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ABSTRACT

Thepurposeof thiswork is to obtainanapproximatiorfor thetop
Lyapunw exponenttheexponentialgrowth rate,of theresponse
of asingle-wellKramersOscillatordrivenby eitheramultiplica-
tive or anadditive white noiseprocess.To this end,we consider
the equationsof motion as dissipatve and noisy perturbations
of a two-dimensionaHamiltoniansystem. A perturbationap-
proachis usedto obtainexplicit expressiondor the exponentin
the presencef smallintensity noiseand small dissipation. We
shav analyticallythatthetop Lyapuna exponents positive,and
for smallvaluesof noiseintensity+/€ anddissipatiore the expo-

nentgrows proportionatto €3,

1 Introduction

No theoremhashadsodirectandpowerful aninfluenceuponthe
study of stochasticstability of noisy dynamicalsystemsasthe
multiplicative ergodic theorem(MET) of Oseleded13], which
establishedhe existenceof (typically) finitely mary determinis-
tic exponentialgrowth ratescalledLyapuna exponents The sta-
bility of linear stochasticsystemshasedon MET hasbeenwell
established3,1] andthe top Lyapunw exponentcanbe evalu-
ated explicitly with relatve easewhen the noisy perturbations
anddissipationareweak[2,15].

Theprimaryconcernin theanalysisof nonlineardynamicalsys-
temsis the determinationand predictionof steady-stater sta-
tionary motionsandtheir correspondingstability. The challenge
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hasbeento extendthe existing techniquesn orderto explicitly
evaluatethe top Lyapuna exponentof nonlinearsystemswith
noise,andin particularadditive white noise.

For example, mary engineeringsystemsunder additive white
noiseexcitationscanbe expresse@s

AR S0 =80, =120, (@)

whereg;(t)’s are stationarystochastiqprocessesp;’s represent
the dampingin eachmode,andU is the potential. Underthe
assumptionghaté;(t)'sareuncorrelatedsaussiamprocessesand
the ratio of the spectraldensityof eachexcitation, &;(t), to the
correspondinglamping f3;, is thesamej.e.,

B

forall i,
Kii

whereE[g; (t+1)&i(t)] = 2k;; 6(1), thestationaryprobabilityden-
sity of (1) canbe easilywritten as

Suchstationaryprobabilitydensitiesexist for anevenlargerclass
of multi-dimensionahonlinearsystemsandthereis a vastengi-

n

Zl(Xi)2 +U(X)

P(X,X) =Ce><p{—v[%
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neeringliteraturethat dealswith the determinationof suchsta-
tionary measuregseefor example,Lin andCai[14]). However,

thereare no concreteresultson the sign of the top Lyapunw

exponentscorrespondingo thesestationarymeasures.Hence,
their stability is not known. The challengetherefore,is to ex-

plicitly evaluatethetop Lyapunw exponentsof thesestationary
measureslt is this needandchallengethat we shall addressn

this paper

Schimansi-GeierandHerzel[17] werethefirst to considemu-
mericallythe Lyapunw exponentsof atwo dimensionahonlin-
earsystemunderadditive noise. Their work wasdevotedto the
effect of noiseonthe KramersOscillator

% +es +U' (%) = V2eE(t), 2
whereU (x) = —2x2 + 8x*,  a,b > 0, with double-wellpoten-

tial. It wasshawn [17] thatthetop Lyapunw exponentis posi-
tive,i.e.,

A(e) >0 forenottoolarge

Henceanadditive noiseinducesanunstablestationarymeasure.

Our taskin this paperis to shov analytically this remarkable
obsenationfor (2) aswell for similar systemsvith multiplicative
noise.

