B is the vector bundle
we introduced in Proposition 2.5. Of course, the question is how to extend this descrip-

tion over the divisors AY. First we will extend G, , over o~ (M)UAJUAY) and we start
by constructing the vector bundles Gy ;:

Proposition 3.9. For each b > 2 there exists a vector bundle Gy j, over o= (M5 U AU AJ) C
55151;_26 of rank k(3b — 2) — 6b + 3 whose fibres admit the following description:

e For (C, L) € ®% 2., we have that Go,(C, L) = H(C, L®?).
e Fort = (C Uy E, L) € 0= Y(AY), where L is the linear series g3k ¢ on C determining
a limit g3k ¢ on C Uy E, we have that

Gop(t) = H(C, L (=2y)) + C-u* € H*(C, L*"),

where w € H°(C, L) is any section such that ord,(u) = 0.
e Fort=(C/y~q,L) € o Y(AY), where q,y € Cand Li zsug3k ¢ on C, we have that

Gop(t) = H(C,L¥ (—=y — ) & C-u’ C HO(C, L®),
where w € H°(C, L) is a section such that ord,(u) = ord,(u) = 0.

Proof. Recalling that o : (752 — ./W denotes the variety of limit g/;’s over all treelike

curves of genus g, the morphism Qﬁ% 6= Q5k((§’£_zg_6b+2 givenby (C, L) +— (C, L®") can

be extended to a morphism v, : 652, — & bg’i 2; 2 over MyUAJUAY as follows. We

fixapointt = (CUy E,l = (I¢, 1)) a limit g3k76, where Ic = (L, HY(L¢)) € ngEG(C’)
is such that H(L¢) = H(Lo(—2y)) @ C - u, for a certain u € H%(L¢) with ord, (u) = 0,
while ip = (Op((3k — 6)y), (2k — 6)p + |Vi|) (any limit g5, %; on C' Uy E is of this form).
Then we set vj(t) := (1%,1%), where 1%, = (LE?, HO(LE" (—2y)) @ C - u® ¢ H(LE")) and
1%, = (Op(b(3k —6)p), (2l<: —3)p+|(k(3b—2) — 6b+ 3)p|). In other words, (12, 1%,) is the
b-th power of the original limit linear series 951;26.

For a point z = (C/y ~ ¢,Lc) € A} with Lc being a g 2, such that H(L¢) =

H(Lc(~y — q)) ® C - u, we define v(2) := (LE", HY(LE (—y — q)) © C-u® € HY(LE)).
The fact that vp can be constructed algebraically follows easﬂy from the equations of the

scheme ®§k ¢ described in [EH1], pg. 358. The variety & ((gz 3 oo+

logical vector bundle 7 = 7¢ with fibre over each point corresponding to a curve from
MY U Af being the space of global sections of the linear series, while the fibre over a
point corresponding to a curve from A is the space of sections of the aspect of the limit
linear series corresponding to the curve of genus g — 1. We define Gy := v, (7). The
description of the fibres of the vector bundle Gy is now immediate. O

carries a tauto-

Having defined the vector bundles G ; we now define inductively all vector bun-
dles G, 1 first we define G, j, as the kernel of the multiplication map Gy 1 ® Gop — Go,p+1,
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that is, by the exact sequence
0—Gip — Go1®G%0p — Gopr1 — 0.

Having defined G for all I < a — 1, we define the vector bundle G, ; by the exact
sequence

da,
4) 0 — Gaop — NGo,1 @ Goy =2 Ga—1,041 — 0.

We now prove the right-exactness of the sequence (4) which will ensure the correctness
of the definition of G, j:

Proposition 3.10. For integers b > 2 and 1 < a < i, the Koszul multiplication map d, -
NGo,1 ® Gop — Ga—1,p+1 18 well-defined and surjective. In particular one can define the vector
bundle G, := Ker(d, ;) over a‘l(Mg U AJ U AY) and the sequence (4) makes sense.

Proof. We do induction on a and start with the case a = 1. We only check the surjectivity
of the map Go 1 ®Gop — Gopr1 over the locus o~ (AY), the other cases, namely o+ (Mg)
and 071 (A) being quite similar. It is enough to show that if C is a sufficiently general
curve of genus 2k — 3, y € C'is a point and L € Wfk__QG(C) is a linear system with a
cusp at y, then the map H°(L) ® HO(L®*(—2y)) — HO(L®(+D(-2y)) is onto. This is
equivalent to H'(M;, ® L®*(—2y)) = 0 which follows because of Proposition 2.1.

We now treat the general case 1 < a < 7 and we want to show that the Koszul
map dgp : AHO(L) @ Gop(L) — Ga—1+1(L) is surjective for each b > 2 and for each
(C, L) as above. For simplicity we have denoted G, (L) = G, (t), where t € o~ (AY)
is the point (C' U, F, 1), E is an arbitrary elliptic tail and [ is a limit linear series having
L as its C-aspect. We can then write H°(L)/H°(L(—2y)) = C - u, where u € H°(L) is
uniquely determined up to translation by an element from H°(L(—2y)). We first claim
that the restriction of the Koszul differential

d, : A"HO(L) @ HO(L®(—~2y)) — HO(A" "My @ L2+ (—2y))

is surjective. This is so because Coker(dg,b) = HY(N\"M}, ® L®*(—2y)) = 0 (use again
that M, is a stable bundle). But then since

HO (A My @ LPOTD(<2y)) € Gyo1py1(L)

is a linear subspace of codimension (';j), to prove that d,, ; itself is surjective it suffices
to notice that the image of the injective map A* 1 HO(L(—2y)) — A HOY(L)®Gop11(L)
given by

a—1

AN N faa AN A faa @uPTT = (D A AL A TN A faa ® il
=1

is entirely contained in Im(d,, ;) and is clearly disjoint from H° (A~ ' M@ L&+ (—2y)).
g

To compute the intersection numbers of the divisors Z,; with the test curves C°
and C'! we need to understand the restriction of the vector bundle G; » to X and Y.
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Proposition 3.11. Let C be a general curve of genus 2k — 3 and k = 3i + 6 with i > 0. If C*
is the test curve in Ay obtained by attaching to C a fixed elliptic tail at a varying point of C and
X = o~ Y(C"), then we have the following formula:

