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Introduction

Malliavin’s calculus has been developed to provide a stochastic approach to Hör-
mander’s theorem (see Bell [5], [6], Bismut [7], [8], Bouleau–Hirsch [9], Malli-
avin [26], [27], Stroock [37], [38], [39], Watanabe [40]). The latter states that
parabolic partial differential equations on manifolds generated by vector fields
whose Lie algebra creates action in all directions possess smooth solutions. Malli-
avin’s original idea to construct an Ornstein–Uhlenbeck dynamics on the Wiener
space for this purpose, in subsequent work by Bismut, Stroock, Watanabe and
others, has led to a version of a stochastic calculus of variations on Wiener space.
Its basic notion of Fréchet differentiability of random variables leads to criteria
of smoothness of these variables’ laws. In the context of stochastic differential
equations corresponding to given parabolic partial differential equations the cri-
teria are seen to be applicable provided Hörmander’s Lie algebra conditions are
satisfied by the underlying vector fields. For an account of this see Norris [31],
Nualart [32], [33].

In the meantime the stochastic calculus of variations has proved its central im-
portance to stochastic and applied analysis in a variety of different applications.
Recent fields of application include the smoothness problem for solutions of
stochastic partial differential equations such as the stochastic Navier–Stokes equa-
tion (see Mattingly–Pardoux [29]). Malliavin’s calculus has proved to be very effi-
cient in enhancing the speed of algorithms in the numerical treatment of stochas-
tic equations, in particular in stochastic finance (see Fournié et al. [12], Kusuoka–
Stroock [22], Malliavin–Thalmayer [28] for more references); it was also seen to
play a significant role in problems of statistical analysis (see Privault–Réveillac
[35]). It has been used in the investigation of fine structure properties of frac-
tional stochastic processes and their functionals (see for example Mishura [30],
Kuo [21], Imkeller et al. [18]), in anticipative calculus (see Nualart–Pardoux
[34]) and in financial market models with asymmetric information structures
(see Imkeller [16], [17], Imkeller et al. [19]). It has been known since Stroock,
and underpinned in the formula by Clark, Haussmann and Ocone, to provide
an explicit description of the stochastic integrand in the martingale representa-
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tion theorem on Wiener spaces. This connection was deepened in work by El
Karoui, Peng and Quenez to include explicit representations of the solutions of
backward stochastic differential equations (BSDE) on a Wiener basis, and thus
serve as a natural tool in stochastic optimization and control (see El Karoui et al.
[10], Ma–Yong [23]). On this track, in this course of lectures I aim at explain-
ing this connection, and apply it to some recently discovered results about the
fine structure of option pricing and hedging in incomplete finance or insurance
markets (see Ankirchner et al. [1], [2], [3], [4]).

Malliavin smoothness is nothing but an infinite-dimensional version of every-
body’s notion of smoothness from classical calculus on finite-dimensional Eu-
clidean space. This is seen by analyzing the canonical Wiener space by means
of any orthonormal basis of L2(R+) as an infinite-dimensional sequence space
with the product topological, measurable and smoothness structures. The pro-
jection of these structures on finite-dimensional Euclidean space just reproduces
the usual notion of smoothness in the Leibniz–Newton–Sobolev sense. I take this
observation to define the starting position of this course. From there on I shall
develop Malliavin’s calculus by extending the classical differential calculus on
Sobolev spaces stepwise from the finite-dimensional to infinite-dimensional se-
quence space, and then on to the canonical Wiener space. The natural dual of the
derivative operator with respect to the Hilbert space structure created by Wiener
measure will let emerge Skorokhod and Itô integrals as well as the Ornstein–
Uhlenbeck operator. Once at this end of the calculus path, starting from the
martingale optimality principle, we will first carefully develop a class of BSDE
whose solutions provide a simple access to problems of utility optimization with
not necessarily convex constraints. Then we shall develop the link between the
calculus of variations and stochastic control theory by giving the representation
of the control variable in the solution notion of BSDE by a Malliavin trace. The
material of the course is organized in the following way.

After linking the canonical Wiener space to an infinite-dimensional Gaus-
sian sequence space by a universal isomorphism, we develop in Chapter 1 the
differential calculus on this Gaussian sequence space in several steps, partly fol-
lowing Malliavin [25]. We begin by explaining Malliavin’s smoothness problem
of laws in the one-dimensional Euclidean setting, then use the differential oper-
ator and its dual obtained in this setting to develop a Gaussian Sobolev calculus
first for finite-dimensional Euclidean space. By exploiting a martingale-theoretic
argument, it is then extended to the infinite-dimensional sequence space. In the
background, we exhibit the calculus more explicitly in the case of integrability
degree 2. Here Sobolev spaces are Hilbert, and the generalized Hermite polyno-
mials provide an orthonormal basis.

Chapter 2 is devoted to developing the tools of Malliavin’s calculus needed
for later control-theoretic applications on canonical Wiener path space, along
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the lines of Nualart [32]. We first use the universal isomorphism to transfer the
differential calculus of Chapter 1 to the canonical path space. This will provide
the usual notion of differentiability in the sense of Malliavin’s calculus and its
Sobolev spaces. The dual operator, providing Skorokhod’s integral, and, in the
case of adapted integrands, the classical Itô integral, are investigated (for some
background on stochastic calculus see Huang–Yan [13], Ikeda–Watanabe [14],
Malliavin [24], and Revuz–Yor [36]). The orthonormal Hermite polynomial ba-
sis is translated into the somewhat more flexible language of multiple Wiener–
Itô integrals on path space. Finally, to be able to treat smoothness questions for
stochastic differential equations, we discuss differentiation for Itô integrals and
integral processes.

Chapter 3 is entirely devoted to BSDE and their interpretation by means of
Malliavin’s calculus. We first discuss, following Hu et al. [15] the utility maxi-
mization problem on incomplete financial markets with exponential utility, for-
mulate it in terms of the martingale optimality principle, and solve this problem
by means of BSDE of quadratic type. We subsequently consider BSDE with Lip-
schitz generators, and carefully develop a theory of existence and uniqueness of
solutions based on a priori inequalities, following El Karoui, Peng and Quenez
[10]. In the last step, we interpret the solution pairs of those equations by means
of the stochastic calculus of variations.

Acknowledgements. It is my special pleasure to thank an anonymous referee
for valuable and constructive comments. I am sure they have been of great help
in improving the readability of these notes. I have very good memories of the
course period in Warsaw, especially the sessions at IMPAN. This is due to a very
lively, knowledgeable and faithful audience, and to the wonderful hospitality of
Feliks Przytycki, Łukasz Stettner and Jerzy Zabczyk.



1. Calculus on the sequence space

In the one-dimensional framework it is clear what is meant by smoothness of
measures. We look for a direct analogy to the smoothness problem in infinite-
dimensional spaces. For this purpose we start by interpreting the Wiener space
as a sequence space, to which the theory of differentiation and integration in
Euclidean spaces is generalized by extension to infinite families of real numbers
instead of finite ones. We follow Malliavin [25].

1.1. The Wiener space as a sequence space

DEFINITION 1.1.1. A probability space (Ω,F , P ) is called Gaussian if there is a
family (Xk )1≤k≤n or a sequence (Xk )k∈N of independent Gaussian unit random
variables such that

F = σ(Xk : 1≤ k ≤ n) resp. σ(Xk : k ∈N)
(completed by sets of P -measure 0).

EXAMPLE 1. LetΩ=C (R+,Rm),F the Borel sets onΩ generated by the topol-
ogy of uniform convergence on compact subsets ofR+, and P the m-dimensional
canonical Wiener measure onF . Let further W = (W 1, . . . ,W m) be the canoni-
cal m-dimensional Wiener process defined by the projections on the coordinates.

CLAIM. (Ω,F , P ) is Gaussian.

Proof. Let (gi )i∈N be an orthonormal basis of L2(R+), and

W j (gi ) =
∫

gi (s)dW j
s , i ∈N, 1≤ j ≤ m,

in the sense of L2-limits of Itô integrals. Then (modulo completion) we have

F = σ(Wt : t ≥ 0).

Let t ≥ 0 and (ai )i∈N be a sequence in l 2 such that

1[0,t] =
∑

i∈N
ai gi .
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Then for 1≤ j ≤ m we have

W j
t = lim

n→∞

n
∑

i=1

aiW
j (gi ) =

∞
∑

i=1

aiW
j (gi ),

hence W j
t is (modulo completion) measurable with respect to σ(W j (gi ) : i ∈N).

Therefore (modulo completion)

F = σ(W j (gi ) : i ∈N, 1≤ j ≤ m).

Moreover, since

E(W j (gi )W
k (gl )) = δ j k〈gi , gl 〉= δ j kδi l , i , l ∈N, 1≤ j , k ≤ m,

the W j (gi ) are independent Gaussian unit variables.

In the following we shall construct an abstract isomorphism between the
canonical Wiener space and a sequence space. Since we are ultimately interested
in infinite-dimensional spaces, from now on we make the following

ASSUMPTION. The Gaussian space considered is generated by infinitely many
independent Gaussian unit variables.

Let RN = {(xi )i∈N : xi ∈R for all ∈N} be the set of all real-valued sequences,
and for n ∈N denote by

πn :RN→Rn , (xi )i∈N 7→ (xi )1≤i≤n ,

the projection on the first n coordinates. Let Bn be the σ -algebra of Borel sets
in Rn , and

BN = σ
�
⋃

n∈N

π
−1

n [B
n]
�

.

For n ∈N let

ν1(d x) =
1
p

2π
exp
�

−
x2

2

�

d x, ν = P(Xn)n∈N
=
⊗

i∈N
ν1, νn = ν ◦π

−1
n .

This notation is consistent for n = 1.
We want to construct an isomorphism between the spaces of integrable func-

tions on (Ω,F , P ) and (RN,BN, ν). For this purpose, it is necessary to know
how functions on the two spaces are mapped to each other. It is clear that for f
BN-measurable on RN the function

F = f ◦ ((Xn)n∈N)

isF -measurable on Ω.

LEMMA 1.1.1. Let F be F -measurable on Ω. Then there exists a BN-measurable
function f on RN such that

F = f ◦ ((Xn)n∈N).
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Proof. 1. Let F = 1A with A= ((Xi )1≤i≤n)
−1[B], B ∈ Bn . Set f = 1π−1

n [B]
. Then

f is by definition BN-measurable and we have

f ((Xn)n∈N) = 1B ((Xi )1≤i≤n) = 1A= F .

Hence the asserted equation is satisfied by the indicators of a generating set ofF
which is stable for intersections. Hence by Dynkin’s theorem it is valid for all
indicators of sets inF .

2. By part 1 and by linearity the claim is satisfied by linear combinations
of indicator functions of F -measurable sets. The assertion is stable for mono-
tone limits in the set of functions for which it holds. Hence it is valid for all
F -measurable functions by the monotone class theorem.

THEOREM 1.1.1. Let p ≥ 1. Then the mapping

Lp (RN,BN, ν) 3 f 7→ F = f ◦ ((Xn)n∈N) ∈ Lp (Ω,F , P ) (1.1)

defines a linear isomorphism.

Proof. The mapping is well defined, since

‖F ‖p
p = E(| f ((Xn)n∈N)|

p )

=
∫

| f (x)|p ν(d x) (transformation theorem)

= ‖ f ‖p
p ,

and bijective by Lemma 1.1.1. Linearity is trivial.

Theorem 1.1.1 allows us to develop a differential calculus on the sequence
space (RN,BN, ν), and then to transfer it to the canonical space (Ω,F , P ). For this
purpose we are stimulated by the treatment of the one-dimensional situation.

Questions of smoothness of probability measures are prevalent. We start by
considering them in the setting of R.

1.2. Absolute continuity of measures on R

Our aim is to study laws of random variables defined on (Ω,F , P ), i.e. the proba-
bility measures PX for random variables X . By means of Theorem 1.1.1 these
measures correspond to the measures ν ◦ f −1 for BN-measurable functions f
on RN. The one-dimensional version of these measures is given by ν1 ◦ f −1 for
B1-measurable functions f defined on R.

We first discuss a simple analytic criterion for absolute continuity of measures
of this type.
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LEMMA 1.2.1. Let µ be a finite measure on B1. Suppose there exists c ∈R such that
for all φ ∈C 1(R) with bounded derivative we have

�

�

�

�

∫

φ′(x)µ(d x)
�

�

�

�

≤ c‖φ‖∞.

Then µ� λ, i.e. µ is absolutely continuous with respect to λ, the Lebesgue measure
on R.

Proof. Let f ≥ 0 be continuous with compact support, and define

φ(x) =
∫ x

−∞
f (y)d y.

Then
∫

f dµ=
∫

φ′(x)µ(d x)≤ c‖φ‖∞ = c
∫

f dλ.

By a standard measure-theoretic argument this inequality follows for bounded
measurable f . Therefore we conclude that for A∈ B1,

µ(A)≤ cλ(A),

which clearly implies µ� λ.

We aim at applying Lemma 1.2.1 to the probability measure ν1 ◦ f −1 with f
B1-measurable. In this connection we encounter for the first time the central
technique of integration by parts on Gaussian spaces, which is at the heart of
Malliavin’s calculus.

For reasons of notational clarity we first recall the classical technique of in-
tegration by parts. Indeed, for g , h ∈ C∞0 (R) (smooth functions with compact
support) we have

〈g ′, h〉=
∫

g ′(x)h(x)d x =−
∫

g (x)h ′(x)d x =−〈g , h ′〉. (1.2)

This relationship can be extended to functions g , h ∈ L2(R) which vanish at ±∞
and which possess derivatives in the distributional sense. Let us for the moment
assume this setting and denote by d g the distributional derivative of g , and by
δh its adjoint operator in the sense of the duality (1.2). Then for h ∈ C∞0 (R) we
have

δh =−h ′ =−d h,

and we can interpret the duality relationship as

〈d g , h〉= 〈g ,δh〉. (1.3)

Finally, the operator δd = −d 2/d x2 plays an important role in the calculus.
Here it is identical to the negative of the Laplace operator. In the just sketched
classical calculus one does not have to distinguish between d andδ (modulo sign).
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For the analysis on Gaussian spaces things are different. We sketch the ana-
logue of a differential calculus with respect to duality on Gaussian spaces. For
g , h ∈ L2(R, ν1) define

〈g | h〉=
∫

g (x)h(x) ν1(d x). (1.4)

To apply Lemma 1.1.1 formally to the measure µ= ν1 ◦ f −1 for some B1-measur-
able f , we have to write, assuming all operations are justified,
∫

φ′(x) ν1 ◦ f −1(d x) =
∫

φ′ ◦ f (x) ν1(d x) = 〈φ′ ◦ f |1〉=
�

(φ ◦ f )′
�

�

�

�

1

f ′

�

.

Now, as in the classical setting, we want to transfer the derivation to the other
argument. For this purpose we continue calculating for g , h ∈C∞0 (R):

〈g ′|h〉=
1
p

2π

∫

g ′(x)h(x)exp(−x2/2)d x

=−
1
p

2π

∫

g (x)
d

d x
[h(x)exp(−x2/2)]d x

=−
∫

g (x)exp(x2/2)
d

d x
[h(x)exp(−x2/2)] ν1(d x)

= 〈g |−h ′+ x h〉. (1.5)

So in the setting of Gaussian spaces, if we define as before d g as the distribu-
tional derivative in the generalized sense, its dual operator on a suitable space of
functions (to be described later) has to be defined by

δh =−h ′+ x h. (1.6)

In this sense we have the following duality relationship, completely analogous to
the classical formula:

〈d g | h〉= 〈g |δh〉. (1.7)

For the combination of the derivative operator and its dual we obtain this time
the following operator:

L= δd =−
d 2

d x2
+ x

d

d x
, (1.8)

in a suitable distributional sense.
d will be called the Malliavin derivative, δ the Skorokhod integral, and L

the Ornstein–Uhlenbeck operator. The domains of these operators will be defined
more precisely in the higher dimensional setting. The present exposition is in-
tended to motivate the notions to be studied.

Let us return to the problem of smoothness of the measure ν1 ◦ f −1.
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LEMMA 1.2.2. Let g , h ∈ L2(R, ν1) be such that d g ,δh ∈ L2(R, ν1). Then

〈d g | h〉= 〈g |δh〉.

Moreover, for f ∈ L2(R, ν1) such that δ
� 1

d f

�

∈ L2(R, ν1) we have

ν1 ◦ f −1� λ.

Proof. We continue the above calculation in the notation chosen. By duality and
the Cauchy–Schwarz inequality we have

�

�

�

�

�

d (φ ◦ f )
�

�

�

�

1

d f

��

�

�

�

=
�

�

�

�

�

φ ◦ f
�

�

�

�

δ
� 1

d f

���

�

�

�

=
�

�

�

�

∫

φ ◦ f (x)δ
� 1

d f

�

(x) ν1(d x)
�

�

�

�

≤ ‖φ‖∞












δ
� 1

d f

�











2
.

Hence Lemma 1.1.1 can be applied with c =




δ
� 1

d f

�





2, which yields the desired
absolute continuity.

With this lemma the program for the development of Gaussian differential
calculus in finite- and infinite-dimensional spaces is sketched. We have to develop
rigorously in this framework the calculus of the three operators. We shall, for
brevity, mostly concentrate on the operators d and δ. One natural orthonormal
basis of L2(R, ν1) proves to be very useful here.

1.3. Hermite polynomials and orthogonal developments

We continue denoting by d , δ and L the operators studied above. They are at
least well defined on C∞0 (R) (and this is the sense in which we use them), and
even, by the integrability properties of the Gaussian density, on the space of poly-
nomials in one real variable.

DEFINITION 1.3.1. For n ≥ 0 let

Hn = δ
n1. (1.9)

Hn is called the Hermite polynomial of degree n.

By definition for x ∈R we have

H0(x) = 1,
H1(x) = δ1= x,
H2(x) = δx =−1+ x2,
H3(x) = δ(−1+ x2) =−x − 2x + x3 = x3− 3x.
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THEOREM 1.3.1. Hn is a polynomial of degree n, with leading coefficient 1. More-
over, for n ∈N,

δHn =Hn+1, (1.10)
d Hn = nHn−1, (1.11)
LHn = nHn . (1.12)

In particular, Hn is an eigenvector of L with eigenvalue n.

Proof. (1.10) follows by definition.
To prove (1.11), we first compute the commutator of d andδ. For h ∈C∞0 (R)

we have

(dδ −δd )h = d (−h ′+ x h)− (−h ′′+ x h ′)

=−h ′′+ x h ′+ h − (−h ′′+ x h ′) = h.

This means that
dδ −δd = id.

With this in mind we proceed by induction on the degree n. The claim is clear
for n = 1. Assume it holds for n− 1. Then

d Hn = dδHn−1 = δd Hn−1+Hn−1

= (n− 1)δHn−2+Hn−1 = nHn−1.

Finally, (1.12) follows from LHn = δd Hn = nδHn−1 = nHn .

COROLLARY 1.3.1. For g ∈ L2(R) define the Fourier transform by

ĝ (u) =
1
p

2π

∫

R
e i u x g (x)d x, u ∈R.

Then
Û

(Hn e−x2/2)(u) = (i u)n e−u2/2.

Proof. Choose u ∈R. Then

Û

(Hn e−x2/2)(u) =
Û

(δn1e−x2/2)(u)

= 〈e i u· |δn1〉
= 〈d n e i u· |1〉
= (i u)n〈e i u· |1〉

= (i u)n e−u2/2.

With these preliminaries, we can show that the Hermite polynomials consti-
tute an orthonormal basis of our Gaussian space in one dimension.
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THEOREM 1.3.2.
� 1p

n!
Hn
�

n≥0 is an orthonormal basis of L2(R, ν1).

