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Abstract

In an incomplete market the price of a claim f in general can not be
uniquely identified by no arbitrage arguments. However, the “classical”
super-replication price is a sensible indicator of the (maximum selling)
value of the claim. When f satisfies certain pointwise conditions (e.g. f
is bounded from below), the super-replication price is equal to supg Eq[f],
where @ varies on the whole set of pricing measures (see [5]). Unfortu-
nately, this price is often too high: a typical situation is here discussed in
the examples.

We thus define the less expensive weak super-replication price and
we relax the requirements on f by asking just for “enough” integrability
conditions.

By building up a proper duality theory, we show its economic meaning
and its relation with the investor’s preferences. Indeed, it turns out
that the weak super-replication price of f coincides with supgeas, £olf],
where Mg is the class of pricing measures with finite generalized entropy
(i.e. E[®(29)] < c0) and where @ is the convex conjugate of the utility
function of the investor.
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1 Introduction

We investigate the super replication price of contingent claims in incomplete
markets where gains from trading may take any real value. For claims f which
are bounded from below, the classical super replication price is equal to

sup Eqlf], (1)
QeM;
where M is the set of all pricing measures. For claims which are unbounded
from below however, the above supremum may be strictly lower than the super
replication price.

One of the main results of the paper is a representation of the supremum
(1) for unbounded claims in terms of a “weak super replication price” fg, which
allows variables from a slightly wider class than the usual one of terminal values
from admissible integrands. This natural class Cg (see eq. (15)) was first
explicitly introduced by Frittelli (see [7] and [8]). The class Cgy depends on a
convex function ® : (0,+00) — R which normally (see Remark 7) represents
the conjugate function of a utility function u. We will assume that ® satisfies a
growth condition that is shown to be equivalent to the condition of reasonable
asymptotic elasticity of u in the sense of Schachermayer [18].

We denote by Mg £ {Q € M : E[@(%)] < oo} the set of pricing measures

with finite generalized entropy. The actual result obtained (see Theorem 5)
is that if ®(0) < co and there exists an equivalent pricing measure with finite
generalized entropy then for claims f (for which the LHS make sense, but which
may be unbounded from below), we have

sup Eolf] =inf{z eR|f—z€Cs}2 fo. (2)
QEMs
The representation of (1) is then a corollary, setting ® = id.

We provide an example of an unbounded claim where the weak super repli-
cation price f;q is strictly less than the classical super replication price f.

The paper is based on the appropriate selection of the spaces for which the
following duality holds true: if ®(0) < oo (and there exists an equivalent pricing
measure in Mg) then the cones Cg and co(Mg) are the polar to one another.

But if ®(0) is infinite, then co(Mg) C (Cp)” with possibly strict inclusion.
We give an example where indeed the inclusion is strict and co(Mg) is not
closed.

Finally, we develop a comparison between the duality relation obtained by
Delbaen and Schachermayer in [5] and ours when ® = id . It turns out that the
super replication price fw of the claim f, as defined in [5], depends explicitly
on an unbounded weight function w, which represents the maximum loss the
investor is willing to face. Instead, our weak super replication price f;q is equal
for all the agents in the given market.

If one is interested in taking into account the investor’s attitude toward risk,
we suggest fe as a suitable super replication price, since it has the advantage
of being explicitly linked to the utility function.



The paper is organized as follows.

The current Section 1 has three subsections: the first contains the general
setup and the precise formulations of our results; in the second we explain how
the preferences of the investors are taken into consideration and the relations
between u and ®; the third is devoted to two basic examples in which classical
duality fails.

In Section 2 we give an abstract duality relation, which is used in the proofs
of the main results, and we also provide a new proof of the representation of
the super replication price for bounded from below claims.

In Section 3 we build up a proper dual system, so that we obtain the polarity
between Cg and co(Mg) and we prove (2).

We end with Section 4, which contains the comparison between f,»d and fw.

1.1 The model and the results

Our starting point is the general semimartingale model of a financial market as
defined by Delbaen and Schachermayer in [5].

Let (2, F, (Ft)tepo,1), P) be a filtered probability space, where we assume
that the filtration satisfies the usual assumptions of right continuity and com-
pleteness, and let P be the class of probability measures equivalent to P.

The R%—valued cad-lag semi-martingale X = (Xt)teo, 1) represents the (dis-
counted) price process of d tradeable assets.

An R?—valued predictable process H = (Ht)tepo,m is called an admissible
trading strategy if H is X —integrable and there exists a constant ¢ € R such

t

that, for all ¢ € [0,T], [ Hs-dX, > —c P — a.s. The financial interpretation
0

of ¢ is a finite credit line which the investor must respect in her trading. This
bounded from below restriction on the stochastic integral traces back to the
work of Harrison and Pliska [12]) and it is now a standard assumption in the
literature (see [4]).

We denote with L (resp. L, L'(P)) the space of P—a.s. finite (resp.
P—essentially bounded, P—integrable) random variables on (2, F), with LS°
(L%) the cone of P—a.s. non negative random variables in L>° (L' respectively),

with L' the cone of essentially bounded from below random variables, with 51)
the closure of a set C C L'(P) in the L*(P) norm topology. Define:

(1>

T
K / H,-dX, | H is admissible y C L,
0

C £ (K-L})nL>.

K is the cone of all claims that are replicable, at zero initial cost, via admissible
trading strategies. The set

(K—Lg_):{fELO:HgEKS.t.ngP—a.s.}



is the cone of all claims in L° that can be dominated by a replicable claim,
hence is the cone of super-replicable claims. Consequently C' = (K — L(J)r) N L>®
is the cone of bounded super-replicable claims. In section 3 we will consider the
closure C' of C' under a particular topology: then C' is the cone of claims that
can be ”approximated” by bounded super-replicable claims.

