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Abstract

In this paper, we consider a security market in which two investors on different
information levels maximize their expected logarithmic utility from terminal wealth.
While the ordinary investor’s portfolio decisions are based on a public information
flow, the insider possesses from the beginning extra information about the outcome
of some random variable G, e.g., the future price of a stock. We solve the two opti-
mization problems explicitly and rewrite the insider’s additional expected logarithmic
utility in terms of a relative entropy. This allows us to provide simple conditions on
G for the finiteness of this additional utility and to show that it is basically given by
the entropy of G.
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1 Introduction

In the past decades, an extensive mathematical theory using martingale techniques has
been developed for the problems of derivative pricing, utility maximization of investors and
equilibrium theory in security market models. One of the salient features of this theory
is its assumption of one common information flow on which the portfolio decisions of all
economic agents are based. In this paper, we attempt to widen the scope of the martingale
approach by studying a utility maximization problem in a security market with two types
of investors on different information levels.

Despite its practical importance, this question has only quite recently been addressed

in the literature. The first thorough mathematical study is a paper by Pikovsky and



Karatzas (1996) whose methods and results strongly inspired much of the developments
presented here. In particular, we follow their lead in the modelling of additional infor-
mation and by considering two investors with logarithmic utility functions. While the
ordinary economic agent makes his portfolio decisions according to the ‘public’ informa-
tion flow IF' = (F)sc(o,17, the insider possesses from the beginning additional information
about the outcome of some random variable G and therefore has the enlarged filtration

& = (Gt)tefo,r) With G = N (.7:t+5 \ O'(G)) at his disposal. For instance, the insider may
e>0
know the price of a stock at time T, or the price range of a stock at time 7', or the price of

a stock at time T distorted by some noise, etc. In this framework, the following questions
arise: How should the insider trade on the security market to optimally exploit his extra
information? What is the insider’s additional utility arising from his extra knowledge?
In this paper, we solve the optimization problems for the two investors by adapting ideas
of Karatzas, Lehoczky, Shreve and Xu (1991) to our framework and so obtain a first
expression for the insider’s additional expected logarithmic utility. This extends results
of Pikovsky and Karatzas (1996) and Elliott, Geman and Korkie (1997) from the case of
a complete model with a Brownian filtration IF' to an incomplete market. Building on
results about initial enlargements of filtrations by Jacod (1985) and Féllmer and Imkeller
(1993), we then rewrite the additional expected logarithmic utility in terms of the relative
entropy of the objective probability measure P with respect to a new probability measure
P, that we call [0,t]-insider martingale measure or [0,t]-martingale preserving measure
under initial enlargement. In the case of a complete market studied by Pikovsky and
Karatzas (1996), this allows us to systematically analyze the additional expected utility.
We provide simple conditions on G for the finiteness of the additional utility, show that
it is basically given by the entropy of G and thereby solve a number of previously open
problems raised by Pikovsky and Karatzas (1996).

The paper is organized as follows. Section 2 is exclusively concerned with the mathemati-
cal theory of initial enlargement of filtrations. We first recall some results of Jacod (1985)
which show that a continuous local IF-martingale K remains a semimartingale for the fil-
tration &° = (G¢)sejo,1) if the regular conditional distributions of G' given F; are absolutely
continuous with respect to the law of G for all ¢ € [0,7"). Moreover, Jacod (1985) presents
the canonical decomposition of K in &° which involves the conditional density processes
pt, £ € range(G). By adapting arguments of Féllmer and Tmkeller (1993), we prove that
1/p® is a @°-martingale and thus defines a family of probability measures P, on (€2, G;)
for ¢ < T, provided that the regular conditional distributions of G given F; are equivalent
to the law of G. Furthermore, we show that any (local) (IF, P)-martingale is a (local)
(@, P,)-martingale on [0,t] for ¢ < T} this justifies calling P; the martingale preserving
probability measure under initial enlargement. We give examples for the calculation of p
and the absolute continuity and equivalence conditions, respectively, and conclude section
2 by showing that the JF°-martingale p® and the G°-martingale 1/p® can be written as

stochastic exponentials of a particular form. This provides the key tool for the subsequent



sections.

Section 3 introduces a general incomplete security market model with continuous prices.
We therein consider an ordinary investor who has the filtration /F' as his information flow,
and an insider whose portfolio decisions are based on the larger filtration &. The investors’
goal is to maximize the expected logarithmic utility of terminal wealth by trading in the
security market. After solving these optimization problems, we compare the maximal
expected logarithmic utilities of the two investors. By using the theoretical results from
section 2, we obtain a new alternative expression for the insider’s additional expected
utility involving the relative entropy of the probability measure P with respect to the
[0, t]-insider martingale measure P.

In section 4, we consider a complete security market and calculate the terminal additional
expected logarithmic utility of an insider for a wide class of random variables G, thereby
generalizing some of the results of Pikovsky and Karatzas (1996). If G is Fr-measurable,
the insider’s additional expected logarithmic utility turns out to be an expression one could
call the entropy of the initial enlargement; see Yor (1985). If G is even of finite entropy,
the additional utility simply consists of the entropy of G, while it becomes infinite if G is

of infinite entropy.

Convention: Section Assumptions are imposed throughout the respective sections.

2 Some Results on Initial Enlargements of Filtrations

This section collects some known and some new results about initial enlargements of
filtrations. Let (€2, F, P) be a probability space with a filtration IF' = (F3)c(o,r) satisfying
the usual conditions of right-continuity and completeness. T € (0,00] is a fixed time
horizon, and we assume that Fy is trivial. For some F-measurable random variable G
with values in a Polish space (U,U), we define the enlarged filtration & = (Gt);c[0,17 by

Gt == ﬂ (ft+€ \4 U(G)) ’ te [OaT]
e>0
Furthermore, we introduce the notations IF° := (Ft)ycjo,r) and & := (Gt)yejo,r); note
the distinction between [0,7] and [0,T). Throughout this section, let K = (Ky)eo,1] =

*
(Ktl, e ’Kg)te[o 7] be a d-dimensional continuous local F-martingale with quadratic va-

riation (K) = ((Ki,Kj»ij:l vnd”

2.1 A Summary of Fundamentals

Most of the general theory presented in this subsection goes back to Jacod (1985), who

formulated his results under the following crucial assumption:



Section Assumption 2.1 There exists a o-finite measure 1 on (U,U) such that for all
t € [0,T), the regular conditional distribution of G given F; is absolutely continuous with

respect to i for P-almost all w € €, i.e.,
P[G € -|F](w) < () for P-a.a. w € . (1)

Before recalling those results of Jacod (1985) used in the sequel, we need some more
notation. Let Q := Q x U, F; := Neso (Fire ®U) and F = (ﬁt)tE[O,T)a and denote by
O(ﬁo) and P(ﬁo) the optional and predictable o-fields on O x [0,T), respectively. Note
that P(IF') = P(IF°) ® U; see (1.7) of Jacod (1985). The following lemma provides a

‘nice’ version of the conditional density process ¢* resulting from (1).

