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Abstract

The Oseledets spaces of a random dynamical system generated by a linear
stochastic differential equation are obtained as intersections of the correspond-
ing nested invariant spaces of a forward and a backward flag, described as the
stationary states of flows on corresponding flag manifolds. We study smooth-
ness of their laws and conditional laws by applying Malliavin’s calculus. If the
Lie algebras induced by the actions of the matrices generating the system on
the manifolds span the tangent spaces at any point, laws and conditional laws
are seen to be C'°°-smooth. As an application we find that the semimartingale
property is well preserved if the Wiener filtration is enlarged by the information
present in the flag or Oseledets spaces.
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Introduction

The treatment of many problems related to asymptotic properties of the random dy-
namical systems induced by sde with the tools of stochastic analysis faces one essential
difficulty: the random invariant measures involved are not adapted with respect to the
history of the driving Brownian motion. One way to deal with it was initiated in [20],
and employs essentially the well known tool of ”enlargement of filtrations”. Instead of



the natural filtration of the Wiener process one works with the family of its o-algebras
enlarged by the information present in the Oseledets spaces which carry the invariant
measures. According to a general result of Jacod [22] the semimartingale property is
preserved if the enlarging random elements possess conditional laws absolutely contin-
uous with respect to some common reference measure. In our case this calls for an
investigation of the smoothness of the conditional laws of the Oseledets spaces - or
the elements of two flags of random invariant spaces creating them - with respect to
Riemannian volume on the Grassmannian manifolds in which they take their values.

We thus enter a domain which is clearly interesting in its own right. The laws of the
random subspaces of the forward flag for example are just the eventually unique in-
variant measures of certain backward Kolmogorov equations induced by our system on
appropriate Grassmann manifolds. Their smoothness has been investigated in purely
analytical terms using Hormander’s approach. For the vast literature and, in partic-
ular, the control theoretic aspect see for example Sussmann [40], Arnold, Kliemann,
Oeljeklaus [4].

Our interest in conditional laws, however, calls for an approach of smoothness prop-
erties by the methods of Malliavin’s calculus. As a by-product, we reprove Hormander’s
theorem for the laws with stochastic methods. We start by identifying the Grassman-
nian Gy(d) of k-dimensional linear subspaces of R¢ with the orthogonal projectors
on them, thus describing the random linear spaces in the flags as random orthogonal
projectors. Then the action of the linear flow (®;);cr induced by the underlying sde
on p € Gi(d) creates flows P;,t € R, on Gg(d) which possess the random projectors
Q@ in the flags as their stationary states. So properties of the law of P, t € R, will
reveal similar properties of the law of (). The general link between hypoellipticity
and smoothness of laws via Malliavin’s calculus has been investigated in a number of
papers. See for example Malliavin [27], Stroock [38], [39], Kusuoka and Stroock [24],
Bismut and Michel [10], Bell [8], Taniguchi [42], Coquio [12], and the book of Nualart
[30] for more references. Our conditions read: if the actions of the matrices generating
the linear flow on the Grassmannians create Lie algebras which span the whole tangent
space in any point, the flows (P;);cr and thus @ have C'™ conditional laws. The rich-
ness condition for the Lie algebras is satisfied for instance if the Lie group generated
by the matrices is the general or special linear group.

The material is organized as follows. In section 1 we discuss a decomposition of the
action of the linear flow on the Grassmannians, and prove that the projectors in the
flags are invariant states of corresponding flows. In section 2 we give the problem of
smoothness of the laws of the projectors in the forward flag a purely stochastic treat-
ment. Its essential tool is the proof that the inverse of a Malliavin bilinear form is
sufficiently well integrable. This study is basic to section 3, in which we extend the
analysis to treat smoothness of conditional laws. Finally, in section 4 the previous re-
sults on absolute continuity of laws of projectors on spaces in the forward and backward
flags are combined to yield in a purely analytical reasoning the absolute continuity of
the laws of the Oseledets spaces.

Smoothness properties of the laws of invariant subspaces are interesting in their
own right (see Ledrappier, Young [25], p. 532). Our treatment may be refined to
discuss for example positivity, support and decay of the densities. The enlargement



of filtrations and smoothness results could find applications in the study of various
asymptotic properties of random dynamical systems: for example in the investigation
of a concept of random rotation numbers (see Arnold and San Martin [6], Ruffino [34]).

Notations and preliminaries

Our basic probability space is the m-dimensional canonical Wiener space (2, F,P),
enlarged such as to carry an m-dimensional ” Brownian motion” indexed by R. More
precisely, 2 = C'(R, R™) is the set of continuous functions on R with values in R™,
F the o-algebra of Borel sets with respect to uniform convergence on compacts of
R, P the probability measure on F for which the canonical Wiener process W; =
(W ...,W™), t € R, satisfies that both ()0 and (W_;)>¢ are usual m-dimensional
Brownian motions. The natural filtration {F! = o(W, — W, :s <wu,v <t): R 3 s <
t € R} of W is assumed to be completed by the P-completion of F. For t € R, let
Op: Q — Qw = w(t+-) —w(t), the "shift” on Q by ¢. It is well known that 6, preserves
Wiener measure P for any ¢ € R and is even ergodic. Hence (Q,F, P, (6;);cr) is an
ergodic metric dynamical system (see Arnold [1]). The shift is filtered in the sense that
0, F.=F1" s tueR.

As usual, we use a “o” to denote Stratonovich integrals with respect to Wiener process.
Since our parameter space is R and not just R, let us briefly recall the conventions
for the definition of the Stratonovich integral. The forward Stratonovich integral of a
continuous (Ff);>¢-semimartingale (f;);>o w. r. t. a one dimensional Wiener process
(Wi)i>o is defined as usual and denoted by

t
| fooaw, =0,
0

the backward Stratonovich integral of a continuous backward (FY);<¢-semimartingale
(gt)t<o W. 1. t. a backward one dimensional Wiener process (W;):<o by

0
/ gs odWs, t<0.
t

For a process (f;)ier such that (f;)i>o is a continuous forward (F});>o-semimartingale
and (fi):<o a continuous backward (F?);<o-semimartingale we introduce the convention

: i feedW,, >0,
/OfSOdWS_{—ftofsodWS, t<0.

We briefly recall the basic concepts of Malliavin’s calculus we need. See Nualart
[30] for a more detailed treatment. For T'> 0,1 < j < m, we shall denote by D’ the
derivative operator which, for a smooth random variable of the form

F=fWy,..Wy,), [feC (R™"), ti,..t,€Ry,



takes the form

D‘;F = Z 81‘8 'f(th, censy th)l[o’ti](S).
i=1 OLi,j
For each p > 1,D,,1([0,7]) will denote the Banach space of random variables on the
Wiener space, defined as the closure of the set of smooth random variables with respect
to the norm .
. 1
1Fllps = W1+ Y E([ 1DIFP ds]?)s,
1<j<m v

to which D7 extends in a natural way.