Define

[I>

M, {Q<P:KCL'(Q)and Eglg] <Oforallge K}, (3)
M 2 {zeL'(P):E[zg) <0VgeC} CLL(P). (4)

The elements in M, are called separating probability measures. We will often
identify probability measures @, absolutely continuous with respect to P, with
their Radon Nikodym derivatives 9% € L'(P). Note that (see [2], Lemma 1.1
for details)

My = {Q<P:Eglg)<0VgeC}
= {zeM|E[z]=1}. (5)

and that if X is bounded (resp. locally bounded) then

M, ={Q < P: X is a (Q,(Ft)ejo,r)) martingale (resp. local martingale)} ,

i.e. Mj is the set of P—absolutely continuous martingale (resp. local martingale)
measures. In general, for possibly unbounded X, M is the set of P-absolutely
continuous probabilities such that the admissible stochastic integrals are super-
martingales. What is more, (see [5], Proposition 4.7) if M; NP # @, then the set
M, of absolutely continuous o-martingale probabilities is not empty and M, is
dense in M for the total variation topology. N

The main topic of this paper is the analysis of the super-replication price f
of a claim f € LY, defined by:

f & inf{zcR|IgeKst.x+g>fP—as}
= inf{zeR|f-ze(K-LY)}.

This subject was originally studied by El Karoui and Quenez (1995); see also
Karatzas (1997) and the references cited there. We will mainly deal with the
results on this subject provided by Delbaen and Schachermayer (1998).

If f € LYQ) for all Q € My, then

f infezeR|f-we(K-LY) (] L'Q
QeM;

= infcxeR|f—z¢€ m(K*Li_(Q)) , (6)

QEM,



since, for all @ € My, (K — L) N LY Q) = (K — LL(Q)).
If f € L' then

f=imfl{zeR|f-ze(K-LYNI"} =inf{zeR|f—z€Chp},
where
Cyp = (K — L) N L.
It is easy to see that f dominates supgenr, Eolf]:

Proposition 1 If My # 0 and if either f € () LY(Q) or f € L* then
QeM,

sup Eqlf] < f. (7)
QeM;
Proof. Forall 2z € R such that f—z € (K—LY ) we have 0 > supge .y, Eqlf—
x) = SUPGe M, Eglf]—z. m
Remark 2 If N is a convez set of probability measures absolutely continuous

with respect to P and if NP # () then it is easy to show that if f € [\ LY(Q)
QeN

or if f € L then

sup Eg[f] = sup Eqlf]. (8)
QEN QENNP

In fact, let Qo € N and Q1 € N NP: take the convex combinations Q* = (1 —

2)Qo+zQq, z € [0,1]. If x — 0, then ddip — % in LY(P) and also P—almost

surely. In case f € L, equality (8) is a simple consequence of Fatou’s lemma.

In case f € QﬂNLl(Q), we have | f | 9L <| f| (%0 + 221) and so dominated
€

convergence theorem can be applied. Therefore, in what follows (Th. 3, Cor. 4,
Th. &5, Prop. 6) it will be equivalent to take the supremum over the sets M
(Mg) or over My NP (Mg NP).

Delbaen and Schachermayer proved (Theorem 5.10, [4]), that in (7) equality
holds if f is bounded from below:

Theorem 3 If My NP # () and if f € L* then

f= sup Eqlf] 9)
QEM;

A new proof of this result is given in Section 2.1. N
If fe N LYQ), formula (9) does not hold true anymore, when f is given

QeM,
in (6). In order to obtain a correct dual formula, we must replace in (6) the set
N (K-LL(Q) with | K—-LL(Q)° £ Cig, iee. with the closure of C
QEM; QeM;

under an appropriate topology (see Theorem 17). As a consequence of Theorem
5 below, with ® = id, we deduce the following



Corollary 4 If My NP #Q and if f € () LYQ), then:
QEM,

futimfl{zeR|f-ze (| K-LL(Q) = swp Eqlfl.  (10)
QeM, QeM;

We'll call ﬁd the weak super-replication _price of f. In the example 8 of
Section 1.3 we show that it is possible that f;q < f.

The introduction of the convex function ® will allow us to present our results
in a more general framework and to link the interpretation of the weak super
replication price with the preferences of an investor represented by her /his utility
function. This analysis is provided in Section 1.2.

Throughout the paper we make the following

Assumption:
The function @ : (0,+00) — R is convex and satisfies the following growth
condition:

G(P) : V[A, A1] C (0,400) there exist a > 0, § > 0 such that:

ot (\y) <a®t (y) +B(y+1), Yy > 0; YA€ [Ao, Ad].

