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Abstract

In this paper we study the asymptotic properties of the power variations of stochastic processes of
the type X = Y + L, where L is an a-stable Lévy process, and Y a perturbation which satisfies some
mild Lipschitz continuity assumptions. We establish local functional limit theorems for the power variation
processes of X. In case X is a solution of a stochastic differential equation driven by L, these limit theorems
provide estimators of the stability index «. They are applicable for instance to model fitting problems for
paleo-climatic temperature time series taken from the Greenland ice core.
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1 Introduction

Stochastic differential equations are being used for quite a while as meso-scopic models for natural phenomena.
In one of their simplest variants, they consist of deterministic differential equations perturbed by a noise term.
The subclass in which the noise is Gaussian arises for instance from microscopic models described by coupled
systems of deterministic differential equations on different time scales, in the limit of infinite fast scale, as the
fluctuations of the slow scale component around its averaged version are considered. With a view in particular
towards the mathematical interpretation of financial time series, the theory for stochastic differential equations
the noise term of which is given by general (discontinuous and non-Gaussian) semimartingales has received
considerable attention during the recent years.

It is reasonable on a quite general level to model real data by stochastic differential equations. Usually
neither their deterministic nor their noise component can be deduced from first principles for instance from
microscopic models, but may be selected by statistical inference or model fit from the time series they are
supposed to interpret. The central question of the model selection problem that motivated this paper asks for
the best choice of the noise term.

More formally, suppose we wish to model a real time series by the dynamics X = (X;);>0 of a real valued
process of the type

t
Xt:x+/f(s,Xs)ds+77t, t>0, (1.1)
0

where the process 7 is the noise component. Then ehe 1problem of a model fit consists in the choice of a drift
term f and a noise term 7, so that the solution of (II.I] is in the best possible agreement with the data of the

given time series.
eq:1 A 3 A . . . Pitlevsen-99b,Ditlevsen-99a
_The example of (II.T) which inspired us most was investigated in the papers [3; 4], where P. Ditlevsen used

(ﬁ—qT) as a model fit for temperature data (yearly averages) obtained from the Greenland ice core describing
aspects of the evolution of the Earth’s climate during the last Ice Age, extending over about 100,000 years,
in particular th cast%sétr%hgg warmings and coolings in the Northern hemisphere, the so-called Dangsaard-
Oeschger events%term was chosen as a gradient of a double well potential (climatic quasi-potential),
the local minima corresponding to the cold and warm meta-stable climate states. In order to find a good fit for
the noise component, P. Ditlevsen performed a histogram analysis for the residuals of the ice core time series,
the temperature increments measured between adjacent data points, i.e. years. He conjectured that the noise
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may contain a strong a—stable component with o /&~ 1.75, and plotted an estimate for the drift term assuming
the stationarity of the solution.

In this paper we resume Ditlevsen’s model selection problem for the fit of the noise component from the
perspective of a new testing method to be developed. Following Ditlevsen, we work under the model assumption
that the noise 7 has an a-stable Lévy component (symmetric or skewed). We search for a test statistics
discriminating well between different «, and capable of testing for the right one. We shall show that this job
is well done by the equidistant p-variation - in the sequel called p-variation - of the process X defined for all

p >0 as
[nt]
VX)) =Y |ATXP (1.2)
=1

where A?X = X: — Xio1 for 1 <43 < n,n € N. We first observe that for those values of p relevant for our
analysis the main contribution to the p-variation of X comes from the a-stable component of the noise. We next
prove local limit theorems which hold under very mild assumptions on the drift term f sa:%d zitllow to determine
the stability index a asymptotically. We finally use these limit theorems in Section b_BEeple to analyze the
real data from the Greenland ice core with O%%%Eggéh%é come to an estimate a ~ 0.7, surprisingly quite
different from the one obtained by Ditlevsen [4], 13].~

s.:ob'ect

The paper is organized as follow: é:;n Section O we set the stage for stating our main results, which are
applied to the ice core data in section 3. e remaining sections are devoted to the proof tol;fd(i)ur main functional
limit theorems, starting with the convergence of the finite dimensional laws in section 4, continuing with the
proof of the tightness of the laws in the Skorokhod topology in section b, an cending with the robustness proof
of the convergence with respect to adding terms of finite variation in section 6.

ACKNOWLEGEMENTS: P.I. and I.P. thank DFG SFB 555 for financial support. C.H. thanks DFG IRTG for
financial support. C.H. is grateful to R. Schilling for his valuable comments. The authors thank P. Ditlevsen
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2 Object of study and main results
s:object
Let (92, F, (.7-})7%%, P) bg,a filtered probability space. We assume that the filtration satisfies the usual hypotheses

in the sense of [8], 1.e. it is right continuous, and Fy contains all the P-null sets of F.
For a €]0,2] let L = (L¢)>0 be an a-stable Lévy process, i.e. a process with right continuous trajectories
possessing left side limits (rcll) and stationary independent increments whose marginal laws satisfy

