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Abstract

We formulate a model of continuous-time financial market with risky asset subject
to capital gains taxes. We study the problem of maximizing expected utility of future
consumption within this model both in the finite and infinite horizon. Our main result
is that the maximal utility does not depend on the taxation rule. This is shown by
exhibiting maximizing strategies which tracks the classical Merton optimal strategy in
tax-free financial markets. Hence, optimal investors can avoid the payment of taxes by
suitable strategies, and there is no way to benefit from tax credits.
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1 Introduction

Since the seminal papers of Merton [10, 11], there has been a continuous interest in the the-
ory of optimal consumption and investment decision in financial markets. A large literature
has focused particularly on the effect of market imperfections on the optimal consumption
and investment decision, see e.g. Cox and Huang [2] and Karatzas, Lehoczky and Shreve [8]
for incomplete markets, Cvitani¢ and Karatzas [3] for markets with portfolio constraints,
Davis and Norman [4] for markets with proportional transaction costs.

However, there is a very limited literature on the capital gains taxes which apply to
financial securities and represent a much higher percentage than transaction costs. Com-
pared to ordinary income, capital gains are taxed only when the investor sells the security,
allowing for a deferral option. One may think that the taxes on capital gains have an
appreciable impact on individuals consumption and investment decisions. Indeed, under
taxation of capital gains, an investor supports supplementary charges when he rebalances
his portfolio, which alters the available wealth for future consumption, possibly depreciat-
ing consumption opportunities compared to a tax-free market. On the other hand, since
taxes are paid only when embedded capital gains are actually realized, the investor may
choose to defer the realization of capital gains and liquidate his position in case of capital
losses, particularly when the tax code allows for tax credits. Previous works attempted
to characterize intertemporal consumption and investment decisions of investors who have
permanently to choose between two conflicting issues : realize the transfers needs for an
optimally diversified portfolio, or use the ability to defer capital gains taxes.

The taxation code specifies the basis to which the price of a security has to be compared
in order to evaluate the capital gains (or losses). The tax basis is either defined as (i)
the specific share purchase price, or (ii) the weighted average of past purchase prices. In
some countries, investors can chose either one of the above definitions of the tax basis. A
deterministic model with the above definition (i) of the tax basis, together with the first in
first out rule of priority for the stock to be sold, has been introduced and studied by Jouini,
Koehl and Touzi [6, 7].

The case where the tax basis is defined as the weighted average of past purchase prices
is easier to analyze, as the tax basis can be described by a controlled Markov dynamics.
Therefore, it can be treated as an additional state variable in a classical stochastic control
problem. A discrete-time formulation of this model with short sales constraints and lin-
ear taxation rule has been studied by Dammon, Spatt and Zhang [5]. They considered the
problem of maximizing the expected discounted utility of future consumption, and provided
a numerical analysis of this model based on the dynamic programming principle. In partic-
ular, they showed that investors may optimally sell assets with embedded capital gains, and
that the Merton tax-free optimal strategy is approzimately optimal for ”young investors”.
We refer to Gallmeyer, Kaniel and Tompaidis [14] for an extension of this analysis to the
multi-asset framework.

The first contribution of this paper is to provide a continuous-time formulation of the
utility maximization problem under capital gains taxes, see Section 2. The financial market
consists of a tax exempt riskless asset and a risky one. Transfers are not subject to any



transaction costs. The holdings in risky assets are subject to the no-short sales constraints,
and the total wealth is restricted by the no-bankruptcy condition. The risky asset is subject
to taxes on capital gains. The tax basis is defined as the weighted average of past purchase
prices. We also introduce a possible fixed delay in the tax basis. In contrast with [5], we
consider a general nonlinear taxation rule. Our results hold both for finite and infinite
horizon models. Section 4 shows that the reduction of our model to the tax-free case
produces the same indirect utility than the classical Merton model.

The main result of our paper states that the value function of the continuous-time utility
maximization problem with capital gains taxes coincides with the Merton tax-free value
function. In other words, investors can optimally avoid taxes and realize the same indirect
utility as in the tax-free market. We also provide a maximizing strategy which shows how
taxes can be avoided. The particular tractability of the linear taxation rule case allows
to prove that it is optimal to take advantage of the tax credits by realizing immediately
capital losses.

From an economic viewpoint, our result shows that capital gains taxes do not induce any
tax payment by optimal investors. This suggests that the incorporation of capital gains
taxes in financial market models should be accompanied by another market imperfection,
as transaction costs, which prevents optimal investors from implementing the maximizing
strategies exhibited in this paper. This aspect is left for future research.

2 Consumption-investment models with capital gain taxes

2.1 The financial Market

We consider a financial market consisting of one bank account with constant interest rate
r > 0, and one risky asset with price process evolving according to the Black and Scholes
model:

dS; = uSidt + oS dWry, (2.1)

where 4 is a constant instantaneous mean rate of return, ¢ > 0 is a constant volatility
parameter, and the process W = {W;,0 < t} is a standard Brownian motion defined on
the underlying probability space (Q2, F,P).

Let F be the P-completion of the natural filtration of the Brownian motion. In order for
positive investment in the risky asset to be interesting, we shall assume throughout that

o> T (2.2)
We also assume that the financial market is not subject to any transaction costs, and the
shares of the stock are infinitely divisible.

2.2 Relative tax basis

The sales of the stock are subject to tazes on capital gains. The amount of tax to be paid
for each sale of risky asset is computed by comparison of the current price to the weighted
average of price of the assets in the investor portfolio. We therefore introduce the relative



taz basis process By which records the ratio of the weighted average price of the assets in
the investor portfolio to the current price. When B is less than 1, the current price of the
risky asset is greater than the weighted-average purchase price of the investor so if she sells
the risky asset, she would realize a capital gain. Similarly, when B; is larger then 1, the
sale of the risky asset corresponds to the realization of a capital loss.

Example 2.1 Let 0 < ¢ty < 11 < to < t3 be some given trading dates, and consider the
following discrete portfolio strategy.

- buy 5 units of risky asset at time ¢,

- sell 1 unit of risky asset at time ¢1,

- buy 2 units of risky assets at time t9,

- sell 4 units of risky asset at time t3,

- buy 2 units of risky assets at time t¢3.
The relative tax basis is not defined strictly before the first purchase date tg, and is equal
to one exactly at to. We set by convention

By =1 for t < t.

Sales do not alter the basis. Therefore, we only care about purchases in order to determine
the basis at each time. At times ¢2 and %4, the relative tax basis is given by
5S¢, + 25;,

By, = 2012 and By, =

5St, + 281, + 25,
7S, )

95,

Although no purchases occur in the time intervals (¢g,t2), (t2,t3), the relative tax basis
moves because of the change of the current price :

(BS)tO for tg <t <ty .
(BS)t = (BS)t2 for to <t <3
(BS)t, for t > t3 .

2.3 Taxation rule

Each monetary unit of stock sold at some time ¢ is subject to the payment of an amount
of tax computed according to the relative tax basis observed at the prior time

ts = (t—0)T = max{0,t—6}. (2.3)

Here the delay § > 0 is a fixed characteristic of the taxation rule. Another characteristic
of the taxation rule is the amount of tax to be paid per unit of sale. This is defined by

f(Bt(s*) ) (24)
where f is a map from R into R satisfying

f non-increasing and f(1)=0. (2.5)



Example 2.2 (Proportional taz on non-negative gains) Let
f(b) := a(1 —b)*T for some constant 0 <o <1.

When the relative tax basis is less than unity, the investor realizes a capital gain, and pays
the amount of tax a(1 — By;) per unit amount of sales.

Example 2.3 (Proportional taz with taz credits) Let
f(b) == a(l —b) for some constant 0 < a<1.

When the relative tax basis is less than unity, the investor realizes a capital gain, and pays
the amount of tax a(1 — Byy) per unit amount of sales. When the relative tax basis is larger
then unity, the investor receives the tax credit o(B;; — 1) per unit amount of sales.