We set @ (0) = limy o ® (y). For a detailed discussion of this condition and
its relation with the condition, introduced by Schachermayer [18], of Reasonable
Asymptotic Elasticity of the utility function we defer to Frittelli and Rosazza
[9]. Define:

d
Mg 2 {Q ey o9 e Ll(P)} .
dP
In example 8, where ® is the identity function i¢d and so Mg = My, we will

show that if f € () L'(Q) then it may happen that
QeEMs

infezeR| f—xe n (K —LY(Q)) p > sup Egqlf].
QEMs QeMa

The examples in Section 1.3 and the next Theorem, proved in Section 3, are
the main contributions of the paper. Our aim is exactly that of providing the
correct interpretation and the dual representation of supg¢ s, Eq[f], even when

it is strictly less than f



Theorem 5 If (0) < 400, Mo NP#Q and f € (| LYQ) then

QEMy
N 1A Q —~
fotifd{zeR|f-ze (| K-LL(Q) = sup Eg[f] <[ (11)
QeMs QEMs
As already mentioned, in Theorem 17 we will show that (| K — L} (Q)Q =
QEMgy

C = Cg, where C is the closure of C under an appropriate topology.
As a consequence of Theorem 1.1 by Kabanov and Stricker [15] we also have

Proposition 6 If My NP # 0 and f € L' then:

f: sup Eg[f] = sup EQ[f]:fq>.
QEM; QEMs

Proof. By definition, if f € L% then fq) < f As in the proof of Proposition
1 we also get: supgeny, EQlf] < fo. The growth condition G(®) is weaker
than the condition used in Corollary 1.4 [15] , since G(®) does not require that
®(0) < 4o00. Nevertheless, it can be shown, as in the proof of Corollary 1.4 [15],
that the condition G(®) and Theorem 1.1 [15] imply

sup Eq[f] = sup Eg[f], if f € b, (12)
QEMg QEM;

Hence, from (9), we get f= supgenr, Eolf] = supgen, Eqlf] < fo<f m

In Example 9 we will show that the equality ﬁp = f may not be true for
claims that are not bounded from below.

1.2 Taking preferences into account

In incomplete markets, it may be useful to take into account the preferences
of the investor. This naturally leads to the specification of a utility function
u, which we assume to be strictly concave, increasing and finite valued on the
whole R. The related standard utility maximization problem:

sup Elu(z + g)], z € R,

geK
in general does not admit an optimal solution in K (see [18]). In the duality
theory approach to this problem a crucial role is played by the convex conjugate
of u, which we denote by ® :

D(y) £ sup {u(z) —zy}, y>0.

Note that the condition ®(0) < +o00 assumed in Theorem 5 is equivalent to the
requirement that the utility function is bounded from above.



Remark 7 The function ® = id is the convex conjugate of the function u :
R — RU{—o0} defined by

u(x):{ _0 ifr=—1 ’

oo otherwise

which s not increasing on R. In this case ® can not be interpreted as the
conjugate of a “utility” function.

It was first shown in [2] that if:

sup Efu(z + g)] < u(+o0)
geEK

then the fundamental duality relation

dQ
Elu(z 4+ ¢)] = min min Az + E [® [ A==
sgp[( [U(I g)] Qnel}vr[lq> Igr(} AT |: <)\ dF ):|

holds true, without any further assumption on the utility function. For what
concerns economic considerations, Frittelli [8] suggested a clear financial inter-
pretation for the class Mg of those separating measures having finite generalized
entropy. In fact, fix @Q € M; and consider the problem:

Uq(z) £ sup{Elu(z +g)] | g € L'(Q), Eqlg] <0, u(z+g) € L'(P)}.

This is precisely the utility maximization problem we would face if we selected
@ as pricing measure. When G(®) is satisfied, then (see [8], Proposition 4) @
belongs to Mg if and only if

Ug(z) < u(+o0) forall x € R.

More explicitly this means that pricing by @ € Mg guarantees that the
investor can’t reach her maximum possible utility, u(+00), starting with an
arbitrarily low initial endowment z. Therefore it makes sense to work with Mg,
as the class of pricing measures which makes the model free of this types of
utility based arbitrage opportunities.

1.3 Examples

In example 8 we show that ﬁ-d < fand in example 9 we will show a case where
fo < f, when ® is not the identity function.

Example 8 We denote by I, the interval (2%, 2%1] and by J} and by J2 its
two halves: (5w, 71| and (52, 5t respectively.
We consider the following one period model: (S, (Fo, F1), P) where Q is the

interval (0,1], Fo = o{l,|n € No} , F1 = o{J.|i = 1,2 and n € Ny} and



P is the restriction of the Lebesgue measure to F1. The process X is given by:
X(0) =0 and

n  onJ}
X(l)_{ —n2 onJ2

The set K° will be the set of all stochastic integrals with respect to pre-
dictable processes, with no admissibility restrictions. Here this set is simply
{aX (1) | o Fo- measurable} and « is identified by the sequence (cu)n>1 of its
values on the intervals I,,. The structure of elements in K can now be easily
described. By firing a credit level ¢ € R, which we may assume nonnegative, we
have for all n € Ny:

0 < a,<—= if a, >0
n
n

Therefore the sequence v, tends to zero, independently on the sign assumed on
each I,. Since X is unbounded, we are not allowed to buy or sell one unit of
the risky investment X, and hence X (1) is not a replicable claim.

We are now ready to analyze My. Every Q € My is identified by its density
on J., denoted by q;(n). From the definition of My in equation (3) we see that
each QQ € M is characterized by:

Z a 27:?2 %) =1 and qi(n) =ng(n) Vn > 1,
n>1

which imply in particular that )~ - % is finite. For later considera-

tions, we observe also that X (1) is not integrable for every Q € M. Consider

now the claim:
fe 1 onJ}
-n  on J?

