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Abstract

We study optimal hedging of barrier options using a combination of a static position
in vanilla options and dynamic trading of the underlying asset. The problem reduces to
computing the Fenchel-Legendre transform of the utility-indifference price as a function of
the number of vanilla options used to hedge. Using the well-known duality between expo-
nential utility and relative entropy, we provide a new characterization of the indifference
price in terms of the minimal entropy measure, and give conditions guaranteeing differen-
tiability and strict convexity in the hedging quantity, and hence a unique solution to the
hedging problem. We discuss computational approaches within the context of Markovian

stochastic volatility models.

Keywords: Hedging, derivative securities, stochastic control, indifference pricing, stochas-

tic volatility.

1 Introduction

Exotic options are variations of standard calls and puts, tailored according to traders’ needs.
These options are mainly traded in over-the-counter (OTC) markets. As of December 2000,
the outstanding notional amount in OTC derivatives markets was $95 trillion compared with
$14 trillion on exchanges. (See [26]). In this paper, we focus on barrier options which are
among the most popular exotic options. According to a research report [25], barrier option
trading accounts for 50% of the volume of all exotic traded options and 10% of the volume of

all traded securities.
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Barrier options are contingent claims that have certain aspects triggered if the underlying
asset reaches a certain barrier level during the life of the claim. The main advantage of barrier
options is that they are cheaper alternatives of their vanilla counterparts. However, since
the option payoff depends on whether the barrier has been hit or not as well as the terminal
stock price, the pricing and hedging problems for these options are more complicated. The
pricing formula for a barrier option under the Black-Scholes model first appeared in a paper
by Merton [27].

Barrier options have different flavors: an out option expires worthless if the stock price
hits the barrier where it is knocked-out. In options on the other hand do not pay unless the
barrier has been triggered. According to the relative value of the initial stock price and the
barrier level, these options are called down or up. As an example, a down and in call pays
like a regular call option provided that the stock prices goes to the barrier level before the
maturity of the option.

The Black-Scholes methodology for hedging options, so called dynamic hedging, elimi-
nates the risk of the option position by trading continuously the underlying stock and bonds.

Assuming that the stock price satisfies
dSt = NSt dt + O'St th, So =5 (11)

for constant u,o > 0 and W a standard Brownian motion, it is well known that the risk in
any options position can be totally eliminated. The amount of stock to hold at each instant
depends on the sensitivity of the option price to the stock price, known as the Delta of the
option. The Delta of barrier claims can be quite high when the stock price is close to the
barrier level. Given that continuous trading is not possible, a discretization of the continuous
model gives poor results when the Delta of the option is large, even if the underlying model is
right. With this motivation, there has been extensive research on alternative ways of hedging
barrier options. Bowie and Carr [3] introduced the idea of static hedging through a portfolio
of standard options formed at initiation where no trading occurs afterwards. Using a binomial
tree model for the stock price, Derman et al. [11] form a static hedging portfolio by using a
finite number of puts and calls such that the value of the portfolio matches the value of the
barrier option on the nodes that are on the barrier and at maturity. By their construction,
the number of standard options that are being used is related to the number of periods in
the tree and the performance of the strategy improves as the number of periods is increased.
Assuming that the stock price satisfies (1.1), Carr and Chou ([6], [5]) show that any barrier
claim is replicable by holding a portfolio of vanilla calls and puts statically until the stock
price hits the barrier. In their approach, the necessity of continuous trading of the underlying

is replaced by the necessity of trading options with a continuum of different strikes. In [1],



Bardos et al. extended this idea to the case where p and o in (1.1) are deterministic functions
of time and stock price. A strategy using other options which is applicable in the case of
incomplete markets and which is robust to model misspecification is given in [4] by Brown et
al.. They find upper and lower bounds for the price of barrier claims in terms of standard
options which are interpreted as hedging strategies. Their calculations assume a zero interest
rate and the extension to non-zero interest rates is not trivial. Examining the static hedging
portfolio of a down and in call proposed by Carr and Chou, we notice that this portfolio is not
equally weighted among the continuum of strike prices and we propose using only the option
with the greatest weight in the hedge, combined with dynamic trading in the underlying.

In this paper we address the question of hedging barrier options in incomplete markets, that
is we assume that all the uncertainties in the market are not hedgeable through trading the
available assets. There is no straightforward way to extend the static hedging ideas proposed
previously to this case, and it is an open question how the static hedging approaches perform
in realistic incomplete markets. The idea of combining dynamic trading in the stock (for which
transactions costs are relatively small) with buy-and-hold (static) positions in liquidly traded
vanilla options (where transaction costs are much higher and dynamic trading is not feasible)
was used in the context of portfolio optimization in [22]. The key issue is how much capital to
allocate to the derivatives, and how much to the stock and bonds. That is, we optimize over
possible derivatives positions the value function of the dynamic hedging problem that is the
solution of a stochastic control problem with random endowment.

We model an investor with an exponential utility function given as
U(z) =—e 7 (1.2)

where v > 0 is the coefficient of absolute risk aversion. Having bought the down and in call,
we try to maximize her expected final utility by choosing an optimal number of vanilla options
to sell. As the strategy proposes only a partial hedge, we want to take one step further, and
discuss an optimal dynamic trading strategy of the underlying in addition to the static vanilla
option position. Our main motivation is to find a compromise between the dynamic and static
hedging strategies allowing a wider range of possible hedging scenarios. The extension of our
ideas to the other types of barrier options is straightforward.

The rest of the paper is organized as follows: In Section 2, we summarize the derivation
of static hedging and give the static hedging portfolio for a down and in call option for
completeness. In Section 3, we use the connection between exponential utility maximization
and entropy minimization to deduce that the optimization problem reduces to finding the
convex dual of the utility indifference price of a particular type of barrier option. We sketch

the idea behind the duality relation, and examine properties of the indifference price, in



particular strict convexity with respect to the number of options. In Section 4, we give an
application of the problem within a stochastic volatility model for the stock price. In this case
the price satisfies a second order quasilinear PDE which does not have an explicit solution, and

we study the optimal number of put options to trade numerically. In Section 5, we conclude.

2 Static Hedging of Barrier Options in the Black-Scholes Model

Assuming constant interest rates and a frictionless market where the stock price process (St)¢>0
is given by (1.1), Carr and Chou in [6] and [5] showed that there exists a portfolio of European
calls, puts and forwards replicating any barrier claim. It is worth noting that their assumptions
do not extend beyond the usual Black Scholes assumptions used to recover dynamic hedging
strategies. However, being more robust to misspecified models and transaction costs associated
with dynamic hedging, static hedging might perform better in real life applications.