Cl(g2,z’|X) = <SZ j_ 4) (cx Tt+epn+eyy+og 9)7
where
27i* 4+ 15343 4 33142 4 323i + 120
(30 +4)(i + 1)
CBi4+8 27 +1014% + 1247 + 48
TS T T (3i+3)(3i+4)

¢y = —27i + 40, ¢; = —

Proof. For j > 2 we define the jet bundle Jy (M%) := (u,) (v*(Ocxcy_» (M) @ Osa),
where u,v : C' x C x Ci_g — C x Cj_5 are the projections. We have two exact sequences
of vector bundles on X:

0 — us (0" (M) © O(=24))  — Gojix — MY — 0

and '
0 — uy (v (M*) @ O(-24))
from which we can write that
c1(Go,j 1x) = ea(m3 () x) — er((m Ko @ M™)x) =
=720 = Bj+ 9k =2) n+jy—j((3j - 2)(k-2) ~ 1) z.
From the exact sequences defining G; » we then obtain that

x — m(Fx — JI(M®) x — 0,

c1(Gigx) = Z(—l)lcl(/\iflgo,ux ® Go,142/x)-
1=0
Note that Riemann-Roch gives that rk(Go 42) = (3k—6)l+4k—9, while ¢; (A\"7!Gy 1 x) =
(151_721) (=0 — (k — 2)z). To obtain a closed formula for c;(G; 5 x) we now specialize to
the case k = 3i + 6 and we write that
: 3i+4
_ 1 . .
c1(Gigx) = lz;(l) [((91 +12)1 + (12 + 15)) (z -1
3i+5 ) . .

% (—(z +2)20 4+ (14 2)y — (3i +4) (31 + 10)n — (1 + 2)((31 + 4)(3i + 4) — 1):6)]
A long but elementary calculation leads to the stated formula.

>(9 — (3i + 4)z)+

0

A similar calculation yields the first Chern class of G; 5y

Proposition 3.12. Let (C, q) be a general pointed curve of genus 2k — 3 and C° the test curve
in Ao obtained by identifying the fixed point q with a varying point y on C. If Y = o= (C?),
then we have the formula

344
a@an) = (M7 ) ez 40+ doo)
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where

27i% + 15303 + 33132 +323i + 120 274 + 101i% 4 1241 + 48
(3i+4)(i+ 1) 0 (3i + 3)(3i + 4)

dy =

Proof. We define I'; := C x {q} x Cy_2 and denote by ¢ : C' x Cj_s — I'; the inclusion
map. Then we have the exact sequences on Y’

0 — () (V' (M) ® O(=A = Ty)) y, — Gogy — MK —0,

and
0 — (0" (M) @ O(=4)),y — (u) (v (M) @ Oasr, )y — 75(Fj)y — 0.
Using that ¢; (M) = (3k — 6)n — v — «, it is now straightforward to check that
c1 (¢ (0" (M) ® O(=4))) = —ja —n,

hence ¢1(Gy jiy) = c1(m3(F))y + jx +n=—j*0 +n—3((3j —2)(k — 2) — 1)z. But then
as in the previous proposition we have that
c1(Gigy) = Z(—l)lcl(/\i_lgo,uy ® Go,142[v )5

=0

which after some calculations yields the stated formula in the special case k = 3i+6. [

In what follows we extend the vector bundles G, ; over the whole (’35;726. Roughly
speaking, the fibre of G, ; over a point corresponding to a singular curve C' U, D will
be the space H(C'U D, \*M|, ® L®%), where L will be a line bundle on C' U D obtained
by twisting appropriately a limit 9151;_26 on C' U D. The twisting is chosen such that,
the vector bundles G, ; sit in the exact sequences (4). In the next statement we use the
notation introduced in Proposition 3.5:

Theorem 3.13. For integers 0 < a < i, b > 2, or (a,b) = (0,1), there exists a vector bundle

Ga,p OvEY 5515126 having the following properties:

(1) If (C, L) € &5 2, then G, p(C, L) = H(A®Mp, ® L), that is, G, ot=2 = Gab

Ift = (C'Uy D,Le, Lp) € 0~ Y(AY) € &42, with2 < g(D) = j < k — 1,9(C) =

2k —2—j4,L¢c € Wfk_jlfj(C) and Lp € W,f:gﬂ(D), then there are two situations:

2)If2 < j < 2i+2, then Gop(t) = H'(C U D,A\*Mp, , ® LE ), where Loup =
(La(—=(j +2)y), Lp(—(k — 2 — j)y)) € Pic3*=6-2%(C) x Pic¥ (D) is a globally generated
line bundle on C U D.

(3)If2i+3<j<3i+5andc:=[(j+2)/2], then Go,(t) = H*(CUD,AN* ML, ®L%IL’JD),
where Leup = (Le(—cy)), Lp(—(k — ¢)y)) € Pic3*=479=¢(C) x Pic/T¢=2(D) is a globally
generated line bundle on C' U D.

(4) There are exact sequences over @5’;,;26: 0—Gap — NGO ® Gop — Ga—1+1 — 0.
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Proof. For j > 2 the divisors A? are mutually disjoint and we can carry out the construc-
tion of G, over each open set o~ (M) U AY) C C &%-2 and glue the resulting bundles
together. We denote by 7 : C; — MO u A? the restriction of the universal curve and
byp:)Y =¢(; X MOUAY ®3k 6 — Qj’;k 2s- Then (op)~1(AY) = Dj + Dop_o_j, where
Dj (resp. Doj—o_;) denotes the divisor in ) corresponding to the marked point being
on the genus j (resp. 2k — 2 — j) component. If L = Lg3;_¢ is the Poincare bundle

on Y chosen such that it parametrizes bundles having bidegree (0,3%k — 6) on curves
[D U, C] € A, then for b > 1 we set

