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Introduction

Malliavin’s calculus has been developed to provide a stochastic approach to Hor-
mander’s theorem (see Bell [5], [6], Bismut [7], [8], Bouleau-Hirsch [9], Malli-
avin [26], [27], Stroock [37], [38], [39], Watanabe [40]). The latter states that
parabolic partial differential equations on manifolds generated by vector fields
whose Lie algebra creates action in all directions possess smooth solutions. Malli-
avin’s original idea to construct an Ornstein-Uhlenbeck dynamics on the Wiener
space for this purpose, in subsequent work by Bismut, Stroock, Watanabe and
others, has led to a version of a stochastic calculus of variations on Wiener space.
Its basic notion of Fréchet differentiability of random variables leads to criteria
of smoothness of these variables’ laws. In the context of stochastic differential
equations corresponding to given parabolic partial differential equations the cri-
teria are seen to be applicable provided Hérmander’s Lie algebra conditions are
satisfied by the underlying vector fields. For an account of this see Norris [31],
Nualart [32], [33].

In the meantime the stochastic calculus of variations has proved its central im-
portance to stochastic and applied analysis in a variety of different applications.
Recent fields of application include the smoothness problem for solutions of
stochastic partial differential equations such as the stochastic Navier-Stokes equa-
tion (see Mattingly-Pardoux [29]). Malliavin’s calculus has proved to be very effi-
cient in enhancing the speed of algorithms in the numerical treatment of stochas-
tic equations, in particular in stochastic finance (see Fournié et al. [12], Kusuoka-
Stroock [22], Malliavin-Thalmayer [28] for more references); it was also seen to
play a significant role in problems of statistical analysis (see Privault-Réveillac
[35]). It has been used in the investigation of fine structure properties of frac-
tional stochastic processes and their functionals (see for example Mishura [30],
Kuo [21], Imkeller et al. [18]), in anticipative calculus (see Nualart-Pardoux
[34]) and in financial market models with asymmetric information structures
(see Imkeller [16], [17], Imkeller et al. [19]). It has been known since Stroock,
and underpinned in the formula by Clark, Haussmann and Ocone, to provide
an explicit description of the stochastic integrand in the martingale representa-
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tion theorem on Wiener spaces. This connection was deepened in work by El
Karoui, Peng and Quenez to include explicit representations of the solutions of
backward stochastic differential equations (BSDE) on a Wiener basis, and thus
serve as a natural tool in stochastic optimization and control (see El Karoui et al.
[10], Ma-Yong [23]). On this track, in this course of lectures I aim at explain-
ing this connection, and apply it to some recently discovered results about the
fine structure of option pricing and hedging in incomplete finance or insurance
markets (see Ankirchner et al. [1], [2], [3], [4]).

Malliavin smoothness is nothing but an infinite-dimensional version of every-
body’s notion of smoothness from classical calculus on finite-dimensional Eu-
clidean space. This is seen by analyzing the canonical Wiener space by means
of any orthonormal basis of L*(R, ) as an infinite-dimensional sequence space
with the product topological, measurable and smoothness structures. The pro-
jection of these structures on finite-dimensional Euclidean space just reproduces
the usual notion of smoothness in the Leibniz-Newton-Sobolev sense. I take this
observation to define the starting position of this course. From there on I shall
develop Malliavin’s calculus by extending the classical differential calculus on
Sobolev spaces stepwise from the finite-dimensional to infinite-dimensional se-
quence space, and then on to the canonical Wiener space. The natural dual of the
derivative operator with respect to the Hilbert space structure created by Wiener
measure will let emerge Skorokhod and Itd integrals as well as the Ornstein-
Uhlenbeck operator. Once at this end of the calculus path, starting from the
martingale optimality principle, we will first carefully develop a class of BSDE
whose solutions provide a simple access to problems of utility optimization with
not necessarily convex constraints. Then we shall develop the link between the
calculus of variations and stochastic control theory by giving the representation
of the control variable in the solution notion of BSDE by a Malliavin trace. The
material of the course is organized in the following way.

After linking the canonical Wiener space to an infinite-dimensional Gaus-
sian sequence space by a universal isomorphism, we develop in Chapter 1 the
differential calculus on this Gaussian sequence space in several steps, partly fol-
lowing Malliavin [25]. We begin by explaining Malliavin’s smoothness problem
of laws in the one-dimensional Euclidean setting, then use the differential oper-
ator and its dual obtained in this setting to develop a Gaussian Sobolev calculus
first for finite-dimensional Euclidean space. By exploiting a martingale-theoretic
argument, it is then extended to the infinite-dimensional sequence space. In the
background, we exhibit the calculus more explicitly in the case of integrability
degree 2. Here Sobolev spaces are Hilbert, and the generalized Hermite polyno-
mials provide an orthonormal basis.

Chapter 2 is devoted to developing the tools of Malliavin’s calculus needed
for later control-theoretic applications on canonical Wiener path space, along
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the lines of Nualart [32]. We first use the universal isomorphism to transfer the
differential calculus of Chapter 1 to the canonical path space. This will provide
the usual notion of differentiability in the sense of Malliavin’s calculus and its
Sobolev spaces. The dual operator, providing Skorokhod’s integral, and, in the
case of adapted integrands, the classical It6 integral, are investigated (for some
background on stochastic calculus see Huang-Yan [13], Ikeda-Watanabe [14],
Malliavin [24], and Revuz-Yor [36]). The orthonormal Hermite polynomial ba-
sis is translated into the somewhat more flexible language of multiple Wiener-
It6 integrals on path space. Finally, to be able to treat smoothness questions for
stochastic differential equations, we discuss differentiation for It integrals and
integral processes.

Chapter 3 is entirely devoted to BSDE and their interpretation by means of
Malliavin’s calculus. We first discuss, following Hu et al. [15] the utility maxi-
mization problem on incomplete financial markets with exponential utility, for-
mulate it in terms of the martingale optimality principle, and solve this problem
by means of BSDE of quadratic type. We subsequently consider BSDE with Lip-
schitz generators, and carefully develop a theory of existence and uniqueness of
solutions based on a priori inequalities, following El Karoui, Peng and Quenez
[10]. In the last step, we interpret the solution pairs of those equations by means
of the stochastic calculus of variations.

Acknowledgements. It is my special pleasure to thank an anonymous referee
for valuable and constructive comments. I am sure they have been of great help
in improving the readability of these notes. I have very good memories of the
course period in Warsaw, especially the sessions at IMPAN. This is due to a very
lively, knowledgeable and faithful audience, and to the wonderful hospitality of
Feliks Przytycki, Lukasz Stettner and Jerzy Zabczyk.



1. Calculus on the sequence space

In the one-dimensional framework it is clear what is meant by smoothness of
measures. We look for a direct analogy to the smoothness problem in infinite-
dimensional spaces. For this purpose we start by interpreting the Wiener space
as a sequence space, to which the theory of differentiation and integration in
Euclidean spaces is generalized by extension to infinite families of real numbers
instead of finite ones. We follow Malliavin [25].

1.1. The Wiener space as a sequence space

DEFINITION 1.1.1. A probability space (2,7, P) is called Gaussian if there is a
family (X} );<p<, or a sequence (X} ),y of independent Gaussian unit random
variables such that

F=0(X,:1<k<n) rep. o(X,:keN)
(completed by sets of P-measure 0).

EXAMPLE 1. Let Q= C(R,R"”), Z the Borel sets on §2 generated by the topol-
ogy of uniform convergence on compact subsets of R , and P the m-dimensional
canonical Wiener measure on . Let further W = (W1,..., W) be the canoni-
cal m-dimensional Wiener process defined by the projections on the coordinates.

CLAIM. (2, Z,P) is Gaussian.
Proof. Let (g;);ex be an orthonormal basis of L*(R, ), and

Wig)= [ s()dw), ieNi<ism

in the sense of L2-limits of It6 integrals. Then (modulo completion) we have
F =0(W,:t>0).
Let ¢ >0 and (4;),oy be a sequence in /2 such that

Lo, Zzﬂi g;-

1eN
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Then for 1 <7 < m we have
w/ = lim Za W (g;) Za W (g),

hence Wt] is (modulo completion) measurable with respect to o(W/(g;): i €N).
Therefore (modulo completion)

F=0(W/(g):ieN,1<j <m).
Moreover, since
E(W/(g)W*(g)) =848 8) =818y i,/ €N, 1<,k <m,
the W/(g,) are independent Gaussian unit variables. u

In the following we shall construct an abstract isomorphism between the
canonical Wiener space and a sequence space. Since we are ultimately interested
in infinite-dimensional spaces, from now on we make the following

ASSUMPTION. The Gaussian space considered is generated by infinitely many
independent Gaussian unit variables.

Let RN = {(x;);cy : x; €R for all € N} be the set of all real-valued sequences,
and for » € N denote by

N
n,:RT —>R", (xi)ieN'_’(xi)lfiSn’

the projection on the first 7z coordinates. Let B” be the o-algebra of Borel sets

in R”, and
BN:(J'(U ﬂ::[B"D.
neN
For n €N let
dx)= — “Va P -1
vy( x)_mexp<—7> x, V= (Xn)neN_®V1’ v, =vom .

1eN
This notation is consistent for 7 = 1.

We want to construct an isomorphism between the spaces of integrable func-
tions on (Q,.Z,P) and (RN, BY,v). For this purpose, it is necessary to know
how functions on the two spaces are mapped to each other. It is clear that for f
BN-measurable on RY the function

F=fo((X,)nen)
1s & -measurable on €.

LEMMA 1.1.1. Let F be F -measurable on Q. Then there exists a BN-measurable
function f on RN such that

F=fo((X,)en)-



12 1. Calculus on the sequence space

Proof. 1.Let F =1, with A=((X,)<;<,)"'[B], BEB". Set [ = 1 -15)- Then

f is by definition BN-measurable and we have

F((Xnen) = 15((X))1<i<n) =14 = F.

Hence the asserted equation is satisfied by the indicators of a generating set of &
which is stable for intersections. Hence by Dynkin’s theorem it is valid for all
indicators of sets in Z.

2. By part 1 and by linearity the claim is satisfied by linear combinations
of indicator functions of % -measurable sets. The assertion is stable for mono-
tone limits in the set of functions for which it holds. Hence it is valid for all
Z -measurable functions by the monotone class theorem. =

THEOREM 1.1.1. Let p > 1. Then the mapping
LP(RY,BY,)> f = F = f o((X,),en) €L" (0 F,P) (1.1)
defines a linear isomorphism.

Proof. The mapping is well defined, since

N, = E(f (X)) nen)I”)

= J |f(x)|? v(dx) (transformation theorem)
=115,

and byjective by Lemma 1.1.1. Linearity is trivial. =

Theorem 1.1.1 allows us to develop a differential calculus on the sequence
space (RN, BN, v), and then to transfer it to the canonical space (2, &, P). For this
purpose we are stimulated by the treatment of the one-dimensional situation.

Questions of smoothness of probability measures are prevalent. We start by
considering them in the setting of R.

1.2. Absolute continuity of measures on R

Our aim is to study laws of random variables defined on (€2, 7, P), i.e. the proba-
bility measures Py for random variables X. By means of Theorem 1.1.1 these
measures correspond to the measures v o f~! for BN-measurable functions f
on RY. The one-dimensional version of these measures is given by v, o f ! for
B!-measurable functions f defined on R.

We first discuss a simple analytic criterion for absolute continuity of measures
of this type.
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LEMMA 1.2.1. Let u be a finite measure on B. Suppose there exists ¢ € R such that
for all € CY(R) with bounded derivative we have

fwumww54wu.

Then u <K A, i.e. u is absolutely continnous with respect to A, the Lebesgue measure
on R.

Proof. Let f >0 be continuous with compact support, and define

s)=[ 1)y
Then N
[rau=[ #@uansdil=c | raz

By a standard measure-theoretic argument this inequality follows for bounded
measurable f. Therefore we conclude that for A € B,

(A) < cA(A),
which clearly implies y < A. =

We aim at applying Lemma 1.2.1 to the probability measure v, o f~! with f
Bl-measurable. In this connection we encounter for the first time the central
technique of integration by parts on Gaussian spaces, which is at the heart of
Malliavin’s calculus.

For reasons of notational clarity we first recall the classical technique of in-
tegration by parts. Indeed, for g,h € C;°(R) (smooth functions with compact
support) we have

@ﬂmzj5wwuwx=—fgmvqu=—@w% (1.2

This relationship can be extended to functions g, » € L*(R) which vanish at £o0
and which possess derivatives in the distributional sense. Let us for the moment
assume this setting and denote by d g the distributional derivative of g, and by
8 h its adjoint operator in the sense of the duality (1.2). Then for » € C°(R) we
have

Sh=—h"=—db,
and we can interpret the duality relationship as

(dg,h)=(g,0h). (1.3)
Finally, the operator 8d = —d?/dx? plays an important role in the calculus.

Here it is identical to the negative of the Laplace operator. In the just sketched
classical calculus one does not have to distinguish between d and & (modulo sign).
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For the analysis on Gaussian spaces things are different. We sketch the ana-

logue of a differential calculus with respect to duality on Gaussian spaces. For
g,h € LA(R,v,) define

(g1h) = J g()h(x)wi(dx). (1.4)

To apply Lemma 1.1.1 formally to the measure u = v, o f ! for some B!-measur-
able £, we have to write, assuming all operations are justified,
7)

[#meran=[ ¢ oreman=@orin={@es

Now, as in the classical setting, we want to transfer the derivation to the other
argument. For this purpose we continue calculating for g, » € C°(R):

(g'lh) =

mj x)exp(—x?/2)dx

1 d
R x) —[h(x)exp(—x> dx
e g( ) [ (x)exp(—x°/2)]

- f g(x)explx /2> [h()exp(—/2)] (dx)

So in the setting of Gaussian spaces, if we define as before d g as the distribu-
tional derivative in the generalized sense, its dual operator on a suitable space of
functions (to be described later) has to be defined by

Sh=—h"+xbh. (1.6)

In this sense we have the following duality relationship, completely analogous to
the classical formula:

(dglh)=(g]oh). (1.7)
For the combination of the derivative operator and its dual we obtain this time
the following operator:
d? d

L=dd=———+x -, (1.8)
in a suitable distributional sense.

d will be called the Malliavin derivative, & the Skorokhod integral, and L
the Ornstein-Uhlenbeck operator. The domains of these operators will be defined
more precisely in the higher dimensional setting. The present exposition is in-
tended to motivate the notions to be studied.

Let us return to the problem of smoothness of the measure v, o f~1.
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LEMMA 1.2.2. Let g,h € L*(R,v,) be such that dg,8h € L*(R,v,). Then
(dg|h)=(g|oh).
Moreover, for f € LA(R,v,) such that & (#) € L*(R,v,) we have
viof T

Proof. We continue the above calculation in the notation chosen. By duality and
the Cauchy-Schwarz inequality we have

(awon|g7) =47 |3 (37))]
- \ [ ¢of<x>8<%><x>vl<dx>
s||¢||ooH8<%)

Hence Lemma 1.1.1 can be applied with ¢ = ||& (#)

2

,» which yields the desired

absolute continuity. =

With this lemma the program for the development of Gaussian differential
calculus in finite- and infinite-dimensional spaces is sketched. We have to develop
rigorously in this framework the calculus of the three operators. We shall, for
brevity, mostly concentrate on the operators d and 8. One natural orthonormal
basis of L2(RR,v;) proves to be very useful here.

1.3. Hermite polynomials and orthogonal developments

We continue denoting by d, & and L the operators studied above. They are at
least well defined on C°(R) (and this is the sense in which we use them), and
even, by the integrability properties of the Gaussian density, on the space of poly-
nomials in one real variable.