Proof. 1. Let n, k ∈N, and suppose that n < k . Then by Theorem 1.3.1,

〈Hn |Hk〉= 〈δ
n1 |δk1〉= 〈d kδn1 |1〉= 0,

while

〈Hn |Hn〉= 〈d
nδn1 |1〉= n!〈1 |1〉= n!.

2. It remains to show that (Hn)n≥0 is complete in L2(R, ν1), i.e. the set of linear
combinations of Hermite polynomials is dense in L2(R, ν1). For this purpose, it
suffices to prove that if φ ∈ L2(R, ν1) satisfies 〈Hn |φ〉 = 0 for all n ≥ 0, then
φ= 0.

For z ∈C let

F (z) =
∫

R
φ(v)e i v z−v2/2 d v.

Then for k ∈N and t ∈R by Cauchy–Schwarz we have
∫

R
|vkφ(v)|e−v t−v2/2 d v ≤

�∫

R
φ2(v)e−v2/2 d v

∫

R
v2k e−2v t−v2/2 d v

�1/2

<∞.

Hence F may be differentiated any number of times under the integral sign,
which implies that F is an entire function. Moreover, for k ≥ 0 with xk =
∑k

l=0 al Hl (x) we have

F (k)(0) = i k
∫

R
vkφ(v)e−v2/2 d v = i k〈xk |φ〉

= i k
k
∑

l=0

al 〈Hl |φ〉= 0.

This, however, implies that F = 0, and so by the uniqueness of Fourier transforms
also φ= 0.

We now return to our target space, namely RN, the sequence space version
of our infinite-dimensional Gaussian space. Our task will be to establish in this
space suitable analogues of the operators d and δ. For this purpose it will be
convenient to have again an orthonormal basis of this Gaussian space. We have
to define an infinite-dimensional extension of Hermite polynomials.

DEFINITION 1.3.2. For n ∈ N let En = Zn
+, and let E be the set of sequences

in Z+ with finitely many nonzero terms. For p = (p1, . . . , pk , 0, . . . ) ∈ E , let
|p| =

∑k
i=1 pi and p! =

∏k
i=1 pi !. For x ∈ Rk resp. x ∈ RN, and p ∈ Ek
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resp. p ∈ E let

Hp (x) =
k
∏

i=1

Hpi
(xi ) resp. (1.13)

=
∏

i∈N
Hpi
(xi ). (1.14)

Hp is called the k-dimensional resp. generalized Hermite polynomial.

We can now extend Theorem 1.3.2 to the multidimensional setting.

THEOREM 1.3.3.
� 1p

p!
Hp
�

p∈Ek
is an orthonormal basis of L2(Rk ,Bk , νk ), and

� 1p
p!

Hp
�

p∈E is an orthonormal basis of L2(RN,BN, ν).

Proof. 1. For k ∈N and g , h ∈ L2(Rk , νk ) define

〈g | h〉=
∫

Rk
g (x)h(x) νk (d x). (1.15)

Then for p, q ∈ Ek we have, by Fubini’s theorem,

〈Hp |Hq〉=
k
∏

i=1

〈Hpi
|Hqi
〉.

Hence
� 1p

p!
Hp
�

p∈Ek
is an orthonormal system. Moreover, the linear combi-

nations of tensor products of functions of one of k variables are dense in
L2(Rk ,Bk , νk ). Hence the first claim follows from Theorem 1.3.2.

2. The set
⋃

n∈Nπ
−1
n [L

2(Rn ,Bn , νn)] is dense in L2(RN,BN, ν). Hence, the
second assertion follows from the first.

We next define and study Sobolev spaces in finite and infinite dimension, for
which we use our knowledge of the orthonormal bases just acquired.

1.4. Finite-dimensional Gaussian Sobolev spaces

Let k ∈ N. We consider k-dimensional spaces first. Before treating the Gaussian
spaces, let us recall the most important facts about classical Sobolev spaces, i.e.
Sobolev spaces with respect to Lebesgue measure on Rk .

DEFINITION 1.4.1. Let p ≥ 1. For f ∈ Lp (Rk ) and a ∈ Rk , we say that f has
a directional (generalized) derivative in direction a if there is a function da f in
Lp (Rk ) such that













1

ε
[ f (·+ εa)− f ]− da f













p
→ 0
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as ε→ 0. Let

W p
1 = { f ∈ Lp (Rk ) : f has a directional derivative in direction a

for any a ∈Rk} (1.16)

(Sobolev space of order (1, p)).

By linearity, it is clear that if for 1 ≤ i ≤ k we denote by ei ∈ Rk the i th
canonical basis vector, then for f ∈W p

1 (R
k ) and a = (a1, . . . ,ak ) we have da f =

∑k
i=1 ai dei

f . We will write di = dei
.

DEFINITION 1.4.2. Let p ≥ 1 and s ∈N. We define recursively

W p
s = { f ∈W p

1 : da f ∈W p
s−1 for any a ∈Rk} (1.17)

(Sobolev space of order (s , p)). For f ∈W p
s and a1, . . . ,as ∈Rk we define

da1
da2
· · ·das

f

recursively. We define the (1, p)-Sobolev norm by

‖ f ‖1, p = ‖ f ‖p +
k
∑

i=1

‖di f ‖p , f ∈W p
1 , (1.18)

and analogous norms for higher order derivatives.

For any p ≥ 1 and s ∈N we have

C∞0 (R
k )⊂W p

s

and for g ∈C∞0 (R
k ) and a = (a1, . . . ,ak ) ∈Rk we have

da g =
k
∑

i=1

ai
∂ g

∂ xi
.

What is the relationship of our Sobolev spaces and the “weak derivatives” or
“derivatives in the distributional sense” encountered above?

DEFINITION 1.4.3. Let f ∈ L1
loc
(Rk ) and a ∈Rk . Then ua ∈ L1

loc
(Rk ) is called a

weak derivative of f in direction a if for any φ ∈C∞0 (R
k ) we have

〈 f , daφ〉=−〈ua ,φ〉. (1.19)

THEOREM 1.4.1. Let p ≥ 1 and f ∈ Lp (Rk ). Then the following are equivalent:

(i) f ∈W p
1 ,

(ii) for any a ∈Rk , f has a weak derivative ua , and ua ∈ Lp (Rk ).

In this case, moreover, da f = ua .
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Proof. 1. Let us show that (i) implies (ii). For this purpose, assume a ∈ Rk and
φ ∈C∞0 (R

k ). Then for ε > 0 by translation invariance of Lebesgue measure
∫ 1

ε
[ f (x + εa)− f (x)]φ(x)d x =

∫ 1

ε
f (x)[φ(x − εa)−φ(x)]d x.

Now use (i) and let ε → 0, to identify the limit as
∫

da f (x)φ(x)d x on the left
hand side, and as −

∫

f (x)daφ(x)d x on the right hand side. Hence for any φ in
C∞0 (R

k ),
〈da f ,φ〉=−〈 f , daφ〉.

This means by definition that f has the weak derivative da f which belongs to
Lp (Rk ).

2. Let us now prove that (ii) implies (i). Fix φ ∈ C∞0 (R
k ) and a = (a1, . . . ,ak )

∈ Rk . Then by Taylor’s formula with integral remainder term and Fubini’s the-
orem we have, for any ε > 0,

∫

Rk

1

ε
[ f (x + εa)− f (x)]φ(x)d x

=
∫

Rk

1

ε
f (x)[φ(x − εa)−φ(x)]d x

=−
∫

Rk
f (x)

�1

ε

∫ ε

0

k
∑

i=1

ai
∂ φ

∂ xi
(x − ξ a)dξ

�

d x

=−
1

ε

∫ ε

0

�∫

Rk

k
∑

i=1

ai
∂ φ

∂ xi
(x − ξ a) f (x)d x

�

dξ

=
1

ε

∫ ε

0

�∫

Rk
φ(x − ξ a)ua(x)d x

�

dξ

=
1

ε

∫ ε

0

�∫

Rk
φ(x)ua(x + ξ a)d x

�

dξ

=
∫

Rk

�1

ε

∫ ε

0
ua(x + ξ a)dξ

�

φ(x)d x.

It remains to prove that 1
ε

∫ ε
0 ua(·+ξ a)dξ converges to ua in Lp (Rk ). This is cer-

tainly true provided ua ∈C∞0 (R
k ). But for any f , g ∈ Lp (Rk )we have, uniformly

in ε > 0,












1

ε

∫ ε

0
f (·+ ξ a)dξ −

1

ε

∫ ε

0
g (·+ ξ a)dξ













p

≤
1

ε

∫ ε

0
‖ f (·+ ξ a)− g (·+ ξ a)‖p dξ = ‖g − f ‖p .
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By means of this observation we can transfer the desired result fromφ ∈C∞0 (R
k )

to φ ∈ Lq (Rk ), since C∞0 (R
k ) is dense in Lq (Rk ), where q is the conjugate expo-

nent of p. We then conclude by remarking that

‖ f ‖p = sup{〈 f , g 〉 : g ∈ Lq (Rk ), ‖g‖q ≤ 1}.

COROLLARY 1.4.1. Let e1, . . . , ek denote the canonical basis of Rk , and let ( fn)n∈N
be a sequence in W p

1 such that

(i) ‖ fn − f ‖p → 0 as n→∞,
(ii) for any 1≤ i ≤ k the sequence (di fn)n∈N converges in Lp (Rk ).

Then f ∈W p
1 and ‖ fn − f ‖1, p → 0 as n→∞.

Proof. We have to show that f is weakly differentiable in direction ei for 1 ≤
i ≤ k, and di f = limn→∞ di fn ∈ Lp (Rk ). For this purpose let

ui = lim
n→∞

di fn ,

which exists due to assumption (ii). Then by (i) for any φ ∈ C∞0 (R
k ) and 1 ≤

i ≤ k,
∫

f (x)diφ(x)d x = lim
n→∞

∫

fn(x)diφ(x)d x

=− lim
n→∞

∫

di fn(x)φ(x)d x =−
∫

ui (x)φ(x)d x.

This means that f has weak directional derivative in direction ei and di f = ui
∈ Lp (Rk ). Now Theorem 1.4.1 is applicable and finishes the proof.

COROLLARY 1.4.2. Let p ≥ 1. Then W p
1 is a Banach space with respect to the

norm ‖ · ‖1, p , and for any a ∈Rk the mapping da : W p
1 → Lp (Rk ) is continuous.

Proof. We have to prove that W p
1 is complete with respect to ‖·‖1, p . So let ( fn)n∈N

be a Cauchy sequence in W p
1 . Then setting f = limn→∞ fn in Lp (Rk ), we see that

the hypotheses (i) and (ii) of Corollary 1.4.1 are satisfied, and it suffices to apply
that corollary.

We finally need a local version of Sobolev spaces.

DEFINITION 1.4.4. For p ≥ 1 and s ∈N let

W p
s ,loc
= { f :Rk →Rmeasurable : f φ ∈W p

s for all φ ∈C∞0 (R
k )} (1.20)

(local Sobolev space of order (s , p)).

THEOREM 1.4.2. Let p ≥ 1 and s ∈ N. Then f ∈W p
s ,loc

iff for any x0 ∈ Rk there

exists an open neighborhood Vx0
of x0 such that for any φ ∈ C∞0 (R

k ) with support
in Vx0

we have φ f ∈W p
s .
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Proof. We only need to prove the “only if” part of the claim. For any x0 ∈Rk let
therefore Vx0

be as in the statement. Then (Vx0
)x0∈Rk is an open covering of Rk .

Hence there exists a locally finite partition of unity (φk )k∈N ⊂ C∞0 (R
k ) which is

subordinate to that covering, i.e. such that

(i) 0≤φn ≤ 1 for any n ∈N,
(ii) for any n ∈N there exists x0(n) such that supp(φn)⊂Vx0(n)

,
(iii)

∑

n∈Nφn = 1,
(iv) for any compact set K ⊂ Rk the intersection of K and supp(φn) is non-

empty for at most finitely many n.

Now let φ ∈ C∞0 (R
k ). Then for any k ∈ N, (ii) gives supp(φkφ) ⊂ Vx0(k)

and
thus by assumption

φkφ f ∈W p
s , k ∈N.

Since by (iv) the support of φkφ is non-trivial for at most finitely many k,
(iii) and linearity yield the desired

φ f ∈W p
s .

We now turn to Gaussian Sobolev spaces. Our analysis will again be based
on the differential operator we know from the above sketched classical calculus.
Only the measure with respect to which we consider duality changes from the
Lebesgue to the Gaussian measure. Since we pass from an infinite to a finite mea-
sure, integrability properties for functions and therefore the domains of the dual
operators change. This is why the notion of local Sobolev spaces is important. On
these spaces, we can define our operators locally, first without reference to inte-
grability. In fact, using Theorem 1.4.2, and for s ∈ N, p ≥ 1, 1 ≤ j1, . . . , js ≤ k,
f ∈W p

s ,loc
we can define

d j1
d j2
· · ·d js

f

locally on an open neighborhood Vx0
of an arbitrary point x0 ∈Rk by the corre-

sponding generalized derivative of φ f with φ ∈ C∞0 (R
k ) such that φ = 1 on an

open neighborhood Ux0
⊂ Vx0

of x0. This gives a globally unique notion, since
x0 is arbitrary.

DEFINITION 1.4.5. Let s ∈ N, p ≥ 1, 1 ≤ j ≤ k, f ∈W p
s ,loc

, and denote by d j

the directional derivative in the direction of the j th unit vector in Rk according
to the preceding remark. Let then

∇ f = (d1 f , . . . , dk f ), (1.21)
δ j f =−d j f + x j f , (1.22)

L f =
k
∑

j=1

δ j d j f =
k
∑

j=1

[−d j d j f + x j d j f ]. (1.23)
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For any 1≤ r ≤ s we define more generally

∇r f = (d j1
· · ·d jr

f : 1≤ j1, . . . , jr ≤ k). (1.24)

This definition gives rise to the following notion of Gaussian Sobolev spaces.

DEFINITION 1.4.6. Let p ≥ 1 and s ∈N. Then let

D p
s (R

k ) =
n

f ∈W p
s ,loc

:
s
∑

r=0
|||∇r f |||p <∞

o

, (1.25)

‖ f ‖s , p =
s
∑

r=0
|||∇r f |||p (1.26)

(k-dimensional Gaussian Sobolev space of order (s , p)).

REMARK. D p
s (Rk ) is a Banach space. This is seen by arguments as in the proof

of Corollary 1.4.2.

Since our calculus will be based mostly on the Hilbert case p = 2, we shall
restrict our attention to this case whenever convenient. In this case, our ONB
composed of k-dimensional Hermite polynomials as investigated in the previous
chapter will play a central role, and adds structure to the setting. To get acquain-
tance with Gaussian Sobolev spaces, let us compute the operators defined on the
series expansions with respect to this ONB.

For f ∈ L2(Rk , νk ) we can write

f =
∑

p∈Ek

cp ( f )

p!
Hp (1.27)

with coefficients cp ( f ) ∈ R, p ∈ Ek . By orthogonality, the Gaussian norm is
given by

‖ f ‖2 =
∑

p∈Ek

cp ( f )
2

p!2
〈Hp |Hp〉=

∑

p∈Ek

cp ( f )
2

p!
.

We also write f ∼ (cp ( f )) to denote this series expansion. Denote by P the
linear hull of the k-dimensional Hermite polynomials. Plainly, P ⊂W p

s ,loc
for

any s ∈ N and p ≥ 1. According to Chapter 3, P is dense in L2(Rk , νk ). And
for functions in P , the generalized derivatives d j are just identical to the usual
partial derivatives in direction j , 1≤ j ≤ k .

We first calculate the operators on Hermite polynomials. In fact, for any
p ∈ Ek and 1≤ j ≤ k we have in the non-trivial cases

d j Hp = p j

∏

i 6= j

Hpi
Hp j−1, δ j Hp =

∏

i 6= j

Hpi
Hp j+1, LHp = |p|Hp .
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Hence for f ∼ (cp ( f )) ∈P and 1≤ j ≤ k we may write

d j f =
∑

p∈Ek

cp ( f )

p!
p j

∏

i 6= j

Hpi
Hp j−1, (1.28)

δ j f =
∑

p∈Ek

cp ( f )

p!

∏

i 6= j

Hpi
Hp j+1, (1.29)

L f =
∑

p∈Ek

cp ( f )

p!
|p|Hp . (1.30)

According to Corollary 1.4.2 and the calculations just sketched, the natural
domains of the operators extending ∇,δ j and L beyond P must be those dis-
tributions in Rk for which the formulas just given generate convergent series in
the L2-norm with respect to νk . The most important domain is the one of∇, the
Sobolev space D2

1 (R
k ). For f ∼ (cp ( f )) ∈P we have

|||∇ f |||22 =
∫

Rk
|∇ f |2(x) νk (d x)

=
k
∑

j=1

∫

Rk
|d j f |2(x) νk (d x)

=
k
∑

j=1

∑

p∈Ek

p2
j

cp ( f )
2

p!2
∏

i 6= j

pi ! (p j − 1)!

=
k
∑

j=1

∑

p∈Ek

p j

cp ( f )
2

p!

=
∑

p∈Ek

|p|
cp ( f )

2

p!
.

If in addition f ∈ L2(Rk , νk ), we may write f ∼ (cp ( f )) and approximate it by
fn =

∑

p∈Ek , |p|≤n cp ( f )/p! ∈ P , n ∈ N. Hence, according to Corollary 1.4.2,

f belongs to D2
1 (R

k ) if the following series converges:

|||∇ f |||22 = lim
n→∞
|||∇ fn |||

2
2

= lim
n→∞

∑

p∈Ek , |p|≤n

|p|
cp ( f )

2

p!

=
∑

p∈Ek

|p|
cp ( f )

2

p!
<∞. (1.31)
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Along these lines, we now turn to describing Gaussian Sobolev spaces and the
domains of our principal operators for p = 2 by means of Hermite expansions.
We start with the case k = 1.

THEOREM 1.4.3. Let r ∈N and f ∼ (cp ( f )) ∈ L2(R, ν1)∩W 2
r,loc

. Define

fp =
cp ( f )

p!
Hp , p ≥ 0.

Then the following are equivalent:

(i) ∇r f ∈ L2(R, ν1),
(ii)

∑

p≥0 p r‖ fp‖22 <∞,
(iii) f ∈D2

r (R),
(iv) δ r f ∈ L2(R, ν1).

In particular, D2
r (R) is the domain of∇r and δ r in L2(R, ν1). For f , g ∈D2

1 (R) we
have

〈∇ f | g 〉= 〈 f |δ g 〉.

Proof. 1. We prove equivalence of (i) and (ii). We have

∇ f =
∑

p≥1

pcp ( f )

p!
Hp−1 =

∑

p≥0

cp+1( f )

p!
Hp ,

and therefore by iteration

∇r f =
∑

p≥0

cp+r ( f )

p!
Hp−1.

Therefore

‖∇r f ‖22 =
∑

p≥0

cp+r ( f )
2

p!
, ‖ fp‖

2
2 =

cp ( f )
2

p!
,

and hence

‖∇r f ‖22 =
∑

p≥0

(p + r )!

p!
‖ fp+r‖

2
2 <∞

if and only if
∑

p≥0
(p + r )r‖ fp+r‖

2
2 <∞,

and this is the case if and only if
∑

p≥0
p r‖ fp‖

2
2 <∞.
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2. We next prove that (ii) and (iv) are equivalent. Note that

δ f =
∑

p≥0

cp ( f )

p!
Hp+1, and therefore δ r f =

∑

p≥0

cp ( f )

p!
Hp+r .