For k € N, we define the H-derivative of order k by k-fold iteration of the above
derivative on the space of smooth random variables. For such a random variable F',
the expression DI-Jk F' for 1 < j; < m,1 < i < k,s1,..., 5, € Ry is self explanatory.
For " > 0,p > 1,k € N, we denote by D, x([0,77]) the Banach space given by the
completion of the set of smooth random variables with respect to the norm

T
I =l F o+ S (B (Dl )R dsy.dsy) ).
1<j<k 1<l;<m,1<i<j 0
Finally, let D, be the intersection of the preceding Sobolev spaces over all p > 1,k €
N, 7 >0.

We shall deal with matrices and operators in R¢, equipped with standard basis
and standard scalar product, mainly. By I we denote the d-dimensional unit matrix
(identity operator). The transpose of a matrix A is written A*, its trace trA, its rank
rk A..

We shall be concerned with the Oseledets spaces of a linear system of stochastic
differential equations, objects described in the multiplicative ergodic theorem of Os-
eledets. We shall briefly recall its main assertions in the framework of linear sde.
Let Ag, Ay, ..., A, be d X d matrices, and consider the linear flow (®;),cr on GI(d; R)
generated by

A, = Ag®idt+ Y Ay o dWy, (1)
=1

q)():[.

1

Then the Ruelle matriz ®* of the system given by ®* = lim; 1. [®} ®;|?7 has a
spectral decomposition

.,
ot = Z et gE
i=1

with some r, 1 < r < d, random orthogonal projectors Si of deterministic rank d; such
that dy +---+d, = d. The Lyapunov exponents \; describe the asymptotic exponential
growth rate of the trajectories of the solutions of the linear equation: the orthogonal
projectors Q; = S;" +-+-+ St and P, = S +--- + S, determine those subspaces of
R? on which trajectories have exponential growth rates < \; as t — oo resp. > \; as
t — —o0. More formally,

1
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and |
r € Py(RY) iff tlir_n Zlan)tIH >\

The intersections B; = Q;(RY) N P,(R?) of these two families, the Oseledets spaces
correspondingly characterize those subspaces on which trajectories have exponential
growth rate \; both at co and at —oo, thus generalizing the concept of eigenspaces
of linear algebra. We equally associate orthogonal projectors with them which will
be denoted R; and have (P-a.s.) rank d;, 1 < i < r. The forward flag of orthogonal
projectors associated with our system is the family (Q,---, @, ), the backward flag the
family (P, ---, P,).

So the random elements the laws of which we study can be considered as taking
their values in some Grassmannian manifold of linear subspaces of R?, if we identify
the latter with the space of orthogonal projectors in R? of a certain fixed rank. Thus
for dimension k, 1 < k < d, we let

Gk(d) = {p °p € RdXd;rkp == k,pQ =D, p* — p}

This simple identification provides an isometric embedding of the Grassmannian man-
ifold, usually described as

0(d)/O(k) x O(d — k)

of k-dimensional subspaces of R? into the space R¥*? of d x d matrices. Fixing a canon-
ical basis (ey, -+, e4) of R and denoting by pi the orthogonal projector identifying e;
for i < k and annihilating e; for i > k, we can describe Gy(d) as

Gr(d) ={opro™:0€ O(d)}.

Recalling that for o € O(d) the tangent space T,0(d) consists of the linear operators
0 A where A is skew symmetric, we may use this description to identify 7,Gx(d) as

T,Gr(d) ={(I —p)Ap+pA* (I —p): AeR™},

for p € G(d). Indeed, if p = opy, 0%, a tangent vector at p comes from a tangent vector
at o in O(d), i.e. is of the form

0Apr 0" +opyA* 0" =Bp+pB*=(I—p)Bp+pB* (I —p)

with B = 0Ao0* skew symmetric. Moreover, if A € R¥™? we can choose a skew
symmetric B with ha(p) = hg(p), if he(p) = (I —p)Cp+pC (I — p) for C € R4,
For example, B = (I —p) Ap — p A* (I — p) is appropriate.

Hence the compact manifolds M we shall be working with are embedded in Euclidean
spaces and inherit their Riemannian metrics from the usual Euclidean scalar product
which shall be denoted by (.,.) irrespective of the dimension of the underlying space.
The (co-) tangent bundle of M will be denoted by T'M (T*M). Lie brackets are written

L],



1 Flows of diffeomorphisms on Grassmannians, their
invariant states and smoothness of laws

For p € Gi(d), our linear cocycle (®;);cr generates a process (P p)ier of linear op-
erators of rank k& which does not necessarily live on G(d). But we can decompose it
multiplicatively into a process living on G (d) and another one living on Gi(d; R). If we
require that the latter has the same action on p, this decomposition is unique. It plays
a central role in our investigation of the laws and conditional laws of the Oseledets
spaces. The component of the decomposition living on the Grassmannian creates a
flow which eventually approaches, as t — oo, an invariant state that must be given by
a projector belonging to the forward flag of our system. This way properties of the law
of the invariant projector can be related to properties of the laws of the Grassmann
components of (¥, p)er. In fact smoothness properties of the law follow from well
known Hormander conditions for related vector fields on the Grassmannian in a purely
analytic classical reasoning, as we shall explain.

We start with giving the multiplicative decomposition which rests upon the following
very simple purely analytical considerations. Fix 1 < k < d, and denote M = G(d).

Lemma 1.1 Let A € GI(d;R),p € M. Then there exists a unique pair (q, B) of linear
operators such that ¢ € M, B € GI(d;R) and such that the following equations hold

Ap=qB, (I—-qA=B(I—-p), (2)
Ap= Bp. (3)

Proof:
To prove existence, let ¢ be the orthogonal projector onto the range of A p, and define

B=qAp+ (I —q) Al —p)
By definition, we have ¢ Ap = Ap. This implies
(I-p) A g(RY) = (I —p) A g ApR?) = (I — p)p(R’) = 0.

Therefore we obtain the equation (I —p) A~ = (I — p) A7} (I — ¢). Consequently,
setting
C=pA~lqg+{I-p A (I-q),

we calculate
CB=pA~ qAp+ (I -p) A (I —-q)A(Il-p)=p+ (I —p) =1
This means C'= B!, and B € GI(d;R). The definition of B immediately yields
qB=Bp=qAp=Ap,

as well as
BI-p)=U-qAl—-p) =(-qA
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Hence the pair (¢, B) fulfills (2) and (3).