DEFINITION 1.3.1. For n >0 let
H,=8"1. (1.9)
H,, is called the Hermite polynomial of degree n.

By definition for x € R we have

(x)=01
Hy(x)=8x=—1+x%
Hy(x)



16 1. Calculus on the sequence space

THEOREM 1.3.1. H, is a polynomaial of degree n, with leading coefficient 1. More-
over, for n €N,

SH,=H,,,, (1.10)

dH,=nH, |, (1.11)

LH,=nH,. 1.12
n n

In particular, H,, is an eigenvector of L with eigenvalue n.

Proof. (1.10) follows by definition.
To prove (1.11), we first compute the commutator of d and &. For h € C°(R)
we have

(dS —=8d)h=d(=h"+xh)—(=h"+xh")
=—b"+xb'+bh—(=b"+xb")=h.
This means that

dé—358d=id.

With this in mind we proceed by induction on the degree 7. The claim is clear
for n = 1. Assume it holds for » — 1. Then

dHn = daHn—l = SdHn—l +Hn—1
Finally, (1.12) follows from LH, = 8dH, =n8H, =nH,. u

COROLLARY 1.3.1. For g € L*(R) define the Fourier transform by

1 :
o0(u)=—— | e o(x)dx, wueR.
2() mJR 2(x)

Then

——

(H,e™ ) u)=(in)y'e /2.
Proof. Choose # €R. Then

L — e~

(H,e ™ )(u) = (8"1e71)(u)

= (
=(e'"|8"1)
— (dneiu- | 1)
= (iu)" ("™ ]1)
= (iu)”e_”z/z. n
With these preliminaries, we can show that the Hermite polynomials consti-
tute an orthonormal basis of our Gaussian space in one dimension.
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THEOREM 1.3.2. (-=H

7 1) >0 18 an orthonormal basis of L2 (R,v)).

Proof. 1.Let n,k €N, and suppose that 7 < k. Then by Theorem 1.3.1,
(H, | Hy) = (81| 841) = (d*871] 1) =0,

while
(H,|H,)=(d"3"1|1) =n!(1]|1) = n!.

2.1t remains to show that (H,,),> is complete in L*(R, v;), i.c. the set of linear

combinations of Hermite polynomials is dense in L*(R, ). For this purpose, it
suffices to prove that if ¢ € L*(R,v,) satisfies (H,, | $) = 0 for all n > 0, then

¢:O.

For z € C let
F(z)= f gﬁ(‘v)ei”_vzﬂdv.
R

Then for £ €N and ¢ € R by Cauchy-Schwarz we have

2 2 2 1/2
J |v/e¢(,v)|e—vt—fu /2 do < [J ¢2(7})e_v ﬂd?)f vzke—zm—v /2 dv:| < co.
R R R

Hence F may be differentiated any number of times under the integral sign,
which implies that F is an entire function. Moreover, for & > 0 with xk =
Z];:O a;H;(x) we have

F®(0)= i JR P p(0)e P do =it (x* | 4)

k
Zikgﬂz(h’mﬁ):o-

This, however, implies that F = 0, and so by the uniqueness of Fourier transforms
also=0. m

We now return to our target space, namely RY, the sequence space version
of our infinite-dimensional Gaussian space. Our task will be to establish in this
space suitable analogues of the operators d and &. For this purpose it will be
convenient to have again an orthonormal basis of this Gaussian space. We have
to define an infinite-dimensional extension of Hermite polynomials.

DEFINITION 1.3.2. For n € Nlet £, = Z, and let E be the set of sequences

in Z, with finitely many nonzero terms. For p = (py,...,p;,0,...) € E, let
k k

lpl = 227, p; and p! = []7_, p;!. For x € RF resp. x € RY, and p € E,
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resp. p € E let

k
= HH (x;)  resp. (1.13)
1=1
=] [4,,x). (1.14)
ieN

H,, is called the k-dimensional resp. generalized Hermite polynomial.

We can now extend Theorem 1.3.2 to the multidimensional setting.

THEOREM 1.3.3. <%HP)pGEk is an orthonormal basis of L*(R*,BF,v,), and
A

is an orthonormal basis of L* (RN, BN, ).

1
(ﬁHp)peE
Proof. 1.For keNand g,h € LA(R*,v,) define

(g1h)= | | e ). (115)
Then for p,q € E, we have, by Fubini’s theorem,
k

<HP |Hf1) = 1_[<Hl7i |qu'>'

=1

Hence (ﬁH‘D)peEle

nations of tensor products of functions of one of & variables are dense in
L*(R*,B*,v,). Hence the first claim follows from Theorem 1.3.2.

2. The set | J, N 7'5_1 [LA(R”,B",v,)] is dense in L*(RY,BY,v). Hence, the
second assertion follows from the first. m

is an orthonormal system. Moreover, the linear combi-

We next define and study Sobolev spaces in finite and infinite dimension, for
which we use our knowledge of the orthonormal bases just acquired.

1.4. Finite-dimensional Gaussian Sobolev spaces

Let k € N. We consider k-dimensional spaces first. Before treating the Gaussian
spaces, let us recall the most important facts about classical Sobolev spaces, i.e.
Sobolev spaces with respect to Lebesgue measure on R*.

DEFINITION 1.4.1. Let p > 1. For f € LP(R*) and a € R*, we say that f has
a directional (generalized) derivative in direction a if there is a function d_f in
L?(R¥) such that

1

—[f(+ea)-f]-

3
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ase —0. Let
p_ I . . TET .
W/ ={f € LP(R"): f has a directional derivative in direction «
for any a GRk} (1.16)
(Sobolev space of order (1, p)).

By linearity, it is clear that if for 1 < i < k we denote by e; € R the ith
canonical basis vector, then for f € Wlp (R*)and 2 = (ay,...,a;) we have d_f =

Z/le a;d, f. We will write d; = d, .
DEFINITION 1.4.2. Let p > 1 and s € N. We define recursively
W/Sp:{fGWlp:dﬂfEWf_lforanyaeRk} (1.17)
(Sobolev space of order (s, p)). For f € WY and ay,...,a, € R* we define
dﬂl daz T dasf
recursively. We define the (1, p)-Sobolev norm by

k
1f 1l = 1A 1, + DN f s fE WY, (1.18)
=1

and analogous norms for higher order derivatives.
For any p > 1and s € N we have
ook
C(R*)c W7

and for g € CS’O(Rk) and a =(a,...,a,) € RF we have

kg

8

d :E =
a8 i=1ﬂzaxi

What is the relationship of our Sobolev spaces and the “weak derivatives” or
“derivatives in the distributional sense” encountered above?

DEFINITION 1.4.3. Let f € Llloc(]Rk) and 2 € R*. Then u, € Llloc(]Rk) is called a
weak derivative of [ in direction a if for any ¢ € Cgo(Rk) we have

(f,d,p) == (s ¢)- (1.19)

THEOREM 1.4.1. Let p > 1 and f € LP(RF). Then the following are equivalent:

() f e W/,
(i) for any a €R*, f bas a weak derivative u,, and u, € LP(RF).

In this case, moreover, d_f =u,.
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Proof. 1. Let us show that (i) implies (ii). For this purpose, assume # € R¥ and
peCy (R®). Then for & > 0 by translation invariance of Lebesgue measure

Ji[fx+m — F(x)] dx_f = F()[(x — ea) — B(x)] dx.

Now use (i) and let ¢ — O to identify the limit as fd f(x)p(x)dx on the left
hand side, and as — [ f(x)d,$(x)dx on the right hand side. Hence for any ¢ in

C(RY),
(d.f @) =—{f,d.9).
This means by definition that / has the weak derivative d,f which belongs to
LP(RF),
2. Let us now prove that (ii) implies (i). Fix ¢ € Ca’o(Rk) anda = (ay,...,a;)

€ R¥. Then by Taylor’s formula with integral remainder term and Fubini’s the-
orem we have, for any ¢ > 0,

[ Ut e - folgds
L P — ea)— plx)] dx

R €

SECIH Eizijaij—i@—sa)dg] dx
=" ; i afi £a)f(x)dx] e

lf; [ (x— gam(x)dx] £

LT nter i

L[] sereoe]on

It remains to prove that % [s n,(-+E&a)d& converges to u, in L? (RF). This is cer-
tainly true provided #, € C3° (R*). But for any £, g € L?(R*) we have, uniformly
ine >0,

ff +&a) 5——J g(+Ea)dE

¢
$(x)

P

jnf FEa)— g(+Ea)|, dE =g~ £,
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By means of this observation we can transfer the desired result from ¢ € C° (RF)
to ¢ € L1(RF), since Cgo(Rk) is dense in L9(R), where g is the conjugate expo-
nent of p. We then conclude by remarking that

I£1l, =sup{(f,g): g €L1(R"), [Igll, <1}. m

COROLLARY 1.4.1. Lete,,...,e, denote the canonical basis of R*, and let (f,),,cx
be a sequence in WY such that

@ I, ~ 1l —Oas n o0,
(i) for any 1 <i <k the sequence (d.f,),cx converges in LP(RF).
Then f € W and ||f, —flly,, = 0asn—oo.

Proof. We have to show that f is weakly differentiable in direction e; for 1 <
i <k,andd,f =lim, __d;f, € L?(RF). For this purpose let

which exists due to assumption (ii). Then by (i) for any ¢ € Cgo(Rk) and 1 <
i <k,

[ 7w gtz = tim [ £, bx)d
= lim [ 4,00 == [ ()01

This means that f has weak directional derivative in direction e; and d, f = u;
€ L?(R*). Now Theorem 1.4.1 is applicable and finishes the proof. u
COROLLARY 1.4.2. Let p > 1. Then W/ is a Banach space with respect to the
norm |||\, ,, and for any a € R the mapping d, : Wlp — LP(RF) is continuous.
Proof. We have to prove that Wlp is complete with respect to ||| - So let (£,,),en

be a Cauchy sequence in Wlp . Then setting / =lim,_,__ f, in L?(RF), we see that
the hypotheses (i) and (ii) of Corollary 1.4.1 are satisfied, and it suffices to apply
that corollary. =

We finally need a local version of Sobolev spaces.

DEFINITION 1.4.4. For p>1ands €N let
W’ ={f:RF - R measurable: f ¢ € W7 forall ¢ € Cgo(]Rk)} (1.20)

s,loc

(local Sobolev space of order (s, p)).

THEOREM 1.4.2. Let p > 1and s €N. Then f € Ws‘ioc iff for any x, € RF there
exists an open neighborhood V, of x, such that for any ¢ € C3° (R*) with support
in 'V, wehave pf € w2,
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Proof. We only need to prove the “only if” part of the claim. For any x, € R let

therefore V, be as in the statement. Then (V, ), gk is an open covering of RE.
0

Hence there exists a locally finite partition of unity (¢ )peny € Cs° (R*) which is
subordinate to that covering, i.e. such that

() 0<¢,<lforanyn€N,
(11) for any 7 € N there exists xo(7) such that supp(¢,,) C V, (,,
i) Xengn =1,
(iv) for any compact set K C R the intersection of K and supp(¢,) is non-
empty for at most finitely many 7.

Now let ¢ € CS’O(R/@). Then for any k € N, (ii) gives supp(¢,¢) C V, 1y and
thus by assumption
¢ b ¢ f (S W/Sp s keN.

Since by (iv) the support of ¢, ¢ is non-trivial for at most finitely many £,
(i11) and linearity yield the desired

¢ f S W/Sp . m

We now turn to Gaussian Sobolev spaces. Our analysis will again be based

on the differential operator we know from the above sketched classical calculus.
Only the measure with respect to which we consider duality changes from the
Lebesgue to the Gaussian measure. Since we pass from an infinite to a finite mea-
sure, integrability properties for functions and therefore the domains of the dual
operators change. This is why the notion of local Sobolev spaces is important. On
these spaces, we can define our operators locally, first without reference to inte-
grability. In fact, using Theorem 1.4.2, and fors €N, p > 1, 1 < j,,...,7, < k,
fe Wsploc we can define

ddj, - dif
locally on an open neighborhood V. of an arbitrary point x, € RF by the corre-

sponding generalized derivative of ¢ f with ¢ € C° (R*) such that ¢ =1 on an
open neighborhood U, C V, of x,. This gives a globally unique notion, since

X, 1s arbitrary.
DEFINITION 1.4.5. Lets €N, p >1,1<j <k, f € Wspoc, and denote by d;

the directional derivative in the direction of the jth unit vector in R¥ according
to the preceding remark. Let then

V=W f....df), (1.21)
8.f=—d.f +x;f, (1.22)

k k
j=1 j=1



1.4. Finite-dimensional Gaussian Sobolev spaces 23

For any 1 < r <s we define more generally
Vif=Wd-d; f:1<]1,...,], k). (1.24)
This definition gives rise to the following notion of Gaussian Sobolev spaces.

DEFINITION 1.4.6. Let p > 1and s € N. Then let

D;(Rk):{fevvsf’bc;2_5|||vrf|||p<oo}, (1.25)

171, =221 A1, (1.26)
r=0

(k-dimensional Gaussian Sobolev space of order (s, p)).

REMARK. D?(RF) is a Banach space. This is seen by arguments as in the proof
of Corollary 1.4.2.

Since our calculus will be based mostly on the Hilbert case p = 2, we shall
restrict our attention to this case whenever convenient. In this case, our ONB
composed of k-dimensional Hermite polynomials as investigated in the previous
chapter will play a central role, and adds structure to the setting. To get acquain-
tance with Gaussian Sobolev spaces, let us compute the operators defined on the
series expansions with respect to this ONB.

For f € LA(R*,v,) we can write

c,(f)
f=> f’p—{Hp (1.27)
pEE, I

with coefficients ¢,(f) € R, p € E}. By orthogonality, the Gaussian norm is

given by

c 2 4 2
ll= 2 “’;’2 iy =3 L

pEE, £ peE, P

We also write f ~ (c,(f)) to denote this series expansion. Denote by & the
linear hull of the k-dimensional Hermite polynomials. Plainly, & C \X/;ploc for
any s € N and p > 1. According to Chapter 3, 2 is dense in L*(R¥,v,). And
for functions in &2, the generalized derivatives d; are just identical to the usual
partial derivatives in direction 7, 1 <7 <k.

We first calculate the operators on Hermite polynomials. In fact, for any
p €E, and 1 < <k we have in the non-trivial cases

deP :pjl';['HPiHP/_l’ SfHP :l;['Hpinf+1’ LH,=p|H,.
1%£] tF]
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Hence for f ~ (c,(f)) €2 and 1 < j <k we may write

c,(f)
df=>" P_’p].HHpin]__l, (1.28)
pek, P i#j
c,(f)
8if=> —= HHPZHP]_H, (1.29)
pek, Po iz
c,(f)
Lf = Z_| \H,. (1.30)
pEE, »!

According to Corollary 1.4.2 and the calculations just sketched, the natural
domains of the operators extending V,&; and L beyond & must be those dis-

tributions in R* for which the formulas just given generate convergent series in

the Z2-norm with respect to v;,. The most important domain is the one of V, the
2k

Sobolev space Di(R"). For f ~(c,(f)) € 2 we have

IV AIIE = f IV £ ve(d)

=5 [ 14 P
j=1R

ch(f)z Ap. —1)
DIV e ] FAICIESY

k
J=1pEE, P g
k

L

p'
)2
> Il o —.
pEE, P

If in addition f € L*(R*,v,), we may write f ~ (c,(f)) and approximate it by
= 2 pek, |pl<n ¢,(f)/p! € P, n € N. Hence, according to Corollary 1.4.2,
/ belongs to Df(Rk) if the following series converges:

VAR = Jim (1197, 12

=>_1pl T <oo. (1.31)
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Along these lines, we now turn to describing Gaussian Sobolev spaces and the
domains of our principal operators for p = 2 by means of Hermite expansions.
We start with the case k = 1.