Gop = P+ (L®" ® Oy(—2bj D;)), when 2 < j < 2i + 2,

and Gop := p«(LZ® ® Oy(—b(j — 2+ ¢)D;)) when 2i + 3 < j < 3i + 5. For each point
t=(R=CUyD,Lc,Lp) € 07 (AY), we have that Go,(t) = HO(R, L3"), where in the
case j < 2i +2we have Lr = (Lo(—(j + 2)y), Lp(—(k — 2 — j)y)) € Pic*%(R) and
since H!(R, L%b) = 0 for b > 2, it follows that Gy, is a vector bundle for all b > 1. When
1 < a < i, the sheaves G, ;, are defined inductively using the sequences (4). For this to
make sense and in order to conclude that G, ; are vector bundles, one has to show that

(5) HY(R,\*Mp,, ® L") = 0,
forall b > 2 and 0 < a < i. To achieve this we use the Mayer-Vietoris sequence on R:
0 — N*Mp,®LR — (A"Mp,®LE’) (@ (A" ML, ®LE’) [, — A"Mp,@LR'®C(y) — 0
together with the exact sequences
0— HO(LR|C(_?J)) ®O0p — M, ® Op — MLR\D — 0,
and
0— HO(LR|D(—y)) ®Oc — Mp, ® Oc — M, . — 0.
We obtain that (5) holds if we can show that

HY(C, A" My ® L) = HN(C, N M, o ® Lt (—y)) = 0

and

R|D)
We only check this when j < 27 4 2 the remaining case belng 51m11ar. Since h°(L RIC) =
k—1—jand h°(Lgyp) = j+1, the inequalities ¢(C) +min{h’(Lgc) —1,i} < deg(Lpc)
and g(D) +min{h’ (L p) — 1,i} < deg(Lpgp) are satisfied precisely because j < 2i + 2
and we can invoke Lemma 2.1. O

Next, for 0 < a < iand b > 1 we define vector bundles H, ; over (’~5’§;_26 having
fibre H; ;(C, L) = H°(A*Mpr—2(3j)) over each point (C, L) € 65;36 corresponding to an

L
embedding C <U> P*~2. First we set Ho,1 := Go,1 and Hop, := SymbHoJ for b > 1. Having

already defined H,_1; for all b > 1, we define H, j via the exact sequence
(6) 0 — Hap — A*Ho1 ® Sym"Ho1 — Ha—1,541 — 0.

The bundles H,; being defined entirely in terms of Hp, 1, the right exactness of the
sequence (6) is obvious. There is a natural vector bundle morphism ¢, : — Gap
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over Q~5§,;_26; when k = 3i + 6,0 = i and b = 2, then rank(H,;;) = rank(g;;) and the
degeneracy locus of ¢; s is the codimension 1 compactification over Q;’;,;_QG of the locus
Uy,; defined in Proposition 2.5.

Next we compute the Chern classes of H,; along the curves X and Y:

Proposition 3.14. When k = 3i + 6, we have the following formulas for the first Chern class
OfHZ‘,Q.'

, 3i+4 ,
c1(Higx) = c1(H;o)y) = —(3i +6) < ; ) ((3i +4)x +6).
Proof. Using repeatedly the sequence (6) we obtain the formula

)

c1 (Hi,z\X) = CI(H1,2|Y) = Z(—l)lcl(/\iflgo,ux ® Syml+zgo,1|x)-

1=0
Since ¢1(Go.1) = —0 — (3i + 4)x and ¢;(Sym’(Go1)) = %(%?M)Q(go,l), the
stated formula is obtained after a straightforward calculation. O

In the remainder of this section we will compute ¢1(G; 2 — H;2) - 0*(C?), where

C7 C Aj is the test curve associated to [C] € My;_o_;. We retain the notation intro-
duced in Propositions 3.4 and 3.5. There are two definitions of the bundles G, ;/,+(a0)
’ J

depending whether j < 2i+2 or j > 2i4 3 and we will explain in detail the calculations
only in the first case, the second being similar. We start by describing the Chern number

of the restriction of Gy ; to the 1-cycle Z[ojzfo] a(j, @) Xj o on C x Pic**74(0):

Proposition 3.15. Suppose C is a general curve of genus 2k — 2 — j where 2 < j < 2i+ 2 and
let CI C A C Moy, be the test curve associated to C. Then

Cl(go7l|zgi2o] a(j,Oé)Xj,a) =—0- ]((3k —J- 4)77 + ’7) - ](] + 1)(2k —-3- ])77 + N,
("3 ) ("))

3i+4

*77)

where W =6(j+1)

Proof. For each 0 < a < j/2, we fix once and for all a linear series Lp € W,f:; . j(D)
such that h%(Lp(—(k + 1 — a)y)) = a and h°(Lp(—(k + a — j)y)) = j — « (there are
a(j, ) such g’,z:gﬂ’s and for each of them X, x {Lp} is a component of o*(C7)). Just
like in Proposition 3.8, we introduce the Poincare bundle £ on X, and we define the
sheaf on X, given by P := m3(m2.L). Furthermore, for each a > 0 we consider the
Taylor map v, : P — J,(L) (the target being the a-th jet bundle of £), and we set

Fo =Im(v,) C Jo(L) and Pypq := Ker(vy).
For each pair (y, Lc) € Xj o we have an exact sequence
0 — H(D, Lyyp(=y)) — H'(CUy D, Lg) — H'(C, Lyic) — 0,

where L = (Le(—(j+2)y), Lp(—(k—2—j)y)) is the line bundle on CUD whose global
sections give the fibre of Gy ; at each point in @’;,;36. This exact sequence globalizes to
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an exact sequence of vector bundles on X
0 — H(Lp(—(k—1-j)y)) ® Ox,, — Go1x,. — Pir2 — 0,

thus c1(9o,11x;.) = ¢1(Pj+2). We now study how the bundles F, relate to one another
via the exact sequences 0 — 7} (K5") ® L — Jo(L£) — Jo—1(L£) — 0, linking
successive jet bundles. Recalling that for a generic point (y, Lc) € X, we have that
ale(y) =(0,...,a—lL,a+1,....5 —a,j —a+2,...,k) (cf. Proposition 3.4), it follows
that 7, = J, (L) for a < a — 2, while F,_; is obtained from .J,_1(£) via an elementary
transformation along the divisor D C X, consisting of the b(2k —2 — j,k — 2+ a — j)
points (y, Lc) € X where a ¢

