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Abstract

This paper shows how g—expectations and conditional g—expectations
(introduced by Peng [21]) provide examples of some families of static and
dynamic risk measures. Some sufficient conditions for a dynamic risk
measure to come from a g—expectation are deduced as a straightforward
corollary of a result of Coquet et al. [7] on nonlinear expectations.
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1 Introduction

Different families of risk measures have been proposed in literature. Coherent
risk measures were introduced by Artzner et al. [1] and Delbaen [9] as axiomatic
tools able to quantify riskiness of financial positions. Weakening coherence
axioms, Frittelli [15] proposed sublinear risk measures. Finally, convex risk
measures were studied firstly by Heath [18] and later, in general probability
spaces, by Follmer & Schied [12], [13], [14] and, indipendently, by Frittelli &
Rosazza [16], [17].

We wish to emphasize that all the risk measures just cited are static ones.
Furthermore, their definition depends only on the axioms imposed by the au-
thors.

In this paper, we will show how “nonlinear expectations”, introduced by
Peng [21] via Backward Stochastic Differential Equation (shortly, BSDE), pro-
vide examples of risk measures. In Section 1.2, we recall from Peng [21] the
definition of g—expectation and conditional g—expectation, i.e. particular static
and dynamic “nonlinear expectations” depending on a functional g.
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In Section 2, some properties of g—expectations are recalled by Briand et
al. [4], Coquet et al. [7] and Peng [21] and other ones are established. In
particular, we will see that these properties depend on the axioms imposed on
the functional g.

In Section 3, we will show that, under suitable hypothesis on g, examples
of coherent and convex risk measures can be obtained through g—expectations.
On the contrary, g—expectations don’t provide examples of sublinear (but not
coherent!) risk measures.

Moreover, conditional g—expectation, which in some sense can be seen as
the dynamic version of g—expectation, “suggests” an axiomatic definition of a
dynamic risk measure. A discussion about this definition and other dynamic
risk measures present in literature is postponed to Section 4 and to [17].

As previously, under suitable hypothesis on g, conditional g—expectations
provide examples of dynamic risk measures (see Section 4 for details). As a
simple rewriting of a result of Coquet et al. [7], in Section 4.1 we will give some
sufficient conditions under which a dynamic coherent or convex risk measure
comes from a conditional g— expectation.

1.1 Notations and axioms

Let (Q,F,P) be a probability space and (B;),., a standard d—dimensional

Brownian motion. B

Let {F7} +>o De the filtration generated by (Bt),s, i-e.
FEL20{Bs;;0<s<t}, Vt >0,

and {F;},5, the augmented filtration associated to {F},., i.e.

FeL2o{FPUN}, V>0, (1)

where A is the collection of all P—null sets. We remind (see, for instance,
Karatzas & Shreve [19]) that the filtration {F;},~, previously defined is continu-
ous and that (By), is also a { F; },-, —Brownian motion. In particular, {F;},.,
satisfies the so called “usual conditions”, i.e. right-continuity and Fy 2

We will now introduce a class of non linear backward stochastic differential
equations. We will take as basic references on this subject El Karoui [10],
Pardoux & Peng [20] and Peng [21], and we will essentially keep the same
notations of the last author.

Let T' > 0 be a fixed horizon of time. Let L? (F;) = L? (Q, F;, P) (with ¢t €
[0,77) denote the space of all real-valued, F;—measurable and square integrable
random variables endowed with the L?—norm ||-||, topology and let L% (T;R™)
denote the space of all R®—valued, adapted processes (Vt)te[o,T] such that

T
E [ / IVill? dt
0

< 400,




where ||| stands for the Euclidean norm on R™. 1 will denote the random
variable P — a.s. equal to 1.

In the furthering, except otherwise stated, any equality/inequality involving
stochastic processes has to be understood as: “for any fixed ¢t € [0,T] such an
equality/inequality holds true P—a.s.”. For simplifying notations, we will often
omit “P—a.s.”.

Consider a functional g : Q x [0,7] x R x R — R satisfying at least the
following usual assumptions (the same as in Coquet et al. [7]). We’ll often write
g (t,y, z) instead of g (w,t,y, 2).

“Usual” assumptions on g
(A) g is Lipschitz in (y, 2), i.e. there exists a constant C' > 0 such that, P —a.s.,
for any ¢ € [0, T] and any (yo, 20), (y1,21) € R x R%,
l9(t, 90, 20) — 9(t, 41, 21)| < C (lyo — 1| + |20 — 21]l) -
(B) g(-,y,2) € L% (T;R) for any y € R and any z € R9.
(C) P—as., Vt€ [0,T] and Vy € R, g(t,y,0) = 0.

Axioms for g
(D) g(-, ¥, 2) is continuous in ¢ for any w € Q, any y € R and any z € R%.
(E) g is sublinear in (y, 2), i.e.
(E1) positively homogeneous in (y, 2):
P—as., Vte[0,T],Va>0,V(y,2) € R xR,
9(t,ay,az) = ag (t,9,2);
(E2) subadditive in (y, z):
P—a.s., vt € [07 T] ) v(yszO)v (ylazl) eRx Rda
g(t7 Yo +Y1,20 + 21) < g(t7 Yo, zO) +g(t7 Y1, 21);
(F) g is convex in (y, 2):
P-as., Vt€ [0,T], VY (¥0,20), (¥1,21) € R xRE Vo € (0,1),
9(t, ayo + (1 — @) y1,az0 + (1 — @) z1) < ag(t, yo, 20) + (1 — ) g(t, 91, 21);
(G) g does not depend on y.