Lemma 2.1 (Lemme 1.8 and Corollaire 1.11 of Jacod (1985))

1. There exists a nonnegative O(ﬁo)—measurable function (w,¢,t) — q¢f(w) which is

right-continuous with left limits in t and such that

(a) for all ¢ € U, ¢° is an IF°-martingale, the processes q*,q% are strictly positive
on[0,T¢[, and ¢* = 0 on[T*,T[, where

T = inf {t > O‘qf_ =0} AT; (2)

(b) for allt € [0,T), the measure qf(-) n(d¢) on (U,U) is a version of the conditional
distribution P|G € d¢|F;].
2. TY =T P-as.

The conditional density process ¢’ is the key to the study of continuous local JF-martingales
in the enlarged filtration &°. The following theorem shows that under Section Assumption
2.1, every continuous local IF-martingale is a °-semimartingale, and explicitly gives its

canonical decomposition.

Theorem 2.2 (Théoréme 2.1 of Jacod (1985)) .
Fori=1,...,d, there exists a ’P(ﬁo)—measurable function (w,¥,t) — (lcf(u)))Z such that

(0 1) = [ el d(. (3

For every such function k*, we have:

L[|y

2. K* is a G°-semimartingale, and the continuous local G°-martingale in its canonical

d(K%, < o0 P-as. for all t € [0,T), and

decomposition is

K=K [60ar), te) (@
0



Remark: If the absolute continuity condition (1) holds for all ¢ € [0, 7], then K is even

a local G-martingale; this will be used later.

Before we make extensive use of the preceding result, we normalize the conditional density

process ¢°. Since Fy is trivial, we have
/ PG € df] = P[G € B] = P[G € B|F)] = / ()
B B

for all B € U. By choosing U smaller if necessary, we can therefore assume that g§ > 0
for all £ € U, and so we obtain for P-a.a. w and all ¢ € [0,T")

PIG € BIF)w) = [ diw)n(dt) = [ piw) PIG € b

where

0
g (w)
T (5)
90
Clearly, we can take p as the process ¢ appearing in Lemma 2.1 and Theorem 2.2; this

pi(w) :=

corresponds to choosing for 7 the law of G.

By Lemma 2.1, the first time p® hits 0 is P-a.s. equal to T' so that we can consider the
process 1/p% on [0,T). This process will play a pivotal role in the sequel. If the regular
conditional distributions of G given F; are equivalent to the law of G, then 1/p® turns
out to be a positive G°-martingale starting from 1 and thus defines a probability measure
P, on (Q,G) for all t € [0,T). P; coincides with P on F;, and the o-algebras F; and o(G)
become independent under P,. We show these properties in the next proposition which
is a variant of results on p.578 of Follmer and Imkeller (1993). Basically, we just have to

transfer their arguments from their Wiener space framework to our present situation.

Proposition 2.3 Suppose that the regular conditional distributions of G given F; are
equivalent to the law of G for all t € [0,T), ie., for all £ € U, the process (Pf)te[o,T) is
strictly positive P-a.s. Then:

1

1. — is a G°-martingale.
p

2. For t € [0,T), the o-algebras F; and o(G) are independent under the probability
measure

Py(A) = / 1P forAcG, (6)

Apt

ie., for Ay € F, and B €U,

P;[A;n{G € B}] = P[AJP[G € B] = P]A/]P/G € B. (7)
Proof: To prove (7), fix A; € F; and B € U. By conditioning on F;, we obtain

1 1
ft]] = /E lI{GEB}_G
Y2

At

1
E lIAtﬂ{GEB}_G] = ElIAtE lI{GeB}_G
Y2 by

J—"t] (w) P(dw).



The definition of pf(w) yields

1
pi(w)

Ebmwiaﬂhwzf pi(w) P[G € d/] = P[G € B),
B

and so we get the first equality in (7). The second follows by choosing A; = Q or B ="U.
Now fix 0 < s <t < T and choose A € G of the form A = A; N {G € B} with A; € F;
and B € Y. Then we obtain by (7) and by reversing the above argument that

E [IA%] _ P[A,P[G € B
=‘ﬂhfWEM]
Ly
_ —~ p!(w) PG € df] P(dw)
1!%@
= E[IASE [I{GeB}% fs] ]
1

_E [IA—].
p¢

By a monotone class and right-continuity argument, this extends to arbitrary sets A € G;.
Hence 1/p” is a G°-martingale and (6) defines indeed a probability measure on (2, G;).
q.e.d.

Definition 2.4 Let t € [0,T). The probability measure P; on (Q,G;) defined by (6) is
called the [0,t]-martingale preserving measure under initial enlargement of filtration, or

in the context of financial mathematics, the [0, t]-insider martingale measure.
The above terminology is justified by the next result.

Theorem 2.5 Suppose that the regular conditional distributions of G given JF; are equi-
valent to the law of G for allt € [0,T). For fixed t € [0,T), any (local) (P, IF')-martingale L
on [0, 1] is then a (local) (P;, &)-martingale on [0,], hence also a (local) (P;, IF)-martingale
on [0,1].

Proof: Because (7) implies that G is independent of F; under P, and P, = P on Fi, it
follows easily that a (P, IF)-martingale on [0,%] is also a (P;, ®)-martingale on [0,#] and
therefore also a (P, IF')-martingale on [0, ¢]. Since JF°-stopping times are also @°-stopping
times, any localizing sequence (7},) for some L with respect to (P, IF') on [0,t] will then
also localize L with respect to (P;, ®) and (P, IF) on [0,1]. q.e.d.

2.2 Examples for the Calculation of p¢

This subsection illustrates the preceding results by several examples for G that will be
used again later. These examples show that the absolute continuity assumption (1) is
typically only satisfied for ¢ € [0,T) so that p{ is only defined on [0, T').