Kramers Oscillator with double-well potential, consideredoy
Schimansi-Geier and Herzel [17], has multiple fixed points,
oneof which is connectedo itself by a homoclinicorbit. The
proceduregpresentedherereliesuponanimplicit assumptiorthat
the instantaneoufrequeng of the unperturbedmotion (¢ = 0)
mustbenon-zeroor the periodsof oscillationsor rotationsarefi-

nite. Hence a subtletreatmenis necessarin aneighborhooaf
the homoclinicorbit wherethe unperturbedrbits have arbitrar

ily long periods.In orderto remedythis problem,two different
models,onewhich is valid away from the homoclinicorbit, the
othervalid in aboundarylayeraboutthe homoclinicorbit should
beintroducedandit is beyondthe scopeof this paper Thus,we
donotconsiderit fruitful to attemptto make a generatheoryfor
all typesof two dimensionahonlinearHamiltonians Ratherwe
restrictour developmentto the casefor Hamiltonianswith iso-
latedsingleelliptic fixedpoint, i.e.,aweaklyperturbedscillator
with a single-wellpotential. However, the analysisdevelopedin

this papercould be extendedwith someeffort to provide anal-
ogoustheoremspertainingto Hamiltonianswith multiple fixed
points. The versatility of the methodpresentedhere,will make
this methodto be adoptedo suchsituations.

Before we proceedfurther, we should mentionin this context
somewell-known resultspertainingto one-dimensionahonlin-
earstochastisystemslt hasbeenshowvn thatthetwo point mo-

tion of a onedimensionahonlinearstochasticsystemis unique.
More preciselyif a noisyonedimensionakquation,

% = f(x) +9(x)&(t) ®3)

hasa stationaryinvariantmeasure

T -

thenasin Arnold [1], the Lyapunw exponentis
“ f(X)]2
A= —2/ [— X) dx. 5
o lgm| P (5)

The Lyapuna exponentis always negative provided f(x) # O.
Similar resultsarealsopresentedby Lengetal. [11].

In the absencef dissipationandrandomperturbationge = 0),
system(2) is integrable (Hamiltonian). UnperturbedHamilto-
niandynamicsprovidesamazinglysuccessfutlescription®of the
nonlineardynamicsandits mathematicatheory[6] hasevolved
alongsidethe physicalunderstandingto a point of high sophis-
tication. The underpinningof the methodpresentechereis a
separatiorof scales.The slowly varying coordinates the value
of the Hamiltonianandthe quickly varying coordinatds the po-
sition (or angle)in the appropriatdevel setof the Hamiltonian.
Herewe presenta general effective, systematiapproacho de-
terminetheasymptoticsamplestability of weaklyperturbeddis-
sipatively andstochasticallyfwo dimensionahonlinearHamil-
toniansystems.Randomperturbationsf Hamiltoniansystems
are of greatinterest,particularly in the study of noisy nonlin-
earmechanicabystems.Randomly-perturbetfamiltoniansys-
temon R? with multiple fixed pointsareconsideredy Freidlin
andWentzell[10] in the conte of stochasticaveragingand by
FreidlinandWentzell [9] in the conte of large deviationstech-
nigues.

In Section2, we statethe mathematicaktructureof the prob-
lem. In section3, we introducethe conceptof action-anglevari-
ables[6], apply the classicalresultsof symplectictransforma-
tion and derive the evolution of the action-anglevariables. In
section4, dueto the nilpotentstructureof the linear variational
equationsPinsky andWihstutz[16] re-scalings usedin thelin-
earvariationalequationdo derive the Furstenbeg-Khasminskii
formula. In sections5 and 6 we appealto the resultsof Sri Na-
machchvayaandVanRosse[15] andIimkellerandLederer{12]
to evaluatethe first termin the asymptoticexpansionof the top
Lyapunw exponent.
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2 Statement of the Problem

We consideran idealizedparticle moving in a symmetricsin-
gle well potentialdescribedoy a functionU definedon R. The
Hamiltonianof the systemwill begivenby

2
H(x,y) =U(x)+y§, X,y € R.

andit is assumedhat the Hamiltonianhasan isolatedelliptic
fixedpoint The purposeof this paperis to examinethe asymp-
totic samplestability of this nonlinearsystemunderrandomand
dissipatve perturbations.We restrictto this classof potentials
from thebeginningto make the calculationof thetop Lyapunw
exponentbecomdesscumbersomeThe particularsetof global
variablesdiscussedn the subsequengectionsof this paperwill
shedlight onthis restriction.Formally, we assume

U>0, U0)=0, U(X)=U(-x),x€R,

andx — U (x) strictly increasingon R, . The motion of the cor
respondingHamiltoniansystemis periodicreturningto thesame
pointx,y € R in the phasespaceafteraperiodT(x,y). For each
X,y € R, definethereturntime

T(xy) =:inf{t >0:&(2) =2z} (6)

whereé&;(2) is the Hamiltonianflow for all (x,y) = z€ R?. It
is clearthat T dependsolelyon H(x,y) andthatit is nonnga-
tive on R? \ {0}. Thuswe startout with a Hamiltonianenegy
functionwith avery simplestructure.