It is well known (see Karatzas & Shreve [19]) that any ¢ satisfying axiom
(B) and (D) (continuity) is progressively measurable.

1.2 g—expectations

We recall (see Pardoux and Peng [20] -Theorem 4.1, Peng [22] and Coquet et al.
[7]) that, under the usual assumptions on g, for every X € L? (Fr) the following
backward stochastic differential equation (shortly, BSDE)

~dY, = g(t,Ys,Z:)dt — Z:dB;, V0 <t < T; 2)
Yr = X,



or, equivalently,
T T
Y; =X+/ g(s,Ys,Zs)ds—/ ZsdBs, VO<t<T,
t t

has a unique solution, i.e. there is a unique pair (Y}, Z:),ci0. 1] € LZ (T;R) x
L% (T;R?) which solves (2).

We recall from Peng [21] the following definitions, which extend the notions
of expectations and conditional expectations to nonlinear ones. As we will recall
later, the usual expectation corresponds to the case of g = 0.

Definition 1 (see Peng; def. 36.1; [21]) .
The g—expectation &, : L? (Fr) — R is defined by

£[X] 2 Ys, (3)

where Yy is (the first component of ) the solution att =0 of the BSDE (2) with
terminal condition X.

Definition 2 (see Peng; def. 36.5; [21]) For every X € L?(Fr) and for
every t € [0,T], the conditional g—expectation of X under F; (denoted by
&y [ X| Fi] ) is defined by

&[XIF] &Y, (4)

where Yy is (the first component of ) the solution at time t of the BSDE (2) with
terminal condition X.

EH | Fy] (respectively, E~H [-| F;]) will denote the conditional g— expectation
for g(t,y,2) = p||2|| with u> 0 (respectively, g (t,y,z) = —p ||2|| with u >0).

We recall from Peng (see Proposition 36.4 of [21]) that the conditional
g—expectation defined as in (4) is the unique random variable in L? (F;) which
satisfies the following condition:

Sg [1AX] =5g [1Agg[X|ft]], VA€ F;. (5)

2 Properties of g—expectations

We recall from Briand et al. [4], Coquet et al. [7] and Peng [21] some properties
of g—expectation and of conditional g—expectation which will be useful later.

Proposition 3 (Peng; Lemma 36.3 - 36.6; [21]) Under the usual assump-
tions on g : Q x [0,T] x R x R? — R, the g—expectation &, and the conditional
g—expectation &, [-| Fy] satisfy the following properties:

1) &lc]=c, VceR;



2) a. Zle > Xy P—a.s. = (‘:g [Xl] > (‘:g [X2],
b. if X1 > Xy P—a.s. and if P (X1 > X5) >0 = &£ [X1] > &, [X2];

3) there ezists a constant C > 0 such that VX1, X, € L? (Fr)

(€5 (X1) — & (Xa)]* < O| X1 — Xal;

4) if X is Fy—measurable = ;[ X| F] = X;
5) E[&g [ X| F)| Fr) = Eg [ X| Finr), VX € L? (Fr), Vr,t €[0,T];
6) if X1 > Xy P—a.s. = £ [X1| F] > &, [ Xa| F].

In particular, we remind that property 1) is due essentially to assumption
(C) on g and that properties 2) and 6) follow from the Comparison Theorem
stated by Peng [21] in Theorem 35.3 and extended later in Theorem 2.2 of El
Karoui et al. [11].

Proposition 4 (Briand et al. [4]; Coquet et al. [7] and Peng [21]) .
Let g: Q x [0,T] x R x R? — R satisfy the usual assumptions. Then

7 ifg=0=&[X|=E[X] and & [ X|F:]| = E[X|F], VX € L? (Fr);
8) if g is convex in (y, 2), then & and &, [-| Fi] are convex functionals;
9) if g does not depend on the variable y, then
€ [X +B| Fi) = & [X| Fi] + B, VB € L* (Fy), VX € L* (Fr).  (6)

Moreover, if g satisfies also axiom (D) (continuity), then (6) holds for any
t € [0,T] if and only if g does not depend on y.

10) if g(t,y,z) = w||z| for some u € R, then

E¥[aX|F] = af*[X|F), Ya>0, VX € L? (Fr),
E¥[aX|F] = —af*[-X|F], Ya<0, VX € L? (Fr),
EH(X|F) = —EH[-X|F], VX € L? (Fr).

The following result shows that g—expectation and conditional g—expectation
are positively homogeneous not only for g(t,y, z) = p||z||, but for any positively
homogeneous g.

Proposition 5 Let g satisfy the usual assumptions.
Ifg:Qx[0,T] x R x R — R is positively homogeneous in (y, z), then, for
any t € [0,T], & [-| Fi] satisfies

EaX|F] = a&[X|F), Ya>0, VX € L? (Fr), (7
E[aX|F] = —a&[-X|F], Ya<0, VX € L? (Fr). (8)



Proof. Note that (7) implies (8) and that for & = 0 the thesis is trivial.
Hence, we need only to study the case where o > 0.