_ —tC*|A|¢ (1 — i3 sgn(A) tan B), a#1,
In Eet*t = 2 2 t>0, (2.1) |eq:L
—tC|A|(L —if—sgn(A)log[A]),  a=1,
0
. . [SamorodnitskyT-94
C > 0 being the scale parameter and 8 € [—1,1] the skewness. We adopt the standard notation from [9] and
write L1 ~ So(C, (3,0). eller-71
We also make use of the Lévy—Khinchin formula for L which takes the following form in our case (see 5,
Chapter XVIL.3] for details):

, ' 1-8 1+p dx
i\
o /JR\{O}(e T = Nl |5 <oy + 5 Lo e 27

InEeM1 = (2.2)
, . 1-0 1+ dx
C e 1 [7]11 Iy, } , —1,
F R\{O}(e iAsinz) 5 Liw<o} + 5 Lz>0) B o
where C'r denotes the scale parameter in Feller’s notation and equals
T -1

C"(cos (—)l"(a)) , a#l,
Cp = 2 (2.3)

Cc—, a=1.

7r

Recall that a totally asymmetric process L with § = 1 (8 = —1) is called spectrally positive (negative). A
spectrally positive a-stable process with o € (0,1) has a.s. increasing sample paths and is called subordinator.

In the sequel, ‘L denotes convergence in the Skorokhod topology, %> denotes convergence of finite-
dimensional (marginal) distributions, and ‘"= stands for uniform convergence on compacts in probability.

The main results of this paper are presented in the following three theorems. The first theorem deals with
the asymptotic behavior of the p-variation for a stable Lévy process itself. As we will see later, this behavior
does not change under perturbations by stochastic processes that satisfy some mild conditions.



pvar_levy | Theorem 2.1 Let (L;)i>0 be an a-stable Lévy process with Ly ~ So(C, 3,0). If p > /2 then

(VM (L) —nt B"(a’p))tzo A (LYo asn — oo, (2.4)

where Ly ~ Sq/,(C’,1,0) with the scale

/ Cp(COS(%)F(l_ ;))p/a7 a#p7
C'= cos()I(1 — ) (2.5) |eq:C
C, a=p.
The normalizing sequence (Bp (o, p))n>1 s determanistic and given by
nP/E[Ly[P, p € (@/2,0),
By(a,p) = ¢ Esin (n 7| Ly|%), p=a, (2.6) |eq:B
0, P> a.

We remark that the skewness parameter 3 of L does not influence the convergence of V'(L); and does not
appear in the limiting process since the p-variation depends only on the absolute values of the increments of L.
Moreover, for p > « the limiting process L’ is a subordinator.

We next perturb L by some other process Y. We impose no restrictions on dependence properties of Y and
L. The only conditions on Y concern the behavior of its p-variation. We formulate two theorems, the first for
p € (a/2,1) U (e, 00), and the second for p € (1, a].

:add_pgea| Theorem 2.2 Let (L)i>0 be an a-stable stochastic process, with L1 ~ So(C,[3,0) and (Yi)i>0 be another
stochastic process that satisfies

vV, (Y) “EP0, n— oo, (2.7)
for some p € (a/2,1) U (v, 00). Then
(VML +Y); — nt Bu(a,p))iso = (Ly)is0  as n — oo, (2.8)

:C :
with L' and (By(a,p))n>1 defined in (5957 and (Egb’?

ithm:add_pgea
The methods used to prove Theorem b.Z do not work for p € (1,a], and in this case we have to impose
stronger conditions on the process Y.

m:add_lip| Theorem 2.3 Let (L;);>0 be an a-stable stochastic process with L1 ~ S, (C, 3,0), a € (1,2) and let (Y)i>0 be
another stochastic process. Let p € (1,a] and T > 0. If Y is such that for every 6 > 0 there exists K(0) > 0

that satisfies
P(|Ys(w) — Yi(w)| < K(d)|s —¢| for all s,t €[0,T]) >1—9, (2.9)

the process Y does not contribute to the limit of V' (L +Y), i.e.
(Vy(L+Y): —nt By(a, p))o<i<T L (Ly)o<t<r, 1 — 00 (2.10)

:C :
with L' and (B, (o, p))n>1 defined in (E.Si and (be.ﬁi.
[thm:add :add_pgea

11 -
To be able to study models of the type (el .I) we formulate the following corollary of Theorems 2.3 and 2.
which takes into account that Lebesgue integral processes are absolutely continuous w.r.t. the time variable and
thus qualify as small process perturbations in the sense of the Theorems.

