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Malliavin’s calculus has been developed for the study of the smooth-
ness of measures on infinite dimensional spaces. It provides a stochastic
access to the analytic problem of smoothness of solutions of parabo-
lic partial differential equations. The mathematical framework for this
access is given by measures on spaces of trajectories.

In the one-dimensional framework it is clear what is meant by smooth-
ness of measures. We look for a direct analogy to the smoothness problem
in infinite-dimensional spaces. For this purpose we start interpreting the
Wiener space as a sequence space, to which the theory of differentiation
and integration in Euclidean spaces is generalized by extension to infinite
families of real numbers instead of finite ones.

The calculus possesses applications to many areas of stochastics, in
particular finance stochastics, as is underpinned by the recently publis-
hed book by Malliavin and Thalmayer. In this course I will report on
recent applications to the theory of backward stochastic differential equa-
tions (BSDE), and their application to problems of the fine structure of
option pricing and hedging in incomplete finance or insurance markets.

At first we want to present an access to the Wiener space as sequence
space.

1 The Wiener space as sequence space

Definition 1.1 A probability space (Ω,F , P ) is called Gaussian if there
is a family (Xk)1≤k≤n or a sequence (Xk)k∈N of independent Gaussian
unit random variables such that

F = σ(Xk : 1 ≤ k ≤ n) resp. σ(Xk : k ∈ N)

(completed by sets of P -measure 0).
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Example 1:
Let Ω = C(R+,Rm), F the Borel sets on Ω generated by the topology
of uniform convergence on compact sets of R+, P the m-dimensional
canonical Wiener measure on F . Let further W = (W 1, · · · ,Wm) be the
canonical m-dimensional Wiener process defined by the projections on
the coordinates.

Claim: (Ω,F , P ) is Gaussian.
Proof:

Let (gi)i∈N be an orthonormal basis of L2(R+),

W j(gi) =
∫

gi(s)dW j
s , i ∈ N, 1 ≤ j ≤ m,

in the sense of L2-limits of Itô integrals. Then (modulo completion) we
have

F = σ(Wt : t ≥ 0).

Let t ≥ 0, (ai)i∈N a sequence in l2 such that

1[0,t] =
∑

i∈N
ai gi.

Then we have for 1 ≤ j ≤ m

W j
t = lim

n→∞
n∑

i=1
ai W

j(gi) =
∞∑

i=1
aiW

j(gi),

hence W j
t is (modulo completion) measurable with respect to σ(W j(gi) :

i ∈ N). Therefore (modulo completion)

F = σ(W j(gi) : i ∈ N, 1 ≤ j ≤ m).

Moreover, due to

E(W j(gi)W
k(gl)) = δjk〈gi, gl〉 = δjk δil, i, l ∈ N, 1 ≤ j, k ≤ m,

hence the W j(gi) are independent Gaussian unit variables. •
In the following we shall construct an abstract isomorphism between

the canonical Wiener space and a sequence space. Since we are finally
interested in infinite dimensional spaces, we assume from now on

Assumption: the Gaussian space considered is generated by infinitely
many independent Gaussian unit variables.
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Let RN = {(xi)i∈N : xi ∈ R, i ∈ N} be the set of all real-valued
sequences, and for n ∈ N denote by

πn : RN → Rn, (xi)i∈N 7→ (xi)1≤i≤n,

the projection on the first n coordinates. Let Bn be the σ-algebra of
Borel sets in Rn,

BN = σ(∪n∈Nπ
−1

n [Bn]).

Let for n ∈ N

ν1(dx) =
1√
2π

exp(−x2

2
) dx, ν = P(Xn)n∈N

= ⊗i∈Nν1, νn = ν ◦ π−1
n .

This notation is consistent for n = 1.

We want to construct an isomorphism between the spaces of integrable
functions on (Ω,F , P ) and (RN,BN, ν). For this purpose, it is necessary
to know how functions on the two spaces are mapped to each other. It
is clear that for BN-measurable f on RN we have

F = f ◦ ((Xn)n∈N)

is F -measurable on Ω.

Lemma 1.1 Let F be F-measurable on Ω. Then there exists a BN-
measurable function f on RN such that

F = f ◦ ((Xn)n∈N).

Proof
1. Let F = 1A with A = ((Xi)1≤i≤n)

−1[B], B ∈ Bn. Then set f = 1π−1
n [B].

f is by definition BN-measurable and we have

f((Xn)n∈N) = 1B((Xi)1≤i≤n) = 1A = F.

Hence the asserted equation is verified by indicators of a generating set
of F which is stable for intersections. Hence by Dynkin’s theorem it is
valid for all indicators of sets in F .

2. By part 1. and by linearity the claim is then verified for linear
combinations of indicator functions of F -measurable sets. The assertion
is stable for monotone limits in the set of functions for which it is verified.
Hence it is valid for all F -measurable functions by the monotone class
theorem. •
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Theorem 1.1 Let p ≥ 1. Then the mapping

Lp(RN,BN, ν)) 3 f 7→ F = f ◦ ((Xn)n∈N) ∈ Lp(Ω,F , P ))

defines a linear isomorphism.

Proof
The mapping is well defined due to

||F ||pp = E(|f((Xn)n∈N)|p)
=

∫
|f(x)|pν(dx) (transformation theorem)

= ||f ||pp,
and bijective due to Lemma 1.1. Linearity is trivial. •

Theorem 1.1 allows us to develop a differential calculus on the se-
quence space (RN,BN, ν), and then to transfer it to the canonical space
(Ω,F , P ). For this purpose we are stimulated by the treatment of the
one-dimensional situation.

Questions of smoothness of probability measures are prevalent. We
start considering them in the setting of R.

2 Absolute continuity of measures on R

Our aim is to study laws of random variables defined on (Ω,F , P ), i.e. the
probability measures PX for random variables X. By means of Theorem
1.1 these measures correspond to the measures ν◦f−1 for BN-measurable
functions f on RN. The one-dimensional version of these measures is
given by ν1 ◦ f−1 for B1-measurable functions f defined on R.