Here, we summarize their arguments for a down and in call option which pays the difference
between the stock price S and the strike price K at the maturity 1" of the option given that
this difference is positive and the barrier level B has been hit at any time before T'. In this

discussion we include only the case where B < K. The price of this option is given by

f(tv S) = eir(Tit)Ezf?S {(ST - K)+1{TB§T}}

where 758

= inf{u >t : S, < B}, and the expectation is taken under the unique measure
which is equivalent to P, and under which the discounted stock price is a martingale. We use
IE; s to denote expectation conditional on {S; = S}. By an iterated expectation argument

the price is given by
f(t.8) = e T B {1 ey B 5 {(Sr - K)+}} (2.1)
and the inner expectation can be written as
JE?B’B {(St - K)*} = /KOO(J: — K)p(B,z,7%,T)dx

where p(B,x,78,T) is the Q-probability of the stock price density at time T given that it
is equal to B at time 72. The stock price process is log normal under @Q, hence defining
T = B?/x we obtain
B2/K /s ~\k 2
Q 1 x B ~ B ~
ETB,B{(STiK) }_A <B> (i,K)p(BvxaT 7T)CL’L‘

where k = 1 — 25, Notice that, at this step the log-normality of the stock price under Q is

02"

crucial. The above equation is, up to the discounting factor, the price of a European option



with payoff
Sr\* [ B2 *
— —-K 2.2
(3) (5 =
when the stock price is at the barrier. By construction, this value is equal to the value of our

down and in option when the stock price is on the barrier.

Since any twice differentiable European payoff F'(s) can be written as

F(St) = F(B)+ (St — B)F'(B) + /OB F'"(K)(K — Sr)"dK + /: F"(K)(St — K)"dK

which gives a replicating portfolio for the option paying F(St) in terms of puts, calls, bonds
and forwards. Applying this to the option with payoff (2.2) and using that the weak derivative
of the hockey stick call payoff is a delta function, (2.2) can be replicated by a portfolio of put

options given as below

2

L. (%)kiz puts at strike K’ = %

_\ k=2 - - -
2 (5) (k=1 (52— 55) 4K puts at strike K for K < K.

Any investor who wants to hedge her long position in a down and in call can short the above
portfolio. If the stock price does not hit the barrier, the portfolio will expire worthless like the
barrier option. On the other hand if the stock price hits the barrier, the investor can liquidate
the hedging portfolio which is constructed to have the same value as the barrier option when
the stock is on the barrier. We refer the reader to [5] for further details.

To have a better understanding of this replicating portfolio, in Figure 2 we plot the number
of put options included in the replicating portfolio found by this method for a specific down
and in option. In the figure, it is assumed that only integer strike prices are available and the
minimum available strike is 50. A striking feature of the figure is that the put option with
strike K’ = B%/K has the greatest weight in the portfolio. A natural question arising from
this conclusion is what happens when we use this put option alone, namely the put option

with strike price K’.

3 Static-Dynamic Hedging of Barrier Options in Incomplete
Markets

We study the problem of an investor who wants to hedge a long position in a barrier option.

We assume that the markets are incomplete, in that not all the risks are hedgeable through
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Figure 1: Number of each put in the replicating portfolio. Parameters used are Sy = 98.5112
(such that S =100 x e~"T), K =100, B =85, T = 0.5, r = 3%, o = 0.225.

trading the underlying stock. Guided by static hedging, the initial component of the hedge
is to sell a number (to be determined) of put options with strike price K’. We assume that
the investor maximizes her expected utility of wealth at time T, when both the barrier option
and the put options expire, by choosing the number of put options to short optimally. Our
goal is to find this optimal quantity, which of course depends on the (given) market price of
the puts.

Trading the put options supplies only a partial hedge, and the investor also trades the
underlying stock continuously during the life of the options. If markets were complete, all
claims could be replicated by trading the stock dynamically, given sufficient initial capital, and
any position in the put option could be synthesized with such a trading strategy. Therefore,
static derivatives hedges are redundant in complete markets, but of course they are very
valuable tools in realistic markets, for example to hedge volatility risk.

The preferences of the investor are described by an exponential utility function given in
(1.2). Since we need to consider the expected utility of a portfolio taking negative values, a
utility function defined on R rather than Ry is needed. Due to its simplicity and algebraic
convenience, exponential utility is the most common example of such utility functions in the
literature. We comment on the use of other popular utility functions in Section 3.4.

Throughout, the interest rate r is constant and all the processes are defined on [0,7']. We

assume that the probability space in the background is (2, F, P) with a filtration (F;)o<i<7



that satisfies the usual conditions of right continuity and completeness. Hence, without loss of
generality, we assume all the processes have paths that are right-continuous with left-limits.
Instead of working with stock prices, we introduce the forward price X; = "7~ and,
for this section, we only assume that (X;)o<t<7 is a positive semi-martingale adapted to

(Ft)o<t<T, and is locally bounded.

3.1 Statement of Problem

We model an investor with a long position in a down and in call option, with barrier level B
and strike price K > B, and an initial wealth of ¥y dollars. In general, ¥y is negative due to
the long position. The investor sells an additional a put options for the market price p dollars
at time zero, and follows a self-financing trading strategy in the underlying stock and bonds
with the (available) initial wealth 09 + ap. Let m be the number of stocks held at time ¢.
Throughout the paper, except for the stock price, today’s value of a random variable is
denoted by a letter with tilde while its T-forward value is denoted by the corresponding plain
letter. We define vy = 9pe’’ and p = pe’’. Let (Vi")o<t<T denote the forward wealth process

that starts at vg + ap and is generated by the trading strategy m. It is given by

t
v :vo—l—ap—i—/ me dXs. (3.1)
0
To formalize the problem, let us introduce

u(vo +ap, BY) =  sup E {—e*V(VTE*BQ)} , (3.2)
TEO(P)

the maximum (over stock-bond trading strategies) expected utility of the investor given that
a put options were sold. In the above equation, ©(P) is a suitable set of strategies to be
defined below, and B is the combined option position formed by «a puts with strike K’ minus

our down and in call option. Its payoff is
Jr
B* = o(K' — Sr)" — (St — K) 1 tvinge oz S1<5)-
Since we are working with forward prices instead of stock prices, we write the payoff as

a /
BY =aP — Cl{minogtST e*"'(T*t)XtSB}’

where P’ denotes the payoff of the put option and C' denotes the payoff of the call option

P = (K'—X7)7, (3.3)
C = (Xr—-K)*. (3.4)



We also write BY as the payoff of the short barrier position

0 _
B" = —C l{miHOStST e—r(T—t)XtSB} . (35)

The objective is to find
o = argmaxu(vg + ap, BY), (3.6)
(6%

the optimal static hedging position, assuming (as we shall give conditions for below) such a
maximum exists and is unique. As this definition shows, it is the optimizer of a function u
which is itself the value function for a stochastic control problem.

We will also see that the supremum in the definition of u(vg + a*p, B*") is achieved. The
dynamic part of the optimal hedging strategy then comes from the optimizer in (3.2) with «

replaced by a*.

3.2 The Dual Problem

For an arbitrary Fp-measurable payoff D, u(z, D) is the maximum expected utility of an agent
who has a short position in the claim D and trades with the best possible strategy with her
initial wealth $z. The dual of this maximization problem can be defined, and in the literature
there are numerous results referenced below which show that there is no duality gap between
the solutions of the primal and the dual problem in the case of exponential utility as well as
others, with or without the claim.

We begin with some definitions.

Definition 1 1. P,(P) denotes the space of absolutely continuous (with respect to P) local

martingale measures

P,(P)={Q < P| X is a local (Q,F)-martingale} . (3.7)

2. P¢(P) denotes the set of absolutely continuous local martingale measures with finite

entropy relative to P:
Pr(P) ={Q € Pa(P) [ H(Q|P) < o0}, (3.8)
where the relative entropy H is defined by

E{%log(i—g)}, QK P,

oo, otherwise.

