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ABSTRACT

Thepurposeof thiswork is to obtainanapproximationfor thetop
Lyapunov exponent,theexponentialgrowth rate,of theresponse
of asingle-wellKramersOscillatordrivenby eitheramultiplica-
tive or anadditivewhite noiseprocess.To this end,we consider
the equationsof motion as dissipative and noisy perturbations
of a two-dimensionalHamiltoniansystem. A perturbationap-
proachis usedto obtainexplicit expressionsfor theexponentin
the presenceof small intensitynoiseandsmall dissipation.We
show analyticallythatthetopLyapunov exponentis positive,and
for smallvaluesof noiseintensity

�
ε anddissipationε theexpo-

nentgrowsproportionalto ε
1
3 .

1 Introduction

No theoremhashadsodirectandpowerful aninfluenceuponthe
studyof stochasticstability of noisy dynamicalsystemsas the
multiplicative ergodic theorem(MET) of Oseledec[13], which
establishedtheexistenceof (typically) finitely many determinis-
tic exponentialgrowth ratescalledLyapunovexponents. Thesta-
bility of linearstochasticsystemsbasedon MET hasbeenwell
established[3,1] andthe top Lyapunov exponentcanbe evalu-
atedexplicitly with relative easewhen the noisy perturbations
anddissipationareweak[2,15].

Theprimaryconcernin theanalysisof nonlineardynamicalsys-
temsis the determinationandpredictionof steady-stateor sta-
tionarymotionsandtheir correspondingstability. Thechallenge

hasbeento extendtheexisting techniquesin orderto explicitly
evaluatethe top Lyapunov exponentof nonlinearsystemswith
noise,andin particularadditivewhitenoise.

For example, many engineeringsystemsunder additive white
noiseexcitationscanbeexpressedas

ẍi
t � βi ẋ

i
t � ∂U

∂xi � xt ��� ξi � t ��� i � 1 � 2 �	�
���
� n � (1)

whereξi � t � ’s arestationarystochasticprocesses,βi ’s represent
the dampingin eachmode,andU is the potential. Under the
assumptionsthatξi � t � ’sareuncorrelatedGaussianprocesses,and
the ratio of the spectraldensityof eachexcitation, ξi � t � , to the
correspondingdamping,βi , is thesame,i.e.,

γ � βi

κii
for all i �

whereE � ξi � t � τ � ξi � t ��
�� 2κii δ � τ � , thestationaryprobabilityden-
sity of (1) canbeeasilywrittenas

p � x � ẋ��� Cexp

���
γ � 1

2

n

∑
i � 1
� ẋi � 2 � U � x�����

Suchstationaryprobabilitydensitiesexist for anevenlargerclass
of multi-dimensionalnonlinearsystemsandthereis a vastengi-
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neeringliteraturethat dealswith the determinationof suchsta-
tionarymeasures(seefor example,Lin andCai [14]). However,
thereare no concreteresultson the sign of the top Lyapunov
exponentscorrespondingto thesestationarymeasures.Hence,
their stability is not known. The challengetherefore,is to ex-
plicitly evaluatethetop Lyapunov exponentsof thesestationary
measures.It is this needandchallengethatwe shall addressin
this paper.

Schimansky-GeierandHerzel[17] werethefirst to considernu-
merically theLyapunov exponentsof a two dimensionalnonlin-
earsystemunderadditive noise.Their work wasdevotedto the
effectof noiseon theKramersOscillator

ẍt � ε ẋt � U � � xt �	��� �
2εξ � t ��� (2)

whereU � x��� �
a
2x2 � b

4x4 � a � b � 0, with double-wellpoten-
tial. It wasshown [17] that the top Lyapunov exponentis posi-
tive, i.e.,

λ � ε � � 0 for ε not toolarge

Hence,anadditivenoiseinducesanunstablestationarymeasure.
Our task in this paperis to show analytically this remarkable
observationfor (2)aswell for similarsystemswith multiplicative
noise.

KramersOscillator with double-well potential, consideredby
Schimansky-Geier and Herzel [17], hasmultiple fixed points,
oneof which is connectedto itself by a homoclinicorbit. The
procedurepresentedherereliesuponanimplicit assumptionthat
the instantaneousfrequency of the unperturbedmotion (ε � 0)
mustbenon-zeroor theperiodsof oscillationsor rotationsarefi-
nite. Hence,asubtletreatmentis necessaryin aneighborhoodof
thehomoclinicorbit wheretheunperturbedorbitshave arbitrar-
ily long periods.In orderto remedythis problem,two different
models,onewhich is valid away from thehomoclinicorbit, the
othervalid in aboundarylayeraboutthehomoclinicorbit should
beintroducedandit is beyondthescopeof this paper. Thus,we
donotconsiderit fruitful to attemptto makeageneraltheoryfor
all typesof two dimensionalnonlinearHamiltonians.Rather, we
restrictour developmentto the casefor Hamiltonianswith iso-
latedsingleelliptic fixedpoint, i.e.,aweaklyperturbedoscillator
with a single-wellpotential.However, theanalysisdevelopedin
this papercould be extendedwith someeffort to provide anal-
ogoustheoremspertainingto Hamiltonianswith multiple fixed
points. Theversatilityof the methodpresentedhere,will make
this methodto beadoptedto suchsituations.