We first discuss a simple analytic criterion for absolute continuity of
measures of this type.

Lemma 2.1 Let µ be a finite measure on B1. Suppose there exists c ∈ R
such that for all φ ∈ C1(R) we have

|
∫

φ
′
(x)µ(dx)| ≤ c||φ||∞.

Then µ << λ, i.e. µ is absolutely continuous with respect to λ, the
Lebesgue measure on R.
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Proof
Let 0 ≤ f be continuous with compact support, and define

φ(x) =
∫ x

−∞ f(y)dy,

Then ∫
fdµ =

∫
φ
′
(x)µ(dx) ≤ c||φ||∞ = c

∫
fdλ.

By a measure theoretic standard argument this inequality follows for
bounded measurable f . Therefore we conclude for A ∈ B1

µ(A) ≤ c λ(A),

which clearly implies µ << λ. •
We aim at applying Lemma 2.1 to the probability measure ν1 ◦ f−1

with f B1-measurable. For this purpose we encounter for the first time
the central technique of integration by parts on Gaussian spaces, which
is at the heart of Malliavin’s calculus.

For reasons of notational clarity we first recall the classical technique
of integration by parts. Indeed, for g, h ∈ C∞

0 (R) (smooth functions with
compact support) we have

(∗)〈g′, h〉 =
∫

g′(x) h(x) dx = −
∫

g(x) h′(x) dx = −〈g, h′〉.

This relationship can be extended to functions g, h ∈ L2(R) which vanish
at ±∞ and which possess derivatives in the distributional sense. Let us
for a moment assume this setting and denote by dg the derivative in
distributional sense of g, and in the sense of the duality (*) with δh its
adjoint operator. Then for h ∈ C∞

0 (R) we have

δh = −h′,

and we can interpret the duality relationship as

〈dg, h〉 = 〈g, δh〉.
Finally, the operator δd = − d2

dx2 plays an important role in the calculus.
Here it is identical to the negative of the Laplace operator. In the just
sketched classical calculus one does not have to distinguish between d

and δ (modulo sign).
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For the analysis on Gaussian spaces things are different. We sketch the
analogue of a differential calculus with respect to duality on Gaussian
spaces. For g, h ∈ L2(R, ν1) denote

〈g|h〉 =
∫

g(x)h(x) ν1(dx).

To apply Lemma 1.1 formally to the measure µ = ν1 ◦ f−1 for some B1-
measurable f , we have to write, assuming all operations are justified,

∫
φ′(x)ν1 ◦ f−1(dx) =

∫
φ′ ◦ f(x)ν1(dx) = 〈φ′ ◦ f |1〉 = 〈(φ ◦ f)′| 1

f ′
〉.

Now, as in the classical setting, we want to transfer the derivation to
the other argument. For this purpose we continue calculating for g, h ∈
C∞

0 (R)

〈g′|h〉 =
1√
2π

∫
g′(x) h(x) exp(−x2

2
) dx

= − 1√
2π

∫
g(x)

d

dx
[h(x) exp(−x2

2
)] dx

= −
∫

g(x) exp(
x2

2
)

d

dx
[h(x) exp(−x2

2
)] ν1(dx)

= 〈g| − h′ + xh〉.
So in the setting of Gaussian spaces, if we define as before dg as distribu-
tional derivative in the generalized sense, its dual operator on a suitable
space of functions (to be described later) has to be defined by

δh = −h′ + xh.

In this sense we have the following duality relationship, completely ana-
logously to the classical formula

〈dg|h〉 = 〈g|δh〉.
For the combination of the derivative operator and its dual we obtain
this time the following operator

L = δd = − d2

dx2 + x
d

dx
,

in the suitable distributional sense.
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d will be called Malliavin derivative, δ Skorokhod integral, and L

Ornstein-Uhlenbeck operator. The domains of these operators will be
more precisely defined in the higher dimensional setting. The present
exposition is given for motivating the notions to be studied.

Let us return to the problem of smoothness of the measure ν1 ◦ f−1.

Lemma 2.2 Let g, h ∈ L2(R, ν1) be such that dg, δh ∈ L2(R, ν1). Then
we have

〈dg|h〉 = 〈g|δh〉.
Moreover for f ∈ L2(R, ν1) such that δ( 1

df ) ∈ L2(R, ν1) we have

ν1 ◦ f−1 << λ.

Proof
We continue the above calculation in the notation chosen. We have by
duality and the inequality of Cauchy-Schwarz

|〈d(φ ◦ f)| 1

df
〉| = |〈φ ◦ f |δ( 1

df
)〉

= |
∫

φ ◦ f(x) δ(
1

df
)(x) ν1(dx)

≤ ||φ||∞||δ( 1

df
)||2.

Hence Lemma 1.1 can be applied with c = ||δ( 1
df )||2 which yields the

desired absolute continuity. •
With this lemma the program for the development of Gaussian diffe-

rential calculus in finite and infinite dimensional spaces is sketched. We
have to develop rigorously in this framework the calculus of the three
operators. We shall hereby, for brevity, mostly concentrate on the ope-
rators d and δ. One natural orthonormal basis of L2(R, ν1) proves to be
very useful hereby.

3 Hermite polynomials; orthogonal developments

We continue denoting d, δ and L the operators studied above. They
are at least (and this is the sense in which we use them) well defined on
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C∞
0 (R), even, due to the integrability properties of the Gaussian density,

on the space of polynomials in one real variable.

Definition 3.1 For n ≥ 0 let

Hn = δn 1.

Hn is called Hermite polynomial of degree n.

By definition we have for x ∈ R

H0(x) = 1,

H1(x) = δ1 = x,

H2(x) = δx = −1 + x2,

H3(x) = δ(−1 + x2) = −x− 2x + x3 = x3 − 3x.

Theorem 3.1 Hn is a polynomial of degree n, with leading coefficient
1. Moreover for n ∈ N

(i) δHn = Hn+1,

(ii) dHn = nHn−1,

(iii) LHn = nHn.