Assumption 2.1. (Hamiltonian) We assumehatH : R — R
is C* and nonngative We assumealsothatH (x,y) = 0 if and
onlyif x=0,y=0. SecondlyH (x,y) = H(—x,—y) for all x,y €
R. Thirdly, weassumehat

A=: D?H(0)

is positive-definite Finally, we assumehat for each h > 0, the
setH~1(h) is connectedand of finite 1-dimensionaHausdorf
measue.

We assumehatthe particleis weakly dampedandweakly per
turbedby a white noiseprocess.The primary concernis the de-
terminationof the stability of the stationaryinvariantmeasures,
which are the stochasticanalogueof steadystatesolutionsin
nonlineardeterminsicsystems.The perturbationsare scaledby
appropriatgpowersof €, (€ << 1), in orderto obtainthe effect of
thedampingandthenoiseatthe sameorder To thisend,random

perturbationof a two-dimensionaHamiltoniansystem,with an
isolatedelliptic fixed point, is preciselygivenby

dx=y; dt, @)
dy=(—gy; —U’'(x)) dt + v2e0(x, }t) o dW.

Hereo : R? — R is supposedo be a smoothfunction of sub-
linear growth. Equation(7) representshe randomvibration of
singledegreeof freedommechanicabystemaundereitherpara-
metric or additive white noise excitations. Hence,the typical
examplesthat we considerare given by the additive noisecase,
i.e., 0(x,y) = o = cong, which hasbeenstudiedextensiely in
theliterature(seefor example,Bolotin [8]), or by themultiplica-
tive noisecoupledto the displacementj.e. o(x,y) = x, or the
velocity, i.e. a(x,y) = y. Ouraimis to obtainan asymptotiocex-
pansionof thetop Lyapuna exponentof therandomdynamical
systemdescribedn (7) by makinguseof the prescribedscaling.

3 Problem Formulation in Action-Angle Coordinates

The randommotionsconsistof fastrotationsalongthe unper
turbedtrajectoriesof the deterministicsystemand slow motion
acrosghesetrajectories.The natureof our systemthussuggests
asetof coordinatesvhich splitsthetwo component®f motion:
action-anglecoordinates They arecommonlyusedin theclassi-
cal perturbatiorntheoryof mechanicakystemgqseeArnold [6]).
Theactionpartis definedby theareaenclosedy thelevel curves
of H. Hence,it capturesthe slov componentof the motion.
Whereagheanglepartdescribesiniform motionalongthelevel
curves,andis thereforerelatedwith thefastcomponent.

To this end,we needto transformH (x,y) by meansof a canoni-
caltransformationnto new variableql, @ action-anglesuchthat
the new Hamiltonianis a constanth(l) andtheanglecoordinate
@ increasedy 2m after eachcompleteperiod T(x,y) = T(l) of
the motion. To introducethesevariables following Arnold [6],
we work with the generatindunction §(I,x), determinedy the
requirements

0S 0S 0S
y:&(hx)a 0= E(IJXL H(X,&(l,X))Zh(l), (8)

I = 1(h) is a function of the possiblevaluesh of H. The

Hamilton-Jacobéquatiorin (8) is solvedfor thegeneratingunc-
tion §(1,x) by letting

st = [ VL8 () <x< (),

where

y(1,%) = v/2((1) —U (X))

Copyright 0 2001by ASME



It isimmediatelyobviousthatS(l,xo(1)) = 1tl. Hence following
Arnold [6], we introducethetransformation

cp%/x RIECORRIEIE: ©
g/ \/2<h—U(z))dz

[ o

and

= ++/2(h( x(@1))). (10)

The main point behindthe methodthat is developedhereis to
usethe geometricstructureof theunperturbedntegrableHamil-
tonianproblemin orderto develop an appropriatesetof "coor-
dinates"for studyingthe perturbedproblem. Now thatwe have
developedsuchsymplecticcoordinates)et us use(9) and(10)
to give someinformationon the Jacobiarof the transformation
(x,¥) = (@,1) whichis essentialn deriving the perturbedequa-
tionsin the new variables(g, ).