H(QIP) = (3.9)



3. The set of allowable trading strategies, ©(P) is
O(P) ={m € L(X)|VF is a (Q,F) martingale for all Q € P;(P)} (3.10)
where L(X) is the set of (Ft)o<i<r-predictable X -integrable R-valued processes.
4. We also define Po(P), the set of equivalent local martingale measures:
P.(P) = {Q € Pu(P) |Q ~ P} (3.11)
The primal (investment) problem is to find u(z, D):

u(z,D) = sg%)P) E {—e_W(V”F_D)} , (3.12)
(S

and we make the following assumption on the claim D.

Assumption 1
D e LYQ) for all Q € Py(P), (3.13)

and
E{e"’} < cc. (3.14)

Throughout the paper, we assume there exists an equivalent local martingale measure with

finite relative entropy with respect to P:

Assumption 2
P¢(P)NP(P) # 0. (3.15)

For exponential utility, a duality result including a contingent claim in a general semi-
martingale setting was first shown in Delbaen et al. [10]. Assuming that D is bounded below
and E {6(7+E)D} < oo for some € > 0, in addition to Assumption 2, they show that u(z, D)

is given by

QEP;(P)

Notice that our regularity assumptions (3.13) and (3.14) on D are different than those in

u(z, D) = —exp (fy sup (EQ{D} - }}IH(Q|P)> — 72) . (3.16)

[10]. That their duality result holds under the assumption we make on D follows from their
Lemma 3.5 and the discussion before their main theorems. In fact, their assumptions on D

were made to guarantee that

D € LY(Q) for all Q € P;(P) UP;(PP) (3.17)



where PP is defined by

ddP;DD =cPeP | with (P)7! = E{e?P},
and P;(PP) is defined in a similar way as P;(P) with the reference measure changed to PP.
The claim-dependent prior PP is well-defined because of (3.14). Under assumption (3.13),
(3.17) follows trivially.

Delbaen et al. [10] give three different theorems for three different choices of allowable
trading strategies. Later, Becherer [2] gives slightly modified versions of these sets using the
extensions of [23]. Our choice for the feasible set of strategies, O(P) defined in (3.10) is the
O3 in [2].

In addition to the equality of the solutions of the primal and dual problems, these results
also show that the suprema in both problems are attained in their corresponding feasible sets.
Moreover, for the dual problem, the supremum is achieved by a measure in Py(P) N P.(P).

In incomplete markets, there is no unique arbitrage-free price for a contingent claim, but
there can be many. The dual problem on the right hand side of (3.16) can be thought as a
method of choosing a pricing measure such that the expectation of the option payoff under
that measure is maximized subject to a penalty term given by the entropy deviation of the
measure relative to the real life measure. The duality result for the case of Brownian filtration
also appeared in Rouge and El Karoui [30]. A similar duality relation was also established
by Schachermayer [31] with a general class of utility functions defined on R, but without a
contingent claim. He gives necessary and sufficient conditions on the utility functions for the

duality result to hold.

3.3 Indifference Prices

In this section, we recast our barrier hedging problem in terms of the utility indifference pricing
mechanism.

3.3.1 General Expression for the Indifference Price of a Claim

Recall that in the general setting of the previous section, our investor has initial wealth z
and has to pay the claim that yields the random amount D at time T. We define her utility
indifference price of the contingent claim at time zero as the largest amount fz(z, D) she would

be willing to pay to be free from her obligation for the claim judged by exponential utility:
u(z,D) = u(z — e Th(z, D),0).

Let us introduce h(z, D) = e"Th(z, D), the T-forward value of indifference price.



Using the duality result, we deduce that

1 1
reD) = sw (BUD}-m@P) - sw (<la@r). G
QeP(P) v QePs(P) \ 7
or, equivalently,
1 u(0, D)
h(z,D)=—1 : 1
(2:D) = T log S0 (3.19)

As the above equation suggests, the indifference price does not depend on the initial wealth
level which is computationally advantageous. From here on we omit the dependence in the
notation. Following the definition of [19], [10] also studies (3.18) in Markovian models. Ad-
ditionally, (3.18) appeared in the paper by Rouge and El Karoui [30] where they study the

indifference price using backward stochastic differential equations.

3.3.2 Hedging Problem Solution given by the Fenchel-Legendre Transform of the

Indifference Price
Returning to our original problem, we see that (3.6) is equivalent to finding
o = arg max u(vo + ap — h(B%),0). (3.20)
To apply the duality result to B®, we need to validate (3.13) and (3.14).

Remark 1 For the case of B%, (3.14) is trivially satisfied since it is bounded above by aK’'.
Assuming that the forward price X is a positive (P, F)-semimartingale, we guarantee that for
all Q € Pu(P) X is a (Q,F)-supermartingale, and conclude that B is in L'(Q) by noting
that

E9{|BY} < E®{Xr} + aK < Xo+ aK' < .

Since X is the forward price, positivity is a natural assumption.

From (3.19), it follows that
o = argmax (ap — h(B?%)) = arg max (045 — B(BO‘)) . (3.21)

Our hedging problem is thus recast as finding the Fenchel-Legendre transform of the in-
difference price h of B® as a function of «, evaluated at the market price p. From (3.18),
the indifference price depends on o only through the supremum over @ € P;(P) of the affine
function of a:

aEQ{P'} + EQ{B"} — iH(QyP).

Therefore the indifference price is convex in a. We discuss conditions that guarantee the
existence and the strict convexity of h(B®) (and thereby uniqueness of the solution o to the

hedging problem) in Section 3.3.5.

10



3.3.3 Indifference Price via Relative Entropy Penalization

The indifference price given as the difference of two separate optimization problems in (3.18)
can also be written as one optimization problem in a similar form if we are willing to change our
reference measure from the real life measure to the minimal entropy martingale measure. The
minimal entropy martingale measure, Q¥ is defined as the measure in P #(P) that minimizes
the entropy with respect to the real life measure

E .
—arg min H(Q|P).
Q 8 o lin,, (Q[P)

Key results about the minimal entropy martingale measure can be found in Fritelli [16] and
Grandits and Rheinléander [17]. We shall need the following lemma, due to Fritelli, re-written

here in our notation.

Lemma 1 (Theorem 2.2-5 of Fritelli [16]) Under the assumption (3.15), Q¥ exists, is unique,
is in P¢(P) NPe(P) and its density has the form

dQ¥ F
dc‘gp — CEef'YVT , (322)
where
E —~VE
— El—e 77 3.23
" —org g E{-e) 2%
and

logc? = H(QF|P) < .

We start by introducing the sets P, (QF), Pe(QF), Pr(QF), O(QF) as the sets defined in
similar ways to Pq(P), Pc(P), P¢(P), O(P) defined in (3.7), (3.11), (3.8), (3.10) respectively
where the reference measure is changed to @ instead of P. We want to show that the
indifference price h(D) given by (3.18) can equivalently be found by (3.25) below. As the
initial wealth does not play a role in the discussion of the indifference price, we take it to be
zero. The modification for a nonzero wealth follows by subtracting the initial wealth from
| %4 ?. The result given in Lemma 2 allows us to specify the indifference price in terms of the
extreme expected payout over a space of risk-neutral measures, but penalized by the entropy
distance from a particular prior risk neutral measure, namely Q. For the proofs below we

assume that P is not QF; in that case the results would follow trivially.