By definition, &, [ X| F;] = Y;, where Y4 is the first component of the solution
(Y:, Z;) of the following BSDE

T T
Yi=X+ [ oY 2)ds - [ 2,48, (9)
¢ ¢
and &, [aX|F;] =Y, solves
T T
v =ax+ [ g¥;.20ds— [ 2B, (10)
¢ ¢

Since g is positively homogeneous in (y, z) and « > 0, we can rewrite (10) as
T T
Yr ZF 7z
Yy = aX+a/ g(s,—s,—s)ds—a/ —dB,
A a’ « PR

VA T Yy* Z* T zx
-+ X+/ g(s,—s,—s) ds—/ —£dB,,
«a p a o :

hence also the pair (%‘; 5) solves (9). Since from Theorem 35.1 of Peng
£>0

’ «
[21] the solution of (9) is unique, then from the definitions of ¥; and of Y}*, it
follows that for any t € [0, T]

€, [aX|F) = Y} = a¥; = af, [X| Fi].
| |

Corollary 6 Let g:Q x [0,T] x R x R? — R satisfy the usual assumptions.
If g is sublinear in (y, z), i.e. g is positively homogeneous and subadditive in
(y,2), then &; and &, [-| F;] are sublinear.

Proof. Since sublinearity is equivalent to convexity plus positive homogene-
ity, the thesis follows immediately from Proposition 4- item 8)- and Proposition
5. =

Proposition 7 Let g satisfy the usual assumptions and aziom (D) (continuity).

i) g is convex in (y,2) if and only if, for any t € [0,T], & [-| Fi] is convex
in X e L? (fT) .

i) g is positively homogeneous in (y, z) if and only if, for any t € [0,T],
&y [-| F] is positively homogeneous in X € L? (Fr).

i) g is sublinear in (y,z) if and only if, for any t € [0,T), & [:| Fi] is
sublinear in X € L? (Fr).

Proof. From Propositions 4 and 5 and Corollary 6, we know that convex-
ity (resp. positive homogeneity or sublinearity) of g implies convexity (resp.
positive homogeneity or sublinearity) of the functional &, [-| ;). We will show



now that, under the further assumption of continuity on g, also the converse
implications are true. This proof is a simple modification of that one given by
Briand et al. [4] for Theorem 4.1 (here recalled in Proposition 4- item 9)).

i) Let (t,y,2) € [0,T) x R x R? be fixed and consider a real number ¢ > 0 small
enough. Set
55 éy+z[Bt+s —Bt] .

Note that, by replacing vector z with p, £, defined above corresponds to the term
(y + p (X{%. — z)) which appears in *Y»*#? of Proposition 2.3 of Briand et al.
[4]. Indeed, (X};". — z) coincides with (B;;. — B;) when function b is identically
equal to 0 and function ¢ identically equal to 1.

Since g is assumed to satisfy the usual axioms plus continuity, from Propo-
sition 2.3 of Briand et al. [4] and the remark above it follows that

1 2
N AR IR TROR (11)
Consider now « € (0, 1) and set
W 240 4 0B, — By, fori=1,2.

Then

Ao 22 [, [a6® + (1~ a)e®| 7] - (ay® + (1= aly®)] 5

EL:>0 g (t, ay® + (1 —a)y@®,az® + (1 - a)z(2)) . (12)

On the other hand,

Lol 7)) 4] o0 (1 2).
Lo [ [s9]7] -] £, 0000 e 5).

hence

v, £ % {a(‘,’g [5:5—1)

F+1-a)g, ¢

F] = [ +(1-2y?]} 5

e—0
L2
5 ag (y®,20) + (1-a)g (£y®,2®). (13)

Furthermore, from convexity of any &, [-| F;], we get
A. <V, P-—as. (14)

It is well known (see, for instance, Shiryaev [27]) that for any sequence {X»}, 5,
converging in L? to X, there exists a subsequence which converges to X al-
most surely. Thus, from (14) and by taking the a.s.—limit on the suitable



subsequences in (12) and in (13), it follows that g is convex in (y, z) for any
t € [0,T). Moreover, since g is continuous in t € [0,T], it is convex for any
(t,y,2) € [0,T] x R x RY.

Proof of item ii) is analogous to the previous one.

iii) Since sublinearity is equivalent to convexity plus positive homogeneity, the
thesis follows from i) and ii). m

3 Static risk measures

Let X be the space of all financial positions whose riskiness we would like to
quantify. From now on, we will assume that X = L? (Fr), that is the space of
all Fr—measurable, at least square integrable random variables. Note that risk
measures are usually defined on the whole L? (Q, F, P), with p > 1; here only
“enough integrable” Fr—measurable risks are taken into account.

We recall that a static risk measure is a functional p : X — R satisfying
some desirable properties.

Axioms for p
(a) convexity:
plaX+(1-a)V)<ap(X)+(1—-a)p(Y),Vae (0,1),VX,Y € X;

(b) *positivity: X >0 P —a.s. = p(X) <p(0);
(c) *constancy: p(a) = —a, Va € R;
(d) *translability: p(X + 8) = p(X) — B, VB € R, VX € X;;
(e) sublinearity:

(el) positive homogeneity: p(aX) = ap(X), Va >0, VX € X;

(e2) subadditivity: p(X +Y) < p(X) + p(Y), VX,Y € X;
(f) *normalization: p(1) = —1 = —p(—1);
(g) lower semi-continuity: {X € X : p(X) <~} is closed in X for any v € R.

Remark 8 (Frittelli & Rosazza; Remark 8; [17]) Let p : X — R satisfy
the *translability axiom (d).
p is lower semi-continuous iff the set {X € X : p(X) <0} is closed in X.

For the financial interpretation of the axioms above, see, among others,
Artzner et al. [1], Delbaen [9], Follmer & Schied [12], [13], [14], Frittelli [15],
Frittelli & Rosazza [16], [17] and Heath [18].

Notice that we have emphasized with “*” the axioms where risk measures

invert signs. The reason of this change is due to the well known interpretation
of p: a financial position X having p(X) < 0 is acceptable, otherwise it is
unacceptable.