This implies that

‖δ r f ‖22 =
∑

p≥0

cp ( f )
2

p!2
(p + r )!=

∑

p≥0
(p + r ) · · · (p + 1)

cp ( f )
2

p!
<∞

if and only if
∑

p≥0
p r

cp ( f )
2

p!
=
∑

p≥0
p r‖ fp‖

2
2 <∞.

3. The equivalence of (i) and (iii) is contained in the definition.

4. Let f ∼ (cp ( f )), g ∼ (cp (g )) ∈D2
1 (R). Then we have

〈∇ f | g 〉=
∑

p≥0

cp+1( f )

p!

cp (g )

p!
p!,

whereas

〈 f |δ g 〉=
∑

p≥0

cp+1( f )

p!

cp (g )

p!
p!.

This completes the proof.

The differential calculus on Gaussian spaces obeys similar rules as the classical
differential calculus.

THEOREM 1.4.4. Let g ∈ D4
1 (R) and µ = ν1 ◦ g−1. If φ ∈ L4(R,µ) and ∇φ

∈ L4(R,µ), then
∇(φ ◦ g ) = (∇φ) ◦ g · ∇g . (1.32)

Proof. If φ and g belong to C∞0 (R), the assertion is clear. To generalize, approx-
imate inP and use Hölder’s inequality.

THEOREM 1.4.5. Let f , g ∈D4
1 (R). Then f · g ∈D2

1 (R) and

∇( f · g ) = f · ∇g +∇ f · g . (1.33)

Proof. The assertion is clear for f , g ∈C∞0 (R). To generalize, approximate inP
and use Hölder’s inequality.

Note that Theorem 1.4.5 provides a rigorous basis of justification for the cal-
culations done in the context of the absolute continuity criterion in the one-
dimensional setting. We now turn to arbitrary finite dimension k, and interpret
Gaussian Sobolev spaces by convergence properties of Hermite expansions as
above.
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THEOREM 1.4.6. Let f ∼ (cp ( f )) ∈ L2(Rk , νk )∩W 2
1,loc

. Define fp = (cp ( f )/p!)Hp

for p ∈ Ek . Then the following are equivalent:

(i) |∇ f |= [
∑k

j=1(d j f )2]1/2 ∈ L2(Rk , νk ),
(ii)

∑

p∈Ek
|p| ‖ fp‖22 <∞,

(iii) f ∈D2
1 (R

k ).

In particular, D2
1 (R

k ) is the domain of ∇ in L2(Rk , νk ). Analogous results hold for
Sobolev spaces of order (r, 2) with r ∈N.

Proof. Analogous to the proof of Theorem 1.4.3.

1.5. Infinite-dimensional Gaussian Sobolev spaces

To reduce the infinite-dimensional setting to a finite-dimensional one, we use the
following observation.

For n ∈N recall

πn :RN→Rn , (xn)n∈N 7→ (xk )1≤k≤n .

For n ∈ N let Cn = σ(πn) = σ(π1, . . . ,πn). Then (Cn)n∈N is a filtration on
(RN,BN).

LEMMA 1.5.1. Let p ≥ 1 and f ∈ Lp (RN,BN, ν). Then

f̂n = E( f |Cn), n ∈N, (1.34)

defines a martingale which converges ν -a.s. and in Lp to f .

Proof. This follows from a standard theorem of discrete martingale theory.

In the following fn : Rn → R is the n-dimensional factorization of f̂n , deter-
mikined by

fn ◦π
n = f̂n , n ∈N. (1.35)

It is crucial for the definition of infinite-dimensional Sobolev spaces that the mar-
tingale property is essentially not destroyed by directional derivative operators.

LEMMA 1.5.2. Let p > 1, f ∈ Lp (RN) and ( fn)n∈N the sequence defined above.
Suppose that supn∈N ‖ fn‖1, p <∞. Then for any j ∈N the sequence (d j fn ◦πn)n∈N
converges in Lp (RN), to a limit that we denote by d j f . Corresponding statements
hold true for higher order derivatives.

Proof. Let n, j ∈N. Then for n ≥ j we have

E(d j fn+1 ◦π
n+1 |Cn) = d j fn ◦π

n .
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This means that (d j fn ◦πn)n≥ j is a martingale with respect to (Cn)n≥ j which, as

sup
n≥ j
‖d j fn ◦π

n‖p ≤ sup
n∈N
‖ fn‖1, p <∞,

is bounded in Lp (RN) and hence converges in Lp (RN), as p > 1.

The preceding lemmas give rise to the following definition of Sobolev spaces.

DEFINITION 1.5.1. Let p ≥ 1 and s ∈N. Then we define

D p
s (R
N) = { f ∈ Lp (RN, ν) : fn ∈D p

s (R
n), n ∈N, sup

n∈N
‖ fn‖s , p <∞} (1.36)

(infinite-dimensional Sobolev space of order (s , p)), endowed with the norm

‖ f ‖s , p = sup
n∈N
‖ fn‖s , p , f ∈D p

s (R
N). (1.37)

This definition makes sense, for the following reasons.

THEOREM 1.5.1. Let p > 1 and s ∈ N. Then D p
s (RN) is a Banach space with the

norm ‖ · ‖s , p .

Proof. We prove the claim for s = 1. Let ( f m)m∈N be a Cauchy sequence in
D p

1 (R
N), and ( f m

n )n,m∈N the corresponding finite-dimensional functions accord-
ing to the remarks above. Then for m, l , n ∈ N Jensen’s inequality and the mar-
tingale statement in the preceding proof give the following estimate:

limsup
m,l→∞

‖ f m
n − f l

n ‖1, p ≤ lim
m,l→∞

‖ f m − f l‖1, p = 0.

D p
1 (R

n) being a Banach space for n ∈N, we know that

fn = lim
m→∞

f m
n ∈D p

1 (R
n)

exists. Let f̂n = fn ◦πn . Now let f = limm→∞ f m in Lp (RN). Then by uniform
integrability

E( f |Cn) = E( lim
m→∞

f m |Cn) = lim
m→∞

E( f m |Cn) = lim
m→∞

f̂ m
n = f̂n .

Moreover,
sup
n∈N
‖ fn‖1, p ≤ sup

m,n∈N
‖ f m

n ‖1, p ≤ sup
m∈N
‖ f m‖1, p <∞.

Hence by definition f ∈D p
1 (R
N), and by Fatou’s lemma,

‖ f − f m‖1, p ≤ liminf
l→∞

‖ f m − f l‖1, p → 0

as m→∞.

According to Lemma 1.5.2, the gradient on infinite-dimensional Gaussian
Sobolev spaces is defined as follows.
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DEFINITION 1.5.2. Let p > 1 and f ∈D p
1 (R
N). Then let

∇ f = (d j f ) j∈N (1.38)

(Malliavin gradient or Malliavin derivative), where for any j ∈ N according to
Lemma 1.5.2,

d j f = lim
n→∞

d j fn ◦π
n . (1.39)

Accordingly, for s ∈N we define∇r f , 1≤ r ≤ s , for f ∈D p
s (RN).

REMARK. The gradient ∇ being a continuous mapping from D p
1 (R

n) to
Lp (Rn , νn) for any finite dimension n, Lemma 1.5.2 and the definition of the
Malliavin gradient imply that ∇ is a continuous mapping from D p

1 (R
N) to

Lp (RN, ν).

Let us now again restrict our attention to p = 2 and describe Gaussian Sobo-
lev spaces by means of the generalized Hermite polynomials. First of all, suppose
f =

∑

p∈E (cp ( f )/p!)Hp ∈ L2(RN, ν). We shall continue to use the notation f ∼
(cp ( f )). Then for n ∈ N, we have fn =

∑

p∈En
(c(p,0)( f )/p!)Hp , where we put

(p, 0) = (p1, . . . , pn , 0, 0, . . . ) for p = (p1, . . . , pn) ∈ En . Therefore, we also have
f̂n =

∑

p∈En
(c(p,0)( f )/p!)H(p,0). Let again P be the linear hull of all generalized

Hermite polynomials.
As in the preceding chapter, we may calculate the gradient norms for f ∼

(cp ( f )) ∈D2
1 (R
N). In fact, for j ∈N we have

d j f = lim
n→∞

d j fn ◦π
n = lim

n→∞

∑

p∈En

c(p,0)( f )

p!
p j

∏

i 6= j

Hpi
Hp j−1

=
∑

p∈E

cp ( f )

p!
p j

∏

i 6= j

Hpi
Hp j−1. (1.40)

Furthermore, for f ∈ D2
1 (R
N) let us compute the norm of |∇ f | =

[
∑

j∈N(d j f )2]1/2 in L2(RN, ν). In fact, we have, using the calculation of gradient
norms in the preceding chapter,

∞> sup
n∈N
‖|∇ fn ◦π

n‖|22 = ‖|∇ f ‖|22

= sup
n∈N

∑

p∈En

|p|
c(p,0)( f )

2

p!
=
∑

p∈E

|p|
cp ( f )

2

p!
. (1.41)

We therefore obtain the following main result describing the infinite-dimen-
sional Gaussian Sobolev spaces of order (1,2).
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THEOREM 1.5.2. For f ∈ L2(RN, ν) the following are equivalent:

(i) f ∈D2
1 (R
N),

(ii)
∑

p∈E |p|cp ( f )
2/p!<∞,

(iii) |∇ fn | ◦πn = [
∑

j∈N(d j fn)
2 ◦πn]1/2 converges in L2(RN, ν) to |∇ f |.

Moreover, D2
1 (R
N) is a Hilbert space with respect to the scalar product

( f , g )1,2 = 〈 f | g 〉+
∑

j∈N
〈d j f |d j g 〉, f , g ∈D2

1 (R
N).

For p ≥ 2,P is dense in D p
1 (R
N). Analogous results hold for Sobolev spaces of order

(s , 2) with s ∈N.

1.6. Absolute continuity in infinite-dimensional Gaussian space

We are now in a position to discuss the main result of Malliavin’s calculus in the
framework of infinite-dimensional Gaussian sequence spaces. The result concerns
the smoothness of laws of random variables defined on the Gaussian space. We
start with a generalization of Lemma 1.1.1 to finite measures on Bd for d ∈N.

LEMMA 1.6.1. Let µ|Bd be a finite measure. Assume there exists c ∈R such that for
all φ ∈C 1(Rd ) with bounded partial derivatives, and any 1≤ j ≤ d , we have

�

�

�

�

∫

∂

∂ x j
φ(x)µ(d x)

�

�

�

�

≤ c‖φ‖∞.

Then µ� λd (d -dimensional Lebesgue measure).

Proof. For simplicity, we argue for d = 2, and omit the superscript denoting
2-dimensional Lebesgue measure.

1. Assume that φ ∈C 1(R2) has compact support. We show that
�∫

|φ|2 dλ
�1/2

≤
1

2

�∫ �

�

�

�

∂

∂ x1
φ

�

�

�

�

2

dλ+
∫ �

�

�

�

∂

∂ x2
φ

�

�

�

�

2

dλ
�

.

In fact, we have
�∫

|φ|2 dλ
�1/2

≤
�∫

sup
x1∈R
|φ(x1, x2)|d x2

∫

sup
x2∈R
|φ(x1, x2)|d x1

�1/2

≤
�∫ �

�

�

�

∂

∂ x1
φ(x1, x2)

�

�

�

�

d x1 d x2

∫ �

�

�

�

∂

∂ x2
φ(x1, x2)

�

�

�

�

d x2 d x1

�1/2

≤
1

2

�∫ �

�

�

�

∂

∂ x1
φ

�

�

�

�

2

dλ+
∫ �

�

�

�

∂

∂ x2
φ

�

�

�

�

2

dλ
�

.



1.6. Absolute continuity in infinite-dimensional Gaussian space 31

2. Let u ≥ 0 be continuous with compact support and such that
∫

u dλ = 1.
For ε > 0 define

uε =
1

ε2
u
�1

ε
·
�

.

Moreover, let

ψε =
∫

uε(· − y)µ(d y)

be a smoothed version of µ. Then for h continuous with compact support, using
Fubini’s theorem, we obtain

∫

ψε(x)h(x)d x =
∫ �∫

uε(x − y)µ(d y)
�

h(x)d x

=
∫ �∫

uε(x − y)h(x)d x
�

µ(d y)

=
∫ �∫

u(x)h(εx + y)d x
�

µ(d y)

→
∫

h(y)µ(d y).

3. We show that

L2(R2) 3 g 7→
∫

g dµ ∈R

is a continuous linear functional.
In fact, letφ ∈C 1(R2) have compact support, and let ε > 0. Then by hypoth-

esis and smoothness of ψε, with a calculation as in part 2,
�

�

�

�

∫

∂

∂ xi
ψε(x)φ(x)d x

�

�

�

�

=
�

�

�

�

∫

ψε(x)
∂

∂ xi
φ(x)d x

�

�

�

�

=
�

�

�

�

∫ �∫

uε(x − y)
∂

∂ xi
φ(x)d x

�

µ(d y)
�

�

�

�

=
�

�

�

�

∫ �∫

∂

∂ xi
uε(x − y)φ(x)d x

�

µ(d y)
�

�

�

�

=
�

�

�

�

∫ �∫

∂

∂ yi
uε(x − y)φ(x)d x

�

µ(d y)
�

�

�

�

≤ c












∫

uε(x − ·)φ(x)d x












∞
≤ c‖φ‖∞.

Generalizing this inequality to bounded measurable φ, and then taking
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φ= sgn(ψε) yields the inequality
∫ �

�

�

�

∂

∂ xi
ψε

�

�

�

�

dλ≤ c

for any ε > 0. Now let ε > 0 and g ∈ L2(R2) be given. Then, using part 1 and the
estimate above, we obtain

�

�

�

�

∫

ψε(x)g (x)d x
�

�

�

�

≤
�∫

|ψε(x)|
2 d x

∫

|g (x)|2 d x
�1/2

≤
1

2

�∫ �

�

�

�

∂

∂ x1
ψε

�

�

�

�

dλ+
∫ �

�

�

�

∂

∂ x2
ψε

�

�

�

�

dλ
�1/2

‖g‖2

≤ c‖g‖2.

Applying this inequality in the special case when g is continuous with compact
support, and using part 2, we get

�

�

�

�

∫

g (x)µ(d x)
�

�

�

�

≤ c‖g‖2.

Finally, extend this inequality to g ∈ L2(R2) by approximating it with continu-
ous functions of compact support. This yields the desired continuity of the linear
functional.

4. It remains to apply Riesz’ representation theorem to find a square inte-
grable density for µ.

We now consider a vector f = ( f 1, . . . , f d )with components in L2(RN,BN, ν).
Our aim is to study the absolute continuity with respect to λd of the law of f
under ν, i.e. of the probability measure ν ◦ f −1. For this purpose we plan to apply
the criterion of Lemma 1.6.1. Let φ ∈ C 1(Rd ) have bounded partial derivatives.
Then the integral transformation theorem gives

∫

∂

∂ xi
φd ν ◦ f −1 =

∫

∂

∂ xi
φ ◦ f d ν.

In case d = 1 at this place we use integration by parts hidden in the representa-
tions

d (φ ◦ f ) =φ′( f )d f , φ′( f ) = d (φ ◦ f )
1

d f
.

Our infinite-dimensional analogue of d is the Malliavin gradient ∇. Hence, we
need a chain rule for∇.

THEOREM 1.6.1. Let p ≥ 2, f ∈ D p
1 (R
N)d , and φ ∈ C 1(Rd ) with bounded par-

tial derivatives. Then

φ ◦ f ∈D p
1 (R
N) and ∇[φ ◦ f ] =

d
∑

i=1

∂

∂ xi
φ( f ) · ∇ f i . (1.42)
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Proof. Use Theorem 1.5.2 to choose a sequence ( fn)n∈N ⊂P d such that for any
1≤ i ≤ d ,

‖ f i
n − f i‖1, p → 0.

For each n ∈N we have

∇[φ ◦ fn] =
d
∑

i=1

∂

∂ xi
φ( fn) · ∇ f i

n .

Since ∇ is continuous on D p
1 (R
N), and since the partial derivatives of φ are

bounded, we furthermore obtain

∇[φ ◦ f ] = lim
n→∞

∇[φ ◦ fn] =
d
∑

i=1

∂

∂ xi
φ( f ) · ∇ f i

in L2(RN, ν). This completes the proof.

We next present a calculation leading to the verification of the absolute con-
tinuity criterion of Lemma 1.6.1. We concentrate on the algebraic steps, and re-
mark that their analytic background can be easily provided with the theory of
Chapter 5. The first aim of the calculations must be to isolate, for a given test
function φ ∈ C 1(Rd ) with bounded partial derivatives, the expression ∂

∂ xi
φ( f ),

1≤ i ≤ d . Recall the notation

(x, y) =
∞
∑

i=1

xi yi , x, y ∈ l 2.

For 1≤ i , k ≤ d let

σi k = (∇ f i ,∇ f k ).

Then for 1≤ k ≤ d we have

(∇(φ ◦ f ),∇ f k ) =
∞
∑

j=1

d j (φ ◦ f )d j f k

=
∞
∑

j=1

∑

1≤i≤d

∂

∂ xi
φ( f )d j f i d j f k

=
∑

1≤i≤d

∂

∂ xi
φ( f )σi k .

We now assume that the matrix σ is (almost everywhere) invertible. Then denot-
ing its inverse by σ−1 we may write
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∂

∂ xi
φ( f ) =

∑

1≤k≤d

(∇(φ ◦ f ),∇ f kσ−1
ki
)

=
∑

1≤k≤d

∞
∑

j=1

d j (φ ◦ f )σ−1
ki

d j f k .

We next assume that the dual operator δ j of d j , which is defined in the usual way
onP , is well defined and the series appearing is summable. Then we have

∫

∂

∂ xi
φ( f )d ν =

∫

∑

1≤k≤d

∞
∑

j=1

d j (φ ◦ f )σ−1
ki

d j f k d ν

=
∫

φ ◦ f
h
∑

1≤k≤d

∞
∑

j=1

δ j (d j f kσ−1
ki
)
i

d ν.

The right hand side can be estimated by c‖φ‖∞ with

c =









∑

1≤k≤d

∞
∑

j=1

δ j (d j f kσ−1
ki
)









2

in L2(RN, ν). It can be seen (in analogy to Theorem 1.4.3) that this series makes
sense under the hypotheses of the following main theorem.

THEOREM 1.6.2. Suppose that f = ( f 1, . . . , f d ) ∈ L2(RN, ν) satisfies

(i) f i ∈D4
2 (R
N) for 1≤ i ≤ d ,

(ii) σi k = (∇ f i ,∇ f k ), 1 ≤ i , k ≤ d , is ν -a.s. invertible and σ−1
ki
∈ D4

1 (R
N) for

1≤ i , k ≤ d .

Then ν ◦ f −1� λd .

Proof. Approximate f by polynomials, and use continuity properties of the op-
erators.



2. Calculus on the path space

2.1. The canonical Wiener space: multiple integrals

We now return to the canonical Wiener space. The transfer between the sequence
space and the canonical space is provided by the isomorphism of Chapter 1. We
briefly recall it. Let (gi )i∈N be an orthonormal sequence in L2(R+). Then the
isomorphism is given by

T : Lp (RN,BN, ν)→ Lp (Ω,F , P ), f 7→ f ◦ ((W (gi ))i∈N), (2.1)

where W (gi ) is the Gaussian stochastic integral of gi for i ∈ N. It will be con-
structed in the following chapter. For simplicity we confine our attention to the
canonical Wiener space in one dimension, i.e. Ω = C (R+,R), F is the (com-
pleted) Borel σ -algebra on Ω generated by the topology of uniform convergence
on compact sets in R+, and P is Wiener measure onF .

In the approach to differential calculus on Gaussian sequence spaces via the
Hilbert space setting, the most important tool proved to be the Hermite ex-
pansions of functions in L2(RN, ν). In the setting on the canonical space, they
can be given a different interpretation which we shall now develop. We follow
Nualart [32].