In particular, Hn is an eigenvector of L with eigenvalue n.

Proof
(i): follows by definition.

(ii): We first briefly investigate the commutator of d and δ. In fact, we
have for h ∈ C∞

0 (R)

(dδ−δd) h = d(−h′+xh)−(−h′′+xh′) = −h′′+xh′+h−(−h′′+xh′) = h.

This means that
(dδ − δd) = id.

With this in mind we proceed by induction on the degree n. The claim
is clear for n = 1. Assume it holds for n− 1. Then

dHn = dδHn−1 = δdHn−1 + Hn−1

= (n− 1)δHn−2 + Hn−1 = nHn−1.

(iii): LHn = δdHn = nδHn−1 = nHn. •
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Corollary 3.1 For g ∈ L2(R) define the Fourier transform by

ĝ(u) =
1√
2π

∫

R
eiuxg(x) dx, u ∈ R.

Then
̂

(Hn e−
x2

2 )(u) = (iu)n e−
u2

2 .

Proof
Choose u ∈ R. Then

̂
(Hn e−

x2

2 )(u) =
̂

(δn1 e−
x2

2 )(u)

= 〈eiu·|δn1〉
= 〈dneiu·|1〉
= (iu)n〈eiu·|1〉
= (iu)ne−

u2

2 .

•
With these preliminaries, we can show that the Hermite polynomials

constitute an orthonormal basis of our Gaussian space in one dimension.

Theorem 3.2 ( 1√
n!

Hn)n≥0 is an orthonormal basis of L2(R, ν1).

Proof
1. Let n, k ∈ N, and suppose that n < k. Then by Theorem 3.1

〈Hn|Hk〉 = 〈δn1|δk1〉 = 〈dkδn1|1〉 = 0,

while
〈Hn|Hn〉 = 〈dnδn1|1〉 = n!〈1|1〉 = n!.

2. It remains to show that (Hn)n≥0 is complete in L2(R, ν1), i.e. the
set of linear combinations of Hermite polynomials is dense in L2(R, ν1).
For this purpose, it suffices

to show: if φ ∈ L2(R, ν1) satisfies for all n ≥ 0 we have 〈Hn|φ〉 = 0,
then φ = 0.

For z ∈ C let
F (z) =

∫

R
φ(v)eivz− 1

2v2

dv.

Then we have for k ∈ N, t ∈ R by Cauchy-Schwarz

|
∫

R
|vkφ(v)|e−vt− 1

2v2

dv ≤ [
∫

R
φ2(v)e−

1
2v2

dv
∫

R
v2ke−2vt− 1

2v2

dv]
1
2 < ∞.
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Hence F may be differentiated arbitrarily often under the integral sign,
which implies that F is an entire function. Moreover, we have for k ≥ 0
with xk =

∑k
l=0 alHl(x)

F (k)(0) = ik
∫

R
vkφ(v)e−

v2

2 dv = ik〈xk|φ〉

= ik
k∑

l=0
al〈Hl|φ〉 = 0.

This, however, implies that F = 0, and so by the uniqueness of Fourier
transforms also φ = 0. •

We now return to our target space, namely RN, the sequence space
version of our infinite dimensional Gaussian space. Our task will be to
establish in this space suitable notions of the operators d and δ. For this
purpose it will be convenient to have again an orthonormal basis of this
Gaussian space. We have to define an infinite dimensional extension of
Hermite polynomials.

Definition 3.2 For n ∈ N let En = Zn
+, let E be the set of sequences in

Z+ that vanish except for finitely many components. For
p = (p1, · · · , pk, 0, · · ·) ∈ E let |p| =

∑k
i=1 pi, p! =

∏k
i=1 pi!. For x ∈ Rk

resp. x ∈ RN, and p ∈ Ek resp. p ∈ E let

Hp(x) =
k∏

i=1
Hpi

(xi) resp.

∏

i∈N
Hpi

(xi).

Hp is called k-dimensional resp. generalized Hermite polynomial.

We can extend Theorem 3.2 to the multidimensional setting.

Theorem 3.3 ( 1√
p! Hp)p∈Ek

is an orthonormal basis of L2(Rk,Bk, νk),

( 1√
p! Hp)p∈E is an orthonormal basis of L2(RN,BN, ν).

Proof
1. For k ∈ N and g, h ∈ L2(Rk, νk) denote

〈g|h〉 =
∫

Rk
g(x)h(x) νk(dx).
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Then for p, q ∈ Ek we have, due to Fubini’s theorem

〈Hp|Hq〉 =
k∏

i=1
〈Hpi

|Hqi
〉.

Hence ( 1√
p! Hp)p∈Ek

is an orthonormal system. Moreover, linear combina-
tions of tensor products of functions of one of k variables are dense in
L2(Rk,Bk, νk). Hence the first claim follows from Theorem 3.2.

2. The set ∪n∈Nπ−1
n [L2(Rn,Bn, νn)] is dense in L2(RN,BN, ν). Hence,

the second assertion follows from the first. •
We next define and study Sobolev spaces in finite and infinite di-

mension, for which we use our knowledge of the orthonormal bases just
acquired.

4 Finite dimensional Gaussian Sobolev spaces

Let k ∈ N. We consider k-dimensional spaces first. Before treating the
Gaussian spaces, let us recall the most important facts about classical
Sobolev spaces, i.e. Sobolev spaces with respect to Lebesgue measure on
Rk.

Definition 4.1 Let p ≥ 1. For f ∈ Lp(Rk), a ∈ Rk we say that f

possesses a directional (generalized) derivative in direction a, if there is
a function daf ∈ Lp(Rk) such that

||1
ε
[f(·+ εa)− f ]− daf ||p → 0

as ε → 0. Let

W p
1 = {f ∈ Lp(Rk) : f possesses a directional derivative in direction

a for any a ∈ Rk}
(Sobolev space of order (1, p)).