Lemma 2 Assume (3.15) and
dQ® € L*(P) (3.24)
dpP ’ '

11



The indifference price of a contingent claim D that satisfies Assumption 1 is given by

1
MD)= sup (EQ{D} - H(Q!QE)> . (3.25)
QEP£(QF) 7
Further, if the following holds
E{e*P} < oo, (3.26)
then the indifference price of the claim D is given by

h(D)zllog — sup E9° {—e_V(VF_D)} . (3.27)
v TeO(QF)

ProoF: From Lemma 1, QF exists, is unique, and is equivalent to P, under our assumption

(3.15). For a measure () < P, the simple equality

dQ dQ dQ”

EYlog — ¢ =E9 {log —% ¢ +EC <1

e 5§ =B° {1 g | +° {1os G

allows us to write the entropy of @ with respect to Q¥ in terms of its entropy with respect to
P given (3.22)

H(QIP) = H(QIQP) + H(QP|P) — B2 {v" }. (3.28)

We first want to show that Pr(P) = P;(QF). If we choose @ in P¢(P), the last term on the
right hand side of (3.28) is zero since 7% is in O(P). H(QF|P) is finite since QF € Py(P)
and H(Q|P) is finite with our choice, therefore we conclude that P;(P) C P¢(QF) by noting
Q< P~Qr.

To observe the reverse equality, we fix Q in P f(QE ). Assuming for the moment that eIVt ")
is in L'(QF), and using Lemma 3.5 of Delbaen et al. [10] for the random variable |VT7rE|, we

write

EQ{|VE"|} < HQIQP) + ¢ 'EQ” {ewﬁ} |

Both of the terms on the right hand side are finite, therefore we have that VJ " isin LY(Q).
Since @ is arbitrary in IP’f(QE ), and as we guarantee the finiteness of the last term on the
right hand side of (3.28), with similar arguments to the first inclusion, we conclude that
P;(P) D Pp(QF). But then the last term on the right hand side of (3.28) is zero for all
Q € P¢(QF). The assumption (3.24) with

E
EQ” {evv’}r’E} = E{(ﬁ? €7V77"TE} =cf < .

7TE . .
guarantees that ¢7IV7 | is in L1(QP).

12



Using
H(QIP) = HQIQ®) + H(Q|P) (3.29)
in (3.18) we achieve (3.25).
If we can verify Assumption 1 for the prior Q¥, (3.27) follows from (3.25) by the duality
result. As Q¥ ~ P (3.13) is trivial. Using (3.24), (3.26), and Cauchy-Schwarz inequality, we

have
2
E?” {eP} <\ |E{e2P}E { <(ZQPE) } < 0.

O
We can take one more step in characterizing the indifference price and write it as a problem
of minimizing entropy with respect to a certain (prior or reference) measure. First, let us

introduce b
dpr D,E D
b

aQF ~ ¢
and the set P f(PD £ with its obvious definition.

with (c?F)1 = EQ" {7}

Corollary 1 Assume the conditions in Lemma 2. The indifference price of the claim D is

given by

1
h(D) = —— inf  H(Q|PPF) +1ogcPF | . 3.30
(D) ’Y(QeP;?PDvE) Q| ) +1logc (3.30)

ProoF: By (3.26) PP+F is well-defined. For a measure Q < QF, the following holds
H(Q|QF) = H(Q|PPF) +log cPF + E?{~D}. (3.31)

For Q € ]P’f(QE) the last term is finite by Assumption 1 as Q¥ ~ P, which implies that
Q € Pf(PD Y. As PPE ~ QF the converse implication follows similarly. Using (3.31) in
(3.25) we conclude. O

The above argument is the method that Delbaen et al. [10] use to reduce the problem of
proving duality with a contingent claim to the simpler case without a claim. In their case the
prior measure is P rather than Q¥ as here and introducing PP they work with the simplified

version of the problem.

3.3.4 Strict Convexity of the Indifference Price

The Fenchel-Legendre transform of the indifference price that we aim to find is given by
direct differentiation if the indifference price is strictly convex in . We start by showing that
h(aD) is differentiable in « for a bounded payoff D and combine this result with the known
properties of the indifference pricing mechanism to find a sufficient condition that guarantees

strict convexity.
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Proposition 1 Assume that D is bounded. The indifference price h(aD) is differentiable in

.

PRrROOF: We need to show that
h((cc +€)D) — h(aD)

limg M@+ D) = hlaD) _ =c. (3.32)
el0 € €10 €

We start by calculating the first term which is equal to

su E _e_W(VJZ‘T_(aJ’_E)D)
lim = log [ SoP<O(P) { — J (3.33)
€l0 ye Sque@(P) E{_e_'Y(VT —« )}
by (3.19).
We introduce
dpen_ PereD - with (¢*P)7 = E{e7*P} € (0, 00) (3.34)
dP ’ - [ '

With the obvious definitions of P¢(P*P) and ©(P*P), we note that P;(P*P) and Py(P) are

equal. This follows from the boundedness of D and
H(Q|P) = H(Q|P*P) +log ¢*” + E?{yaD},

which also implies that ©(P*P) and ©(P) are equal.

In terms of PP (3.33) can be expressed as

1 <Supﬂ.€@(paD) EPQD{—e_V(VIT"F_eD)}>

(3.35)

lim — log

€l0 ye SUPrco(poD) EPP{—e=Vr}

The above expression is the limit as € goes to zero of the indifference price of €D options
judged by an investor with subjective measure PP (compare with (3.19)). Since Assumption
1 and Assumption 2 are satisfied with the prior PP for a € R, using (3.16) we re-write (3.35)

as

lim  sup (]EQ{D}—’;H(@PQD))— sup <1H(Q|P‘1D)>. (3.36)

el0 Qepy(Pap) QeP;(PaP) \ V€
Taking the limit as € goes to zero is equivalent to taking the limit as the risk aversion parameter
goes to zero with the prior PP fixed. Under the boundedness assumption on the payoff,
Proposition 1.3.4 in [2] proves that as the risk aversion parameter goes to zero, the indifference
price goes to the expectation of the payoff under the minimal entropy martingale measure. In

other words, the above limit is equal to

EQ&D,E{D}
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where QP-F is the measure in Pf(P“D ) minimizing the relative entropy with respect to
PP The existence and uniqueness of this measure follows from Lemma 1 and Assumption
2. Paying special attention to the direction of the limit, it is straightforward to see that the

second term in (3.32) is given by

1 1 a
—lim  sup (EQ{—D} _ H(Q‘PO‘D)> _ sup <—H(Q|PO‘D)> — E© D’E{D}.
el0 gep,(peD) Ve QePpy(PoP) \ V€

O
We have seen that h(aD) is a convex and differentiable function of «, therefore we can
conclude that it is strictly convex if it is not a linear function of «. In the next proposition, we

give a sufficient condition that guarantees that the indifference price is not a linear functional.

Proposition 2 Assume D is bounded. The indifference price h(aD) is a strictly convex
function of a if and only if the following holds

sup EQ{D} >EQ"{D}. (3.37)
QEP:(P)

PRrROOF: From Proposition 1, we know that slope of the line tangent to the indifference pricing
function at o = 0 is given by EQ”{D}. Corollary 5.1 of [10] shows that

lim h(aD,v) = sup E%{D}.