Lemma 3.1. For|l > 0wehave

ox ay U’(x)

gp:é, o= w (11)
Moreover,
w:U’(x)g—)l(+yg—?/. (12)
In particular,
Ox9y _0xdy _
opdl adldp

i.e. thetransformatiorbelongsto a symplectidorm.
Proof:
Straightforward. O

Lemma 3.2. Forl > 0,¢€]0, 1 define

e 1 W)
(pl)_ﬁg[m_wz—(l)]da’

forpe [0,5

andfor @ €] 3,1

¢ U"(x E ) ol (1)
/[U’ ANEZ0)

Thenwemaywrite for | > 0and@€] — 1, 1(

ooy _[%%]_[ & ve
= , 13
(@) [ggz.y e _ywpr 49
foroe[0,7
oxy)_| @ wig Yo
= ! 14
o(e,1) [—US‘) —U’(x)ag (14)
andfor @ €] 5,
oY) _| & ugtYom
B 15
o(e.1) l_u_p —U'(x) ap 13)

Moreover, for | > 0,¢ € [—T1, 7] wehave

ox . 0X ay B @

ap(_(pal) - _gp((pal)aap(_(pal) - ((pal); (16)
0X _0x oy . ay
a(_(pal)_a((nl))a(_(p:l)_ ((pa )

Proof:

Letusfirsttreatthecase—xp(1) < x< 0,y > 0whichcorresponds
tol > 0,¢€ [0, 3[. Integrating(9) by partsandthendifferentiat-
ing with respecto |, we obtain

o 1[
(poosz’

/I 1
dg.
/ U'(€)* \/2(h(1) — U(E))E

Solving this equatlonfor andnoting thatby Lemma3.1 we
have dg = a(pdcp— y dcpyleldsthe requestecﬂormulafor
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In case—Xo(l) < X< Xo(l),y > O correspondingo | > 0,¢p€]0, 1]
symmetryallows usto write the alternatve of (9)

T X(@,1) 1
=2t oo™

Now differentiatewith respecto | to get

- o  10x X 1
—_—— — = — T — d '
5-95 y ol w/o 2N —UE)° E

This equationis againsolved for % andthe integrationin x is

replacedby anintegrationin ¢. This gives(13).

Thecase0 < x < xo(l),y > 0O is treatedasthefirst case.Finally,
(16) is obviousfrom thedefinitions.O

The symplecticpropertyof our coordinatechangeimmediately
allows to give formulaefor the inverseof the Jacobian.This is
anadditionaladvantageof usingcanonicakransformation.

Lemma 3.3. Wehavefor | > 0andge] — 1,1

a(cp,l)_lg—‘f%"]_rf‘u'("m‘yﬂ, (17)

Ur
oy |5 % R
for e [0, 7]
Ae!)_ l_m a0 ~ %y —WO] 18)
= U ,
olxy) | Ut ¥
andfor €] 3,1
ael) l—U’ X) A — ity —yan] (19)
= U ,
o(xy) ® %
Moreover, for (x,y) # (0,0) wehave
30)] 09 ol _a_|
& (X7 _y)__ & (X7 y)7 a/()g _y)_ax(x7 y); (20)
09, .\ 00 CLPNRN
a_y(xa_y)_ay(xay)a ay(xa y)_ ay(xay)

Proof:
This follows directly from Lemma 3.2 and the fact that the

Jacobianhasdeterminantl dueto the symplecticcharacterof
thetransformation

We arenow in a positionto describeour basicequationg7) in
action-anglevariables Differentiatingthe action-anglesariables
andmakinguseof Lemma3.2andLemma3.3yields,

dly= li;((::t)) e dt + w)(/:t) [—eyt — U’ (x)] dt
+V/2e %o(xt,yt)odw (21)

L% fi (@, l) dt + V201 (@, Ir) 0 AW,

0 0
da= M yp dt — il [—eyi —U’(x)]dt
dl o0l
0
V2 5L 0, 1) 0 W (22)