Remark 2.1 When there are no tax credits, i.e. f > 0, it is clear that the total tax
paid by the investor is non-negative, and the investor can not do better than in a tax-free
market. However, when f is not non-negative, it is not obvious that the investor can not
take advantage of the tax credits, and do better than in a tax-free model. Of course, this
would not be acceptable from the economic viewpoint. Qur analysis of this situation in
Section 7 shows that the presence of tax credits does not produce such a non-desirable
effect.

2.4 Consumption-investment strategies

An investor start trading with an initial capital z in cash and y monetary units in the
risky asset. At each time, trading occurs by means of transfers between the two investment
opportunities.

We denote by L := (L;,t > 0) the process of cumulative transfers form the bank account
to the risky assets one, and M := (Mt,t > 0) the process of cumulative transfers from the
risky assets account to the bank. Here, L and M are two F—adapted, right-continuous,
non-decreasing processes with Ly~ = My- = 0.

In addition to the trading activity, the investor consumes in continuous-time at the rate
C = {C¢,t > 0}. The process C is F—adapted and nonnegative.

Given a consumption-investment strategy (C, I~/, M ), we denote by X; the position on the
bank, Y; the position on the risky assets account, and B; the relative tax basis at time ¢.

2.5 DPortfolio constraints
We first restrict the strategies to satisfy the solvency condition
Zy = Xy +[1—f(By—)]Yy > 0P —as. foral ¢t>0, (2.6)

i.e. the total wealth of the investor after liquidation is non-negative at any time. We also
impose the no-short sales constraint

Y, > 0P—as. forall t>0, (2.7)



together with the absorption condition
Yi,(w) =0 for some ty —> Yi(w) =0 for a.e. w € Q. (2.8)

The latter is a technical condition which is needed for a rigorous continuous-time formula-
tion of our problem.

The consumption-investment strategy (C,L, M) is said to be admissible if the resulting
state variables (X,Y, B) satisfy the above conditions (2.6)-(2.7)-(2.8). In particular, the
process (Z;,Y;, By, )i>o0 is valued in the closure S of the subset of R3:

S = (0,00)3. (2.9)
We shall denote the boundaries y = 0 and z = 0 of S by
S = {(y,2,0) €S : y=0} and 055 := {(y,2,b) €S : 2=0}.
Finally, given an admissible strategy (C, L, M), we introduce the stopping time :
7 = inf{t>0 : Y & (0,00)} = inf{t>0 : Y, =0},

where the last equality follows from (2.7). In view of (2.8), it is clear that the trading strat-
egy can be described by means of the non-decreasing right-continuous processes (L, My)¢>o
which are related to (f/t, Mt)tzo by

t t
L, = / Y, 'dL; and M; := / Y, tdMy, t<T.
0 0
Here, dL; and dM, represent the proportion of transfers of risky assets.

2.6 Controlled dynamics

Let (C, L, M) be an admissible strategy, and define (L, M) as in the previous paragraph.
We shall denote v := (C,L, M), and (X",Y",B") := (X,Y, B) the corresponding state
variables.

Given an initial capital £ on the bank account, the evolution of the wealth on this account
is described by the dynamics :

dX{ = (rXy —Cy)dt - Y dL+Y (1 - f(Bf,_))dM; and X, = z, (2.10)

recall from (2.3) that ts :== (¢t — 6)*. Given an initial endowment y on the risky assets
account, the evolution of the wealth on this account is also clearly given by

dY'tV = Y;,U_ (% +st - th> and YE)_ =Y. (211)
t

In order to specify the dynamics of the relative tax-basis, we introduce the auxiliary process
KV := BYY". By definition of BY, we have :

dK’ = Y/ dL;— K/ dM; and K = yb, (2.12)



since By_ = b. Observe that the contribution of the sales in the dynamics of K; is evaluated
at the basis price. We then define the relative basis process B” by

v

K
When the stopping time 7 := inf{¢t > 0 : Y; = 0} is positive, the dynamics of the relative
tax basis is described on [0, 7] by

AL, — AM,
(2.14
1—|—ALt—AMt) (2.14)

dBY = -By[(u—-o?)dt+oW;] +(1—By) (st — AL

Hence, the position of the investor resulting from the strategy v is described by the triple
(Y”,Z¥,B”), where the dynamics of Y” and B are defined respectively by (2.11), (2.14),
and Z" is defined by (2.6). When the tax function f is smooth, one can deduce the
dynamics of Z¥ out of the dynamics of (X”,Y", B”) by direct application of Itd’s lemma,;
see subsection 2.8. We call (Y”, Z", BY) the state process associated to the control v.

Proposition 2.1 Let v = (C, L, M) be a triple of adapted process such that
A1l L, M are right-continuous, non-decreasing and Ly- = My- =0

A2 the jumps of M satisfy AM <1

A3 C >0 and fngds < o0 a.s. forallt>0

Then, there ezists a unique solution (Y",Z",B") to (2.10)-(2.11)-(2.12)-(2.14).
Moreover, (YV,Z"Y,B") satisfies conditions (2.7)-(2.8).

Proof. Equation (2.11) clearly defines a unique solution Y”. Given Y, it is also clear that
(2.12) has a unique solution Y”B”, and (2.14) defines B” uniquely. Finally, given (Y”, BY),
it is an obvious fact that equation (2.10) has a unique solution X". O

Remark 2.2 The statement of the above proposition is still valid when A2 is replaced by
the following weaker condition

A2’ the jumps of the pair process (L, M) satisfy AL — AM > —1.

However in the case where tax credits are allowed by the taxation rule, see Section 7, it is
easy to construct consumption-investment strategies, satisfying A1-A2’-A3, which increase
without bound the value function of the problem (2.16) defined below, starting from some
fixed positive initial holding in stock. Hence such a model allows for a weak notion of
arbitrage opportunities. Indeed, for each ¢ > 0 and A > 0, let AL; = AM; := 0 for t # T,
AL, = AM; := A where 7 := inf{t : By > 1+ ¢}. By sending A to infinity, the value
function of the problem (2.16) converges to +oc.

Definition 2.1 Letv = (C, L, M) be a triple of F—adapted processes, and (y,z,b) € S. We
say that v is a (y, z,b)—admissible consumption-investment strategy if it satisfies Conditions
A1-A2-A3 together with the solvency condition (2.6). We shall denote by Af(y,z,b) the
collection of all (y, z,b)—admissible consumption-investment strategies.



Remark 2.3 We used the absorption at zero condition in order to express an investment
strategy by means of the proportions dL; = % and dM; = %, instead of the volume of
transfers, dL; and dM;. This modification was needed for the specification of the tax basis
by means of the process K defined above. Indeed, in terms of (IN'J, M ), the dynamics of the

state variables X and Y are given by :

ds,
dY; =Y,_ St

—% 4+dLy —dM; and dX;=r(X; —c)dt —dL; + (1 — f(By,_)) dM;,
t

but the relative basis is defined by means of the process K whose dynamics are given by
~ K ~
dK;, = dL,— =‘=dM, .
Y

Since the event {Y = 0} has positive probability, this may cause trouble for the definition
of the model.

2.7 The consumption-investment problem

Throughout this paper, we consider a power utility function :

cp
Ule) = P for all ¢ >0,

where 0 < p < 1 is a given parameter. We next consider the investment-consumption
criterion

t
th(y,z, bv) = E [/ e_’BuU(Cu)dt + e_ﬂtU(Zf)l{Koo} (2.15)
0

for t € Ry U {400}, (y,2,b) €S and v € A/ (y, z,b). Let
T € RyU{+oo}

be a given time horizon, so that our analysis holds for both finite and infinite horizon. The
consumption investment problem is defined by

szf(y,z, b) = sup Jq]:(y,z, b;v) (y,2,b) € S. (2.16)
vEAS (y,z,b)
In the context of financial markets without taxes, i.e. f = 0, a slight modification of this
problem has been solved by Merton [11, 10] by means of a verification argument. In the
finite horizon case (1" < 00), the tax-free problem can be solved directly by passing to a
dual formulation, [12, 2, 8]. In the infinite horizon tax-free problem, Merton [10] singled
out the condition

1 1 »p w—r 2
— I 2.1
" 1—p[ﬁ s 21—p( o )] > 0, 2.17)

in order to ensure that the value function is finite. The (explicit) solution in this context is
simply obtained by sending the time horizon to infinity in the solution of the finite horizon
problem.