Before we proceedfurther, we shouldmentionin this context
somewell-known resultspertainingto one-dimensionalnonlin-
earstochasticsystems.It hasbeenshown thatthetwo point mo-

tion of a onedimensionalnonlinearstochasticsystemis unique.
Morepreciselyif a noisyonedimensionalequation,

ẋt � f � xt � � g � xt � ξ � t � (3)

hasa stationaryinvariantmeasure

p � x��� N
g � x� exp ��� x 2 f � η �

g2 � η � dη  � (4)

thenasin Arnold [1], theLyapunov exponentis

λ � �
2 � ∞

0 ! f � x�
g � x�#" 2

p � x� dx � (5)

The Lyapunov exponentis alwaysnegative provided f � x�%$� 0.
Similar resultsarealsopresentedby Lenget al. [11].

In the absenceof dissipationandrandomperturbations(ε � 0),
system(2) is integrable(Hamiltonian). UnperturbedHamilto-
niandynamicsprovidesamazinglysuccessfuldescriptionsof the
nonlineardynamicsandits mathematicaltheory[6] hasevolved
alongsidethephysicalunderstanding,to a point of high sophis-
tication. The underpinningof the methodpresentedhereis a
separationof scales.Theslowly varyingcoordinateis thevalue
of theHamiltonianandthequickly varyingcoordinateis thepo-
sition (or angle)in theappropriatelevel setof theHamiltonian.
Herewe presenta general,effective,systematicapproachto de-
terminetheasymptoticsamplestabilityof weaklyperturbed(dis-
sipatively andstochastically)two dimensionalnonlinearHamil-
toniansystems.Randomperturbationsof Hamiltoniansystems
areof greatinterest,particularly, in the study of noisy nonlin-
earmechanicalsystems.Randomly-perturbedHamiltoniansys-
temon & 2 with multiple fixedpointsareconsideredby Freidlin
andWentzell [10] in the contex of stochasticaveragingandby
Freidlin andWentzell [9] in thecontex of largedeviationstech-
niques.

In Section2, we statethe mathematicalstructureof the prob-
lem. In section3, we introducetheconceptof action-anglevari-
ables[6], apply the classicalresultsof symplectictransforma-
tion and derive the evolution of the action-anglevariables. In
section4, dueto thenilpotentstructureof the linearvariational
equations,Pinsky andWihstutz[16] re-scalingis usedin thelin-
earvariationalequationsto derive the Furstenberg-Khasminskii
formula. In sections5 and6 we appealto the resultsof Sri Na-
machchivayaandVanRossel[15] andImkellerandLederer[12]
to evaluatethefirst term in the asymptoticexpansionof the top
Lyapunov exponent.
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2 Statement of the Problem
We consideran idealizedparticle moving in a symmetricsin-
gle well potentialdescribedby a functionU definedon & � The
Hamiltonianof thesystemwill begivenby

H � x � y�'� U � x� � y2

2 � x � y ()& �
and it is assumedthat the Hamiltonianhasan isolatedelliptic
fixedpoint. Thepurposeof this paperis to examinetheasymp-
totic samplestability of this nonlinearsystemunderrandomand
dissipative perturbations.We restrict to this classof potentials
from thebeginningto makethecalculationsof thetopLyapunov
exponentbecomelesscumbersome.Theparticularsetof global
variablesdiscussedin thesubsequentsectionsof this paperwill
shedlight on this restriction.Formally, we assume

U * 0 � U � 0�'� 0 � U � x��� U � � x��� x (+& �
andx ,- U � x� strictly increasingon &�. � The motion of the cor-
respondingHamiltoniansystemis periodicreturningto thesame
point x � y (/& in thephasespaceaftera periodT � x � y� . For each
x � y ()& , definethereturntime

T � x � y��� : inf 0 t � 0 : ξt � z��� z1 (6)

whereξt � z� is the Hamiltonianflow for all � x � y�2� z (3& 2. It
is clearthatT dependssolelyon H � x � y� andthat it is nonnega-
tive on & 2 4 0 0 1 . Thuswe startout with a Hamiltonianenergy
functionwith a verysimplestructure.

Assumption 2.1. (Hamiltonian): We assumethatH : & 2 -5&
is C∞ andnonnegative. We assumealso that H � x � y��� 0 if and
only if x � 0 � y � 0. Secondly, H � x � y� = H � � x � � y� for all x � y (& . Thirdly, weassumethat

A � : D2H � 0�
is positive-definite. Finally, we assumethat for each h � 0, the
setH 6 1 � h� is connectedand of finite 1-dimensionalHausdorff
measure.