We will see in a while that, under suitable assumptions on g, g—expectations
provide examples of some families of risk measures. However, since, under the



usual assumptions on g, any g—expectation satisfies properties of monotonicity
and constancy (see Proposition 3), we can’t expect to find examples of risk
measures p which don’t satisfy axioms (b) and (c).

3.1 Coherent risk measures

We recall from Artzner et al. [1] and Delbaen [9] the definition of coherent risk
measures.

Definition 9 A functional p: X — R is a coherent risk measure if it satisfies
(b) (*positivity), (d) (*translability) and (e) (sublinearity).

The following result shows that it is possible to find some examples of co-
herent risk measures via g—expectations.

Proposition 10 If g satisfies the usual assumptions and azxiom (E) (sublinear-
ity), then the functional p, : L? (Fr) — R defined by

pe(X) £ & [-X], VX € L* (Fr) (15)
is a coherent risk measure satisfying lower semi-continuity (g).

Proof. Consider a g—expectation £, with g satisfying the usual assumptions
and axiom (E) and set p, (X) £ &, [-X] for all X € L? (Fr).

Property (b) (*positivity) of p, follows immediately from Proposition 3-
items 1) and 2).

Furthermore, if g is sublinear in (y, 2) (or, equivalently, convex and positively
homogeneous in (y, z)) and satisfies the usual assumptions, then, from a remark
of Briand et al. [4], g does not depend on y. Hence, from Proposition 4-
item 9)- and Corollary 6, p, satisfies also axioms (d) (*translability) and (e)
(sublinearity).

From Remark &8, it remains to show that the acceptance set
A& {X € L*(Fr): p(X) <0} is closed in L? which follows immediately from
Proposition 3- item 3). m

From the representation of coherent risk measures satisfying lower semi-
continuity established by Delbaen (see [9]) and the result above, we deduce the
following corollary. A particular case (when g (¢,2) = u|2|) of it was previously
established by Chen & Peng [5] in both a static and dynamic setting. We will
recall it in Section 4.1.

Corollary 11 Let g : Q x [0,T] x R x R? — R satisfy the usual assumptions
and axiom (E) (sublinearity) and the risk measure p,, : L? (Fr) — R be defined
as in (15).

Then there exists a non empty set M of P—absolutely continuous probability
measures on (2, Fr) such that

Py (X) =&y [-X] = Sup Fo [-X], VX € L* (Fr).



3.2 Convex risk measures

We recall now the definition of convex risk measures, firstly proposed by Heath
[18] and later, in general probability spaces, by Féllmer & Schied [12], [13], [14]
and, indipendently, by Frittelli & Rosazza [16], [17].

Definition 12 (see Frittelli & Rosazza [17]) A functional p : X — R is
a convex risk measure if it satisfies axiom (a) (converity), (g) (lower semi-
continuity) and p (0) = 0.

Proposition 13 If g satisfies the usual assumptions and axiom (F) (convexity),
then the functional p, : L* (Fr) — R defined by

pg(X) £ & [-X], VX € L? (Fr)

is a convex risk measure satisfying axioms (b) (*positivity), (¢} (*constancy)
and (d) (*translability).

Proof. Consider a g—expectation £, with g satisfying the usual hypothesis
and axiom (F) and set p, (X) £ & [—X] for all X € L% (Fr).

Properties (c) (*constancy) and (b) (*positivity) of p, follow immediately
from Proposition 3- items 1) and 2).

Furthermore, since by hypothesis g is sublinear, hence convex, in (y, z) and
it satisfies the usual assumptions, then, from a remark of Briand et al. [4], g
does not depend on y. Hence, from Proposition 4- items 8) and 9)- p, satisfies
also axioms (a) (convexity) and (d) (*translability).

Lower semi-continuity of p can be shown exactly as in Proposition 10. m

As for the coherent case, from the previous result and the representation of
convex risk measures (see [12], [13], [14], [16] and [17]), we deduce the following
corollary.

Corollary 14 Let g : Q x [0,T] x R x R? — R satisfy the usual assumptions
and axiom (F) (convexity) and the risk measure p, : L* (Fr) — R be defined as
in (15).

Then there exist a convex set M of P—absolutely continuous probability mea-
sures on (Q, Fr) and a convex functional F : M — RU {400} such that infge s
F(Q)=0 and

pg (X) = & [-X] = Sup, {Eq[-X]-F(Q)}, VX € L* (Fr).

4 Dynamic risk measures
As shown previously, g—expectations provide examples of some families of static

risk measures. Since properties of conditional g—expectations (see Briand et al.
[4], Coquet et al. [7] and Peng [21]) are “similar” to those of g—expectations, the

10



former ones seem to suggest a natural extension of these examples in a dynamic
setting. We will come back to conditional g—expectations later.

For an exhaustive discussion on the existent literature see Frittelli & Rosazza
[17]. Here, we wish only to mention that the first approaches to dynamic risk
measures are due to Cvitanic & Karatzas [8] and Wang [28]. More recent studies
on this subject can be found in Artzner et al. [2], [3], Pflug & Ruszczynski [23],
Riedel [24] and Scandolo [26]. In particular, we will compare the approach of
Artzner et al. [2] and [3] to ours.

In this section, we will consider a general filtration {F;},-, not necessarily
the Brownian one. -

Let L° (F;) = L° (Q, F, P) denote the space of all random variables defined
on (9, F;, P).

For the first part of this section, we will take as reference Frittelli & Rosazza
[16].