According to our isomorphism, the objects corresponding to generalized
Hermite polynomials on the canonical space are given by

∞
∏

i=1

Hpi
(W (gi )), p ∈ E .

We shall interpret these objects as iterated Itô integrals. To do this, we use the
abbreviation B1

+ for the Borel sets of R+.

DEFINITION 2.1.1. For m ∈N let

Em =
n

f :Rm
+ →R : f =

n
∑

i1,...,im=1

ai1...im
1Ai1

×···×Aim
,

(Ai )1≤i≤n ⊂ B1
+ p.d., ai1...im

= 0 in case ik = il for some k 6= l
o

. (2.2)
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REMARK. For f ∈ L2(R+) of the form

f =
n
∑

i=1

ai 1Ji
, (Ji )1≤i≤n p.d. intervals in R+,

let

W ( f ) =
n
∑

i=1

aiW (Ji ) =
n
∑

i=1

ai (Wti
−Wsi

), if Ji = ]si , ti], 1≤ i ≤ n.

Then by Itô’s isometry we have

‖W ( f )‖22 = ‖ f ‖22.

Since E1 is dense in L2(R+), we can extend the linear mapping f 7→ W ( f ) to
L2(R+). Therefore, in particular for A∈ B1

+ with finite Lebesgue measure, W (A)
=W (1A) is defined. It will be used for the definition of the following multiple
stochastic integrals. In this chapter, the scalar product 〈·, ·〉will be with respect to
Lebesgue measure on Rm

+ with unspecified integer m.

DEFINITION 2.1.2. For f =
∑n

i1,...,im=1 ai1...im
1Ai1

×···×Aim
∈ Em let

Im( f ) =
n
∑

i1,...,im=1

ai1...im
W (Ai1

) · · ·W (Aim
). (2.3)

The additivity of B1
+ 3A 7→W (A) ∈R implies that Im is well defined.

We state some elementary properties of Im . Denote by Sm the set of all per-
mutations of the numbers 1, . . . , m.

LEMMA 2.1.1. Let m, q ∈N and f ∈ Em , g ∈ Eq .

(i) Im : Em→R is linear.
(ii) If f̃ (t1, . . . , tm) =

1
m!

∑

σ∈Sm
f (tσ(1), . . . , tσ(m)) (symmetrization of f ), then

Im( f ) = Im( f̃ ).

(iii) E(Im( f )Iq (g )) = m! 〈 f̃ , g̃ 〉 if m = q, and 0 otherwise.

Proof. (i) follows from the additivity of the map A 7→W (A).
(ii) is a direct consequence of the fact that in the definition of Im the product

W (Ai1
) · · ·W (Aim

) is invariant under permutations of the factors.
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By (ii), we may assume that f , g are symmetric. By choosing common subdi-
visions, we may further assume that

f =
n
∑

i1,...,im=1

ai1...im
1Ai1

×···×Aim
,

g =
n
∑

i1,...,iq=1

bi1...iq
1Ai1

×···×Aiq
.

Now if m 6= q , by the assumptions that (Ai )1≤i≤n consists of p.d. Borel sets,
and that coefficients vanish if two of the indices coincide, E(Im( f )Iq (g )) = 0 is
evident. Assume m = q . Then, again by these two assumptions and symmetry,

E(Im( f )Im(g )) =
n
∑

i1,...,im=1

n
∑

j1,..., jm=1

ai1...im
b j1... jm

E
�

m
∏

p=1
W (Aip

)W (Ajp
)
�

= m!2
∑

i1<···<im

∑

j1<···< jm

ai1...im
b j1... jm

E
�

m
∏

p=1
W (Aip

)W (Ajp
)
�

= m!2
∑

i1<···<im

ai1...im
bi1···im

m
∏

p=1
λ(Aip

)

= m!〈 f , g 〉.

To extend Im beyond the space Em of elementary functions, we proceed as
for m = 1.

LEMMA 2.1.2. Em is dense in L2(Rm
+ ) for any m ∈N.

Proof. We may assume m ≥ 2, the assertion being known for m = 1. By standard
results of measure theory, it is enough to show that for A1, . . . ,Am ∈ B1

+ with
finite Lebesgue measure, and ε > 0, there exists f ∈ Em such that

‖1A1×···×Am
− f ‖2 < ε.

Let δ > 0 to be determined later. Choose B1, . . . ,Bn ∈ B1
+ with λ(B j )<δ for

any 1 ≤ j ≤ n, pairwise disjoint, and such that each Ai can be represented as a
finite union of some of the B j . Then we have

1A1×···×Am
=

n
∑

i1,...,im=1

bi1...im
1Bi1
×···×Bim

,

where bi1...im
= 1 if Bi1

× · · · × Bim
⊂ A1 × · · · × Am , and 0 otherwise. Let I =

{(i1, . . . , im) : ik 6= il for k 6= l}, and J = {1, . . . , n}m \ I . Then by definition

f =
∑

(i1,...,im)∈I

bi1...im
1Bi1
×···×Bim

∈ Em
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and we have

‖1A1×···×Am
− f ‖22 =

∑

(i1,...,im)∈J

b 2
i1...im

m
∏

p=1
λ(Bip

)

≤
m(m− 1)

2

n
∑

i=1

λ(Bi )
2
�

n
∑

i=1

λ(Bi )
�m−2

≤
m(m− 1)

2
δ
�

n
∑

i=1

λ(Bi )
�m−1

.

Finally, we have to choose δ small enough.

Using Lemma 2.1.2, we may now extend Im to L2(Rm
+ ).

DEFINITION 2.1.3. The linear and continuous extension of Im to L2(Rm
+ )which

exists according to Lemma 2.1.2 is called the multiple Wiener–Itô integral of de-
gree m and is also denoted by Im .

Properties of the elementary integral are transferred in a straightforward way.

THEOREM 2.1.1. Let m, q ∈N and f ∈ L2(Rm
+ ), g ∈ L2(Rq

+).

(i) Im : L2(Rm
+ )→R is linear.

(ii) We have
Im( f ) = Im( f̃ ).

(iii) E(Im( f )Iq (g )) = m!〈 f̃ , g̃ 〉 if m = q, and 0 otherwise.
(iv) I1( f ) =W ( f ) for f ∈ L2(R+).

NOTATION. We write

Im( f ) =
∫

Rm
+

f (t1, . . . , tm)dWt1
· · ·dWtm

(2.4)

=
∫

Rm
+

f (t1, . . . , tm)W (d t1) · · ·W (d tm).

We next aim at explaining the relationship between generalized Hermite
polynomials and multiple Wiener–Itô integrals. For this purpose we will need
a recursive relationship between Hermite polynomials of different degrees.

REMARK. Recall the definition of Hermite polynomials in one variable:

Hn = δ
n1.

Moreover, we may compute that for n ∈N,

xHn = (d +δ)Hn = nHn−1+Hn+1, or Hn+1 = xHn − nHn−1.

For technical reasons, we need the following operation of contraction.
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DEFINITION 2.1.4. Let m ∈ N, f ∈ L2(Rm
+ ), g ∈ L2(R+). Then for t1, . . . , tm , t

∈R+,

f ⊗ g (t1, . . . , tm , t ) = f (t1, . . . , tm) · g (t ) (tensor product), (2.5)

f ⊗1 g (t1, . . . , tm−1) =
∫

R+
f̃ (t1, . . . , tm)g (tm)d tm (contraction). (2.6)

The recursion relation for Hermite polynomials will emerge from the recur-
sion relation between Wiener–Itô integrals stated in the following lemma.

LEMMA 2.1.3. Let m ∈N and f ∈ L2(Rm
+ ), g ∈ L2(R+). Then

Im( f )I1(g ) = Im+1( f ⊗ g )+mIm−1( f ⊗1 g ). (2.7)

Proof. 1. By linearity and density of Em in L2(Rm
+ ) we may assume that

f = 1A1×···×Am
, g = 1A0

or g = 1A1
,

where (Ai )0≤i≤m ⊂ B1
+ is a collection of p.d. Borel sets with finite Lebesgue mea-

sure.

2. The case g = 1A0
is trivial: then the second term on the right hand side of

the claimed formula vanishes, and the other two terms are obviously identical by
definition of the elementary integral.

3. Let now g = 1A1
. For ε > 0 choose a collection of p.d. sets B1, . . . ,Bn ∈ B1

+
such that A1 =

⋃n
i=1 Bi , and λ(Bi )< ε for any 1≤ i ≤ n. Then

Im( f )I1(g ) =W (A1)
2W (A2) · · ·W (Am)

=
∑

i 6= j

W (Bi )W (B j )W (A2) · · ·W (Am)

+
∑

1≤i≤n

[W (Bi )
2−λ(Bi )]W (A2) · · ·W (Am)

+λ(A1)W (A2) · · ·W (Am). (2.8)

(a) We now prove that the first term on the right hand side of (2.8) is close to
Im+1( f ⊗ g ). In fact, let

hε =
∑

i 6= j

1Bi×B j×A2×···×Am
∈ Em+1.

Then

‖hε− f ⊗ g‖22 ≤
n
∑

i=1

λ(Bi )
2λ(A2) · · ·λ(Am)

≤ ελ(A1) · · ·λ(Am).
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(b) Let us next prove that the second term on the right hand side of (2.8) is
negligible in the limit ε→ 0. In fact, denote it by Rε. Then, since for 1 ≤ i ≤ n
the variance of W 2(Bi ) − λ(Bi ) is given by cλ(Bi )

2 with some constant c , we
obtain

E(R2
ε)≤ c

n
∑

i=1

λ(Bi )
2λ(A2) · · ·λ(Am)≤ εcλ(A1)λ(A2) · · ·λ(Am).

(c) To evaluate the last term, note that

å1A1×···×Am
⊗1 1A1

=
1

m
å1A2×···×Am

·λ(A1).

Therefore

λ(A1)W (A2) · · ·W (Am) = mIm−1(å1A1×···×Am
⊗1 1A1

),

and we obtain the desired recursion formula.

This finally puts us in a position to derive the relationship between Hermite
polynomials and iterated stochastic integrals.

THEOREM 2.1.2. Let m ∈ N and h ∈ L2(R+) be such that ‖h‖2 = 1. Denote by
h⊗m the m-fold tensor product of h with itself. Then

Hm(W (h)) = Im(h
⊗m ). (2.9)

Let H0 = R and Hm = Im(L
2(Rm

+ )) for m ∈ N. Then (Hm)m∈N is a sequence of
pairwise orthogonal closed linear subspaces of L2(Ω,F , P ) and we have

L2(Ω,F , P ) =
∞
⊕

m=0

Hm . (2.10)

In particular, for any F ∈ L2(Ω,F , P ) there exists a sequence ( fm)m≥0 of functions
fm ∈ L2(Rm

+ ) such that

F =
∞
∑

m=0
Im( fm). (2.11)

The representation with symmetric fm is λm -a.e. unique, m ∈N.

Proof. 1. We first have to prove that

Hm(W (h)) = Im(h
⊗m ).

This is done by induction on m. For m = 1, the formula is clear from H1 = x,
I1(h) =W (h). Now assume it holds for m. Then Lemma 2.1.3 and the recursion
formula for Hermite polynomials given above combine to yield, remembering
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that ‖h‖2 = 1,

Im+1(h
⊗m+1) = Im(h

⊗m )I1(h)−mIm−1(h
⊗m ⊗1 h)

= Im(h
⊗m )I1(h)−mIm−1(h

⊗m−1)
=Hm(W (h))H1(W (h))−mHm−1(W (h))
=Hm+1(W (h)).

2. Let L2
s (R

m
+ ) be the linear space of symmetric functions in L2(Rm

+ ). Then
by Theorem 2.1.1,

‖Im( f̃ )‖
2
2 = m!‖ f̃ ‖22,

henceHm = Im(L
2
s (R

m
+ )) is closed. Orthogonality is also a consequence of The-

orem 2.1.1.

3. Let (gi )i∈N be an orthonormal basis of L2(R+), and let F ∈ L2(Ω,F , P ).
Let f ∈ L2(RN,BN, ν) be such that T ( f ) = F . Assume f ∼ (cp ( f )), according to
the notation of Chapter 1. For m ≥ 0, define

fm =
∑

p∈E , |p|=m

cp ( f )

p!

∏

i∈N
g
⊗pi
i ,

considered as a function of m variables. Then fm ∈ L2(Rm
+ ) and with the help of

a slight generalization of Lemma 2.1.3 we see that

Im( fm) =
∑

p∈E , |p|=m

cp ( f )

p!
Im

�
∏

i∈N
g
⊗pi
i

�

=
∑

p∈E , |p|=m

cp ( f )

p!

∏

i∈N
Ipi
(g
⊗pi
i )

=
∑

p∈E , |p|=m

cp ( f )

p!

∏

i∈N
Hpi
(W (gi )).

Summing this expression over m yields the desired

F =
∞
∑

m=0
Im( fm).

The remaining claims are obvious.

2.2. The canonical Wiener space: Malliavin’s derivative

In this chapter we shall investigate the analogue of the gradient we encountered
in the differential calculus on the sequence space. Fix again an orthonormal basis
(gi )i∈N of L2(R+), and recall the isomorphism

T : L2(RN,BN, ν)→ L2(Ω,F , P ), f 7→ f ((W (gi ))i∈N). (2.12)
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Of course, every permutation of the basis functions gives another orthonormal
basis. So here we encounter the problem of coordinate dependence of our objects
of study. How can we define Malliavin’s derivative on the canonical space in a
both consistent and basis independent way? According to Theorem 1.5.2,

∇ f = (d j f ) j∈N

takes values in l 2. The corresponding object on the side of the canonical space is
L2(R+). It is therefore reasonable to make

DEFINITION 2.2.1. For n ∈ N let C∞p (R
n) denote the set of smooth functions

with all partial derivatives of polynomial growth. Let

S = {F : F = f (W (h1), . . . ,W (hn)), h1, . . . , hn ∈ L2(R+),
f ∈C∞p (R

n), n ∈N}. (2.13)

For F = f (W (h1), . . . ,W (hn)) ∈S and t ≥ 0 let

Dt F =
n
∑

i=1

∂

∂ xi
f (W (h1), . . . ,W (hn))hi (t ). (2.14)

To check if this is a good candidate for the Malliavin gradient in the setting
of the canonical space, let us verify in detail the independence from the specific
representation of functionals. Let h1, . . . , hn ∈ L2(R+) and g1, . . . , gm ∈ L2(R+)
be orthonormal such that the linear hulls of the two systems are identical, and
suppose that for some f ∈C∞p (R

n) and g ∈C∞p (R
m) we have

f (W (h1), . . . ,W (hn)) = g (W (g1), . . . ,W (gm)).

For 1≤ i ≤ n write

hi =
m
∑

j=1

〈hi , g j 〉g j .

Then, setting
Γ= (〈hi , g j 〉)1≤i≤n, 1≤ j≤m ,

we obviously have f ◦Γ= g . Therefore
m
∑

j=1

∂

∂ x j
( f ◦Γ)(W (g1), . . . ,W (gm))g j

=
m
∑

j=1

n
∑

i=1

∂

∂ xi
f (W (h1), . . . ,W (hn))〈hi , g j 〉g j

=
n
∑

i=1

∂

∂ xi
f (W (h1), . . . ,W (hn))hi .
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This proves that the definition of D is independent of the representation of func-
tionals in S .

If h ∈ L2(R+) is another function and F = f (W (g1), . . . ,W (gm)), we have by
definition

〈D·F , h〉=
m
∑

i=1

∂

∂ xi
f (W (g1), . . . ,W (gm))〈gi , h〉,

in particular for i ∈N,

〈D·F , gi 〉=
∂

∂ xi
f (W (g1), . . . ,W (gm)) = di f (W (g1), . . . ,W (gm)). (2.15)

We may therefore interpret 〈D·F , gi 〉 as the directional derivative in direction
of gi , and by Parseval’s identity we have

〈DF , DF 〉=
m
∑

i=1

〈DF , gi 〉
2 =

m
∑

i=1

(di f )2(W (g1), . . . ,W (gm))

= |∇ f |2(W (g1), . . . ,W (gm)). (2.16)

Analogously, higher derivatives are related to each other. So we see that the iso-
morphism T also maps 〈DF , DF 〉 to |∇ f |2. Consequently, we can simply trans-
fer the definitions of Gaussian Sobolev spaces to the setting of the canonical
Wiener space.

DEFINITION 2.2.2. Let p ≥ 2 and s ∈ N. For F ∈ L2(Ω,F , P ) denote by
f ∈ L2(RN,BN, ν) the function for which we have F = f ((W (gi ))i∈N). Then
let

D p
s = {F : f ∈D p

s (R
N)} (2.17)

(the canonical Gaussian Sobolev space of order (s , p)), with the norm

‖F ‖s , p = ‖ f ‖s , p . (2.18)

For F = T ( f ) ∈D p
s and 1≤ r ≤ s , let

D r F =
∞
∑

j1,..., jr=1

d j1
· · ·d jr

f (W (gi )i∈N)g j1
⊗ · · ·⊗ g jr

(2.19)

(the canonical Malliavin derivative of order r ).

REMARK. From our knowledge of sequence spaces we can easily derive that D p
s

is a Banach space with respect to the norm ‖ · ‖s , p for p ≥ 2 and s ∈ N, and that
for F ∈D p

s we have

‖F ‖s , p =
s
∑

r=0
‖〈D r F , D r F 〉1/2‖p .

We know that D p
s is the closure of S with respect to the norm ‖ · ‖s , p .
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Turning to p = 2, we know that D2
1 is a Hilbert space with respect to the

scalar product

(F ,G)1,2 = E(F G)+ E(〈DF , DG〉), F ,G ∈D2
1 .

Moreover, we know that D is a closed operator, defined on D2
1 , which is contin-

uous as a mapping from D2
1 to L2(Ω,F , P ).

Let us now investigate how D acts on the decomposition into Wiener–Itô
integrals.

THEOREM 2.2.1. Let F =
∑∞

m=0 Im( fm) ∈ L2(Ω,F , P ) be given, with fm sym-
metric for any m ≥ 0. Then

F ∈D2
1 if and only if

∞
∑

m=1
mm!‖ fm‖

2
2 <∞.

In this case

Dt F =
∞
∑

m=1
mIm−1( fm(·, t )) (2.20)

(for P ⊗λ-a.e. (ω, t ) ∈Ω×R+).
Proof. 1. Suppose that with respect to an orthonormal basis (gi )i∈N of L2(R+)
we have F = T ( f ) with f ∼ (cp ( f )). As before, for m ≥ 0 let

fm =
∑

p∈E , |p|=m

cp ( f )

p!

∏

i∈N
g
⊗pi
i .

We interpret
∏

i∈N g
⊗pi
i as

∏k
j=1 g

⊗pi j

i j
where i1, . . . , ik are precisely those indices

for which pi1
, . . . , pik

> 0.

2. Let now p ∈ E be such that |p|= m, and let t ≥ 0. Then

Dt Im

�
∏

i∈N
g
⊗pi
i

�

=Dt

∏

i∈N
Ipi
(g
⊗pi
i )

=Dt Hp ((W (gi )i∈N)

=
∑

i∈N
pi

∏

j 6=i

Hp j
(W (g j ))Hpi−1(W (gi ))gi (t )

= Im−1

�
∑

i∈N
pi

∏

j 6=i

g
⊗p j

j g
⊗pi−1

i gi (t )
�

.

Hence by closedness of D , symmetry of fm and |p|= m, the desired formula

Dt Im( fm) = mIm−1( fm(·, t ))

follows.
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3. For n ∈N let now
Fn =

n
∑

m=0
Im( fm).

By the closedness of the operator D and the remarks above, we know that

F ∈D2
1 if and only if (Fn)n∈N is Cauchy in D2

1 .