THEOREM 1.4.3. Let v €Nand f ~(c,(f)) € L*(R,%)N WZIOC. Define

C
P;{)Hp, »>0.

fp=
Then the following are equivalent:

(@) V'f €L’(R,v),
(i) 320 7 If,Il; < o0,
(i) f € DX(R),
(v) 87f € L*(R,v)).
In particular, DX(R) is the domain of V" and 87 in L*(R,v). For f, g € D}(R) we
have

(Vf1g)=(f13g)
Proof. 1. We prove equivalence of (i) and (i1). We have

pCp(f) Cp-{-l(f)
Vf :Z P' HP—l :Z P' HP’
p21 ) >0 :
and therefore by iteration
4 r
vr=> 2 ¥ H,_,.
> P!
Therefore , ,
r CpnF) & (f)
VA= =
and hence ( )
- p+r)
IV A1 ng [1fprll3 <00
if and only if

2P+ Wf il < 00,

P20

and this is the case if and only if

D2 <.

20
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2. We next prove that (i1) and (iv) are equivalent. Note that

¢ ¢
é\f:Zp—(f)HpH, and therefore Srf:ZLf)HPH.
20 P! > P!

This implies that

187 F1E=>_ CP(];) (p+rN=D(p+7r)(p+1)

p20 £ P20

cp(f)
? , < oo
if and only if

c 2
D P(’:) => 7' lf I < oo

p20 ' p20

3. The equivalence of (i) and (iii) is contained in the definition.
4. Let f ~(c,(f)), g ~(c,(g)) € D}(R). Then we have

(V£ g) :Z cpa(f) c,(8)

= p!

*y

whereas

cp1(f) ,(8)

- !

) =
(f19¢g) ; RS

This completes the proof. m

The differential calculus on Gaussian spaces obeys similar rules as the classical
differential calculus.

THEOREM 1.4.4. Let g € D}(R) and u = vi0 g~ If ¢ € L*(R, ) and V¢
€ LY (R, w), then

V(gog)=(Vd)og-Veg. (1.32)
Proof. 1f ¢ and g belong to C3°(R), the assertion is clear. To generalize, approx-

imate in & and use Holder’s inequality. =

THEOREM 1.4.5. Let f, g € D}(R). Then f - g € D}(R) and

V(/-g)=/f-Veg+Vf-g. (1.33)
Proof. The assertion is clear for f, g € C°(R). To generalize, approximate in &
and use Holder’s inequality. m

Note that Theorem 1.4.5 provides a rigorous basis of justification for the cal-
culations done in the context of the absolute continuity criterion in the one-
dimensional setting. We now turn to arbitrary finite dimension k, and interpret
Gaussian Sobolev spaces by convergence properties of Hermite expansions as
above.
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THEOREM 1.4.6. Let f~(c,(f)) € Lz(Rk,Vk)ﬂWﬁloc.Deﬁnefp =(c,(f)/p)H,
for p € E,,. Then the following are equivalent:

O IVf1=[Z5_,(d /P17 € (R ),

(@) Xper, [2IIf]I5 < oo,
(iii) f € D3(RF).
In particular, Dlz(Rk) is the domain of ¥V in L*(R*,v,). Analogous results hold for
Sobolev spaces of order (r,2) with r € N.

Proof. Analogous to the proof of Theorem 1.4.3. »

1.5. Infinite-dimensional Gaussian Sobolev spaces

To reduce the infinite-dimensional setting to a finite-dimensional one, we use the
following observation.
For 7 €N recall

" RN - Rn’ (xn )neN = (xk>1§k§n'
For n € N let C, = o(n") = o(x',...,7"). Then (C,),cy is a filtration on
(RN, BY).
LEMMA 1.5.1. Let p > 1and f € L?(RN,BN,v). Then
f,=E(f|C,), neN, (1.34)
defines a martingale which converges v-a.s. and in L? to f.

Proof. This follows from a standard theorem of discrete martingale theory. =
In the following £, : R” — R is the n-dimensional factorization of fn, deter-
mikined by
fnon":fn, neN. (1.35)

It is crucial for the definition of infinite-dimensional Sobolev spaces that the mar-
tingale property is essentially not destroyed by directional derivative operators.

LEMMA 1.5.2. Let p > 1, f € LP(RY) and (f,),,cn the sequence defined above.
Suppose that sup ey ||f,1l1,, < 0. Then for any j € N the sequence (d; f,, o ") ,eny
converges in LY(RYN), to a limit that we denote by d;f. Corresponding statements
hold true for higher order derivatives.

Proof. Let n,j €N. Then for n > j we have
E(djf;z-i-l ox"t! |C,)= djfn or”.
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This means that (d; f, o "),>; is a martingale with respect to (C,,),»; which, as

sup|d; £, °ﬂ”||p<SUP||f||1p<<>0,
n2j

n>j

is bounded in L?(RY) and hence converges in L?(RN), as p > 1. =
The preceding lemmas give rise to the following definition of Sobolev spaces.
DEFINITION 1.5.1. Let p > 1and s € N. Then we define
DIRY)={f € L’(RY,v): , € D!(R"), n €N, su§||fn||5,p <oo}  (1.36)
ne

(infinite-dimensional Sobolev space of order (s, p)), endowed with the norm
/1l = Su§||fn||5,p’ f € D!(RY). (1.37)
ne

This definition makes sense, for the following reasons.

THEOREM 1.5.1. Let p > 1 and s € N. Then D! (RY) is a Banach space with the
norm |-,

Proof. We prove the claim for s = 1. Let (f),,en be a Cauchy sequence in
Df (RM), and ( 1.7)n.men the corresponding finite-dimensional functions accord-
ing to the remarks above. Then for m,/,n € N Jensen’s inequality and the mar-
tingale statement in the preceding proof give the following estimate:

limsupl|f" — flll,pS tim JIf7 - fill,p =0

m,l—o0
D?(R") being a Banach space for € N, we know that
f,= lim f”eD!/(R")
exists. Let fn =f on”. Now let f =lim__,_ f™ in L?(RY). Then by uniform
integrability
E(f|C,)=E(lim f™|C,)= lim E(f"|C,)= lim f" =/,

Moreover,

m,ne

Sup”f”lp— sup [1£,;" Ml < sup Il ™[I,y < oo
(S

Hence by definition f € Df’ (RY), and by Fatou’s lemma,
. . l
I1f =71l < liminf [|£7 = £7], , =0
—00
asm —co. m

According to Lemma 1.5.2, the gradient on infinite-dimensional Gaussian
Sobolev spaces is defined as follows.
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DEFINITION 1.5.2. Let p > 1and f € DI(RY). Then let
Vf=(df)en (1.38)

(Malliavin gradient or Malliavin derivative), where for any ;j € N according to
Lemma 1.5.2,

a']-f = lim d]»fn on”. (1.39)
Accordingly, for s € N we define V' f, 1 < r <s, for f € D?(RY).

REMARK. The gradient V being a continuous mapping from Dll7 (R™) to
LP(R”,v,) for any finite dimension 7, Lemma 1.5.2 and the definition of the
Malliavin gradient imply that V is a continuous mapping from Df (RY) to
LP(RN,v).

Let us now again restrict our attention to p = 2 and describe Gaussian Sobo-
lev spaces by means of the generalized Hermite polynomials. First of all, suppose
= per (€ f)/pHH, € L*(RYN,v). We shall continue to use the notation f ~
(c,())- Then for n € N, we have £, = 3. o (¢(,0/(f)/p!)H,,, where we put
(p,0) = (Pys--+» P> 0,0, ) for p = (py5--->Pp) E E Therefore, we also have
fn =2 ek, (€0 (/) PDH ) 0)- Let again & be the linear hull of all generalized
Hermite polynomlals

As in the preceding chapter, we may calculate the gradient norms for f* ~
(c,(f) e Dlz(RN). In fact, for j € N we have

—1

df_hmdfon_l Z

|
n—»oopEE p! it

n

= ?; H o H (1.40)
i ]

peE P'

Furthermore, for f € DRY) let us compute the norm of [Vf| =
[2jen(d;f) Y112 in L2(RYN,v). In fact, we have, using the calculation of gradient
norms in the preceding chapter,

00 > suglllvfn on”||3=IV/III3
ne

=sup > [p| "°

neN yef, peE

(1.41)

We therefore obtain the following main result describing the infinite-dimen-
sional Gaussian Sobolev spaces of order (1,2).
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THEOREM 1.5.2. For f € L*(RN,v) the following are equivalent:

(i) f€DIRY),
(i) Xper|ple, () pt < oo,
(i) |Vf,|on" = [ZjeN(djfn)z o 1]/ converges in LA(RN,v) to |V f).

Moreover, DY(RYN) is a Hilbert space with respect to the scalar product

(F-@a=(f1g)+ 2 (d;fld;g), f.g€DIRY).
JEN
For p > 2, P is dense in DY (RN). Analogous results hold for Sobolev spaces of order
(s,2) withs € N.

1.6. Absolute continuity in infinite-dimensional Gaussian space

We are now in a position to discuss the main result of Malliavin’s calculus in the
framework of infinite-dimensional Gaussian sequence spaces. The result concerns
the smoothness of laws of random variables defined on the Gaussian space. We
start with a generalization of Lemma 1.1.1 to finite measures on B? for d € N.

LEMMA 1.6.1. Let u|B? be a finite measure. Assume there exists ¢ € R such that for
all ¢ € CY(RY) with bounded pm’tial derivatives, and any 1 < j < d, we have

f w(dx)| < ...

Then u < A (d-dimensional Lebesgue measure).

Proof. For simplicity, we argue for d = 2, and omit the superscript denoting
2-dimensional Lebesgue measure.

1. Assume that ¢ € C'(R?) has compact support. We show that

12 q g |? d

%u] <! U 2 sl an f
UW <31) 7?4 |2
1/2
SuP |§b (215 %,) |dx2J sup |¢(x1,x2)|dx1:|

1
xER

d
dxldxzj a—xz
e[|

(u]

2
d)} .

In fact, we have

Jiseed]

IA

1/2
dx, dx11|

P(x,%,)

Xl, xz

IA

<[
I
i

3x1
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2. Let # > 0 be continuous with compact support and such that [ # dA=1.
For ¢ > 0 define

Moreover, let
.= [ =) utay

be a smoothed version of u. Then for 5 continuous with compact support, using
Fubini’s theorem, we obtain

[ gy = [[ [ wte=utin] pas

3. We show that

is a continuous linear functional.

In fact, let ¢ € C(R?) have compact support, and let ¢ > 0. Then by hypoth-
esis and smoothness of ¢, with a calculation as in part 2,

f S 9 9(5) x| = [ 4.0 ;xisﬁ(X)dx

=|[[[ e 2 tx)dx | ldy)

1 J

Sl (e )1 | ldy)

e '

<c

o _
| 5= |ty

/3 J

f (= Yl dx
< cllgll...

Generalizing this inequality to bounded measurable ¢, and then taking

o
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¢ =sgn(¢.) yields the inequality

J 3
I,

for any ¢ > 0. Now let ¢ > 0 and g € L*(R?) be given. Then, using part 1 and the

estimate above, we obtain
1/2
<[ [ wpax [ lgpax]

[ onon
j(ERpAYED

< c[lgll-

Applying this inequality in the special case when g is continuous with compact
support, and using part 2, we get

[ suta)

Finally, extend this inequality to g € L?(R?) by approximating it with continu-
ous functions of compact support. This yields the desired continuity of the linear
functional.

JdA<LZc

1/2
dﬂ llgll2

<cligll.-

4. It remains to apply Riesz’ representation theorem to find a square inte-
grable density for u. =

We now consider a vector f=(f,..., f¢) with components in L*(RY, BN, v).
Our aim is to study the absolute continuity with respect to A% of the law of f
under v, i.e. of the probability measure vo f ~1. For this purpose we plan to apply
the criterion of Lemma 1.6.1. Let ¢ € C'(R?) have bounded partial derivatives.
Then the integral transformation theorem gives

J%gﬂdvof‘l:f&%gﬁofdv.

In case d = 1 at this place we use integration by parts hidden in the representa-

tions
dige =g P, ¢)=ddeh1g

Our infinite-dimensional analogue of d is the Malliavin gradient V. Hence, we
need a chain rule for V.

THEOREM 1.6.1. Let p > 2, f € D‘D(RN and ¢ € CY(R?) with bounded par-
tial derivatives. Then

d g .
$of ED/RY) and V[$of]=3 ——¢(f)-Vf'. (14
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Proof. Use Theorem 1.5.2 to choose a sequence (£,), ey € 2¢ such that for any
1<i<d,

1/, =/l =0

For each #» € N we have
d g
V[gof,] :ZQ_ )- V£

Since V is continuous on Df (RY), and since the partial derivatives of ¢ are
bounded, we furthermore obtain

U

d
Vigos1=lim Viges1 =3 7

=1

in L2(RN,v). This completes the proof. =

We next present a calculation leading to the verification of the absolute con-
tinuity criterion of Lemma 1.6.1. We concentrate on the algebraic steps, and re-
mark that their analytic background can be easily provided with the theory of
Chapter 5. The first aim of the calculations must be to isolate, for a given test
function ¢ € C(R?) with bounded partial derivatives, the expression gixlgé( ),

1< <d.Recall the notation

y) szij’is x,y € 1%,
1=1

For1<i,k<d let
o =(Vf,VfP).

Then for 1 <k <d we have

(V(gof), V)

di(pof)d;f*

||M8 TMg

Z (F)d;fd;f*

l

<i<d
d
= ¢(fon
= ax;
We now assume that the matrix o is (almost everywhere) invertible. Then denot-

ing its inverse by o ~! we may write
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d
S—¢)= 2 (Vg /) Vf o))
t 1<k<d
= Z Zdj(gSof)ok_ild]-fk.
1<k<d j=1

We next assume that the dual operator & of d;, which is defined in the usual way
on 2, is well defined and the series appearing is summable. Then we have

f Zx PN dv= f S S Td o fopld;frdy

1<k<d j=1
:fgﬁof ZZS torh)] dv
1</e<d] 1

The right hand side can be estimated by c||¢#||,, with

<[ X 2s@ s,

1<k<d j=1

in L2(RN,v). It can be seen (in analogy to Theorem 1.4.3) that this series makes
sense under the hypotheses of the following main theorem.

THEOREM 1.6.2. Suppose that f = (f1,..., f%) € LARN,v) satisfies

@) ffeDjRY)for1<i<d,

Gi) 0;, = (Vf,Vf5), 1 < i,k <d, is v-as. invertible and Ok_il € D}(RN) for
1<ik<d.

Thenvo f=1 < M,

Proof. Approximate / by polynomials, and use continuity properties of the op-
erators. m
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2.1. The canonical Wiener space: multiple integrals

We now return to the canonical Wiener space. The transfer between the sequence
space and the canonical space is provided by the isomorphism of Chapter 1. We
briefly recall it. Let (g;);ey be an orthonormal sequence in L*(R,). Then the
isomorphism is given by

T: LP(RN’BN’ V) - LP(Q,Q,P), f — f ° ((W(gi))ieN)’ (2'1)

where W(g;) is the Gaussian stochastic integral of g; for i € N. It will be con-
structed in the following chapter. For simplicity we confine our attention to the
canonical Wiener space in one dimension, i.e. @ = C(R,R), F is the (com-
pleted) Borel o-algebra on Q2 generated by the topology of uniform convergence
on compact sets in R, and P is Wiener measure on Z.