Example 2.6 Let G be the endpoint Wy of a one-dimensional F-Brownian motion W.
Then we have for all t < T

PWr € d{|F;] = P[Wr—W;+ W, € di|F]
= PlWr-Wyed—y|
_ 2
= ﬁexp (—%) dae
= pt P[Wr € dl],
exXp <__(e — Wt)z e

T ¢ 2T — 1) + ﬁ)’ ¢ € IR, is strictly positive for all ¢t < T.

Furthermore, applying Itd’s formula to (£ — W;)2/(T — t) gives

/—W.
¢ S
pt—é'( _SdWs>t.

where p¢ =

In this example, the conditional law of G given F; is therefore not only absolutely con-
tinuous with respect to the law of G, but even equivalent to it for all ¢ € [0,7"). On the
other hand, the conditional law of W given Fr is obviously the point mass in Wp(w) and

therefore not absolutely continuous with respect to the law of Wr.

Example 2.7 Let G be a random variable with values in a countable set U such that
P[G=/{]>0forall £ € U. Then every A € o(QG) is of the form A = |J {G = ¢} for some

led
J C U. Therefore we have

PG € AR =S PG =t|F] =S ptPG = 1] = /pr[G € df]

leJ leJ A
PlG=¢
for all ¢ € [0, 7], where pf = %, and so P[G € :|F] is absolutely continuous with

respect to the law of G for all t € [0,7]. Thus we obtain by Theorem 2.2 and the subsequent
remark that every local IF-martingale is a F-semimartingale and therefore Theorem 1 of
Meyer (1978). However, the conditional laws of G given F; are equivalent to the law of G
on F; for t < T only if P[G = £|F;] > 0 P-a.s. for all £ € U. Moreover, there is certainly
no equivalence on Fr if G is Fr-measurable, because in this case P[G = {|Fr| = Ijg—p
is zero with positive probability (unless G is a constant).

As a special case, consider the situation in which G describes whether the endpoint of a

one-dimensional IF-Brownian motion lies in some given interval, i.e., G := Iy ¢(ap)) for

PiG=1 1-PlG=1
some a < b. Then we have p% = H and p? = I[DCEYG :|f]:t], and a similar
computation as in Example 2.6 yields
1 (=W
u— Wy
PGzl]—"zi/ —— | d , te€0,T),
&= = T / exP( 2(T — ) ) h 0.7)



and P[G = 1] = P[G = 1|%) = &(b/VT) — &(a/VT), where & is the standard normal
distribution function. Hence, P[G € -|F;] is absolutely continuous with respect to the law
of G for t € [0,T] and equivalent to the law of G only for all ¢ € [0,T).

2.3 Writing 1/p® as a Stochastic Exponential

This subsection shows that under the assumptions of Proposition 2.3, the processes p‘
and 1/p“ can be written as stochastic exponentials of a particular form. More precisely,
the IF°-martingale p¢ is the stochastic exponential of the sum of a stochastic integral
with respect to K with integrand ¢ and an orthogonal local JF°-martingale, whereas the
E°-martingale 1/p® can be written as a stochastic exponential of the sum of a stochastic
integral of K¢ with respect to K and an orthogonal local G°-martingale. To do this, we
first prove a structure condition on the finite variation term appearing in the canonical

decomposition of K in &G°.

Lemma 2.8 Under Section Assumption 2.1, there exists an IR%-valued, P(IF°) ® U-mea-
surable process (Hf)te[o,T) such that for all £ € U,

t (k) (K,
0
[ dim) = z . tebD). (®
° ) de),
0

Proof: Take an increasing IF°-predictable process B such that (K*) < Bfori=1,...,d.
Then we obtain (K, K7) = [ b% dB; for a matrix-valued IF°-predictable process b, and so
(8) amounts to finding a P(IF°) ® U-measurable solution x to the system of equations
d .. . o .o

S vd(kb) = (kf)'bY  fori=1,...,dandall s € [0,T).

i=1
Since each (k%)¢ is P(IF°)-measurable by Theorem 2.2 and P(IF ) = P(IF°) ® U, this is
clearly possible. q.e.d.

For the subsequent developments, we need a weak integrability condition on &; see Delbaen

and Schachermayer (1995) for its relation to absence of arbitrage.

Section Assumption 2.2 The process k from Lemma 2.8 satisfies
T
/ (k9" d(K)s kb <00 P-as. forallleU.
0

Remark: A standard argument shows that the process ¢ is P(@°)-measurable, and

so the stochastic integral [(x%)* dK is well-defined under Section Assumption 2.2. For



¢ is unique up to nullsets with respect to P x (K), and so the

each ¢ € U, the process k
stochastic integrals [(k%)* dK and [(k%)*dK do not depend on the choice of x. Finally,

— — — %
we can now write K := (Kl, ... ,Kd) more compactly as

f{’:K—/d(K)nG.
Proposition 2.9

1. Suppose that the regular conditional distributions of G given F; are equivalent to
the law of G for all t € [0,T). Then there exists a local G°-martingale L null at 0
which is orthogonal to K from (4) (i.e., (K,L) =0 fori =1,...,d) and such that

1 * o~ ~
p—G:é‘(—/(nf) dKS—IrL) . telo,T). (9)
¢ t

2. Fix £ € U. If pre_ > 0 P-a.s., then there exists a local IF°-martingale L* null at 0
which is orthogonal to K and such that

pf:c‘:(/(mf)*dKS—I-Le)t . teo,T). (10)

Proof:

1. Since 1/p% is a strictly positive G°-martingale, there exists a local G°-martingale 0
null at 0 such that 1/p¢ = £(0). Because of the continuity of K, we can write O
as O = [h*dK + L with a @°-predictable process h satisfying Iy Bt d(K), hs < 00
P-as. for all t € [0,7) and a local G°-martingale L null at 0 which is orthogonal to
K; see Ansel and Stricker (1993a). This yields

G, Ky = <ﬁ[{z> _ _/pcj (d(K) E)i

by using the continuity of K , the orthogonality of K and L and Ito’s formula. On
the other hand, we can also compute (p®, K*) with the help of Theorem 2.2, and we
want to use this to identify hoas —kC. Leaving aside measurability questions for the

moment, we simply replace £ by G in (3) and obtain
(0°,K7) = [ pOEY (i) (1)

%
= /pE" (a(K) &%) (12)
from Lemma 2.8. Hence we conclude that [d(K)h = — [d(K)kC and therefore
[h*dK = — [(k%)* dK by the preceding remark. Plugging this into O yields (9),
and so it only remains to justify (11) and (12). Since p : (w,4,t) = pi(w) is a

measurable function, Proposition 2 of Stricker and Yor (1978) implies the existence

of a version of (pf, K*) which is measurable in £, and we denote this again by (p¢, K?).