By linearity, it is clear that if for 1 ≤ i ≤ k we denote by ei the ith
canonical basis vector, then for f ∈ W p

1 (Rk) we have daf =
∑k

i=1 aidei
f,

if a = (a1, · · · , ak). Let di = dei
for a canonical basis e1, · · · , ek of Rk.
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Definition 4.2 Let p ≥ 1, s ∈ N. We define recursively

W p
s = {f ∈ W p

1 : daf ∈ W p
s−1 for any a ∈ Rk}

(Sobolev space of order (s, p)). For f ∈ W p
s , a1, · · · , as ∈ Rk we define

recursively
da1

da2
· · · das

f.

We define the (1, p)-Sobolev norm by

||f ||1,p = ||f ||p +
k∑

i=1
||dif ||p, f ∈ W p

1 ,

and analogous norms for higher derivative orders.

For any p ≥ 1, s ∈ N we have

C∞
0 (Rk) ⊂ W p

s

and for g ∈ C∞
0 (Rk), a = (a1, · · · , ak) ∈ Rk we have

dag =
k∑

i=1
ai

∂g

∂xi
.

What is the relationship of our Sobolev spaces and the ”weak deriva-
tives” or ”derivatives in distributional sense” encountered above?

Definition 4.3 Let f ∈ L1
loc(R

k), a ∈ Rk. Then ua ∈ L1
loc(R

k) is called
weak derivative of f in direction a, if for any φ ∈ C∞

0 (Rk) the equation

〈f, daφ〉 = −〈ua, φ〉
is satisfied.

Theorem 4.1 Let p ≥ 1, f ∈ Lp(Rk. Then the following are equivalent:
(i) f ∈ W p

1 ,
(ii) for a ∈ Rk f possesses a weak derivative ua, and we have ua ∈

Lp(Rk).
In this case, moreover, daf = ua.
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Proof
1. Let us show that (i) implies (ii). For this purpose, assume a ∈ Rk, φ ∈
C∞

0 (Rk). Then for ε > 0 by translational invariance of Lebesgue measure
∫ 1

ε
[f(x + εa)− f(x)]φ(x)dx =

∫ 1

ε
f(x)[φ(x− εa)− φ(x)]dx.

Now use (i), let ε → 0, to identify the limit as
∫
daf(x)φ(x)dx on the

left hand side, and as − ∫
f(x)daφ(x)dx on the right hand side. Hence

for any φ ∈ C∞
0 (Rk)

〈daf, φ〉 = −〈f, daφ〉.
This means by definition that f possesses the weak derivative daf which
belongs to Lp(Rk).

2. Let us now prove that (ii) implies (i). Fix φ ∈ C∞
0 (Rk), a =

(a1, · · · , ak) ∈ Rk. Then by Taylor’s formula with integral remainder
term and Fubini’s theorem we have for any ε > 0

∫

Rk

1

ε
[f(x + εa)− f(x)]φ(x)dx

=
∫

Rk

1

ε
f(x)[φ(x− εa)− φ(x)]dx

= −
∫

Rk
f(x)[

1

ε

∫ ε

0

k∑

i=1
ai

∂φ

∂xi
(x− ξa)dξ]dx

= −1

ε

∫ ε

0
[
∫

Rk

k∑

i=1
ai

∂φ

∂xi
(x− ξa)f(x)dx]dξ

=
1

ε

∫ ε

0
[
∫

Rk
φ(x− ξa)ua(x)dx]dξ

=
1

ε

∫ ε

0
[
∫

Rk
φ(x)ua(x + ξa)dx]dξ

=
∫

Rk
[
1

ε

∫ ε

0
ua(x + ξa)dξ]φ(x)dx.

It remains to prove that 1
ε

∫ ε
0 ua(·+ξa)dξ converges to ua in Lp(Rk). This

is certainly true provided ua ∈ C∞
0 (Rk). But for any f, g ∈ Lp(Rk) we

have uniformly in ε > 0

||1
ε

∫ ε

0
f(·+ ξa)dξ − 1

ε

∫ ε

0
g(·+ ξa)dξ||p

≤ 1

ε

∫ ε

0
||f(·+ ξa)− g(·+ ξa)||pdξ

= ||g − f ||p.
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By means of this observation we can transfer the desired result from
C∞

0 (Rk) to Lp(Rk), since C∞
0 (Rk) is dense in Lp(Rk). •

Corollary 4.1 Let e1, · · · , ek denote the canonical basis of Rk, let (fn)n∈N

be a sequence in W p
1 such that

(i) ||fn − f ||p → 0 as n →∞,
(ii) for any 1 ≤ i ≤ k the sequence (difn)n∈N converges in Lp(Rk).
Then f ∈ W p

1 and ||fn − f ||1,p → 0 as n →∞.

Proof
We have to show that f is weakly differentiable in direction ei for 1 ≤
i ≤ k, and dif = limn→∞ difn ∈ Lp(Rk). For this purpose let

ui = lim
n→∞ difn,

which exists due to assumption (ii). Then by (i) for any φ ∈ C∞
0 (Rk), 1 ≤

i ≤ k
∫

f(x)diφ(x)dx = lim
n→∞

∫
fn(x)diφ(x)dx

= − lim
n→∞

∫
difn(x)φ(x)dx = −

∫
ui(x)φ(x)dx.

This means that f possesses weak directional derivatives in direction ei

and dif = ui ∈ Lp(Rk). Now Theorem 4.1 is applicable and finishes the
proof. •
Corollary 4.2 Let p ≥ 1. Then W p

1 is a Banach space with respect to
the norm || · ||1,p, and for any a ∈ Rk the mapping da : W p

1 → Lp(Rk) is
continuous.

Proof
We have to prove that W p

1 is complete with respect to ||·||1,p. Let therefore
(fn)n∈N be a Cauchy sequence in W p

1 . Then setting f = limn→∞ fn in
Lp(Rk), we see that the hypotheses (i) and (ii) of Corollary 4.1 are
satisfied, and it suffices to apply this Corollary. •

We finally need a local version of Sobolev spaces.