We assumethat the particleis weakly dampedandweakly per-
turbedby a white noiseprocess.Theprimaryconcernis thede-
terminationof thestability of thestationaryinvariantmeasures,
which are the stochasticanalogueof steadystatesolutionsin
nonlineardeterminsicsystems.The perturbationsarescaledby
appropriatepowersof ε, (ε 787 1), in orderto obtaintheeffectof
thedampingandthenoiseat thesameorder. To thisend,random

perturbationof a two-dimensionalHamiltoniansystem,with an
isolatedelliptic fixedpoint, is preciselygivenby

dxt � yt dt � (7)

dyt � � � εyt

�
U � � xt �9� dt � � 2εσ � xt � yt �;: dWt �

Hereσ : & 2 -<& is supposedto be a smoothfunction of sub-
linear growth. Equation(7) representsthe randomvibration of
singledegreeof freedommechanicalsystemsundereitherpara-
metric or additive white noiseexcitations. Hence,the typical
examplesthatwe consideraregivenby theadditivenoisecase,
i.e., σ � x � y��� σ � const � which hasbeenstudiedextensively in
theliterature(seefor example,Bolotin [8]), or by themultiplica-
tive noisecoupledto the displacement,i.e. σ � x � y�=� x � or the
velocity, i.e. σ � x � y��� y. Our aim is to obtainanasymptoticex-
pansionof thetop Lyapunov exponentof therandomdynamical
systemdescribedin (7) by makinguseof theprescribedscaling.

3 Problem Formulation in Action-Angle Coordinates
The randommotionsconsistof fast rotationsalong the unper-
turbedtrajectoriesof the deterministicsystemandslow motion
acrossthesetrajectories.Thenatureof our systemthussuggests
a setof coordinateswhich splitsthetwo componentsof motion:
action-anglecoordinates. They arecommonlyusedin theclassi-
cal perturbationtheoryof mechanicalsystems(seeArnold [6]).
Theactionpartis definedby theareaenclosedby thelevel curves
of H. Hence,it capturesthe slow componentof the motion.
Whereastheanglepartdescribesuniformmotionalongthelevel
curves,andis thereforerelatedwith thefastcomponent.

To this end,we needto transformH � x � y� by meansof a canoni-
caltransformationinto new variables(I � φ action-angle)suchthat
thenew Hamiltonianis aconstant,h � I � andtheanglecoordinate
φ increasesby 2π after eachcompleteperiodT � x � y�>� T � I � of
themotion. To introducethesevariables,following Arnold [6],
we work with thegeneratingfunctionS� I � x� , determinedby the
requirements

y � ∂S
∂x � I � x�?� φ � ∂S

∂I � I � x��� H � x � ∂S
∂x � I � x�	��� h � I ��� (8)

I � I � h� is a function of the possiblevalues h of H. The
Hamilton-Jacobiequationin (8) is solvedfor thegeneratingfunc-
tion S� I � x� by letting

S� I � x�'� � x6 xo @ I A y � I � ξ � dξ � �
x0 � I �;B x B x0 � I ���

where

y � I � x���DC 2 � h � I � � U � x�9���
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It is immediatelyobviousthatS� I � x0 � I �	�E� π I � Hence,following
Arnold [6], we introducethetransformation

φ� ∂
∂I
� x6 x0 @ I AGF 2 � h � I � � U � ξ �	� dξ (9)� h� � I � ∂

∂h
� x6 x0 @ I AGF 2 � h � U � ξ �9� dξ� ω � I � � x6 x0 @ I A 1C 2 � h � I � � U � ξ �	� dξ �

and

y � φ � I ���IHJC 2 � h � I � � U � x � φ � I �	�9�K� (10)

The main point behindthe methodthat is developedhereis to
usethegeometricstructureof theunperturbedintegrableHamil-
tonianproblemin orderto developan appropriatesetof ”coor-
dinates”for studyingtheperturbedproblem.Now thatwe have
developedsuchsymplecticcoordinates,let us use(9) and(10)
to give someinformationon the Jacobianof the transformation� x � y� ,- � φ � I � which is essentialin deriving theperturbedequa-
tionsin thenew variables� φ � I ���
Lemma 3.1. For I � 0 wehave

∂x
∂φ � y

ω � ∂y
∂φ � �

U � � x�
ω � (11)

Moreover,

ω � U � � x� ∂x
∂I � y

∂y
∂I � (12)

In particular,

∂x
∂φ

∂y
∂I

�
∂x
∂I

∂y
∂φ � 1 �

i.e. thetransformationbelongsto a symplecticform.

Proof:
Straightforward. L
Lemma 3.2. For I � 0 � φ ( 
 0 � π � define

β � φ � I ��� � φ

π
2

� 1
y2 � ξ � I � � ω � � I �

ω2 � I � 
 dξ �

for φ (M� 0 � π
2 �
α0 � φ � I ��� � φ

0
� U � � � x � ξ � I �9�
U � � x � ξ � I �	� 2 � ω � � I �

ω2 � I � 
 dξ �
andfor φ ( 
 π2 � π 


απ � φ � I ��� � φ

π
� U � � � x � ξ � I �9�
U � � x � ξ � I �9� 2 � ω � � I �

ω2 � I � 
 dξ �
Thenwemaywrite for I � 0 andφ ( 
 � π � π �

∂ � x � y�
∂ � φ � I � � � ∂x

∂φ
∂x
∂I

∂y
∂φ

∂y
∂I
� � � y

ω yβ�
U N @ xA

ω
ω
y

�
U � � x� β � � (13)

for φ (M� 0 � π
2 �

∂ � x � y�
∂ � φ � I � � � y

ω
ω

U N @ xA � yα0�
U N @ xA

ω

�
U � � x� α0

� � (14)

andfor φ ( 
 π2 � π 

∂ � x � y�
∂ � φ � I � � � y

ω
ω

U N @ xA � yαπ�
U N @ xA

ω

�
U � � x� απ

�O� (15)