In the approach to differential calculus on Gaussian sequence spaces via the
Hilbert space setting, the most important tool proved to be the Hermite ex-
pansions of functions in L2(RN,v). In the setting on the canonical space, they
can be given a different interpretation which we shall now develop. We follow
Nualart [32].

According to our isomorphism, the objects corresponding to generalized
Hermite polynomials on the canonical space are given by

o

[ 14, (W), prekE.

=1
We shall interpret these objects as iterated It6 integrals. To do this, we use the
abbreviation Bi for the Borel sets of R, .
DEFINITION 2.1.1. For m €N let

n
&, = {fﬁRf SR:if= > a4 Ly, xexa, s
ity =1

(A 1<i<n C Bi p.d.,a; ; =0incase i, =i, for some k # l}. 2.2)

wlyy
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REMARK. For f € L*(R,) of the form
f :iai 1]:" Ui)lgisn p.d. intervals in R,
i=1
let
W) =D W) =S e (W, ~W,), i), =lst]1<i<n
i=1 i=1

Then by Itd’s isometry we have

WO =11£15-

Since &, is dense in L*(R ), we can extend the linear mapping f — W(f) to
LX(R,). Therefore, in particular for A € B}r with finite Lebesgue measure, W (A)
= W(1,) is defined. It will be used for the definition of the following multiple
stochastic integrals. In this chapter, the scalar product (-, ) will be with respect to
Lebesgue measure on R’ with unspecified integer 2.

DEFINITION 2.1.2. For f = ZZ o L4, xexa, € &, let

,...,i,n:lﬂil...lm
I’”(f)=4 Z a; i W(A;)--- W(4; ). 2.3)

The additivity of B}i_ 5 A — W(A) €R implies that 7, is well defined.

We state some elementary properties of /,,. Denote by .7, the set of all per-
mutations of the numbers 1,...,m.

LEMMA 2.1.1. Let m,q€Nand f €8,,, g €E,.

O 1, :8,, — Rislinear.
() If f(ty,-.st,,)= % 2ves F(to1)- s to(my) (symmetrization of f), then

~

L,(f) =L, (f)-
(1) E(Z,,(/)1,(g))=m! (fN, 8) if m = q, and O otherwise.

Proof. (i) follows from the additivity of the map A — W(A).

(i1) is a direct consequence of the fact that in the definition of I, the product
W(A; )--- W(A; )is invariant under permutations of the factors.
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By (i1), we may assume that f, g are symmetric. By choosing common subdi-
visions, we may further assume that

f_ z : a; Loy 1Ai1><"'XAim’
i

i, =1
E b 1Al- X XA; ¢
1 q

Loty =1

Now if m # g, by the assumptions that (4;),<,<, consists of p.d. Borel sets,
and that coefficients vanish if two of the indices coincide, £(Z,,(f),(g)) = 0is

evident. Assume 7 = q. Then, again by these two assumptions and symmetry,

E(L,(N),(8)= Zn: an % Oy <HW )>

iyeston =1 forennf =1

—m? S b E(LTW)w,)
p=1

ll< <lm ]1< <]m

:771!2 Z ﬂl‘lml‘m bil...imlﬂ[/{(Az )
p=1

1 <<,
=m\(f,g). =

To extend I, beyond the space &,, of elementary functions, we proceed as
form=1.

LEMMA 2.1.2. &, is dense in Lz(Rf)for any m € N,

Proof. We may assume m > 2, the assertion being known for m = 1. By standard
results of measure theory, it is enough to show that for A,,...,4,, € Bi with

finite Lebesgue measure, and ¢ > 0, there exists f € &,, such that

||1A1><---><Am _f”Z <e.

Let & > 0 to be determined later. Choose B, ..., B, € B! with A(B;) < & for
any 1 < j < n, pairwise disjoint, and such that each A; can be represented as a
finite union of some of the B;. Then we have

1A1X XA Z b ; 1Bi1XH'XBim,

Ifyeensly, =1

where 191 l- =1 1fB X--xXB, CA x---xA,, and 0 otherwise. Let I =
{(Gigseeniyy) iy £ for/e 76 I3, and] {1 .,n}™\ I. Then by definition

f = Z blllm 1B1-] X'"XBim (S gm
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and we have

||1A1><»-»><Am —f||§ = Z bimim HA(BZ‘p)
p=1

(Z5eerlyy )ES

@gxw ()"

< wg(gawi))’””.

Finally, we have to choose & small enough. =

2

Using Lemma 2.1.2, we may now extend /,, to LZ(R:’_’).

DEFINITION 2.1.3. The linear and continuous extension of 1, to LZ(RT ) which
exists according to Lemma 2.1.2 is called the multiple Wiener-It6 integral of de-
gree m and is also denoted by 7,.

Properties of the elementary integral are transferred in a straightforward way.

THEOREM 2.1.1. Let m,q €Nand f € I*(R7), g € L*(RY).

(W 1,: LZ(R:’:) — R is linear.
(i1) We have )
L,(f) =L, (f)-
(1) E(Z,(f),(g)= m!(fN, §) if m = g, and O otherwise.
@) L(f)=W(f)for f € L(R,).

NOTATION. We write

Im(f):f f(tost,)dW, - d W, (2.4)
RY

m

=\ f(t,-.5t,)W(det)---W(dt,).
RY
We next aim at explaining the relationship between generalized Hermite
polynomials and multiple Wiener-It6 integrals. For this purpose we will need
a recursive relationship between Hermite polynomials of different degrees.

REMARK. Recall the definition of Hermite polynomials in one variable:
H,=38"1.
Moreover, we may compute that for 7 €N,
xH,=(d+J8)H,=nH, | +H,

ai1p Or H

nt+1 — XHn - an—l'

For technical reasons, we need the following operation of contraction.
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DEFINITION 2.1.4. Let m €N, f € LA(R7),g € LA(R,). Then for t,,...,t,,,¢
€R,,

F®g(tyy sty t)=f(t1,...t,,) g(t) (tensor product),  (2.5)

f® g(tl,...,tm_l):JR j;(tl,...,tm)g(tm)dtm (contraction). (2.6)

The recursion relation for Hermite polynomials will emerge from the recur-
sion relation between Wiener-Itd integrals stated in the following lemma.

LEMMA 2.1.3. Let m €Nand f € LZ(R_”:), g €LAR,). Then
L,()(8) =1L (f ® 8)+mi,,_(f ® ) 2.7)

Proof- 1. By linearity and density of &,, in LZ(R_’S) we may assume that
f:1A1><-~-><Am’ g:le org:1A1,

where (4; )o<;<,, C B_li_ is a collection of p.d. Borel sets with finite Lebesgue mea-
sure.

2. The case g =1, is trivial: then the second term on the right hand side of
the claimed formula vanishes, and the other two terms are obviously identical by
definition of the elementary integral.

3. Let now g =1, . For ¢ > 0 choose a collection of p.d. sets By,...,B, € B_1|_
such that A} = J!_, B;, and A(B;) < ¢ for any 1 <7 < . Then

=11

L,(N1(g) = W(A)’ W (4,)--- W(A,,)
=D W(B)W(B;))W(Ay)--- W(A,,)

1#]
+ > [W(B) = AB)IW(4,)--- W(A,,)
1<i<n
+AADW(A)- W(A,,). (2.8)

(a) We now prove that the first term on the right hand side of (2.8) is close to
I,.1(f ®g). In fact, let

be = Z 1Bl~><B]~><A2><-~-><Am € gm-i—l'
i#]
Then
I1h. = f ®gll3 < D AB P AAy) -+ A4,,)
=1

<eAAy)XA,).
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(b) Let us next prove that the second term on the right hand side of (2.8) 1s
negligible in the limit ¢ — 0. In fact, denote it by R,. Then, since for 1 <7 <n
the variance of W?(B;) — A(B;) is given by cA(B,)* with some constant ¢, we
obtain

E(R?) <CZA AA,) < ecAADAA,) - AA,).

(c) To evaluate the last term, note that

Lg xxa,, @114, = ;1A2><-~-><Am A(Ay).

Therefore

MANW(Ay) - W(A,,) =ml,_ (14 xxa, ®1 14));
and we obtain the desired recursion formula. =

This finally puts us in a position to derive the relationship between Hermite
polynomials and iterated stochastic integrals.

THEOREM 2.1.2. Let m € N and h € L*(R ) be such that ||h||, = 1. Denote by
h®n the m-fold tensor product of h with itself- Then

H,(W(h))=1,,(h®"). 2.9)

m

Let 6, =R and 5, = Im(Lz(]R_i”_’ ) for m € N. Then (S,,),,e 15 a sequence of
pairwise orthogonal closed linear subspaces of L*(2, F , P) and we have

20, ZF,P)= @% (2.10)

In particular, for any F € L*(Q, F, P) there exists a sequence (f,,),,o of functions
fm€ LZ(RZZ) such that

[ee)

F=3 1,(fn) (2.11)

m=0

The representation with symmetric f,, is A" -a.e. unique, m € N.

Proof. 1. We first have to prove that
H,,(W(h))=1,(h®").

m

This is done by induction on m. For m = 1, the formula is clear from H, = x,
I,(h) = W(h). Now assume it holds for 7. Then Lemma 2.1.3 and the recursion
formula for Hermite polynomials given above combine to yield, remembering
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that JAl], = 1,
L, (B®m) =1, (h®) () —m1,,_(h®" @, h)
= 1, ()1, (h) = m,,_,(h®-1)
=H,,(W(h)H (W(h))—mH,,_(W(h))
=H,,.(W(h)).

2. Let L2(R”") be the linear space of symmetric functions in L*(R”"). Then
by Theorem 2.1.1,

12, (I3 = mIf113,
hence 7, =1, (Lf(R;” ) is closed. Orthogonality is also a consequence of The-
orem 2.1.1.

3. Let (g;);en be an orthonormal basis of L*(R, ), and let F € L*(, Z,P).
Let f € L2(RY,BY,v) be such that T(f) = F. Assume f ~ (c,(f)), according to

the notation of Chapter 1. For m > 0, define
cp(f) ®
P i
fu= 22 —-1l&"
peEpl=m P* ieN

considered as a function of 7 variables. Then f,, € L*(R”") and with the help of
a slight generalization of Lemma 2.1.3 we see that

MM=ZEQMH&)

PEE,|p|=m : ieN

- Cp(f)l_[]i(gi@m)

vebopl=m P! ieN
c,(f)

= > =-T1H, W)

PEE,|p|l=m P en

Summing this expression over m yields the desired

F=S1(f).
m=0

The remaining claims are obvious. =

2.2. The canonical Wiener space: Malliavin's derivative

In this chapter we shall investigate the analogue of the gradient we encountered
in the differential calculus on the sequence space. Fix again an orthonormal basis
(g;)ien of L*(R,), and recall the isomorphism

T :LZ(RN’BN5V)_’L2(Q’9’P)’ f'_’f((W<gi>)ieN)' (2-12)



42 2. Calculus on the path space

Of course, every permutation of the basis functions gives another orthonormal
basis. So here we encounter the problem of coordinate dependence of our objects
of study. How can we define Malliavin’s derivative on the canonical space in a
both consistent and basis independent way? According to Theorem 1.5.2,

Vf= (djf)jeN

takes values in /2. The corresponding object on the side of the canonical space is
LA(R,). It is therefore reasonable to make

DEFINITION 2.2.1. For n € N let C;o(R”) denote the set of smooth functions

with all partial derivatives of polynomial growth. Let

S ={F :F=f(W(h)s..., W(h,)), byy....h, € [A(R,),
feCrX(R"),neN}).  (2.13)

For F = f(W(h,),...,W(h,)) €S and t >0 let

2
DF=3%] S (W), Wk, )hi(2). (2.14)

To check if this is a good candidate for the Malliavin gradient in the setting
of the canonical space, let us verify in detail the independence from the specific
representation of functionals. Let h,,...,h, € L*(R,) and g,,...,g,, € L*(R,)
be orthonormal such that the linear hulls of the two systems are identical, and
suppose that for some f € C;O(R") and g € C;o(Rm) we have

fW ()., W(h,)=g(W(gi),--» W(gy))-
For 1<i <n write
Z 818
=1
Then, setting
I'= ((hi’gj))lfiSn,lngm’
we obviously have f oI" = g. Therefore

m

Z&,—UW)( (&) W(gn)g;

j=19%;

m n_ g
=225 (W) Wb )b g))g,

j=1:=1

nJ
=1 z
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This proves that the definition of D is independent of the representation of func-
tionals in ..

If h € L*(R, ) is another function and F = f(W(g,),..., W(g,,)), we have by
definition

mo g
(D.F,h) Zg_ yores W(g,))(8i0 ),

in particular for 7 €N,

d
(D.F,g) = 5= [(W(gr)oos W(g, ) =dif (W(g)hoor W(g,)) @15

1
We may therefore interpret (D.F,g;) as the directional derivative in direction
of g;, and by Parseval’s identity we have
m

(DF,DF) =S (DF,g,Y = S (df (W (g)..... W(g,,)

1=1 =1
= V(W (g),---, W(g,)- (2.16)

Analogously, higher derivatives are related to each other. So we see that the iso-
morphism 7T also maps (DF,DF) to |V f|*. Consequently, we can simply trans-
fer the definitions of Gaussian Sobolev spaces to the setting of the canonical
Wiener space.

DEFINITION 2.2.2. Let p > 2 and s € N. For F € L*(Q,Z,P) denote by
f € LXRN,BY,v) the function for which we have F = f((W(g;));ey)- Then
let

D? ={F:f eD!(R")} 2.17)
(the canonical Gaussian Sobolev space of order (s, p)), with the norm
1E1l;,, =171, - (2.18)
For F=T(f)eD! and 1< 7 <s, let
D'F = Z dj - (W(gi)ien)g;, ® " ®g; (2.19)

Jireeodr =1

(the canonical Malliavin derivative of order r).

REMARK. From our knowledge of sequence spaces we can easily derive that D?
is a Banach space with respect to the norm || - ||, , for p > 2 and s €N, and that

for F € D! we have

S
IEll,,, = D_IKD"E, D F) ],

r=0

We know that D? is the closure of . with respect to the norm || - || 5p
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Turning to p = 2, we know that D? is a Hilbert space with respect to the
scalar product

(F,G),,=E(FG)+E((DF,DG)), F,GeD;.
Moreover, we know that D is a closed operator, defined on Dlz, which is contin-
uous as a mapping from D? to L*(2, Z, P).

Let us now investigate how D acts on the decomposition into Wiener-Itd
integrals.

THEOREM 2.2.1. Let F = X°_ I, (f,,) € LX(,.Z,P) be given, with f,, sym-
metric for any m > 0. Then

FeD; ifandonlyif me’||fm||§<oo
m=1

In this case

D,F =Y mI, \(f,(.1) (2.20)
m=1

(for P@ A-a.e. (w,t)EQXR,).

Proof- 1. Suppose that with respect to an orthonormal basis (g;);en of LA(R,)
we have F = T(f) with f ~ (c,(f))- As before, for m >0 let

A SRty el

!
PEE,|p|l=m P ien

®,
. ®,. Pi; . . . ..
We interpret [ [,y g; s | |f=1 g, ' wherei,..., 17, are precisely those indices
]

for which pis--os i, >0
2. Let now p € E be such that |p| = m, and let ¢ > 0. Then

D1, (ITe ™) =D 14,5
ieN

1eN
=D, H,(W(g;)ien)
= 0] [H,,(W(g)H, (W(g)ei(r)
ieN A
=1, <ZP:‘ ] g]-®pj 8i®pi_1 gi(t)>-
ieN  j#i

Hence by closedness of D, symmetry of f,, and |p| = m, the desired formula

D, (fn) = M1y, 1(f(5 1))

follows.
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3. For n € N let now "
Fy= 2 1ulf)
m=0

By the closedness of the operator D and the remarks above, we know that
Fe Dl2 ifand only if (F,),cy 1s Cauchy in Dlz.