Corollary 2.1 Let (L;);>0 be an a-stable stochastic process, with L1 ~ S, (C, 3,0), and let f : Ry xR — R be
a locally bounded function such that for some x € R and T > 0 the unique strong solution for

t
X ==z +/ f(s,Xs)ds + Ly (2.11) -eq:dif_X
0
exists on the time interval [0,T]. Then for p > a/2 we have
(V3" (X)e =t B p)osesr = (L)ose<r (2.12)

:C :
as n — 00, with L' and (B, (a,p))n>1 defined in (5957 and (596%



The functional convergence rfegn%\ggg_ggriations of symmetric stable Lévy processes to stable processes was
first studied by Greenwood in ; , where more general non-equidistant power variations were considered, and

in particular for p > « the convergence to subordinators was proved. Furt T, more geners rggl&l%% on power
variations of Lévy processes are obtained by Greenwood and Fristedt in [?7]. In [?] and [?7], Jacod proves

convergence results for p-variations of general Lévy processes and semimartingales. In particular, several laws

of large numbers and central limit theorems are established. Our results are different from Jacod’s because we

consider processes possessing no second moments so that only the generalized central limit theorem can app % cueraNi-07
Moreover, we consider in addition convergence of perturbed processes. Corcuera, Nualart and Woerner in

consider p-variations of a (perturbed) integrated a-stab  process, _%gthe type X =Y + fo us_ dLg with some

cadlag adapted process u. For u = 1, our setting results. l contains a law of large numbers for 0 < p < a and a
functional central limit theorem for 0 < p < «/2. However, very restrictive conditions on e1)(:)§s,ible perturbation

processes Y are imposed, so that the results are not applicable to processes of the type (IL.

3 Applications to real data

In this section we illustrate our convergence results and show how they can be applied to the estimation of the
stability index . We emphasize that the conclusions obtained are somewhat heuristic. Additional work has to
be done to provide more precise statistical properties of the p-variation processes as estimators for the stability
index, and to describe the decision rule of the testing procedure along with its quali g f:’%atfu%es.

We first work with simulated data. Assume they are realizations of the SDE (bl IJ where L is a stable
process with unknown stability index «. From the data set we extract m samples with n data points each by
taking adjacent non-overlapping groups of n consecutive points. This way we get the samples (X (i))lgigm with

X0 = (X(f), X(;), e ,Xl(i)), 1 <4 < m. Along each sample we calculate the p-variation
VX @) =3 ArXOP, 1 <i<m, (3.1)
j=1

where the parameter, ngrt:%légs values in some appropriately chosen interval [py, ps].

Due to Corollary b?l,_fﬁe random variables Vp”(X (Z))l converge to the stable random variable L}, possessing
stability index a/p. In order to estimate a, we compare the law of V(X (1), with some known stable reference
law. Thus for each p we calculate the empirical distribution function of (V;*(X®)1)1<i<, given by

1 - n 1
Gpn(@) = — > Tcoea (X)), z€R, (3.2)
=1

and consider for convenience the reference %—subordinator with scale parameter C’ > 0 whose probability

distribution function Fj /o ¢v can be explicitly calculated by

C! i €7C'/2y
Fijocr(x) = \/;/O A dy, = >0. (3.3)

This will be a candidate for the limiting law of the random variable L}. Since the scale parameter C’ of L] is
not known, we numerically calculate the following distance of the Kolmogorov—Smirnov type:

Du(C'p)=  min  sup|Gpa(e) — Fuyer(a) (3.4)

pE[p1,p2],C’€le1,c2] >0

where 0 < p; < ps and 0 < ¢; < ¢g are to be chosen appropriately. Assume D,,(C’, p) attains a unique mimimum
at ¢/ = ¢* and p = p*. Since V;'(X)1 converges to a %—subordinator if and only if p = 2a, we immediagely
obtain the estimator a* = p*/2 for the stability index of the driving process L. From the equations (72957 e
also get th A les:tlj(rsré@gor c* for the scale parameter of L. oq:dif X

In Fig. [T we plot the section p — D(c*,p) of D for the simulated data from equation (bgTﬁTlth fl,z) =
cosz,x € R. Here Ly ~ S() and we see a well pronounced minimum coryfglsa%l‘}geigggé:&ﬁ%el yalue p=.

We next study the real ice core data, analyzed earlier by Ditlevsen in [3, 4].” We analogously extract samples
and use the p-variation process and the Kolmogorov-Smirnov distance to test the time series of the log-calcium
signal of the ice core data over the time period from approximately 90150 to 10150 years before present, and
its part corresponding to 55150 to 15150 years before present.

The empirical distance D(C’,p) for the real data equally exhibits a unique global minimum in the (C’,p)-
domain, which yields the estimate a* =~ 0.75. It is striking that our estimate differs form Ditlevsen’s by a
quantity very close to 1.
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Figure 1: D(c*,p) simulated data, L is a 0.75-stable Lévy process, n = m = 200
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Figure 2: D(c*,p) for the whole ice-core data set, n = m = 282 (1.) and for its part from 55150 to 15150 years
b.p., n =m = 200 (r.).

4 Convergence of the finite dimensional laws of V'(L);

To prove the convergence of the marginal distributions we use the following theorem which is a direct result
of the well known generalized central limit theorem for i.i.d. random variables with infinite variance (e.g. see
Theorem 3 in Feller g, Chapter XVIL5]).

Proposition 4.1 Let (1;);>1 be a sequence of non-negative i.i.d. random variables with a regularly varying tal

such that
—a

2
Pim>z)=C 7P as x — +oo. (4.1)

for some a € (0,2), p > /2 and C > 0. Then for any t > 0 we have

£\ P/
(7) an - bt7n<a7p) i} tp/()tZ7 as n — oo, (42)
n i=1
with
t\p/c
n(ﬁ) En, pe€(a/2,a)
bt,n(Oup) = nE sin (tﬂ)7 p=aq, (43)
n
0, p>a.