Now we know from the first part of the proof that

DFn =
n
∑

m=1
mIm−1( fm(·, ·)).

Let n, m ∈N with n ≥ m be given. Then

E(〈D(Fn − Fm), D(Fn − Fm)〉) =
n
∑

k=m+1

k2
∫

R+
(k − 1)! 〈 fk (·, t ), fk (·, t )〉d t

=
n
∑

k=m+1

k2(k − 1)!‖ fk‖
2
2.

Hence (DFn)n∈N is a Cauchy sequence in D2
1 if and only if

∑∞
k=0 kk!‖ fk‖22 <∞.

In this case, the series with the desired representation converges.

We need some rules to be able to calculate with the Malliavin gradient D .

THEOREM 2.2.2. Let p ≥ 2 and d ∈N, φ ∈C 1(Rd ) with bounded partial deriva-
tives, and let F = (F 1, . . . , F d ) ∈ (D p

1 )
d . Then φ ◦ F ∈D p

1 and

Dφ ◦ F =
d
∑

i=1

∂

∂ xi
φ(F )DF i . (2.21)

Proof. The proof of Theorem 1.6.1 translates.

With the following properties we prepare a study of the dual operator of D .

THEOREM 2.2.3. Let F ∈S and h ∈ L2(R+). Then

E(〈DF , h〉) = E(F W (h)). (2.22)

Proof. We may assume that F = f (W (g1), . . . ,W (gn)) and h = g1 with respect to
an orthonormal system g1, . . . , gn ∈ L2(R+). In this case by duality of d1 and δ1
we have

E(〈DF , h〉) = E
�

∂

∂ x1
f (W (g1), . . . ,W (gn))

�

= 〈∇ f | (1,0, . . . , 0)〉
= 〈 f |δ11〉= 〈 f |H(1,0,... )〉
= E( f (W (g1), . . . ,W (gn))W (g1))
= E(F W (h)).

This completes the proof.
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THEOREM 2.2.4. Let F ,G ∈S and h ∈ L2(R+). Then

E(G〈DF , h〉) = E(F GW (h)− F 〈DG, h〉). (2.23)

Proof. Apply Theorem 2.2.3 to the function F G.

2.3. The canonical Wiener space: Skorokhod’s integral

In this chapter we focus on the dual operator (in the sense of Hilbert space the-
ory) of the Malliavin gradient rather than on the Gaussian sequence spaces. In the
setting of the canonical Wiener space, this operator turns out to be a stochastic
integral.

So far we know that
D : D2

1 → L2(Ω×R+)

is densely defined and linear.

DEFINITION 2.3.1. Let

dom(δ) = {u ∈ L2(Ω×R+) : there is c ∈R such that for any

F ∈D2
1 we have E(〈DF , u〉)≤ c‖F ‖2}. (2.24)

For u ∈ dom(δ) the mapping F 7→ E(〈DF , u〉) can be extended to a con-
tinuous linear functional. Hence by Riesz’ representation theorem we may find
δ(u) ∈ L2(Ω) such that

E(〈DF , u〉) = E(F ·δ(u)), F ∈D2
1 . (2.25)

Since D is densely defined, δ(u) is unique for any u ∈ dom(δ).

DEFINITION 2.3.2. For u ∈ dom(δ) the uniquely determined random variable
δ(u) ∈ L2(Ω) is called the Skorokhod integral of u.

NOTATION. We write δ(u) =
∫

R+
utδWt .

Why is this operator called integral? To answer this question, we first ask how
elementary processes are “integrated”.

DEFINITION 2.3.3. Let

SL2(R+)
=
n

u : u =
n
∑

i=1

Fi hi , Fi ∈S , hi ∈ L2(R+), n ∈N
o

. (2.26)

LEMMA 2.3.1. Let u =
∑n

i=1 Fi hi ∈SL2(R+)
. Then

δ(u) =
n
∑

i=1

[FiW (hi )−〈DFi , hi 〉].
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Proof. By linearity of δ we may assume that u = F h with F ∈ S and h ∈
L2(R+). Then for G ∈S , by Theorem 2.2.4,

E(〈u, DG〉) = E(F 〈h, DG〉)
= E(F GW (h)−G〈h, DF 〉)
= E(G[F W (h)−〈DF , h〉]).

Hence we have
δ(u) = F W (h)−〈h, DF 〉.

This completes the proof.

Recall now the standard Wiener filtration (Ft )t≥0, which for t ≥ 0 is given
by the P -completion Ft of σ(Ws : s ≤ t ). Lemma 2.3.1 yields the elementary
Itô integral if Fi isFti

-measurable, hi = 1]ti ,ti+1]
, where 0= t0 < t1 < · · ·< tn , if

〈DFi , hi 〉= 0,1≤ i ≤ n− 1. This is indeed the case, as we will show now.

LEMMA 2.3.2. Let F ∈D2
1 , A∈ B1

+ andFA= σ(W (1B ) : B ⊂A,λ(B)<∞). Then

E(F |FA) ∈D2
1

and
Dt E(F |FA) = E(Dt F |FA)1A(t ) (2.27)

(in L2(Ω×R+)).
Proof. 1. We first consider F = f (W (h1), . . . ,W (hn)) ∈ S . By setting g (x1, . . . ,
xn , y1, . . . , yn) = f (x1+ y1, . . . , xn + yn) for x1, . . . , yn ∈R, we can write

F = g (W (h11A), . . . ,W (hn1A),W (h11Ac ), . . . ,W (hn1Ac )).

Let
Q = P ◦ (W (h11Ac ), . . . ,W (hn1Ac ))−1.

Then by independence ofFA and the vector (W (h11Ac ), . . . ,W (hn1Ac )) we have

E(F |FA) =
∫

g (W (h11A), . . . ,W (hn1A), y1, . . . , yn)dQ(y1, . . . , yn).

Hence E(F |FA) ∈S and

Dt (E(F |FA) =
n
∑

i=1

∫

∂

∂ xi
g (W (h11A), . . . ,W (hn1A), y1, . . . , yn)

dQ(y1, . . . , yn)hi (t )1A(t )
= E(Dt F |FA)1A(t ).

2. It remains to approximate F ∈D2
1 using standard arguments.

THEOREM 2.3.1. Let u ∈ L2(Ω×R+) be (Ft )-adapted. Then

u ∈ dom(δ) and δ(u) =
∫

R+
ut dWt (Itô integral). (2.28)
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Proof. 1. Let 0≤ s < t and F ∈ L2(Ω,Fs , P ). We prove

u = F 1]s ,t] ∈ dom(δ) and δ(u) = F (Wt −Ws ).

(a) Let first F ∈S . Then by Lemmas 2.3.1 and 2.3.2 we may write

δ(u) = F (Wt −Ws )−〈DF , 1]s ,t]〉
= F (Wt −Ws )−〈DF 1[0,s], 1]s ,t]〉
= F (Wt −Ws ).

(b) For F ∈ L2(Ω,Fs , P ) let (F n)n∈N⊂S be such that F n→ F in L2(Ω,F , P ).
Then alsoS 3Gn = E(F n |Fs )→ F in L2(Ω,F , P ). Hence by (a) for any n ∈N,

δ(Gn1]s ,t]) =Gn(Wt −Ws ).

Moreover, this is a Cauchy sequence in L2(Ω,F , P ). Since δ is a closed operator
(as a dual operator), we obtain

F 1]s ,t] ∈ dom(δ) and δ(F 1]s ,t]) = F (Wt −Ws ).

2. (a) Let now u =
∑n

j=1 F j 1]s j ,t j ]
∈ L2(Ω× R+), where s j ≤ t j and F j is

Fs j
-measurable for 1≤ j ≤ n. Then by linearity

u ∈ dom(δ) and δ(u) =
n
∑

j=1

F j (Wt j
−Ws j

).

(b) Now given u as in the claim, choose a sequence (un)n∈N of simple adapted
processes as in (a) such that ‖un−u‖2→ 0 in L2(Ω×R+). Then use the closedness
of δ and the definition of the Itô integral to obtain

δ(u) = lim
n→∞

δ(un) = lim
n→∞

∫

R+
un

t dWt =
∫

R+
ut dWt .

This completes the proof.

We next ask how the Skorokhod integral acts on the decomposition into mul-
tiple Wiener–Itô integrals.

LEMMA 2.3.3. Let u ∈ L2(Ω × R+). Then for any m ≥ 0 there exist functions
fm ∈ L2(Rm+1

+ ) such that fm is symmetric in its first m variables, and

ut =
∞
∑

m=0
Im( fm(·, t )) in L2(Ω×R+). (2.29)

Moreover,

E
�∫

R+
u2

s d s
�

=
∞
∑

m=0
m!‖ fm‖

2
2.
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Proof. Choose a sequence (un)n∈N ⊂ L2(Ω×R+) of elementary processes such
that

‖un − u‖2→ 0 (n→∞).
Suppose F n

k
∈ L2(Ω), g n

k
∈ L2(R+), 1≤ k ≤ mn , n ∈N are given such that

un
t =

mn
∑

k=1

F n
k g n

k (t ).

For n ∈N and 1≤ k ≤ mn let

F n
k =

∞
∑

m=0
Im( f

k ,n
m ), f k ,n

m ∈ L2(Rm
+ ) symmetric.

Then

un
t =

∞
∑

m=0
Im

�

mn
∑

k=1

f k ,n
m g n

k (t )
�

, t ∈R+.

Define

f n
m =

mn
∑

k=1

f k ,n
m g n

k , m ≥ 0, n ∈N.

Then f n
m ∈ L2(Rm+1

+ ), f n
m is symmetric in its first m variables, and by orthogo-

nality and symmetry we have, for l , n ∈N,

‖un − u l‖22 =
∞
∑

m=0
m!‖ f n

m − f l
m‖

2
2.

Hence for any m ≥ 0, ( f n
m )n∈N is a Cauchy sequence in L2(Rm+1

+ ) which con-
verges to a function fm which is also symmetric in the first m variables. For
un,M =

∑M
m=0 Im( f

n
m ), n, M ∈N, we obtain

∞> ‖u‖22 = lim
n→∞

‖un‖22 = sup
M∈N

lim
n→∞

‖un,M‖22

= sup
M∈N

M
∑

m=0
m!‖ fm‖

2
2 =

∞
∑

m=0
m!‖ fm‖

2
2.

By a similar argument and by definition we must have

ut =
∞
∑

m=0
Im( fm(·, t )), t ≥ 0.

This completes the proof.

THEOREM 2.3.2. Let u ∈ L2(Ω×R+), u =
∑∞

m=0 Im( fm(·, ·)) according to Lemma
2.3.3. Then

u ∈ dom(δ) if and only if
∞
∑

m=0
(m+ 1)!‖ f̃m‖

2
2 <∞.
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In this case

δ(u) =
∞
∑

m=0
Im+1( fm). (2.30)

Proof. 1. Let n ∈N, g ∈ L2(Rn
+) and G = In(g ). We show that

E(〈u, DG〉) = E(In( fn−1)G).

In fact, by Theorem 2.2.1,

E(〈u, DG〉) = E(〈u, nIn−1(g (·, ·))〉)

= n
∫

R+
E(In−1( fn−1(·, t ))In−1(g (·, t )))d t

= n!〈 fn−1, g 〉= E(In( fn−1)G).

2. Let us now prove the “if” part of the claim. For this purpose, let u ∈
dom(δ) and G = In(g ) ∈Hn , n ∈N. Then by the first part and by duality,

E(δ(u)G) = E(In( fn−1)G).

By extending G to other components of L2(Ω) and linearity we obtain

L2(Ω) 3 δ(u) =
∞
∑

n=0
In+1( fn),

∞
∑

n=0
(n+ 1)!‖ f̃n‖

2
2 <∞.

3. Let us now establish the “only if” part of the claim. Assume that
∑∞

n=0(n + 1)!‖ f̃n‖22 < ∞. Let V =
∑∞

n=0 In+1( fn), which is well defined, and
G =

∑∞
n=0 In(gn) ∈ L2(Ω) with gn ∈ L2(Rn

+), n ∈ N, symmetric, and finally let
Gn =

∑n
k=0 Ik (gk ), n ∈N. Then we may again appeal to the first part of the proof

to get
E(〈u, DGn〉) = E(V Gn), n ∈N.

By approximation, this equality extends to G ∈ D2
1 . Since V ∈ L2(Ω), we obtain

u ∈ dom(δ) and δ(u) =V . This completes the proof.

For practical purposes it is not easy to deal with dom(δ) when discussing
the Skorokhod integral. The space is analytically hardly accessible. For questions
relating to the calculus of Skorokhod’s integral it is preferable to work on the
following subspace.

DEFINITION 2.3.4. Let

L2
1 =
�

u ∈ L2(Ω×R+) : ut ∈D2
1 for λ-a.a. t ≥ 0, and

for some measurable version of (s , t ) 7→Ds ut we have

E
�∫

R+

∫

R+
|Ds ut |

2 d s d t
�

<∞
�

. (2.31)



2.3. The canonical Wiener space: Skorokhod’s integral 51

REMARK. L2
1 is a Hilbert space with the norm ‖u‖21,2 = ‖u‖

2
2+ ‖D u‖22.

How can L2
1 be described in terms of Wiener–Itô decompositions?

REMARK. Let u ∈ L2(Ω × R+), u =
∑∞

m=0 Im( fm(·, ·)), according to Lemma
2.3.3. Let us formulate in these terms the conditions of the definition of L2

1. First
of all, for t ≥ 0, according to Theorem 2.2.1, ut ∈D2

1 means that

∞
∑

m=0
mm!‖ fm(·, t )‖22 <∞.

In the same terms, E(
∫

R+

∫

R+
|Ds ut |2 d s d t )<∞ then means that

∞
∑

m=0
mm!

∫

R+
‖ fm(·, t )‖22 d t =

∞
∑

m=0
mm!‖ fm‖

2
2 <∞.

The latter is the case iff
∞
∑

m=0
(m+ 1)!‖ fm‖

2
2 <∞.

Compare this with the condition we obtained in Theorem 2.3.2. Since for
m ≥ 0 we have ‖ f̃m‖2 ≤ ‖ fm‖2, we obviously have

L2
1 ⊂ dom(δ).

How is Itô’s isometry transferred to the Skorokhod integral?

THEOREM 2.3.3. Let u, v ∈ L2
1. Then

E(δ(u)δ(v)) = E
�∫

R+
ut vt d t

�

+ E
�∫

R2
+

Dt us Ds vt d s d t
�

. (2.32)

Proof. 1. Let first u ∈SL2(R+)
. We show that

Dtδ(u) = ut +δ(Dt u) (in L2(Ω×R+)).

By linearity, we may assume that u = F h, where F ∈ S and h ∈ L2(R+). Then
according to Lemma 2.3.1 we may write δ(u) = F W (h)−〈DF , h〉, and therefore

Dtδ(u) =Dt F W (h)+ F h(t )−〈Dt DF , h〉
= ut +δ(Dt F h)
= ut +δ(Dt u).
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2. Let still u ∈ SL2(R+)
. Then duality, the above calculation and the fact that

v ∈ L2
1 lead to

E(δ(u)δ(v)) = E(〈Dδ(u), v〉)
= E(〈u, v〉+ 〈δ(D·u), v〉)

= E(〈u, v〉)+ E
�∫

R2
+

Dt us Ds vt d s d t
�

.

3. It remains to approximate u by functions in SL2(R+)
, and to use the fact

that convergence in L2
1 implies convergence for all three terms in the formula.

We finally give a rule for the Malliavin differentiation of Itô integrals which
will be of use in applications of Malliavin’s calculus to stochastic analysis.

THEOREM 2.3.4. Let u ∈ L2(Ω× [0,1]) be adapted, and Xt =
∫ t

0 us dWs , 0 ≤
t ≤ 1, its Itô integral process. Then

u ∈ L2
1 if and only if XT ∈D2

1 for all T ∈ [0,1].

In this case X ∈ L2
1 and for 0≤ t ≤ T ≤ 1 we have

Dt XT = ut 1[0,T ](t )+
∫ T

t
Dt ur dWr , (2.33)

and
∫ T

0
E(|Dt XT |

2)d t =
∫ T

0
E(ut )

2 d t +
∫ T

0

∫ T

t
E(|Dt ur |

2)d r d t .

Proof. For simplicity let T = 1. This time we use Wiener–Itô decompositions for
approximations.

1. We will use an extension of the representation of Lemma 2.3.3 to adapted u.
Let u =

∑∞
m=0 Im( fm(·, ·)) be the representation according to Lemma 2.3.3. Here

for any m ≥ 0 the function fm ∈ L2(Rm+1
+ ) is symmetric in its first m variables.

We show that

fm(·, t ) = fm(·, t )1[0,t]m (·) (in L2(Rm+1
+ )), (2.34)

and thus

‖ f̃m‖
2
2 =

1

m+ 1
‖ fm‖

2
2. (2.35)

In fact, resume the notation of the proof of Lemma 2.3.3, specialized to the
adapted case. We approximate u in L2(Ω× [0,1]) by functions

un =
mn
∑

k=1

F n
k 1]t n

k ,t n
k+1]

, n ∈N,
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where 0 = t n
1 < · · · < t n

mn
= 1 and F n

k
is Ft n

k
-measurable. In the Wiener–Itô

decomposition

F n
k =

∞
∑

m=0
Im( f

k ,n
m )

of F n
k

, by its measurability properties and Lemma 2.3.2, for t1, . . . , tm ∈ R+ we
have

f k ,n
m (t1, . . . , tm) = m! Dt1

· · ·Dtm
Im( f

k ,n
m )

= m! Dt1
· · ·Dtm

Im( f
k ,n

m )1[0,t n
k ]

m (t1, . . . , tm)

= f k ,n
m (t1, . . . , tm)1[0,t n

k ]
m (t1, . . . , tm).

Hence the functions

f n
m =

mn
∑

k=1

F k ,n
m 1]t n

k , t n
k+1
], m ≥ 0, n ∈N,

satisfy
f n
m (·, t ) = f n

m (·, t )1[0,t]m (·) for any t ≥ 0.

Now use a diagonal sequence argument to select a subsequence (vn)n∈N of
(un)n∈N with corresponding Wiener–Itô functions g n

m ∈ L2(Rm+1
+ ), symmetric

in their first m variables, and such that g n
m→ fm P⊗λ-a.e. for any m ≥ 0. Hence

for m ≥ 0 we have

fm(·, t ) = fm(·, t )1[0,t]m (·) (in L2(Rm+1
+ )).

To prove the second assertion, note that by the validity of the first,

f̃m =
1

m+ 1

m+1
∑

i=1

h i
m ,

where the h i
m have disjoint supports, and their norms in L2(Rm+1

+ ) are identical
to those of fm . Hence

‖ f̃m‖
2
2 =

1

(m+ 1)2

m+1
∑

i=1

‖h i
m‖

2
2 =

1

m+ 1
‖ fm‖

2
2,

as claimed.

2. Now as shown in the remark above, u ∈ L2
1 translates into

∞
∑

m=0
(m+ 1)!‖ fm‖

2
2 <∞.
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Moreover, we know that X1 = δ(u) =
∑∞

m=0 Im+1( fm), and by Theorem 2.2.1,
X1 ∈D2

1 if and only if

∞
∑

m=0
(m+ 1)(m+ 1)!‖ f̃m‖

2
2 <∞.

But according to the first part of the proof,

∞
∑

m=1
(m+ 1)(m+ 1)!‖ f̃m‖

2
2 =

∞
∑

m=1
(m+ 1)!‖ fm‖

2
2.

This proves the first claim of the theorem.

3. Let us next prove the differentiation formula. Note first that by Lemma
2.3.2,

Dt us =Dt us 1[t ,1](s) (in L2([0,1]2)).