Lle) dt -+ fo(@, 1) At + V2E Go(@, It) 0 AW,

wherethevectorfieldsappearingn (21) and(22) arerenameds

2
fi ((pal) = _y&()?:’)l) ) f(p((P,') :yg_)l(((pal)a

(ya(xy)) (@)
w(l)

a(01) = o) = (XKo@,

| > 0,¢€ [—m, 1], to simplify notationin the decompositiorof
the infinitesimalgeneratoiin the following section. For the lin-
earizatiorof our systemwe needthe Jacobiarof thevectorfields.
For corveniencave changeheorderof ¢ andl andthe Jacobian
is givenby

foaf fi of)
A A A e
A= P =[af'(,, o | (23)
Ao Az 1 99
991 99 T
A9=[A§1A92]=la%} 5, |- (24)
A A% - a—(;"_

Calculationausingthe preceding_emmasyield the formulaefor
eachelementof the above matricesA’ and A%. Furstenbeg-
Khasminskiiformula for the top Lyapunas exponentis derived
in the next section.
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4 Furstenberg-Khasminskii Formula

Following the notation of the precedingsectionwe shall now
considetthe stochastisystemin action-anglevariablesgivenby
in (21) and(22). Our aim is to obtainan asymptoticexpansion
of the top Lyapuna exponentof the randomdynamicalsystem
describedyy (21) and(22). For this purposewe have to studyits
linearization.Let usdenotehelinearizedvariablesy (X,Y) and
keepingtrackof thenotationintroducedn the precedingsection,
we have

5[ Yot e

V2EA9(@, ) [iﬂ o dW,.

Becaus®f thespecialktructureof thezerothordertermsin equa-
tions(21)and(22),thelinearvariationalequationg25) naturally
exhibit a nilpotentstructure. This nilpotentform is responsible
for the main resultson the asymptoticexpansionof its top Lya-
punov exponentto be developedin this andthe following sec-
tions. Sincethe invariantmeasureof the angularpartof thelin-
earization(nilpotent)trivializesin onedirection,we appeato the
resultsof Pinsky andWihstutz[16]. Accordingly, the variables
(X,Y) arerescaledvith acertainfractionalpowerof €, i.e.,

Wik

X=¢g3u, Y=y,

in orderto seethe correctasymptotics.In therescaledrariables
we obtainthe equation

[dut]_ eAl,  e3Al) Mdt

=l .1 4 f f
v ] |esd+e3ny eAy, | LU
39 X
e eI
t

+v2
sy +£2AY; eAd,

We next apply the Khasminskiitransformatiorsothatthe above
linearequationis decomposethto radialandangularpart. This
providesthe most convenientsettingfor the descriptionof the
top Lyapuna exponentby meansof the so-calledFurstenbeg-
Khasminskiiformula. Write

u=rcosh, v=rsinb.

Thenthe angularcomponentlescribedy the proces®;,t € R,
satisfieghe stochastidifferentialequation

d6; = ho(@, I, &) dt + hi(@, It,6;) o AW, (26)

wherefor | > 0,¢@ € [, 11,0 € [0, 1] we have

hd(@,1,8)=¢3 w (1) co20— &3 Al (q,1) sir?8

+e(Al,— Al )(@1) sinBcost+£3 Al (@ 1) cof6,
ho(q,1,0)=v2 [£5 Ad,(@ 1) Sir?O

+e2 (AL, — A ))(q,1) sinBcosd + €8 A, (¢,1) co 8.

For the restof this sectionwe shall be concernedvith a calcu-
lation of the scaleddecompositiorof the infinitesimalgenerator
of our 3-dimensionabystemgivenby (21) and(22) and(26) as
well asthe functionalof the radial part appearingn the repre-
sentatiorof Lyapuna exponentsn formulasof the Furstenbeg-
Khasminskiitype. .

Appropriately adding the drift and the diffusion parts, finally
yieldstheinfinitesimalgeneratoi® of our system(21) and(22)
and(26) as

Theorem 4.1. Define

9
Lo=03 27)
Li=[w cog 8+ 2(AY,)? sin®6cosd] % (28)
2
+[(AY,)?sin 9] 552"
Lo=— [(AlZ + gi1AY, + gAY, i 0 (29)
+AY,(A, — A,)(3sir?Bcos 6 —sin'8)] a%
aZ
—[2A%,(AS, — AJ)) sin Ocose] P
—[291A,Sin? 8] =— al 66 — [2gpAY,Sin? 8] ——— a(pae’
L= {1 + 01 AL + GpAS] 5 fot 91A% + 923 a_ (30)
f
+[(Ay— 11+ 01 (A — Alpy)

+0o(Ad,,— A,,)) sinBcosB + (A, — AY,)?