Definition 4.4 For p ≥ 1, s ∈ N let

W p
s,loc = {f : f : Rk → R measurable fφ ∈ W p

s for φ ∈ C∞
0 (Rk).}

( local Sobolev space of order (s, p)).
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Theorem 4.2 Let p ≥ 1, s ∈ N. Then f ∈ W p
s,loc iff for any x0 ∈ Rk

there exists an open neighborhood Vx0
of x0 such that for any φ ∈ C∞

0 (Rk)
with support in Vx0

we have φf ∈ W p
s .

Proof
We only need to prove the only if part of the claim. For any x0 ∈ Rk

let therefore Vx0
be given according to the statement of the assertion.

Then (Vx0
)x0∈Rk is an open covering of Rk. Then there exists a locally

finite partition of the unit (φk)k∈N ⊂ C∞
0 (Rk) which is subordinate to

the covering, i.e. such that
(i) 0 ≤ φn ≤ 1, for any n ∈ N,
(ii) for any n ∈ N there exists x0(n) such that supp(φn) ⊂ Vx0(n),
(iii)

∑
n∈N φn = 1,

(iv) for any compact set K ⊂ Rk the intersection of K and supp(φn)
is non-empty for at most finitely many n.

Now let φ ∈ C∞
0 (Rk). Then for any k ∈ N (ii) gives supp(φφk) ⊂ Vx0(k)

and thus by assumption

φkφf ∈ W p
s , k ∈ N.

Since by (iv) the support of φkφ is non-trivial for at most finitely many
k, (iii) and linearity yield the desired

φf ∈ W p
s .

•
We now turn to Gaussian Sobolev spaces. Our analysis will again

be based on the differential operator we know from the above sket-
ched classical calculus. Only the measure with respect to which we
consider duality changes from the Lebesgue to the Gaussian measure.
Since we thereby pass from an infinite to a finite measure, integra-
bility properties for functions and therefore the domains of the dual
operators change. This is why the notion of local Sobolev spaces is
important. On these spaces, we can define our operators locally, wi-
thout reference to integrability first. In fact, using Theorem 4.2, and for
s ∈ N, p ≥ 1, 1 ≤ j1, · · · , js ≤ k, f ∈ W p

s,loc we can define

dj1dj2 · · · djs
f

15



locally on an open neighborhood Vx0
of an arbitrary point x0 ∈ Rk by the

corresponding generalized derivative of φf with φ ∈ C∞
0 (Rk) such that

φ = 1 on an open neighborhood Ux0
⊂ Vx0

of x0. This gives a globally
unique notion, since x0 is arbitrary.

Definition 4.5 Let s ∈ N, p ≥ 1, 1 ≤ j ≤ k, f ∈ W p
s,loc, and denote

by dj the directional derivative in direction of the jth unit vector in Rk

according to the preceding remark. Let then

∇f = (d1f, · · · , dkf),

δjf = −djf + xj f,

Lf =
k∑

j=1
δjdjf =

k∑

j=1
[−djdjf + xjdjf ].

For any 1 ≤ r ≤ s we define more generally

∇rf = (dj1dj2 · · · djr
f : 1 ≤ j1, j2, · · · , jr ≤ k).

This definition gives rise to the following notion of Gaussian Sobolev
spaces.

Definition 4.6 Let p ≥ 1, s ∈ N. Then let

Dp
s(R

k) = {f ∈ W p
s,loc :

s∑

r=0
|| |∇rf | ||p < ∞},

||f ||s,p =
s∑

r=0
|| |∇rf | ||p

( k-dimensional Gaussian Sobolev space of order (s, p)).

Remark
Dp

s(R
k) is a Banach space. This is seen by arguments as for the proof of

Corollary 4.2.

Since our calculus will be based mostly on the Hilbert case p = 2, we
shall restrict our attention to this case whenever convenient. In this case,
our ONB composed of k-dimensional Hermite polynomials as investiga-
ted in the previous chapter will play a central role, and adds structure
to the setting. To get acquaintance with Gaussian Sobolev spaces, let us

16



compute the operators defined on the series expansions with respect to
this ONB.

For f ∈ L2(Rk, νk) we can write

f =
∑

p∈Ek

cp(f)

p!
Hp

with coefficients cp(f) ∈ R, p ∈ Ek. Due to orthogonality, the Gaussian
norm is given by

||f ||2 =
∑

p∈Ek

cp(f)2

p!2
〈Hp|Hp〉 =

∑

p∈Ek

cp(f)2

p!
.

We also write f ∼ (cp(f)) to denote this series expansion. Denote by
P the linear hull of the k-dimensional Hermite polynomials. Plainly,
P ⊂ W p

s,loc for any s ∈ N, p ≥ 1. According to chapter 3, P is dense
in L2(Rk, νk). And for functions in P , the generalized derivatives dj are
just identical to the usual partial derivatives in direction j, 1 ≤ j ≤ k.

We first calculate the operators on Hermite polynomials. In fact, for
p ∈ Ek, 1 ≤ j ≤ k we have in the non-trivial cases

djHp = pj

∏

i 6=j

Hpi
Hpj−1, δjHp =

∏

i6=j

Hpi
Hpj+1, LHp = |p|Hp.

Hence for f ∼ (cp(f)) ⊂ P , 1 ≤ j ≤ k we may write

djf =
∑

p∈Ek

cp(f)

p!
pj

∏

i6=j

Hpi
Hpj−1,

δjf =
∑

p∈Ek

cp(f)

p!

∏

i6=j

Hpi
Hpj+1,

Lf =
∑

p∈Ek

cp(f)

p!
|p|Hp.

According to Corollary 4.2 and the calculations just sketched, the
natural domains of the operators extending ∇, δj and L beyond P must
be those distributions in Rk for which the formulas just given generate
convergent series in the L2-norm with respect to νk. The most important
domain is the one of ∇, the Sobolev space D2

1(R
k). For f ∼ (cp(f)) ∈ P

17



we have

|| |∇f | ||22 =
∫

Rk
|∇f |2(x)νk(dx)

=
k∑

j=1

∫

Rk
|djf |2(x)νk(dx)

=
k∑

j=1

∑

p∈Ek

p2
j

cp(f)2

p!2
∏

i6=j

pi!(pj − 1)!