To prove uniqueness, assume (¢', B') is a pair of linear operators such that ¢ €
M, B' € Gl(d;R) which fulfills (2) and (3). Then ¢’ B’ = ¢ B, hence by nonsingularity
of B, B’ ¢ (R%) = q(R?) whence ¢’ = ¢, both being orthogonal projectors. Now, from
(2) and (3)

Bp=Ap=B'p, B(I-p)=(I-qA=B(-p).
This obviously implies B = B’, and we are done. O

Let us call in the sequel the unique pair (g, B) existing according to lemma 1.1 the
left decomposition of the pair (A, p), and refer to ¢ as the angular part, and B as the
radial part. This terminology is justified at least in case k = 1, i.e. M = P9~! In
this case ¢ is indeed the angular component of the one dimensional vector Ap, yet
without orientation, while (3) includes the statement p Ap = p Bp, i.e. B carries the
information about the radial action of A. In the case of projective space, more precisely
the case of the sphere, the radial-angular decomposition of stochastic flows has been
used for example in Khasminskii [23], Arnold, Oeljeklaus, Pardoux [5], and Arnold
[1]. We view our decomposition as a generalization of the radial-angular one to higher
dimensions.

To see how flows in GI(d; R) acting on M are transported via the left decomposition
on the generator level, let us next see how vector fields are transformed in the angular
and radial component.

Lemma 1.2 Let A € GU(d;R),p € M, and let (Ay)ier be a smooth curve through

Ay = A with tangent vector A. Then the left decomposition of ((As,p))ier induces
smooth curves (qi)ier on M, and (By)ier on GU(d; R) through ¢ = qo resp B = By. For
the tangent vectors ¢ and B at 0 we have

g=(—q) AA™ ¢+ q(AA™) (I —q), (4)
BB™'=(I—q)AA™ q—q(AAT)" (I —q) +qAA™ g+ (I —q) AA™ (I —q). (5)

Proof:
Since Gl(d;R) is a Lie group, we may assume Ay = By = I, gy = p. To get ¢, note first
that ¢°> = ¢, ¢* = ¢ implies

G={I—-p)ip+pi(l —p).

Now use (2) to see ¢ + pB = Ap. This equation immediately implies (I —p)gp =
(I — p) Ap. Hence we obtain (4). For (5), use the equation

B=qAp+ (I —-q) A —p),
as well as (4), to get

B = qlp—(I-pl+pAp+I-pA(I-p)
= ([ -pAp—pA"(I —p)+pAp+ (I —p)A(l —p).

7



This completes the proof. O

Lemma 1.2 indicates that the left decomposition shares another feature of the radial-
angular decomposition on the sphere: differential equations determining the angular
part and the radial part "decouple”, i.e. the equation for the angular part does not
contain the radial one. Since we deal with Stratonovich equations, lemma 1.2 implies
immediately that given p € M, the left decomposition (P, R;) of (®y,p) is generated
by the pair of stochastic differential equations

AP, = hay(P) dt + 3 ha,(P) o dW}, Py=np, (6)
=1
ARy = gay(P) Redt + > ga,(P) ReodW/, Ry=1, (7)
1=1
with the vector fields
ha(p) =(I —p)Ap+pA*(I—p), (8)
galp) =T —=p)Ap—pA* (I —p)+pAp+ (I —p)A(I —p), 9)

p € M. To see this, one just has to note that (1) can be written

d@t q);l = AO dt + ZAZ o thZ

i=1

Moreover, the uniqueness of the left decomposition implies immediately that the pro-
cesses (Py)ier induce a flow of diffeomorphisms on M and even a cocycle in the
sense of Arnold [1], which we shall henceforth denote by (P(t,.):);er, defined by
P(t,w)p = Py(w), if (P;)er is the angular part of ((®¢, p) : t € R).

Using the dynamical characterization of the projectors of the forward flag associated
with our linear system given by the theorem of Oseledets, one can easily see that
these projectors are the stationary states of the flow (P(t,.));er on the corresponding
Grassmannian. So suppose from now on that we fix an orthogonal projector @) in the
forward flag, omitting its index i, which takes its values in M = Gy (d).

Theorem 1.1 Fort € R, let (ﬁt,}?t) be the left decomposition of (P4, Q). Then we
have P, = () o 0;.

Proof:
By Arnold [1], p. 137, for t € R,w € € outside a set of measure 0 we have

@ (w) Qw) (RY) = Q(0w) (R).

By definition ®; Q = P, R;, and since R, is nonsingular, f’t(Rd) = Qo 0; (R%), so that
finally the projector property gives the desired P, = Q o 6,. O

The "integrated version” of theorem 1.1 states essentially that the law of @) is a
Markovian invariant measure and can be obtained as the unique solution of a Fokker-
Planck equation on M. Thus its smoothness properties follow readily from Hormander’s
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theorem under well known hypoellipticity conditions for the vector fields associated
with the angular component of our linear flow, as described in lemma 1.2 above. To
formulate these conditions, let £F be the Lie algebra generated by the vector fields
hay, -5 ha,,, I® the ideal in L¥ generated by the vector fields hyu,, -+, ha,,, i.e.

Ik = span{hAl, ...,hAm, [hAip7 [hAip,l’ ["'[hAi17hAz‘0]“'] .
0<i;<m,1<j<pp€N}

The following conditions are then crucial for smoothness of the law

(SH) Ly=T,M, pe M,

(WH) ZIF=1,M, peM.

We note first that except in trivial cases, (SH) and (WH) are equivalent due to prop-
erties of our manifolds.

Theorem 1.2 FEzcept in case d = 2 and hy, = -+ = hy,, =0, (SH) and (WH) are
equivalent.

Proof:

In case d > 2 our Grassmannians M have compact universal covering spaces G} (d), the
oriented Grassmannian of k-dimensional linear spaces in R%. Hence due to a result of
Sussmann, Jurdjevic [41], theorem 4.9 and corollaries 4.6 and 4.7, (SH) and (WH) are
equivalent. In case d = 2, and if at least one of hu,, ..., h4,, does not vanish identically,
the conditions are equally equivalent. Since we are in the analytic situation then (see
Ichihara, Kunita [18], supplements and theorem 2%, and Arnold, Oeljeklaus, Pardoux
5], p.138), if for example ha,(p) # 0 for some p € M, (WH) is satisfied everywhere on
M and implies (SH). In case d = 1, the two conditions are trivially satisfied. Hence
except in case d = 2 and hy, = ... = hy,, = 0, (SH) and (WH) are equivalent. O

Remark: Let us briefly consider the case excluded above and show that it is indeed
trivial for our purposes. If d = 2 and hy, vanishes identically for 1 < ¢ < m, Aj has a
pair of complex conjugate eigenvalues, and thus h,, # 0 everywhere. In this case the
Lyapunov exponents vanish and there is just one trivial Oseledets space. Hence all our
analysis goes trivially through as well.