10 QEP.(P)
From (3.18), it is easy to see that for a > 0, h(aD,v) = ah(D, ay) and as in Corollary 1.3.5
of Becherer [2] we conclude

1

lim —h(aD)= sup EQ{D}. (3.38)

aloo & QEP.(P)
If h(aD) is a linear function of «, its slope is constant. If (3.37) holds, we have two different
values for the slope which is a contradiction. On the other hand, if h(aD) is a strictly convex

function of «,
h(aD) > h(0) + ak'(0) = aER" {D}

and (3.37) follows. O

Since Q¥ is also in P.(P) the condition (3.37) is equivalent to checking whether the supre-
mum on the left hand side of (3.37) is attained by QF or not. If it is attained by QF we
conclude that (3.16) is also maximized by QF as its maximizer is in Py(P) N P¢(P). In this
case, h(aD) = oEQ”{D}. The problem on the left hand side of (3.37) is the super-hedging
price of the claim D, and the expectation on the right hand side defines the fair price intro-
duced by Davis [8].
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3.3.5 Indifference Price of the Put-Barrier Position

To see that the result of Proposition 1 carries over to the case of B%, namely to conclude that
h(aP' + BY) is differentiable in «, it is enough to change the definition of P*P introduced in
(3.34) to

dPB& « « [e3 {e3
1P = BB with (7)) = E{e?B").

From Remark 1, this measure is well-defined and B¢ satisfies Assumption 1. The rest of

the proof of Proposition 1 follows and the derivative of the indifference price is given by the
expectation of P’ under the measure that minimizes the entropy with respect to P5”.

The modification of Proposition 2 does not follow trivially unlike in the previous case.

Proposition 3 The indifference price h(B®) is a strictly convex function of o if and only if
the following holds

0
sup EQ{P'} > EQ” "{P} (3.39)
QEP.(P)

where QBQE is the measure minimizing the entropy with respect to PB”,

PRrROOF: From Remark 1 and (3.16), the indifference price of B¢ can be written as

1 1
WBY) =  sup <O‘EQ{P’}—H(QIPBO)JrH(QBO’EIPBO))
QeP(PBY) v v

= (@™ F1P) o — H(QIP)).

The first term in the above equation is the indifference price of o puts judged with subjective
measure PB’. As the last term is independent of o and as PB ig equivalent to P, from (3.38)

we deduce that

1
lim —h(B%) = sup E%{P'}. (3.40)
aloo (X QEP.(P)
The conclusion follows from similar arguments to Proposition 2. U

Proposition 4 The optimal number of put options to trade, o* defined in (3.21) exists if the
market price p is between the super-hedging price and the sub-hedging price of the put option:
. / /

Qelﬁrblef(P) EX {P'} <p< Qesﬂlg()P) E@ {P'}. (3.41)

PRrROOF: As «a goes to infinity, the slope of the line tangent to the indifference price

converges to the super-hedging price of P’ as noted in (3.40). A similar result for the reverse
limit and the sub-hedging price follows from

1 1
im —h(B*) = —lm —h(B™*)=— sup E?{-P'}= inf E°{P'}.
al—oo & aloo & QEP.(P) QEP(P)
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As h(B%) is a convex function of «, (3.41) is enough to guarantee the existence of o* in (3.21).
U

3.4 Other Utility Functions

It is a reasonable question to ask whether the optimal number of put options is given by the
Fenchel-Legendre transform of the indifference price if we did not have exponential utility. We
look for an answer considering two other popular utility functions, the log utility U (v) =
log(v), and power utility U (v) = %, for g € (—o0,1).

For these utility functions, a duality result including options is given by Cvitanic et al. in
[7]. On the other hand, considering the reduced problem (3.20) which does not include any
claims, a simpler form of duality is enough to answer this question. For this reason, we refer
the reader to the duality result given by Kramkov and Schachermayer in [24].

Defining
W) = swE{UOW},
WD) = swpE{UP(vE)},

and using Theorem 2.2 in [24], we find that the value functions of the investors having log and

power utility have the following structure

u(v) = L+log(v),
P
ﬂ )

where L and K are related to the optimal solutions of the corresponding dual problems. Hence,

) (v) = K

the optimal number of put options to include in the hedging strategy in these cases will be

given by
o = arg max (K +log(vo + ap — h(vo + ap, BY))) ,
_ a))s
QB _ argmax <L (vo +ap h(;o + ap, BY)) ) .

Given the formulation above, for the log utility it is straightforward to see that the optimal
number of put options is still given by the Fenchel-Legendre transform of the indifference price.

To conclude the same result for the case of the power utility, assuming differentiability of
the indifference price, we note that the derivative with respect to « of the objective is given
by

(L(vo + ap — h(vo + ap, Ba))5—1> (p ~ 9h(vo + ap, Ba)>

Oa
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and is equal to zero if and only if the last term is zero. To see this note that the first term is
equal to u(#—1) (+) up to multiplication with constant terms and is non zero. We formally argue
that this procedure is equivalent to finding the Fenchel-Legendre transform of the indifference
price.

For the case of these utility functions, the indifference price depends on the initial wealth
level. In applications, like the stochastic volatility model example in the next section, finding
the indifference price can be computationally heavy. The problem of indifference pricing of
claims on non-traded assets in discrete-time, finite state models, under a variety of utility

functions is studied in [12].

4 Stochastic Volatility Models

It is now widely accepted that the Black-Scholes model given in (1.1) is inadequate to capture
properties observed in returns and option prices empirically. One of the natural extensions
is relaxing the assumption of deterministic coefficients. Following [18, 20], for example, we
model the volatility as another stochastic process having an arbitrary correlation with the
stock price process. For details on how these models better describe the market, we refer the
reader to Fouque et al. [15].

In the context of diffusion models and exponential utility, indifference pricing has been
studied by Davis in [9]. He modelled the prices of two highly correlated assets as geometric
Brownian motions and covered the case of claims written on the non-traded asset where the
other correlated asset is available for hedging. In a similar model to Davis [9], in the case of
power utility Zariphopoulou [33] studied the prices of contingent claims using PDE methods.
Later in [28], Musiela and Zariphopoulou established utility indifference price in terms of the
expectation of the payoff under the minimal entropy martingale measure within the same
model in the case of exponential utility. In the case of power utility, Pham [29] proved the
existence of a smooth solution to the optimal investment (Merton) problem within a stochastic
volatility model. His case does not involve a claim. In [32], Sircar and Zariphopoulou studied
the utility indifference price of European options in a stochastic volatility framework. They
give the price as a solution to a second order quasilinear PDE, they propose bounds for the
price and analyze the problem by asymptotic methods in the limit of the volatility being a fast
mean reverting process. The no arbitrage pricing of barrier options under stochastic volatility
models, as well as lookback and passport options, which can also be characterized by boundary
value problems, is studied in [21].