Since [(k%)'pt d(K?) is well-defined by (3), and since k¢ and p¢ are measurable in
¢, Lemma 2 of Stricker and Yor (1978) now yields the existence of a version of
[(E%*p® d(K?) which is measurable in ¢. This justifies (11). Moreover, Lemma
2 of Stricker and Yor (1978) also implies the existence of versions of [ (%)t d(K?)

and [ (d(K ) fs:e)z which are measurable in £ and thus the existence of a version of

[t (d(K ) me)z which is measurable in £. This justifies (12) and completes the proof

of the first assertion.

2. The properties of p’ in Lemma 2.1 and the condition ppe > 0 P-a.s. guarantee
by Exercise 6.1 of Jacod (1979) the existence of a local IF°-martingale O such that
pt = £(0). The rest of the proof then proceeds as in the first part; it actually

becomes even simpler since there are no measurability problems for fixed /.

q.e.d.

Remark: If the regular conditional distributions of G given F; are equivalent to the
law of G for all ¢ € [0,T), then the condition in the second part of Proposition 2.9 is
automatically satisfied for all £ € U.

The next result gives an explicit expression for I in (9) in terms of LY if p¢ is continuous
for all £ € U. As a consequence, we obtain then in particular that 1/p® can be written as
a stochastic exponential of a stochastic integral with respect to K , if we have in addition
a martingale representation theorem for the filtration /F'. This happens for instance in a

complete financial market, and we shall come back to this case in section 4.

Corollary 2.10

1. If p* is continuous and strictly positive for all £ € U, then

i_ _ HG* ~_ G G
p?_g( /(s)sz LY +(L ))t . telo,T). (13)

In particular, L from (9) is given by

Ly=-L¢+(L%, , telo,T). (14)
2. In particular, if p* = £ (f(h:z)* dK) for all ¢ € U, then

Proof: Since p’ is strictly positive, (10) implies for all £ € U that

/I%dpz — /(Ke)* dK + ILf — /(n‘)*df—k/(n‘)*d(f) WO 1 It (15)

10



Thus, the continuity of p¢ implies for all £ € U that L¢ is continuous and by (10) that

é = exp <_/(:‘<ﬂ)*dK—|-%/(K/)*d<K),§Z_Lz+%<LZ>)

~ exp (- /(K/)* iR — /(M)* dK) KO + % /(M)* ARy KL — L + %(L@) . (16)

We first show the measurability on Q x [0,7") x U of all the terms appearing in (16). By
Lemma 2.8, k¢ is P(IF°) @U-measurable, thus O(&°) ®U-measurable. Since [(k°)* d(K) x*
is locally integrable thanks to Section Assumption 2.2 and the continuity of K, Theorem 2
of Stricker and Yor (1978) (plus the note added in proof on p.133) implies the existence of
an O(@°) ® U-measurable version of [(kf)*dK. Hence Proposition 2 of Stricker and Yor
(1978) yields that [(x!)*dK and [(k%)*d(K) k¥ = <f( )*dK, [ (s dK> are measurable
functions on Q x [0,7) x U. Since 1/p® is P(IF°) ® U-measurable by Lemma 2.1 and
continuous, hence locally bounded, Theorem 1 of Stricker and Yor (1978) implies the
existence of an O(IF°) ® Y-measurable version of [ 1/p®dp®. Hence we obtain that L has
a measurable version, since all other terms in (15) have one. Finally, (L¢) has a measurable
version by Proposition 2 of Stricker and Yor (1978).

Thanks to these measurability properties, we can now substitute G for £ in (16) to obtain

p—leexp<—/ dK——/ G—LG+%(LG)),

hence (13). Comparing this to (9) yields (14) by the uniqueness of the stochastic expo-

nential. q.e.d.

3 Utility Maximization

In this section, we first explain the optimization problems faced by two investors with
different information. We then solve these problems explicitly and use the results of
section 2 to rewrite the utility gain of the better informed investor in a form that is more

suitable for further analysis.

3.1 The Model

The uncertainty of the security market is described by our given probability space (2, F, P)

with the filtration IF' = (Ft);c[0,77- We fix a d-dimensional continuous local JF-martingale

M = (M?',...,M%)* and a d-dimensional predictable process a = (a,...,a%)* with

B VOTa:dw)sa

< 0. (17)

11



The discounted prices X = (X*',..., X d)* of d stocks are then assumed to evolve according
to the stochastic differential equations
d .
dX} = X} (dMg' +> o d(Mi,Mﬂ')t) , tel0,T],i=1,...,d,
j=1

with X§ > 0. In addition to the ordinary economic agent whose information flow is given
by the filtration IF', we also want to consider an insider who is better informed. His extra
information is the knowledge at time 0 of the outcome of some F-measurable random
variable G. For instance, G might be the price of a stock at time T, or the price of a stock
at time T' distorted by some noise, or the value of some external source of uncertainty,
etc. Technically, G will have values in a Polish space (U,U), and the information flow of

the insider is described by the larger filtration & = (gt)te[o,T] given as in section 2 by
G=(Freva@) , teloT].
e>0

We shall also assume that M is a G°-semimartingale and that its canonical decomposition

can be constructed as in Theorem 2.2. More precisely, we make the

Section Assumption 3.1 M is a °-semimartingale, and the local G°-martingale M in

its canonical &°-decomposition has the form

t
Mf:Mf—/(mf)id(Mi)s , tel0,T),i=1,....d, (18)
0

where m = (m}) has the same measurability and integrability properties as k in Theorem
2.2.

As in Lemma 2.8, we obtain a P(IF°) ® U-measurable process (uf);c(o) such that

t [ty (),
0
[ o ut - : ., telo,D). (19)
: [yt dmd),
0

Thus we can write M more compactly as M = M — [d{(M) u€, and so the discounted

stock price evolution from the insider’s point of view is

j=1
= X (dﬂi+(d(M) (a—l—uG))i) . di=1,...,d

We now impose

12



T
Section Assumption 3.2 E [ / (uS)* d(M), pb | < .
0

This allows us in particular to extend M to the closed interval [0,7] by defining My :=

tlin% M,. Note here that we do not assume that M is a local @-martingale on [0, 7.
%

Remark: Our framework includes the classical incomplete market model studied by
Karatzas, Lehoczky, Shreve and Xu (1991) where the filtration IF' is generated by an
n-dimensional Brownian motion W. In our notation, they have M = [ o dW for a d x n-
matrix-valued JF-progressively measurable process o = (0¢).c[o,r) With full rank d < n
for every t € [0,T], and a = (00*)~!(b — r14) for IF-progressively measurable processes
b (IR%valued) and r (IR-valued) such that fOT |b| dt < oo and fOT |r¢| dt < const. P-a.s.
Furthermore, their standing assumption 5.1 imposes exactly our condition (17). As a
special case of the model of Karatzas, Lehoczky, Shreve and Xu (1991), Pikovsky and
Karatzas (1996) consider in their study of insider trading the complete market model with

d = n; this is therefore included in our framework as well.