We may therefore in the sequel suppose throughout that (SH) and (WH) are equiv-
alent, and denote this condition simply by (H).

By analytical arguments, (H) is seen to imply the smoothness of the law of Q.
We shall briefly recall this well known fact together with some arguments. Below in
section 2 we shall also give a probabilistic proof using Malliavin’s calculus. The main
ingredients of the probabilistic proof are needed when we tackle the smoothness of the
conditional laws in section 3.

Theorem 1.3 Under (H) the law of Q possesses a C*-density with respect to Rie-
mannian volume on M.



Proof:

According to San Martin [35], theorem 3.1., if the subgroup G of GI(d;R) generated
by Ag, -+, A, acts transitively on M, there is a unique invariant control set on M.
But under (H), G acts transitively. Hence the Fokker-Planck equation on M, given by

» vk = 0, induced by the infinitesimal generator Lj given by Ly = hy, + %Z;”:l hij,
has a unique solution, which, still by Hormander’s theorem, is smooth with respect to
Riemannian volume. But this solution is our law of @: Crauel [14], Le Jan [26] imply
that the solutions of the Fokker-Planck equation are in one-to-one correspondence with
the random invariant measures yy, induced by the cocycle (®;)ecr on M; yet, according
to theorem 1.1, is just p, = 6¢g. the point mass in ¢). Hence the law of @) is smooth. O

Remark: In the same way, we could get smoothness results for the whole forward
(and backward) flag of orthogonal projectors associated with our linear system. This
would just mean to require (H) for all dimensions appearing in the flags. Then, another
purely analytical reasoning based upon Federer’s co-area formula, which is made precise
in section 4, leads to the joint smoothness of the Oseledets spaces. We shall formulate
corresponding results in the subsequent sections for the conditional laws which, of
course, include the smoothness properties for the laws, and prove them using Malliavin’s
calculus.  One might think that the left decomposition (Q o 9t,f2t) of (¢4, Q) and
independence properties of the Wiener process provide a direct analytical argument for
obtaining the smoothness of conditional laws from the one of the laws. But the radial
component R, is only Fg°-measurable, and the reasoning in section 3 will essentially
consist in controlling its influence on the Malliavin bilinear form.

2 The H-derivative of the flow of projectors; a
stochastic proof of smoothness of laws

Let as in the preceding section k be fixed, 1 < k < d, and consider a random orthogonal
projector @ in the forward flag taking its values in M = G (d). To prove smoothness of
the law of @@ with the tools of Malliavin’s calculus, positivity criteria for the Malliavin
bilinear form have to be established. H-derivatives of our random orthogonal projec-
tors were studied in [3]. We start giving a simple description based upon the preceding
section. To tackle positivity properties, the Malliavin bilinear form of ) and its eigen-
values are compared to corresponding quantities for the flow of diffeomorphisms related
to the angular components of (®;, p),p € M, as described above. It will turn out that
all we have to do is refine the well known arguments needed for the solution of a sde on
a compact manifold to obtain positivity uniformly in p on coordinate neighborhoods
of M. For p € M denote again the left decomposition of (®;,p) by (P, R;), t € R.
We begin by calculating the H-derivatives. Recall the definition of the vector fields

ha,ga in (8), (9).

Proposition 2.1 For t € R, we have &, P,, Ry € D, and for 1 < 57 < m and
0<r<t

(DI @)@ = AT

10



Di Pt — h/Avj,L(Pt),
J
(DIR)R;' = gyil(P),

where A" = (&, 1) A (D, D717t for A € R¥*4. Moreover, Q € Dy, and for 1 < j <
m,r >0 and with A" = A™°, A € R, we have

DIQ = ~ha(Q).

Proof:
®;, € D, and the first formula are well known. Recall that the H-derivative can be
seen as a Frechet derivative, use the formula for the H-derivative of ®; and lemma
1.2 to obtain that P, Ry € D, and the asserted formulas for their derivatives. Let us
argue for the last assertion. Note that Crauel [14] and Le Jan [26] give

Q = thm P,t (¢] Ht,
and that the cocycle property of the linear flow yields
(I)—t o) 0t == (b;l

Hence (P, 0 0;, R, 0 0,) is the left decomposition of (®;*,p). Moreover, for 1 < j <
d,0 <r <t, we have

(D], &y = =@, ' [D] &) = — AT,
and hence from lemma 1.2 it follows
D‘Z, [P_toet] - —hA;‘(P_toet). (10)

(10) implies in particular that the H-derivative of P_; 06, is bounded in the D; o-norm
for t € R*. Hence the closedness of the H-derivative implies that @ € D, and the
formula

DI Q= —ha(Q).
This completes the proof. O

Conditions for the smoothness of the law of @ are formulated in terms of the following
bilinear forms on the cotangent bundle of M. For S,T € [0,00|,S < T,p € M let as
before (P;);er be the angular component of (®; p);cr and

(DP, DP)Y :TsM x T M — R,

m T . .
(4, ) =S /S (D3 P, u) (DI Py, v) dr,
j=1

and define ((DQ, DQ))§ analogously on T M x T¢s M. We recall that in these formulas
(.,.) is just the usual scalar product in R®9, Another important quantity to be used
in the sequel will be the smallest eigenvalue of the positive definite quadratic forms

11



just defined. We denote it by A({(DP;, DP))L) or A({((DQ, DQ))%). For example, we
have the following relationship

A(DQ. DQYD) = inf /fﬁlwzQ,w?ds

vETH M v =1
Our main argument will rest upon a comparison of the laws of det((DQ, DQ)){ and
det((DP;, DP;))§. For this purpose, let us next consider more carefully the invariance
properties of (). This will provide an easy access to both positivity and integrability

properties of its Malliavin bilinear form. We shall write (P(t,.) p);er for the projector
p moved by the flow at time ¢. We obtain the following invariance property.

Proposition 2.2 Lett € R, p be the law of Q. Then the law of det((DQ, DQ))} under
P is identical to the law of det((DP(t,.)-, DP(t,.)-))§ under P®p. A similar statement
holds true for the smallest eigenvalues A({({DQ, DQ))t) and A({({DP(t,.)-, DP(t,.)))})

of the Malliavin bilinear forms.

Proof:
Fix t € R,. First of all, theorem 1.1 yields

P(—t,0,)Q 00, = Q.

We consider the P-law of the family of random variables (har(Q) : 0 < r < ¢). Since
Q o0, is Fy*-measurable, P(—t,0;-) Fj-measurable as well as (A} : 0 <r <1), we see
that the P-law of (har(Q) : 0 <7 <) equals the P ® p-law of (har(P(—t,0;:) - 0b;) :
0 <r <t). By symmetry of the law of the two-sided Wiener process with respect to
0, and shift invariance of P, this again equals the law of (h A;roet(P(t, )0 <r<t).