Now we know from the first part of the proof that

DFn = Z m[m—l(fm('7'))
m=1
Let n,m € N with n > m be given. Then

E(D(F, — F,),D(F, EZHL DUl fy(a) de

k=m+1 +
= > k-0
k=m+1

. . 2 . . 2
Henc'e (DF,),en is a Ca‘uchy sequence in Dy if anfi only if 77 kk!||f,|]5 < co.
In this case, the series with the desired representation converges. m

We need some rules to be able to calculate with the Malliavin gradient D.

THEOREM 2.2.2. Let p >2andd E N ¢ € CY(R?) with bounded partial deriva-
tives, and let F = (F1,.. Fd) ( 4. Then gboFer and

D¢oF:§:5;¢wﬂnﬂ 2.21)

Proof. The proof of Theorem 1.6.1 translates. =
With the following properties we prepare a study of the dual operator of D.
THEOREM 2.2.3. Let F € ¥ and h € L*(R,). Then
E((DF,h))=E(FW(h)). (2.22)
Proof. We may assume that F = f(W(g,),..., W(g,)) and h = g, with respect to

an orthonormal system gi,...,g, € L*(R, ). In this case by duality of d; and &,
we have

a
BUDPA)=E 5o/ (W(g)e Wi,)

1

=(V/f](1,0,...,0))
=(f13:1) ={fHp,.)

=E(f(W(g),---» W(g,))W(g1)
— E(FW(h)).
This completes the proof. =
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THEOREM 2.2.4. Let F,G € & and h € L*(R,). Then
E(G(DF,h))=E(FGW(h)—F(DG,h)). (2.23)
Proof. Apply Theorem 2.2.3 to the function FG. u

2.3. The canonical Wiener space: Skorokhod’s integral

In this chapter we focus on the dual operator (in the sense of Hilbert space the-
ory) of the Malliavin gradient rather than on the Gaussian sequence spaces. In the
setting of the canonical Wiener space, this operator turns out to be a stochastic
integral.
So far we know that
D:D? - *(QxR,)
is densely defined and linear.

DEFINITION 2.3.1. Let
dom(8) = {n € L*(2 x R,): there is c € R such that for any
FGDI2 we have E((DF,u)) <c||F||,}. (2.24)

For u € dom(&8) the mapping F — E({DF,u)) can be extended to a con-
tinuous linear functional. Hence by Riesz’ representation theorem we may find

8(un) € L*(Q) such that
E({DF,u))=E(F-8(u)), FeD:. (2.25)
Since D is densely defined, &'(#) is unique for any # € dom(J).

DEFINITION 2.3.2. For # € dom(&') the uniquely determined random variable
8(n) € L*(R) is called the Skorokhod integral of u.

NOTATION. We write & (u fR u,0W,.

Why is this operator called integral? To answer this question, we first ask how
elementary processes are “integrated”.

DEFINITION 2.3.3. Let

S :{u M_th F.e h eIXR )neN}. (2.26)

1

LEMMA 2.3.1. Letu=3" Fh; € SR,y Then

n

&(n) :Z[Fi W(h;)— (DF;, h;)].

=1
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Proof. By linearity of & we may assume that » = Fh with F € & and b €
L*(R,). Then for G € &, by Theorem 2.2.4,

E((#,DG)) = E(F{h,DG))

=E(FGW(h)— G{(h,DF))

=E(G[FW(h)—(DF,h))).
Hence we have

8(u)=FW(h)— (h,DF).
This completes the proof. m
Recall now the standard Wiener filtration (#,),5q, which for ¢ > 0 is given

by the P-completion Z, of o(W, : s < ). Lemma 2.3.1 yields the elementary

s

It6 integral if F; is 7, -measurable, b; =17, , j, where0=1, <1, <---<t,, if
(DF;,h;)=0,1<1 <n—1. This is indeed the case, as we will show now.
LEMMA 2.3.2. Let F € D}, A€B} and T, = 0(W(1p): B CA,A(B) < 00). Then
E(F|Z,) €D}
and
EF|F4)=EDF|F4)14(t) (2.27)
(in LA(QxR,)).
Proof. 1. We first consider F = f(W(h,),...,W(h,)) € &. By setting g(xy,...,
Xy Vo3 V) =F (X +915-.05%, +9,) for xq,...,y, €R, we can write
F=g(W(h1y),...., W(h,10), W(h1s),..., W(h,1,)).
Let
Q=P o(W(hyLy)ers W(h, L))"

Then by independence of :Z, and the vector (W (h;14¢),..., W(h,1,)) we have

E(F|7,) =j BV (L) WO, L)y, )4 Q1 0,)

Hence E(F | #,) € & and
E(F|gA> h 1A (hnlA)’yl""’yn)

dQ -5 7,)h;(£)14(t)

= E(D,F| Z)1,(2).
2. It remains to approximate F € D12 using standard arguments. =

THEOREM 2.3.1. Let u € L* (2 x R_) be (F,)-adapted. Then

nedom(8) and S(u)= j u, dW, (Ité integral). (2.28)
R

+
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Proof. 1.Let0<s <t and F € L%, Z,,P). We prove
u="F1l €dom(8) and S(u)=F(W,—W,).
(a) Let first F € &. Then by Lemmas 2.3.1 and 2.3.2 we may write
8(u)=F(W, — W,)~ (DF,1;, ;)
= F(W, = W)= (DF1 3,13, )
— F(W, — W,).

(b) For Fe L*(Q), F,,P) let (F"),,en C & be such that F” — F in L*(Q, 7, P).
Thenalso # > G* = E(F" | Z,)— F in L*(Q,Z,P). Hence by (a) for any n €N,

3(G" 1y, ) = G*(W, = W)).

Moreover, this is a Cauchy sequence in L*(, Z, P). Since & is a closed operator
(as a dual operator), we obtain

Fly,€dom(8) and  S(Fly ) =F(W, = W)

2. (a) Let now # = Z] 1Eilyse € LX(Q x R,), where s; < tjand F; is
37’.5/- -measurable for 1 < j <. Then by linearity

u€dom(8) and J&(u ZF W W

(b) Now given # as in the claim, choose a sequence (#”),,c of simple adapted
processes as in (a) such that ||#” — #||, = 0in L*(Q2x R, ). Then use the closedness
of & and the definition of the It integral to obtain

8(u)= lim é‘(u”):ﬁmf u:‘th:J u,dW,
+ Ry

n—o0o n—o0

This completes the proof. m

We next ask how the Skorokhod integral acts on the decomposition into mul-
tiple Wiener-Itd integrals.

LEMMA 2.3.3. Let u € L*(Q2 x R.,). Then for any m > O there exist functions
fm € LZ(R:’_Z‘H) such that f,, is symmetric in its first m variables, and

= i L,(f,,(1))  in 2(QxR,). (2.29)

m
m=0

(.

+

Moreover,

4s) = > il I
m=0
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Proof. Choose a sequence (#"),cy C LA(Q2 x R, ) of elementary processes such
that
" —ull, =0 (7n— o0).

Suppose Fk” €L (), gZ € LZ(R+), 1<k <m,,n €N are given such that
=D Fg(0)
k=1
ForneNand 1<k <m, let

o
k, k, :
Fr = 1,(f%"), fr"el*R7)symmetric.

Then .
W = Z[m<2fk"gk( )) tER,.
m=0 k=1
Define

mn
I :Zfrf’”g/:, m >0,n €N.
k=1

Then f7 € LZ(R:’:“), 1} is symmetric in its first 7 variables, and by orthogo-
nality and symmetry we have, for /,n €N,
n S n /
" = u'I5= 2 mIf = £l
m=0
Hence for any m > 0, (f), oy is a Cauchy sequence in LZ(RZ’“) which con-

verges to a function f,, which is also symmetric in the first m variables. For
u™ M __ n g
Zm =0 m(fm )’ n,M € N, we Obtaln

. . 7[14
00 > lully= lim [|«"||;= sup ,}ggollﬂ” [

Supz:fﬂ'llf 3= Zm [1fonll3-

MeN ,,—0

By a similar argument and by definition we must have

n= D L), 120,

This completes the proof. m

THEOREM 2.3.2. Letu € L* (xR, ), u =3 o L,(fu(-s")) according to Lemma
2.3.3. Then

uwedom(8) ifand onlyif Z(m + 1)'||f~m||§ < c0.
m=0
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In this case
Z it (2.30)

Proof. 1.Letn€eN, g€ Lz(Ri) and G =1 ,(g). We show that
E((#,DG))=E(L,(},-1)G).
In fact, by Theorem 2.2.1,
E({u,DG)) = E((u,nl, _1(g(--)))

IR AT
= n!(fn—l’ g) = E(In(fn—1>G)

2. Let us now prove the “if” part of the claim. For this purpose, let # €
dom(8)and G =1,(g) € #,,n € N. Then by the first part and by duality,
E(0(#)G) = E(L,(f,-1)G)-

By extending G to other components of L*(€2) and linearity we obtain

[&°] o0

)=>1,4(f), (n+ DU, |2 < oo
=0

n=0 n
3. Let us now establish the “only if” part of the claim. Assume that
o on+ 1) ||];n||§ <oo. Let V=3 I .,(f,), which is well defined, and
G Z o l.(8,) € L2(Q) with g, € Lz(Ri) n € N, symmetric, and finally let
=2 _o1e(gr),n €N. Then we may again appeal to the first part of the proof
to get
E({(u,DG™))=E(VG"), neN.

By approximation, this equality extends to G € D?. Since V € L*(2), we obtain

u € dom(8) and 8(#) = V. This completes the proof. =

For practical purposes it is not easy to deal with dom(&8') when discussing
the Skorokhod integral. The space is analytically hardly accessible. For questions
relating to the calculus of Skorokhod’s integral it is preferable to work on the
following subspace.

DEFINITION 2.3.4. Let

L?: {14 €L’ (xR, :u, €D12 for A-a.a. t >0, and

for some measurable version of (s, t) — D, we have

E<fR JR |D514t|2d5dt> <oo}. (2.31)
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REMARK. L2 is a Hilbert space with the norm |||, = |«|3 + [|Du||3.
How can L? be described in terms of Wiener-Itd decompositions?

REMARK. Let # € LX(Q x R,), » = > 1,(f,,(--)), according to Lemma
2.3.3. Let us formulate in these terms the conditions of the definition of L%. First
of all, for t > 0, according to Theorem 2.2.1, u, € D12 means that

00
> mm!||f,()lf; < oo
m=0

In the same terms, E([, [ |D,#,]*dsdt) < oo then means that
+ Ry

0 o0
>, mm! f VoDl de = > mmtlify, ]l < oo.
m=0 R+ m=0

The latter 1s the case iff

[e°]

D (m+If,l5 < oo.

m=0

Compare this with the condition we obtained in Theorem 2.3.2. Since for
m >0 we have ||£,,||, <||/,,l,> we obviously have

2
L} C dom(J).
How is It0’s isometry transferred to the Skorokhod integral?

THEOREM 2.3.3. Let u,v € Lf. Then

E(8(1)8 (v)) :EU

Ry

n,v, dt> +E <JR2 D,uD.v,ds dt>. (2.32)

Proof. 1. Let first u € Sixw,) We show that
D, 8(u)=u,+8(D,u) (inL*(QxR,)).

By linearity, we may assume that # = Fh, where F € & and h € L*(R ). Then
according to Lemma 2.3.1 we may write &(#) = F W(h)— (DF, h), and therefore

D,8(u)=D,FW(h)+Fh(t)—(D,DF,h)
=u,+3S(D,Fh)
=u,+3S(D,n).
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2. Letstill # € SR, Then duality, the above calculation and the fact that
veL?lead to

=E((n,v) +(8(D.u),v))
E({n, ))+E<JR2DtuSDvata’sdt>.

3. It remains to approximate # by functions in &2 ,, and to use the fact
L(Ry)

that convergence in Lf implies convergence for all three terms in the formula. =

We finally give a rule for the Malliavin differentiation of It integrals which
will be of use in applications of Malliavin’s calculus to stochastic analysis.

THEOREM 2.3.4. Let u € L*(Q x [0,1]) be adapted, and X, = fot u,dW, 0 <
t <1, its It integral process. Then

u EL% ifand only if Xy EDlzforall T €[0,1].

In this case X € L3 and for 0< t < T <1 we have

DXT_”]'OT J D% dW‘V’ (2.33)

T
j E(|DtXT|2)dt—J dH_J f (ID,u,|)drdt.
0

Proof. For simplicity let 7 = 1. This time we use Wiener-Itd decompositions for
approximations.

and

1. We will use an extension of the representation of Lemma 2.3.3 to adapted #.
Let u=3>_ I,.(f,(-)) be the representation according to Lemma 2.3.3. Here

. 2 +1 . . . . .
for any m > 0 the function f,, € L*(R7*") is symmetric in its first 2 variables.
We show that

S 8) = F( D)o ,9m () (in LA(RTH), (2.34)
and thus

e = —— LR 2.35)
m2_m+1 m2 ’

In fact, resume the notation of the proof of Lemma 2.3.3, specialized to the
adapted case. We approximate # in L2(2 x [0, 1]) by functions

mﬂ

n __ n

u —kg Fk 1]t1:’t:+1]’ nGN,
=1
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where 0 = i< <tr =1 and Fk” is ,?[Z-measurable. In the Wiener-Ito6

n

decomposition
=30,
m=0

of F)’, by its measurability properties and Lemma 2.3.2, for ¢;,...,¢,, ER we
have

fEm (b, t,)=mID, D, I,(f*")
= M!Dtl ..'Dtmlm(fyﬁ’n)l[o,tlg]’"(tl,-. .y tm)
:fn/:’n(tl,. ey tm)l[o,tkn]m<tl’ .. .,tm).

Hence the functions

m,
_ z k.
= Fm 1]IZ,IZ+1]’ m Z O, ne N,

satisfy
FaGt) =100 ,y»(-)  forany £ >0.
Now use a diagonal sequence argument to select a subsequence (v”),oy of
(#™),en With corresponding Wiener-Itd functions g” € L*(R™*1), symmetric
m +

in their first 72 variables, and such that g” — f,, P ® A-a.c. for any m > 0. Hence
for m > 0 we have

S5 0)= Fuals o () (in L2(RYT).
To prove the second assertion, note that by the validity of the first,

m—+1

DI

where the b’ have disjoint supports, and their norms in LZ(R:’“) are identical
to those of f,,. Hence

m

m+1

m—+1

1
1/ull3 = leb’ 3= ﬁllfmllz,

as claimed.

2. Now as shown in the remark above, # € Lf translates into

[&°]

D (m+If,l < oo.

m=0
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Moreover, we know that X; = 8(») = 32> _ 1,,.(f,,), and by Theorem 2.2.1,
X, € D12 if and only if

[ee)

S m+ 1)(m+ DI, |2 < oo

m=0

But according to the first part of the proof,

o0 e8]
> (m+D)(m+ DA =D+ DI
m=1 m=1

This proves the first claim of the theorem.

3. Let us next prove the differentiation formula. Note first that by Lemma
2.3.2,

Dy,u;=D,up, yy(s)  (in L([0,1]%)).