¢, (y) = a. More precisely, one has the exact sequence
0— ﬂf(Kgé(a—l)) ®L®Ox, ,(—=D1) — Fa1 — Ja—2(L) — 0.
Furthermore, we have exact sequences
0— WT(KE?(““)) ®L— Fa41 — Fa—1 — 0 and

O—>7TT(K§M) — Fyg—— Faq1—0, foralla+2<a<j—a-—2.
If Dy C X is the divisor consisting of the b(2k — 2 — j,k — 1 + a — j) points (y, L¢)
satisfying the condition %Lfaq (y) = j — a+ 1, then we also have the exact sequences
0 — mi(KgY ™) @ L& Ox, . (~D2) — Fjra — Fjra1 —0,

0— Wi‘(K?(j_““)) QL — Fj_ay2 — Fj—a — 0,
and finally

0—>7TT(K§Q)®£—>}:1—>}—[1_1—>0, forj—a+2<a<k-—1.

We gather all the information contained in these sequences to obtain that
c1(Fjs1) = ja(L) + (G +1)(g(C) — 1)n — deg(D1 + D3), and then
(G015, aia)X;) = c1(P)—c1(Fjr1) = —0—3((Bk—j—4)n+7v) =7 (j+1)(2k—3—j)n+N,

li/2]
whereN::Za(j,a)(b(%—2—j,k—2+a—j)—l—b(2k—2—j,k—1+a—j)) =
a=0
K G-20-1)( 20 — 20 +1)?
= j1(6i + 10 — 5)! .
J6i+10 = J) ;0(3@'+5—a)!(3¢+5+a—j)!(j—a+1)!a!
This sum can be computed with Maple which finishes the proof. O

Next we compute the Chern class of Gy, with b > 2. The proof being similar to
that in Proposition 3.15 (in fact simpler), we decided to omit it.

Proposition 3.16. Let b > 2 and 2 < j < 2i + 2. Then for each 0 < o < j /2 we have that

bj + 2b .
)(% —3—=Jn

r(Goix,.) = 10~ 1+ 2+ 3k = a =) - (7]

We turn our attention to the remaining components of o*(C7). First we show that
Yj':; does not appear in the computation of ¢;(G; 2 — H;2) - o*(C?):
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"

Proposition 3.17. For 0 < o < j/2,a > 0 and b > 1, we have that ¢1(Gap) - Y;, =
c1(Hap) - Y:, =0.

j7a

"

Proof. Clearly, it suffices to show that ¢1(Gpy) - Yj,:; = 0 for all b > 1 and then use the
exact sequences (4) and (6). We carry this out only for b = 1 the case b > 2 being analo-
gous. Fixl = (Lp,Vp € H(Lp)) € YjI:;. By duality Kp ® LY,((k+2— «)y) is one of the
a(j, o) (that is, finitely many) linear systems g}_a 41 on D witha (j —2a + 1)-fold point
at y. The space of sections Vp C H°(Lp) is chosen such that H°(Lp(—2y)) C Vp,
hence Yj’:; can be identified with the disjoint union of a(j, ) copies of the projec-
tive line P(H%(Lp)/H"(Lp(—2y))), one for each choice of Lp. Then H(Lcyupip) =
H(Lp(—(k—1—4)y)), foreach ] € Yj’:; (that is, Go,1(!) is independent of Vp). Global-
izing this we get that gO,lle/fé is trivial. O
In a similar fashion we have the following:

Proposition 3.18. For 0 < o < j/2,a > 0and b > 1, we have the equalities c¢1(Gqp) - Y, =

/

Cc1 (Ha,b) : Y}"a =0.
Proposition 3.19. For 0 < o < j/2 and b > 1, we have the equality
" b2 (j — 2a)j!
C1 (go,b) ’ Y},a = —m.

Proof. We start by recalling that Yj':a is the locus of line bundles Lp € Pic*~*™/(D) such
that h%(Lp(—(k+14+a—35)y)) > j—a—1and h°(Lp(—(k —a+1)y)) > «. Using [Fu],
Theorem 14.3, one finds that Yj/:a = ﬁ@j -1 Having fixed once and for all one of
the finitely many linear series Lo € Wf,;_zj_ 4(C) such that {L¢c} x Yj:a C 65,;_26, there
is an identification
Go1(Lp) = H*(Lp(~(k — 2~ j))y),

for each Lp € le,/w Since the vector bundle Pick*QH(D) > Lp+— HLp ® Ogy), is
algebraically trivial for each 3 > 0 (remember that y € D is a fixed point), we obtain
that cl(go,uyjf’/a) = —0. Similarly, for b > 2 we get that Cl(gﬂ,b\Yj'fa) = —b?0 from which

now the conclusion follows. O

Propositions 3.15, 3.16, 3.17, 3.18, 3.19 will enable us to compute the intersection
numbers c; (G; 2—H; 2)-0*(C?) needed to determine the coefficient of §; in the expansion
of [Z6i+10.)- Repeatedly using (6) , one can write that

: i . 3i 44

D) (M) = (D (N 1Gos @ Sym! G0, ) = (3i + 6) ( i )q(go,l)
1=0

(note the similarity with Proposition 3.14). Using (4) we also have that

(2

8) c1(Gi2) = Z(—l)lc1 (/\Flgo,l ® Go,+2)

=0
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and a simple calculation yields that

13i2 4 35i + 24 (3i + 4 : 3i+5
9) ci1(Giz —Hip2) = —(31_;1%< Zl. >61(go,1) + Z(—l)l< z’Z—l >61(go,l+2)-
1=0

4. THE SLOPE OF Zg;410,

In this section we finish the calculation of the class of the virtual divisor Z;. As
before, we fix ¢ > 0,k = 3i + 6 and g = 67 + 10, hence ¢ : H;2 — G2 is a morphism
between two vector bundles of the same rank defined over 6321‘112.

Theorem 4.1. We fix i > 0 and denote by o : égﬁfﬁ — Megit10 the natural projection map.