It remains to remark that ®_, 0 6, = ®,_, o &; %, so that
A0l =0, 0" Ay by, Byt = AT,

to see that this is the law of (h yu—r:(P(¢,-):) : 0 < r < t). This evidently implies the
J
equality of laws claimed. O

The main problem for obtaining smoothness of the density of the law of () under
Hormander’s condition on M., is the proof of the existence of all moments of the inverse
of det((DQ, DQ))} for some ¢ > 0, or, more strictly, of the inverse of A(({(DQ, DQ))}).
As proposition 2.2 shows, this boils down to the proof of the existence of all moments of
the inverse of det ((DP(t,.)-, DP(t,.)-))§ or of A(((DP(t,.)-, DP(t,.)-))§) for somet > 0
with respect to the probability measure P ® p. In fact, we shall use local coordinates
on M to prove such an integrability statement. Fix for the rest of the section a family
(Ui)1<i<i of coordinate neighborhoods covering M. In these terms, it is enough to prove

sup E(Lp(t,)pevyy (det ((DP(t,.) p, DP(t,.) p));) %) < o0 (11)

for any ¢ > 1,1 < i < [. To prove (11), choose local coordinates ¢; : U; — R" (here
actually 7 = k(d — k)). Since M is a submanifold of R%*¢, we may assume that ¢; is
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the restriction of some smooth mapping ¢; : R™? — R which is a diffeomorphism
of some open neighborhood of U; in R¥*?, and has compact support.

Let us now fix 7,1 < ¢ <[, and omit it as a subscript. We transfer the vector fields
ha on M to R" by putting

dha(y) = o ha(o™(y)), yeU),AcR™,

and set

Qs»cy = Spal {¢hA1 (y)v Tty Qsh'Am (y)7 [¢hAip’ [QShA"p*l’ [[¢hA” ’ gbhAlo]](y) :
0<i;<m,1<j<ppeN}

Then, since ¢, is pointwise a homomorphism with respect to the Lie algebra structure,
we obtain

PLy = b (Lom1iy); ¥ € OU). (12)

Assuming that Hormander’s condition holds for M is therefore translated into the
condition

oLy =R, yeol) (13)

In these terms we may consider the following stochastic differential equations in FEu-
clidean space R”

dX; = ha(Xy)dt+ Y ¢ha,(Xy) o dW, (14)
=1
XO = I €& RT,
dZ, = D(¢hay)(Xy) Zedt +> D(¢pha,)(Xy) Zy 0 dWY, (15)
=1
Zy = I,

where [ is the » X r unit matrix. By smoothness and boundedness of the vector fields
involved, (14) and (15) generate cocycles of diffeomorphisms (X (¢,.));er of R and
(Z(t,.))ter of R™*" the values of which at x € R” shall be written X (¢,.)z etc., as
usually. To obtain a coordinate version of (11), we shall have to extend the results
of Taniguchi [42], pp. 276-283, slightly. To begin with, the Malliavin bilinear form in
coordinates (DX (t,.)z, DX (t,.)z))§ for 0 < S < T < oo now becomes a bilinear
form on R” x R", the object usually called Malliavin’s matrix (see for example Nualart
130]). It is well known (see for example lkeda, Watanabe [19], p. 340), that for
s>0,1<j<m,xeR

DIX(t,)z=2@ )z Z(s,.) "z ¢pha, (X(¢,.)2).
But the cocycle property (on the skew product) yields the equations

Z(—s,00)" " X(t,)x=Z(t,)x Z(s,.) " x,
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and

X(=5,00) ' X(t,)r=X(t —s,.),

0 <s <t xeR". Now abbreviate B; = gbhAj, 1 < j < m. Then by virtue of the above
equations, if in accordance with Taniguchi [42] we set

a(s,z,.)(v) = i(v, Z(—8,0p) ' x Bj(X(=s,0:) ' 1))?,

i=1

and
7(z) =inf{s > 0: X(—s,0,-) " 2 € o(U)} At,

0<s<tazecR"veS ! weobtain
((DX(tn;) x, DX(t,.)x))} (16)
=3 [(25. 007 X0 )2 By (X(=5,0) 7 2). )
(25,067 Xt B (X (5,67 0), s,

considered as a bilinear form on R” x R", and consequently

det((DX(t,.)x, DX(t,.)x)); > A({((DX(t,.) =, DX(t,.)2))) (17)
r(X(t,)2)
> [veigfil/o a(s, X(t,.) z,.)(v) ds]".

Now the essential step in Taniguchi’s [42] arguments generalizes in the following way.

Proposition 2.3 For any ¢ > 1,1 > 0 we have

sup B(Lx seown ADX (0, ). DX (8. 2))5) ™) < oc. (18)
zeR"

Proof:
If we fix t > 0,e > 0 and set

o(z) =inf{s > 0:| X(s,.)x —x |> €} AL,

lemmas 3.3 and 3.4 of Taniguchi [42] yield

T(X(t,.) x)
sup P(/ a(s, X(t,)x,.)(v)ds < k™75 X(t,.)x € ¢(U)) (19)
zeR" 0
% 1
<P(inf [ )(v)ds < k™07 + P(_inf -
<P( il )" al(s2,)(v)ds < )+ P( inf Jolz) > 1)

= O(k™)

for ¢ > 1 as k — oo, uniformly in v € S"7!. Here my € N is chosen according to
Taniguchi [42], lemma 3.2, such that



for any ¢ > 1,v € S" ',z € ¢(U), as k — oo. Due to the boundedness of the vector

fields involved and the compactness of M, the arguments given in Taniguchi [42], pp.

282, 283, do equally not depend on x € ¢(U). Therefore they apply to sharpen (19) to
(X (t.) z)

sup P( igf ; a(s, X(t,.)z,.)(v)ds < k™ 7 X(t,.)z € (U)) = O(k™),
zeRr veST1
(20)

for all ¢ > 1, as £k — oo. We emphasize that to be able to apply the reasoning of
Taniguchi [42], we essentially had to apply Hormander’s condition in the coordinate
form of (13). Now (20) implies that for ¢ > 1

. (X (t.) ) B
sup E([ inf a(s, X(t,.)x,.)(v) ds] ™ Lix.)weo@)}) < 00. (21)

zeRr vesST™1 Jo

In view of (21), it just remains to recall (17) to get the desired result. O

With the preceding result we finally obtain integrability of the inverse Malliavin
bilinear form.