We conclude this section by the following easy result which states that, the value function
v/ is non-increasing in f.



Proposition 2.2 Let (y,z,b) be some initial data in S, and let f > g be two maps from
Ry into R. Then qu(y,z,b) < Vi(y,z+ (f — g)(b),b).

Proof. Consider some admissible consumption-investment strategy v = (C,L, M) €
Af(y, z,b). In order to prove the required result, we verify that

v € Ay, z+(f -9)b)y,b).

We denote by (Yf, zZ7, Bf) the state process implied by the strategy v and the initial data
(y,z,b) under the taxation rule f. Similarly, we denote by (Y9, 29, BY) the state process
implied by the strategy v and the initial data (y,z + (f — g)(b)y, b) under the taxation rule
g. Set X/ .=z —[1 - f(BNH)YS and X9 = Z9 — [1 — g(BI)|YY.

We first observe that (Y, Bf) = (Y9, B9) =: (Y, B). Then, since f > g, it follows that

79~z = X9-X'+(f-b)(B)Y > X9-X/.

Since X§_ = z+ (f —g)(b)y — [1 — g(b)]y = X(J;_, we directly compute by (2.10) that :

t t t
x{-x{ = /0 r(X9— X[)ds + /0 (f — 9)(Bs;—)Ys_dM, > /0 r(X¢ — X])ds,

since f > ¢. This shows that X9 > X/, so that Z9 > Z/ > 0 by the fact that v € .Af(y, z,b).
Hence v € A9(y,z + (f — g)(b)y, b). 0
2.8 On the dynamics of the process Z

For later use, we provide the dynamics of the process Z defined in (2.6) in the case where
the delay § = 0, and the tax function f is smooth, i.e.

fe C*(Ry) .

This follows directly by applying It6’s lemma for processes with jumps. The result is

a7z = {th O+ Y [(u —r)(1 = f(B:)) + uBif'(B;) — %UQBff” (Bt):| } dt

+oY; [(1 = f(By)) + Bif'(By)] dWy (2.18)
=Y, [f(Be)+ (1= By )f'(B;)] (dL; — ALy)
Y, [f(Bo )AL+ Af(B)(1+ AL — AM;,)] .

An important observation is that the above dynamics are considerably simplified in the
linear taxation rule case. Indeed

= f(Be-) + (1= B-)f'(Be-), (2.20)

so that the coefficient of dL as well as the jump term are zero.



3 Main results

It is clear that in the tax-free market, i.e. when f = 0, the set of admissible consumption-
investment strategies A/, and the value function VTf , do not depend on the relative tax
basis. We will then simply write

A(y,z) = A(y,2,b) and V2(y,2) = VP(y,2,b) forall (y,zb)€S.

The first main result of this paper provides a lower bound for the value function V/, which
readily implies that the equality V/ = V0 holds when there are no tax credits and the
initial relative tax basis is By_ = 1.

Theorem 3.1 Let T € Ry U {400} be some given maturity, and f : Ry — R a taz
function satisfying (2.5). Assume further that f is locally Lipschitz at b = 1, Condition
(2.17) holds, and
=
o*(1-p)

(i) For any delay parameter 6 > 0, we have

<1 and min{lrcs,v} > r(1—p). (3.1)

Vi(y,2,1) > VR(y,2) forall (y,2) € RE. (3.2)

In particular, when f > 0, the value function of the consumption-investment problem under
taxzes coincides with the value function of the taz-free problem for initial relative tax basis
By_ =1, i.e. qu(y,z,l) = V(y,2) for all (y,z) € R2..

(ii) Set 6 =0. Then

Vi(y,2,b) > VR2(y,z) forall (y,2,b)€S. (3.3)

The proof of the lower bounds (3.2)-(3.3) for the value function V/ will be provided in
Section 5. Given this result, the last statement follows from the trivial inequality V/ < V0
which is a consequence of Proposition 2.2.

Notice that the proof of the above result also provides a precise description of optimal
consumption-investment behavior. Indeed, we shall construct a sequence of maximizing
strategies by forcing the relative tax basis to be as close as possible to unity, and tracking
Merton’s optimal strategy.

By using a verification technique, we also obtain the following upper bound for the value
function V7 (y, z,b) in the case of a linear taxation rule without delay.

Theorem 3.2 Let T € Ry U{+oc} be some given maturity, and assume that (2.17) holds.
Consider a tazation rule without delay, 6 = 0, defined by the linear taz function

2(b) := a(l —b) forall b>0,
where a is some given positive constant. Then

ViE(y, 2,b) < VR(y,2) for all (y,2z,b) €. (3.4)
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The proof of this result is reported in Section 6. Combining Theorems 3.1 and 3.2, we
easily obtain the following result.

Corollary 3.1 LetT € Ry U{+00} be some given maturity, and set 6 = 0. Let Conditions
(2.17) and (5.1) hold. Consider the linear tax function £(b) := a(1—05), and let f be another
taz functions satisfying (2.5), f* locally Lipschitz at b = 1. Assume further that f > £,
then :

VR(y,2) < Vi(y,2,0) < VR (y,z+ (f = O)®) for all (y,2,b) €S.
In particular, equality holds at any point (y,z,b) € S satisfying f(b) = £(b).

This result may seem counter-intuitive, since one may expect that the investor can take
profit from tax credits and obtain a value function V/ larger then V/*. The explanation
lies in the fact that the problem of maximizing J%(y,z, b;v) can be restricted to those
admissible control processes v inducing a accumulated amount of tax credits bounded by
g, for all constant € > 0.

Proposition 3.1 Assume that Conditions (2.17) and (5.1) hold. Consider the linear taz-
ation rule of (7.1), and let § = 0. Then, for all T € R+ U {+oo} and (y,z,b) € S, there

ezxists a sequence of mazimizing strategies vy, = (C™, L™, M™) such that for alln > 1,
T o n 1
/ (B, —1)Y,dM} < = a.s.
0 n

The proof of this result is provided in Section 7.

4 Financial market without taxes

In this section, we review the solution of the consumption-investment problem in a financial
market without capital gain taxes, i.e. when f = 0. Since the reduction of our problem to
this case is slightly different from the classical Merton model, we shall study both problems.
We will show that they have essentially the same value functions, and discuss the issue of
optimal strategies.

4.1 The classical Merton model

In the classical formulation of the tax-free consumption-investment problem, the investment
control variable is described by means of unique process 7 which represents the proportion
of wealth invested in risky assets at each time. Given a consumption plan C, the total
wealth process is then defined by the dynamics :

dZt(C’”) = (th(C’W) - Ct) dt + WtZt(C’W) [(p —r)dt + ocdWy] , and Z(SC’W) = 2.(4.1)

In this context, a consumption-investment strategy is a pair of F—adapted processes (C, ),
where C is non-negative and

T T
/ Csds—l—/ |Ts|?ds < oo P—aus.
0 0
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We shall denote by A(z) the collection of all such consumption-investment strategies which
satisfy the additional no-bankruptcy condition

Zt(c’”) >0 P—as. forall 0<t<T.