Moreover, for t ≤ s ≤ 1 we have, according to Theorem 2.2.1,

Dt us =Dt

∞
∑

m=0
Im( fm(·, s))

=
∞
∑

m=1
mIm−1( fm(. . . , t , s)).

Since D u ∈ L2(Ω × [0,1]2) according to the definition of L2
1, and since for

fixed t the process (Dt us )t≤s≤1 is adapted, we know from Theorem 2.3.1 that
(Dt us )t≤s≤1 is Itô integrable and that its Itô and Skorokhod integrals are identi-
cal. More formally,

∫ 1

t
Dt us dWs =

∫ 1

0
Dt us dWs = δ(Dt u)

=
∞
∑

m=0
mIm( fm(. . . , t , ·)).

Finally, we know that X1 = δ(u) ∈D2
1 . We can compute the Malliavin derivative

for t ∈ [0,1] (in the usual sense of equality in L2(Ω× [0,1]))

Dtδ(u) =Dt

∞
∑

m=0
Im+1( fm)

=Dt

∞
∑

m=0
Im+1( f̃m)
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=
∞
∑

m=1
(m+ 1)Im( f̃m(·, t ))

=
∞
∑

m=1
Im( fm(·, t ))+

∞
∑

m=1
mIm( fm(. . . , t , ·)).

The last line is now identified with ut +
∫ 1

t Dt us dWs by using the expansions
of these two expressions given above. The norm equation follows from Itô’s iso-
metry.



3. Backward stochastic differential equations

3.1. Martingale optimality and backward stochastic differential equations

Backward stochastic differential equations (BSDE) constitute a very successful
and active tool for stochastic finance and insurance, and more generally serve as
a central method of stochastic control theory. Let us validate this claim in this
introductory section by looking at a typical utility optimization problem arising
in financial stochastics in the context of incomplete markets. In fact, we shall
derive an important class of BSDE by applying martingale optimality to solve
an optimal investment problem of a small financial agent whose income is partly
affected by market external risk. We follow Hu et al. [15].

Let T > 0 be a finite time horizon which determines an interval during which
financial investment decisions are taken. For the probabilistic setting, we fix a
canonical probability space (Ω,F , P ) carrying an n-dimensional Brownian mo-
tion (Wt )t∈[0,T ]. The filtration (Ft )t≥0 is the natural filtration of W completed
by sets of P -measure 0. We imagine a small investor active on the market who
receives his income from two sources. As a first source, he is able to invest in the
financial market. The market is supposed to be modelled by one bond with in-
terest rate zero and d < n stocks. In this case we face an incomplete market. The
price process of stock i evolves according to the equation

d S i
t

S i
t

= b i
t d t +σ i

t dWt , i = 1, . . . , d , (3.1)

where b i (resp. σ i ) is an R-valued (resp. R1×n -valued) predictable uniformly
bounded stochastic process. The rows of the d × m-matrix σ are the vectors
σ i

t , i = 1, . . . , d . The volatility matrix σ = (σ i )i=1,...,d has full rank and we as-
sume that σσ∗ is uniformly elliptic, i.e. KId ≥ σσ∗ ≥ εId , P -a.s. with constants
K > ε > 0. The predictable Rn -valued process, called the market price of risk and
defined by

θt = σ
∗
t (σtσ

∗
t )
−1bt , t ∈ [0,T ],

is then also uniformly bounded.
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A d -dimensional (Ft )t∈[0,T ]-predictable process π = (πt )0≤t≤T is called a

trading strategy if
∫

π d S
S is well defined, e.g.

∫ T
0 ‖πtσt‖2 d t <∞ P -a.s. For 1 ≤

i ≤ d , the processπi
t describes the amount of money invested in stock i at time t .

The number of shares is πi
t/S i

t . The wealth process Xπ based on the trading
strategy π with initial capital x satisfies the stochastic differential equation

Xπ
t = x +

d
∑

i=1

∫ t

0

πi ,u

Si ,u
d Si ,u = x +

∫ t

0
πuσu (dWu +θu d u), t ∈ [0,T ]. (3.2)

In this notation π has to be taken as a vector in R1×d . We allow further con-
straints on the trading strategies the agent chooses. Our approach to the trader’s
utility optimization problem by means of martingale optimality instead of du-
ality theory of convex analysis will allow us to work with arbitrary closed, not
necessarily convex constraint sets. Hence we shall require that the trading strate-
gies take their values in a closed set, i.e. πt (ω) ∈ C̃ , with C̃ ⊆ R1×d closed. For
technical reasons we impose some further integrability assumptions which at the
same time guarantee that there is no arbitrage.

In our concept of admissible trading strategies we use martingales of bounded
mean oscillation, briefly BMO-martingales. We recall a few well known facts from
this theory following [20]. Let (Gt )0≤t≤T be a complete, right-continuous fil-
tration, P a probability measure and M a continuous local (P, (Gt ))-martingale
satisfying M0 = 0. Let 1 ≤ p <∞. Then M belongs to the normed linear space
BMOp if

‖M‖BMOp
:= sup

τ (Gt )-stopping time
E[|MT −Mτ |

p |Gτ]
1/p <∞.

By Corollary 2.1 in [20], M is a BMOp -martingale if and only if it is a BMOq -
martingale for every q ≥ 1. Therefore it is simply called a BMO-martingale. In
particular, M is a BMO-martingale if and only if

‖M‖BMO2
= sup
τ (Gt )-stopping time

E[〈M 〉T −〈M 〉τ |Gτ]
1/2 <∞.

This means that local martingales of the form Mt =
∫ t

0 ξs dWs are BMO-martin-
gales if and only if

‖M‖BMO2
= sup
τ (Gt )-stopping time

E
�∫ T

τ
‖ξs‖

2 d s
�

�

�

�

Gτ

�1/2

<∞. (3.3)

By finiteness of time horizon, this condition is satisfied for bounded integrands.
According to Theorem 2.3 of [20], the stochastic exponential exp(M − 1

2〈M 〉) of
a BMO-martingale M is a uniformly integrable martingale. If Q is a probability
measure defined by dQ = exp(M − 1

2〈M 〉)T d P for a P -BMO martingale M , then
a P -BMO martingale is a BMO-martingale under Q (Theorem 3.6 in [20]).
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DEFINITION 3.1.1. Let C̃ be a closed set in R1×d . The set Ã of admissible trad-
ing strategies consists of all d -dimensional predictable processes π = (πt )0≤t≤T

which satisfy πt ∈ C̃ λ ⊗ P -a.s.,
∫ ·

0 πsσs dWs is a P -BMO-martingale, and
E(U (Xπ

T ))>−∞.

The boundedness of θ following from our hypotheses, and Theorem 3.6 in
[20], imply that the wealth process Xπ is a BMO-martingale under the equivalent
probability measure (risk neutral measure)

Q0 = exp
�

−
∫ T

0
θs dWs −

1

2

∫ T

0
|θs |

2 d s
�

· P. (3.4)

Therefore the set Ã is free of arbitrage, i.e. in this set there is no trading strategy
π with initial capital Xπ

0 = 0, terminal wealth Xπ
T ≥ 0 P -a.s. and P[Xπ

T > 0]> 0.
For technical reasons, we define for t ∈ [0,T ] andω ∈Ω the effective constraint
set by

Ct (ω) = C̃σt (ω). (3.5)

If we write

pt =πtσt , X p
t = x +

∫ t

0
pu (dWu +θu d u), t ∈ [0,T ], (3.6)

the set of admissible trading strategies Ã for π is transformed into a constraint
set A for the R1×n -valued predictable stochastic process p which will also be
called a strategy, characterized by pt (ω) ∈Ct (ω) for P⊗λ-a.e. (ω, t ) ∈Ω×[0,T ],
and

∫ ·
0 ps dWs is a Q0-BMO-martingale, hence a P -BMO-martingale (see Kaza-

maki [20, Theorem 3.6]).
Our investor’s second source of income is given by some bounded random lia-

bility F which is assumed to beFT -measurable, but not necessarily positive. The
uncertainty inherent in this random loss may be thought of as being independent
of or only correlated to the financial market: remember that d < n, i.e. there
are components of the Wiener process of our model independent of the stocks,
which may cause part of the uncertainty in F . One may think of a weather or
climate dependent liability, such as the random loss of a re-insurance company
due to hurricane risk.

So the investor’s total income for an investment strategy p at terminal time T
of the trading interval is then given by X p

T
− F . Now suppose he draws utility

from this wealth according to an exponential utility function

U (x) =−exp(−αx), x ∈R, (3.7)

where α > 0 describes his risk aversion. In these terms the investor finally wants
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to find the maximum in the utility optimization problem

V (x) = sup
p∈A

E[−exp(−α(X p
t − F ))]

= sup
p∈A

E
�

−exp
�

−α
�

x +
∫ T

0
pt (dWt +θt d t )− F

���

, (3.8)

where x is the initial wealth. Here V is called the value function.
In order to find the value function and an optimal strategy we use the mar-

tingale optimality principle. This is done by constructing a family (R(p))p∈A of
stochastic processes with the following properties:

(i) R(p)
T
=−exp(−α(X p

T
− F )) for all p ∈A ,

(ii) R(p)0 = R0 is a constant independent of p ∈A ,
(iii) R(p) is a supermartingale for all p ∈A ,
(iv) there exists a p∗ ∈A such that R(p∗) is a martingale.

The processes R(p) and the initial value R0 depend of course on the initial capi-
tal x.

Let us first show that once such a family of processes is constructed, our util-
ity optimization problem is solved. In fact, we can compare the expected utilities
of general strategies p ∈A corresponding to supermartingales R(p) and p∗ ∈A
corresponding to martingales R(p

∗) by using properties (i)–(iv) and writing

E[−exp(−α(X p
T
− F ))]≤ R0(x) = E[−exp(−α(X p∗

T
− F ))] =V (x), (3.9)

whence any p∗ (there may be more than one) gives an optimal strategy.
To construct such a family, we try to find a function f : Ω × R × Rn →

R, adapted in (ω, t ), and a pair of adapted control processes (Y,Z) indexed by
t ∈ [0,T ] which serve to effectively create a dynamical version of the random
liability F in the following way. (Y,Z) is a solution of the equation

Yt = Y0+
∫ t

0
Zs dWs +

∫ t

0
f (s ,Zs )d s , YT = F ,

which means that f creates a dynamics which controls the process Y into the
terminal condition F . Note that if f = 0, (Y,Z) will be given by the martingale
representation theorem. Written in a backward version, the conditions determin-
ing (Y,Z)may be expressed by the simpler equation

Yt = F −
∫ T

t
Zs dWs −

∫ T

t
f (s ,Zs )d s , t ∈ [0,T ]. (3.10)

We shall call this a backward stochastic differential equation (BSDE) with terminal
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condition F and generator f . In fact, in the subsequent section, we shall study
the problem of existence and uniqueness of solutions for BSDE with generators
which, besides ω, time and state z of Z , may also depend on the state y of the
process Y , and which are Lipschitz continuous in (y, z). Here, the dynamics in-
troduced by this BSDE is used in order to define the above stipulated family of
processes by setting

R(p)t :=−exp(−α(X (p)t −Yt )), t ∈ [0,T ], p ∈A , (3.11)

where (Y,Z) is a solution of (BSDE). Recalling the properties (i)–(iv) we require
the family (R(p))p∈A to fulfill, and noting that by choice of (BSDE) conditions
(i) and (ii) are already guaranteed, we are therefore bound to find a function f for
which R(p) is a supermartingale for all p ∈ A and there exists a p∗ ∈ A such
that R(p

∗) is a martingale. This function f , viaA , of course also depends on the
constraint set C where p takes its values (see (3.5)). We get

V (x) = R(p,x)
0 =−exp(−α(x −Y0)) for all p ∈A .

Let us now calculate f . For p ∈ A we write R(p) as the product of a (local)
martingale M (p) and a process of bounded variation Ã(p). For t ∈ [0,T ] define

M (p)t = exp(−α(x−Y0)exp
�

−
∫ t

0
α(ps−Zs )dWs−

1

2

∫ t

0
α2(ps−Zs )

2 d s
�

. (3.12)

Comparing R(p) and M (p)Ã(p) yields

Ã(p)t =−exp
�∫ t

0
v(s , ps ,Zs )d s

�

, t ∈ [0,T ], (3.13)

with

v(t , p, z) =−α pθt +α f (t , z)+
1

2
α2|p − z |2. (3.14)

Now we turn the requirements that R(p) be a supermartingale for any strategy p
and a martingale for a certain p∗ into conditions on v and thus f . As M (p) is a
(local) martingale, we see that (iii) and (iv) are equivalent to the conditions that
A(p) be decreasing for any p ∈ A and constant for a certain particular p∗. In
other words,

v(t , pt ,Zt )≥ 0 for all p ∈A , and
v(t , p∗t ,Zt ) = 0 for some p∗ ∈A .

To see from these two conditions how f has to be chosen, note that for t ∈ [0,T ]
we obtain by completing squares
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1

α
v(t , pt ,Zt ) =

α

2
|pt |

2−α pt

�

Zt +
1

α
θt

�

+
α

2
|Zt |

2+ f (t ,Zt )

=
α

2

�

�

�

�

pt −
�

Zt +
1

α
θt

��

�

�

�

2

−
α

2

�

�

�

�

Zt +
1

α
θt

�

�

�

�

2

+
α

2
Z2

t + f (t ,Zt )

=
α

2

�

�

�

�

pt −
�

Zt +
1

α
θt

��

�

�

�

2

−Ztθt −
1

2α
|θt |

2+ f (t ,Zt ).

Recall that p is supposed to be constrained to the closed random set C . So if we
set

f (·, t , z) =−
α

2
dist2

�

z +
1

α
θt ,Ct (·)

�

+ zθt (·)+
1

2α
|θt (·)|

2,

the function is well defined, since so is the distance between a point and a closed
set. Note that f is not globally Lipschitz continuous in z. For this choice we
obviously get v ≥ 0. If for a closed set C ⊂Rn and a ∈Rn we set

ΠC (a) = {b ∈C : |a− b |= dist(C ,a)},
then for

p∗t ∈ΠCt (ω)

�

Zt +
1

α
θt

�

, t ∈ [0,T ], (3.15)

we obtain v(·, p∗,Z) = 0. Hence the family (R(p))p∈A has the properties (i)–
(iv) of the martingale optimality principle with this choice. We summarize our
findings in the following main theorem.

THEOREM 3.1.1. Suppose that F is bounded andFT -measurable. Choose

f (·, t , z) =−
α

2
dist2

�

z +
1

α
θt (·),Ct (·)

�

+ zθt (·)+
1

2α
|θ(·)|2. (3.16)

Suppose that the BSDE corresponding to the pair (F , f ), given by

Yt = F −
∫ T

t
Zs dWs −

∫ T

t
f (s ,Zs )d s , t ∈ [0,T ], (3.17)

has a solution (Y,Z). Then the value function of the optimization problem (3.9) is
given by

V (x) =−exp(−α(x −Y0)). (3.18)

There exists an optimal trading strategy p∗ ∈A with

p∗t ∈ΠCt (·)

�

Zt +
1

α
θt

�

, t ∈ [0,T ], P-a.s. (3.19)

Theorem 3.1.1 states that provided there is a suitable pair (Y,Z) of processes
solving (3.17), the problem of optimal investment for our small investor is solved.
In the following section, we shall exhibit a theory of existence and uniqueness for
BSDE with Lipschitz continuous generators, which can be extended to also cover
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the generator of 3.1.1. The only thing to verify in addition is that this generator
has the required measurability properties, and that p∗ is indeed admissible. This
will be shown in the following proof.

Proof. 1. In the first part we establish the measurable selection result which in-
duces the measurability properties of p∗, given by (3.19).

LEMMA 3.1.1 (measurable selection). Let (at )t∈[0,T ], (σt )t∈[0,T ] be R1×n -valued
resp. Rd×n -valued predictable stochastic processes, C̃ ⊂ Rd a closed set and Ct =
C̃σt , t ∈ [0,T ].

(a) The process
D = (dist(at ,Ct ))t∈[0,T ]

is predictable.
(b) There exists a predictable process a∗ with

a∗t ∈ΠCt
(at ) for all t ∈ [0,T ]. (3.20)

Proof. (a) We show the first claim. Observe that D is the composition of con-
tinuous mappings with predictable processes. For k ∈N let H k denote the space
of compact subsets of Rk equipped with the Hausdorff metric and B(H k ) the
Borel sigma-algebra with respect to this metric. The mapping dist :Rn×H n→R
is jointly continuous, henceB(Rn)⊗B(H n)-B(R)-measurable. Now consider
j :Rd×n×H d →H n that maps a compact subset C̃ in Rd by applying an d × n-
matrix σ̃ to a compact subset K̃ ofRn . More formally, j maps C̃ to the following
set:

K̃ = {b ∈Rn : ∃c̃ ∈ C̃ , b = c̃ σ̃}.
The mapping j is also jointly continuous and therefore B(Rn×d ) ⊗B(H d )-
B(H n)-measurable. Hence (a) follows for compact C̃ .

If more generally C̃ is closed but not bounded, take C̃m = C̃ ∩Bm where Bm
is the closed ball with radius m centered at the origin. According to what has
already been shown, for m ∈ N, dist(at , C̃mσt ) defines a predictable process and
dist(at , C̃mσt ) converges to dist(at , C̃σt ) as m→∞. This proves the first claim.

(b) In order to prove the second claim, we first concentrate on the case of
compact C̃ . We have to show that for z ∈ Rn and a compact set K̃ ⊂ Rn there
exists a B(Rn)⊗B(H n)-B(Rn)-measurable mapping ξ (z, K̃) with ξ (z, K̃) ∈
ΠK̃ (z). This is achieved by defining of a sequence of mappings ξn(z, K̃) with
randomly chosen indices that converges to an element of ΠK̃ (z). The choice of
the converging subsequence will depend in a measurable way on z and K̃ .

For m ∈N, let Gm = (x
m
i )i∈N be a dyadic grid with minx∈Gm

dist(z̄, x)≤ 1/m
for all z̄ ∈ Rn . Let the elements of the grid Gm be enumerated as {g m

i : i ∈ N}.
Let K̃m be the elements of the grid with distance at most 1/m from Gm . Since we
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can describe the sets K̃m as the intersections of the discrete set Gm with the closed
set of all points inRn at distance at most 1/n from K̃ , and this closed set depends
continuously on K̃ , it follows that K̃m is measurable in K̃ . For any z ∈ Rn , let
Πm(z, K̃) be the set of all points in K̃m with minimal distance from z. Since K̃m is
measurable in K̃ , Πm(z, K̃) is obviously measurable in (z, K̃). To define ξm(z, K̃),
we have to choose one point inΠm(z, K̃). Let it be the one with minimal index in
the enumeration of Gm . This choice preserves the measurability in (z, K̃). Hence
ξm(z, K̃) isB(Rn)⊗B(H n)-B(Rn)-measurable.

We next have to choose the subsequence with random indices. This is done
as in Lemma 1.55 of [11]. Let us argue with respect to an arbitrary probability
measure Q on the Borel sets of Rn × H n . First note that η = liminfm→∞ |ξm |
<∞. Let τ1 = 1, and

τm = inf{l > τm−1 : |ξl −η| ≤ 1/l} for m > 1.

Then it is plain that τm isB(Rn)⊗B(H n)-B(Rn)-measurable. Now take

ξ = liminf
m→∞

ξτm
,

which obviously inherits the measurability properties of the subsequence
with random indices. But ξ is a selection. Indeed, for every m ∈ N,
dist(ξτm

(z, K̃),ΠK̃ (z)) ≤ 1/τm . Thus by construction, ξ (z, K̃) ∈ ΠK̃ (z) for all

(z, K̃) ∈Rn ×H n .
We may then choose

a∗ = ξ (a,Cσ)

to satisfy the requirements of the second part of the assertion in the compact
case.