—2A%,A3,)(sinBcos’ 8 — sir’ 8 cosh)] a%
92 92
+9|2ﬁ + géw + 29|gq,mP

+[(Ad,— A2 — 2A A9 ) sinP Bcos 8] 362
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2

0
+[291 (A3, — A}, sinBcosh] =— 3130
2

3¢00’
Le=[Al, + g A2 9..)coL0 31
=[Py +91A 11+ GeA210) CO (31)

+A3,(AY, — AY}) (cos' @ — 3sirf Bcos ] a%

+[20o(AY, — AJ,) siNB OB ———

2

+ [ZAgl(Ag2 - Agl’l) sinfcos’ @) %

+[201A3, 0 8] ——— + [2goAJ; COF 6] ———

a|ae 6(p66’

L=[2(A,)? sinecos"e]% +1(A3) cos49] (32)

002"

Thenwehave

LE=Lo+e3lq+eilotelateilateils.

To representyapunw exponents,we shall make useof a for-
mulaof Furstenbag-Khasminskii.ln this formula, thefollowing
functional of the radial part of the linearizationhasto be inte-
gratedwith theinvariantmeasuref our system.Dueto thereg-
ularity propertiesof our vectorfields, we know thatthereexists
aninvariantdensitypg. In this casetheformulaof Furstenbeg-
Khasminskii(seeArnold [1]) statesthat the leadingLyapunw
exponentA¢ of our systemsatisfies

A= F(01.0) p(01.6) dodido
[~ xR x[0

As for the infinitesimal generatar our asymptoticanalysisre-

quiresthatwe decompos€¥ into fractionalpowersof £3. Simi-
lar calculationsasfor the generatowyield

Theorem 4.2. Define

Q1(.,0)=w sinBcosd — (A),)? sirfB(co£B —sirfB),  (33)

Q2(.,8)=A],sinBcosh + (gAY, + gpAd,,) sinbcosd  (34)
+AY,(AY, — AY,) sinBcosh(cos B — 3sir’ 8),

Qs(.,8)=A!,co 6+ Al,si 6 (35)
+(A3,— AY})?2si? Bcos B+ A A, (CoS 0 — sin? 6)?
+(91 AT + GpA 1) COS B + (9IS, + GpAT,) ST 6,

Qua(.,8)=Al, sinBcosh (36)
+A3,(AY,— A, sinBcosd(3cos 8 — sinf 0)
+(91AY; 1+ 9pA; ) SiNBcosh,
Qs(.,0)=(A%,)% cog 8(cos’ 8 —sirt 6). (37)

Thenwehave

1 2 4 5
Q =e3Q1+€3Q2+€Q3+€3Qs +£€3Qs.

5 Asymptotic Expansion
We construcia formal expansionof theinvariantmeasurei.e.,

Pe = p0+83p1+€3p2+ +8’°‘pN+

Substitutingthis expansionand the expansionfor L& into the
Fokker-Planckequationyields the following sequencef Pois-
sonequationgo be solvedfor po, p1, p2, ---:

Lopo=0

Lopi=—L3po
Lopz=—L1p1—L5po
Lops=—Lip2— L3p1— L3po

This yields the following expressiorfor the maximalLyapunw
exponent:

A =£3(Qu, po) + €5 [(Qz, Po) + (Qu, pr)] +

As in [15], a proof thatthis expansionis, in fact,asymptotiche-
ginswith the constructiorof the adjoint problem

L® fe = Qs A (38)

with Qf, L& asdefinedabove and

femforedfy+e3fptefgt - +E3 fy,
A=Ag+E3AL +E3 A2+ A+ -+ + 3 Ay

Contraryto theusualform, we allow A%, A;,i > 0to befunctions
of | alone.By usingTheorem#l.1and4.2,andidentifyingterms
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in the correspondingexpansionfollowing from (38) then pro-
ducesa setof Poisson-Vpe equations.Hence,\;'s arechosen
sothatthe sequencef equations