=
k∑

j=1

∑

p∈Ek

pj
cp(f)2

p!

=
∑

p∈Ek

|p|cp(f)2

p!
.

If in addition f ∈ L2(Rk, νk), we may write f ∼ (cp(f)) and approximate

it by fn =
∑

p∈Ek,|p|≤n
cp(f)

p! ∈ P , n ∈ N. Hence, according to corollary 4.2,

f belongs to D2
1(R

k) if the following series converges

|| |∇f | ||22 = lim
n→∞ || |∇fn| ||22

= lim
n→∞

∑

p∈Ek,|p|≤n

|p|cp(f)2

p!

=
∑

p∈Ek

|p|cp(f)2

p!
< ∞.

Along these lines, we now turn to describing Gaussian Sobolev spaces
and the domains of our principal operators for p = 2 by means of Hermite
expansions. We start with the case k = 1.

Theorem 4.3 Let r ∈ N, f ∼ (cp(f)) ∈ L2(R, ν1) ∩ W 2
r,loc. Denote

fp = cp(f)
p! Hp, p ≥ 0. Then the following are equivalent:

(i) ∇rf ∈ L2(R, ν1),
(ii)

∑
p≥0 pr||fp||22 < ∞,

(iii) f ∈ D2
r(R),

(iv) δrf ∈ L2(R, ν1).
In particular, D2

r(R) is the domain of ∇r, δr in L2(R, ν1). For f, g ∈
D2

1(R) we have
〈∇f |g〉 = 〈f |δg〉.

18



Proof
1. We prove equivalence of (i) and (ii). We have

∇f =
∑

p≥1

p cp(f)

p!
Hp−1 =

∑

p≥0

cp+1(f)

p!
Hp,

and therefore by iteration

∇rf =
∑

p≥0

cp+r(f)

p!
Hp−1.

Therefore

||∇rf ||22 =
∑

p≥0

cp+r(f)2

p!
, ||fp||22 =

cp(f)2

p!
,

and hence

||∇rf ||22 =
∑

p≥0

(p + r)!

p!
||fp+r||22 < ∞

if and only if ∑

p≥0
(p + r)r||fp+r||22 < ∞,

and this is the case if and only if
∑

p≥0
pr||fp||22 < ∞.

2. We next prove that (ii) and (iv) are equivalent. Note that

δf =
∑

p≥0

cp(f)

p!
Hp+1, and therefore δrf =

∑

p≥0

cp(f)

p!
Hp+r.

This implies that

||δrf ||22 =
∑

p≥0

cp(f)2

p!2
(p + r)! =

∑

p≥0
(p + r) · · · (p + 1)

cp(f)2

p!
< ∞

if and only if
∑

p≥0
pr cp(f)2

p!
=

∑

p≥0
pr||fp||22 < ∞.

3. The equivalence of (i) and (iii) is contained in the definition.
4. Let f ∼ (cp(f)), g ∼ (cp(g)) ∈ D2

1(R). Then we have

〈∇f |g〉 =
∑

p≥0

cp+1(f)

p!

cp(g)

p!
p!,
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whereas

〈f |δg〉 =
∑

p≥0

cp+1(f)

p!

cp(g)

p!
p!.

This completes the proof. •
The differential calculus on Gaussian spaces obeys similar rules as the

classical differential calculus.

Theorem 4.4 Let g ∈ D4
1(R), µ = ν1 ◦ g−1. If φ ∈ L4(R, µ), and ∇φ ∈

L4(R, µ), we have
∇(φ ◦ g) = (∇φ) ◦ g · ∇g.

Proof
If φ and g belong to C∞

0 (R), the assertion is clear. To generalize, appro-
ximate in P and use Hölder’s inequality. •

Theorem 4.5 Let f, g ∈ D4
1(R). Then f · g ∈ D2

1(R) and we have

∇(f · g) = f · ∇g +∇f · g.

Proof
The assertion is clear for f, g ∈ C∞

0 (R). To generalize, approximate in
P and use Hölder’s inequality. •

We now turn to arbitrary finite dimension k, and interpret Gaussi-
an Sobolev spaces by convergence properties of Hermite expansions as
above.

Theorem 4.6 Let f ∼ (cp(f)) ∈ L2(Rk, νk) ∩ W 2
1,loc. Denote fp =

cp(f)
p! Hp, p ∈ Ek. Then the following are equivalent:

(i) |∇f | = [
∑k

j=1(djf)2]
1
2 ∈ L2(Rk, νk),

(ii)
∑

p∈Ek
|p|||fp||22 < ∞,

(iii) f ∈ D2
1(R

k).
In particular, D2

1(R
k) is the domain of ∇ in L2(Rk, νk). Analogous

results hold for Sobolev spaces of order (r, 2) with r ∈ N.

Proof
Analogous to the proof of Theorem 4.2.•
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5 Infinite dimensional Gaussian Sobolev spaces

To refer the infinite dimensional setting to the finite dimensional one,
we use the following observation.

For n ∈ N recall

πn : RN → Rn, (xn)n∈N 7→ (xk)1≤k≤n.

Let for n ∈ N let Cn = σ(πn) = σ(π1, · · · , πn). Then (Cn)n∈N is a
filtration on (RN,BN).

Lemma 5.1 Let p ≥ 1, f ∈ Lp(RN,BN, ν). Then

f̂n = E(f |Cn), n ∈ N

defines a martingale which converges ν-a.s. and in Lp to f .

Proof
This follows from a standard theorem of discrete martingale theory. •

Let in the following fn : Rn → R the n-dimensional factorization of
f̂n, related by

fn ◦ πn = f̂n, n ∈ N.

As a crucial observation for the definition of infinite dimensional Sobo-
lev spaces, the martingale property is essentially not destroyed by the
directional derivative operators.