Proposition 2.4 Suppose that (H) is satisfied for M. Then for any p > 1,t > 0 we
have
(A(({DQ, DQ))p)) ! € LP(QLF, P),

and in particular

(det{(DQ. DQ)),)™" € LP(2.F. P).

Proof:
Returning the results of proposition 2.3 to M (see Taniguchi [42], pp. 277, 278), we
arrive at (11). Combine this with proposition 2.2 to obtain the asserted integrability. O

Due to proposition 2.4, we are now in a position to complete the stochastic proof of
smoothness of the law of ). For the sequel, we shall only need the result of proposition
2.4.

Theorem 2.1 Suppose that () is a random orthogonal projector on a linear space in
the forward flag of the linear cocycle generated by the stochastic differential equation
(1) which takes its values in M = Gg(d) for some 1 < k < d. Assume that (H) is
satisfied for M. Then the law of @ possesses a C'*-density.

Proof:
Modulo a standard passage to local coordinates, according to Nualart [30], pp. 83,
91-93, it is enough to show that there exists ¢ > 0 such that

Q €D,u([0.1]) for p>1keN, (22)

(det((DQ, DQY).) ' € LP(Q,F,P) for p>1. (23)
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Indeed, in (24) on p. 83 of Nualart [30] one may choose DF" 1y, instead of DF",
1 <1< m, set

t . .
b= ( /0 D,Fi DyFI ds)ics jem,

to obtain

0.:0(F) = Y- [ Do(F) D7 ds (01)7),
j=1

in the terms used there. The duality relation between the H-derivative and Skorokhod’s
integral has then equally to be applied to the functions DF* Lo, 1 <@ < m, instead,
and a similar reasoning for higher derivatives.

Now, (22) follows from proposition 2.1, whereas (23) is a consequence of proposition
2.4. 0

We finally wish to obtain smoothness of the law for the entire forward (or backward)
flag of orthogonal projectors of our system. For this purpose recall from above that
our forward flag (Q,,---, Q1) takes its values in a flag manifold Fj,_ .., (d) where k; =
di +---+d.,1 < i < r. We may realize the flag manifold in the same way as the
Grassmannians by

F...kn(d) =A{(op, 0", 0pg, , 0", ..., 1) : 0€ O(d)}.

We recall that pp denotes the orthogonal projector identifying the first k£ vectors of a
canonical basis of R? and annihilating the remaining ones. The Hormander conditions
corresponding to the flag manifold are the following

(SHF) T(pr 77777 p1) Fkr ..... k1<d) = ,C];: X ... X ,C];i for any (pr, ...,pl) € Fkr,...,kl (d),

(WHE) T,

..........

By (HF) we denote the condition (WHF) or equivalently (SHF'), excluding from the
beginning a trivial case in which our reasoning is trivially true (see the remarks in
section 1). Here we put indices k on the vector fields h* in order to indicate in which
Grassmannians they operate.

.....

Proof:
We just have to note that according to proposition 2.4 we have

r

[1(det({DQ, D)) € L7(,F, P)

=1

for any p > 1. This implies the desired result, given the manifold structure, according
to Tmkeller [21]. O
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3 Smoothness of conditional laws of orthogonal
projectors in the forward flag

We shall now extend the treatment the laws of orthogonal projectors were given in
the preceding section to conditional laws. We start with recalling the key observation
made in section 1. For the following fix again k, 1 < k < d, and let () be a random
orthogonal projector in the forward flag taking its values in M = Gy (d). Then the left
decomposition of (¥, @) was seen in theorem 1.1 to lead to the dual equations

Qoetét:fit@:@t@a (24)

R(I-Q)=(I—-Q)obRy=(I —Q) o0, P,. (25)
Since for ¢ fixed, @ o 6; is independent of F}, and thus of (®, : s < ¢), (24) indicates
that proving smoothnebs of the conditional law of @ given F} essentially boils down
to controlling the influence of R;, which, unfortunately, is not independent of Fl. This
will be done by controlling the eigenvalues of R, }A%;* and using the integrability of their
moments. This way the Malliavin bilinear form on [t, 00| can be controlled by the one
n [0, col, shifted by 6;, and thus the criterion for smoothness of the conditional laws
deduced from the one for the laws discussed in section 2.
The following lemma will be crucial for estimating the influence of the radial com-
ponent in the left decomposition.

Lemma 3.1 Fort € R, A€ R™, let v=ha(Q),v: = hg, 45-1(Q 0 0;). Moreover, let

Xo(t) be the smallest, M (t) the biggest eigenvalue of Ry, RY, and denote ¢, = :\\Og Then

¢, as well as ¢; ' possesses moments of all orders and we have
—1
(v vr) < (v,v) < ¢ (v, o).

Proof:
Since the vector fields (9) in the stochastic differential equations describing Rt, Rt are
smooth and bounded, both R, and Rt possess moments of all orders. Consequently
Xo(t)%, the biggest eigenvalue of (RF)~! Ry ', and >\1( ), the biggest of R, R}, equally
possess moments of all orders. Hence so do ¢, and ¢;'. Now note that lemma 1.1 and
theorem 1.1 yield the following equation, where in the last line, for brevity, we omit
the subscript ¢

(vv) = 2t((I -Q)AQA™ (I - Q)) (26)
= 2tr(R7'(I - Q)00 PAD Q0§ RR* (PAD™)* (I — Q) 0 O (R*)™Y).

Now use a diagonalization of RR*, for example, and recall the definition of v; to see
from (26) that

>~

1(t) Ao(t)
(v,v) < () (v, v¢), and  (v,v) > M) (vg, vy).

This completes the proof. O
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By means of lemma 3.1 we can prove that the criterion of Malliavin’s calculus for
the smoothness of the conditional laws can be traced back to the one for smoothness
of the laws.

Lemma 3.2 For T >t > 0, let \o(t) resp. A\ (t) be the smallest resp. biggest eigen-

values of R, Rf, and ¢; = ifgg Then

A((DQ, DQ));)

det{({(DQ, DQ)){ =
> ¢ A((DQ, DQ))g ") © b

Proof:
The first inequality follows trivially from the definitions. To estimate A({{DQ, DQ))T),
fix 1 <j <m,r >tveTHM such that |[v]| = 1. Let B € R such that v = hp(Q).
Then an argument similar to the one given in the preceding proof yields

(DIQ,v)? (27)
= 4tr((I = Q) A7Q B* (I — Q))?
=4tr(R (1 —Q)o0A " 00QoRR* Qo0 (®B*d 1) (I —Q)of(R)™)
> C? <D£—tQ o 0y, Ut>27

where v; = he, gg-1(Q © 64), and in line 3 the subscript ¢ is omitted. Now (27) and
lemma 3.1 yield

A((DQ, DQ));) = ¢; A((DQ, DQ))y ™) © b,

which completes the proof. O
This allows us to formulate our main result.