Moreover, for t <s <1 we have, according to Theorem 2.2.1,
D,u,=D Z L(f,(s
=> mI 1,5)):

m=1

Since Du € L*(Q x [0,1]%) according to the definition of L%, and since for
fixed ¢ the process (D, #,),<,<; is adapted, we know from Theorem 2.3.1 that
(D, #,), <<y is Ito integrable and that its It6 and Skorokhod integrals are identi-
cal. More formally,

1 1
J DtuSdVVS:f D,u, dW.=8(D,u)
t 0

=3 et

Finally, we know that X; = &(#) € D}. We can compute the Malliavin derivative
for t € [0,1] (in the usual sense of equality in L?(2 x [0,1]))

=D, i Lyii(fn)
m=0

=D, 3 1ilfy)
m=0
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(m+ DL, (f,( 1)

M3

m=1

I
gk

AUAO D TR A RS

The last line is now identified with #, + ft D,u,dW, by using the expansions
of these two expressions given above. The norm equation follows from Itd’s iso-
metry. =



3. Backward stochastic differential equations

3.1. Martingale optimality and backward stochastic differential equations

Backward stochastic differential equations (BSDE) constitute a very successful
and active tool for stochastic finance and insurance, and more generally serve as
a central method of stochastic control theory. Let us validate this claim in this
introductory section by looking at a typical utility optimization problem arising
in financial stochastics in the context of incomplete markets. In fact, we shall
derive an important class of BSDE by applying martingale optimality to solve
an optimal investment problem of a small financial agent whose income is partly
affected by market external risk. We follow Hu et al. [15].

Let 7 > 0 be a finite time horizon which determines an interval during which
financial investment decisions are taken. For the probabilistic setting, we fix a
canonical probability space (2, Z, P) carrying an n-dimensional Brownian mo-
tion (W, ),¢p0,77- The filtration (F, ), is the natural filtration of W completed
by sets of P-measure 0. We imagine a small investor active on the market who
receives his income from two sources. As a first source, he is able to invest in the
financial market. The market is supposed to be modelled by one bond with in-
terest rate zero and d < 7 stocks. In this case we face an incomplete market. The
price process of stock z evolves according to the equation

z
—L=bldt+0'dW, i=1,..d, (3.1)

2
t

where b (resp. o') is an R-valued (resp. R'”-valued) predictable uniformly
bounded stochastic process. The rows of the d x m-matrix o are the vectors
af, i = 1,...,d. The volatility matrix o = (O'i)izl,_“’d has full rank and we as-
sume that o0 is uniformly elliptic, i.e. KI; > 00* > ¢, P-a.s. with constants
K > ¢ > 0. The predictable R”-valued process, called the market price of risk and
defined by

0,=0(0,0/)"'b, t€[0,T],

is then also uniformly bounded.
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A d-dimensional (F,),¢[o r1-predictable process 7 = (77, )o<, <7 is called a

trading strategy if [ ™ % is well defined, e.g. fOT ||, 0,|Pdt < co P-as. For 1 <
i <d, the process 7} describes the amount of money invested in stock 7 at time ¢.
The number of shares is n;/ S t‘ The wealth process X™ based on the trading
strategy 7r with initial capital x satisfies the stochastic differential equation

7'[1"

d t
th :x+ZJ S.
i=1v0 1,

In this notation 7 has to be taken as a vector in R'¢, We allow further con-
straints on the trading strategies the agent chooses. Our approach to the trader’s
utility optimization problem by means of martingale optimality instead of du-
ality theory of convex analysis will allow us to work with arbitrary closed, not
necessarily convex constraint sets. Hence we shall require that the trading strate-
gies take their values in a closed set, i.e. 7w,(w) € C, with € C R4 closed. For
technical reasons we impose some further integrability assumptions which at the
same time guarantee that there is no arbitrage.

In our concept of admissible trading strategies we use martingales of bounded
mean oscillation, briefly BMO-martingales. We recall a few well known facts from
this theory following [20]. Let (G, )y<,<7 be a complete, right-continuous fil-
tration, P a probability measure and M a continuous local (P,(G,))-martingale
satisfying My = 0. Let 1 < p < co. Then M belongs to the normed linear space
BMO » if

t
%dSl-,u:x+J w,0,dW, +6,du), t€[0,T]. (3.2

u 0

Wllo, = swp  E[My M| G1V7 <co.
T (G, )-stopping time
By Corollary 2.1 in [20], M is a BMO ,-martingale if and only if it is a BMO, -
martingale for every g > 1. Therefore it is simply called a BMO-martingale. In
particular, M is a BMO-martingale if and only if

1M4]lemo, = sup  E[(M)7—(M).|G.]"* < co.
7 (G, )-stopping time
This means that local martingales of the form M, = [ & d W, are BMO-martin-
gales if and only if

T
Mo, = sup EU IEIP ds

1/2
GT} <oo.  (33)
7 (G, )-stopping time

By finiteness of time horizon, this condition is satisfied for bounded integrands.
According to Theorem 2.3 of [20], the stochastic exponential exp(M — %(M )) of
a BMO-martingale M is a uniformly integrable martingale. If Q is a probability
measure defined by d Q = exp(M — %(M ))7d P for a P-BMO martingale M, then
a P-BMO martingale is a BMO-martingale under Q (Theorem 3.6 in [20]).
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DEFINITION 3.1.1. Let C be a closed set in R'*¢., The set .o/ of admissible trad-
ing strategies consists of all d-dimensional predictable processes 7w = (71, )g<,; <7
which satisfy 7, € C 1® P-as., om0, dW, is a P-BMO-martingale, and
E(U(X])) > —oo.

The boundedness of & following from our hypotheses, and Theorem 3.6 in
[20], imply that the wealth process X ™ is a BMO-martingale under the equivalent
probability measure (risk neutral measure)

0 ! N
Q :exp(—J ﬁde/s—EJ 10, ds> -P. (3.4)
0 0

Therefore the set ./ is free of arbitrage, i.e. in this set there is no trading strategy
7 with initial capital X* =0, terminal wealth X7 >0 P-a.s. and P[XT > 0] > 0.
For technical reasons, we define for ¢ € [0, 7] and w € 2 the effective constraint
set by

C,(w)=Co,(w). (3.5)

If we write
t
p, =m0, ti:x+J 2,dW,+0,du), t€[0,T], (3.6)
0

the set of admissible trading strategies .¢/ for 7 is transformed into a constraint
set .o/ for the R"-valued predictable stochastic process p which will also be
called a strategy, characterized by p,(w) € C,(w) for P@ A-a.e. (w, 1) € 2% [0, T],
and [ p,dW, is a Q®-BMO-martingale, hence a P-BMO-martingale (see Kaza-
maki [20, Theorem 3.6]).

Our investor’s second source of income is given by some bounded random lia-
bility F which is assumed to be Z;-measurable, but not necessarily positive. The
uncertainty inherent in this random loss may be thought of as being independent
of or only correlated to the financial market: remember that d < 7, i.e. there
are components of the Wiener process of our model independent of the stocks,
which may cause part of the uncertainty in F. One may think of a weather or
climate dependent liability, such as the random loss of a re-insurance company
due to hurricane risk.

So the investor’s total income for an investment strategy p at terminal time 7'
of the trading interval is then given by X; — F. Now suppose he draws utility
from this wealth according to an exponential utility function

U(x)=—exp(—ax), x€R, (3.7)

where @ > 0 describes his risk aversion. In these terms the investor finally wants
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to find the maximum in the utility optimization problem

V(x)= sup E[—exp(—a(X/ —F))]
ped

T
:supE[—exp(—a<x+J pt(th+<9tdt)—F>>i|, (3.8)
ped 0
where x is the initial wealth. Here V is called the value function.
In order to find the value function and an optimal strategy we use the mar-
tingale optimality principle. This is done by constructing a family (R(?)) ses Of
stochastic processes with the following properties:

(1) R(Y{)) =— exp(—a(X; —F))foral pe.o,
(i1) Ré‘b )= R, is a constant independent of p € .¢/,

(i) R(?) is a supermartingale for all p € .7,
(iv) there exists a p* € .o/ such that R(?*) is a martingale.

The processes R(?) and the initial value R, depend of course on the initial capi-
tal x.

Let us first show that once such a family of processes is constructed, our util-
ity optimization problem is solved. In fact, we can compare the expected utilities
of general strategies p € .o/ corresponding to supermartingales R(?) and p* € .o/
corresponding to martingales R(?") by using properties (i)-(iv) and writing

E[—exp(~a(X2 = F))] < Ro(x) = E[—exp(—a(X2 = F)] = V(x),  (.9)

whence any p* (there may be more than one) gives an optimal strategy.

To construct such a family, we try to find a function f : 2 x R x R” —
R, adapted in (w, ), and a pair of adapted control processes (Y, Z) indexed by
t € [0,T] which serve to effectively create a dynamical version of the random
liability F in the following way. (Y, Z) is a solution of the equation

t t
Y, = YO+J Z.dW, +J f(s,Z2,)ds, Yp=F,
0 0
which means that f creates a dynamics which controls the process Y into the
terminal condition F. Note that if / =0, (Y, Z) will be given by the martingale

representation theorem. Written in a backward version, the conditions determin-
ing (Y, Z) may be expressed by the simpler equation

T T
Yt:F—J ZSdW/S—f f(s,Z)ds, t€[0,T]. (3.10)
t t

We shall call this a backward stochastic differential equation (BSDE) with terminal
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condition F and generator f. In fact, in the subsequent section, we shall study
the problem of existence and uniqueness of solutions for BSDE with generators
which, besides w, time and state z of Z, may also depend on the state y of the
process Y, and which are Lipschitz continuous in (y, z). Here, the dynamics in-
troduced by this BSDE is used in order to define the above stipulated family of
processes by setting

R = —exp(-a(X\" - Y,)), te€[0,T], pe.d, (3.11)

where (Y, Z) is a solution of (BSDE). Recalling the properties (i)-(iv) we require
the family (R(?)) e to fulfill, and noting that by choice of (BSDE) conditions

(i) and (i1) are already guaranteed, we are therefore bound to find a function f for
which R(?) is a supermartingale for all p € ./ and there exists a p* € .o/ such
that R(?") is a martingale. This function £, via .7, of course also depends on the
constraint set C where p takes its values (see (3.5)). We get

V(x)= Rgp’x) =—exp(—a(x—Yy)) forallpe.d.

Let us now calculate . For p € .o/ we write R(?) as the product of a (local)
martingale M(?) and a process of bounded variation A(?). For ¢ € [0, T] define

t t

o _ B LN REETI
M = expl-atz—Yo)esp(~ [ alp-2)dW,—= [ a(p-2,2ds ). 6.12)

0 2 Jo

Comparing R%?) and M(P)A?) yields

t
/igp):—exp<J v(s,pS,ZS)ds>, t€[0,7T], (3.13)

0

with
1

v(t,p,z):—ap9t+af(t,z)+5a2|p—z|2. (3.14)
Now we turn the requirements that R(?) be a supermartingale for any strategy p
and a martingale for a certain p* into conditions on v and thus f. As M) is a
(local) martingale, we see that (iii) and (iv) are equivalent to the conditions that

AP) be decreasing for any p € .o/ and constant for a certain particular p*. In
other words,

o(t,p,,Z,)>0 forall p € .o/, and
v(t,p;,Z,)=0 forsome p* € .o/.

To see from these two conditions how f has to be chosen, note that for ¢ € [0, T']
we obtain by completing squares
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1 a ) 1 o )
—o(t,pZ) =< p " —ap | Z,+=0, )+ =12, +f(t.2,)
a 2 a 2
a 1 2
pe— <Zt +- €t>
a

2
1
Pe— <Zt +- 9t>
a
Recall that p is supposed to be constrained to the closed random set C. So if we
set

1 ? «a 2
Zt+;(9t +EZt+f(t’Zt>

a
2

2

1
- Ztet - Z |€t|2+f(t’zt>'

N R

fltiz)==Sdist (54 20,C,0) +26,00+ 16,0

the function is well defined, since so is the distance between a point and a closed
set. Note that f is not globally Lipschitz continuous in z. For this choice we
obviously get v > 0. If for a closed set C C R” and 2 € R” we set

Ho(a)={beC:|a—b|=dist(C,a)},
then for .
p; €llc (o) <Zt+—<9t>, te (0,71, (3.15)
a

we obtain v(-, p*,Z) = 0. Hence the family (R(?)) e has the properties (i)-
(iv) of the martingale optimality principle with this choice. We summarize our
findings in the following main theorem.

THEOREM 3.1.1. Suppose that F is bounded and F-measurable. Choose
1 1
f(t,z)= _ 2 gist? <Z +-0,(), Ct(-)> +20,(:)+—100C)]*. (3.16)
2 a 2a
Suppose that the BSDE corresponding to the pair (F, ), given by
T T
Yt:F—J ZSdW/S—f f(s,Z)ds, t€[0,T], (3.17)
t t

has a solution (Y, Z). Then the value function of the optimization problem (3.9) s
given by
V(x)=—exp(—a(x — Yy)). (3.18)

There exists an optimal trading strategy p* € .o/ with
1
p: EHC ¢ <Zt+_9t>’ te [O, T],P'ﬂ.s. (3.19)
! a

Theorem 3.1.1 states that provided there is a suitable pair (Y, Z) of processes
solving (3.17), the problem of optimal investment for our small investor is solved.
In the following section, we shall exhibit a theory of existence and uniqueness for
BSDE with Lipschitz continuous generators, which can be extended to also cover
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the generator of 3.1.1. The only thing to verify in addition is that this generator
has the required measurability properties, and that p* is indeed admissible. This
will be shown in the following proof.

Proof. 1. In the first part we establish the measurable selection result which in-
duces the measurability properties of p*, given by (3.19).

LEMMA 3.1.1 (measurable selection). Let (a,),c0,77> (0)reo,1] be R™"-valued

resp. R4*"-valued predictable stochastic processes, C C R? a closed set and C, =
Co,, t€[0,T].

(a) The process
D = (dist(a,, Ct))tG[O:T]

is predictable.
(b) There exists a predictable process a* with

a; €ll¢ (a,) forallt €[0,T]. (3.20)

Proof. (a) We show the first claim. Observe that D is the composition of con-
tinuous mappings with predictable processes. For k € N let H* denote the space
of compact subsets of R¥ equipped with the Hausdorff metric and 98(H*) the
Borel sigma-algebra with respect to this metric. The mapping dist : R” x H” — R
is jointly continuous, hence B(R”)® %B(H")-B(R)-measurable. Now consider
7 :R4*7 x H? — H™ that maps a compact subset C in R? by applying an d x 7-
matrix & to a compact subset K of R”. More formally, j maps C to the following
set:
K={beR":3¢eC, b=2¢5}.

The mapping j is also jointly continuous and therefore B(R"*?) @ B(H?)-
B (H™)-measurable. Hence (a) follows for compact C.

If more generally C is closed but not bounded, take C, = C N B, where B,,
is the closed ball with radius 7 centered at the origin. According to what has
already been shown, for m € N, dlst( a,,C, 0,) defines a predictable process and
dist(a,, C ., 0, ) converges to dist(a,, C 0,) as m — oo. This proves the first claim.

(b) In order to prove the second claim, we first concentrate on the case of
compact C. We have to show that for z € R” and a compact set K cR” there
exists 2 B(R”) ® B(H")-B(R”)-measurable mapping &(z,K) with £(2,K) €
I;(z). This is achieved by defining of a sequence of mappings &,(z,K) with
randomly chosen indices that converges to an element of IIz(z). The choice of
the converging subsequence will depend in a measurable way on z and K.