Finally, if C is only closed, we may proceed as in the proof for (a).

2. In the second part we show that p∗ also satisfies the integrability properties
required for admissible strategies.

LEMMA 3.1.2. Let Z be the second component of a solution of the BSDE (3.17), and
let p∗ be given by Lemma 3.1.1 for a = Z + 1

αθ. Then the processes
∫ ·

0
Zs dWs ,

∫ ·

0
p∗s dWs (3.21)

are P -BMO martingales.

Proof. As we shall see in the following section, as a consequence of the bounded-
ness of F , the process Y corresponding to Z in a solution of the BSDE (3.17) is
uniformly bounded P -a.s. Let k denote the upper bound. Applying Itô’s formula
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to the nonpositive process Y − k, we obtain, for stopping times τ ≤ T ,

E
�∫ T

τ
Z2

s d s
�

�

�

�

Fτ
�

= E[(H − k)2 |Fτ]− |Yτ − k|2

−2E
�∫ T

τ
(Ys − k) f (s ,Zs )d s

�

�

�

�

Fτ
�

The definition of f yields, for all (t , z) ∈ [0,T ]×Rn ,

f (t , z)≤ zθt +
1

2α
|θt |

2.

Therefore there exist positive constants c1, c2 and c̃1 such that

E
�∫ T

τ
|Zs |

2 d s
�

�

�

�

Fτ
�

≤ c1+ c2E
�∫ T

τ
|Zs + 1|d s

�

�

�

�

Fτ
�

≤ c̃1+
1

2
E
�∫ T

τ
|Zs |

2 d s
�

�

�

�

Fτ
�

.

Hence,
∫ ·

0 Zs dWs is a BMO-martingale.
We next deal with the stochastic integral process of p∗. The triangle inequal-

ity implies

|p∗| ≤
�

�

�

�

Z +
1

α
θ

�

�

�

�

+
�

�

�

�

p∗−
�

Z +
1

α
θ
��

�

�

�

.

The definition of p∗ yields, for some constants k1, k2,

|p∗t | ≤ 2|Zt |+
2

α
|θt |+ k1 ≤ 2|Zt |+ k2, t ∈ [0,T ],

and thus for every stopping time τ ≤ T ,

E
�∫ T

τ
|p∗t |

2 d t
�

�

�

�

Fτ
�

≤ E
�∫ T

τ
8|Zt |

2 d t + 2T k2
2

�

�

�

�

Fτ
�

.

This implies the P -BMO property of
∫ ·

0 p∗s dWs , and finishes the proof of the
theorem.

3.2. Existence theory under Lipschitz conditions

In this chapter we shall establish the basic existence and uniqueness theory for
backward stochastic differential equations in case the coefficients are Lipschitz
continuous.

We fix a finite time horizon T > 0 and a dimension m ∈ N. We start by
explaining some notation. Let (Ω,F , P ) be the canonical n-dimensional Wiener
space, with canonical Wiener process W = (W 1, . . . ,W n). Denote by (Ft )t≥0
the filtration of the canonical space, i.e. the natural filtration completed by sets
of P -measure 0.
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Let L2(Rm) be the linear space of Rm -valued FT -measurable random vari-
ables, endowed with the norm E(|X |2)1/2. Let H 2(Rm) denote the linear space
of (Ft )0≤t≤T -adapted measurable processes X : Ω× [0,T ]→Rm endowed with

the norm ‖X ‖2 = E(
∫ T

0 |Xt |2 d t )1/2. Further let H 1(Rm) denote the space of
(Ft )0≤t≤T -adapted measurable processes X : Ω× [0,T ] → Rm with the norm

‖X ‖1 = E([
∫ T

0 |Xt |2 d t]1/2). Finally, for β> 0 and X ∈H 2(Rm) let

‖X ‖22,β = E
�∫ T

0
eβt |Xt |

2 d t
�

, (3.22)

and let H 2,β(Rm) be the space H 2(Rm) endowed with the norm ‖ · ‖2,β.
We next describe the general hypotheses on the parameters of our BSDE. The

terminal condition ξ will be supposed to belong to L2(Rm). The generator will
be a function

f :Ω×R+×R
m ×Rn×m→Rm ,

which is product measurable, adapted in the time parameter, and satisfies

f (·, ·, 0, 0) ∈H 2(Rm). (3.23)

Moreover, f is uniformly Lipschitz, i.e. there exists C > 0 such that for any
(y1, z1), (y2, z2) ∈Rm ×Rn×m , P ⊗λ-a.e. (ω, t ) ∈Ω×R+,

| f (ω, t , y1, z1)− f (ω, t , y2, z2)| ≤C [|y1− y2|+ |z1− z2|]. (3.24)

Here for z ∈Rn×m we write |z |= (tr(z z∗))1/2.

DEFINITION 3.2.1. A pair of functions ( f ,ξ ) satisfying, besides the above men-
tioned measurability requirements, hypotheses (3.23), (3.24), is said to be a stan-
dard parameter.

Given standard parameters, we shall solve the problem of finding a pair of
(Ft )0≤t≤T -adapted processes (Yt ,Zt )0≤t≤T such that the backward stochastic dif-
ferential equation (BSDE)

dYt = Z∗t dWt − f (·, t ,Yt ,Zt )d t , YT = ξ , (3.25)

is satisfied.
In order to construct a solution, a contraction argument on suitable Banach

spaces will be used. For this purpose we shall need the following a priori inequal-
ities.

LEMMA 3.2.1. For i = 1,2, let ( f i ,ξ i ) be standard parameters and (Y i ,Z i ) ∈
H 2(Rm)×H 2(Rn×m) solutions of (3.25) with the corresponding standard parame-
ters. Let C be a Lipschitz constant for f 1. For 0≤ t ≤ T define

δYt = Y 1
t −Y 2

t , δZt = Z1
t −Z2

t ,

δ2 ft = f 1(·, t ,Y 2
t ,Z2

t )− f 2(·, t ,Y 2
t ,Z2

t ).
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Then for any triple (λ,µ,β) with λ > 0, λ2 >C , β≥C (2+λ2)+µ2 we have

‖δY ‖22,β ≤ T
�

eβT E(|δYT |
2)+

1

µ2
‖δ2 f ‖22,β

�

, (3.26)

‖δZ‖22,β ≤
λ2

λ2−C

�

eβT E(|δYT |
2)+

1

µ2
‖δ2 f ‖22,β

�

. (3.27)

Proof. 1. Let (Y,Z) ∈H 2(Rm)×H 2(Rn×m) be a solution of (3.25) with standard
parameters ( f ,ξ ). This means that for 0≤ t ≤ T we may write

Yt = ξ −
∫ T

t
Z∗s dWs +

∫ T

t
f (·, s ,Ys ,Zs )d s . (3.28)

We show that

sup
0≤t≤T

|Yt | ∈ L2(Rm).

In fact, by (3.28) we have

sup
0≤t≤T

|Yt | ≤ |ξ |+
∫ T

0
| f (·, s ,Ys ,Zs )|d s + sup

0≤t≤T

�

�

�

�

∫ T

t
Z∗s dWs

�

�

�

�

,

and, with the help of Doob’s inequality,

E
�

sup
0≤t≤T

�

�

�

�

∫ T

t
Z∗s dWs

�

�

�

�

2�

≤ 4E
�

sup
0≤t≤T

�

�

�

�

∫ t

0
Z∗s dWs

�

�

�

�

2�

≤ 8E
�∫ T

0
|Zs |

2 d s
�

.

Since in addition (3.23) and (3.24) guarantee that |ξ | +
∫ T

0 | f (·, s ,Ys ,Zs )|d s ∈
L2(R), we obtain the desired

E( sup
0≤t≤T

|Yt |
2)<∞.

2. Now we derive a preliminary bound. Apply Itô’s formula to the semi-
martingale (eβs |δYs |2)0≤s≤T to obtain, for 0≤ t ≤ T ,

eβT |δYT |
2− eβt |δYt |

2

=β
∫ T

t
eβs |δYs |

2 d s + 2
∫ T

t
eβs 〈δYs , f 1(·, s ,Y 1

s ,Z1
s )− f 2(·, s ,Y 2

s ,Z2
s )〉d s

− 2
∫ T

t
eβs 〈δYs ,δZ∗s dWs 〉+

∫ T

t
eβs |δZs |

2 d s .
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By reordering the terms in the equation we obtain

eβt |δYt |
2+β

∫ T

t
eβs |δYs |

2 d s +
∫ T

t
eβs |δZs |

2 d s

= eβT |δYT |
2+ 2

∫ T

t
eβs 〈δYs ,δZ∗s dWs 〉

− 2
∫ T

t
eβs 〈δYs , f 1(·, s ,Y 1

s ,Z1
s )− f 2(·, s ,Y 2

s ,Z2
s )〉d s . (3.29)

3. We prove that for 0≤ t ≤ T ,

E(eβt |δYt |
2)≤ E(eβT |δYT |

2)+
1

µ2
E
�∫ T

t
eβs |δ2 fs |

2 d s
�

.

To prove this, first take expectations on both sides of the inequality (3.29) to get

E(eβt |δYt |
2)+βE

�∫ T

t
eβs |δYs |

2 d s
�

+ E
�∫ T

t
eβs |δZs |

2 d s
�

≤ E(eβT |δYT |
2)

+ 2E
�∫ T

t
eβs 〈δYs , f 1(·, s ,Y 1

s ,Z1
s )− f 2(·, s ,Y 2

s ,Z2
s )〉d s

�

. (3.30)

Now by our assumptions, for 0≤ s ≤ T

| f 1(·, s ,Y 1
s ,Z1

s )− f 2(·, s ,Y 2
s ,Z2

s )| ≤ | f
1(·, s ,Y 1

s ,Z1
s )− f 1(·, s ,Y 2

s ,Z2
s )|+ |δ2 fs |

≤C [|δYs |+ |δZs |]+ |δ2 fs |. (3.31)

(3.31) implies
∫ T

t
E(2eβs |〈δYs , f 1(·, s ,Y 1

s ,Z1
s )− f 2(·, s ,Y 2

s ,Z2
s )〉|d s

≤
∫ T

t
2eβs E(|δYs |[C (|δYs |+ |δZs |)+ |δ2 fs |])d s

=
∫ T

t
2eβs[C E(|δYs |

2)+ E(|δYs |(C |δZs |)+ |δ2 fs |)]d s . (3.32)

Now for C , y, z, t > 0 with µ,λ > 0,

2y(C z + t ) = 2C y z + 2y t

≤C
�

(yλ)2+
� z

λ

�2�

+(yµ)2+
� t

µ

�2

=C
� z

λ

�2

+
� t

µ

�2

+ y2(µ2+Cλ2).
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Using this we can estimate the last term in (3.32) further:
∫ T

t
2eβs[C E(|δYs |

2)+ E(|δYs |(C |δZs |+ |δ2 fs |))]d s

≤
∫ T

t
eβs
�

2C E(|δYs |
2)+

C

λ2
E(|δZs |

2)

+
1

µ2
E(|δ2 fs |

2)+ (µ2+Cλ2)E(|δYs |
2)
�

d s

=
∫ T

t
eβs
�

(µ2+C (2+λ2))E(|δYs |
2)+

C

λ2
E(|δZs |

2)+
1

µ2
E(|δ2 fs |

2)
�

d s .

Summing our estimates in (3.30), we obtain, using our assumptions on the
parameters,

E(eβt |δYt |
2)≤ E

�∫ T

t
eβs |δYs |

2 d s
�

[−β+C (2+λ2)+µ2]

+E
�∫ T

t
eβs |δZs |

2 d s
��C

λ2
− 1
�

+ E(eβT |δYT |
2)

+
1

µ2
E
�∫ T

t
eβs |δ2 fs |

2 d s
�

+ E(eβT |δYT |
2)

≤ E(eβT |δYT |
2)+

1

µ2
E
�∫ T

t
eβs |δ2 fs |

2 d s
�

. (3.33)

This is the claimed inequality.

4. In order to obtain the first inequality in the assertion, it remains to inte-
grate the inequality resulting from part 3 in t ∈ [0,T ].

5. The second inequality in the assertion follows from (3.33) by moving the
second term from the right hand side to the left. This completes the proof.

We are in a position to state existence and uniqueness results for our BSDE
(3.28).

THEOREM 3.2.1. Let ( f ,ξ ) be standard parameters. Then there exists a unique pair
(Y,Z) ∈H 2(Rm)×H 2(Rn×m) with the property

Yt = ξ −
∫ T

t
Z∗s dWs +

∫ T

t
f (·, s ,Ys ,Zs )d s , 0≤ t ≤ T . (3.34)

Proof. Consider

Γ : H 2,β(Rm)×H 2,β(Rn×m)→H 2,β(Rm)×H 2,β(Rn×m), (y, z) 7→ (Y,Z),
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where (Y,Z) is a solution of the BSDE

Yt = ξ −
∫ T

t
Z∗s dWs +

∫ T

t
f (·, s , ys , zs )d s , 0≤ t ≤ T . (3.35)

1. We prove that (Y,Z) is well defined. First of all, our assumptions yield

ξ +
∫ T

t
f (·, s , ys , zs )d s ∈ L2(Ω), 0≤ t ≤ T .

Therefore

Mt = E
�

ξ +
∫ T

0
f (·, s , ys , zs )d s

�

�

�

�

Ft

�

, 0≤ t ≤ T ,

is a well defined martingale. M has a continuous version, as we are working in
a Wiener filtration. Moreover, M is square integrable. Hence we may apply the
martingale representation theorem, which provides (a unique) Z ∈ H 2(Rn×m)
such that

Mt =M0+
∫ t

0
Z∗s dWs , 0≤ t ≤ T .

Let now

Yt =Mt −
∫ t

0
f (·, s , ys , zs )d s .

Then Y is square integrable, and we have

Yt = E
�

ξ +
∫ T

t
f (·, s , ys , zs )d s

�

�

�

�

Ft

�

, 0≤ t ≤ T .

Hence

YT = ξ =M0+
∫ T

0
Z∗s dWs −

∫ T

0
f (·, s , ys , zs )d s ,

and thus for 0≤ t ≤ T ,

Yt = ξ −M0−
∫ T

0
Z∗s dWs +

∫ T

0
f (·, s , ys , zs )d s

+M0+
∫ t

0
Z∗s dWs −

∫ t

0
f (·, s , ys , zs )d s

= ξ −
∫ T

t
Z∗s dWs +

∫ T

t
f (·, s , ys , zs )d s .

2. We prove that for β > 2(1+ T )C the mapping Γ is a contraction. For
this purpose, let (y1, z1), (y2, z2) ∈ H 2,β(Rm)× H 2,β(Rn×m), and let (Y 1,Z1),
(Y 2,Z2) be the corresponding solutions of (3.35) according to part 1. We apply
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Lemma 3.2.1 with C = 0, β = µ2, and f i = f (·, y i , z i ). With this choice we
obtain

‖δY ‖2,β ≤
T

β

�

E
�∫ T

0
eβs | f (·, s , y1

s , z1
s )− f (·, s , y2

s , z2
s )|

2 d s
��1/2

,

‖δZ‖2,β ≤
1

β

�

E
�∫ T

0
eβs | f (·, s , y1

s , z1
s )− f (·, s , y2

s , z2
s )|

2 d s
��1/2

.

Since f is Lipschitz continuous, we further obtain

‖δY ‖2,β ≤
2T C

β
[‖δy‖2,β+ ‖δz‖2,β], (3.36)

‖δZ‖2,β ≤
2C

β
[‖δy‖2,β+ ‖δz‖2,β]. (3.37)

We sum these to obtain

‖δY ‖2,β+ ‖δZ‖2,β ≤
2C (T + 1)

β
[‖δy‖2,β+ ‖δz‖2,β]. (3.38)

By the choice of β, Γ is a contraction.

3. Now let (Y ,Z) be the fixed point of Γ, which exists by part 2. Let

Yt = E
�

ξ +
∫ T

t
f (·, s ,Y s ,Z s )d s |Ft

�

, 0≤ t ≤ T .

Then Y is continuous and P -a.s. identical to Y . Then (Y,Z) is a solution of (3.34).

4. Uniqueness follows from the contraction property of Γ and the uniqueness
of the fixed point.

The construction of solutions in the preceding proof rests upon a recursive
algorithm. The algorithm converges, as we shall see in the following corollary.

COROLLARY 3.2.1. Let β > 2(1+T )C , and let ((Y k ,Z k ))k≥0 be the sequence of
processes given by Y 0 = Z0 = 0,

Y k+1
t = ξ −

∫ T

t
(Z k+1

s )∗ dWs +
∫ T

t
f (·, s ,Y k

s ,Z k
s )d s (3.39)

according to the proof of the preceding theorem. Then ((Y k ,Z k ))k≥0 converges in
H 2,β(Rm)×H 2,β(Rn×m) to the unique solution (Y,Z) of BSDE.

Proof. The inequality (3.33) recursively yields

‖Y k+1−Y k‖2,β+ ‖Z
k+1−Z k‖2,β ≤ ε

k[‖Y 1−Y 0‖2,β+ ‖Z
1−Z0‖2,β],
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with ε= 2C (T + 1)/β< 1. This implies
∑

k∈N
[‖Y k+1−Y k‖2,β+ ‖Z

k+1−Z k‖2,β]<∞.

Now a standard argument applies.

3.3. Interpretation of solutions in Malliavin’s calculus

In this chapter we shall establish the crucial connection between Malliavin’s cal-
culus and the structure of solutions of BSDE. We shall see that, provided the
standard parameters are sufficiently smooth, the process Z can be interpreted as
the Malliavin trace of the process Y . To do this, we first have to introduce the ver-
sion of the space L2

1 which corresponds to integrability to some arbitrary power
p ≥ 2. For simplicity, we let the dimension of our underlying Wiener process be
one, i.e. for this chapter we set n = 1.

DEFINITION 3.3.1. Let p ≥ 2, and

Lp
1 (R

m) =
�

u : u adapted,
�∫ T

0
|ut |

2 d t
�1/2

∈ Lp (Ω),

ut ∈ (D
p
1 )

m for λ-a.a. t ≥ 0, and

for some measurable version of (s , t ) 7→Ds ut

we have E
��∫ T

0

∫ T

0
|Ds ut |

2 d s d t
�p/2�

<∞
�

. (3.40)

For u ∈ Lp
1 (R

m) define

‖u‖1, p = E
��∫ T

0
|ut |

2 d t
�p/2�

+ E
��∫ T

0

∫ T

0
|Ds ut |

2 d s d t
�p/2�

. (3.41)

To abbreviate, for k ∈N and v ∈ L2(Ω× [0,T ]k ) define

‖v‖=
�∫

[0,T ]k
|vt |

2 d t
�1/2

.

In this notation, Jensen’s inequality gives

E(‖D u‖p )≤ T p/2−1
∫ T

0
‖Ds u‖p

p d s .

We next prove that solutions of BSDE for regular standard parameters are
Malliavin differentiable, and that Z allows an interpretation as a Malliavin trace
of Y . We need some versions of the process spaces considered in the previous
chapter that correspond to p-integrable random variables. For p ≥ 2 denote by
S p (Rm) the linear space of all measurable (Ft )-adapted continuous processes X :
Ω× [0,T ]→ Rm , endowed with the norm ‖X ‖S p = E(sup0≤t≤T |Xt |p )1/p . Let
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further H p (Rm) denote the linear space of measurable (Ft )-adapted processes X :
Ω×[0,T ]→Rm endowed with the norm ‖X ‖p = E(‖X ‖p )1/p . To abbreviate, let
B p (Rm) = S p (Rm)×H p (Rm), with the norm ‖(Y,Z)‖p = [‖Y ‖

p
S p + ‖Z‖

p
p]

1/p .
We are ready to state our main result.