Lofo=—Ao (39)
Lofi=Q1—A1—L1fo
Lof=Q2—AN2—L1f1 —Lafo

i=5
Lofn=—AN—) Lifn=i
2,

are solvable. Next we definethe truncateddensity ¢ = po +

£3 p1+ e p2+---+ % pn and assumev(l) as|—maminal of

both p; and *. Then,theerror(Qg, ps) — {Qe, P¥) introducedby

truncatingA® atanarbitraryorderN > 0 canbe evaluatedasin

[15]. Supposehatthefunctionspo, p1,-- -, pn andfo, f1,---, fn

areconstructeduchthatall innerproductsn theexpressiongor

theerrorarewell definedandboundedthenit it canbeshovn as
in [15] thatthe expansiorfor afixedN > 0 is avalid asymptotic
expansion. In the subsequensection,we computethe leading
term

A1=(Q1, po) (40)

alongwith the estimateof the remaindettermin the asymptotic
expansionof thetop Lyapunw exponent.

6 Calculation of the First Term A1

In this sectionwe shallcomputethe leadingtermsin the asymp-
totic expansionof the top Lyapunw exponentof our system,
basedon its representatiofin the Furstenbeg-Khasminskiifor-

mula. Due to nondeyenerag, the invariantmeasuref the three
dimensionakystemhasa density p* which is the uniquelift of

the densityv(l) of thel —motion. Thelatterdoesnot dependon

€ asfollowsimmediatelyfrom Theorem4.1. Thedensityv(l) is

givenasthesolutionof the adjointequation

d — —5 —4 d? —
— g (i QAL +GAT VI + galgfv] =0, (4)

wherefor corvenienceheaverageof functionsk overge [—11, 1
is denotedby k. We caneasilycalculatev(l) for thethreecases
we aremostlyinterestedn, i.e.,0 = cong or a(x,y) = x ory, for
x,y€eR

Lemma 6.1. Letc > 0begivensud that

Y YO | y55,() .
C:L—/O exp( /Coo(J) [W(J)_}—yz—oﬁ(\])]d\]) dl < co.

I V2 VGoo
v(l)=crexp —/ w(J) y_(J) +@(J) dl |, (42)
c y202(J) ()
gives the maminal densityin | of p. In particular, if o =
condart (i.e., additivenoise),we have

v(l):clexp{—%}, | >0, (43)

Proof:
Solutionof (41).O

Sincefor the corvergenceof our algorithmthe following condi-
tion,

(F) (I)>0 fora.e.1>0,

is important,we shallmake this generabssumptionhroughtout
this paper

For reasonavhich will becomeclear, in the computationof the
leadingtermin theasymptoticexpansiorof thetop Lyapuna ex-
ponentwe shallsolve for adensitypo(l,8) which satisfiesboth
Ljpo = 0, the zerothordertermin the expansionof the Fokker-
PlanckequationandL;" po = 0, the solvability of thefirst order
termin theexpansionj.e.,

Lop1 = —L3po.

Proposition 6.1. Denotea(l) = (A,)2(1), a(l) = m, and

3a(l)
o w(l),2,3 5 1
V=G
Let
1
po(l,8)=c(1) sirze > (44)

/enexp(—a(l )[cotte— co@y])%dy -v(l).
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Thenwehave

LBPO =0, L_l*pO =0,

and po possesses as| —marginal.

Proof:
Proofis givenin Arnold etal. [5]. O

We now startour asymptoticanalysiswith Ansatzof adjoint ex-

pansion(38). In orderto obtainthefirst termin the asymptotic
expansionof the top Lyapuna exponent,the first threeof (39)

have to beanalyzedcarefullyin the sequel. They aregivenby

Lofo = —Ao, (45)
Lofi+Lifo = Q1 —Ay, (46)
Lofa+Lifi+Lafo = Qa—Ao. (47)

We first obtain

//\opod((P,l,e) = _/LOfO pOd((palae)

= [ folsmd(a1.8)=0,  (8)

sincelL{po = 0. This expresseshefactthatthezerothtermAg in
the developmentbf A® vanishesMoreover, we have

0
Lofo=w=—"fg=—A
olo wa(po 05

hencefor | > 0,9 € [-1,11,6 € [0,
fo(@,1,8) = —No(1) 9+ 9(1,8).
But by periodicityin @, thisin turnimpliesthat

Ao = 0. (49)

Hencefg is justafunctionof | and®. Leﬂj;snext usethis knowl-
edgeto analyze(46). SinceL{po = 0= L1 po weget
0= —/flLBpOd((p,l,e) (50)
= [ Lotipod(e1,6)
= [10i- M- Lifi] pod(@1, 0
= 1= pod(0.1,8)— [ foli"pod(1,)
~ [lQ-MImd(@1.9).