Theorem 3.1 Suppose that Q) is a random orthogonal projector on a linear space in
the forward flag of the linear system induced by the stochastic differential equation (1),

which takes its values in M. Assume that M satisfies (H). Then for any t > 0 the
conditional law of Q given Fl possesses a density which is C*™ (P-a.s.).

Proof:
According to [21] we have to show that there is T > t such that for all p > 1

(det({DQ, DQ)){ )" € L"(Q, F,P). (28)

By lemma 3.2 and ;-invariance of P this reduces to a corresponding integrability con-
dition for ¢;* and (A(((DQ, DQ))a~"))~!. Lemma 3.1 is used to treat c; !, while the
inverse smallest eigenvalue is treated by proposition 2.4. This completes the proof. O

If we require (HF), we obtain smoothness for the conditional laws of the entire
forward flag of orthogonal projectors.
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Theorem 3.2 Suppose that (HF) is satisfied for the flag manifold Fy,. . g (d). Then
for any t > 0 the conditional law of (Q,, ..., Q1) possesses (P-a.s.) a C*®- density with
respect to the Riemannian volume on Fy, . 1, (d).

Proof:
Apply (28) simultaneously to all @, ...,Q;. O

As a consequence of theorem 3.2 we now obtain that the semimartingale property
is preserved, if the Wiener filtration is enlarged by the entire forward flag. Moreover,
a priori estimates for stochastic integrals with integrands only adapted for the larger
filtration follow.

Theorem 3.3 Suppose that (HF) is satisfied for the flag manifold Fy,.. k, (d). Let for
t>0
Gt =FyVvao(Q,,.., Q).

Then any Fl-semimartingale is a Gb-semimartingale. Moreover, for any T > t >
0,1 < r < g there exist constants ¢, such that for any Gi-adapted P-a.s. locally

square integrable process u = (ul, ..., u™) we have

m s . . t
| sup |3 [l Wil e 11 Iy |12 dod -
j=1

0<s<t

Proof:
Apply theorem 3 of [21], which is possible due to theorem 3.2 and (28). O

Remark: The Euclidean form of the criterion of Malliavin’s calculus for the abso-
lute continuity of the conditional laws we have been using above is also known from
conditional Malliavin’s calculus. See Nualart, Zakai [32], or Bouleau, Hirsch [11].

4 The smoothness of the laws of the Oseledets
spaces

Recall now that the families of projectors (@, - -, Q1) of the forward and (P,,---, P;)
of the backward flag of our linear system (1) are independent, and that the family
(R,,---, Ry) of orthogonal projectors on the Oseledets spaces are just given by inter-
secting corresponding spaces of the forward and backward flags. In this section, we
shall show that the smoothness properties of the flags are inherited by the Oseledets
spaces. For this purpose a purely analytical argument based upon the co-area formula
of Federer [15], theorem 3.2.22., is sufficient.

For the first part we fix i, 1 < ¢ < r, and note that according to our conventions,
Qi takes its values in Gy, 1...yq,(d), P;in Gg,4..1q,(d), and R; in Gg4,(d). To abbreviate,
denote k = d; + -+ + d,,l = dy + --- + d;,¢c = d;. The dimensions of the Grass-
mannians we work with are denoted by m = k(d — k),n = l(d — 1),z = ¢(d — ¢).
To use Federer’s formula in appropriate terms, we shall employ Hausdorff measure
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H™ H™ H? on the respective Grassmannians instead of Riemannian volume. Up to
a multiplicative constant, Riemannian volume is identical to Hausdorff measure (see
Federer [15], p.171). We shall apply the co-area formula to the mapping which asso-
ciates to (¢, p) € Gr(d) x Gi(d) the projector s € G.(d) on the intersection of the linear
spaces onto which ¢ and p project. Since this intersection may be a linear space of
dimension bigger than ¢ on a set of H™ ® H™-measure zero, we fix sqg € G.(d) and set

[ Grld) X Gi(d) — Ge(d),  (g,p) — s resp.  so,

if the intersection of the spaces onto which ¢ and p project is represented by the
projector s, sq if it is more than c-dimensional. We shall make use of the fact that
the Jacobian mapping Jf of f (see Federer [15], p. 258) is invariant under orthogonal
transformations of R%. For o € O(d), orthogonal transformations on Gy(d) by o in our
setting are given by TF : G(d) — Gi(d),p — opo*, 1<k <d.

Lemma 4.1 Let o € O(d). For H™ ® H"-a.e. (¢,p) € Gi(d) x Gy(d) we have
J(Tyq. Typ) = J f(q.p)-
Proof:

We shall use repeatedly the invariance of Hausdorff measure with respect to orthogo-
nal transformations on Grassmannians which follows immediately from the definition.
It relies upon the fact that diameters of sets in a Euclidean space are invariant for
orthogonal transformations. Let 0 < g be a bounded function measurable with respect
to the Borel sets of G(d) x G(d). Then the co-area formula yields the equation

/Gk G 9(q,p) J f(q,p) H™ (dq) H"(dp) (29)

- /Gc<d> (/fl(s) 9(g.p) H™""*(d(q.p))) H(ds),

where the constant « comes from the normalization of the Hausdorff measures. It will
be present in all subsequent applications of the co-area formula. We write the same
formula for the function g o (T%,TL) and use invariance of H™"=* as well as H* for

orthogonal transformations on Gy(d) x G;(d) resp. G.(d) to obtain the following chain
of equalities

/Gk(d)xGl(d) 9(Ty.q,T,-p) J f (g, p) H™(dg) H" (dp) (30)
- / c<d>(/f—1<s> 9(T5q. Toep) H™ " (d(g, p))) H*(ds)
- /(;c<d>(/JCI<T;S) g(g,p) H™ " (d(g, p))) H*(ds)

- /G’c(d) (/fl ) 9(g,p) H™" *(d(q, p))) H*(ds).

We next use the invariance of H™ ® H™ for orthogonal transformations on G(d) x G,(d)
to deduce from (29) and (30)

/Gk(d)XGl(d) g(Qap) Jf(qu, Tép) Hm(dq) Hn(dp) (31)

_ ) Jf(q,p) H™(dq) H"(dp).
Gk(d>xGl(d)g(q p) Jf(q,p) H™(dg) H" (dp)
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(31) evidently implies the desired equation. O

We are now in a position to prove that smoothness properties of the laws of our
random projectors in the forward and backward flags are inherited by the random
projectors on the Oseledets spaces.