It is evident that f € LY(Q) and Eq[f] =0 for any Q € My . By using the
duality relation in equatzon (10), we see that the weak super-replication price of

f is equal to zero: fld = 0. Howewver, f = 1. Indeed if we try to write down
f—x as aX (1) — h with a admissible and h nonnegative, we obtain that, for
every n > 1, the following must hold:

1 = na,—hi(n)+z
—n = —n?a, —hy(n)+z,

where h;(n) stands for the value of h on J.. Clearly the second equation can be
always satisfied, provided that we choose ha(n) big enough.
Analyzing then the first one, we get:

hiln)=na,+x—-1>0 Vn,



that is x > 1—nay,. Now, if (a,)n is definitely negative, we obviously get x > 1.
In case ay, > 0 infinitely many times, for these oy, we have 0 < ay, < 55 and so
nay, 18 mﬁmteszmal when nonnegative. The consequence is again x > 1. Since
(f-1¢€e , then f <1 and therefore f =1.

The difference between these two super-replication prices is due to the fact

that f is equal to (1,4, %,---, 2, )X (1), which is in K°N (| LYQ). Under
QEM,

each Q € My, this claim can be arbitrarily well L*(Q)-approzimated by claims

in the form: (1, ;, 21))7 , 711,0 0,...)X (1), which are in K and have zero cost.

When we require the usual stronger, pointwise condition f —x = aX (1) —h, we

obtain, due to the “artificial” admissibility requirement, the higher value f: 1.

The difference between the weak and the classical super-replication prices

becomes more evident if we consider the claim (kf) with k € R positive and

arbitrarily large. Reasoning exactly as before, we get (kf) = k. Selling at such
an expensive price could be difficult, whereas the weak super-replication price

(kf);q is still zero. The drawback is that in this case one has to accept the
possibility of only approzimating (kf — x) via bounded super-replicable claims in

C.

Example 9 Consider the same setup as in Ezample 8 and choose ®(y) = y?,
fory > 0. If we take X (1) as the claim under consideration, it’s rather easy to

see that X (1) = +o0, while supge s, EQ[X(1)] is not even well defined.
In spite of these negative facts, the condition E[®( Q)] < +oo implies that

Yot % is finite, thus {nqg( )2*%} € I%. By the obvious remark

{

- ;1} € 12, we get:
n

el

2n+1
n>1

which, up to a constant, is just the Q-integrability condition on X (1). Therefore,
X (1) is integrable for every Q € Mg and the integral is zero. Summing up:

)?(T)q) = ngllg EglX()]=0< )?(T) = +00

2 Abstract formulation

Recall that a subset G of a vector space is a convex cone if z,y € G imply that
ar + Py € G for all o, 3> 0. Let L C X, L’ C X’ be two convex cones in two
vector spaces X and X’. Let

<> Lx L —RU{4o0}

10



be a ”positive bilinear” form, i.e. both applications z —< z,2’ > and 2’ —<
x,x’ > are additive and positively homogeneous. We'll set < x,z' >2 2/(z),
for v € L and 2’ € L'. With respect to (L, L', < -,- >) we define the polar G
and the bipolar G0 of a convex cone G by:

G° {zeL'|2(9) <0Vg e G},
G {ge L|z(9) <0Vze G}

> 1>

We assume that there exists an element, denoted by 1, such that 1 €L and
—-1€l.

Theorem 10 Let G C L be a convex cone satisfying G°° = G and —1 €G. If
the set Ny = {z € GO | (1) = 1} is not empty then for all f € L we have:

feinf{zeR|f—zleG}=sup{z(f)|z€ N;}. (13)
In case f< 400, it is a minimum.

Proof. Note that since 1 €L and —1 €L, then for all z € L’ we have that
z(1) is finite and z(f — x1) is well defined for all f € L and z € R. Given
f € Lset f* 2 sup{z(f) | z€ N1} < +oo. To prove that f* < f assume by
contradiction that f< f*. Then there exists x € R such that fﬁ z < f* and
(f —x1)eG. Therefore, z(f —x1) <0 forall z € Ny, z(f) <z for all z € Ny
and we get f* <z < f*.

To prove that f < f* we may assume that f* < 400 and it is sufficient to
show that (f — f*1) € G. Define

N2G'={z¢eL'|2(9)<0Vg <G} (14)

and Ny = {z € N | 2(1) = 0}, so that N = Uy>o ANy U No.
By definition of f*, —oco < z(f — f*1) <0 for all z € N;. Let 29 € Ny and
note that if z € Ny, then (z + Azg) € Ny for all A > 0 and

0> (z4+Xa0)(f — L) =2(f — f*1) + Azo(f), for all X > 0.

This implies Azo(f) < —z(f — f*1) < 400 for all A > 0 and so z(f) < 0.
Hence, zo(f — f*1) = 2zo(f) < 0 for all zy € Ny. Therefore, z(f — f*1) < 0
for all z € N and we deduce that (f — f*1) belongs to the polar of N, i.e. it
belongs to G =G. m

<
<

Remark 11 Note that the assumption that Ny is not empty excludes that 1 = 0.
In our applications of Theorem 10, we will always consider L C LY, L' C L'(P),
G will always be a conver cone containing —L3°, which implies that N £G%C
L0+, and the element 1 will be the indicator function of Q. As a consequence of
these conditions, Ny = {0}.

Remark 12 If (L, L) is a dual system of vector spaces and if T is any topology
compatible with (L, L"), then the bipolar theorem, applied to the locally convex
topological vector space (L,T), guarantees G = G, whenever G is a convex
T—closed set.

11



2.1 Proof of Theorem 3

Definition 13 (Mc Beth (1992), Delbaen & Schachermayer (1994)) .
A subset C C L is Fatou closed if for every sequence f, € C that is uniformly
bounded from below and that converge P— a.s. to f, we have f € C.

We collect in the following Theorem some relevant results taken from Del-
baen and Schachermayer ([4] and [5]).