Form €N, let G,, = (x!"), ey be adyadic grid with min, . dist(z,x) <1/m
for all z € R”. Let the elements of the grid G,, be enumerated as {g” : i € N}.
Let K, be the elements of the grid with distance at most 1/m from G, . Since we
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can describe the sets K, as the intersections of the discrete set G, with the closed
set of all points in R” at distance at most 1/7 from K, and this closed set depends
continuously on K, it follows that K,, is measurable in K. For any z € R”, let
IT, (z,K) be the set of all points in K, with minimal distance from z. Since K, is
measurable in K, TI (z,K) is obviously measurable in (z,K). To define &, (z,K),

we have to choose one point in II, (z,K). Let it be the one with minimal index in
the enumeration of G, . This choice preserves the measurability in (z,K). Hence
& (2,K)is B(R")® B(H")-B(R")-measurable.

We next have to choose the subsequence with random indices. This is done
as in Lemma 1.55 of [11]. Let us argue with respect to an arbitrary probability
measure Q on the Borel sets of R” x H”. First note that n = liminf,_, | |
<oo.Let 7, =1, and

T, =inf{l >7 _ :|&—n <1/} form>1.
Then it is plain that 7, is B(R"”)® B(H")-B(R”)-measurable. Now take
5:liminf§%,

which obviously inherits the measurability properties of the subsequence

with randosn indices. But & is a selection. Indeed, for~ every m € N,
dist(ffm(z,K),Hk(z)) < 1/7,,. Thus by construction, £(z,K) € Ig(z) for all
(z,R)eR” x H".
We may then choose
a*=¢(a,Co)

to satisfy the requirements of the second part of the assertion in the compact
case.

Finally, if C is only closed, we may proceed as in the proof for (a).

2. In the second part we show that p* also satisfies the integrability properties
required for admissible strategies.

LEMMA 3.1.2. Let Z be the second component of a solution of the BSDE (3.17), and
let p* be given by Lemma 3.1.1 for a = Z + 6. Then the processes

f Z.dW,, f prdW, (3.21)
are P-BMO martingales.

Proof. As we shall see in the following section, as a consequence of the bounded-
ness of F, the process Y corresponding to Z in a solution of the BSDE (3.17) is
uniformly bounded P-a.s. Let k& denote the upper bound. Applying It6’s formula
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to the nonpositive process Y — k, we obtain, for stopping times 7 < 7T,

T
E |:J Zszds

ff} — E[(H— kP | F.] — |V, — b’

T
—2E [J (Y, —k)f(s,Z,)ds 9@}
The definition of f yields, for all (¢,2) € [0, 7] x R”,
1
f(t,z) <20, +— |6t|2'
2a
Therefore there exist positive constants ¢y, ¢, and ¢; such that
T T
E |:J |Z,|*ds 97:| <c¢+6E |:J |Z, +1|ds 9’7:|

1 T
o 2
Scl+§E |:J |Z,|"ds

Hence, [, Z,d W, is a BMO-martingale.
We next deal with the stochastic integral process of p*. The triangle inequal-

ity implies 1

The definition of p* yields, for some constants ky, k,,

2
|2, §2|Zt|+;|<9t|+/€1 <20Z,|+ky, te[0,T],

1
|p*|§‘Z+—9+
(04

and thus for every stopping time 7 < 7,

T
EU P72 de 97}

This implies the P-BMO property of [, p:dW,, and finishes the proof of the

theorem. m

T
5&] <E U 8|1Z,1°dt +2Tk;

3.2. Existence theory under Lipschitz conditions

In this chapter we shall establish the basic existence and uniqueness theory for
backward stochastic differential equations in case the coefficients are Lipschitz
continuous.

We fix a finite time horizon 7" > 0 and a dimension m € N. We start by
explaining some notation. Let (£2,.Z, P) be the canonical #-dimensional Wiener
space, with canonical Wiener process W = (W1,..., W”). Denote by (Z,),>¢
the filtration of the canonical space, i.e. the natural filtration completed by sets
of P-measure O.



3.2. Existence theory under Lipschitz conditions 65

Let L*(R™) be the linear space of R”-valued F-measurable random vari-
ables, endowed with the norm E(|X |*)'/2. Let H?*(R™) denote the linear space
of (F, )o<,<7-adapted measurable processes X : 2 x [0, 7] — R” endowed with

the norm || X||, = E(fOT |X,|>dt)"/2. Further let H'(R™) denote the space of
T )o<i<r-adapted measurable processes X : 2 x [0, 7] — R with the norm

X1, = E([f{ X, ?d¢]"/?). Finally, for >0 and X € H*(R™) let

T
X, =£(| " ¥ ), 6.2

and let H>P(R™) be the space H*(R”) endowed with the norm || - Il2,5-

We next describe the general hypotheses on the parameters of our BSDE. The
terminal condition & will be supposed to belong to L?(R”™). The generator will
be a function

fiOxR, xR” x R"™*" - R”,
which is product measurable, adapted in the time parameter, and satisfies
f(-+,0,0)€ HX(R™). (3.23)

Moreover, f is uniformly Lipschitz, i.e. there exists C > 0 such that for any
(11,21),(¥2,2,) ER” x R?™, P ® Aace. (w,t) EQXR,,

[f(ew,t,y1,21) = f(@, 1,92, 2,)| S Cllyy = 95| + 2, — 2] (3.24)
Here for z € R”*” we write |z| = (tr(zz*)) /2.

DEFINITION 3.2.1. A pair of functions (f, {) satisfying, besides the above men-
tioned measurability requirements, hypotheses (3.23), (3.24), is said to be a stan-
dard parameter.

Given standard parameters, we shall solve the problem of finding a pair of
(Z,)o<s<7-adapted processes (Y, Z, )o<; <7 such that the backward stochastic dif
ferential equation (BSDE)

dY, =Z2:dW, — f(,£,Y,,Z)dt, Yy =&, (3.25)

[
is satisfied.

In order to construct a solution, a contraction argument on suitable Banach
spaces will be used. For this purpose we shall need the following a priori inequal-
ities.

LEMMA 3.2.1. For i = 1,2, let (f,&?) be standard parameters and (Y*,Z') €
H2(R™) x H*R™ ™) solutions of (3.25) with the corresponding standard parame-
ters. Let C be a Lipschitz constant for 1. For 0 <t < T define

Y=Y}V 87,277,
82ft :fl(., z,Ytz,th) _fz("t’Ytz’th)'
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Then for any triple (A, u, 8) with A >0, 22 > C, ,6 > C(2+ )+ u? we have

ISYIE, <T[ﬂTE<|8YT| NPT } (3.26)

2

A
18215 < -

- [ ﬂTEqsm |I82f|| } 6.27)

Proof. 1.Let (Y,Z) € H*(R™) x H*(R™ ™) be a solution of (3.25) with standard
parameters (f,&). This means that for 0 <t < T we may write

T T
Ytzé“—f Zdeﬁf F(,Y,,Z,)ds. (3.28)
t t

We show that
sup |Y,| € LX(R™).

0<t<T

In fact, by (3.28) we have

T
sup |V, < |E]+ f s, Yo Z)\ds + sup

0<t<T 0<t<T

T
J”
t
and, with the help of Doob’s inequality,
t
f Z:dW,

T 2 2 T
J Z:dW, >§4E< sup >§8E<J |ZS|2d5>.
o<t<7lJo 0

Since in addition (3.23) and (3.24) guarantee that |&| + fOT lf (s, Y, Z,)|ds €
L*(R), we obtain the desired

E< sup

0<t<T

E( sup |Yt|2)< 00

0<t<T

2. Now we derive a preliminary bound. Apply It6’s formula to the semi-
martingale (e°°|8Y, *)o<c<7 to obtain, for 0< ¢ < T,

PT|SY P — P8 Y, )P
T T
:ﬁf |8y P ds +2f P SY,, (s, YL Z = f3(,s, Y2, Z2) ds
t t

T T
_2J e,@S(gys,gzs*dWS).q_j 187 P ds.
‘ ¢
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By reordering the terms in the equation we obtain
T T
eﬁt|3Yt|z+,3J e/B5|3YS|2d5+J |82 2 ds
_eﬁT|8YT|2+zf e (8Y,,82:dW,)

—zJ P (SY,, [ (s, Y2 = f2(,s, Y2, Z2) ds. (3.29)
3. We prove that for0< ¢t < T,
E(e#|8Y,) 5E<eﬁT|8YT|2>+%E (LTeﬂfwzfsVds).
To prove this, first take expectations on both sides of the inequality (3.29) to get
E(eP|8Y, )+ BE <JTe'65|8YS|2ds> +E<fTe/35|é‘ZS|2ds>
<E(e'6T|3Yr|2)t t
+2F <JTeﬂf(8Y5,f1(-,s,Yj,zj) —fz(-,s,Yj,Zf))ds>. (3.30)
‘

Now by our assumptions, for 0<s < T
15, Y42 = 25, Y22 I (5, Y 28 = £, Y2 Z2) 418,
< CUSY,|+I8Z[1+15.f] 631
(3.31) implies

T
f EQeP(8Y,, £ (s, Y1, ZY) = f2(,5, Y2, Z2) | ds
t
T
< J 2P E(SY,|[C(SY,|+I8Z,) +18,f1]) ds
t

T
= J 25 [CE(I8Y,P)+E(8Y,(CISZ)+18,/D]ds.  (3.32)

Now for C,y,z,t >0 with u,A>0,
2y(Cz+1t)=2Cyz+2yt

C [(M)2+ <§>2} +Ou)’+ <£>2

=C <%>2 + <£>2 +y2 (U +CA).
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Using this we can estimate the last term in (3.32) further:
T
j 265 [CE(SY, )+ E(8Y,|(CIOZ,| +18,£)] ds
t . C
< J e [zCEqamzH?E(wst)
1
+ ?Euazfsmwz+ca2>E<|aY5|2>} s

! Bs|, 2 2 n, ¢ N 2
- f e [(y +CCHNERY, )+ EWZR + 3 F(3:1) >}ds.

Summing our estimates in (3.30), we obtain, using our assumptions on the
parameters,

T
BEPISYR)SE([ P18 Rds)[-p+ C+ )+ i)
t
g Bs 2 C BT 2
+E<L e”|8Z| ds> [?—1] +E(e” |8Y+|9)
1 T
+?E<J eﬂ5|32]§|2ds>+E(eﬂT|3YT|2)
t

1 T
SE(e/BT|8YT|2)+—2E<J eﬂf|32]§|2ds>. (3.33)
M t

This is the claimed inequality.

4. In order to obtain the first inequality in the assertion, it remains to inte-
grate the inequality resulting from part 3 in ¢ € [0, T].

5. The second inequality in the assertion follows from (3.33) by moving the
second term from the right hand side to the left. This completes the proof. =

We are in a position to state existence and uniqueness results for our BSDE

(3.28).

THEOREM 3.2.1. Let (f,&) be standard parameters. Then there exists a unique pair
(Y,Z) € HA(R™) x HX(R™ ™) with the property

T T
Yt:E—J Z;‘dWS+f F(s,Y,,2)ds, 0<t<T. (3.34)
t t

Proof. Consider
T: H*P(R™) x HPP(R™) = HYP(R™) x HPP(R"™™),  (y,2)— (Y, Z),
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where (Y, Z) is a solution of the BSDE
T T
vo=e- [ ziaw [ flsoe)ds osisT 63)
t t
1. We prove that (Y, Z) is well defined. First of all, our assumptions yield
T
§+J f(s,9,,2)ds €} (), 0<t<T.
t
Therefore
T
M,=F <§ +J F(ss,95,2,)ds
0
is a well defined martingale. M has a continuous version, as we are working in
a Wiener filtration. Moreover, M is square integrable. Hence we may apply the

martingale representation theorem, which provides (a unique) Z € H*(R™*™)
such that

9«}), 0<t<T,

t

Mt:MO—i-J Z:dVVS, 0<:<T.
0

Let now

t
Y, =M, —J F(os,y,,2,)ds.
0

Then Y is square integrable, and we have

T
Yt:E<§+J F(os,y,,2,)ds 9}), 0<t<T.
t
Hence
T T
YT=§:MO+J Zs*dWs_J f(os,y,,2,)ds,
0 0

and thus for0< ¢t < T,

Yt:é'—Mo—J

0

T T
ZdeS-i_J‘ f("S’ys’Zs)ds
0

t t
+MO+J Z;‘dW/S —f f(ss,y5,2,)ds
0 0

T T
:g_f Zs*d‘xfs-i_J‘ f(',S,yS,ZS)dS.
t t

2. We prove that for 8 > 2(1+ T)C the mapping I is a contraction. For
this purpose, let (y',2'),(y%,22) € H*P(R™) x H>S(R**™), and let (Y1, Z1),
(Y2, Z?) be the corresponding solutions of (3.35) according to part 1. We apply
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Lemma 3.2.1 with C =0, 8 = u?, and f* = f(-»',z"). With this choice we
obtain

T T 1/2
1815 5 |E([ e tontad=Fesat dfas) |
1 r 1/2
1925 < 5 [£( [ Vst sttt

Since f is Lipschitz continuous, we further obtain

2TC
16Y ], < 7[||3y||z,/5+||32||2,,3], (3.36)

2C
||5\Z||z,ﬁ_7[I|3y||2,5+||32|lz,,3]- (3.37)

We sum these to obtain
2C(T+1)

10X |l,5 +110 2l < 7

(1091l + 1182l 51 (3.38)
By the choice of 3, T is a contraction.

3. Now let (Y, Z) be the fixed point of I, which exists by part 2. Let
Y, = E<§+f f(5,Y,,Z,) ds|3ﬂ>, 0<t<T.

Then Y is continuous and P-a.s. identical to Y. Then (Y, Z) is a solution of (3.34).

4. Uniqueness follows from the contraction property of I' and the uniqueness
of the fixed point. =

The construction of solutions in the preceding proof rests upon a recursive
algorithm. The algorithm converges, as we shall see in the following corollary.

COROLLARY 3.2.1. Let B > 2 14+ T)C, and let ((Yk,Zk))kzo be the sequence of
processes given by Y° =7° =
k+1 k+1 ! k 7k
+1_ 1y

Y] _5—£ (Z:) dVVS—i—ft s, YT Z5)ds (3.39)
according to the proof of the preceding theorem. Then ((Y* azk))kzo converges in
H>P(R™) x H>B(R"™ ™) to the unigue solution (Y, Z) of BSDE.
Proof. The inequality (3.33) recursively yields

Y YRl g + 11254 = 2Rl < (1Y = YOl g + 1121 = 200 61,
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with ¢ =2C(T + 1)/ 8 < 1. This implies
DY =Yy 5+ 1254 = Z8|], 5] < 0.
keN

Now a standard argument applies. u

3.3. Interpretation of solutions in Malliavin’s calculus

In this chapter we shall establish the crucial connection between Malliavin’s cal-
culus and the structure of solutions of BSDE. We shall see that, provided the
standard parameters are sufficiently smooth, the process Z can be interpreted as
the Malliavin trace of the process Y. To do this, we first have to introduce the ver-
sion of the space LT which corresponds to integrability to some arbitrary power
p > 2. For simplicity, we let the dimension of our underlying Wiener process be
one, i.e. for this chapter we set n = 1.