We recall the definition of a dynamic risk measure (p;);c(o.7j- Since we are
interested in “monitoring” the riskiness of a risky position X at any intermediate
time ¢ between the initial date 0 and the final T, for any ¢ a random variable
p, is introduced. Indeed, p, represents the riskiness at time ¢ and takes into
account all the information available up to date t. Moreover, two “boundary
conditions” at times 0 and 7" are imposed to ( pt)te[O,T]: Po has to be a static risk
measure and pp has to reduce, reasonably, to the opposite of our risky position.

Definition 15 We call dynamic risk measure any map such that:
a) p,: X — LO(F), for allt € [0,T);
b) py is a static risk measure;
¢)pp(X)=—-X P—as., foral X e X.

We will list now some desirable properties for (pt)te[O,T]‘

Axioms for (Pt)te[O,T]

(aD) dynamic convexity: Vt € [0,T], p, is convex;
(bD) dynamic *positivity: X > 0 P—a.s. = Vt € [0,T], p; (X) < p, (0);
(cD) dynamic *constancy: Vt € [0,T], Ve € R, p, (¢) = —c;
(dD) dynamic *translability:
Vt € [0,T], Va Fy—measurable in X, VX € X, p, (X +a) = p, (X) — q;
(eD) dynamic sublinearity:
(elD) dynamic positive homogeneity:
Vt€[0,T],Va >0, VX € X, p(aX) = ap,(X);
(e2D) dynamic subadditivity:
V€ [0,T], VX, € &, p,(X +Y) < p,(X) + p,(¥)
(fD) dynamic *normalization: V¢ € [0,T], p, (1) = -1 = —p, (—1).

The financial motivation of axioms (aD}), (bD), (cD), (eD) and (fD) is analo-
gous to that one in the static case, since these axioms are the exact dynamic copy
of the static (a), (b), (c), (e) and (f), respectively. On the contrary, axiom (dD)

11



(dynamic *translability) is stronger. It requires, indeed, translation invariance
not only with respect to constants, but also with respect to any J; —measurable
random variable. A similar property is assumed by Riedel [24] under the name
of “predictable translation invariance”.

We recall now a possible extension of the definitions of coherent and convex
risk measures to a dynamic setting.

Definition 16 .

1) A dynamic risk measure (p;);c(0,) i called coherent if it satisfies azioms
(6D} (dynamic *positivity), (dD) (dynamic *translability) and (eD) (dynamic
sublinearity).

2) A dynamic risk measure (py),cjo.) 5 called convex if it satisfies aziom
(aD) (dynamic convexity) and p, (0) = 0.

3) (Pe)scpo,r 1S said to be time-consistent if Vt € [0,T], VX € X, VA€ F;

Po [X1a] = po[—p; (X) 14]. (16)

While the definitions of dynamic coherent and convex risk measures are
dynamic versions of the static ones (except for having imposed no hypothesis
on the continuity of (p;), in the dynamic convex case), time-consistency (as
well as dynamic *translability which has been discussed previously) is a new
requirement. Indeed, it is nothing but the rewriting for risk measures of the
“filtration-consistency” property introduced by Coquet et al. [7].

We wish to emphasize some interesting aspects about time-consistency. First
of all, the sign “” in (16) is a consequence of the sign interpretation of p, (X).

Furthermore, the financial interpretation of time-consistency is the following.
In order to quantify the riskiness of X at the initial time 0, the two approaches
below are equivalent:

1) using directly the static risk measure pg, i.e. computing g, (X);

2) calculating p, (X) in two steps, i.e. valuing firstly the riskiness p, (X) of
X at an intermediate date ¢ and then quantifying at time 0 the risk of —p, (X)
through p,.

Finally, as we will see later, time-consistency (already defined in the first ver-
sion of this paper and in [25]) is linked to the “recursivity” property introduced
by Artzner et al. [2].

We present now some examples of dynamic coherent and convex risk mea-
sures deduced as a quite natural “dynamic extension” of the characterization
of static lower semi-continuous coherent and convex risk measures (see Delbaen
[9], Follmer & Schied [12], [13], [14] and Frittelli & Rosazza [16], [17]). Take
note that example 17 is one among the two dynamic risk measures proposed
and studied by Artzner et al. [2], [3].
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Example 17 (dynamic coherent risk measure) (see also Artzner et al.
[2], [8]) Let M be a convex set of P—absolutely continuous probability measures
defined on (Q, Fr) and set

p: (X) éess.ngJI\)AEQ [-X|F], VX e X, Vte[0,T]. (17)

From properties of conditional expectations and essential supremum?, it follows
that (py)sepo,m) i @ dynamic coherent risk measure.

Example 18 (dynamic convex risk measure) Let M be a conver set of
P—absolutely continuous probability measures defined on (Q, Fr) and for anyt €
[0,T] let Fy : M — RU{+00} be a convex functional such that infgep Fy (Q) =
0. Set

pe (X) é66’8-6282}34{E’Q[—XIJ%] -F(Q)}, VX eX, Vte[0,T].  (18)

Then (pt);cpo,r 1S @ dynamic convex risk measure satisfying azioms (bD) (dy-
namic *positivity), (cD) (dynamic *constancy) and (dD) (dynamic *translabil-
ity).

4.1 Dynamic risk measures coming from conditional
g—expectations

We have just seen some examples of dynamic convex risk measures provided by
the natural extensions of representations of coherent and convex risk measures
to a dynamic setting. We will present now examples of dynamic risk measures
coming from conditional g—expectations.