We introduce a volatility driving process (Y;)o<i<7 and leave the dependence of volatility

on this process generic up to regularity conditions. The stock price process and the volatility
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driving process are solutions of the following stochastic differential equations

dS; = pSidt+o(t,Y;)S;dW}  Sp=axe T, (4.1)
dY; = b(t,Yy)dt +a(t,Vs) (pdW, + p' dW}) Yo = v. (4.2)

We assume that a(-, - ) and o(+, - ) are bounded above and below away from zero and are smooth.
Additionally, we assume all linear growth conditions and Lipschitz continuity properties for the
coefficients that guarantee the existence and uniqueness of the solution to the above system.
W1 and W2 are two independent Brownian motions on the given space and the filtration
(Ft)o<t<t is the augmented filtration generated by these two processes. The parameter p
controls the instantaneous correlation between shocks to S and Y, and p/ = ﬂ . To ease
the notation, instead of using m we introduce ¢; = mX; as the dollar amount to hold in the
stock measured in time T dollars. The forward stock price process and forward wealth process

are the unique solutions of

dXy = (p—r)Xpdt+o(t,Y,) X, dW}, Xo =,
AV = (u—7)q dt + o(t, V) g dW,, Vo = vo + ap.

We assume that E {fOT o2(s,Ys)q? ds} < 00, that is our feasible set of strategies is O(P) as in
(3.10).

We now derive the PDE ((4.9) below) for the indifference pricing function ¢(¢,z, y; BY).
The indifference price at time zero is given by h(B®) = ¢(0,z,y; B*). We start by finding

QY.

4.1 Minimal Entropy Martingale Measure

The well-known minimal (distance) martingale measure P° which is defined by

dpY T p—r 1 1 T(,u—r)2
ap =P <_/0 o(s.Y) M ‘2/0 (5, 2) ds)

is equivalent to P and the forward price X is a P%-local martingale. The relative entropy of

PV with respect to P is given by

LT (p—r)?
H(P°|P) =& / S d
=2 [
and is finite by the assumptions on o. Therefore, P;(P) N P.(P) is non-empty and we know

that QF exists and is equivalent to P. Without loss of generality, we consider the set over

which the optimization takes place as P¢(P) NP.(P).
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For any P* € P.(P), X is a P*-local martingale hence its drift is zero under P*. By the

Cameron-Martin-Girsanov theorem, we conclude that the density of P* has the form

dp> T w—r T 1 [T (,u—r)2
—5 = - dwy As dW? — = 5o +A2)d
im0 (=) ey [t [T (v o) o)

for some A such that f(;f M dt < oo P-a.s.. Moreover, if we choose P* from P;(P) N P.(P),

then we know that A is in H?(P*) where H?(Q) consists of all measurable adapted functions

f that satisfy the integrability constraint

EC {/(]Tf2(w,t)dt} < 00

because the entropy of such a measure is given by

H(PP)=E" {;/OT <£‘2‘(;Q2) + Aﬁ) ds} .

Since Q¥ is in P¢(P) NP.(P), there exists a A¥ such that

L (p=r)
AP = EP —/ N2 d 4.3
Y { 2 Jo \o2(s,v) T 7) 43
specifying the Radon-Nikodym derivative of QF. Under QF, X and Y satisfy

dX, = o(t, )X, dw/ !,

(b(t, Y;) — palt,Y)L— + Jalt, E)Af) dt + alt, vy) <p dwBt 4+ thE’Q) :

dy,
¢ o(t,Y;)

where W1 and W¥:2 are two independent Brownian motions on (Q,F, QF ) defined by

=
dt
o(t,Yy)

dwt?2 = aw? - \Fat.

dws 1t = aw' +

Let

L (p=r)
Ly) = EP —/ o asvi=y 4.4
¢( 73/) Ae%l%}zin) { 2 J, (02(3,1/3) + As S|y =Yy ( )
The associated Hamilton-Jacobi-Bellman (HJB) equation for ¢(¢,y) is
1 1(p—r)?
0 / 2
— = = - T
Ve + Lyh+ max (p a(t,y) Ay 2)\ ) 30y t<T,
(T,y) = 0,

where Eg is the infinitesimal generator of the process (Y;) under P and is given by

o_1,o, 0% B p—r\ 9
Ly =50 (t,y)ay2 + [ b(t,y) pa(t,y)a(t’y) )
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We will construct a classical solution for the above problem, and the optimality can be con-
cluded by a verification theorem. (See [14] for details). Evaluating the maximum in the HJB

equation, we find ¥(¢,y) to satisfy

1, 1(p—r)?
bk Lty = 5U e (4.5)
Y(Ty) = 0,

with the corresponding optimal control
A= 0 alt, Ya)ihy (8, V).

The above PDE can be linearized by the Hopf-Cole transformation (see [13]) and the solution

_1 0 T (p—r)?p” _
U(t,y) = ?logEP {eXp (—/t Wdt) ‘Yt = y} : (4.6)

The solution has all the smoothness properties needed. The minimal entropy can be recovered
from H(QF|P) = —(0,y). We note that A\¥ is in H?(QF) as it was shown in Lemma 2.8 of
[32] that vy (t,y) is bounded. (Their ny(t, y) corresponds to 1y (t,y) in the present context).

can be found as

4.2 Indifference Price

Our second step is finding the indifference price of h(B?) as defined in (3.25). We start by
noting that Q¥ as we found in the previous section satisfies (3.24) and (3.26) as a(t,y), o(t, y)
and 1, (t,y) are bounded in addition to B being bounded above. From Corollary 1 we know
that the maximizing measure in (3.25), which we call P“, exists and is unique. Similar to the
previous section, we aim to characterize this measure. We follow the steps in the previous
section now with an option included and the prior measure changed to Q. For any P in
P (QF) NP.(QF), we write the Radon-Nikodym derivative

dP)\ </T 5o 1 T )
——= = exp )\sd s / A d8>
Q" p, T A

with fOT )\% dt < oo QF-a.s. and A € H?(P?) as the entropy of such a measure is given by

T
H(PQF) =E" {;/ A2 ds} .
0
Since P is in Pr(QF) NP.(QF), there exists

1 T
A\ =arg max EP {Ba— / Azds} (4.7)
AEH2(PX) 2v Jo
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specifying the Radon-Nikodym density of P%. Under the new measure P%, X; and Y; satisfy

dX, = oft, V)X, W,
—-Tr
av, = (b(t, Y;) — palt, Yt)% + 00 (L, )y (L, y) + Plalt, Yt)/\?> de

ta(t,Yy) (p AWt 4 pf de’z) ,

where W1 and W2 are two independent Brownian motions on (£2, F, P®) defined by

awet = dwh !,
dwe? = awh?2 e de.
Let us introduce
é(t, z,y: BY) = EP | o 1/T)\2d ‘X — Y, = (4.8)
y Ly Y3 _/\E'rlr'{l?()]g)‘) 27 ; sAS| Ay =T, Xy =Y . :

The corresponding HJB equation for the value function ¢(¢, z,y; B*) of the stochastic control
problem (4.8) is

1
o+ Efwb + sup <p/a(t,y)/\¢y - 27)\2) = 0, t<T, x> BeT1
A
¢(T,z,y;B*) = oK' —a),
¢(t, Be'T™ y: B) = &(t,Be" TV y; aP' — C),

where ®(t, z, y; aP’ — C) in the boundary condition is the value function corresponding to the
indifference price of aP’ — C, the option position formed by « puts minus one call option with

strike K and maturity 7". It is the solution of the PDE problem
1
D, + EfyCP + sup (p’a(t,y)/\fby - 2)\2> = 0, t<T, z>0,
’ A Y
O(T,z,y;aP' —C) = oK' —2)" —(z - K)".