:C
where Z ~ Sg,,(C",1,0) with C" as defined in (5957

eq:
Let L be an a-stable Lévy process as defined in (bl and let p > a/2. To study the finite dimensional
distributions of V;*(L); we note that due to the independence of increments of L it suffices to establish the
convergence of marginal laws for a fixed ¢t > 0. Further, the stationarity and independence of increments of L
and the self-similarity property L, 44/ “[L, implies that

[nt) [nt)

n nrip d AlLP
vy =3 jarrp £y AL (4.4)
=1 =1

np/a ’

with AL LIy~ S (C,3,0) being i.i.d. random variables. It is easy to see that the random variables |A} L|P
have a distribution function with a regularly varying tail, namely

22—«
«

P(ALLP > 2) = P(|Ly| > 2'/?) =~ Cp 7P as x — 400, (4.5)



tightness

thm:clt
and thus we can apply Proposition fo the sum th) Taki %mto accou{ltvgclhat nt/[nt] — 1 as n — oo, we

pvar
obtain convergence of the finite dlmensmnal laws in Theorem M T.

5 Tightness of the laws

5.1 Aldous’ criterion

To establish the tightness of the sequence (V;'(L)),>1 is more complicated. Although the idea of the proof is
based on an application of Aldous’ criterion, the technical details depend strongly on the relationship between
p and a. We first formulate a version of Aldous’ criterion for tightness that is applicable in our case.
On the probability space (2, F,P) we define filtrations G" = (G');>0 generated by the power variation
process V,'(L), i.e.
G =o(V," (L) : s<t) :0(|L£| 1 0 <k <|[nt]). (5.1)

Let 73 be the set of G"-stopping times that are bounded by N > 0. JJden the sequence V(L) is tight if and
only if the following two conditions hold (see p. 350 and p. 356 in :
1. for all e > 0 and N > 0 there are ng > 1 and K > 0, so that for all n > ng we have

Psup V(L) > K) <¢;
(@8 p (L) = K) < (5.2)

2. for all N > 0 and € > 0 we have

lim lim su su V*(L)r —V™*(L)g| >¢)=0.
it sup PV (Lr V7 (L)s] 2 9 53
S<T<$%0

eq:b
Condition (%2 is obviously satisfied due to the monotonicity of the p-variation process and convergence of
its marginal distributions to a stable law.
To deal with condition (b.3) we note that since (V*(L);)¢>0 has piecewise constant paths, the filtrations G”

P
increase only at discrete time instants t = k/n, k > 0, i.e.

1
=g for§§t<7k+ . (5.4)
n n n

Thus instead of 73} we can consider in (E.ES: c) a family of G"-stopping times with finitely many values

1
Sy = {5 € Ty : S takes values in {0, —,...,N}}. (5.5)
n

5.2 Tightness for p > «

The case p > « is simple because the compensating sequence By, ;(a,p) vanishes. Thus we can use the mono-
tonicity of the process V;'(L);.

Let N > 1 and € > 0 be fixed. We use the stationarity and independence of increments of L and convergence
the marginal distributions of V(L) to L’ to obtain the following limit:

hm limsup  sup P(|V" =V, (L | > 5)
010 n—oo 3,T€SY,
S<T<S+6

nT
= hmhmsup sup P( Z |ATLIP > 5)
010 n— oo STES" .
s<r<sye  TmST

nS+[no]

< hm limsup sup P( AYLIP > E)

e 2 L 2 180

j+[nb]

= lim limsup su P( ATLIP > ¢, 8 = )

010 nﬂoop SE.SP" Z .;1 | |

[ne]

= 11m11msupP<Z |ATLIP > 5)

n—oo
i=1

—hmhmbupP(V"( Jo > €)

n—oo

g > g .
limP(Lj > ¢) = 0



5.3 Tightness for § <p<a

The case p < « has to be treated differently since the process
X = VML), — [ntln "/ *E|Ly P (5.7)

need not be monotone.
Let 6 > 0. As in the preceding section we use the independence and stationarity of increments of L to obtain
the estimate

nS+k
sup P(|XF—-XZ|>¢e) < sup P( max (A?Lp—n_p/aEL p) 25)
Jm POXF-X3120 < s P( e, | 3 (1872 L]
S<T<S+0
<P( ’ (A’?LT’— ~P/lag|L P)'> ) (5.8)
< lgrggf;e];lzl n P )| > e
k €
< P(’ (A”LP— “P/eE|L 1’)‘>7),
it P 2 (A = L) 2

. . . ato_gg ey .
where the last inequality follows from Lemma 20.2 in [TO]. Now we have to show that the probabilities in the
latter inequality converge to zero uniformly in k& as n — oo and 6 | 0.