To this aim, we come back to the augmented Brownian filtration {F;},,
taken in equation (1). -

Proposition 19 Let g satisfy the usual assumptions and set
] (X) 2 &[-X|F], VX € L*(Fr), Vt € [0,T]. (19)

1) If g satisfies axiom (E) (sublinearity) (for instance, g(z) = p||z| with
> 0), then (p])scpo,r) 18 @ dynamic coherent and time-consistent risk measure.

2) If g satisfies axiom (F) (converity), then (pf )tefo,7) S & dynamic convew
and time-consistent risk measure satisfying arioms (bD), (¢cD) and (dD).

Remark 20 i} As previously pointed out, time-consistency so defined is linked
with the “recursivity property” required by Artzner et al. [2], [3]. Moreover, it

1We recall from Follmer & Schied (see Definition A.19 in [14]) that a random variable Y'*
is the essential supremum of a (eventually uncountable) set of random variables Y if:

() Y*>Y P—as., forany Y € Y;

(oo) if Y** satisfies (e), then Y** > Y* P—a.s.

13



is easy to check that any dynamic risk measure of the form (19) satisfies the
following “continuous-time recursivity”: for any 0 < s<t<T

P2 (X) = pi (=p (X)), VX € L* (Fr). (20)

By defining &, [-| F-] for any stopping time T < T as in Coquet et al. [7],
equation (20) holds true also when times s and t are replaced by stopping times
oand T such that o <71 <T.

i) It is interesting to notice that for the dynamic risk measure (p] )te[O,T]

defined in (19) also the following property (whose stronger version with stopping
times is called “time-consistency” by Artzner et al. [3]) holds true:

if, for some t € (0,T], pf (X) < g (Y) = for any s € [0,4], 7 (X) < p (V).
Proof. i) follows immediately from (19) and Proposition 3- item 5).
ii) Suppose that, for t € (0,7, pf (X) < pf (Y). By (19) we get
P (X) =& [-X| ] < &[-Y[F] = pf (V).
Therefore, from (5) and Proposition 3- item 5) and 6), we get for any s € [0, T

Pi(X) = &E[-X|Fs] =& & [-X|F]| Fi]
& (&g [-Y | Fe]| Fo] = & [-Y | Fs] = p7 (Y).

IA

Remark 21 (Chen & Peng; Lemma 3; [5]) Suppose that the process (Z;) (0,1

is one dimensional. Recall that E¥ and E¥ [-| F;] denote the g—expectation and

the conditional g—expectation, respectively, when g (t,vy,z) = p|z| and p > 0.
Chen & Peng [5] proved that

EM[X|Fi) =ess. sup Eqg|[X|F], VX € L (Fr), Vte[0,T], (21)
QEMg

where Mg = {QG - E [%‘}"T] = exp {—% fOT ¢2dt — fOT ¢tdBt} i|d| < ,u}.
In other words, from (21) it follows that risk measures of the forms (17) and
(19) can coincide for suitable sets M and functionals g.

In Proposition 19, we have seen that functionals of the form (19) are dynamic
time-consistent risk measures. On the other hand, it seems reasonable to won-
der under what conditions dynamic time-consistent risk measures come from
conditional g—expectations. The answer is due to straightforward corollaries of
a result of Coquet et al. [7] on nonlinear expectations.

From now on, we will consider only the case where the stochastic process
(Zt)¢epo,r is one dimensional, therefore g: 2 x [0,7] xR xR = R.
We recall the following definitions from Coquet et al. [7].

14



Definition 22 (see: Coquet et al.; deff. 3.1, 3.2, 4.1; [7]) .
o A functional £ : L? (Fr) — R is called a nonlinear expectation if it satisfies
the following properties:

i) (strict monotonicity):

¥ fX>Y P—-as.=>EX)>EY);

FYX>Y P-as:E(X)=EY)&eX=Y P-as,;
i) (constancy) € (c¢) =c¢, Ve € R.

e A nonlinear expectation & is said to be an {F;},c(o ) —consistent expectation
(or, simply, an {ft}te[O,T] —expectation) if for any X € L? (Fr) and any t €
[0, T there exists n € L? (F;) such that

5[1AX] =5[1An], VA € F.

Coguet et al. (see Lemma 3.1 in [7]) proved that, if such a random variable n
exists, then it is unique. Such 7 is called conditional {ft}te[O,T] —expectation
of X under F; and denoted by £ [ X| Fy].

o An {E}te[O,T] — consistent expectation & is said to be dominated by E# (with
p>0) if

EX +Y]-E[X] < E“[Y], VX,Y € L* (Fr),
where E¥ stands for the g—expectation with g (t,y,2) = p|z|.

o An {ft}te[O,T] — consistent expectation £ satisfies the translability condition

(T) if
E[X +B|F]=E[X|F]+ B, VX € L* (Fr), VB € L* (F). (T)

Coquet et al. [7] proved the following result which provides a sufficient
condition for nonlinear expectations to come from g—expectations. We recall
from the above authors that {F3},.[o 77 —consistency (see Lemma 3.2 in [7]) and
E¥—domination (see Remark 4.1 in [7]) are necessary conditions for £ to come
from a g—expectation with g satisfying the usual assumptions plus axiom (G).

Theorem 23 (Coquet et al.; Theorem 7.1; [7]) .

Let € : L? (Fr) — R be a nonlinear {Fi}iepo,r —consistent expectation.

