INTRODUCTION TO THE SPECTRAL THEORY OF
DIFFERENTIAL OPERATORS
EXERCISES 1, WEEK FROM APRIL 11

JOCHEN BRUNING

We use the notation introduced in the Lecture. FE is a complex
vector space of finite dimension, A € L(F) is a linear endomorphism.
We define

spec A := x 3 (0) = (\)); k(A , A eC, k(A) <dimFE,
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P; and D; are called the pl"Q]@CthIl and the nilpotent part of A at \j,
respectively. We also write

Raj(2) = (2= A\ A = Raj(2)P™ + > (2= \;)' Ay,
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and we call R4 ;(2)P"™ the principal part of A at \;.

1. Show that .
Fepec (R (2) = |2 = Ajl, 2 # A
2. Show the following relations:
PP, = PiP; = 03P,

k(A)
> P =g
j=1
P;A = AP;.

3. Show that for any simply closed and positively oriented rectifiable
curve ¢ in C enclosing the domain Intc and not intersecting spec A we

have
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4. Show that
A=>"NPi+) D;j=:S+D,
J J
where S is semisimple and D is nilpotent, and
[S,D] =0.
Show in addition that this decomposition is unique.

INSTITUT FUR MATHEMATIK, HUMBOLDT—UNIVERSITAT, RUDOWER CHAUSSEE
5, 12489 BERLIN, GERMANY,
E-mail address: bruening@mathematik.hu-berlin.de