For any 6 > 0 we can choose 6y > 0 and ng > 1 such that

P(‘ [gi] (\A?L\P - n_p/aE|L1|p) > %) <9 (5.9)
i=1

6

for all n > %2, Without loss of generality we can assume that 6y < 1. We will show now that

[n6]
§
nrp _ b/ P >f < = 5.10
p(|S (st2 - vimi) = 5) < a0
holds for all § < 8y and n > ng. Indegd:cllet us fix 6 < 0y and assume first that 6 < 6p/2. With the help of the
triangle inequality and the estimate (5.9) we can conclude that for n > ng
[n6] .
nrp _ b/ P\l > 2
p((S: (o oveinn) 2
[nQO] e [nQU] e
< nr|p _ ,—pla P\ > = ‘ nr|p _ ,—Pla P)| > < )
<P(| X (IarLl —nrBILP)| = ) +P(] X0 (IAFLP —n P BILP)| > §) (5.11)
i=1 i=1+4[nb)]
5 [nBo]—[nb] .
<2 nrp _ ,—p/a Py > ).
< 6+P(} ; (1arLp —n 7 EIL ) | > 6)

Recalling that 6y — 6 > 0p/2 and 0y < 1 we find n > n' > %2 such that [n'6h] = [nf] — [nf]. Thus employing
the self-similarity of stable processes and (5.9) we have

[nBo]—[nb] , c
P(‘ (A”L”f —plog)|L, P) >7)
; |AFLP —n |L1]P )| = 5

[n'60]

o3 st - womm)| - )

/ o) (5.12)
R ()5 o w2 )
i=1
<r(| S (r'ur - omip)| > 5) < &
=1

eq:h



m:ineqmom

So the inequality (E l:(ei) is proved for 6 < 6y/2 and n big enough. Further, if y/2 < 6 < 6y the proof is even
easier because for n > ng we can directly find n’ with the same properties as above such that

[no) [n’6o]
€ €
RS (orar-vmnr)| = ) =e( S (sror-rmne)
> (1arzp - Bl 2 3 > (1arLr—wBiL)| 2
- ’ - ’ (513)
[’I’L 90] , / e [’I’L 90] , / e 5
<P(’ (MLP— "=P/eR|L p>‘>7)<P(’ (MLP— "y=p/ag| L P)‘>7)<7.
<P(| 3 (ar'ar - o) 7 BiLP)| 2 ) < B(| 2 (1820 - 0 7 BILP)| 2 §) < g
Thus we have demonstrated that for any 6 > 0 and & > 0 there exist 6y > 0 and ng > 1 such that
[n6] ) .
NP — pn P/ Pl > =) < > 5.14
SP(';(|A2L| n~P/E|L, | )‘_3)_5, n > ng, 0 < 6y, (5.14)
eq.:
which together with (%983 imlies the second condition of Aldous’ criterion, namely
limlimsup sup P(X7—XZ|>¢) <.
010 n—oco 8, TeSy, (‘ T S| ) (515)

S<T<S+0

But § was arbitrary.

5.4 Tightness for p =«
For this part of the proof we need two lemmas that will enable us to control moments of stable processes.

Lemma 5.1 Let L be an a-stable Lévy process and let k > 1. Then there are positive numbers Cq 1, Ko 1 and
N, such that for y > N, we have

Ka7ky(k71)a < E(‘LﬂkaH“Ll‘Sy}) < kay(k:fl)a (516)
if k>1 and
Ka,l lny S E(|L1|QH{|L1‘Sy}) S Ca,l lny (517)
In particular there is Co, > 0 such that P(|Li| > y) < Cqy™® for y > N,.

Proof: We first prove the estimates from above. Let F' denote the probability distribution function of L.
Then there are positive constants ¢, and n, such that for x > n,

1- F(z) < ;—3 and F(—z)< <. (5.18)

Integration by parts yields for y > n,

Yy

E(1L*Lgricn) = [ ol dF(@
~y
Yy Yy
= —x’mF(—x)’O —|—/ kazF ' F(—z) dx
0

—ghe(1 - F(x))‘z + /Oy kazk (1 - F(z)) dx

na y
< 2/ kaxbe=1 dx + 2/ kaake1 5 ga

o

y
=20k 4 2¢, / kaz®—Da=1 gy

k “Da _, (k=Da
= 2nk* + 2¢, (e —ng ). k>1,
¢ k(lny — Inn,), k=1,
dryie, s 1,

< 2nkF* 4 2¢,
- {klny, k=1.

Now we can choose constants C,, , and IV, such that the estimates from above are satisfied. The estimates from
below follow analogously from the inequalities

1—F(z) > ka and F(-z) > ka (5.20)
:L-Oz

wa

for some ko > 0 and x big enough. |

eq:f



:ineq_cos| Lemma 5.2 Let L be an a-stable Lévy process. For any a,b > 0 there exist Cy n(a,b) and Ny(a,b) such that
for A €1[0,2/a] and n > Ny(a,b) we have

Lq|® Lq|®
‘Eexp (i)\| ! ) — exp (i)\E sin (| ! ))‘ < Cynla,b) (5.21) [eq:g
n n
with Cq p(a,b) satisfying
gln% lim Cyn(a,b)nb=0 and lim lim C,,(a,b)n =0. (5.22) [eq:k

Proof: We split the left-hand side of (ng%) into the real and the imaginary part to obtain the simple estimate

L « (o7
‘Eexp (1)\| ! ) (1)\Esm(| ! ))‘
n
(5.23)
Ly|* Lq|® Lq|® Lq|*
g’Ecos<)\| 1 ) ()\Esm| 1 )’+‘Esin<>\| 1 )—sin()\Esin| 1l )'
n n n n
Throughout the proof we shall use the following elementary inequalities:
3
r——<sinz<z, x>0,
6 (5.24)

22
cosr>1——, xeR.