The relaxzed tax-free consumption-investment problem is then defined by :
r —(m,C
Vi(z) == sup E [ / e Pl (Cy)dt + e FTU (z;’“ >) 1{T<oo}] L (49
(Cim)eA(2) 0

Let (y, z) be an arbitrary initial data in (0, 00) XR,.. Clearly, for any admissible consumption-
investment strategy v = (C, L, M) € A°(y, z), one can define a pair (C,7) € A(z) such
that Z” = Z(©™)_ This shows that

VR(y,z) < Vp(z) forall (y,z) € (0,00) X Ry , (4.3)

and justifies the name of the problem Vp. The value function V¥ on the boundary y = 0
will be studied separately.

We shall prove later on (Proposition 4.2) that equality holds in (4.3) by exhibiting a
maximizing strategy for the problem V2. In preparation to this, let us first recall the
explicit solution of the relaxed tax-free consumption-investment problem.

Theorem 4.1 Let Condition (2.17) hold. Then, for all z >0 :
_ 2 1 1 1P
Vr(z) = —[—+(1——>6_7 ] .
p LY Y

Moreover, existence holds for the problem Vi (z) with optimal consumption-investment strat-
egy given by :
_ _ w—r _ -
=T = —— C; = ¢(t)Z
Tt ™ (1 _p)o_2 ) t C( ) 1

where ¢(.) is the deterministic function

W - B

and Z = Z(C™ s the wealth process defined by the strategy (C,7) :

Zo=2  dZ = Z [(7‘ —et)ydt— LT (“ _rdt+th)] .
(1-p)o o

Observe that

- the optimal investment strategy 7 is constant both in the finite and infinite horizon
cases,

- the optimal consumption process is a linear deterministic function of the wealth process,
with slope defined by the function ¢(¢); in the infinite horizon case, the function ¢ reduces
to the constant -,

12



Remark 4.1 Consider the infinite horizon case T = +oo. Then ¢(t) = 7. By direct
computation, we see that

e_ﬂtE[U(Zt)] = 2Pe™ forall t>0.

Hence Condition (2.17) guarantees that e #'E [U(Z;)] — 0 as t — oo, and therefore :

t
Veo(z) = lim IE[ /0 e U (v Z,)ds + e PU(Zy)

t—o0

4.2 Connection with our tax-free model

We now focus on the reduction of the model of Section 2 to the tax-free case, i.e. f =0. In
this context, the state variable B is not relevant any more. Given an initial data (y, z) € R?2
and an admissible control v = (C, L, M) € A%(y, z), the controlled state process reduces to
the pair (Y”, Z") which evolves according to the dynamics :

dYg/ = Y;i [(/,L — ’f‘)dt + O'th + st - th]
Az = (rZ¢—Cy)dt+YY [(u—r)dt + cdW,]

together with the initial condition (Y, Z)o— = (y, 2).

This model presents some minor differences with the classical Merton model of Section
4.1. First, the investment strategies are constrained to have bounded variation. We shall
see that this induces a non-existence of an optimal control for the problem VO(y, z), but
does not entail any difference between V° and V. Second, the above dynamics imply that
zero is an absorbing boundary for the Y variable which describes the holdings in stock.
From the solution of the classical Merton model reported in Theorem 4.1, notice that the
investment in stock is always positive, except the case of zero initial capital z = 0. We
therefore expect that the value functions V' and V° do coincide except on the boundary
y = 0.

Observe that the analysis of both problems V and V? is trivial on the boundary z = 0
since there is no possibility neither for consumption nor for investment. The following result
characterizes the value function V° on the boundary of ]R%_.

Proposition 4.1 The solution of the problem V° on the boundary B]Rﬁ_ is given by :
(i) For ally > 0,

~

VOy,0) = V(0) = 0 with optimal controls (C,L,M); = (0,0,1), t >0,

and optimal state process (Z,Y); = 0 for t > 0.
(ii) Set vy := ’31__—;1’ and assume 8 > r whenever T = +o00. Then, for all z > 0,

V2(0,2) = Gl [ Ly (1 — i) e—WOT]l_p, (4.4)

» v Yo

with optimal controls

A A A ~ 1 1 -1
(1M, = (co(H)24,0,0),  éolt) == [%*(“%) e—%(T-ﬂ] (45)
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for 0 <t <T; the optimal state processes are Y =0 and

A~

t
Zy = zexp [rt—/ éo(s)ds] , 0<t<T.
0

Proof. For item (i), it is sufficient to observe that the investment strategy {(C, L, M), =
(0,0,1), t > 0} is the only admissible strategy. We now concentrate on item (ii). Since the
boundary y = 0 is an absorbing boundary, we are reduced to the (deterministic) control
problem :

T
V2(t,2,0) = sup / e PU(C) dt+ e PT U (Zr) Lircooy (4.6)
t

where the state dynamics are given by
dZt = (’)"Zt - Ct)dt .

1. We first solve the finite horizon problem 7" < oo. We shall use a verification argument
by guessing a solution to the Hamilton-Jacobi equation of this problem :

oV oVl oV
__ay0 T T . T
0 = ﬂ%@a+7;m@+m3;m@+gﬁwa q;ma}
oV vy 1—p (V) p/o-t
_ a0 T T p T ;

the argument y = 0 has been omitted for notational simplicity. We guess a solution to the
above first order partial differential equation in the separable form zPh(t), and determine
h so that the terminal condition

VA(T,2,0) = U(z) or, equivalently, h(T) = =

p

is satisfied. This leads to the candidate solution defined in (4.4). By usual verification
arguments, this candidate is then shown to be the solution of the problem, and the optimal
controls are identified.

2. We now concentrate on the infinite horizon case T' = 4+o00. It is clear that the optimal
state process Z should be set to zero at infinity. In terms of optimal control, this is a natural
transversality condition for the problem. In order to take advantage of this information, we
solve the problem by the calculus of variation approach. Direct calculation from the local
Euler equation of the problem leads to the following characterization of the optimal state :

(p-1)(r2-2) = B-10Z-2),

where Z = dZ/dt denotes the time derivative of the state Z. this ordinary differential
equation can be solved explicitly by the technique of variation of the constant. In view of
the boundary conditions Zy = z and Z, = 0, this provides the unique solution to the local
Euler equation :

B—r

Zy = zexp— <1
—-p

)t with optimal consumption C; = rZ; — Z = YoZt -

14



Notice that the condition 8 > r is here necessary in order to ensure that Z,, = 0. O

To conclude our analysis of the tax-free model, we now focus on the value function in the
interior of the domain (0, 00)2. in contrast with the situation on the boundary, trading in the
stock is now possible. The following result shows that the value function V° coincides with
V, the maximal utility in the classical Merton model. The price for the control restriction
to the class of bounded variation processes is that existence does not hold any more for the
problem V9.

Proposition 4.2 For all (y,z) € (0,00)?, we have VR(y,z) = V().

In view of (4.3), the only non-trivial inequality in the above result is that V2 (y,z) >
Vr(z). This follows directly from our main Theorem 3.1, by considering the case f = 0.

5 Lower bound for the value function V:,f (y,2,b)

Consider a general tax function f satisfying (2.5), and f7 is Lipschitz continuous at b = 1.
The chief goal of this section is to prove Theorem 3.1 which states that, starting from an

initial data (y,z,b) in S, and under the condition

7 P=T <1 and inf &) in {1r<oo,é(0)} > r(1—p). (5.1)

= —— n in = min -p). .

™= 2A=p) odnf . cls T<o0,C r(l—p
the maximal utility in the financial market is bounded from below by the maximal utility
achieved in a tax-free market, i.e :

Vg(y,z,b) > VA(y,z) for 6§ = 0and(y,z,b) € S.

When the delay parameter § is positive, the above inequality holds for an initial relative
tax basis By_ = 1.