If £ is E#—dominated for some p > 0 and if it satisfies the translability
condition (T), then there exists a unique g satisfying axioms (A), (B), (C)
(usual assumptions), (G) (independence from y) and |g(t, 2)| < p|z| such that

EX]|=&[X] and E[X|F]=&[X|F|, VX € L*(Fr). (22

Just for completeness, we will state the following result, which is a straight-
forward consequence of properties of g—expectations proved by Briand et al.
[4], Coquet et al. [7] and Peng [21].
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Corollary 24 If the functional g is continuous in t for all z € R, then in
Theorem 23 also the converse implication holds true.

Proof. We are going to prove now the “converse implication” of Theorem 23,
i.e. we need to show that any functional £ as in (22) is a nonlinear expectation
satisfying the {F3}, €[0,7] —consistency, the £#—domination and the translability
condition (T).
Nonlinearity: it follows from Proposition 3- items 1) and 2).

Consistency: if g satisfies axiom (A}, (B), (C) and if (22) holds true for such g,
from Lemma 3.2 of Coquet et al. [7] functional £ is {F¢};c(o ) —consistent.

Domination: from Remark 4.1 (whose proof is omitted) of Coquet et al. [7] the
property of domination follows immediately. For completeness, we will sketch a
proof of it.

We know that g satisfies axioms (A), (B), (C) (usual assumptions), (D)
(continuity) and (G) (independence from y). Hence, it is well known (see,
for instance, Karatzas & Shreve [19]) that g is also progressively measurable.
Moreover, |g(t, z)| < p|2| or, equivalently, —u |2| < g(t,2) < p|z|-

By definition of g—expectation, we have that

T T
£(X+Y) = X+Y+/ g(t,Zt)dt—/ Z,dB,
0 0
T . TA
£ (X) = X+/ g(t,Zt)dt—/ 2,dB,
0 0

hence for any fixed X € L? (Fr) we get
Eg.x Y) 2 & (X+Y) - & (X)

- Y+/0T [g(t,Zt)—g(t,Zt)] dt—/OT [Zt—Zt] dB,. (23)

Setting Z; & Z; — Z, and 95(t, ZF) Ly (t, zZ; + Zt) —-g (t, Zt), it follows that

Ex(Y)=Y + /0 ' 95 (t,27)] dt — /0 i Z:dB,. (24)

From proof of Theorem 23 (see [6]) it is clear that the Lipschitzian constant of
g is p, therefore it follows that g (¢, Zf) =g (t,Z;) — g (t, Zt) <up ‘Zt — Zt‘ =
w|Zf|. Hence, from the Comparison Theorem (see, for instance, Theorem 2.2
of El Karoui et al. [11] or Theorem 2.1. of Coquet et al. [6]), we get from (23)

Eyx (V) = £ (X +Y) =& (X) &4 (Y), VY. (25)
Since X is arbitrary and the bound in (25) is independent from X, then £#—

domination follows.
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Translability: since g satisfies axiom (G), from Proposition 4- item 9)- &, [-| F¢]
satisfies the translability condition, hence also & [-| F;]. m

The following two propositions are simple consequences of Theorem 23 and
provide sufficient conditions for dynamic risk measures (defined on L?(Fr)) to
come from g—expectations: the former for coherent, the latter for convex ones.

Proposition 25 .

Let (pt)te[O,T] be a dynamic coherent and time-consistent risk measure de-
fined on L* (Fr) and let (m:),cq0.7) be defined by m; (X) £ p, (—X).

If o is strictly monotone and E#—dominated, then there exists a unique g
satisfying axioms (A), (B), (C) (usual assumptions), (G) (independence from
y) and |g(t, 2)| < p|z| such that

po(X) =& [-X] and p,(X) =& [-X|F], VX € I*(Fr).  (26)

Moreover, if such a g is continuous in t for all z € R, then it is also sublinear
mn z.

Proof. Set £[X] £ 7o (X) = po (—=X) and £ [X| F] 2 7 (X) = p, (—=X).

We will check that £ satisfies all the hypothesis of Theorem 23 and hence
deduce the thesis.

Since (p,) is a dynamic coherent risk measure, £ = 7, satisfies (bD) (dynamic
*positivity), (dD) (dynamic *translability) and (eD) (dynamic sublinearity),
therefore also (¢D) (dynamic *constancy) holds true. From strict monotonicity
of mg, € is a nonlinear expectation.

Time-consistency (resp. £¥—domination, resp. dynamic translability) of
(m¢) implies {F;} —consistency (resp. £#—domination, resp. translability (T))
of £.

Since & = m( satisfies all the hypothesis of Theorem 23, the first part of the
thesis follows immediately.

Assume now that function g is also continuous in ¢ for all z € R. Since
&y [[] and & [-| F¢] are sublinear (by (26) and dynamic coherence of (p,)), from

Proposition 7- item iii)- and by continuity of g, it follows that g is also sublinear.
]

Proposition 26 .

Let (pt)te[O,T] be a dynamic convex and time-consistent risk measure defined
on L? (Fr) satisfying azioms (cD) (dynamic *constancy) and (dD) (dynamic
*translability). Let (m¢);ep0.m e defined by m (X) 2 p, (=X).

If o is strictly monotone and E¥—dominated, then there exists a unique g
satisfying axioms (A), (B), (C) (usual assumptions), (G) (independence from
y) and |g(t, 2)| < p|z| such that

po(X) =& [-X] and p(X)=§&[-X|F], VX € L (Fr).  (27)
Moreover, if such a g is continuous in t for all z € R, then it is also convex in

zZ.
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Proof. Set £[X] 2 my (X) and & [X| F] £ 7 (X).

As in the proof above, we are going to show that £ satisfies all the hypothesis
of Theorem 23 and hence deduce the thesis.