2
Let a,b > 0, A € [0,2/a] and denote m,, = m,,(a,b) := na'/*b!/2.
hm:inegmom o
We first estimate the real part. To this end, we apply Lemma % I Wlf% big enough so that my® > N, or
n > N2~ '/*b=1/2 to obtain

(6%
1> Ecos ()\|L1‘ )

n

)‘|L1‘a «a
> Ecos (7H{|L1|§m}/“}> —P(|Ly| > mY/*)
A2|Lq |2 /o
2E(<1—72n2 Vs j2mtvey ) = POL1] = mi/)
)\2|L1|2a Y (525)
11— E(Wﬂ{lmml/a}) — 9P(|Ly| > mY/*)
2
>1— Ca,2>\ my . 2Ca
- 2n? My,
2Cq b2 2C, (1)
2l — T T A 1-C4)(a,b).
Analogously we get an estimate for the second summand:
Lqle 2 L+l 2
1> cos (/\Ebm (‘ 1 )) >1-— A—(Esin <&))
n 2 n
A2 . |L1‘a 1/ 2
>1- 7(Ebm (Tﬂ{lmgmm) +P(La| > mi/*)
|L1|a a 2
( ( iz <m 1/°“}) +P(ILe] 2 my/ )) (5:26)
> 1 ( o1 lnmn &)2
a2 My,
2 /Conln na1/4b1/2) Co 2 @)
= ?( na1/4b1/2) = 1-C®)(a,b).
Summarizing we have
‘Ecos (M) (/\Esm L 1|a>‘ < M) (a,b) + C3 (a,b) (5.27) |eq:j
n n = Ya,n\" a,n\*" Y/ . :



We now estimate the imaginary part. With analogous arguments we obtain

Biin (M) i (xmain (1))
< (U5) s () i (1))

(o () ran (B )

n n
4 1Cyqln(na'/*pt/?) C., \3
@( no + na1/4b1/2) (5.28)
AL MLi|® ALy 3@ (1+2/a)C,4
§E<< om0 6’ ) {\L1|<m1/“})+T
4 1Cyqln(na'/*pt/?) C,, 3
@( no + na1/4b1/2)
Ca,Bb (]. + 2/a)Ca 4 Ca,l 1n(na1/4b1/2) Ca 3 @)
= 3nal/? nat/4pt/2 %( na * na1/4b1/2) =: Cgn(a,b).
The lower bound is obtained similarly, and reads
. (AL ] |Ly]®
Esin (T) ()\E sin ( p” ))
. )\|L1|o¢ ‘ 1|
> plbnbl I
> Esm( p ) AEs n( " )
. AL .| L] .
= E((SIH n — Asin n )H{|L |<m1/”}) - (1 + A)P(|L1| > m:/ ) (529)
AMLi|® N3|LyPe ALy ™ (1+2)C,
- E(( n 6n®  n )H{|L1|<m”“}) C m.
4Casb  (L+2/a)Ca
T3452n  nal/ipi/z Clx (a,b).

Combining these estimates with (% 2} d denoting Co n(a,b) := C((lln (a,b) +C§?L (a,b)+ C’g’zl(a, b)+ C’((,%Zl(a, b)
we obtain inequality (t’)g?%) Property (% 22) of the limits is straightforward. cq: [ |
Now we can show tightness for p = a. We use the inequality analogous to (}658%2 which states that for any

e>0
nT | |a
sup P(’ g (|AnLi|a Esm( ! ))‘ 25)
S,Test, Ml n
S<T<S+6 (5.30)

< g, (|3 (et - (B2 5)

=1
Therefore we have to show that . p .
Xy >e)=

mlimsup max (| Xpl =€)=0 (5.31)
with

: | Ly

x5 =3 (18nLil* —Esin (), kn> 1. (5.32)
i=1

lenberg-02
The truncation inequality (see e.g. Theorem 5.1 in ( ) %l}oe\fl%es an upper bound for the tail of X*:

2/e ) ! )
P(XF| >¢) < f/ (1 - Ee"\Xi) dA<2 sup (1 - §REe1)‘X§>, (5.33)
2 —2/e 0<A<2/e

10
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where Rc denotes the real part of a complex number c. Since XF is a sum of i.i.d. random variables, its
characteristic function can be factorized and we get for A > 0

B o (34 - (147

= exp [kInEexp (iA(‘L;L'a — Esin <|L1|am

Eexp(M'L1 ) (5.34)
exp(l)\Esm(‘Llla))}
Eexp(l/\‘L;‘ ) — exp(l)\Esm(lLl‘ )
exp(iAE sm(%)) )} -