Notice that it is sufficient to prove this result when f = fT, this follows from the inequality
V! < V7" which we deduce from (2.2). For the rest of this section we suppose that f = f+.
This result is of course trivial when the initial holding in stock is zero, Yy = 0, since 0% is
an absorbing boundary. For a non-zero initial holding y in stock, we shall prove this result
by constructing a sequence of admissible strategies ¥ such that

VR(y,2) < limsup Jf(y, 2 b0%) .

k—o00

k are obtained by forcing the relative tax basis B; to be as close as desired

The strategies
to unity, and by tracking Merton’s optimal strategy, i.e. keeping the proportion of wealth

invested in the risky asset

Yy
= ——=1 <t<L<T
T X, +Y; {X¢+Y:#£0}> 0<t<T,
and the proportion of wealth dedicated for consumption
Cy
= —1 0<t<T
ct X, 1Y, {(x+vi£0}, VST =4,
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close to the pair (7,¢(t)) defined in Theorem 4.1.

To do this, we first fix some ¢ > 0, and define a convenient sequence (ut’”)nzl =
(Ctm, LB, MB™) 51 for all (y,2,b) € S U J%S. We shall denote by (Yh",Zbn, Bbn) =
(Y”t’", Z”t’n, B”t’n) the corresponding state processes. For each integer n > 1, the consumption-

investment strategy v>" is defined as follows.

1. At time 0 choose the transfer (ALS™, AMy™) so as to set the relative tax basis to unity
and the proportion of wealth invested in the risky asset to 7 :

ALS’” = T and AMS’” = 1.

Q| W

Since the jumps of the processes X, Y and B are given by

AXP" = SYIMALY 4 L f(B)| VA (5.2)
AYP" = YU(ALY - AMP), (5.3)
ABL" = (1- B (1+ ALY — AMEY) ' ALL (5.4)

we verify that
Bé’n =1, 7r3’n =7, and Xé’n+Y0t’n = z.
2. At the final time ¢, fix the jumps (ALt’”, AMt’”)t so that all the wealth is transferred
to the bank :
ALY™ := 0 and AMP" = 1.
This implies that
Y =0 and X" = Z)".

3. In Step 3 below, we shall construct a sequence of stopping times (T,i’")kzl. Our con-

sumption strategy is defined by
Chm = g(s)( X" +YS™) for 0<s<T,

where ¢ is given as in Theorem 4.1 by

o(s) = [% + (1 _ %) e—%t—s)] o

The investment strategy is piece-wise constant :
t,
dLt™ = dMP™ = 0 forall se[0,T)\{r", k>1}.

4. We now introduce the sequence of stopping times T}é’" as the hitting times of the pair
process (m, B) of some barrier close to (7,1). Set 70" := 0, and for k& > 1 :

tn T B
T, = T NTg o,
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where
T,iB = inf{s > T,ﬁ’fi : BE;" <1 —nfl} ,
T = inf{s > T,i’fl : |7r§’n -7 > hn},
(hn)n>1 is  a sequence of positive numbers with h,, — 0.

5. To conclude the definition of v*", it remains to specify the jumps (AL, AM"™) at
each time T}é’". The idea here is to re-set the proportion 75" to the constant 7, and to

push-back the relative tax basis B to unity. To do this, we define for all s € {T,ﬁ’", k>1}:

P 1—ms f (Bﬁ;",)

ALY == — and AM!™ = 1—+/nALY™.
I — t,n
Ts— 1+4+4/n [1 —xf (Bs:r)]
Since
e _ YO w4+ ALY - AMGT)
’ S a—alraminy (BYL)

it follows from (5.2)-(5.3)-(5.4) that :

1+ /nBY"
1++/n

In the following remarks, we verify that v%" is an (y, z, b) —admissible consumption-investment

" = 7 and BY" = for se {T,ﬁ’", kE>0}.

strategy for all maturity ¢. At this point, we need the restriction
By = 1 whenever 6 >0,
which ensures that
™2 > 0 P-as. (5.5)

Remark 5.1 It follows from (5.5) that the sequence (T,ﬁ’") 0 is strictly increasing, and

converges to +00. To see this, we first make the trivial observation that T,:’" < 7jy P-as.
On the other hand, since L and M are constant in the stochastic interval ['r,:’fl, le’n), we
have In Bi’fn_ > n~!. Since By is a weighted average of 1 and B,_, it follows immediately

that Thenk:

B, > 1-n7".
k

This guarantees that 7," < 7P, P—a.s. In particular 7" — 78" as k — oo. The proof
of our claim is completed by observing that the limit TE is necessarily equal to +o00; this
is a classical result for hitting times of constant barriers O

As a consequence of the last remark, we deduce that

B! > 1-n"' and |xt" — 7| < h, forall s>0. (5.6)

S§—
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Remark 5.2 Since f(1) = 0, f is continuous at b = 1, f(b) < 0 for b > 1, and (5.6)
holds, it is immediately checked from the above definitions that there is a constant C' such
that, for sufficiently large n,

0 < ALY < n~'/2 and 0 < AMP™ < Cn~? for se {T}é’n, k>0}.

This guarantees that the process of holdings in risky assets Y»" is positive P—a.s. for
sufficiently large n. O

Remark 5.3 In view of the previous remark, it remains to show that ZE™ > 0 for all
s > 0, in order to conclude that v»" is an (y,z,b)—admissible consumption-investment
strategy. To see this, notice that the process Ztn .= Xtn 4 Yhn satisfies the linear stochastic
differential equation :

aztn = 7" [(T —&(s) + ™ (u — 1)) ds + or" AW, — WZ’iLf(BE;”,)dM;’”] .
Using (5.6), we see that the jumps of this process satisfy
AZET =~ f(BU)AMEY > —(R+1)f(1—nh) > -1,

for sufficiently large n. Since Zé’" = z > 0, this guarantees that the process Z is non-
negative, and using again (5.6), it follows that for sufficiently large n :

zin = g 1 fB) wn] > 2 (- f1 -7 (14 7) > 0.

S

The main property of the sequence (Vt’")n is the following.

Lemma 5.1 Let Conditions (??) and (5.1) hold, and let t > 0 be some fized time horizon.
Consider a tazation rule defined by a delay 6 > 0 and a function f satisfying (2.5) with f
locally Lipschitz at z = 1.

Let (y,z,b) be some initial data in S with Bo— = b = 1 whenever 6 > 0. Then the
consumption-investment strategy v"" defined in this section is admissible, i.e. V" €
Al (y, 2,b).

Assume further that nh2 — oo. Then, the process Ztn .= xtn 4 ytn = xv"" 4 yv™"
satisfies :

E
0<s<t

2
_ R
sup {(Zs - Zﬁ’”) } ] < « (hi —i—n_lh;Q) ,
for some constant o depending on t.

Proof. 1. We first observe that we may reduce the problem to the case where no tax
credits are offered, i.e.

18



This follows from the non-decrease of the process Z := X +Y in terms of the tax function

f-
2. By definition of the sequence of stopping times (T,ﬁ’"), we have

sup ‘7{2’" - 7?‘ < h, and 0i<nf< Bz’f —1>n'forallk>1. (5.7)
0<s<t <s<t

Set D := Z" — Z. Since Dy = 0, we decompose D into :

Ds = Fs+Gs+HSa

where
Foom [ Duflr = ct)duct mi ((u = r)dut o]
Gy = /Os Zoy (mg" — @) (( — r)du + odW,,)
Hoo= [y (Bl) (Du o+ Z) ay
= =Y mr (B (Du-+ 20 ) AML™
u<s

In the subsequent calculation, A will denote a generic (t—dependent) constant whose value
may change from line to line. We shall also denote by V;* := supg<, <, |Vu| for all process
(Vs)s-

We first start by estimating the first component F. Observe that ¢(.) is bounded and the

t,n

process 7" is bounded by 27 for large n. Then

K] 2 s 2
|F,> < 2 (/ Dy(r — é(t) + b (u — T))du) +2 (/ Duﬁ;i’nO'qu)
0 0

s s 2
< A/ | DX 2du + 2 (/ Duwf;noqu> .
0 0

By the Buckholder-Davis-Gundy inequality, this provides
$ s
EF;? < A (/ E| D |*du + ]E/ IDu|2|7rf;"|202du>
0 0
S
< A/ E| D} |*du . (5.8)
0
Similarly, :

s 2 s 2
|Gs|> < 2h2 [(M—T)Q (/ Zudu> +o? (/ Zuqu) ] :
70 70

Using again the Buckholder-Davis-Gundy inequality, this provides

E|GI? < AR%. (5.9)
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Finally, since the jumps of M*™ are bounded by n~'/2 and Do_ + Zy_ = 0, we estimate
the component H by :