Definition 3.1 Let t € [0,T], > 0 and denote by IH € {IF, &} a generic filtration.

1. An H-portfolio process up to time t is an IR%-valued IH-predictable process m =
t
(7s)sefo,) Such that [ w5 d{M)s s < oo P-as.
0

2. For an IH-portfolio process w, the discounted wealth process V(x,n) is defined by
Vol(z,7) = z and

4 . X’
dVy(z,m) = wiVy(z, ) XZ.S for s € [0, 1]. (20)
i=1 s

3. The class of admissible IH -portfolio processes up to time t is defined by

Am(z,t) = {7‘("7[’ is an IH-portfolio process and E[log~ Vi(z,m)] < oo} .(21)

As usual, 7 describes the proportion of total wealth at time ¢ invested in asset 4, and (20)
is the familiar self-financing condition; see for instance Pikovsky and Karatzas (1996). For
a strategy m € Am(z,t) with z > 0, the wealth process is strictly positive and explicitly
given by

Vs(z,7) = z€ (/éwz cZ%i) =z€ (/ﬂ;dMu-l—/m’;d(M)uau)s (22)

for s € [0,¢]. From the point of view of the insider, this can also be written as

Vi(z,7) = z€ (/ 7 dM, + /ﬂ'z d{M)y (o + ,uf)) , s € [0,¢]. (23)

S
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Definition 3.2 (Optimization Problems)
Let the initial wealth > 0 and the time horizon t € [0,T] be given.

1. The ordinary economic agent’s optimization problem is to solve:

Ellog V; .
Loqax [log Vi(z, )]

2. The insider’s optimization problem is to solve:

max FEllog Vy(x,n)].

amx | Bllog Ve, )
While it is not the most general case, assuming a logarithmic utility function will enable
us to exploit the exponential structure of the wealth process and to obtain fairly explicit

results in the next section.

3.2 Solution of the Logarithmic Utility Maximization Problems

Let us first give an easy argument under more restrictive integrability assumptions to

motivate the construction of the solutions. (23) gives for 7 € Ag(z,t)

1

t — t
log Vy(z,m) = logm—i—/o T dMs"‘/Q 7: d(M)s (as+:u'sG_§7l's)

t 1t
= log$+/0 W:dMs‘I‘E/O(as +ﬂsG)*d<M>s (as+,ug;)

1

t
) 0 (0‘8 + ,UsG - 7TS)* d<M>s (O‘s + N? - WS) (24)

by adding and subtracting the term %fg(as + uS) d(M)s (as + pS). If we now had
E [f(f oy d(M)s 7rs] < o0, the local @°-martingale [7*dM, would be a true martingale
and hence would have expectation zero. Then 75 = a5 + u&, s < ¢, would be an optimal
strategy for the insider up to time ¢, yielding a maximal expected utility up to time ¢ of
logz + 3 E [f(f(as + p8) d(M)s(as +uf)]. Setting u“ = 0, we could similarly get the
optimal strategy and maximal expected utility of the ordinary agent.

We now show that even in our larger class of admissible strategies, the solution of the
optimization problems is of the above form. Our argument exploits the close connection
between logarithmic optimization problems and the minimal martingale density processes.

Definition 3.3 The process ZF = (Zf)SE[O,T] defined by
ZF .= ¢ (— / ot dMu) . se[0,1] (25)
S
is called the IF-minimal martingale density, and the process Z€ = (ZSG )sejo,r] defined by

7% .=¢ (— /(au + ul)* dm) ., s€0,T] (26)

S

is called the @&-minimal martingale density.
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Note that (17) and Section Assumption 3.2 imply that [(cs + uC)* dMj is well-defined
and a local G-martingale on [0, 7], and that both minimal martingale densities are strictly

positive.

Proposition 3.4

1. For t € [0,T], the processes ZFXt i =1,...,d, and ZFV(m,w) with 7 € Ap(z,t)

are local IF-martingales on [0, t].
2. For t € [0,T), the processes Z€Xi ;=1,...,d, and ZGV(.’IJ,T(') with 7 € Ag(z,t)

are local B-martingales on [0,t]. If M is a local G-martingale, this even holds for
te[0,7T].

Proof: The first part is well known and can be found in Ansel and Stricker (1992), (1993b)
or Schweizer (1995). The second claim is similarly obtained by applying It6’s formula to
get

d(Z¥XY = X'dzZ%+ Z%dX' +d(Z%, X"
= X'dZ%+ Z%X'dM"
d
+Z@Xi(uﬁﬁiaﬂﬂ)+§:aﬁﬂmﬂan-d</h1+uGrdnLAﬂ>).
j=1
Since
. d . o i . .
d< / (uG)*dM,MZ> = > (uO) d(M?, M7y = (d{M) p®)" = (mC) d(M)
j=1
by (19), we have
d(ZXY) = X"dZ% + ZEX' dM",
and this shows that Z€ X" is a local ¢°-martingale, and even a local @G-martingale if M

is. The remaining assertions are proved in a similar way. q.e.d.

The next result gives explicit solutions for the two investors’ optimization problems.

Theorem 3.5

1. Fix a time horizon t € [0,T]. An optimal strategy up to time t for the ordinary

economic agent is then given by

ord —

Ts

Qs , 0<s<t, (27)

and the corresponding maximal expected logarithmic utility up to time t is

1
E [log W(SE,WOTd)] =logz + §E

j@ﬂMﬁ%l (28)

0
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2. Fix a time horizon t € [0,T). An optimal strategy up to time t for the insider is
then given by
7P =, + ,usG , 0<s<Ht, (29)

and the corresponding maximal expected logarithmic utility up to time t is

t
1
/a; M), 0, | + 5B

0

1
E[log Vi(z,7P")] = logz + §E

/ (Mf)*d<M>suf] . (30)
0

3. The insider’s maximal expected logarithmic utility up to the terminal time T is at

least
T

/ ot d(M), a,

0

1 1
1 -F —-F
oga:+2 +2

T
[ () d<M>susG] SNED
0

4. If M is a local &-martingale, then an optimal strategy up to the terminal time T
for the insider is given by

P =a,+pd  ,  0<s<T, (32)
and the corresponding maximal expected logarithmic utility up to time T is

T
/ (6S)" d(a), uf] . (33)

0

T
1
/a: dM), 05| + 5B

0

1
1 -k
ogx + 5

Proof: We omit the proof for the ‘ordinary agent part’ because it is a copy of the other
parts with 4% = 0 and Z¥ instead of Z€¢.