Then we have the following formula for the class of the pushforward to Meis10 of the virtual
degeneracy locus of the morphism ¢ : H; 2 — G; 2:

1 6i+ 17
x i2— MHi2)) = 77— N—bo 8y — -+ — bairr Oa; )7
o (Cl(gz,2 Hz,,z)) 3i+5<3i+4, 2i+1,i+2> (a 0 90 3i+5 03i+5
where
(4i 4+ 7)(66% + 190 + 12) 122 + 31i + 18 1232 + 33i + 20
a= : : b= b= —— " and
(20 +3)(1 +2) 3(2i +3) i+ 2
ACY)) .
bj = — : . : ~, for2 <j <2i+2,
T 63+ 1)(i +2) (2 +3)(6i + 9 — ) f J
with
f(i,§) = 864 3% — (2405 — 5256)i* + (1652 — 9985 + 11830)i>+
+(315% — 12545 + 11585)i? + (—55% — 2865 + 3981)i — 2452 + 2405 — 216,
and

 2(13¢% 4 35i +24)(3i +5) [ 3i+4 \?
T GG+ 2) (*1) ((j - 1)/2) - 12(0 +1)(i + 2
for an odd j such that 2i + 3 < j < 3i + 5, where
g(i,§) = 17285i° — (57652 — 105125 + 540)i* + (485° — 259252 + 241205 — 3234)i3+

(1405 392652 +251765—7278)i*+(1095> —210752+108755 — 7263)i+125> — 15642 +972j—2700
and

9(i, j)
)(2i +3)(6i + 9 — 7)

(136 4+ 350+ 24)((3i + 5)(2) + 1) — j2) <3i+5 h(i, )
J

2
2(i + 1)(i + 2)(3i + 5) (") /2 > +12(i +1)(i +2)(2i + 3)(6i + 9 — 5)’
for an even j such that 2i + 3 < j < 3i + 5, where
h(i,j) = 1728;i° — (5765% — 105125 + 1020)i* 4 (485 — 259252 + 242805 — 6034)i>+
(1405 —394252 4258305 —13400)3%4-(1095° — 2145524117745 —13230)i+125> — 1805241392 —4896.

In particular, b; > bg forall 1 < j < 3i + 5 and

, @ 3(4i+T7)(64° +19i 4 12)
S(U*(Cl (gz,Q - HLQ))) = bO = (1222 TP 18)(1 - 2) )
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Proof. Since codim(M, — Mg, M,) > 2, it makes no difference whether we compute
the class 0.(G; 2 — H;2) on M, or on M, and we can write

04(Gi2 — Hi2) = AN — Bo dg — By 61 — - -+ — B3j15 03i45 € PiC(Mg)7
where ), &, . . ., d3i+5 are the generators of Pic(M,). We start with the following;:
Claim: One has the relation A — 12By + B; = 0.

We pick a general curve [C,q] € Ms;191 and at the fixed point ¢ we attach to
C a Lefschetz pencil of plane cubics. If we denote by R C M, the resulting curve,
then R-A =1 R-0p =12, R-6; = —1land R-6; = 0 for j > 2. The relation
A —12By + By = 0 follows once we show that 0*(R) - ¢1(Gi2 — H;z2) = 0. To achieve
this we check that G 3 ,+(p) is trivial and then use (4) and (6). We take [C' U, E] to be an
arbitrary curve from R, where F is an elliptic curve. Using that limit ggéfﬁ on CU, F are

in 1 : 1 correspondence with linear series L € Wg’iiij(C) having a cusp at ¢ (this being
a statement that holds independent of £) and that G j,-(a0) consists on each fibre of
sections of the genus g — 1 aspect of the limit gj. {7, the claim now follows.

Now we determine A, By and B, explicitly. We fix a general pointed curve (C, q) €
Meito1 and construct the test curves C! C A; and C° C A,. Using the notation
from Proposition 3.3, we get that o*(C0) - c1(Gi2 — Hiz2) = c1(Gigy) — c1(H;2y) and
o*(CY) - e1(Giz2 — Hiz) = c1(Gigix) — c1(MH;2/x) (the other component T of o*(C1) does
not appear because Gy is trivial for all b > 1). On the other hand

c0. G*(Cl(gi,g — Hi’g)) = (12’i + 18)B0 — By and ct. U*(Cl(gi,Q — H@Q)) = (12i + 16)31,

while we already know that A — 128y + B; = 0. Using Propositions 3.11, 3.12, 3.14, the
expressions for [X] and [Y] as well as the well-known formula #72%~277 = g!/(g — j)!
on Cj_o, we get a linear system of 3 equations in A, By and B; which leads to the stated
formulas for the first three coefficients.

To compute B; for 2 < j < 3i + 5, we fix general curves [C] € Mg;t10—; and
[D,y] € M1 and consider the test curve C/ C A;. Then on one hand we have that
2(6i +9 — j)Bj = 0*(C7) - ¢1(Gi2 — Hi2), on the other hand

li/2]
0*(C9)-c1(Gin—Hi2) = c1(Gip—Hiz) Y ((a(j, @) X 04b(6i+10—7, 3i+5+a—j)Yj/:a).
a=0
Using (9) together with Proposition 3.19, we get that
[‘]/2} "
c1(Giz — Miz) - Y b(6i+ 10— j,3i + 5+ a — j)Y, =
a=0

(862 + 190 +12)51(6i + 10 — NBi+2)! ;< (G — 20— 1) — 20)2(j — 2a + 1)
il(2i + 4)! (Za! (j —a)! (3i+5—a)!(3i+5+a—j)!)’

a=0
which can be computed by Maple, whereas ¢;(G; 2 — H2) - (ngo] a(j,a)Xj,a) can be
computed using (9) and Propositions 3.15 and 3.16 (note in particular that X has to be
multiplied by the coeffcient of ¢1(Gp,1) in (9)). The rest now follows and checking that
b; > bg for j > 1is elementary. O
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Remark 4.2. If we retain the notation of Theorem 4.1, we see that if we fix j > 1 and
let 7 vary, we have that lim;_., Z—é = 65. This is the same asymptotical estimate as in the

case of the classical Brill-Noether divisors where Z—é = % for all j > 1 (cf. [EH3]).