Theorem 14 .
(a) If D C L° is a convex Fatou closed set then D N L* is o(L>, L*)—closed

(4] Th. 4.2).
(b) If My NP # 0, then (K — LY) is Fatou closed ([4] Th 4.2 and [5] Th. 4.1).

In [3] a Bipolar Theorem for (L%, L) is shown to holds, provided that the
bilinear form < -,- > is allowed to take the value +o0c0. The proof of Theorem
15 (a) is based on the proof of the simpler Bipolar Theorem for (L**, L)) in the
Ph.D. Thesis of J. Hacon.

Theorem 15 .
(a) If Cyp is Fatou closed then Cyy, = (Cpp)°°.
(b) In particular if My NP # (0, then Cpp = (Chp) 0.

Proof. By definition: (Cy,)° 2 {z € L : E[zf] <0 Vf € Cy} and

(Cbb)OO = {f e LY. E[Zf] <0Vze (Cbb)o}. (a) Clearly Cp, C (Cbb)OO_ To
show that (Cy,)°° C Cyy, suppose by contradiction that there exists f € (Cpp)°
and f ¢ Cyp. Then f, £ (f An) € (Cw)®NL>®, f, 1 f P— as. and f, is
uniformly bounded from below. Since Cj, is Fatou closed and f ¢ Cyp, then
there exists ng such that f,, ¢ Cp. Since the set Cp, N L™ is convex and
o(L*>®, L')—closed (see Theorem 14 (a)) and f,, ¢ Cy N L the separation
Theorem in (L, o(L>°, L)) guarantees the existence of z € L! such that

E[zg] <0 Vg € Cy N L™ and E[zfn,] > 0.

Since —L C Cy, N L™ we have z € L. We now show that z € (Cy)°, which
is in contradiction with f,,, € (Cp)% and E|[zf,,] > 0. For each g € Cy, we set
gn 2 (GAN). Then g, € CopN L™, g, T § P— a.s. and g, is uniformly bounded
from below. By Fatou Lemma

Elzg) < lim E[zg,] < 0 Vg € Ch.

(b) From Theorem 14 (b) we know that (K — L) is Fatou closed, hence
Cy, = (K — L) N L is Fatou closed and (b) follows from (a). m

Now we are ready to give a proof, based on Theorem 10, of Theorem 3.

Proof of Theorem 3. To prove the equality 9, we apply Theorem 10,
with L = L, L' = L}, 1 = 1g and G = Cy,. The positive bilinear form will

12



be z'(z) = E[z'x].
We get from (14): N £ (Cy,)? = {z € L1 | E[zg] <0Vg € Cy} and Ny = {z €
N | E[z] = 1}. Since

{ze Ll |Elzg) <0VgeCp}={z€ Ll |Elzg) <0Vge K},

we may identify N7 with M;. From Theorem 15 (b) we see that the assumptions
of Theorem 10 are satisfied. Hence:

inf{reR| f—x€Cun}=sup{Ezf]|z€ Mi}.

3 The polarity between Cy and co(My).

In this section we stick to the terminology of [10], Chapter 8. Define the linear
spaces

L= () L'Q) and L' = Lin{Ms} C L'(P),
QeMg

where we assume that Mg is not empty and we identify each @) with its Radon-
Nikodym derivative w.r.t. P.

Notice that C C L>*°(P) C L. For all z € L and 2’ € L', we have that
(22') € L'(P) and the bilinear form: z x 2/ — E[z2'] is well defined. Then
(L, L") defines a dual system.

Definition 16 We denote with 7 a locally convex topology on L compatible with
the duality (L, L’).

Just by definition, endowed with the 7-topology L is a locally convex topo-
logical vector space where the set of continuous linear forms on L is precisely
L’. We may select any topology compatible with the dual system (L, L'), since
our results depend only on the property that the topological dual of L is L'.

Note that this topology T needs not to be Hausdorff, since generally L’ does
not separate points in L. Think of the case when we have just one element in
Mgy (a complete market case, in which the unique equivalent pricing measure
has finite entropy).

Define:

2 () (K-11@)" (15)

QEMq

The main result of this section is the following Theorem. Its proof will be
based on Proposition 19 and Theorem 20, which will also provide a different
representation for Cg.
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Theorem 17 Assume that ®(0) < 400 and Mg NP # 0. With respect to the
topology T we have: (a) Cg is the closure of C, (b) Ce and the convex cone
co(Mg) generated by Mg are polar to one another.

As an immediate consequence of Theorems 10 and 17 we prove Theorem 5.

Proof of Theorem 5. Since Mg C My, the inequality in (11) is proved in
Proposition 1. Consider the dual system (L, L") and the topology 7 on L. Set
G = Cp. From Theorem 17 we deduce: N = (Cq>)0 = co(Mg) and N1 = Mg.
The assumptions of Theorem 10 are satisfied and then from equation 13 we get

inf{r eR|f—xe€Co}=sup{Eg[f]| Q€ Ms}.
[

Proposition 18 Assume that ®(0) < +oo. If Qo < P, @1 < P, x € (0,1),
Q=12Q1+ (1 —x)Qo then
dQ dQo dQq

Ed(— ) f EP(—— Ed(—
(dP)<+oo if and only if (dP)<+oo and (dP)<+oo

Proof. The convexity of ® implies that E@(Z—g) < 4oo if E‘b(c&%) < 400

for i = 0,1. Conversely suppose that E@(g—?,) < +o00. For ¢ = 0,1, we have

O~ (4% € L'(P), since ® is convex and 99 € L1(P). Therefore we only need

to show the integrability of <I>+(Cfg;' ), which is trivially true if ®(+00) < +o0.
If ®(+00) = 400 then T is non decreasing on (yo, +00) for some yog > 0. From