Moreover, for I � 0 � φ (M� � π � π 
 wehave

∂x
∂φ � � φ � I ��� �

∂x
∂φ � φ � I �P� ∂y

∂φ � � φ � I ��� ∂y
∂φ � φ � I ��� (16)

∂x
∂I � � φ � I ��� ∂x

∂I � φ � I �P� ∂y
∂I � � φ � I ��� �

∂y
∂I � φ � I �?�

Proof:
Letusfirst treatthecase

�
x0 � I �EB x 7 0 � y * 0 whichcorresponds

to I � 0 � φ (Q� 0 � π
2 � . Integrating(9) by partsandthendifferentiat-

ing with respectto I , we obtain�
φ

ω �
ω2 � 1

y
� � ω

U � � x� � ∂x
∂I

 � ω � x6 x0

U � � � ξ �
U � � ξ � 2 1C 2 � h � I � � U � ξ �9� dξ �

Solving this equationfor ∂x
∂I andnoting that by Lemma3.1 we

havedξ � ∂ξ
∂φ dφ � y

ω dφ yieldstherequestedformulafor ∂x
∂I �
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In case

�
x0 � I � 7 x 7 x0 � I �?� y * 0 correspondingto I � 0 � φ ( 
 0 � π �

symmetryallowsusto write thealternativeof (9)

φ � π
2 � ω � x @ φ R I A

0

1C 2 � h � I � � U � ξ �9� dξ �
Now differentiatewith respectto I to get

� π2 � φ � ω �
ω2 � 1

y
∂x
∂I

�
ω � x

0

1C 2 � h � I � � U � ξ �9� 3 dξ �
This equationis againsolved for ∂x

∂I , andthe integrationin x is
replacedby anintegrationin φ. This gives(13).

Thecase0 7 x 7 x0 � I �?� y * 0 is treatedasthefirst case.Finally,
(16) is obviousfrom thedefinitions. L
The symplecticpropertyof our coordinatechangeimmediately
allows to give formulaefor the inverseof the Jacobian.This is
anadditionaladvantageof usingcanonicaltransformation.

Lemma 3.3. We havefor I � 0 andφ ( 
 � π � π �
∂ � φ � I �
∂ � x � y� � � ∂φ

∂x
∂φ
∂y

∂I
∂x

∂I
∂y
�/� � ω

y

�
U � � x� β �

yβ
U N @ xA

ω
y
ω

�8� (17)

for φ (3� 0 � π
2 �

∂ � φ � I �
∂ � x � y� � � � U � � x� α0

�
ω

U N @ xA � yα0
U N @ xA

ω
y
ω

�%� (18)

andfor φ ( 
 π2 � π 

∂ � φ � I �
∂ � x � y� � � � U � � x� απ

�
ω

U N @ xA � yαπ
U N @ xA

ω
y
ω

� � (19)

Moreover, for � x � y�S$� � 0 � 0� wehave

∂φ
∂x � x � � y�
� � ∂φ

∂x � x � y�?� ∂I
∂y � x � � y�T� ∂I

∂x � x � y�?� (20)

∂φ
∂y � x � � y�K� ∂φ

∂y � x � y�?� ∂I
∂y � x � � y�T� � ∂I

∂y � x � y���
Proof:
This follows directly from Lemma 3.2 and the fact that the

Jacobianhasdeterminant1 due to the symplecticcharacterof
thetransformation.L
We arenow in a positionto describeour basicequations(7) in
action-anglevariables.Differentiatingtheaction-anglevariables
andmakinguseof Lemma3.2andLemma3.3yields,

dIt � U � � xt �
ω � It � yt dt � yt

ω � It � � � εyt

�
U � � xt ��
 dt� � 2ε

yt

ω � It � σ � xt � yt �U: dWt (21)

def� ε fI � φt � It � dt � � 2εgI � φt � It �V: dWt �
dφt � ∂yt

∂I
yt dt

�
∂xt

∂I
� � εyt

�
U � � xt �W
 dt� �

2ε
∂xt

∂I
σ � xt � yt �V: dWt (22)

def� ω � It � dt � ε fφ � φt � It � dt � � 2εgφ � φt � It �V: dWt �
wherethevectorfieldsappearingin (21)and(22)arerenamedas

fI � φ � I ��� �
y2 � φ � I �

ω � I � � fφ � φ � I ��� y
∂x
∂I � φ � I ���

gI � φ � I ��� � yσ � x � y�	� � φ � I �
ω � I � � gφ � φ � I ��� � � ∂x

∂I
σ � x � y�9� � φ � I �?�

I * 0 � φ (X� � π � π 
 , to simplify notationin the decompositionof
the infinitesimalgeneratorin the following section.For the lin-
earizationof oursystemweneedtheJacobianof thevectorfields.
For conveniencewechangetheorderof φ andI andtheJacobian
is givenby