—rt,_1/2 —rt|, _t,n t,n >
e "'n'?|Hy| < Ze |7TT,§’"6—|f <Br£’"—) (|DT£;n_| +ZT/i:;n—) Ling,
k>1 g
e b _
< Ze TThy ‘71'75;:,1” |f (Btfn ) (|D;| + Z:) 1'rt’n<t
T — T — S
E>1 é é
* 7% —rrbm t,
< AQDS 1) e g (B ) 1 (5.10)

k>1

where the last inequality follows from the boundedness of the investment process 7%". Since
b =1 whenever § > 0, 1 — B%" is bounded from below by n~!, f > 0 satisfies (2.5) and is
locally Lipschitz at b =1 , this provides :

_ ot
[H| < An=2 (D3 +1Z51) ) e ™ Loing,

In the next step, we shall prove that
2

t,n
. —2:92 —rT;’
limsup n~“h; E Z e ks 1T£,n5t < 0. (5.11)

Then, it follows from the Cauchy-Schwartz inequality that
ElH,|> < An~'h;? (1 + ED}?) . (5.12)

We now collect the estimates from (5.8), (5.9) and (5.12) to see that :
S
(1-An"'h?)EIDI” < A (hi +n"th,? +/ E|D;|2du> forall s<t.
0

Assuming that the sequence h,, satisfies nh2 — 0, it follows from the previous inequality
that

S
E|Dj]*> < A (hi +n" +/ E|D;;\2du> forall s<t,
0
and the required result follows from the Gronwall inequality.

3. In this step, we complete the proof of the lemma, by verifying that the claim (5.11) holds.

7_rt,n
In u .
(1 - ng)

By an immediate application of It6’s lemma, we see that the processes n®

3.1. Introduce the process

= ()

™ is governed by

the dynamics :
t,n t,n
dns™ = A (s,vrs’ ) ds +odW; for 7, <5 < Tpy1,

and 7" = (7)) for s € {T}é’n, k> 0} ,
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where A(.,.) is given by

a2 &(s)
A(Sap) = M_r_?+1—p’

recall that @ € (0,1) by (5.1), and therefore 75" € (0,1) for large n. Also, since B4 is
pulled up towards unity at each stopping time, we have

Bt > B, (5.13)
where BY" is defined by :
dBY™ = —BY™ [(u— 0?)ds + 0dW,] for )" < s < 7,7,
n o 7 . l4y/m(i-n"? t,
and BY" = b := %forse{ﬁc", kZO}.
Under Condition (5.1), we have
o2
p-5 < A(s,m) foral s<t.

By the comparison result for stochastic differential equations this implies that
—InBY +1Inb < 5y — p(7) , s >0 for sufficiently large n. (5.14)
We also need to introduce the martingale P*" defined by :
Pi™ =0 and dPY" = —\(s,nt™)PLmdW, .

We shall denote by QY" the probability measure on F; defined by the density

th’n Pt,TL
PR
dP |g,
3.2. Observe that the random variables
oy = 7" — 1" forall k>1,
are independent. Then :
25 2 25 2
1 t,n t,n -1 et
Ri= B> e 1, = {ECT(P) S
k>1 k>1
4
< m | (ptn) | met -1
= t >.e T <t
k>1
4
Qt’n b
< CE?" |} e Luag,|
k>1
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N —2
for some t—dependent constant C, where EQ" [(Pf ’n> ] inherits the bound of the func-
tion A. This provides

R<cY [ I =" [e*‘wi’"] S| T [e*?”"i’”] (5.15)

§1>0 \1<k<j; J22j1 \J1<k<j2
S (I = ) (I s ]
Js>j2 \J2<k<js Jjazjs \Js<k<ja

3.3. We now define a convenient lower bound for the 9;’"’5. Set
kyn = (@ +hn) — (), k, = () —@(F—hy), and £, = —In(1—-n"") +1nb.

Then, it follows (5.14) that

o, > oy (5.16)
where
07 + 'r,ﬁ’fl = inf{s > T,z’fl :nb™ > (7)) + kn Al or b < (7)) — En}
It is immediately checked that
boen™", ky~h,, and k, = hy,. (5.17)

Then, since nh2 — oo, we have k, A £, = £, for large n, and therefore
Op = inf{s >l nl > p(m) + by or " < p(7) ~ ki }
= inf{s > T,ﬁ’n : aWSt’” >4, or aWst’” < —En}

where, by the Girsanov theorem, W" := W, + Jo Mu, T5™)du is a Brownian motion under
the probability measure Q".

3.4. Observe that the stopping times 9}; = HA’f in distribution. We then deduce from (5.15)
end (5.16) that :

ne o F (8 []) 5 (e )
J120 J2271
n in1\J3—J n _prhn Ja—j
(e ) (e o))
Jazj2 Ja>js

_ 4 gt [ e L
Cg{l B [e0]

The stopping time 9711 is the minimum between two first hitting times of the Brownian
motion of constant barriers. The distribution of this random variable is well-known. In
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particular

oo (V27 (52
oo (V27 (55

see e.g. Karatzas and Shreve [9] p100. By (5.17), we then directly compute that

DA [e,j,g?] =

1 _ EQt,n [eijré?] ~ vV 2]7‘ hn

20 n
so that
2
t,n ’n,2
vVR = E Ze_”k lf,ﬁ’"ﬁt < Ch_2 for large n,
k>1 n
and (5.11) follows. O
We are now ready for the
Proof of Theorem 3.1 We proceed in three steps.
1. We first show that
— t — —
lirgianf (y,z,b;05") > Jy(z2) = E / e PU(E(s) Zs)ds + e PTU(Z)
n—oo 0

for all (y,z) be in S and ¢t € Ry . Indeed, since the utility function U is non-decreasing, we
have

t

Iy, 2,b") > J = E / e—ﬂsu(a(s)(zgm/\zs)) ds + e PUZI" N Z,) .

0

Next, since U is p-holder continuous
U ()22 £ 2,)) ~ Uels)Z,)| < a(s)|(Z:22") P
Then using the Jensen inequality with the concave function z :— T3
: _ 13 Y
B (z.2%) P = &[|(227) | < |m(2207) P
Now, using the estimate provided by lemma (5.1)

2 _ P
2 = 7P e

b
A - 3
(IE|(ZSZ§’") |2> < (n7? ae™)

It follows that :




2. In the finite horizon case, the proof is completed by taking ¢ = T in Step 1. We next
concentrate on the infinite horizon case T' = +o00. Fix some positive integer k. By Remark
4.1, we have :

Then

for some t; > 0. By the first step of this proof :
. s =
Jim I (y,z,b007) > T, (2) .

Then, there exists some integer ny

_ 1 _ 1
Wz bi™) 2 To(z) = o2 2 Vele) -1

k tk,nk

3. Finally, we define the consumption-investment strategies o consisting in following v

up to tg, then liquidating at ?; the risky asset position and making a null consumption on
the time interval (tx,7"). Then:

1
J%(y, z,b;0F) > Jt’; (y, z, by ™) > Vip(z) — % forallk > 0.

This proves that ij(y,z,b) > lim supy_, o J%(y,z,b; k) > Vr(2). O

6 Upper bound for the value function V/(y, z,b)
We now consider a linear taxation rule
Lb) = a(1—0b) forall b > 0,

where « is some positive constant. We also assume that capital gains are taxed without
delay, i.e. § = 0.

The purpose of this section is to prove Theorem 3.2 which states that, despite the presence
of tax credits, it is not possible to do better than in the tax-free financial markets; in other
words, there is no way to take advantages of the tax credits.