THEOREM 3.3.1. Let ( f ,ξ ) be standard parameters such that ξ ∈D2
1∩L4(Rm), f :

Ω×[0,T ]×Rm×Rm→Rm is continuously differentiable in (y, z), with uniformly
bounded and continuous partial derivatives, and such that for (y, z) ∈Rm×Rm we
have

f (·, y, z) ∈ L2
1, f (·, 0, 0) ∈H 4(Rm), (3.42)

and for t ∈ [0,T ] and (y1, z1, y2, z2) ∈ (Rm ×Rm)2 we have

|Ds f (·, t , y1, z1)−Ds f (·, t , y2, z2)| ≤Ks (t )[|y
1− y2|+ |z1− z2|] (3.43)

(in L2(Ω × [0, t]2)), with a real-valued measurable process (Ks (t ))0≤s≤t which is
(Ft )-adapted in t , and satisfies

∫ T

0
‖Ks‖

4
4 d s <∞. (3.44)

For the unique solution (Y,Z) of the BSDE (3.34) we moreover suppose
∫ T

0
‖Ds f (·,Y,Z)‖2 d s <∞ P-a.s. (3.45)

Then
(Y,Z) ∈ L2

1(R
m)×L2

1(R
m),

and a (measurable) version of (Ds Yt , Ds Zt )0≤s ,t≤T ) has the properties

Ds Yt =Ds Zt = 0, 0≤ t < s ≤ T ,

Ds Yt =Dsξ −
∫ T

t
Ds Z

∗
u dWu

+
∫ T

t

�

∂

∂ y
f (·, u,Yu ,Zu )Ds Yu +

∂

∂ z
f (·, u,Yu ,Zu )Ds Zu

+Ds f (·, u,Yu ,Zu )
�

d u, 0≤ s ≤ t ≤ T , (3.46)

(Ds Ys )0≤s≤T is a version of (Zs )0≤s≤T . (3.47)

Proof. 1. To further simplify notation, we assume m = 1. As in Chapter 3.2,
our arguments are mainly based upon several a priori estimates. The first one is
an analogue of Lemma 3.2.1 and concerns the properties of the contraction map
on B2(R).
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LEMMA 3.3.1. Let p ≥ 2, assume f (·, 0, 0) ∈H p (R), and define

Γ : B p (R)→ B p (R), (y, z) 7→ (Y,Z),

where (Y,Z) is the solution of the BSDE

Yt = ξ −
∫ T

t
Zs dWs +

∫ T

t
f (·, s , ys , zs )d s . (3.48)

Let further, for i = 1,2, (Y i ,Z i ) be the solutions corresponding to (y i , z i ) in (3.48),
and let

δY = Y 1−Y 2, δZ = Z1−Z2, δy = y1− y2, δz = z1− z2.

Then there exists a constant Cp not depending on (y, z,Y,Z) such that

‖Y ‖p
S p ≤Cp E

�

|ξ |p +T p/2
�∫ T

0
| f (·, s , ys , zs )|

2 d s
�p/2�

, (3.49)

‖Z‖p
p ≤Cp E

�

|ξ |p +T p/2
�∫ T

0
| f (·, s , ys , zs )|

2 d s
�p/2�

, (3.50)

‖(δY,δZ)‖p
p ≤CpT p/2‖(δy,δz)‖p

p . (3.51)

Proof. (a) Taking up the notation of the proof of Lemma 3.2.1, we show that Γ
is well defined. To do this, recall that for 0≤ t ≤ T ,

Yt = E
�

ξ +
∫ T

t
f (·, s , ys , zs )d s

�

�

�

�

Ft

�

.

We have

|Yt | ≤ E
�

|ξ |+
∫ T

t
| f (·, s , ys , zs )|d s

�

�

�

�

Ft

�

,

hence Doob’s inequality provides a universal constant C 1
p such that

‖Y ‖p
S p ≤C 1

p E
��

|ξ |+
∫ T

0
| f (·, s , ys , zs )|d s

�p�

.

Moreover, by Cauchy–Schwarz’ inequality
∫ T

0
| f (·, s , ys , zs )|d s ≤ T 1/2

�∫ T

0
| f (·, s , ys , zs )|

2 d s
�1/2

,

hence with another universal constant C 2
p we have

‖Y ‖p
S p ≤C 2

p E
�

|ξ |p +
�∫ T

0
| f (·, s , ys , zs )|

2 d s
�p/2�

. (3.52)

Invoke the fact that f (·, 0, 0) ∈ H p (R), that f is Lipschitz continuous, and that
(y, z) ∈ B p (R), to see that the right hand side above is finite.
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We next prove that Z ∈ H p (R). For this purpose we shall use the inequality
of Burkholder. It yields further universal constants C 3

p ,C 4
p ,C 5

p such that

E(‖Z‖p )≤C 3
p E
��

�

�

�

∫ T

0
Zs dWs

�

�

�

�

p�

≤C 4
p E
��

�

�

�

ξ +
∫ T

0
f (·, s , ys , zs )d s −Y0

�

�

�

�

p�

≤C 5
p E
�

|ξ |p +T p/2
�∫ T

0
| f (·, s , ys , zs )|

2 d s
�p/2�

. (3.53)

Hence Z ∈ H p (R), and therefore (Y,Z) ∈ B p (R). The inequalities (3.49) and
(3.50) have also been established.

(b) We prove (3.51). The solution (δY,δZ) belongs to the generator
f (·, t , y1

t , z1
t )− f (·, t , y2

t , z2
t ), and ξ = 0. Therefore (3.49) and (3.50), as well as

an appeal to the Lipschitz condition, give, with universal constants C 6
p ,C 7

p ,

‖(δY,δZ)‖p
p ≤C 6

pT p/2E
��∫ T

0
| f (·, t , y1

t , z1
t )− f (·, t , y2

t , z2
t )|

2 d t
�p/2�

≤C 7
pT p/2[‖δy‖p

S p + ‖δz‖p
p]

=C 7
pT p/2‖(δy,δz)‖p

p . (3.54)

This completes the proof.

Let us return to the proof of Theorem 3.3.1. We define approximations of the
solution of the BSDE recursively. For k ≥ 0 and 0≤ t ≤ T let

Y 0 = Z0 = 0,

Y k+1
t = ξ −

∫ T

t
Z k+1

s dWs +
∫ T

t
f (·, s ,Y k

s ,Z k
s )d s . (3.55)

We show that
‖(Y k ,Z k )− (Y,Z)‖4→ 0 (k→∞). (3.56)

Recall the universal constant C4 from (3.51) of Lemma 3.3.1. We may (modulo
repeating the argument finitely many times on successive subintervals of [0,T ])
assume that [C4T 2]1/4 < 1. With this condition, Lemma 3.3.1 implies that Γ
is a contraction, and the solution (Y,Z) of the BSDE is its unique fixed point
in B4(R). From this observation, we obtain our assertion since the approximate
solutions form a Cauchy sequence, as follows from

‖(Y k ,Z k )− (Y l ,Z l )‖4 ≤
l
∑

r=k+1

‖(Y r ,Z r )− (Y r−1,Z r−1)‖4→ 0 (k , l →∞).
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2. We prove by recursion on k that

(Y k ,Z k ) ∈ L2
1(R)×L2

1(R). (3.57)

This is trivial for k = 0. Assume that it holds for k . According to the chain rule
for the Malliavin derivative and our hypotheses concerning the standard param-
eters we know that for 0≤ t ≤ T ,

ξ +
∫ T

t
f (·, s ,Y k

s ,Z k
s )d s ∈D2

1 ,

with Malliavin derivative

Dsξ +
∫ T

t

�

∂

∂ y
f (·, u,Y k

u ,Z k
u )Ds Y

k
u +

∂

∂ z
f (·, u,Y k

u ,Z k
u )Ds Z

k
u

+Ds f (·, u,Y k
u ,Z k

u )
�

d u. (3.58)

This is seen by discretizing the Lebesgue integral, using the chain rule, and then
approximating by means of the boundedness properties of the partial derivatives,
the Lipschitz continuity properties of f and closedness of the operator D . Con-
sequently, Lemma 2.3.2 yields, for fixed 0≤ t ≤ T ,

Y k+1
t = E

�

ξ +
∫ T

t
f (·, s ,Y k

s ,Z k
s )d s

�

�

�

�

Ft

�

∈D2
1

as well. Consequently, also
∫ T

t
Z k+1

s dWs = ξ +
∫ T

t
f (·, s ,Y k

s ,Z k
s )d s −Y k+1

t ∈D2
1 .

Now an appeal to Theorem 2.3.4 implies that Z k+1 ∈ L2
1(R), and in L2(Ω ×

[0,T ]2) we have the equation

Ds

∫ T

t
Z k+1

u dWu =
∫ T

t
Ds Z

k+1
u dWu , s ≤ t ,

Ds

∫ T

t
Z k+1

u dWu = Z k+1
s +

∫ T

s
Ds Z

k+1
u dWu , s > t .

All stated differentiabilities go along with square integrability of the Malliavin
derivatives in all variables. This means that

(Y k+1,Z k+1) ∈ L2
1(R)×L2

1(R),

and the recursion step is completed. We can also identify the Malliavin derivative
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by the formula valid for 0≤ s ≤ t ≤ T in the usual sense

Ds X
k+1
t =Dsξ −

∫ T

t
Ds Z

k+1
u dWu

+
∫ T

t

�

∂

∂ y
f (·, u,Y k

u ,Z k
u )Ds Y

k
u +

∂

∂ z
f (·, u,Y k

u ,Z k
u )Ds Z

k
u

+Ds f (·, u,Y k
u ,Z k

u )
�

d u. (3.59)

3. In this step we show that

(DY k , DZ k )→ (Y ·,Z ·) in L2(Ω× [0,T ]2), (3.60)

where for 0≤ s ≤ T , (Y s ,Z s ) is the solution of the BSDE

Y s
t =Dsξ −

∫ T

t
Z s

u dWu

+
∫ T

t

�

∂

∂ y
f (·, u,Yu ,Zu )Y

s
u +

∂

∂ z
f (·, u,Yu ,Zu )Z

s
u

+Ds f (·, u,Yu ,Zu )
�

d u, 0≤ s ≤ t ≤ T ,

Y s
t = Z s

t = 0, 0≤ t < s ≤ T .

(3.61)

We first consult our hypotheses to verify that, at least for λ-a.e. 0 ≤ s ≤ T , the
parameters (F s , Dsξ ) with

F s (·, t , y, z) =
∂

∂ y
f (·, t ,Yt ,Zt )y +

∂

∂ z
f (·, t ,Yt ,Zt )z +Ds f (·, t ,Yt ,Zt ),

0 ≤ t ≤ T , y, z ∈ R, are standard. Hence (Y s ,Z s ) is well defined (and set trivial
on the set of s where the parameters possibly fail to be standard). Also in this case
our arguments will be based on a priori inequalities.

LEMMA 3.3.2. Let ( f i ,ξ i ), i = 1,2, be standard parameters of a BSDE, p ≥ 2.
Suppose

ξ i ∈ Lp (Ω), f i (·, 0, 0) ∈H p (R), i = 1,2.

Let (Y i ,Z i ) ∈ B p (R) be the corresponding solutions, and C a Lipschitz constant
for f 1. Put

δY = Y 1−Y 2, δZ = Z1−Z2, δ2 ft = f 1(·, t ,Y 2
t ,Z2

t )− f 2(·, t ,Y 2
t ,Z2

t ),

for 0≤ t ≤ T . Then for T small enough there exists a constant Cp,T such that

‖(δY,δZ)‖p
p ≤Cp,T

�

E(|δYT |
p )+ E

��∫ T

0
|δ2 fs |d s

�p��

≤Cp,T [E(|δYT |
p )+T p/2‖δ2 fs‖

p]. (3.62)
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Proof. With a calculation analogous to the one used to prove (3.49) and (3.50) in
Lemma 3.3.1 we arrive at the following inequality which is valid with universal
constants C 1

p ,C 2
p ,C 3

p , and for which we also use Doob’s and Cauchy–Schwarz’
inequalities

‖δY ‖p
S p + ‖δZ‖p

p

≤C 1
p E
�

|δYT |
p +
�∫ T

0
| f 1(·, t ,Y 1

t ,Z1
t )− f 2(·, t ,Y 2

t ,Z2
t )|d t

�p�

≤C 2
p E
�

|δYT |
p +
�∫ T

0
[|δYs |+ |δZs |+ |δ2 fs |]d s

�p�

≤C 3
p

�

E
�

|δYT |
p +
�∫ T

0
|δ2 fs |d s

�p�

+(T p‖δY ‖p
S p +T p/2‖δZ‖p

p )
�

.

Now choose T small enough to ensure C 3
p (T

p + T p/2) < 1. Having done this,
we may shift the last two expressions in the previous inequality from the right to
the left hand side, to obtain the desired estimate.

Let us now apply Lemma 3.3.2 to prove that for λ-a.a. 0 ≤ s ≤ T we have
(Y s ,Z s ) ∈ B2(R). For this purpose, we apply the lemma with

Y 1 = Y s , Y 2 = 0,
ξ 1 =Dsξ , ξ 2 = 0,

f 1(·, t , y, z) =
∂

∂ y
f (·, t ,Yt ,Zt )y +

∂

∂ z
f (·, t ,Yt ,Zt )z +Ds f (·, t ,Yt ,Zt ),

f 2 = 0,

for 0≤ t ≤ T and y, z ∈R. Then we have

δ2 ft =Ds f (·, t ,Yt ,Zt ), 0≤ t ≤ T .

We obtain with some universal constant C the inequality

‖(Y s ,Z s )‖22 ≤C E(|Dsξ |
2+ ‖Ds f (·,Y,Z)‖2),

and therefore
∫ T

0
‖(Y s ,Z s )‖22 d s <∞. (3.63)

This implies the desired integrability.
To obtain estimates for differences of (DY k , DZ k ) and (Y ·,Z ·), let us next,

fixing k ∈N, apply Lemma 3.3.2 to the following parameters:
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ξ 1 = ξ 2 =Dsξ ,

f 1(t ) =
∂

∂ y
f (·, t ,Y k

t ,Z k
t )Ds Y

k
t +

∂

∂ z
f (·, t ,Y k

t ,Z k
t )Ds Z

k
t +Ds f (·, t ,Y k

t ,Z k
t ),

f 2(t ) =
∂

∂ y
f (·, t ,Yt ,Zt )Y

s
t +

∂

∂ z
f (·, t ,Yt ,Zt )Z

s
t +Ds f (·, t ,Yt ,Zt ),

for s ≤ t ≤ T . Set for abbreviation
δk

t = f 1(t )− f 2(t ), s ≤ t ≤ T .
The lemma yields the inequality

‖(Ds Y
k+1−Y s , Ds Z

k+1−Z s )‖22 ≤C1E
��∫ T

s
|δk

t |d t
�2�

(3.64)

with a universal constant C1. Let us now further estimate the right hand side of
this inequality. We have, fixing 0≤ s ≤ T ,

E
��∫ T

s
|δk

t |d t
�2�

≤C2[A
s
k (T )+B s

k (T )+C s
k (T )], (3.65)

where

As
k (T ) = E

��∫ T

s
|Ds f (·, t ,Yt ,Zt )−Ds f (·, t ,Y k

t ,Z k
t )|d t

�2�

, (3.66)

B s
k (T ) = E

��∫ T

s

�

�

�

�

∂

∂ y
f (·, t ,Y k

t ,Z k
t )(Y

s
t −Ds Y

k
t )
�

�

�

�

d t
�2�

+ E
��∫ T

s

�

�

�

�

∂

∂ z
f (·, t ,Y k

t ,Z k
t )(Z

s
t −Ds Z

k
t )
�

�

�

�

d t
�2�

, (3.67)

C s
k (T ) = E

��∫ T

s

�

�

�

�

∂

∂ y
f (·, t ,Yt ,Zt )−

∂

∂ y
f (·, t ,Y k

t ,Z k
t )
�

�

�

�

|Y s
t |d t

�2�

+ E
��∫ T

s

�

�

�

�

∂

∂ z
f (·, t ,Yt ,Zt )−

∂

∂ z
f (·, t ,Y k

t ,Z k
t )
�

�

�

�

|Z s
t |d t

�2�

. (3.68)

With further universal constants C3,C4 we deduce, using (3.43), that

As
k (T )≤ E

��∫ T

s
Ks (t )[|Yt −Y k

t |+ |Zt −Z k
t |]d t

�2�

≤C3E
�∫ T

s
Ks (t )

2 d t
�∫ T

s
|Yt −Y k

t |
2 d t +

∫ T

s
|Zt −Z k

t |
2 d t

��

≤C4

�

E
�∫ T

s
Ks (t )

4 d t
��1/2

×
�

E
�∫ T

s
|Yt −Y k

t |
4 d t

�1/2

+ E
�∫ T

s
|Zt −Z k

t |
4 d t

�1/2�

.
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Hence by part 1 of the proof,

lim
k→∞

∫ T

0
As

k (T )d s = 0. (3.69)

Furthermore, since the partial derivatives of f with respect to y, z are bounded
and continuous, and since E(

∫ T
0 ‖(Y

s ,Z s )‖2 d s) < ∞, dominated convergence
allows us to conclude that

lim
k→∞

∫ T

0
C s

k (T )d s = 0. (3.70)

Let us finally discuss the convergence of B s
k
(T ) as k →∞. Again by bound-

edness of the partial derivatives of f we obtain, with a universal constant C5,

B s
k (T )≤C5T 2‖(Ds Y

k −Y s , Ds Z
k −Z s )‖22.

Now choose T small enough to ensure α = C5T 2 < 1. Let ε > 0. Then by what
has been shown there exists N ∈N large enough so that for k ≥N we have

E
�∫ T

0
‖(Ds Y

k+1−Y s , Ds Z
k+1−Z s )‖2 d s

�

≤ ε+αE
�∫ T

0
‖(Ds Y

k −Y s , Ds Z
k −Z s )‖2 d s

�

.

By induction we obtain, for k ≥N ,

E
�∫ T

0
‖(Ds Y

k −Y s , Ds Z
k −Z s )‖2 d s

�

≤ ε(1+α+α2+ · · ·+αk−N−1)

+ εαk−N E
�∫ T

0
‖(Ds Y

N −Y s , Ds Z
N −Z s )‖2 d s

�

≤
ε

1−α
+αk−N E

�∫ T

0
‖(Ds Y

N −Y s , Ds Z
N −Z s )‖2 d s

�

.

Now let k→∞. Since ε is arbitrary, we conclude that

lim
k→∞

∫ T

0
B s

k (T )d s = 0. (3.71)

3. Since L2
1(R) is a Hilbert space, and D is a closed operator, we infer that

(Y,Z) ∈ L2
1(R)× L2

1(R), and (Y s ,Z s )0≤s≤T is a version of (Ds Y, Ds Z)0≤s≤T in
the usual sense.

4. We show that

(Dt Yt )0≤t≤T is a version of (Zt )0≤t≤T . (3.72)
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For t ≤ s we have

Ys = Yt +
∫ s

t
Zr dWr −

∫ s

t
f (·, r,Yr ,Zr )d r.

Hence by Theorem 2.3.4, for t < u ≤ s ,

DuYs = Zu +
∫ s

u
DuZr dWr

−
∫ s

u

�

∂

∂ y
f (·, r,Yr ,Zr )DuYr +

∂

∂ z
f (·, r,Yr ,Zr )DuZr

+Du f (·, r,Yr ,Zr )
�

d r.

By continuity in t of (Y s ,Z s ) we may choose u = s to obtain the desired iden-
tity.
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