DEFINITION 3.3.1. Let p >2, and
Lf(]R'”) = {14 : u adapted, |:Jo
u, € (Df)m for A-a.a. t >0, and

for some measurable version of (s, ) — D, u,

T T )2
we haveE<|:J J |Dsut|2dsdti| > <oo}. (3.40)
o Jo

Foru € L’f (R™) define

T p/2 T T p/2
||u||1,p=E<U Iutlzdt} >+E<U J |D5ut|2dsdt] ) (3.41)
0 0 0

To abbreviate, for # € N and v € L*(Q2 x [0, T]*) define

1/2
ol = [ f |fvt|2dt] .
(0,77

>

T 12
|ut|2dt:| eLr(qQ),

In this notation, Jensen’s inequality gives
T
EQDA)< T | D, s
0

We next prove that solutions of BSDE for regular standard parameters are
Malliavin differentiable, and that Z allows an interpretation as a Malliavin trace
of Y. We need some versions of the process spaces considered in the previous
chapter that correspond to p-integrable random variables. For p > 2 denote by
SP(R™) the linear space of all measurable (%, )-adapted continuous processes X :
Q x [0,T] — R™, endowed with the norm ||X||s» = E(supy<,<7 |X,|?)/?. Let
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turther H?(R”) denote the linear space of measurable (Z,)-adapted processes X :
Qx[0,T] — R" endowed with the norm || X|| , = E(||X| |7)/? . To abbreviate, let

BP(R™)=SP(R™) x HP(R™), with the norm ||(Y, Z)||, = [||Y||§p + ||Z||§]1/P.

We are ready to state our main result.

THEOREM 3.3.1. Let (f, &) be standard parameters such that & € DINLYR™), f
Qx[0, T]xR” xR™ — R"™ is continunously differentiable in (y, z), with uniformly
bounded and continuous partial derivatives, and such that for (y,z) € R™ x R we
have

I,

fGy,z)eL,  f(-,0,00e H{(R™), (3.42)
and for t €[0,T] and (y',z',7?,2%) € (R™ x R™)? we have
|D5f(-,t,y1,zl)—Dsf(-,t,y2,22)| SKs(t)[lyl _y2| + |Z1 - Zzl] (3-43)

(in L*(2 x [0,£]%)), with a real-valued measurable process (K(t))o<,<, which is
(Z,)-adapted in t, and satisfres

T
J K, ||} ds < o (3.44)
0
For the unique solution (Y, Z) of the BSDE (3.34) we moreover suppose
T
J D, f(-,Y,Z)|Pds <oo  P-as. (3.45)
0

Then
2/mm 2(mm
(Y,Z) e Li(R™) x L{(R™),
and a (measurable) version of (D,Y,,D,Z, )<, ,<7) has the properties
DY, =D.,Z, =0, 0<t<s<T,

T
DY, :DSE—J D,Z:dW,
t

Ir g d
+J |:_f(’%7Yu’Zu)DsYu+a_f(’%’Yu’zu)Dszu
t z

dy
+D5f(-,u,Yu,Zu)} du, 0<s<t<T, (3.46)
(DY, )o<s< is a version of (Z )o< <+ (3.47)

Proof. 1. To further simplify notation, we assume m = 1. As in Chapter 3.2,
our arguments are mainly based upon several a priori estimates. The first one is
an analogue of Lemma 3.2.1 and concerns the properties of the contraction map

on B2(R).
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LEMMA 3.3.1. Let p > 2, assume f(-,0,0) € H?(R), and define
[:B"[R)— B’ (R), (y,2)—(Y,Z),
where (Y, Z) is the solution of the BSDE

T T
Yt:E—J Z,dW, +J fCos,y,,2,)ds. (3.48)
t t

Let further, for i =1,2, (Y*,Z") be the solutions corresponding to (y',z") in (3.48),
and let

3Y:Y1—Y2, 82:21—22, Sy :yl—yz, Sz=2'-22
Then there exists a constant C, not depending on (y,z,Y, Z) such that

T
e, <c E(|5|ﬁ+rﬁ/2< J

0
||Z||§scpE(|5|ﬁ+Tﬁ/z<f |f<-,s,ys,zs>|2ds> ) 3,50
0

Y8212 < C, T*(87, 821 651

/2
|f("5’ys>zs)|2d5>p >’ (3-49)

T

Proof- (a) Taking up the notation of the proof of Lemma 3.2.1, we show that I’
is well defined. To do this, recall that for 0< ¢ < T,

T
Y, :E<5+j F(s,y5,2,)ds
t
rasE(ir [ 1] 2,)
hence Doob’s inequality provides a universal constant C; such that

i, < cie([1er+ | ' fesienlds])

Moreover, by Cauchy-Schwarz’ inequality
T T 12
| Vesaalds T [ 1z ras|
0

0

We have

hence with another universal constant C ; we have

T ?/2
e, <czE<|5|f’+U If(-,s,ys,zs)lzdS} ) 352

Invoke the fact that f(-,0,0) € H?(R), that f is Lipschitz continuous, and that
(y,z) € BP(R), to see that the right hand side above is finite.
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We next prove that Z € H?(R). For this purpose we shall use the inequality
of Burkholder. It yields further universal constants C ; , C;, C ; such that

T j4
j 7.4, >
0

E(12I1) < CoE

T 4
SC;E<’£+J f("S’ys’Zs)dS—YO >
i T p/2
<c(ler+ 12| | esalfds] ). 6s)
0

Hence Z € H?(R), and therefore (Y,Z) € B?(R). The inequalities (3.49) and
(3.50) have also been established.
(b) We prove (3.51). The solution (8Y,8Z) belongs to the generator
1,1 2 .2 —
f(-,t,yt,zt) —f(-,t,yt,zt ), and & = 0. Therefore (3.49) and (3.50), as well as
an appeal to the Lipschitz condition, give, with universal constants C;’, C;,

maxazmzscjﬂ“E<[LﬁfuuﬁJb—fuuy$#Wdﬂpﬁ>
<CITPP(S I, +[19712]
= c;TP/Zn(ay,az)n;. (3.54)
This completes the proof. m

Let us return to the proof of Theorem 3.3.1. We define approximations of the
solution of the BSDE recursively. For £ >0and 0<t < T let

yo=7= 0,
T T
Yf“:f—f Zf“dWS+f [, YR Z8)ds. (3.55)
t t
We show that
(Y%, 28— (Y, 2)||, » 0 (k — o0). (3.56)

Recall the universal constant C, from (3.51) of Lemma 3.3.1. We may (modulo
repeating the argument finitely many times on successive subintervals of [0, 7'])
assume that [C,T2]"/* < 1. With this condition, Lemma 3.3.1 implies that T
is a contraction, and the solution (Y, Z) of the BSDE is its unique fixed point
in B*(R). From this observation, we obtain our assertion since the approximate
solutions form a Cauchy sequence, as follows from

l
(Y5, z8) = (YL Z00, < D2 I, 27) = (L2 ]y >0 (k1 — o0).
r=k+1
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2. We prove by recursion on k that
k 7k 2 2
(Y*,Z%) e Li(R) x L{(R). (3.57)

This is trivial for £ = 0. Assume that it holds for k. According to the chain rule
for the Malliavin derivative and our hypotheses concerning the standard param-
eters we know that for 0<:¢ < T,

T
£t f (o5, Y, Z})ds € D2,
t
with Malliavin derivative

rrd d
|:—f(,%,Yf,Zf)DSYf+8—f(,M,Y’f,Zf)DSZf
z

DS5+J 2

t

+D5f(-,u,Yf,Zf)} du.  (3.58)

This is seen by discretizing the Lebesgue integral, using the chain rule, and then
approximating by means of the boundedness properties of the partial derivatives,
the Lipschitz continuity properties of f and closedness of the operator D. Con-
sequently, Lemma 2.3.2 yields, for ixed0<¢ < T,

T
k+1 _ k 7k
Yt+1_E<§+£ [, YR Z8)ds

fﬁ) eD;
as well. Consequently, also
! k+1 ! k 7k k+1 2
+ _ +
Jt A dVVs_§+£ fCs, Y5, Z0)ds =Y €Dy

Now an appeal to Theorem 2.3.4 implies that Z*t! ¢ Li(R), and in L*(Q x
[0, T']?) we have the equation

T T
DSJ Zk“dWM:J D,z dw,, s<t,
u un
t t

T T
DSJ Zf“qu:Zf“—i-f DZMaw,, s>t
t s

All stated differentiabilities go along with square integrability of the Malliavin
derivatives in all variables. This means that

(YL, ZMY e LAR) x LA(R),

and the recursion step is completed. We can also identify the Malliavin derivative
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by the formula valid for 0 <s < ¢ < T in the usual sense

T
DxM'=D¢& —f D, zM'dw,
t

Tr g d
+J [_f(‘,ﬂayk)zk)DSYk+_f(.’M)Yk)Zk)Dszk
t 33’ S ! dz o ’

+D5f(-,u,Yf,Z’;)] du. (3.59)

3. In this step we show that
(DY*,DZ*) > (Y",Z") in L*(Q2x [0, T]?), (3.60)
where for 0<s < T, (Y?*,Z°) is the solution of the BSDE

T
Y? =D55—f Z:dw,
t

rr g Y 7y J Y ,Z)Z’
+£ [ﬁ_yf(,”’ L) u+£f(.’”’ wli)Z, (3.61)

+Dsf("%,YM,Z,4)i| d%, 0<s<t<T,

Y;:Z;:O, 0<t<s<T.

We first consult our hypotheses to verify that, at least for A-a.e. 0 <s < T, the
parameters (F*,D &) with

d
S CLY R Z)2 4 D f (1Y, Z),

0<t<T,y,z€R, are standard. Hence (Y*,Z*) is well defined (and set trivial
on the set of s where the parameters possibly fail to be standard). Also in this case
our arguments will be based on a priori inequalities.

LEMMA 3.3.2. Let (f*,&"), i = 1,2, be standard parameters of a BSDE, p > 2.
Suppose

d
FS(-,t,y,Z): a_yf(Ut’Yt’Zt)y"'

Erelr(Q), f'(,0,00€HI(R), i=12.
Let (Y, Z") € BP(R) be the corresponding solutions, and C a Lipschitz constant

for f1. Put
Sy=Y'-v? 82=7'-7, &f=F'(t,YZ) = f3(,t,Y],Z2),
Jor0<t <T. Then for T small enough there exists a constant C, 1 such that
T j4
67, 82)1f = Cyir | EGS Y +E( (| 10:51d5))]
< C, 7 [E(8Y1P)+ T8, 4117 (3.62)
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Proof. With a calculation analogous to the one used to prove (3.49) and (3.50) in

Lemma 3.3.1 we arrive at the following inequality which is valid with universal
constants C;, C ;, C ;, and for which we also use Doob’s and Cauchy-Schwarz’

inequalities

» P
16 Y1l +118Z1l,

T P
<CJE <|8YT|P - <JO If'C¢eY ) Z) —fz(-,t,Yf,Zf)|dt> >

T
<C’E <|3YT|P + <J
P 0

T p
<c [E<|3YT|P+ <J |32]§|ds> >+(TP||8Y||§p+Tp/2||32||§)}-
0

[|8YS|+|325|+|82ﬁ|1ds)p>

Now choose T small enough to ensure C ; (T? 4+ T?/?) < 1. Having done this,

we may shift the last two expressions in the previous inequality from the right to
the left hand side, to obtain the desired estimate. m

Let us now apply Lemma 3.3.2 to prove that for A-a.a. 0 <s < T we have
(Y*,Z°) € B(R). For this purpose, we apply the lemma with

Y'=y:, Y’=o,
=D&, =0,
. d d
f ("t’y’z>: a_yf("t’Yt’Zt)y+ Zf('at’yt’zt)z+Dsf("t’Yt’Zt)’

fr=0,

for0< ¢ <T and y,z €R. Then we have

82ft :Dsf(-,t,Yt,Zt), 0<t<T.
We obtain with some universal constant C the inequality
I(Y*, Z9)I; < CE(D,EP +ID,f (- Y, Z)I),

and therefore

T
J ||(YS,ZS)||§ds < 00. (3.63)
0

This implies the desired integrability.

To obtain estimates for differences of (DY*,DZ*) and (Y",Z"), let us next,
fixing k£ €N, apply Lemma 3.3.2 to the following parameters:
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{'=82=D,
J
)= a—yf(-,t,Yf,Zf)DsYk+ — (6, Y5 Z0D, 25+ D, f (1, YR, ZF),

d
fz(t): a_yf( t’Yt’Zt>Y;+Zf( t’Yth)Z;"'Dsf( t’YﬂZt)

for s <t <T. Set for abbreviation
kE_ r1 2
Sr=f(t)=f(t), s<t<T.
The lemma yields the inequality

T 2
(D, Y*+! —y*, D, 7k — )||2<CE<<J |3f|dt> > (3.64)

with a universal constant C;. Let us now further estimate the right hand side of
this inequality. We have, fixing 0 <s < T,

E<<£T|3f|dt>2> < G[AUT)+B(T)+Ci(T)], (3.65)

where
<U ID.f(-t,Y,,Z,)— Dsf(.,t,Yf,zf)utT), (3.66)
E<UT Lt YR ZRY (Y - DY) dt]2>
+E<[ ! 1, YR, 28V (Z5 - D,z dt]2>, (3.67)
:E<U 3 WY, Z,)— jyf(.,t,yf,zf) |Y;|dt]2>
2
+E<[ V1, Y,,Z,) f( t, Y5, 26 |Z8 |dt] > (3.68)

With further universal constants C;, C, we deduce, using (3.43), that

E<U OIY, - Y +|z, Zk|]dtr>

CE(J K (¢)*d U Y, — Yk|2dt+JsT|Zt—Zf|2dt]>
ci[e(] werar)]”

[E(J Y, - Y’e|4dt>l/z+E<£T|Zt—Zf|4dt>1/2].

IA
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Hence by part 1 of the proof,
T
lim f A (T)ds=0. (3.69)
k—oo Jq

Furthermore, since the partial derivatives of f/ with respect to y,z are bounded

and continuous, and since E (foT I(Y*,Z%)||*ds) < oo, dominated convergence
allows us to conclude that

T
lim L C,(T)ds=0. (3.70)

k—00

Let us finally discuss the convergence of B;(T') as & — co. Again by bound-
edness of the partial derivatives of f we obtain, with a universal constant C;,

BY(T) < CsT?|(D,Y* —Y*,D,Z* — Z)2.

Now choose T small enough to ensure @ = C;T? < 1. Let ¢ > 0. Then by what
has been shown there exists N € N large enough so that for £ > N we have

T
E(J ||(Dsyk+l _ Ys,Dszk-i-l _ ZS)||2d5>
0

Setak UT I(D,Y* —Y*,D,Z* — ZS)||2d5>.
By induction we obtain, for £ > N, i
E(J T”<Dsyk-YS’DsZk—ZS>||2dS>
0
58(1+a+a2+---+ak—N—1)

T
+ea*NE <J (D, YN —Y*,D,ZN — ZS)||2ds>
0

<

T
+a*NE <j (D, YN —v*,D,ZN — ZS)||2ds>.
0

1—«a
Now let £ — co. Since ¢ is arbitrary, we conclude that

T
lim | BY(T)ds=o0. (3.71)

k—)OO 0

3. Since L3(R) is a Hilbert space, and D is a closed operator, we infer that
(Y,Z) € LY(R) x LA(R), and (Y*,Z*)yc <7 is a version of (D,Y,D,Z)oc <7 in
the usual sense.

4. We show that
(D, Y, )o<i<7 18 a version of (Z,)oc; <7 (3.72)
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For t <'s we have
Y =Y, +J Z.dW, —J Y, Z,)dr.
t t
Hence by Theorem 2.3.4, for t < u <s,

D,Y, :Z%+f D,Z,.dW,

d

s a
_J |:_f(, v, Yy,Zr)DuYr+_f(" r’Yr’ZV>DMZV
. Lay dz

+D,f(,7, Yr,Zy)] dr.

By continuity in ¢ of (Y*,Z°) we may choose # = s to obtain the desired iden-
tity. u
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