Q =zQ1 + (1 — 2)Qo we deduce
Qi _1dQ 1-2dQ _ 1dQ

i 0 2% p_gs.
dP _zdP =z dP —zdp @ *°
@1 d@ dQ
+ _ + +
B ) BT Cgp g <o) T ELPT g )]
1dQ
< + +(- %
< 02}2};0@ (y) + E[® (’Idp)l{dd%1>y0}] < +00,

since, from the growth condition G(®), we have: ®*(142) < a@+(92)+3(%2 +
1) € L1(P). Similarly for ‘il%’. ]

Let C be the closure of C' with respect to the 7 topology. Note that Cisa
convex cone and C C L C L'(Q) for all Q € Mg. The polar of C with respect
to the 7 topology is given by

c’ 2 { e L' :E[z2'] <0forall z€ C} C LL(P),

since —L5° C C.

14



Proposition 19 If ®(0) < +oco then co{Ms} = c’.

Proof. All Q € Mg are T—continuous linear functionals, so that (for a fixed
Q) the set: {z € L|Eg[z] <0} is 7— closed and it contains C. We deduce that
if z € C then Eglz] <0 for all Q € Mg. Since Mg is convex, L’ admits the
following representation

L = {z' € LI(P) 12 =z — Bz, a,8>0, 21,2 € M@} ,
We claim that Me = 6(1) 27%n {unit sphere of Ll(P)} . Note that

éo_ Q<<PQ:(1+6)Q1__BQO7ﬁZO> QlaQOEMq)
L and Vz € C' Eglz] <0 '

Obviously Mg C 6(1): so we consider the case § > 0. If Q € 62 then Vz € C
Eglz] < 0 and so Q € M. It remains only to check that if Q € U(l) then
E®(42) < +o0. If Q & (14 8)Q1 — Qo then Q1 = 15Q + 75Q0 =
2Q+ (1 —2)Qo, x = ﬁ € (0,1), and the thesis follows from Proposition 18. m

The following Theorem is proved in Frittelli (Theorem 3, [8]) adding to G(®)
the assumptions that ® is strictly convex and differentiable. But the proof of
the Theorem remains unchanged even without these additional assumptions.

Theorem 20 If Mg NP # () then

Co= () C°={f€L:Eqlf] <0YQ € Ma}.
QEMy

Proof of Theorem 17. Since co{Mg} = UO, the bipolar " of T is
given by:

o 2 {zEL:E[zz’}gOforallz’GUO}

= {ze€L:Eg[z]<0forall Qe Ms}=Co,

by Theorem 20. From the bipolar theorem we deduce that C' = o’ = Cs.
From co{Mg} = C" we then get (co{M3})° = Cp and (Cp)" = co{Ms}. m

The boundedness of ® in a right neighborhood of 0 is essential in Propositions
18 and 19 and in Theorem 17, as the following example shows.

Example 21 The context is the same of Example 8. Consider the function ®
defined by:

o — —1In(y) on0<y<1
Tl y2 -3y +2 ony>1
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Obviously, ® is strictly convex and differentiable. The point is that in this model
there exists a Q1 € My, with Q1 not equivalent to P and with bounded density:
such a measure has infinite generalized entropy, i.e. Q1 ¢ Mg. For instance, let

dd% =2x5, = 2X(%,1]- Then, pick any Qo € Mg : for example, take dd%) equal

to ¢ on JY (and consequently equal to o on J2 ), where c is the normalizing
constant. Consider now the convex combination: Q* = (1 — x)Qo + zQ1, x €
(0,1). Since the following inequalities hold true

(1-2)Qo < Q" < (1 —2)Qo + const,

Q7 has finite generalized entropy, i.e. Q* € Mg.

Since Q1 ¢ Mg , to show that co(Mg) & (C’@)O it is sufficient to show
that Q1 € (C¢)0. It is obvious that Q; € Lin(Ms) = L' and C C LY(Q,).
Recall that C = Cp C UQ and Eq[f] <0 for all Q@ € Mg and f € Cg. Since
| ] % <|f] (CZ%’—F‘Z%) we deduce, if f € Co , Eq,[f] = lim,—1 Eg=[f] <O0.

Remark 22 Motivated by the last lines of the previous example, we now make

some extra observations on the duality (L,L"). As we have already noted, the

dual system may not be separated. The consequence is that in general we can not

put a topology p on L' which is compatible with the duality (L, L"), that is, such

that the dual of (L', ) is exactly L (think again of the case when |[Mg|=1).
But if we define on L the following equivalence relation ~:

[~ g iff Eqlf] = Eqlg) for all Q € Mq
and we define % to be the quotient of L w.r.t the relation ~, then it can be
easily seen that L is a vector space with the obviously defined sum and scalar
multiplication.

We indicate with 7., the quotient topology of (L, T) on % It is now a simple
exercise proving that for all € € £ and 2 € L', we have that zz' € L'(P)
(where z is a generic element of the equivalence class £) and the bilinear form:
Ex 2 =< €2 =2 Elz2] is well defined. Then (£, L") is a dual system, it is
separating and the topology T~ on % is compatible . Now we can endow also L’
with a topology v compatible with this new system.

When the condition ®(0) < 400 is satisfied, we have that co(Mg) coincides

with (%)O and therefore is v-closed.