Lemma 5.2 Let p > 1, f ∈ Lp(RN), (fn)n∈N the corresponding sequence
according to the above remarks. Suppose that supn∈N ||fn||1,p < ∞. Then
for any j ∈ N the sequence (djfn ◦ πn)n∈N converges in Lp(RN), to
a limit that we denote by djf . Corresponding statements hold true for
higher order derivatives.

Proof
Let n ∈ N, j ∈ N. Then for n ≥ j we have

E(djfn+1 ◦ πn+1|Cn) = djfn ◦ πn.

This means that (djfn ◦ πn)n≥j is a martingale with respect to (Cn)n≥j

which, due to

sup
n≥j

||djfn ◦ πn||p ≤ sup
n∈N

||fn||1,p < ∞,
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is bounded in Lp(RN) and hence converges in Lp(RN), due to p > 1. •
The preceding Lemmas give rise to the following definition of Sobolev

spaces.

Definition 5.1 Let p ≥ 1, s ∈ N. Then

Dp
s(R

N) = {f ∈ Lp(RN, ν) : fn ∈ Dp
s(R

n), n ∈ N, sup
n∈N

||fn||s,p < ∞},

( infinite dimensional Sobolev space of order (s, p)), endowed with the
norm

||f ||s,p = sup
n∈N

||fn||s,p, f ∈ Dp
s(R

N).

This definition makes sense, for the following reasons.

Theorem 5.1 Let p > 1, s ∈ N. Then Dp
s(R

N) is a Banach space with
the norm || · ||s,p.

Proof
We prove the claim for s = 1. Let (fm)m∈N be a Cauchy sequence in
Dp

1(R
N), and (fm

n )n,m∈N the corresponding finite dimensional functions
according to the remarks above. Then for m, l ∈ N, n ∈ N Jensen’s
inequality and the martingale statement in the preceding proof give the
following estimate

lim sup
m,l→∞

||fm
n − f l

n||1,p ≤ lim
m,l→∞

||fm − f l||1,p = 0.

Dp
1(R

n) being a Banach space for n ∈ N, we know that

fn = lim
m→∞ fm

n ∈ Dp
1(R

n)

exists. Let f̂n = fn ◦ πn. Now let f = limm→∞ fm in Lp(RN). Then by
uniform integrability

E(f |Cn) = E( lim
m→∞ fm|Cn) = lim

m→∞E(fm|Cn) = lim
m→∞ f̂m

n = f̂n.

Moreover

sup
n∈N

||fn||1,p ≤ sup
m,n∈N

||fm
n ||1,p ≤ sup

m∈N
||fm||1,p < ∞.
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Hence by definition f ∈ Dp
1(R

N), and by Fatou’s lemma

||f − fm||1,p ≤ lim inf
l→∞

||fm − f l||1,p → 0

as m →∞. •
According to Lemma 5.2, the gradient on the infinite dimensional

Gaussian Sobolev spaces is defined as follows.

Definition 5.2 Let p > 1, f ∈ Dp
1(R

N). Then let

∇f = (djf)j∈N

(Malliavin gradient or Malliavin derivative), where for any j ∈ N ac-
cording to Lemma 5.2

djf = lim
n→∞ djfn ◦ πn.

Accordingly, for s ∈ N we define ∇rf, 1 ≤ r ≤ s, for f ∈ Dp
s(R

N).

Remark
The gradient ∇ being a continuous mapping from Dp

1(R
n) to Lp(Rn, νn)

for any finite dimension n, Lemma 5.2 and the definition of the Mal-
liavin gradient imply, that ∇ is a continuous mapping from Dp

1(R
N) to

Lp(RN, ν).
Let us now again restrict our attention to p = 2 and describe Gaussian

Sobolev spaces by means of the generalized Hermite polynomials. First
of all, suppose f =

∑
p∈E

cp(f)
p! ∈ L2(RN, ν). We shall continue to use the

notation f ∼ (cp(f)). Then for n ∈ N, we have fn =
∑

p∈En

c(p,0)(f)
p! Hp,

where we put (p, 0) = (p1, · · · , pn, 0, 0, · · ·) for p = (p1, · · · , pn) ∈ En.

Therefore, we also have f̂n =
∑

p∈En

c(p,0)(f)
p! H(p,0). Let again P be the

linear hull generated by all generalized Hermite polynomials.
As in the preceding chapter, we may calculate the gradient norms for

f ∼ (cp(f)) ∈ D2
1(R

N). In fact, we have for j ∈ N

djf = lim
n→∞ djfn ◦ πn = lim

n→∞
∑

p∈En

c(p,0)(f)

p!
pj

∏

i6=j

Hpi
Hpj−1

=
∑

p∈E

cp(f)

p!
pj

∏

i6=j

Hpi
Hpj−1.
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Furthermore, for f ∈ D2
1(R

N) let us compute the norm of |∇f | =
[
∑

j∈N(djf)2]
1
2 in L2(RN, ν). In fact, we have, using the calculation of

gradient norms in the preceding chapter,

∞ > sup
n∈N

|||∇fn ◦ πn|||22 = |||∇f |||22

= sup
n∈N

∑

p∈En

|p|c(p,0)(f)2

p!
=

∑

p∈E

|p|cp(f)2

p!
.

We therefore obtain the following main result about the description
of the infinite dimensional Gaussian Sobolev spaces or order (1, 2).

Theorem 5.2 For f ∈ L2(RN, ν) the following are equivalent:
(i) f ∈ D2

1(R
N),

(ii)
∑

p∈E |p|cp(f)2

p! < ∞,

(iii) |∇fn| ◦ πn = [
∑

j∈N(djfn)
2 ◦ πn]

1
2 converges in L2(RN, ν) to |∇f |.

Moreover, D2
1(R

N) is a Hilbert space with respect to the scalar product

(f, g)1,2 = 〈f |g〉+
∑

j∈N
〈djf |djg〉, f, g ∈ D2

1(R
N).

For p ≥ 2 P is dense in Dp
1(R

N). Analogous results hold for Sobolev
spaces of order (s, 2) with s ∈ N.