1. For concave C'-functions u such that u' has an inverse I, we recall the inequality
u(a) < u(I(b)) - b(I(b) — a) for all a, b.

If we fix t € [0,T) and 7 € Ag(z,t), we thus obtain with u = log, a = Vi(z,7) and
b= yZ,fE for some constant y > 0 that

1 (1 N _
log Vi(w,7) <log —=—yZ{ (7@ — Vt(wﬂr)> = —logy—log ZF —1+yZfV,(z,).
yZy yZy

Since V (z, ) is nonnegative and EGV(JZ,W) is by Proposition 3.4 a local &°-mar-

tingale, hence a @°-supermartingale starting in x, we get
Ellog Vi(z,m)] < —1— logy — Ellog 2%] + ya (34)

for all m € Ag(z,t) and y > 0. To find an optimal portfolio, it is therefore enough
to find 7 € Ag(z,t) and y > 0 such that equality holds in (34). We claim that 7oP!
defined by (29) and y = 1/z will do. Indeed, (24) yields

t — 1 t
logVile,n) = loga+ [ (o +u$) a4+ 5 [ o+ u) A0 (o + )

= —logy— lothG
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by (26), and so we get equality in (34). Moreover, 7% is in Ag(z,t) due to (17),
Section Assumption 3.2, and the fact that ZF > 0 P-a.s. so that log (ZF) = 0
P-as.

2. Thanks to (17), Doob’s inequality implies that both supyc,<;|fy i dM,| and
SUP)< s<t ‘ I .| are integrable so that [ o dM, and [ o dM, are martingales

(with respect to IF' and @&, respectively) on [0,¢]. By the definitions of M and u©,

we therefore obtain

i t — t
O:E[/ a;;dMu—/ a;;dMu] :E[/ a;;d<M>W§j],
0 0 0

and (30) follows by squaring out (a + u%)* d(M) (a + u%).

3. We now show (31). Up to time ¢t < T, let the insider choose the portfolio 7%P* =
a+ p% as in (29). At time ¢, he then invests his wealth in the riskless asset and
keeps it there up to time 7" so that his strategy is given by

s 1= ﬂ?ptI{SSt} . s € [O,T].

This implies that 7 € Ag(z,T) and Vi (z,7) = Vi(x, m°P!) for every t < T. Therefore
the insider’s maximal expected utility is at least

T

/ o d(M),

0

E

1 1
sup E[log Vy(z, 7")] = logz + - E + -
t<T 2 2

T
G
/,us 5:“3]

0

by (30) and monotone convergence, and this proves (31).

4. If M is a local @-martingale, then ZGV(.’I},TK') is by Proposition 3.4 a local G-
martingale, hence a @-supermartingale. Thus we can repeat steps 1 and 2 with

t = T to complete the proof. q.e.d.

Definition 3.6

1. The insider’s additional ezpected logarithmic utility up to time t € [0,T] is defined
by
sup EllogVi(z,7)]— sup EllogVi(z,n)] , t€[0,7).
TEAg(z,t) TEAR(z,t)

2. The insider’s utility gain up to time t € [0,7T] is defined by

Blad  with a= 5 [ d(M), i (35)
0
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Before we proceed to rewrite the utility gain, let us comment on the above terminology.
Under Section Assumption 3.2, E[a;] coincides with the insider’s additional expected lo-
garithmic utility up to any time ¢ < 7. A look at the above proofs reveals that this
remains true even if we only have Ela;] < oo for all ¢t < T' and E[ar] = co. Examples
in Pikovsky and Karatzas (1996) and section 4 show the latter situation to be typical.
Even under this weakened assumption, the same argument as for (31) gives Efar] as a
lower bound for the insider’s additional expected utility up to time 7', and thus the two
quantities also coincide for Elar] = co. If Elar] < oo, they agree again by (33) if M is
a local GZ-martingale; we shall see examples of this in subsections 4.1 and 4.3. The only
case where a discrepancy between the two quantities could arise is if E[ar] < oo and M
is a local G°-martingale, but not a local G-martingale. It would be interesting to see an

example of this type analyzed in more detail.

3.3 pY-Representation of the Insider’s Utility Gain

Although (35) provides an explicit expression for the insider’s utility gain in terms of
p%, it is not really useful in that form. Even in fairly simple examples, (35) is rather
hard to evaluate; this is illustrated by the results of Pikovsky and Karatzas (1996) where
closed-form solutions or upper bounds for (35) are obtained only in some special cases and
after sometimes rather cumbersome calculations. In this section, we therefore derive an
alternative expression for the utility gain which can be evaluated simply and explicitly for
a large class of examples for G. By applying the results of section 2 to the continuous local
IF-martingale M, we compute the utility gain E[a;] for all ¢ < T and then let ¢ increase
to T'. This requires

Section Assumption 3.3 The regular conditional distributions of G given F; are P-
a.s. equivalent to the law of G for all t € [0,T), and the process of Radon-Nikodym
derivatives is P-a.s. continuous in t. More precisely, we assume that there exists a strictly
positive, continuous P(IF°) ® U-measurable process (pf)te[O,T),Z € U, such that for all
B € U, we have

PG € B|F](w) = / plw)P[G €df]  for P-a.a. w and all £ € [0, T).
B

Note that by Theorem 2.2, Section Assumption 3.3 implies Section Assumption 3.1.

Remark: Intuitively, the assumption that the conditional laws of G given F; are equi-
valent to the law of G for t < T means that at all times prior to 7', the insider has an
informational advantage over the ordinary agent since the latter sees all outcomes of G
as possible before time 7. More vaguely, the outcome of GG is not revealed to the public
before T'.
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Applying Proposition 2.9 to M gives the existence of a continuous local &G°-martingale N
null at 0 and orthogonal to M such that

pitG:g(_/(usG)*dMerﬁ)t ,  teo,T). (36)

Continuity and orthogonality of M and N therefore yield for ¢ € [0,T)

t
[0y dn, g - 3w @
0

N | =

t
—logpf = —/(uf)* dM, + N; — :
0

If the expectations of all terms were finite and if N was not only a local &°-martingale,
but a true G°-martingale, the utility gain could obviously be written as

Bla] = B = Bllogpf] — BN}

t
[, u
0

The next result will provide such a relation even without the assumption that [(u&)* dM,
and N are G°-martingales. For its formulation, we recall that for two probabilities P and
Q on (2, A), the relative entropy of P with respect to @ on A is defined as
dP
Ep log—‘ ] ,fP<KQ@onA
H(P|Q) == l dQ |4
400 , otherwise.