Theorem 4.3. Assume that vector bundle morphism ¢ : H;2 — G is non-degenerate at a

eneral point from o~ (A9). Then Zg;110.; is a divisor on Meg;y19 and
8 P 1 +10, +

3(4i + 7)(64% + 197 + 12) 6+ 12
(1242 + 310 + 18) (i + 2) g+1

6 < s(Z6i+10,4) =

Remark 4.4. Since 0~ !(AY) is irreducible, to verify the assumption made in Theorem
4.3 it suffices to show that if C C P> is a general 1-cuspidal curve with p,(C) = 6i+10
and deg(C) = 9i + 12, then C satisfies property(NN;). We checked this for g = 16, 22 (cf.
Remarks 2.9 and 2.11), while the case g = 10 was treated in [FP]. The assumption in
Theorem 4.3 implies that ¢ is non-degenerate over a general point from o~ !(AJ) and
also over a general point from ¢~ (M?}), which is equivalent to Z,; being a divisor on
M©. Therefore the assumption is slightly stronger than Conjecture 2.6.

Proof of Theorem 4.3. We denote by Z(¢) the degeneracy locus of ¢, thus 0.(Z(¢)) is
a divisor on Mg; 110, such that . (Z(¢)) = Z,4; + Z;’:{f’ d;A;, for certain coefficients
d; > 0. Using the Remark above we obtain that dy = d; = 0, hence s(Z6it104) =
s(04(c1(Gi2 — Hiz2))) and the rest follows from Theorem 4.1. O

Remark 4.5. In the simplest case i = 0, we can compare the formula for [Zg;10,;] with
our findings in [FP]. Theorem 4.1 gives the formula

44 685
i

4
O'*(Cl(go,z — H072)) = 42(7/\ — (5() — 551 — 552 — 753 — 7 555),

whereas Theorem 1.6 from [FP] says that if K1 is the divisor on M of curves lying on
a K3 surface then

Kig =T\ —6g — 561 — 999 — 1283 — 1464 — bss,

where b5 > 6. Since we have also established the set-theoretic equality Z90 = Kig (cf.
[FP], Theorem 1.7), it follows that there is a scheme-theoretic equality Zi00 = 42/K0.
Here 42 is the number of pencils g§ on a general curve of genus 10, and its appearance
in the formula of [?1070] has a clear geometric meaning: if a Brill-Noether general curve
[C] € My fails (Np) for one linear system g}, = Kc(—g¢), then it fails (Ny) for all 42
linear systems g‘{‘Q it possesses, that is, the map o : U100 — K10,0 is 42 : 1. Moreover, the
vector bundle morphism Hy 2 — Go 2 is degenerate along each of the boundary divisors
Ag, ..., As. This situation presumably extends to higher genera as well hence the main
thrust of Theorem 4.1 is that it computes s(Z¢;+10,;)-

To finish the proof of Theorems 1.1 and 1.2 we specialize to the cases g = 16 and
22 and note that the assumption made in Theorem 4.3 is satisfied in these situations (cf.
Theorems 2.7 and 2.10).
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5. AN EFFECTIVE DIVISOR ON My

In this section we describe how to construct effective divisors on M, , using
syzygy type conditions for pointed curves. We treat only one example. We denote
by ?} 40 the closure in M4 of the locus Z{, ; of smooth pointed curves [C,p] € M4
for which there exists a linear series L € W (C) such that the map

pirp - Sym*H(C, L(—p)) — H(C, L®?(~2p))

is not an isomorphism. Just like the in the case of the loci Z,; on My, the locus Z}, ,
can be naturally viewed as the pushforward of the degeneracy locus of a morphism
between two vector bundles of the same rank 21 over 95(158 X My Miai.

We are going to show that ?}470 is a divisor and in order to compute its class we
need some preparations. Recall that for g > 3, the group Pic(M, 1) is freely generated
by A, the tautological class ¢ and the boundary classes §; = [A;] with 0 < i < g — 1,
where for ¢ > 1, the generic point of A; is a union of two smooth curves of genus i and
g — i meeting at a point, the marked point lying on the genus i component. We denote
by 7 : M, — M, the natural forgetful map. We can then write the class of Z, 40 ON
My as

—1
Ziyo=aA+cyp—bydp—by 61— —big 3.

. . - . . —1
As before, we will determine the relevant coefficients in the expression of [Z, o]
by intersecting our divisor with various test curves.

Proposition 5.1. Let C be a general curve of genus 14 and C = n'([C]) € M4y, the
test curve obtained by letting the marked point vary along C. Then C - ?1470 = 12012, hence
c=C-Zyy0/(29 - 2) = 462,

Proof. Let us fix a linear series L € W (C). We count the number of points p € C, for
which the multiplication map pz, , not injective. If p1 : C x C — Candpy: C x C — C
are the two projections, we define the vector bundles

€ = (p2)+(p}(L) ® Ocxc(—A)) and F = (p2)+(p}(L¥?) ® Ocxc(—24)).

There is a natural multiplication map py, : Sym?(€) — F, and the cardinality of its
degeneracy locus is just c1(F) — ¢1(Sym?(€)). A simple calculation shows that ¢; (£) =
—4x — 0 = —18, hence ¢;(Sym?(€)) = —126, while ¢;(F) = —98. We obtain that yir, , is
not an isomorphism for precisely 28 points p € C. Since C has 429 linear series g (cf.
[ACGH]), we obtain ¢ = (C - Z1,)/26 = 429 - 28/26 = 462, 0

For more relations among the coefficients of [?} 4,0) we define the map v : Mo — My
obtained by attaching to each 2-pointed elliptic curve [E, g, p| a fixed general 1-pointed
curve [C, q] € Mg4_; (the point of attachment being ¢). One has the pullback formulas

V(A = A, v(Y) = Uy, v*(60) = do, v (01) = —14 and V*(5g—1) = Ogp;
where 9, and 1, are the tautological classes corresponding to the marked points p and
q, while 6, is the boundary component of curves having a rational tail containing both
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g and p. On ﬂl,g these classes are not independent and we have the relations ¢, = 1,
A =1y — dgp and g = 12(vp, — 0gp) (see e.g. [AC2], Proposition 1.9).