The previous example shows that this is not always the case when ®(0) is
infinite. In fact, fiv a n € L. Then, with the same notation used before,
< n,Q% = tends to < n,Q' = when x — 1. Now, letting n vary arbitrarily
n % we get that Q tends to Q' in the v-topology. Therefore neither Mg nor

co(Mg) are v-closed.
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4 Comparison with Delbaen and Schachermayer
approach, when ¢ = ud.

In their remarkable paper [5], Delbaen and Schachermayer introduced the no-
tions of feasible weight function w for the process X and of w-admissible inte-
grands for X to get the duality results stated below in Theorem 25. We recall
here some of their definitions and results and we defer to [5], Section 5, for their
motivation and explanation. In the sequel it is always assumed that My NP # (.
Note also that the time horizon T appearing throughout this paper could be
finite as well as +o00: the latter case will be now considered.

Definition 23 (Delbaen and Schachermayer, [5], Def. 5.1) If w > 1 is
a random variable, if there is Qo € M, NP such that Eg,[w] < oo, then we
say that the integrand H is w-admissible if there exists some nonnegative real
number ¢ such that for each element Q € M, NP and each t > 0, we have that

Definition 24 (Delbaen and Schachermayer, [5], Def. 5.4) A real random
variable w > 1 is called a feasible weight function for X if

- there is a strictly positive bounded predictable process ¢ such that the mazimal
function of the R:-valued stochastic integral ¢ - X satisfies (¢ - X)* < w,

-there is an element Qo € M, NP such that Eg,[w] < co.

As pointed out in the cited article, feasible weight functions do exist. Let w
be a feasible weight function for X and set:

[I>

K, {(H - X)s | H is w — admissible},
Fu inf{z €eR| f—2€K,— L},
M,., = {Q€M,|Egw] < oco}.

>

Theorem 25 (Delbaen and Schachermayer, [5], Th. 5.5) Ifw is a feasi-
ble weight function and f is a random variable such that f > —w, then:

fo=inf{lzeR|f-2eK,— Ly} = sup Eglf] (16)
QEM, NP

and if the quantities are finite the infimum is a minimum.

We now compare the super replication price fw of f given in (16) with the
weak super replication price ﬁd of f given in (10).

The first important remark is that given a claim f € Ngenr, L'(Q) then
ﬁ-d is uniquely defined and is not dependent on the agent. On the contrary,
the super replication price f,,, of the same claim f, will in general depend on
the different feasible weight functions w selected by the investor. Indeed, f,,
depends on how much one is ready to lose in the trading. By admitting bigger
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losses, this price decreases, as we will show in the example in Section 4.1. Only
admitting the knowledge of a feasible weight function w, the super replication
price f,, of those claims f satisfying f > —w is uniquely defined and (16) may
be applied.

If f € Ngen,L'(Q) then by simply considering w(f) £ w V f~ (where
f~ is the negative part of f) we obtain a feasible weight function such that
f > —w(f). Therefore, for each given claim f € Ngenr, L'(Q) we can always
find at least one suitable feasible weight w; so that we can apply the duality

formula (16) to the couple f, wy to get the particular super replication price fu, .
From (16), (10), and Remark 2, we get:

fe () LYQ) = fu= suwp Eglfl> sup Eglf] = fu,.
Qeny QEM NP QEMo,w NP

In [5] it is also proved that M, NP is dense in My NP (Proposition 4.7) and
that M, ., NP is dense in M, NP (Corollary 5.13). Unfortunately, in spite of
the density properties, we can not apply the dominated convergence theorem,
as done in Remark 2. As shown in Proposition 28, the weak super replication
price fiq can be strictly greater than f,, ) (or than f,, with any w feasible with
f>—w).

4.1 Dependence on w

First, we need a result based on a slight modification of the example in [6]
Section 2 to which we refer for detailed construction. What we show here is
that the process X can be taken in H?(Q).

4.1.1 Existence of X positive, strict local martingale under P, which
admits an equivalent Q such that X € H?(Q)
We call:

1
L; = exp(B; — 51‘,)

and

(a) & a?
N £ exp(aWy — ?t) (17)

where a is a positive real constant and (B,W) is a standard 2-dimensional
Brownian Motion on a stochastic basis (€, (Fi)o<t<too, P). We assume that
the filtration F is the augmentation of the natural one, (ff’w)t, induced by
(B,W). Both L and N(@) are positive, strict P-local martingales. Then, define
the stopping times:

L inf{t| L = %}, (18)
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o 2 inf{t| N\ = 2}. (19)
Notice that:

1 1
=infl{t|B; — =t = log -
T =1inf{t | B; 5 og2}

log 2

}s

so these two stopping times are passage times of Brownian Motion with drift.

o =inf{t| W, — gt =

Define now the stopped processes X (@ 2 L7Ae and y(@) & (N(“))TA"("')

and the probability measure Q(®) £ Yég) - P.

The following result is the analogous of Theorem 2.1 [6], but the introduction
of the parameter a in (17) allows us to add item 4. When a = 1, Theorem 26
reduces to Theorem 2.1 [6]. However, with this value of a, X is not in H?(Q).

Theorem 26 .

1. For every a > 0, the process X*) is a continuous strict local martingale
under P and X >0 a.s., Xéa) =1, Ep[Xég)] <1;

2. For every a > 0, the process Y® is a continuous uniformly bounded inte-
grable martingale, that is strictly positive on [0, +00];

3. For every a > 0, the process X is a uniformly integrable martingale
under Q@) ;

4. X belongs to H*(Q™) iff a® > 8.

Proof. We only need to prove item 4 since the first three points can be
easily checked as in Theorem 2.1 [6]. For simplicity of notation the dependence
on a is dropped.