Equation(50) givesustheleadingtermin thedevelopmenbf the
top Lyapunw exponentof our system.It canalsobeinterpreted
asthesolvability conditionfor (46).

Theorem 6.1. We have

1 0 2 1
)\1=(g)%%/0 Jmianiviyd. 61

In particular, A1 > 0.

Proof:
Making useof theorem4.2, andtheidea(givenin Imkeller and
Lederer[12]) of splitting off Q; into a part which lies in the
rangeof Ly, we prove thetheorem.The completeproofis given
in Arnold etal. [5]. O

Thedifficult partof thesecalculationds to shav thatthe expan-
sionis, in fact,asymptotic.Sothatthe computationahlgorithim
thatis developedhereis indeedcorvergent. For this, we need
the estimationof the remaindettermsin our asymptoticexpan-
sion,i.e.,we needsomemoreinformationon f's. Theproofthat
suchanalgorithm of computatioris corvemgentarepresentedn

Arnold etal. [5].

7 Conclusions

In this paperwe extendthework by Arnold andimkeller[4] on
the Kramersoscillator To this end, we madeuseof the clas-
sical resultson action-anglevariables[6], and more recentre-
sultson Lyapunw exponentdy Arnold, PapanicolaowandWih-
stutz[2], Pinsky andWihstutz[16], Sri NamachchiayaandVan
Rossel[15] andImkeller and Lederer[12]. An asymptoticex-
pansionfor the maximal Lyapunw exponent,the exponential
growth rate of the responseof single-well KramersOscillator
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driven by either an additive or multiplicative white noise pro-
cesswasconstructedHowever, only thefirst termof theasymp-
totic expansionwasanalyticallyevaluated .Basedon this, it was
shavn thatthetop Lyapunw exponentis positive, andfor small
valuesof noiseintensity+/e anddissipatiore theexponentgrows

proportionako £3. Similar resultsarealsoreportedby Baxendale
andGoukasiarj7] for themultiplicative casewherecalculations
weredoneusingthe coordinatesuggestedy Sowvers[18]. Due
tothepagelimitation of theseproceedingswe only presentethe
mainresults andthe proofsof the maintheoremandthefactthat
suchanalgorithmof computationis corvementarepresentedn
Arnold etal. [5].

In closing, it seemsappropriateo make the following remarks
regardingtheimplicationsof thepositive top Lyapunw exponent
of the stationarymeasurdor the KramersOscillator Sincethe
corresponding/larkov procesgx, ;) generatedby (2) (so-called
one-pointmotionof theKramersOscillator)is positive recurrent,
thestationarymeasureanbeviewedastheoccupatiormeasure,
i.e.,theproportionof time spentby atypical solutionof (2) in the
volumeelementdxdy. Thetop Lyapuna exponentsvhich deal
with stability ontheotherhand,is determinedy the behavior of
two neighboringorbits or the two point motion of the Kramers
Oscillator In this context, the positvity of the top Lyapunw
exponentis remarkable becauset implies while for eachini-
tial conditionthe solutiontrajectoryasymptoticallyapproactthe
volumeelementn the statespacegiving raiseto anontrivial sta-
tionary measurethe distancebetweerary two initial conditions
will grow atanexponentiafastrate. Furthermoreasthe growth
of thesquarevolumeunderthesolutionflow is determinedy the
sumof thetwo Lyapuna exponentswvhichis —e andthusnega-
tive. Hence,asthet goesto « the original squarevolumeunder
the solutionflow will shrink, but will be continuouslystretched
in onedirection(andfoldedin acomplicatednanner).

In addition,a positive Lapunar exponentis alsoanindicationof
the fact that via Pesins entropy formula, the systemunderthe
stationarymeasuréhaspositive entrogy.
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