Proposition 5.2. If v : My o — My is as above, then v* (?14,0) = (. It follows that we
have the relations
a— 12by + b1 = 0 and ¢ + by = bys.

Proof. We assume that [X = C U, E,p € E] € 51470. Then there exists a limit linear
series g% on X determined by its aspects Lo € Wi(C) and Lg € W(FE), together
with compatible elements

po € Ker{up,, : Sym*H'(Le) — HY(LE)}, pi € Ker{pur,, : Sym®H(Lp) — HO(LE2)},
satisfying the inequality
ord,(pc) + ordgy(pg) > deg(L¢c) + deg(Lg) = 36

and such that pp € Sym2H 9(Lg(—p)) (see [FP], Section 4, for how to study multiplica-
tion maps in the context of limit linear series). Because (C,q) € m1371 is general, the
vanishing sequence of L¢ at ¢ equals (0,2,3,4,5,6,7), the vanishing sequence of Ly
at ¢ is (11,12,13, 14, 15,16, 18) and finally, the vanishing sequence of L at p is either
(0,1,2,3,4,5,6) or (0,1,2,3,4,5,7), depending on whether p— ¢ € Pic’(E) is a 7-torsion
class or not.

We claim that ord,(pr) < 29(= 13+ 16 = 14+ 15). Indeed, otherwise ord,(pg) >
30(= 14+ 16 = 15+ 15), and since pr € Sym? H°(Lgx(—p)), after subtracting base points
pr becomes a # 0 element in the kernel of the map Sym?H?(N) — H°(N®?), where
N = Lg(—p—14q) € Pic}(E). This is obviously impossible. Therefore ord,(p) < 29, so
by compatibility, ord,(pc) > 7(= 2+5 = 3+4). We now show that when (C,p) € M3,
is chosen generically, there can be no such element pc which leads to a contradiction.

Claim: Suppose 0y, 02,03, 04,05, 06,07 is a basis of H(L¢) adapted to the point ¢ in
the sense that ord,(c;) = i. If W(¢, L¢) € Sym*H°(L¢) denotes the 17-dimensional
subspace spanned by the elements 0; - 0; with4 <7 < j <7,03-0; for j > 4and o3 - 0}
for j > 5, then the restriction of the multiplication map W (g, Lc) — H°(L%(—T7g)) is an
isomorphism. (Note that W (g, L) does not depend on the chosen basis {o;}).

The proof of this claim is similar to the proof of Theorem 5.1 in [FP]. It is enough
to construct a single 1-cuspidal curve X C PS with p,(X) = 14 and deg(X) = 18,
such that if v : C — X is the normalization of X and ¢ € C is the inverse image
of the cusp, then X does not lie on any quadric contained in W (g, v*(Ox(1))). We

construct the following cuspidal curve: define I' C P to be the image of the map ¢ ER
[1,¢2,¢3,14,1°,15,17], then choose a general hyperplane H C P°® which intersects I in
distinct points p1,...,p7. Take D C H to be a general smooth curve of genus g(D) = 7
and deg(D) = 11 which passes through pi,...,p7. Then X := I U D is a curve of
arithmetic genus 14 and degree 21 having a cusp at the point ¢ = f(0) € I'. The quadrics
in W (g, v*(Ox(1))) can of course be written down explicitly and to show that D can be
chosen such that it is not contained in any quadric from W (g, v*(Ox(1))) amounts to a
simple counting argument.
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Remark 5.3. The claim we have just proved also shows that ?} 14,0 is a divisor on ﬂ1471.
Alternatively, this can be proved in the same way as Theorem 2.7.

We now determine the coefficient by:
Proposition 5.4. Consider general curves [E,p,q] € Mz and [C] € M3z, and denote by
C? C My, the test curve consisting of points {[C' Uy E,p € El}g4ecy. Then C? - ?}470 =
133848, therefore by = C2 - Zy, /24 = 5577.

Proof. Throughout the proof we will use the notations introduced in Proposition 3.11.
From the proof of Proposition 5.2 it is clear that the intersection number C? -?1 1,0 equals
the number of pairs (¢, D) € X C C x Cg such that the map

W (g, Ko(=D)) — H°(K&*(—2D — 7q))

is not an isomorphism. To compute this number we construct the rank 17 vector bun-
dle W over X having fibre W(q, D) = W (q, Kc(—D)) over each point (¢, D) € X. The
curve C being general, the vanishing sequence a’¢(~P)(q) will be generically equal
to (0,2,3,4,5,6,7), while at a finite number of points (¢, D) € X we will have that
afe(=P)(q) = (0,2,3,4,5,6,8). In order to compute c; (W) we note that W has a sub-
bundle W7 C W which fits into two exact sequences:

0 — Sym®u, (v*(M) ® (’)(—4A))|X — Wi = uy (v (M) ® O(—44))
where P = u, (v*(M) ® IX/IX)W, and
0— W1 — W — u, (v (M) ® O(-5A))

B (v*(M) ®I§/I§)|X —0.

Next, we consider the multiplication map W — u. (v*(M®?) @ O(=7A)),, whose de-

| X
. . . =1 .
generation locus we want to compute. The intersection number C* - Z, , is equal to

(01 (1 (0" (M®F2) @ O(—TA))) — cl(W)> [X] = (30 — Tz — v + 18n) - [X] = 133848,
as it turns out after a short calculation. Here we have used that ¢; (W) can be computed
from the two exact sequences involving W and W, while

c1 (u*(v*(/\/l®2) ® O(=T7A))) = c1(F2) — c1(Js(M®?)) = —46 — 34z + 14y — 756n.

U

Since b; = 5577 we now obtain that bi3 = b; +c = 6039. To compute the coefficient
by (and thus the A-coefficient a) we use our last test curve:
Proposition 5.5. Let (C,q,p) € M3z be a general 2-pointed curve. We denote by C3 C

M 4.1 the family consisting of curves {[C [y ~ 4, )} {yecy- Then c? -?}470 = c+26by —b13 =
24453. It follows that by = 1155 and a = 7821.