Recall from Section 2.8 that, for all admissible consumption-investment process v, the
process Z is pathwise continuous in the linear taxation rule case, and its dynamics simplify
to :

dzy = [rZy + Y} —raK{ — Cy|dt + kY, dW, , (6.1)
where K¥ = YVBY,
A= (1-a)(p—r) and k := (1 — a)o.

In preparation of the proof of Theorem 3.2, we need the following observation.
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Lemma 6.1 Let (y,2,b) € ST, and v € Al(y, z,b) be given. Consider the stopping time
0 = TAnf{t>0: Z/=0}.
Then, on the event set {6 < T} :
YV = C = 0and Z¥ =Z§ =0 on the stochastic interval (0,T).

Proof. By easy calculation, we deduce from (6.1) that

t t t
Z; = e’"(t*to)Zg) +/ e’ (AYY —raK})ds —/ e Csds + Ki/ e"’Y)dWds .
to to to
Since v is an admissible consumption-investment process, the solvency condition Zy > 0
must hold for any ¢ € [0,7"). The required result follows from the law of iterated logarithm.
O

Proof of Theorem 3.2 Throughout this proof, the maturity date 7T is fixed in Ry U
{00}. When the initial position (y,z,b) is on the boundary of the solvency region 9S*
the result is trivial. Indeed, on the absorbing boundary 9%S¢, the problem reduces to the
(deterministic) control problem (4.6), hence V.£(0,z,b) = V.2(0,2). On 85S¢ it is easy to
verify that all admissible strategies have a null consumption and investment processes. We
then concentrate on the case where (y, z,b) is in S*.

1. Define the function v(t, z) by
v(t,z) = Vr_4(z) forall (t,2) €[0,T) xR, ,

where T'—t = 0o whenever T' = 0o, and V is the Merton value function. Since the function
v is smooth, it is easily seen that it is a classical solution to the associated Hamilton-Jacobi-
Bellman equation. In particular, the supersolution part reads :

(—ﬂ'u + %) (t,z) < =U(c) —[rz —c+{( —r)|Dv(t, z) — %U2C2D2v(t,z)

for all (¢,2) €[0,7) xRy and (¢,¢) € Ry xR, (6.2)
where D and D? denotes the gradient and the Hessian with respect to the z variable.

3. Fix some initial data (y,2,b) € S, and let v be an arbitrary admissible consumption-
investment strategy in .Az(y, z,b). For all integer n > 1, define the stopping time

Tn = T/\inf{s Z 0 : min(Z‘Igja|Z"‘;j|71’YSy) > n} ’

so that the stopped processes (Z},,. ) and (Yi4,.) are respectively valued in the

0<t<T 0<t<T

bounded intervals [n=1,n] and [0, n).
We next apply [t6’s lemma to the function v to get :

e Pro(r™, 22 ) —v(0,2) = / "B [(—ﬁv+ %) (s,2Z%)ds
0

1
+Dv (s, Z%) dZ" + 552\1@"|2D21} (s,ZY)ds
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Since the process Yy Du(s, Z¥) is bounded up to the stopping time 7,, we obtain by sub-
stitution of (6.1) in the above equality :

E[e (e, 22,)] - 0(0,2) = ]E/ " b [(—ﬂv + —avt) (5, 2) (6-3)
. . ot
+(rZ¢ — Cy+ \YY —raKY) Dv (s, Z¥)

1
+§I§2|Y;V|2D2’U (s,Z7)] ds.
Now, writing (6.2) with parameters ¢ = C¢(w) and ¢ = (1 — a)Y}(w), we see that P—a.s.
Ov v v v v 1 21vr |12 02 v
—ﬁ’U + E (SaZs) < _U(CS) - [rZs —C +)‘Yt9 ]DU(Sazs) - E’k‘: |K9 | D (SaZs)a

and we deduce from (6.3) that

T

E [e_ﬁT"v(T”,Z” )] —v(0,2) < —raIE/ ! e P [KYDuv (s, 2%) — U(Cy)] ds .

Tn
0

Since Du(t,z) > 0 for all z > 0, this provides :

T

v(0,2) > E[/ne_’BsU(C’s)ds+e_’HT”U(T”,Z”n)}
0

Tn
> E [/ e PU(Cy)ds + e_’BT“v(T",ZT”n)l{T<OO}] . (6.4)
0
3. Observe that
T — 0, P —as.

where @ is defined in Lemma 6.1. We now send n to infinity in (6.4). It follows from Fatou’s
lemma together with Lemma 6.1 that

[
v(0,z) > E [/ e*BSU(Cs)ds + 67’39’0(9, Zg)l{T@o}]
0
T
= E [/ e PU(C,)ds +e_’3TU(Z;’F)1{T<oo}] .
0

By arbitrariness of v € A/(y, z,b), this show that VTf(y, z,b) > Vr(z). O

7 Immediate realization of capital losses

In this section we consider a linear taxation rule without delay, § = 0, defined by the
function

£(b) = a(l—0). (7.1)
In this context, we have already proved that :

VIiy,2,1) = VIt(y,2,1) = V2(y,z), forall (y,2) € [0,00) x [0,00);
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in particular, the investor does not take profit from tax credits. For a better understanding
of this fact, we now construct explicitly a maximizing strategy in the linear taxation rule,
which exhibits tax credits.

We first intend to prove that it is always worth realizing capital losses whenever the tax
basis exceeds unity. In other words, for each (y,z,b) in S, any admissible consumption-
investment strategy for which the relative tax basis exceeds 1 at some stopping time 7 can
be improved strictly by increasing the sales of the risky asset at 7. We shall refer to this
property as the optimality of the immediate realization of capital losses. In a discrete-time
framework, this property was stated without proof by [5].

Proposition 7.1 Let £ be the linear tazation rule of (7.1), § = 0, and consider some
initial data (y,z,b) in S. Consider some consumption-investment strategy v := (C, L, M)
€ Al(y, z,b), and suppose that there is a finite stopping time T < T with P[t < T] > 0 and
BY > 1 a.s. on{r <T}.

Then there exists an admissible strategy U = V(v,T) such that

Y =YY, Z">2ZY, B"<B", C>C,
and
Jr(y,2,b0) > Jp(y,z,bv) .

We start by proving the following lemma which shows how to take advantage of the tax
credit at time 7.

Lemma 7.1 Let £ be as in (7.1), § = 0, and consider some initial holdings (y,z,b) in S.
Consider some consumption-investment strategy v = (C,L, M) € A*(y, z,b), and suppose
that there is a finite stopping time 7 < T with P[t <T] >0 and BY > 1 a.s. on {7 <T}.
Define v = (C,L, M) by

C:=C and (L,M) = (L,M)+(1,1)(1 — AM;)1i>r . (7.2)
Then v € A)qT(y,z,b) and the resulting state processes are such that
Y? =YY, Z'>ZY, B < B,
and, almost surely,
BZ=1, K/ <K! on {r<T}.

Proof. 1. Since v and 7 differ only by the jump at the stopping time 7, and AL, = AM,,
we have

YU — YI/ ,
and

(z/,B}) = (Z/,By) forall t<r.
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Notice that the jump at time 7 consists in selling out the whole portfolio as AM, =
AM; + (1 — AM;) = 1. Then, we clearly have :

B! =1
and
K’ —KY = Y (1-B“)(1-AM,) . (7.3)
Since
1-AM,

0> (1-BY) = (1-B”)

=

T A4
1+AL7——AM7— on {T< }7 (7 )

it follows that B,—- > 1 and 1 — AM,; > 0 a.s. on {7 < T'}. We therefore deduce from (7.3)
that

K/ —-K! <0 on {r<T}.

