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Let D € Diff, (M, Ey, E5). Show that
D(€) € L(Erp, Bry), pe M, £ € TM,

defined by

DO =D (75) )
is well defined if e € E),, § € TyM, s € C(M.E) with s(p) = e, ¢ € C(M) with
¢(p) =0, dg(p) = ¢.
Show that for D; € Diffy, (M, E;, E;11), ¢ = 1,2, one has

Ds(€) 0 Di(€) = Dy 0 Dy ().

Assume that M is Riemannian and oriented, and that F; — M is smooth with
hermitian metric A%, ¢ = 1,2, and consider D € Diffy(E1, Ey). Define for s; €
C>*(M,E;), i,j =1,2,

(81,82)2(8,) = / (81, 82) .5 (p) volu(p);
M
Show that there is D' € Diffy(Es, Ey) such that for s; € C(M, E;)
(Ds1, 89) 12(5) = (51, Ds2) 121y

Prove that

—

Di(§) = D(&)".
Let M be an orientable Riemannian manifold. For X € 7(M), define the divergence
by
div X = Z<VI;.XQZ'7>TM7

i=1
where (e;) is any local orthonormal frame for TM. Show that for any X € 7'(M), f €
(M)

a) div X voly = Lx(voly), £ the Lie derivative;

b) div(fX)=Xf+ fdivX;

¢) X' =—Xuxdiv X, if X is considered as a first order differential operator on C*°(M);
)

d (Vﬁ”})T = —V%& — div X for any smooth hermitian bundle E — M and any metric
connection V%,
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