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Let H be a separable and not fininte dimensional Hilbert space.

Show that any compact subset of C can be the spectrum of a normal operator.
Hint: Consider a fixed o.n.b. (e;);en of H and consider the operator

Asej = ajej,  a=(aj)jen CL(N).

Let B be a commutative B-algebra. Then for a € B,

Fiecla) = sup || = lim [la” " < ]
speca

If ||a?|| = ||a||* then
(1) 7spec(a) = [lall-
In particular, if B is a C*-algebra then (1) holds for all a € B.

Let E be a B-space and (a;) ez, C E. Prove Hadamard’s theorem:
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If p = limysocf|ay|| V7 and R := { /o P #0,
o0, p:O’

then the series

f(z) = Z a; 2’

J20

is absolutely convergent for |z|p < 1, and divergent for |z|p > 1.
If A is a linear map in a Hilbert space H, then the set

W(A) :={(Az,z) € C : ||z||=1} Cc C
is called the numerical range of A.
a) A€ L(H) <= W(A) is bounded.

b) If A € L(H) then W(A) is convex, and if dim H < oo, then W (A) is compact.

If A€ K(F), E Banach space, and im A is closed then A € ICy(F).
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