2. We next examine the state variable By for ¢t > 7. Since YV = Y”, we have KV — K" =
Y” (B” — BY), and

d(K{ — K}) = —(K{_ — K{_) dM;, with KX — KY = YY" (1 - BY). (7.5)
This linear stochastic differential equation can be solve explicitly :

K/ - Ky = (K? — KY) e ™MtV T (1- AM,), forall t>7,
T<u<t

where M€ denotes the continuous part of M. Since K — KY =Y"(1-BY) <0on {7 < T},
this shows that

K{ < K/ and therefore B < B} fort>rT. (7.6)

3. In this step, we intend to prove that Z} > Z} for ¢t > 7. Recall from (6.1) the dynamics
of the processes Z” and Z". Using the fact that Y” = Y, we have for t > 7 :

¢
e (20— 7)) = ZV-ZY — ar/ e~ ") (KY — K”) du
T
We next use (7.6) to see that, for t > 7 :
e (z0 — 7)) > ZP -7V > 0.

4. Clearly, v satisfies Conditions A1-A2-A3, and Z¥ > Z” > 0 by the previous steps of
this proof. Hence 7 € A(y, 2, b). O

Proof of Proposition 7.1. Consider the slight modification 7 = (C’ L, M ) of the consumption-
investment strategy introduced in Lemma 7.1 :

Coi= Gy — vt (K = K{) iz, and (L, 01) = (L,M) (7.7)
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BY), and

where ¢ is a positive constant such that ¢ < a . Observe that (Y7, BY) = (Y”
L,M ) we repeat

BY
Z? = Z7 for t < 7. In order to check the admissibility of the triple (C,
Step 3 of the proof of Lemma 7.1 and use K” = K” < KV :

)

t
e—r(t—T) (th/ _ Zél) = Z;? — Z;{ — r(a — 6)/ e—r(u—T) (KZ_ - KZ_) du

> ZV-7v.
Since Z? — Z¥ = Z¥ — 7Z¥ > 0 by Lemma 7.1, it follows that Z7 > Z! as., and ¥ €
A (y; 2,b). )
Recall from Lemma 7.1 that K < KY on {7 < T}. Since the process (K” — K") is right-
continuous, the strict inequality holds on some nontrivial time interval almost surely on
{r < T}. Hence C > C with positive Lebesgue® P measure, and

Tp(y,2z,b:0) > Jh(y,z,biv) .
O

In view of the optimality of the immediate realization of capital losses stated in Proposi-
tion 7.1, we will now prove that, given (y,z) € S, and for all constant € > 0, the problem
of maximizing Jr}(y, z;v) can be restricted to those admissible control processes v inducing
an accumulated amount of tax credit bounded by e.

Lemma 7.2 Let £ be the linear tazation rule defined in (7.1), 6 =0, and let t > 0 be some

finite maturity, € > 0, and v in AY(y,z). Then, there exists v° = (C%, L, M?) in A'(y, 2)
such that

t
JHz,y;0°) > JH(z,y;v) and / (BZE_—I) YV dMY < € a.s.
0

Proof. Let §° := 0,0 := v,

"t = tAinf{s>6" : (B —1)(1VH) >¢},
with
7 = Y2 T - aMy)
u<s
and
S N Vn1{9n+1:t}+V(Vn,0n+1)1{9n+l<t}-

where M*"¢ denotes the continuous part of M*", and V is defined in Proposition 7.1 so as
to take advantage of the tax credit while decreasing the relative tax basis. We shall simply
denote (Y™, Z", B") := (Y"",Z"", B""). Then :

cvtt > con, vyr =Y zntt > z¢ Bl < Bn (7.8)
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and
(B -1)(LVH!")<e for t<o™. (7.9)

Clearly, for a.e. w € Q, 0"(w) =t for n > N(w), where N(w) is some sufficiently large
integer. Therefore the sequence v"(w) is constant for n > N(w) and

v — f as.

for some v € Af(y, z,b). Also, by construction of the sequence v", we have :

for s <", (7.10)

E _ ,n
Vv, = Vg

By (7.8), it is immediately checked that Jf(y,z,b;v°) > J¢(y,z,b;v). We finally use (7.9)
and (7.10), together with It6’s lemma, to compute that

t t
/ (B 1) Y dMY < ¢ / Y (HY )" tdMY
0 0

t ec > €
= e/eMs” [10a-amy)amy
0

u<s
= ¢ e M¢ H AM”
u<t
< €,
by the fact that 1 — AM"" < 1. O

We are now ready for the

Proof of Proposition 3.1 Let (y,z,b) some initial date in S, and let (#"),>1 be the

sequence of consumption-investment strategies defined in Step 3 of Section 5, which satisfies
Ti(y, 2,6:0") > Vi(z) - % :

Recall that (2™),>1 is defined from (v*"),>; by means of a diagonal extraction argument,

and 0" = v for T' < co. In view of (3.2), we deduce that (#™),>1 is a maximizing strategy

for the problem Vi(y, 2, b).

1. When the time horizon T is finite, this result is an immediate consequence of Lemma

(7.2). Indeed, it suffices to define for each n > 1 the strategy o™ := VY/"(0",T) as in

Lemma (7.2), then (7™),>1 is a sequence of maximizing strategies satisfying the requirement

[3 (BT —1)Y7"dM?" < n~! P-as.

2. We now concentrate on the case T" = co. Observe that for alln > 1

Ty, 2,b:0") = lim J{(y, z,b;0") .

This follows by the the monotone convergence theorem and the fact that the utility function
is nonnegative. Then, there is a sequence ¢, — oo such that

~ . 1
Tooly,2,:9") < T (y,2,b0") + —

Clearly the sequence 7 := V/™(#™ t,) is a maximizing sequence for the problem VZ (v, z, b)
which satisfies the requirement of the proposition. O

30



References

[1]

[2]

[10]

[11]

[12]

[13]

[14]

M. Akin, J.L. Menaldi, A. Sulem (1996) On an investment-consumption model with
transaction costs, SIAM Journal on control and Optimization 34, 329-364.

J. Cox and C.F. Huang (1989). Optimal consumption and portfolio policies when
asset prices follow a diffusion process, Journal of Economic Theory 49, 33-83.

J. Cvitani¢ and I. Karatzas (1992). Convex duality in constrained portfolio opti-
mization. Annals of Applied Probability 2, 767-818.

M.H.A. Davis and A.R. Norman (1990). Portfolio selection with transaction costs.
Mathematics of Operations Research 15, 676-713.

R.M. Dammon, C.S. Spatt and H.H. Zhang (2001). Optimal consumption and in-
vestment with capital gains taxes. The Review of Financial Studies 14, 583-616.

E. Jouini, P.-F. Koehl and N. Touzi (1997). Optimal investment with taxes : an opti-
mal control problem with endogeneous delay, Nonlinear Analysis : Theory, Methods
and Applications 37, 31-56.

E. Jouini, P.-F. Koehl and N. Touzi (1999). Optimal investment with taxes: an
existence result, Journal of Mathematical Economics 33, 373-388.

I. Karatzas, J.P. Lehoczky and S.E. Shreve (1987). Optimal portfolio and consump-
tion decisions for a ”small investor” on a finite horizon. SIAM Journal on Control
and Optimization 25, 1557-1586.

Karatzas 1., and Shreve S. (1991). Brownian Motion and Stochastic Calculus,
Springer-Verlag.

R.C. Merton (1969). Lifetime portfolio selection under uncertainty: the continuous-
time model. Review of Economic Statistics 51, 247-257.

R.C. Merton (1971). Optimum consumption and portfolio rules in a continuous-time
model. Journal of Economic Theory 3, 373-413.

S.R. Pliska (1986). A stochastic calsulus model of continuous trading: optimal port-
folios, Mathematics of Operations Research 11, 371-382.

S.E. Shreve, H.M. Soner (1994). Optimal investment and consumption with trans-
action costs, Annals of Applied Probability 4, 609-692.

M. Gallmeyer, R. Kaniel and S. Tompaidis (2002). Tax Management Strategies with
Multiple Risky Assets, preprint.

31