In both of the above PDE’s, Lf,y is the generator of (X, Y;) under QF,

2 82

E 0 /2 2 0 1 2 2 0
=L+ —+= — +po(t :
‘Ca:,y Ey pa (tvy)d)y(tvy) 9y 20 (t,y)a: 9$2 pa( 7y)a(t7y)$ 91’93/

Intuitively, the barrier condition arises because when the forward price hits the barrier, our
investor knows that the barrier option is in, and the problem reduces to finding the indifference
price of the vanilla options. Once the maturity is reached, and there is no time left to trade, the
holder is left with her payoff from the put options, and the barrier option does not contribute

to her wealth.
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Evaluating the maximum, similar to Section 4.1, we find that the optimal control is given

by vp'a(t,y)dy(t, z,y; BY) and ¢(t,x, y; B*) satisfies

1
¢+ LE 6+ §7p’2a2(t, Y)(6,)? = 0, t<T, x> BT (4.9)
¢(T7 x,Y; Ba) = CK(K/ - .’B)+,
¢(t,Be" T y: B*) = @(t,Be" " yraP — C)

where similarly

1
O+ LE @+ 57p’2a2(t, V) (®,)? = 0, t<T, x>0, (4.10)
(T, z,y;aP' —C) = oK' —2)" —(z— K)*t.

Contrary to the previous case with no claims, there is no explicit solution of (4.9). Existence
of a unique classical solution to this equation follows by adapting the analysis of the classical
quadratic cost control problem [13] to the case of unbounded controls (see [29] for example).
Numerical methods have to be used to recover the solution, and once the numerical solution
is given, the indifference price can be found from h(B®) = ¢(0,z,y; B*), and the Fenchel-

Legendre transform in « can also be calculated numerically.

4.3 Optimal Dynamic Trading Strategy

Having characterized the static hedging part of our formulation, we next find the optimal
trading strategy in the stock. We show that having computed numerically the indifference
pricing function ¢, solution of (4.9), the dynamic part of the strategy can be found from this
and the explicit solution (4.6) for 1. This is the analog of the relation (3.19) for all times
t<T.

For the pure investment problem, finding the optimal trading strategy is called Merton’s

problem in the literature and we start by solving this problem. Let

¢ (t,y,z) :SupE{—eivaw Y; =y, V; :z}. (4.11)
q

It is shown in [32] that ((¢,v, ) is the unique classical solution of the HJB equation

(po(t,y)a(t, y)Cey + (1 — 1)C2)?

202(t, y)Con =0, (4.12)

Ct +£yC_

where £, is the generator of (Y) under P



With the transformation

C(tv Y, Z) = _elll(t,y)—’y,z’
(4.12) reduces to (4.5). At time zero, this conclusion is nothing but the duality result without
a contingent claim. In terms of the dual variables, the optimizer in (4.11) can be written as

. 1<pa<t,n>wy<t,m+ P )

=y o(t, Y7) o2(t,Yy)

Going back to our original problem, having been traded o™ put options at time 0, at time

t the investor continues to maximize her expected final utility by solving

—y(vE-Be”

n(t,x,y,z;Ba*) :supE{—e )‘thx,ﬁzy7%:z}, (4.13)
q

where z is the amount that she has at the time. The HJB equation for the above stochastic

control problem is

(po(t,y)alt, y)nzy + o> (t,y)@Nez + (1 —7)12)°

=0, t<T, z> BT,
202(t, y)an..

N + Lgyn —
with the terminal and boundary conditions
n (T,a:,y, z; BO‘*> = —eWEmaTP), n (t, Be"T=1) y BO‘*) =N (t, Be"T=Y g zia*P — C) .

In the above PDE, L, , is the generator of the two dimensional process (X;,Y;) under P

1 9 9 o2 92
Loy = 57 (t,y)x* = + po(t,y)alt, y)max(‘)y

0
8372 +(M_T)x7

ox

+ Ly,

and N(t,z,y,z;a*P" — C) denotes the solution of the similar problem without the barrier
condition. It is the solution of

(po(t,y)alt, y)Nzy + Uz(ta Y) N, + (1 — T)Nz)2

N, + Loy N —

=0, t<T, >0
with the terminal condition

N (T,x,y,z;a*P’ — C’) — ez (a"P'=C))

After the transformation n(t,z,y, z; B*) = —e'Y(T(t’z’%Ba*)*Z), T solves a similar PDE as
(4.9) with an additional source term U“(t_;). It follows that

" * 1
ot z,y; B* ) = T(t,z,y; B* ) — ;w@,y).
In terms of the new variables, the optimal trading strategy in (4.13) is given by

* p—=r pa(tv n)wy(t }/;f) pa(t7 )/t)(ﬁy(u Xta }/27 Ba*) *
- (6 X, Yi: B, (4.14
(Y T (N A o(t,Y) togell X 1 BT ). (414)
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In other words, the dynamic strategy is simply computed from the indifference pricing function
¢, which is found numerically, and the Merton value function ¢ which is given by (4.6). The
individual terms in (4.14) can be interpreted, respectively, as follows: the Merton ratio, the
volatility hedging term for the Merton stock-bond portfolio, the volatility hedging term for
the barrier-put basket, and the Delta hedging term for the barrier-put basket.

4.4 Numerical Solutions

The solution for (4.9) cannot be found explicitly in general. However, as the nonlinearity is
mild (the PDE is only quasilinear, or semi-linear), numerical solution work extremely well, as
we demonstrate here. We present an example where we model Y as the following Ornstein-
Uhlenbeck process

dY; = =5Y; dt + V10 (pdW} + p' dW7)

with p = —0.5. The unique invariant distribution of Y is Gaussian with mean 0 and variance

1. We take o(t,y) to be the bounded function
o(y) = 0.7arctan(y — 1) /7 + 0.4.

At the mean level of Y, 0(0) is .225 and o takes values in (.15, .4) while Y takes values in one
standard deviation confidence interval. In the case of two standard deviations, this interval is
(.12, .58).

To find the solution to (4.9), we use a finite difference method where we approximate the
first and second order derivatives in  and y by central differences. In other words, we use an

approximation

G(tn, i,y BY) = A}, fori=0,..,1,7=0,..,J, and n=0,..,N

/L?]’

initialized for at time 7" and iterated through the finite difference approximation of (4.9). As

an example, the partial derivative with respect to y for z; at time ¢, is approximated as

0 o

Afjr1 — ATy
2dy

12

We evaluate the algorithm for z in [0, 150], and y in [—3,3]. We use 25,000 time steps corre-
sponding to dt = 0.2 x 10~% while dz = 0.5 and dy = .1. We first solve for ®(¢, z,y; aP’ — C)
and use this solution as the barrier condition of ¢(t,x,y; BY). For ®(t,z,y;aP’ — C), the
value at the boundary z = 150 is taken as the minus call payoff, and at x = 0, it is taken as
the put payoff. At x = 150, ¢(t,z,y; BY) is forced to be zero. For the variable y, Neumann
boundary conditions are used at both boundaries. The indifference price at time zero is simply
h(B*) = e T¢(0,z,y; B*).
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In Figure 2, we show the indifference price of B as a function of x for fixed o = 1, and

v =1 and y as shown in the legend.
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Figure 2: Indifference Price as a function of  and y. K = 100, B = 85, T' = 0.5, r = 3%,
u=0.15.