It is well known that H4(P|Q) is always nonnegative, equal to 0 if and only if P = @Q on

A, and increasing in A.
Theorem 3.7
1. The insider’s utility gain up to time t € [0,T) satisfies the relation
Blo] + 3 E(N)] = Ellogsf] = Hg(PIP) . tel),  (39)
where P, is the [0, t]-insider martingale measure defined in Proposition 2.3.
2. The insider’s utility gain up to the terminal time T satisfies the relation

1 .~ ) . ~
Elar] + 5E[<N)T] = lim E[log p{] = lim Hg, (P|P;). (39)
t—T t—T

Proof: Let (7)) be an increasing sequence of G°-stopping times such that all terms

T, ~
in (37) are bounded when stopped at 7T, and such that ( [(pé)* dMs) and NT» are
E°-martingales. For each ¢ € [0,7), we then have

Th At
1 . 1 1~
Blogp§n] = 3B | [ (49" d0D. kS| + 5B [(Wrn]
0
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and as n — oo, the right-hand side increases to $E [f(f(,usG)* d(M)Sug] + %E[(ﬁ)t] by

monotone convergence. Thus it only remains to show that
E [logp%,\t] — E[log p¢] as n — oo.

Since 1/p% is a G°-martingale by Proposition 2.3, the optional stopping theorem implies
that FE [1/P(T;n/\t‘ng—1/\t] = 1/p%,1/\ta and so (1/p(T;nAt)nEIN is a sequence of probability
densities on (Gr,at),e v With limit 1/pf. Hence we can apply Lemma 2 of Barron (1985)
to the sequence pg A= i‘ , n € IN, to conclude that
n AP G, At

lim_ B [logp, | = Ellogp{] = Hg,(P|P;)

by (6). This proves the first assertion, and the second follows by monotone convergence.

q.e.d.

In the special case where N vanishes, the insider’s utility gain is just the relative entropy
of P with respect to the [0, ¢]-insider martingale measure. This happens for instance if we

have a martingale representation theorem for the filtration IF'.
Corollary 3.8 Ifp! = € ( [(pH* dM) for each £ € U, the insider’s utility gain
1. up to time t € [0,T) is given by

Ela] = Ellogpf] = Hg,(PIB) ,  te[0,1). (40)

2. up to the terminal time T is given by

Blar] = lim Bllogpf] = lim Hg, (P|F). (41)

Proof: By Corollary 2.10, we have 1/p¢ = & (— [(p9)* dﬂ) This means in particular
that N = 0, and so the assertions follow from (38) and (39). q.e.d.

4 Explicit Calculations of the Insider’s Additional Expected
Logarithmic Utility

In this section, we systematically analyze the insider’s additional expected logarithmic
utility. For simplicity, we consider the case where the insider’s utility gain up to time
t €[0,T) is given by

Ela)) = E = E[logPtG] = Hgt(PuSt) (42)

[ acary, o
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and up to the terminal time 7" by

T
Elar| = E /(uf)*d<M>suf] = lim Eflogp{’] = lim Hg, (P|F). (43)
0

We can then obtain results which only depend on the structure of the additional informa-
tion G and not on the decomposition of M in G°. This is the key point which allows us
to simplify and generalize results obtained by Pikovsky and Karatzas (1996).

Let us now summarize the assumptions needed in chapter 3 to establish (42) and (43).

Section Assumption 4.1

1. M is a d-dimensional continuous local IF'-martingale.

T
QE[/ ay d(M)sas| < oo.
0

3. M =M — [d(M) uC is a d-dimensional continuous local G°-martingale.

¢
4. E U (WE)* d(M)suS| <00 forallt €[0,T). (44)

0

(compare Section Assumption 3.2 and the remark at the end of section 3.2)
1 .
5 o=e (- [udran) , ienm) (45)
b t
Remarks:

1. Assumption (45) means that the orthogonal martingale N in (36) should vanish.
This is clearly hard to check in a general incomplete market, but our results provide
by Theorem 3.7 at least upper bounds for the insider’s utility gain. In the classical
complete market model with IF' generated by the underlying Brownian motion W,
(45) follows from Corollary 2.10 by applying the martingale representation theorem
to each pf. Tn particular, all examples in Pikovsky and Karatzas (1996) without

constraints on the insider’s strategies are special cases of our subsequent results.

2. In all subsequent explicit examples (Example 4.2 and subsection 4.3), Section As-

sumption 4.1 is satisfied. This can easily be shown by direct, but lengthy calculations.

4.1 The Distribution of G is Atomic

Suppose first that G takes values in a countable set U so that

G = (]-"HE Vo({G =1}t e U)) . telo,T].
>0

Recall that the entropy of G is defined by

H(G) = - P[G =1{ log PG = 1. (46)
LeUu
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Theorem 4.1 Suppose that G is a discrete random variable such that H(G) < oo and
Section Assumption 4.1 holds. Then:

1. The insider’s additional expected logarithmic utility up to timet € [0,T] is given by
Ela] = H(G) — H(G|F) (47)
with
H(G|F,) := —E |>_ PG = {|F] log P[G = {|F;] , te[0,T] (48)
LeU
being the conditional entropy of G given F;.

2. In particular, if G is Fr-measurable, then the insider’s terminal additional expected

logarithmic utility is given by

Elar] = H(G). (49)

Proof: Without loss of generality, we may assume that U = IN.

1. By Example 2.7 and the remark after Theorem 2.2, M is a local &-martingale. For
any t € [0,7], part 4 of Theorem 3.5 therefore implies that the utility gain E[a]

gives indeed the insider’s additional expected logarithmic utility up to time ¢.