= exp [k In

= exp [k In (1 +

Denote o o
Eexp(i)\lLll ) — exp(l)\Esm(lLl )

Ynoa =
. " exp(iAE sm(lL1| )
it ineq_cos
and note that due to Lemma %.2 for any €,60 > 0 we can estimate

[ a] = ‘Eexp (1)\| 1‘04) (1)\Esm (| ;Lla)ﬂ < Conle,9), (5.36)

with limg_.¢ lim, .o Ca n(€,0)8n = 0.
Let 6 > 0 be fixed and let no(a, €, 0) be such that |¢p, x| < 1 for n > ng(a, €, ). Recalling the elementary
pproximations In(1 + z) = z + p(z) and €* = 1+ z + g(2) with [p(2)],[q(z)| < |22, |2] < 1, and the estimate
(% E;S) we get

, (5.35)

P(|X7]§| >e)<2 sup (1—R(explkln(l+ v, )]))

A€E€[0,2/¢]
=2 ,\es[él,lz)/g] ( — B?(kd}n)\ + kp(tn,x) + q(kibn, + kp(ﬂ’nA)))) (5.37)
<2 swp | ()| + a(kn + kp(n0))]).
AE€[0,2/¢]

hm: ]
For n > max(ng, Nu(g,0)) with N,(e,0) as defined in Lemma %.Zm W & ;g;dy know that
(Pnr)| < O(n+1) (n+ )| ]? < 20(n+1)Cq (<, ). (5.38)
hm:
Applying Lemma % 2 vlvléecoclfglude that for 6 < 90, n > max(ng, Nu(¢,0p)) and any € > 0

lim lim sup <I£1af( P(| Xk >¢) =0, (5.39)

0—0 n—ooo 1 0}

so that condition (E.EZ: i f Aldous’ criterion holds.
To prove condition (5.2] we proceed in exactly the same way as for % 3) taking advantage of the fact that
for fixed N > 1 the equation

thm:
holds due to Lemma % 2. ined_cos

lim lim Cyn(K,N)Nn=0 (5.40)

K—oon—oo

6 Generalization to sums of processes

. . . W . L
We finally discuss the situation of Theorem where besides the L’evy process L another process é% Svep.
To see that V(L) and V,*(L + Y) have equivalent asymptotic behavior we apply Lemma VI.3.31 in nder

add_1i u.c.
the conditions of Theorems b 2 ana RSTRTS enough to show that V;"(L+Y) - V(L) — 2P0 as n — .

6.1 Equivalence for p <1

Let L be an a-stable Lévy process, p € (a/2,1] and let Y be such that for V,*(Y) "0, as n — oo. Note that

due to the monotonicity properties of V,*(Y'), the latter convergence condition is equivalent to V;'(Y)n LA
for any N € N. Then a simple application of the triangle inequality yields the proof. In fact, for any N € N we
have

sup [Vy(L+Y)e = V' (L) < D JJANL +Y)|P — [AFLI|
0<t<N =
nN
SO IAHLAY) = AL =V(Y)y =0, n— oo,
=1

(6.1)

11



6.2 Equivalence for p > «

Assume again that V;*(Y): LA 0, n — oo, for any ¢ > 0. Denote m := [p|, so that p = m + ¢ with ¢ € [0,1).
Then for any N € N we have

[nt]
sup [V(L+Y), — Vp(L)| = sup‘Z|A" (L+ )™ — | A, L]+
t<N
[nt] m
= s |3 iar e S (7 )ik amy it~ (appys)

k=0

m—1
<3 (1) 2_: AT+ YT LAY
nN

> 1AL+ Y)jarLy™ — AL

m—1 nN

nN
(7)) arzparyims s 3 (1) S arLiiapy -t

i=1 k=0 i=1

<

ATLLl’!?L

m—1
>
k=0
nN
+ > IATLI| AT+ V)l — AT LY
=1
m—1
>
k=0

nN m—1 nN
< <T,Z) DOIAFLMATY R (T,Z) DO IATLM ALY R
=1 k=0 1=1
nN
+ gm0y Y [ATLI™ATY].
i=1

The right-hand side of the latter inequality is essentially a sum of 2m+1 terms of the type Z L |ARLIF|ATY [Pk,
where k € [0,p] N N.
Applying Holder’s inequality we get

[nt] [nt] k/p [nt] (p—k)/p
S AL AV < (Y 1aaL) (X i) (6.3)
i=1 =1 =1

The first factor in the latter formula converges in probability to a finite limit, gmce p > «. The second factor
converges to 0 in probability due to the assumption on Y, and Theorem b 2 1S proven.