Af � � Af
11 Af

12

Af
21 Af

22
�Y� � ∂ fI

∂I
∂ fI
∂φ

∂ fφ
∂I

∂ fφ
∂φ
�O� (23)

Ag � ! Ag
11 Ag

12
Ag

21 Ag
22 " � � ∂gI

∂I
∂gI
∂φ

∂gφ
∂I

∂gφ
∂φ
�O� (24)

CalculationsusingtheprecedingLemmasyield theformulaefor
eachelementof the above matricesAf and Ag. Furstenberg-
Khasminskiiformula for the top Lyapunov exponentis derived
in thenext section.
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4 Furstenberg-Khasminskii Formula
Following the notationof the precedingsectionwe shall now
considerthestochasticsystemin action-anglevariablesgivenby
in (21) and(22). Our aim is to obtainan asymptoticexpansion
of the top Lyapunov exponentof the randomdynamicalsystem
describedby (21)and(22). For thispurposewehaveto studyits
linearization.Let usdenotethelinearizedvariablesby � X � Y � and
keepingtrackof thenotationintroducedin theprecedingsection,
we have

! dXt

dYt " � ! 0 0
ω � � It � 0 " ! Xt

Yt " dt� εAf � φt � It � ! Xt

Yt " dt (25)� � 2εAg � φt � It � ! Xt

Yt " : dWt �
Becauseof thespecialstructureof thezerothordertermsin equa-
tions(21)and(22),thelinearvariationalequations(25)naturally
exhibit a nilpotentstructure.This nilpotentform is responsible
for themainresultson theasymptoticexpansionof its top Lya-
punov exponentto be developedin this andthe following sec-
tions. Sincethe invariantmeasureof theangularpartof the lin-
earization(nilpotent)trivializesin onedirection,weappealto the
resultsof Pinsky andWihstutz[16]. Accordingly, the variables� X � Y � arerescaledwith acertainfractionalpowerof ε, i.e.,

X � ε
1
3 u � Y � v�

in orderto seethecorrectasymptotics.In therescaledvariables
we obtaintheequation

! dut

dvt " � � εAf
11 ε

2
3 Af

12

ε
1
3 ω � � ε

4
3 Af

21 εAf
22
� ! ut

vt " dt

� � 2 � ε
1
2 Ag

11 ε
1
6 Ag

12

ε
5
6 ω � � ε

1
2 Ag

21 εAg
22
� ! ut

vt " : dWt �
We next applytheKhasminskiitransformationsothattheabove
linearequationis decomposedinto radialandangularpart. This
provides the most convenientsettingfor the descriptionof the
top Lyapunov exponentby meansof the so-calledFurstenberg-
Khasminskiiformula.Write

u � r cosθ � v � r sinθ �
Thentheangularcomponentdescribedby theprocessθt � t (Y& �
satisfiesthestochasticdifferentialequation

dθt � hθ
0 � φt � It � θt � dt � hθ

1 � φt � It � θt �V: dWt � (26)

wherefor I * 0 � φ (M� � π � π 
�� θ (3� 0 � π 
 wehave

hθ
0 � φ � I � θ �Z� ε

1
3 ω � � I � cos2θ

�
ε

2
3 Af

12 � φ � I � sin2 θ� ε � Af
22

�
Af

11 � � φ � I � sinθcosθ � ε
4
3 Af

21 � φ � I � cos2 θ �
hθ

1 � φ � I � θ �Z� � 2 � � ε
1
6 Ag

12 � φ � I � sin2 θ� ε
1
2 � Ag

22

�
Ag

11 � � φ � I � sinθcosθ � ε
5
6 Ag

21 � φ � I � cos2 θ 
��
For the restof this sectionwe shall be concernedwith a calcu-
lation of thescaleddecompositionof the infinitesimalgenerator
of our 3-dimensionalsystemgivenby (21) and(22) and(26) as
well as the functionalof the radial part appearingin the repre-
sentationof Lyapunov exponentsin formulasof theFurstenberg-
Khasminskiitype. .

Appropriately adding the drift and the diffusion parts, finally
yieldstheinfinitesimalgeneratorLε of our system(21) and(22)
and(26)as

Theorem 4.1. Define

L0� ω
∂

∂φ � (27)