Proof. We retain the notations introduced in Proposition 3.12. We construct a vector
bundle map Sym?(£) — F over the curve Y C C x Cg, where £ = u, (v*(M)®O(-T}))
is the bundle with fibre £(y, D) = H°(K¢(—D — p)), while F is the bundle with fibre

F(y,D) = H'(KE*(—2D —2p—y — q)) @ C- > ¢ H*(KE (—2D — 2p)),



32 G. FARKAS
where H* (Ko (—D — p))/H°(Kc(—D —p—y —q)) = C - t, for every (y,D) € Y.

It is easy to show that ¢; () = —5x — 6, hence ¢1(Sym?(&)) = —352 — 76. The class
¢1(F) can be computed from the exact sequence

0 — u (V' (MP?) @ O(—2I, — Ty — A))y — F — (M®2® O(—2T,)),, (—A) — 0,

v
where A =Y Nnwy 1(p) is the effective divisor on the curve Y consisting of all points
(p, D) such that h°(p + g + D) > 2. Using the formula for [Y] (cf. Proposition 3.12),
we get that |A| = 429. We also compute that ¢; (u.(v*(M®?) @ O(=2), — Ty — A))) =
—46 — 40z — 33n + 27 and of course ¢;(M®? @ O(—2I,)) = 2(17n — v — ). Therefore
we can write that

C*- 2140 = (1(F) — er(Sym*(€))) - [Y] — |A| = (~Ta + 30+ 1) - [Y] — | 4] = 24453,
O

We have thus far determined the coefficients a, c, by, b1, b13 in the expansion of
[E} 1,0]- Thisis already enough to conclude that [E} 40) lies outside the cone of Pic(M4,1)
spanned by pullbacks of effective divisors from M4, Brill-Noether divisors on ﬂu,l
and boundary divisors (see the discussion after Theorem 1.4 for the relevance of this
result). To get a bound on the remaining coefficients b; for 2 < j < 12, we use a variant
of Theorem 1.1 from [FP]. The boundary divisor A; C My with3 < j < 12,5 # 4is
filled-up by pencils R; obtained by attaching to a fixed 2-pointed curve [B, p, q] € M; 2
a variable 1-pointed curve [C, ¢] € Mia ;,1 moving in a Lefschetz pencils of curves of
genus 14 — j sitting on a fixed K3 surface. Deformations of R; cover A; for j # 2,4,

hence we have that R; -?}470 > 0. Since one also has the relations (see [FP], Lemma 2.4)
Rj-A: 15—j,Rj~(5j = —I,Rj~(50 :6(17—j),Rj -wzoande-éi :0forz'7é0,j,
we immediately get the estimate b; > 15 + 27j for all 3 < j < 12, j # 4. To obtain the

bounds by > 325 and by > 271 we use similar pencils filling up Ay and Ay respectively.
We skip these details. This completes the proof of Theorem 1.4.

6. THE KODAIRA DIMENSION OF M, ,,

In this last section we use the effective divisors ?1671 and ?2272 toimprove Logan’s
results about which moduli spaces My, are of general type. For a general reference
about Pic(ﬂgm) we refer to [AC2] and [Log]. For each 1 < i < n we denote by ; :
My — M, the morphism forgetting all marked points except the one labelled by i
and we also consider the map 7 : M, ,, — M, which forgets all marked points. We
recall that the canonical class of M, is given by the formula

Kgp,  =18A =200+ =2 Y dis— Y ovs.
i=1

i>0, S S

Here 1); is the tautological class corresponding to the i-th marked point, while §;.5 with
i>0and ) # S C {1,...,n} denotes the class of the boundary divisor with generic
point being a union of two curves of genus i and g — ¢ such that the marked points on
the genus i component are precisely those labelled by S.
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Proof of Theorem 1.3. We start with the case g = 22 and we show that ng,g is of general
type. On Maz 2 we consider the averaged pullback of the Weierstrass divisor
Wig:=miW) +ms(W) = -2\ + %(% + 1h2) — Z ¢i:s 0.9,
i>0,S#0

where ¢;.5 > 0, and significantly, the coefficient of dy is 0. By Theorem 1.2, we have an-
other effective class, namely [1*(Z222)] = c(%)\—&)—- -+), where ¢ > 0. One can easily
check that KMQQ,Q can be written as a positive combination of [W1a], [7*(Z22,2)], %1 + 12
and some other boundary classes. Since 11 + 12 is big and nef, it follows that Mas 5 is

of general type.

When g = 21 we use the maps x; ; : M21,5 — Moy for1 < i < j < 5, where
Xi,j identifies the marked points labelled by i and j and forgets those labelled by {3, j }°.
The Q-divisor class

5

% = 1665 2 -
ZX@'J’(ZQQ,Q) = ¢( 556 A — 0o + 3 Zz/zl ), where ¢ >0,
1<J i=1
is obviously effective on ﬂzm. Since the Q-class —\ + 11 2?21 v, — 0.9y —---,isalso

effective (cf. [Log], Theorem 5.4 - we have retained only the coefficients that play a
role in our argument), once again we see that Ky, _ can be written as the sum of an

effective divisor and a positive multiple of Z?Zl Y.

Finally we settle the case g = 16: we adapt Theorem 5.4 from [Log] to conclude
that the Q-class —\ + %(Z?:l ¥;)) — 08y — -+, is effective on Mg g (precisely, this
is the class of the Sy-orbit of the closure in Mg 9 of the effective divisor D on Mg g
consisting of points [C, p1, . . ., po] such that h%(C, 2p; + - - - + 2p7 + ps + py) > 2 and we
have explicitly indicated that the coefficient of dy is 0 and retained only the coefficients
that are significant for this calculation). The class [1*(Z16,1)] = (42X A—8o—- - - ), where
¢ > 0, is also effective and one writes Kﬂm,g as a positive sum of these two effective

classes, boundary classes and the big and nef class Z?:1 P O

Remark 6.1. Theorem 6.3 from [Log] claims that ﬂgu is of general type but the nu-
merical argument used in the proof seems to be incorrect.
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