Since, by hypothesis, £ = 7 satisfies strictly monotonicity and (cD) (dy-
namic constancy), £ is a nonlinear expectation.

Time-consistency (resp. £#—domination) of (7;) implies {F;}, —consistency
(resp. £¥—domination) of £. Furthermore, translability (T) of & [-| F;] follows
from axiom (dD) (dynamic translability) on ().

Since £ = m( satisfies all the hypothesis of Theorem 23, the first part of the
thesis follows immediately.

Assume now that function g is also continuous in ¢ for all z € R. Since
&, -] and &, [-| F;] are convex (by (27) and dynamic convexity of (7)), from
Proposition 7- item i)- and by continuity of g, it follows that g is also convex.
]

References

(1] Artzner P., F. Delbaen, J.M. Eber and D. Heath (1999): “Coherent mea-
sures of risk”, Mathematical Finance, 4, 203-228.

[2] Artzner P., F. Delbaen, J.M. Eber, D. Heath and H. Ku (2002): “Coherent
Multiperiod Risk Measurement”, Preprint.

[3] Artzner P., F. Delbaen, J.M. Eber, D. Heath and H. Ku (2003): “Coherent
multiperiod risk adjusted values and Bellman’s principle”, Preprint.

[4] Briand P., F. Coquet, Y. Hu, J. Mémin and S. Peng (2000): “A converse
comparison theorem for BSDEs and related properties of g-expectation”,
Electronic Communications in Probability, 5, 101-117.

[6] Chen Z. and S. Peng (2000): “A general downcrossing inequality for g-
martingales”, Statistics & Probability Letters, 46, 169-175.

[6] Coquet F., Y. Hu, J. Mémin and S. Peng (2001): “A general converse com-
parison theorem for backward stochastic differential equations”, Comptes
Rendus de I’ Academie des Sciences Paris, Série 1, 333, 577-581.

[7] Coquet F., Y. Hu, J. Mémin and S. Peng (2002): “Filtration consistent
nonlinear expectations and related g-expectations”, Probability Theory and
Related Fields, 123, 1-27.

[8] Cvitanic J. and I. Karatzas (1999): “On dynamic measures of risk”, Finance
& Stochastics, Vol. 3, no. 4, 451-482.

[9] Delbaen, F. (2002): “Coherent Risk Measures on General Probability
Spaces”, in: Advances in Finance and Stochastics, K. Sandmann and P.J.
Schonbucher eds., Springer-Verlag, 1-37.

18



[10] El Karoui, N. (1997): “Backward stochastic differential equations: a gen-
eral introduction”, in: Backward stochastic differential equations, N. El
Karoui and L. Mazliak eds., Pitman Res. Notes Math. Ser., Vol. 364, Long-
man, Harlow, 7-26.

[11] El Karoui N., S. Peng and M.C. Quenez (1997): “Backward stochastic
differential equation in finance”, Mathematical Finance, 7, n. 1, 1-71.

[12] Follmer H. and A. Schied (2002a): “Convex measures of risk and trading
constraints”, Finance & Stochastics, Vol. 6, n. 4, 429-447.

[13] Follmer H. and A. Schied (2002b): “Robust preferences and convex mea-
sures of risk”, in: Advances in Finance and Stochastics, K. Sandmann and
P.J. Schénbucher eds., Springer-Verlag, 39-56.

[14] Follmer H. and A. Schied (2002c): “Stochastic Finance. An Introduction
in Discrete Time”, De Gruyter, Berlin - New York.

[15] Frittelli, M. (2000): “Representing sublinear risk measures and pricing
rules”, Working paper n. 10, Universita di Milano Bicocca, Italy.

[16] Frittelli M. and E. Rosazza Gianin (2002): “Putting Order in Risk Mea-
sures”, Journal of Banking & Finance, Vol. 26, no. 7, 1473-1486.

[17] Frittelli M. and E. Rosazza Gianin (2003): “Dynamic Convex Risk Mea-
sures”, in: New Risk Measures in Investment and Regulation, G. Szegt ed.,
J. Wiley, to appear.

(18] Heath D. (2000): “Back to the future”, Plenary lecture at the First World
Congress of the Bachelier Society, June 2000, Paris.

[19] Karatzas I. and S.E. Shreve (1991): “Brownian Motion and Stochastic
Calculus”, Second edition, Springer.

[20] Pardoux E. and S. Peng (1990): “Adapted solution of a backward stochastic
differential equation”, Systems & Control Letters, 14, 55-61.

[21] Peng, S. (1997): “Backward SDE and related g-expectations”, in: Back-
ward stochastic differential equations, N. El Karoui and L. Mazliak eds.,
Pitman Res. Notes Math. Ser., Vol. 364, Longman, Harlow, 141-159.

[22] Peng, S. (1999): “Monotonic limit theorem of BSDE and nonlinear decom-
position theorem of Doob-Meyer’s type”, Probability and Related Fields,
113, 473-499.

[23] Pflug C.G. and A. Ruszczynski (2001): “A Risk Measure for Income
Streams”, Preprint.

[24] Riedel, F. (2003): “Dynamic Coherent Risk Measures”, Preprint, Stanford
University.

19



[25] Rosazza Gianin, E. (2002): “Convexity and Law Invariance of Risk Mea-
sures”, PhD Thesis, Universita di Bergamo, Italy.

[26] Scandolo, G. (2003): PhD Thesis, Work in progress.
[27] Shiryaev, A. N. (1996): “Probability”, Second edition, Springer.

[28] Wang, T. (1999): “A Class of Dynamic Risk Measures”, Working Paper,
University of British Columbia.

20