L1� �ω � cos2 θ � 2 � Ag
12� 2 sin3 θcosθ 
 ∂

∂θ
(28)� � � Ag

12� 2 sin4 θ 
 ∂2

∂θ2 �
L2� � � � Af

12 � gIA
g
121 � gφAg

122� sin2 θ (29)� Ag
12 � Ag

22

�
Ag

11� � 3sin2 θcos2 θ

�
sin4 θ ��
 ∂

∂θ� � 2Ag
12 � Ag

22

�
Ag

11� sin3 θcosθ 
 ∂2

∂θ2� � 2gIA
g
12sin2 θ 
 ∂2

∂I∂θ

� � 2gφAg
12sin2 θ 
 ∂2

∂φ∂θ �
L3� � fI � gI Ag

11 � gφ Ag
12
 ∂

∂I � � fφ � gIA
g
21 � gφAg

22
 ∂
∂φ

(30)� � � Af
22

�
Af

11 � gI � Ag
221

�
Ag

111�� gφ � Ag
222

�
Ag

112�9� sinθcosθ � �9� Ag
22

�
Ag

11� 2�
2Ag

12A
g
21 � � sinθcos3 θ

�
sin3 θcosθ ��
 ∂

∂θ� g2
I

∂2

∂I2 � g2
φ

∂2

∂φ2 � 2gIgφ
∂2

∂I∂φ� � �9� Ag
22

�
Ag

11� 2 � 2Ag
12A

g
21 � sin2 θcos2 θ 
 ∂2

∂θ2

6 Copyright  2001by ASME



� � 2gI � Ag
22

�
Ag

11� sinθcosθ 
 ∂2

∂I∂θ� � 2gφ � Ag
22

�
Ag

11� sinθcosθ 
 ∂2

∂φ∂θ �
L4� �Af

21 � gIA
g
211 � gφAg

212� cos2 θ (31)� Ag
21 � Ag

22

�
Ag

11� � cos4 θ

�
3sin2 θcos2 θ 
 ∂

∂θ�\[ 2Ag
21 � Ag

22

�
Ag

11� sinθcos3 θ 
 ∂2

∂θ2� � 2gIA
g
21cos2 θ 
 ∂2

∂I∂θ � � 2gφAg
21cos2 θ 
 ∂2

∂φ∂θ �
L5� � 2 � Ag

21� 2 sinθcos3 θ 
 ∂
∂θ � � � Ag

21 � 2cos4 θ 
 ∂2

∂θ2 � (32)

Thenwehave

Lε � L0 � ε
1
3 L1 � ε

2
3 L2 � εL3 � ε

4
3 L4 � ε

5
3 L5 �

To representLyapunov exponents,we shall make useof a for-
mulaof Furstenberg-Khasminskii.In this formula,thefollowing
functionalof the radial part of the linearizationhasto be inte-
gratedwith theinvariantmeasureof our system.Dueto thereg-
ularity propertiesof our vectorfields,we know that thereexists
aninvariantdensitypε. In this case,theformulaof Furstenberg-
Khasminskii(seeArnold [1]) statesthat the leadingLyapunov
exponentλε of our systemsatisfies

λε � �U] 6 π R π ^P_a`cb#_ ] 0 R π ^Qε � φ � I � θ � pε � φ � I � θ � dφdI dθ �
As for the infinitesimal generator, our asymptoticanalysisre-
quiresthatwedecomposeQε into fractionalpowersof ε

1
3 � Simi-

lar calculationsasfor thegeneratoryield

Theorem 4.2. Define

Q1 � ��� θ �
� ω � sinθcosθ

� � Ag
12� 2 sin2 θ � cos2 θ

�
sin2 θ ��� (33)

Q2 � ��� θ �
� Af
12sinθcosθ � � gIA

g
121 � gφAg

122� sinθcosθ (34)� Ag
12 � Ag

22

�
Ag

11� sinθcosθ � cos2 θ

�
3sin2 θ ���

Q3 � ��� θ �
� Af
11cos2 θ � Af

22sin2 θ (35)� � Ag
22

�
Ag

11 � 22sin2 θcos2 θ � Ag
12A

g
21 � cos2 θ

�
sin2 θ � 2� � gI A

g
111 � gφAg

112� cos2 θ � � gIA
g
221 � gφAg

222� sin2 θ �

Q4 � ��� θ �
� Af
21sinθcosθ (36)� Ag

21 � Ag
22

�
Ag

11 � sinθcosθ � 3cos2 θ

�
sin2 θ �� � gIA

g
211 � gφAg

212� sinθcosθ �
Q5 � ��� θ �
� � Ag

21� 2 cos2 θ � cos2 θ

�
sin2 θ �?� (37)

Thenwehave

Qε � ε
1
3 Q1 � ε

2
3 Q2 � εQ3 � ε

4
3 Q4 � ε

5
3 Q5 �

5 Asymptotic Expansion

We constructa formalexpansionof theinvariantmeasure,i.e.,

pε � p0 � ε
1
3 p1 � ε

2
3 p2 �\d9d9d9� ε

N
3 pN �\d9d	d

Substitutingthis expansionand the expansionfor Lε into the
Fokker-Planckequationyields the following sequenceof Pois-
sonequationsto besolvedfor p0, p1, p2, �9�	� :

L e0p0� 0

L e0p1� � L e1p0

L e0p2� � L e1p1

�
L e2p0

L e0p3� � L e1p2

�
L e2p1

�
L e3p0

...