Theorem 4.1 Suppose that the forward and backward Ruelle matrices of the linear
system induced by the stochastic differential equation (1) are given by

1

¢F = lim [P} @2 = Ze’\’

O = lim [®F )7 = Ze”S{,

t—>7c>o
with Lyapunov exponents Ay > ... > \., and 07'thogonal projectors in the forward resp.

backward flag given by

_ + _ -

=257 P=25,

Jj=i J<i

0 <i < r+1 (where the empty sum is trivially interpreted), R; the orthogonal projectors
on the intersections of the random subspaces onto which Q; and P; project, 1 < i <
r. Suppose further that 1 < i < r is given and (H) is satisfied with respect to the
Grassmannians Gg, +...1q,(d) as well as Gg,4...1q,.(d). Then the law of R; possesses a
C™-density with respect to Riemannian volume on Gg,(d).

Proof:
Use the same notation as above, and omit the subscript ¢ in @Q;, P;, R; for simplicity
of notation. Let hg resp. hp be densities of () resp. P with respect to Riemannian
volume on Gg(d) resp. G;(d). Then Federer’s co-area formula again yields the equation

/Gk(d)wl(d) 9(f(g.p)) ha(q) he(p) H™(dg) H" (dp) (32)
@ /Gc(d)</fl(s) Tf(q,p) " g(s) ho(q) hp(p) H™*(d(q, p))) H*(ds),

this time for nonnegative bounded functions g on G.(d) which are measurable with
respect to the Borel sets of the Grassmannian. Equation (32) evidently qualifies the
function

(o) = [ TF(@.p) ha(a) he(p) " (d(g.p)). (33

s € G.(d), as a density of R with respect to H* on G.(d). Hence all that remains to be
done is show that hpg is a C*°- function on G.(d). To do this, we make use once again
of the invariance of H™*" % for orthogonal transformations and lemma 4.1 to describe
hgr in an alternative way. For this purpose, fix sg € G.(d) and for s € G.(d) let o
be an orthogonal matrix which satisfies o, s = sg3. Then, the invariance properties we
referred to give

ha(s) =a [ Jf(ap) " ho(Tha) he(Thp) H™"~*(d(g.p)), (34

f~1(s0)
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s € G.(d). Now note that f~!(sq) is compact, and recall that due to our hypotheses hq
and hp are C*-functions on Gy(d) resp. G;(d). Hence by a standard argument using
dominated convergence the desired C'*°-property of hr boils down to the smoothness
of the mappings

s—=Trq, qeG(d), 1<k<r

To get this we just have to make sure that the mapping s — o, can be chosen C*. But
this is obvious, and the proof is complete. O

By using a procedure similar to the preceding proof we can finally extend the result
of theorem 4.1 to the whole family of Oseledets spaces. As before, one just has to
make sure that Hormander’s condition is satisfied on the flag manifold instead of the
Grassmannian.

Theorem 4.2 Suppose that the forward and backward Ruelle matrices of the linear
system induced by the stochastic differential equation (1) are given by

. .o 1l L
TIPS

i=1

t——o00

O = lim [@ B, = e ST,
i=1
with Lyapunov exponents \y > ... > A, and orthogonal projectors in the forward resp.

backward flag given by
Q=) 57, P=3) 5,
Jj=i Jj<i

0 <i < r+1 (where the empty sum is trivially interpreted), R; the orthogonal projectors
on the intersections of the random subspaces onto which Q; and P; project, 1 < i <.
Suppose further that (HF) is satisfied for the flag manifold Fy, ..., (d) and Fy, .5, (d),
where ki = d; + -+ dpl; = dy + -+ di, 1 < i < 7. Then the law of (Ry, ..., R,)
possesses a C™-density with respect to Riemannian volume on Gg,(d) x --- x Gg,(d).

Proof:
Since the ideas of proof, apart from some technicalities, have been presented above, we
can afford to be more sketchy here. Define

o B (d) X B0 (d) — Gay(d) X - x G, (d)
((qTa"'vql)v(pra"'apl)) = (817"'7ST)7

’

where s; is the projector on the intersection of the spaces onto which ¢; and p,1_;
project, 1 <i <r. Let hg be the smooth density of (Q,, ..., @1), hp the smooth density
of (P, ..., P1). Then another application of the co-area formula of Federer implies that

hi(on s =a [ Tf(a.p) hal) he(p) H*(dla.p))

writing ¢ for (g, ..,q1) and similarly for p, for (si1,...,s,) € Gg,(d) x -+ X G4.(d), is a
density of (Ry, ..., R,) with respect to Y7, d; (d — d;)-dimensional Hausdorff measure

22



on Gy, (d) X --- x Gy, (d), and k an integer determined by the dimensions of the various
Grassmann manifolds. Once again by rotational invariance of Hausdorff measure this
density is C'*°. This completes the proof. O

In the following particular case all conditions of the preceding theorem are fulfilled.

Corollary 4.1 Suppose that the Lie group generated by Ay, ---,A,, is the general or
special linear group. Then the law of (Ry,-- -, R,) possesses a C*°-density with respect
to Riemannian volume.

Proof:
The hypothesis (H) for any Grassmannian is a consequence of transitivity of the Lie
group. Hence theorem 4.2 applies. O

Remark: 1. The conditional laws or joint laws of the random projectors on the
Oseledets spaces can also be seen to be smooth. This follows by combining theorem
3.2 with the arguments of the preceding proofs.

2. If the ideal generated by the vector fields Ay,---, A,, in the Lie algebra of
Ag, -+, A, coincides with the Lie algebra of the special or general linear group in
RY, the simple fact that the mapping A — h4 with respect to any Gy(d),1 < k < d, is
a homomorphism of Lie algebras, yields that (H) and thus also (HF) is satisfied in any
dimension. Hence in this case the hypotheses of all our theorems are fulfilled. This
is in particular true if the Lie group generated by Aqg, - - -, A,, is the special or general
linear group.

3. It appears that condition (H) for k = 1,2, i.e. for projective space and planes
implies the condition for any dimension d > 3. A reasoning for establishing this is
based upon a complete check of Boothby’s list of non-compact semisimple components
of Lie groups for the conditions for £k = 1,2. Apart from a few trivial cases, this rules
out all possibilities for the Lie group generated by Ag,-- -, A,, except to coincide with
the general or special linear group (see San Martin [36]). We do not intend to discuss
this question in the present paper.

4. Our results on the smoothness of the laws of the Oseledets spaces promise to be
significant for the study of the asymptotic rotational behaviour of linear(ized) systems
by concepts like rotation numbers. This will be made precise in a forthcoming paper.

5. The methods of Malliavin’s calculus employed for smoothness properties of laws
in this paper can be used to study finer properties of the laws like positivity, support
and decay properties. For a recent account on the treatment of problems of this kind
see Nualart [31]. We shall deal with these topics elsewhere.
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