2. Since the nonnegative process (—P[G = i|Fy] log P[G = i|F¢])teo,r) is an [F-su-
permartingale, the conditional entropy is nonnegative and decreasing in its second

argument, and therefore
o
0<—-FE ZP[G = 1|F;] log P|G = i|F]| < H(G) < o0 fort €[0,7]. (50)
i=1
Fix ¢t € [0,T). By Example 2.7, we have for 7 € IN that

i _ PlG =i|F]
= "pPla=4 "

and therefore Theorem 3.7, Section Assumption 4.1 and conditioning on F; yield
Ela] = E[logp{]

o0
= E lz log p} P[G = im]]
i=1
o0
= lZP = i|F;] log P[G = i|F] ] — > P[G =i] log P[G =],
i=1
which is well-defined according to (50) and yields (47) for ¢ < T. For each i € IN,
P[G = i|F] — P|G = i|Fr| as t - T by martingale convergence and therefore

lim E[p[G = i| 7] log P[G = z'm]] = E[P[G = i|Fr] log P[G = z‘|fT]] (51)
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by dominated convergence, since x — zlogx is bounded on [0,1]. Moreover, (50)
implies by Fubini’s theorem that the series — Z E[P[G = i|F] log P[G = z|.7-"t]]
absolutely convergent for each ¢ € [0,77], and so (51) implies that

lim H(G|F;) = H(G|Fr)-
t—=T
This completes the proof of (47).

3. If G is Fr-measurable, then P[G = i|Fy| = I;g—;, and so the right-hand side in
(51) becomes zero, since 0log0 = 1log1 = 0. Thus, H(G|Fr) = 0, completing the
proof by (47). q.e.d.

Remark: Since H(G|F;) measures the amount of uncertainty about the outcome of G if
one has the information F;, we can interpret (47) as follows: for each ¢t € [0, 7], the utility
gain of an insider up to time ¢ equals the amount of uncertainty of the ordinary investor
about G at time 0 minus the amount of uncertainty of the ordinary investor about G at
time ¢ and is therefore just the amount of certainty that the ordinary investor has gained
about G by time t. Note also that the utility gain in (47) becomes zero if G is independent
of F, for all ¢t € [0, 7).

Example 4.2 Suppose that the insider’s additional information in the classical complete
market model consists of an interval-type information about the outcome of the external
noise W, i.e., G = Liwrc(ar br)x-x(ag,be)} With a;,b; € IR U {—00,00} and a; < b; for
i=1,...,d. The insider’s additional expected logarithmic utility is then by (49)

Elar] = —plogp — (1 —p)log(1 — p),

where p = H p; with p; := P[Wk € (a;, b;)] = (b /\/_) (az/\/T) fori=1,...,d. In
=1
particular, if the insider has information about the outcome of only one noise term, i.e.,

G:=1 (Wie(ai,bi)}? his additional expected logarithmic utility is given by

Elar] = —p;logp; — (1 — p;)log(1 — p;).

This closed-form solution in particular answers a question by Pikovsky and Karatzas (1996)

who conjectured that the additional expected utility is finite in this example.

We next consider the case when G has infinite entropy.

Theorem 4.3 Suppose that G is a discrete random variable such that H(G) = oo and
Section Assumption 4.1 holds. If G is Fr-measurable, then Elar| = oo, and thus the

insider’s additional expected logarithmic utility up to the terminal time T' becomes infinite.
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Proof: Without loss of generality, assume that U = IN. For n € IN, consider the
n

random variable G" := } iI;g—;; and define the filtration &" := (G})icpo,r] by GF :=
i=1

N (.7-}4_6 \Y% U(G”)). If E[a?] denotes the terminal utility gain corresponding to &™, then

>0
& O @™ implies that

expected additional utility in & > expected additional utility in " > Ela}] (52)

by part 3 of Theorem 3.5. According to Theorem 4.1, we obtain for n € IN

n
Ela}] = H(G") = =) _ P[G = i] log P[G = i].
i=1
But since H(G) = oo, the right-hand side above diverges to co as n — oo, and so the

assertion follows from (52). q.e.d.
4.2 The Distribution of G is not Purely Atomic

Theorem 4.4 Suppose G is Fr-measurable with values in the Polish space (U,U) and
has a distribution which is not purely atomic and such that Section Assumption 4.1 holds.
Then E|ar] = oo, and thus the insider’s additional expected logarithmic utility up to the

terminal time T becomes infinite.

Proof: Choose B € U such that B does not contain any atoms of G and such that
P|G € B] = ¢ > 0. Then for each n € IN, we can find a partition (B}')j=1,. , of B
such that P[G € B}] = - for i = 1,...,n. For each n € IN, the random variable

n
GQn — ZliI{GeB?‘} has entropy
= v

n
H(G") = - ZP[G € B}'] log P[G € B}'] = clogn — cloge,
i=1
and since this goes to 0o as n — oo, the same argument as for Theorem 4.3 completes the
proof. q-e.d.

4.3 Terminal Information Distorted by Noise

In this subsection, we consider the classical complete market model as described after
Section Assumption 3.2. Suppose that the insider’s information about the outcome of W

is distorted by some independent noise so that he knows the value of
G = (MWi+ (1= Aer,--, Wit + (1= Aa)ea)

where for ¢ = 1,...,d, the random variables ¢; are independent, independent of Fr

2

and normally distributed with mean 0 and variance o > 0, and A; are numbers in
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[0,1], and not all A\; = 1. For each ¢t € [0,7], the conditional distribution of G gi-

ven F; is then multivariate normal with mean m; = (M W},..., \gWg)* and variance

V; = diag (/\Z2 (T—t)+(1— )\i)zaz)‘ L and its Radon-Nikodym derivative with respect
1=

2
yeeny

to Lebesgue measure is given by

d .
= . o [ (= NWE)?
-l ST =0 + (L APe?) ( 200(T )+ (1 — Amo%))

for £ € IR®. By the remark following Theorem 2.2, M is therefore a local E-martingale,
and so part 4 of Theorem 3.7, combined with Section Assumption 4.1 and the comment
following Definition 3.6, implies that the insider’s additional expected logarithmic utility
up to time t < 7' is given by

G d 2 2 2
q; 1 )\-T-l-(l—/\i) ag;
Ela;) = Ellogpl] = E |log .| ==Y 1o : .
and up to the terminal time 7" by
Elay] = lim E[logpf]
t—=T
d 2 2 2
1 ATHA-N)"0f ey _
_ 5 Z; log )07 ,if A €[0,1) foralli=1,...,d (53)
00 , if \; =1 for at least one 1.

This extends Theorem 3.3 of Pikovsky and Karatzas (1996) by giving a closed-form solution
instead of bounds only. Furthermore, the quantity in (53) is decreasing in each o; and
tends to oo if o; goes to 0 for at least one 4, which is exactly what intuition suggests should

happen.
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