This yields thefollowing expressionfor themaximalLyapunov
exponent:

λε � ε
1
3 f Q1 � p0 g � ε

2
3 � f Q2 � p0 g � f Q1 � p1 gW
 �\d9d	d

As in [15], a proof that this expansionis, in fact,asymptoticbe-
ginswith theconstructionof theadjointproblem

Lε fε � Qε

�
Λε (38)

with Qε � Lε asdefinedaboveand

f ε� f0 � ε
1
3 f1 � ε

2
3 f2 � ε f3 �Xd9d	d9� ε

N
3 fN �

Λε� Λ0 � ε
1
3 Λ1 � ε

2
3 Λ2 � εΛ3 �Xd	d9d9� ε

N
3 ΛN �

Contraryto theusualform, weallow Λε � Λi � i * 0 to befunctions
of I alone.By usingTheorems4.1and4.2,andidentifyingterms
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in the correspondingexpansionfollowing from (38) then pro-
ducesa setof Poisson-Type equations.Hence,Λi ’s arechosen
sothatthesequenceof equations

L0 f0� � Λ0 (39)

L0 f1� Q1

�
Λ1

�
L1 f0

L0 f2� Q2

�
Λ2

�
L1 f1

�
L2 f0

...

L0 fN� � ΛN

�
i � 5

∑
i � 1

Li fN 6 i

are solvable. Next we definethe truncateddensity p̃ε � p0 �
ε

1
3 p1 � ε

2
3 p2 �hd	d9di� ε

N
3 pN and assumeν � I � as I

�
marginal of

bothpε and p̃ε. Then,theerror f Qε � pε g � f Qε � p̃ε g introducedby
truncatingλε at anarbitraryorderN * 0 canbe evaluatedasin
[15]. Supposethatthefunctionsp0 � p1 � d9d	d � pN and f0 � f1 � d9d	d � fN
areconstructedsuchthatall innerproductsin theexpressionsfor
theerrorarewell definedandbounded,thenit it canbeshown as
in [15] thattheexpansionfor afixedN * 0 is avalid asymptotic
expansion. In the subsequentsection,we computethe leading
term

λ1 � f Q1 � p0 g (40)

alongwith theestimateof theremaindertermin theasymptotic
expansionof thetop Lyapunov exponent.

6 Calculation of the First Term λ1

In this sectionwe shallcomputetheleadingtermsin theasymp-
totic expansionof the top Lyapunov exponentof our system,
basedon its representationin the Furstenberg-Khasminskiifor-
mula. Due to nondegeneracy, the invariantmeasureof the three
dimensionalsystemhasa densitypε which is the uniquelift of
thedensityν � I � of the I

�
motion. Thelatterdoesnot dependon

ε asfollows immediatelyfrom Theorem4.1. Thedensityν � I � is
givenasthesolutionof theadjointequation�

d
dI
� � fI � gIA

g
11 � gφAg

12 � ν 
 � d2

dI2 � g2
I ν 
V� 0 � (41)

wherefor conveniencetheaverageof functionsk overφ (/� � π � π 

is denotedby k. We caneasilycalculateν � I � for thethreecases
wearemostlyinterestedin, i.e.,σ � const or σ � x � y�c� x or y, for
x � y ()& �
Lemma 6.1. Let c * 0 begivensuch that

c1� � ∞

0
exp j � � I

c
ω � J � � y2 � J �

y2σ2 � J � � yσσy � J �
y2σ2 � J � � dJ k dI 7 ∞ �

Then

ν � I �
� c1exp j � � I

c
ω � J � � y2 � J �

y2σ2 � J � � yσσy � J �
y2σ2 � J � � dJ k � (42)

gives the marginal density in I of pε. In particular, if σ �
constant (i.e., additivenoise),wehave

ν � I ��� c1exp � � h � I �
σ2  � I * 0 � (43)

Proof:
Solutionof (41). L
Sincefor theconvergenceof our algorithmthefollowing condi-
tion,

� F � ω � � I � � 0 for a.e. I * 0 �
is important,weshallmakethisgeneralassumptionthroughtout
thispaper.

For reasonswhich will becomeclear, in the computationof the
leadingtermin theasymptoticexpansionof thetopLyapunov ex-
ponent,we shallsolve for a densityp0 � I � θ � which satisfiesboth
L e0p0 � 0 � thezerothordertermin theexpansionof theFokker-
Planckequation,andL1 e p0 � 0 � thesolvability of thefirst order
termin theexpansion,i.e.,

L e0p1 � �
L e1p0 �

Proposition 6.1. Denotea � I �'� � Ag
12 � 2 � I �?� α � I ��� ω N @ I A

3a @ I A � and

c � I �'� � ω � � I �a � I � � 2
3 � 32 � 5

6
1

Γ � 16 � Γ � 12 � �
Let

p0 � I � θ �Z� c � I � 1

sin2 θ l (44)� π

θ
exp � � α � I � � cot3 θ

�
cot3y
P� 1

sin2y
dy d ν � I ���
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Thenwehave

L e0p0 � 0 � L1 e p0 � 0 �
and p0 possessesν asI

�
marginal.