4.5 Strict Convexity and Optimal Hedging Position

As the right hand side of (3.39) depends on BY while the left hand side does not, within the
stochastic volatility model given by (4.1) and (4.2), it is easy to conclude that h(B®) is strictly

convex in «. Then the optimal number of puts to short o is given by the unique solution of
% (B"‘*) =p.

We approximate the derivative in a (denoted by ') by central differences, as plotted in
Figure 3. The optimal number of put options is then the value at the z-axis corresponding to
the market price on the y-axis.

The price of a vanilla option is in one-to-one correspondence with its implied volatility.
Implied volatility of an option is the volatility parameter that matches the market price of the
option when plugged into the Black-Scholes formula. Instead of the market price of the put
option, in Figure 4, we give the optimal number of put options a* to sell given the implied

volatility of the put option. As a benchmark, we see from Figure 4 that the strategy of
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Figure 3: (Left) Indifference Price as a function of a. (Right) Derivative of the Indifference
Price with respect to a. x = 100, y = 0, v as shown in the legend and other parameters are

fixed as in Figure 2.

discarding other strikes and shorting 1.41 put options with strike K’ is optimal if the implied
volatility of the put option is around 0.36, 0.375, 0.39 when ~ is 0.5, 1, 1.5 respectively.

5 Conclusion

The preceding analysis proposes an approach for hedging barrier options combining a static
position in a certain type of put option with a dynamic hedging strategy in the underlying. The
optimal number of options in the static position is given by the Fenchel-Legendre transform of
the indifference price, and the optimal dynamic strategy is given in terms of the indifference
price of the combined options position. The indifference price is characterized here as the
solution of an entropy penalization problem where the prior measure is the minimal entropy
martingale measure. We give an example using a stochastic volatility model for the underlying.

The main direction for future work is computational issues. In practice, there will be a
variety of vanilla options available for hedging and efficient computation of the indifference
price of the basket of exotic and hedging options, and then of the Fenchel-Legendre transform
in the vanilla weights is important. Extension to hedging of other types of exotic options is
straightforward if the corresponding pricing problem is well-understood. However, for strongly

path-dependent contracts like lookbacks and Asian options, for example, there is typically
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Figure 4: The optimal number of put options to sell given the implied volatility of the put

option and the derivative of the indifference price as in Figure 3

an increase in dimensionality and simulation methods or series expansion approximations,

extended to handle the nonlinear utility-indifference pricing mechanism, may be required.

References

[1] C. Bardos, R. Douady, and A. Fursikov. Static hedging of barrier options with a smile:
An inverse problem. Preprint, February 1998.

[2] D. Becherer. Rational Hedging and Valuaton with Utility-Based Preferences. PhD thesis,
Technical University of Berlin, 2001.

[3] J. Bowie and P. Carr. Static simplicity. Risk, 7:45-49, 1994.

[4] H.M. Brown, D. Hobson, and L.C.G. Rogers. Robust hedging of barrier options. Mathe-
matical Finance, 11(3):285-314, 2001.

[5] P. Carr and A. Chou. Breaking barriers. Risk, 10(9):139-46, 1997.

[6] P. Carr and A. Chou. Hedging complex barrier options. Preprint, 1997.

28



[7]

[18]

[19]

J. Cvitanic, W. Schachermayer, and H. Wang. Utility maximization in incomplete markets

with random endowment. Preprint, 2001.

M. Davis. Option pricing in incomplete markets. In M.A.H. Dempster and S.R. Pliska,

editors, Mathematics of Derivative Securities. 1998.
M. Davis. Optimal hedging with basis risk. Preprint, Imperial College, 2000.

F. Delbaen, P. Grandits, T. Rheinlander, D.Samperi, M. Schweizer, and C. Stricker.
Exponential hedging and entropic penalties. Mathematical Finance, 12(2):99-123, 2002.

E. Derman, D. Ergener, and I. Kani. Forever hedged. Risk, 7(9):139-45, 1994.

R. J. Elliott and J. van der Hoek. Pricing non tradable assets: Duality methods. Preprint,
2003.

W. H. Fleming and R. W. Rishel. Deterministic and Stochastic Optimal Control. Springer-
Verlag, 1975.

W. H. Fleming and H.M. Soner. Controlled Markov Processes and Viscosity Solutions.
Springer-Verlag, 1993.

J. F. Fouque, G. Papanicolaou, and R. Sircar. Derivatives in Financial Markets with

Stochastic Volatility. Cambridge University Press, 2000.

M. Fritelli. The minimal entropy martingale measure and the valuation problem in in-
complete markets. Mathematical Finance, 10(1):39-52, 2000.

P. Grandits and T. Rheinldnder. On the minimal entropy martingale measure. The
Annals of Probability, 30(3):1003-38, 2002.

S. Heston. A closed-form solution for options with stochastic volatility with applications

to bond and currency options. Review of Financial Studies, 6(2):327-43, 1993.

S.D. Hodges and A. Neuberger. Optimal replication of contingent claims under transac-

tion costs. Review of Futures Markets, 8:222-39, 1989.

J. Hull and A. White. The pricing of options on assets with stochastic volatilities. Journal
of Finance, 42(2):281-300, 1987.

A. Tlhan, M. Jonsson, and R. Sircar. Singular perturbations for boundary value problems

arising from exotic options. SIAM J. Applied Math., 2003. To appear.

29



22]

23]

[24]

[25]

[26]

32]

33]

M. Jonsson and R. Sircar. Optimal trading with derivatives. Preprint, 2003.

Y. M. Kabanov and C. Stricker. On the optimal portfolio for the exponential utility
maximization: Remarks to the six-author paper. Mathematical Finance, 12(2):125-34,
2002.

D. Kramkov and W. Schachermayer. The asymptotic elasticity of utility functions and
optimal investment in incomplete markets. Annals of Applied Probability, 9:904-950,
1999.

D. Luenberger and R. Luenberger. Pricing and hedging barrier options. Investment

practice, Stanford University, EES-OR, Spring 1999.

D.J. Mathieson and G.J. Schinasi. International capital markets developments, prospects,

and key policy issues. Technical report, International Monetary Fund, August 2001.

R. C. Merton. Theory of rational option pricing. Bell Journal of Economics and Man-
agement Science, 4(1):141-83, Spring 1973.

M. Musiela and T. Zariphopoulou. An example of indifference prices under exponential

preferences. Finance & Stochastics, 2003. To appear.

H. Pham. Smooth solutions to optimal investment models with stochastic volatilities and

portfolio constraints. Applied Mathematics and Optimization, 46:55-78, 2002.

R. Rouge and N. El Karoui. Pricing via utility maximization and entropy. Mathematical
Finance, 10(2):259-76, April 2000.

W. Schachermayer. Optimal investment in incomplete markets when wealth become
negative. Annals of Applied Probability, 11(3):694-734., 2001.

R. Sircar and T. Zariphopoulou. Bounds and asymptotic approximations for utility prices

when volatility is random. Preprint, 2002.

T. Zariphopoulou. A solution approach to valuation with unhedgeable risks. Finance and
Stochastics, 5:61-82, 2001.

30