By definition, X is in H?(Q) iff Eg[< X >u] < +oo. Taking into account
the positivity of the processes, an application of Doob’s Optional Sampling
Theorem to the P-uniformly integrable martingale N leads to:

Eg[< X >u] = E[Yoo <L >rpe| = E[No < L >rp0]

and, thanks to the independence of (L, 7) and o, the last term becomes:

2/X{0<+Oo}(w')E[< L > pown] dP(W") (20)

Let’s analyze then E[< L >,]: it is equal to E[L2,;] because L! is a square
integrable martingale. By Girsanov theorem we can write:

E[< L >.p) = E[L2,,] = Elexp{2B. s — 7 A t}] = Elexp{T A t}],
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where the last expectation is taken under the unique probability P on FZ:W

such that (B,), = (B, — 27")T_is a standard Brownian Motion. With such a

change of measure, 7 = inf{r | B, + 2r = —log 2} and the law of 7 on (0, 4o

under P is given by
- 10|

_ (b — pt)?
"P)= o en -y

Jdt + (1 — exp (ub — |ub])) €100}

where p :%, b = —log 2, that is, it consists of the sum of two positive measures,
the first a.c. with respect to the Lebesgue measure on (0, +00) with density

0] (b — pt)?
) P T

f(t) = ] (21)

and the second being an atom in +oo with mass 1 — exp (ub — |ub|) (see [13]
p.196). Then

e! > Elexp{r A t}] = /eSAtf(s) ds + get > get,

and the quantity in (20) is finite if and only if E[x{s<toc}e”] < co. Using the

density f(t) in (21), with p=—%, b = 1052, of the absolutely continuous part
of the law of o under P, we get:

+o0 . log2 log2 | %t)2
ElX{octor€’] = e —2—exp|——4+—="|dt
Koy = [ e [ )

and the integral is finite iff a? > 8. =

Remark 27 Similar results can be obtained by replacing the constant % in (18)
with any 0 < ¢1 < 1 and the constant 2 in (19) with any cs > 1.

4.1.2 Example

First recall that for locally bounded processes, as the one considered in this
section, the sets M of separating measures and M, of c—martingale measures
are equal and coincide with the set of local martingale measures. Hence M ,, £
{Q € M, | Eglw] < oo} = M,,, and M; may replace M, (and viceversa) in
any subsequent formulas.

With the next Proposition we finally provide evidence of the dependence
of the super replication price f,, from the feasible weight function w and of a
situation in which:

sup Eg[f]> sup Eglf]. (22)
QEM NP QEMy NP

The Example 5.14 in [5] was exactly intended to prove the previous inequality,
but it is not correct. The claim f and the feasible weight function w;, introduced
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in the next Proposition, are exactly those considered in Example 5.14 [5], but
we will prove in item 5 below that, contrary to the assertion (2) made after the
Example 5.14 [5], the two suprema in (22) coincide for such f and w;. For the
validity of the strict inequality in (22) (or in equation (5.1) [5]) we need to use
a different weight function (ws) and to exploit the fact that X is in H?(Q) if
and only if a2 > 8.

Proposition 28 On a suitable stochastic basis (, (Fy)i>0, P) there exist:

a. a continuous process S satisfying So = 0 such that P € My NP, where M
is the set of separating measures for S;

b. two S-feasible weight functions wy and wa,

c. a claim f € Ngen, LY (Q) satisfying f > —wq, f > —wa,
such that:

1. wy € Ngen, LY(Q), so that M, ., = M, = M.

2. S is uniformly bounded from above and is a submartingale for each Q) €
Ml 5

3. S is not a martingale under P and Ep[Ss] > 0;

4. forall R € My ,, S is a R-uniformly integrable martingale and Er[Soc] =
0;

5' ﬁd:fwl >fA’u)2 :0

Proof. The setting is exactly the one we developed in the preceding section:
fix @ > 2v/2 and take X, P, Q as before. We define S =1 — X. Then P € M.
We note that Sy = 0 and S is bounded from above, so that H = —1 is an
“usual” admissible integrand. Under each R € Mj, —S is a supermartingale
and hence S is a submartingale.

Now let wy = 14+ X, and we = (X%)?, where X; = sup{|X,||0 < s <t} =
sup{X, |0 < s <t}.

We are in a continuous context, so a w > 1 is feasible as soon as there
exists a measure R € M7 NP such that Er[w] is finite. The first weight, wy, is
integrable for all R € M; by construction; wy is certainly Q- integrable (by the
Burkholder-Davis-Gundy inequalities, we € L'(Q); it is not in L*(P), because
otherwise X would be a P-square integrable martingale): so, both weights are
feasible.

Take f = Soo. Then f > —wq, f > —wsy and the duality formula (16) can
be applied to f with both weights. On the one hand, recalling Remark 2, we
have:

fiu= sup Eg[fl= sup Eglf]= fu, > Ep[f] >0
ReM,NP REMg .y NP
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As a consequence of the last inequality, H = 1 is NOT wj-admissible. If it
were!, S = (1-S) would become a supermartingale? under each R € M; and
hence a martingale: this would imply Ep[f] = 0.

On the other hand, we get:

fu, = sup  Eg[f]=0
R€M1,1‘,2QP

because under these R we obviously have:
Si=1-X; > —ER[w2|ft]

that is, S is we-admissible and henceforth a martingale. The crucial point that
M3y NP # () was shown in Theorem 26, item 4.
]
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