Proof:
Proofis givenin Arnold etal. [5]. L
We now startour asymptoticanalysiswith Ansatzof adjoint ex-
pansion(38). In orderto obtainthe first term in theasymptotic
expansionof the top Lyapunov exponent,the first threeof (39)
have to beanalyzedcarefullyin thesequel.They aregivenby

L0 f0 � �
Λ0 � (45)

L0 f1 � L1 f0 � Q1

�
Λ1 � (46)

L0 f2 � L1 f1 � L2 f0 � Q2

�
Λ2 � (47)

We first obtain

� Λ0p0d � φ � I � θ ��� � � L0 f0 p0d � φ � I � θ �� � f0L e0p0d � φ � I � θ ��� 0 � (48)

sinceL e0p0 � 0 � Thisexpressesthefactthatthezerothtermλ0 in
thedevelopmentof λε vanishes.Moreover, we have

L0 f0 � ω
∂

∂φ
f0 � �

Λ0 �
hencefor I * 0 � φ (3� � π � π 
�� θ (M� 0 � π 


f0 � φ � I � θ ��� �
Λ0 � I � φ � g � I � θ ���

But by periodicityin φ, this in turn impliesthat

Λ0 � 0 � (49)

Hencef0 is justa functionof I andθ. Let usnext usethisknowl-
edgeto analyze(46). SinceL e0p0 � 0 � L1 e p0 we get

0 � � � f1 L e0p0d � φ � I � θ � (50)� � L0 f1 p0d � φ � I � θ �� � �Q1

�
Λ1

�
L1 f0 
 p0 d � φ � I � θ �� � �Q1

�
Λ1
 p0d � φ � I � θ � � � f0 L1 e p0d � I � θ �� �\�Q1

�
Λ1
 p0d � φ � I � θ �?�

Equation(50)givesustheleadingtermin thedevelopmentof the
top Lyapunov exponentof our system.It canalsobeinterpreted
asthesolvability conditionfor (46).

Theorem 6.1. We have

λ1 � � 32 � 1
3

Γ � 12 �
Γ � 16 � � ∞

0
ω � � I � 2

3 a � I � 1
3 ν � I � dI � (51)

In particular, λ1 � 0 �
Proof:

Making useof theorem4.2,andthe idea(givenin Imkeller and
Lederer[12]) of splitting off Q1 into a part which lies in the
rangeof L1, we prove thetheorem.Thecompleteproof is given
in Arnold et al. [5]. L
Thedifficult partof thesecalculationsis to show thattheexpan-
sionis, in fact,asymptotic.Sothatthecomputationalalgorithim
that is developedhereis indeedconvergent. For this, we need
the estimationof the remaindertermsin our asymptoticexpan-
sion,i.e.,weneedsomemoreinformationon f ’s. Theproof that
suchanalgorithmof computationis convergentarepresentedin
Arnold etal. [5].

7 Conclusions

In this paperwe extendthework by Arnold andImkeller [4] on
the Kramersoscillator. To this end,we madeuseof the clas-
sical resultson action-anglevariables[6], andmore recentre-
sultson Lyapunov exponentsby Arnold, PapanicolaouandWih-
stutz[2], Pinsky andWihstutz[16], Sri NamachchivayaandVan
Rossel[15] andImkeller andLederer[12]. An asymptoticex-
pansionfor the maximal Lyapunov exponent, the exponential
growth rate of the responseof single-well KramersOscillator
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driven by either an additive or multiplicative white noisepro-
cesswasconstructed.However, only thefirst termof theasymp-
totic expansionwasanalyticallyevaluated.Basedon this, it was
shown that thetop Lyapunov exponentis positive,andfor small
valuesof noiseintensity

�
ε anddissipationε theexponentgrows

proportionalto ε
1
3 . SimilarresultsarealsoreportedbyBaxendale

andGoukasian[7] for themultiplicativecase,wherecalculations
weredoneusingthecoordinatessuggestedby Sowers[18]. Due
to thepagelimitationof theseproceedings, weonly presentedthe
mainresults,andtheproofsof themaintheoremandthefactthat
suchanalgorithmof computationis convergentarepresentedin
Arnold et al. [5].

In closing,it seemsappropriateto make the following remarks
regardingtheimplicationsof thepositivetopLyapunov exponent
of the stationarymeasurefor the KramersOscillator. Sincethe
correspondingMarkov process(xt � ẋt ) generatedby (2) (so-called
one-pointmotionof theKramersOscillator)is positiverecurrent,
thestationarymeasurecanbeviewedastheoccupationmeasure,
i.e.,theproportionof timespentby atypicalsolutionof (2) in the
volumeelementdxdy. Thetop Lyapunov exponentswhich deal
with stabilityon theotherhand,is determinedby thebehavior of
two neighboringorbits or the two point motion of the Kramers
Oscillator. In this context, the positivity of the top Lyapunov
exponentis remarkable,becauseit implies while for eachini-
tial conditionthesolutiontrajectoryasymptoticallyapproachthe
volumeelementin thestatespacegiving raiseto anontrivial sta-
tionarymeasure,thedistancebetweenany two initial conditions
will grow at anexponentialfastrate.Furthermore,asthegrowth
of thesquarevolumeunderthesolutionflow is determinedby the
sumof thetwo Lyapunov exponentswhich is

�
ε andthusnega-

tive. Hence,asthet goesto ∞ theoriginal squarevolumeunder
thesolutionflow will shrink,but will becontinuouslystretched
in onedirection(andfoldedin acomplicatedmanner).

In addition,a positiveLapunov exponentis alsoanindicationof
the fact that via Pesin’s entropy formula, the systemunderthe
stationarymeasurehaspositiveentropy.
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