6.3 Equivalence for a € (1,2), p € (1,q]

The main technical difficulty of this case arises from the fact that the p-variation of L for p < o does not exist.
In particular, the events when increments of the stable process L become very large have to be considered
carefully. For T' > 0 and some ¢ > 1 which will be specified later define the following sets:

Jw) = {i € [0,[nT]] : [A7L(W)| > ¢},

AG) = fw e Qs W) =3} §=0,....[nT). (6.4)

The set J” contains the time instants (in the scale %) where the increments of the process L are ‘large’, i. e.
exceed c. The set A”(j) describes the event that the number fhmargg glcrements equals j.
Let § > 0,e > 0. According to the conditions of Theorem ()2.3)7 TR = K(2) >0, and set

B={w:|Y;(w) = Yi(w)| < K'|s —t| for all s,t € [0,T]}, (6.5)

. s
so that P(B) > 1 — 5.

12



We estimate
P(O?tJET VAL +Y) = V(L) > 5)
< P({[ S ]\A" L+Y)P |A?L|p‘ > e} mB) +P(B)
< %P({ZMA" L+Y)P \A?L\P‘ >a}mAg(j)mB) +g

- (6.6)
< [XT:]P({ S \IA" L+Y)P— |A"L|”’ > < }mA”( )mB)

j=0 igJn
+%P({ S [iarw e vy - 1arLp| > S} nazGynB) + o

j= ieJr

= DW(n,¢) + DP(n,c) + g

In the following two steps we show that for appropriately chosen ¢ = ¢(¢) > 0 and n big enough, D(l)(n7 c)=0
and D®(n,¢) < §/2. This will finish the proof.

Step 1. To estimate D) (n, ¢), let w € B. Using the elementary inequality |a? — b?| < max{a, b}*~'pla — b|
which holds for a,b > 0 and p > 1 we estimate

> [ar@@ s vl - arz@r| < 3 (e B iarww) + v - 1arzw)
g (w) g (w)

I\p—1 K’

< _ -

- Z p(c—i— n) n
ig I (w)

K/ p—1
S p<c+ ) K,T7
n

where we have used that the ‘small’ increments of L are bounded by ¢. So we have

[nT]

DD (n, ) ;JP({]; IATL + APY P — |APLP| > 2} N A" (j )mB)
< [nZT]P({p(c—l— %)IHK'T> %}OA"( )ﬁB) (6.8)
§=0

K\ p-1
< P(p(c—|— —)p K'T> f) ~0
n 2

for all n > n; with

2pK'TN 541 1/ e N\
= [2[(’( - ) } and c=c(e) = f(m) ) (6.9)
Step 2. To estimate D) (n, c), let n > KTI so that for w € B and i € J(w) we have

‘ <<l (6.10)

By means of the elementary inequality (1 4 |2|)? — 1 < 3|z| which holds for 1 < p < 2 and |z| < 1 this implies

13



that

> [larE) + Y @) - AT L)

1€J2 (w)
A?Y(
< 3 ararl(e+ 35 -
ieJ (w
N (6.11)
n A?Y (w)
Sie; )|A b |p3‘AnL W)‘
< Z |APL(w
1€J? (w
This in turn immediately yields
[nT) [nT]
DP(n,e) <Y P (A” {Z |A"L|p3K, 5}) < ZP(Ag(j)m U {|A?L\p> éﬁfj}). (6.12) [eqm
Jj=1 ieJn j=1 ieJr

Since all ATL, i = 1,...,[nT], are i.i.d., and only j of them exceed the threshold ¢, we can estimate the
probability for this event precisely. Indeed, denoting

P i=P(ATL| > ¢) = P(|L1| > en'/?), (6.13)
we continue the estimates in (EQI%) to get

[nT]

J
(2) < [nT] n L . NIl < i i npw s enc
D (n,c)_;<j P({{IATL > ci=1,....j} N {IATL] < c.i j+1,...,[nT]}}ﬂi_LJ1{|A Iy > ij})
[nT] ene
= n =1,...,j PLI<ci=] TLIP >
Z( )JP(HA Ll coi =1 g} AT S i =+ 1 T} 0 {ATEP > 220 )
j 6iK"/)
(6.14) [eq:n
With help of the inequalities (thTg) we obtain the estimates
¢
Pn < —— (6.15) [eq:pp
cn
and Y _ )
nrp < ENCY _ enc \VP 10\ o € enc TP 1
P(IatLl >6jK’) P(|L1|>(6K’j> " )*n<6K/j) (6.16)

holding for some ¢ > 0, for all n > ny > KTI and 1 < j < [nT]. Combining (%31711[) and (%91'(%), denoting the
constant pre-factor by C', and recalling that % < 2, we obtain for n > ns that

[nT] [nT]
C [nT\ . ; C [nT] s
D(Z) § 14+a/ [nT]— E 3 j [nT]
(n,c) < pnn1+a/p < : )-7 ppgn( ) 7 < Dn nlta/p ( ( ) 7. (617)

S\ =\

The sum in the previous formula represents the third moment of a binomial distribution, and thus can be
calculated explicitly. By means of the asymptotic inequality (thTg) we get

nT —2)(nT — 1)nTp3 + 3(nT — 1)nTp? + nTp,

2) (
D¥(n,c) < C ppnitalp

(6.18)

T
< o (nTpn)? + 3nTp, + 1).

Now choose 1= s %ng big enough to ensure that this expression is smaller than 2. This completes the proof

of Theorem b 3.
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