6 Absolute continuity in infinite dimensional Gaus-

sian space

We are now in a position to discuss the main result of Malliavin’s calculus
in the framework of infinite dimensional Gaussian sequence spaces. The
result is about the smoothness of laws of random variables defined on the
Gaussian space. We start with a generalization of Lemma 1.1 to finite
measures on Bd for d ∈ N.

Lemma 6.1 Let µ|Bd be a finite measure. Assume there exists c ∈ R
such that for all φ ∈ C1(Rd) with bounded partial derivatives, and any
1 ≤ j ≤ d we have

|
∫ ∂

∂xj
φ(x) µ(dx)| ≤ c ||φ||∞.

Then µ << λd (d-dimensional Lebesgue measure).
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Proof
For simplicity, we argue for d = 2, and omit the superscript denoting
2-dimensional Lebesgue measure.

1. Assume that φ ∈ C1(R2) possesses compact support. We show:

[
∫
|φ|2dλ]

1
2 ≤ 1

2
[
∫
| ∂

∂x1
φ|2dλ +

∫
| ∂

∂x2
φ|2dλ].

In fact, we have

[
∫
|φ|2dλ]

1
2 ≤ [

∫
sup
x1∈R

|φ(x1, x2)|dx2

∫
sup
x2∈R

|φ(x1, x2)|dx1]
1
2

≤ [
∫
| ∂

∂x1
φ(x1, x2)|dx1 dx2

∫
| ∂

∂x2
φ(x1, x2)|dx2 dx1]

1
2

≤ 1

2
[
∫
| ∂

∂x1
φ|2dλ +

∫
| ∂

∂x2
φ|2dλ].

2. Let 0 ≤ u be continuous with compact support, and such that
∫
udλ = 1, define for ε > 0 uε = 1

ε2u(1
ε ·). Moreover, let

ψε =
∫

uε(· − y)µ(dy)

be a smoothed version of µ. Then we obtain for h continuous with com-
pact support, using Fubini’s theorem,

∫
ψε(x)h(x)dx =

∫
[
∫

uε(x− y)µ(dy)]h(x)dx

=
∫

[
∫

uε(x− y)h(x)dx]µ(dy)

=
∫

[
∫

u(x)h(εx + y)dx]µ(dy)

→
∫

h(y)µ(dy).

3. We show:
L2(R2) 3 g 7→

∫
gdµ ∈ R

is a continuous linear functional.

In fact, let φ ∈ C1(R2) have compact support, and let ε > 0. Then by
hypothesis and smoothness of ψε with a calculation as in 2.

|
∫ ∂

∂xi
ψε(x)φ(x)dx| = |

∫
ψε(x)

∂

∂xi
φ(x)dx|

= |
∫

[
∫

uε(x− y)
∂

∂xi
φ(x)dx]µ(dy)|
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= |
∫

[
∫ ∂

∂xi
uε(x− y)φ(x)dx]µ(dy)|

= |
∫

[
∫ ∂

∂yi
uε(x− y)φ(x)dx]µ(dy)|

≤ c||
∫

uε(x− ·)φ(x)dx||∞
≤ c||φ||∞.

Generalizing this inequality to bounded measurable φ, and then taking
φ = sgn(ψε) yields the inequality

∫
| ∂

∂xi
ψε|dλ ≤ c

for any ε > 0. Now let ε > 0, g ∈ L2(R2) be given. Then, using 1. and
the estimate above

|
∫

ψε(x)g(x)dx| ≤ [
∫
|ψε(x)|2dx

∫
|g(x)|2dx]

1
2

≤ 1

2
[
∫
| ∂

∂x1
ψε|dλ +

∫
| ∂

∂x2
ψε|dλ]

1
2 ||g||2

≤ c||g||2.
Applying this inequality in the special case, in which g is continuous
with compact support, and using 2. we get

|
∫

g(x)µ(dx)| ≤ c||g||2.

Finally extend this inequality to g ∈ L2(R2) by approximating it with
continuous functions of compact support. This yields the desired conti-
nuity of the linear functional.

4. It remains to apply Riesz’ representation theorem to find a square
integrable density for µ. •

We now consider a vector f = (f 1, · · · , fd) with components in
L2(RN,BN, ν). Our aim is to study the absolute continuity with respect
to λd of the law of f under ν, i.e. of the probability measure ν ◦ f−1. For
this purpose we plan to apply the criterion of Lemma 6.1. Let φ ∈ C1(Rd)
possess bounded partial derivatives. Then, the integral transformation
theorem gives

∫ ∂

∂xi
φdν ◦ f−1 =

∫ ∂

∂xi
φ ◦ fdν.
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In case d = 1 at this place we use integration by parts hidden in the
representations

d(φ ◦ f) = φ′(f)df,

φ′(f) = d(φ ◦ f)
1

df
.

Our infinite dimensional analogue of d is the Malliavin gradient ∇.

Hence, we need a chain rule for ∇.

Theorem 6.1 Let p ≥ 2, f ∈ Dp
1(R

N)d, φ ∈ C1(Rd) with bounded par-
tial derivatives. Then

φ ◦ f ∈ Dp
1(R

N) and ∇[φ ◦ f ] =
d∑

i=1

∂

∂xi
φ(f) · ∇f i.

Proof
Use Theorem 5.2 to choose a sequence (fn)n∈N ⊂ Pd such that for any
1 ≤ i ≤ d

||f i
n − f i||1,p → 0.

For each n ∈ N we have

∇[φ ◦ fn] =
d∑

i=1

∂

∂xi
φ(fn) · ∇f i

n.

Since ∇ is continuous on Dp
1(R

N), and since the partial derivatives of φ

are bounded, we furthermore obtain that

∇[φ ◦ f ] = lim
n→∞∇[φ ◦ fn] =

d∑

i=1

∂

∂xi
φ(f) · ∇f i

in L2(RN, ν). This completes the proof.•
We next present a calculation leading to the verification of the abso-

lute continuity criterion of Lemma 6.1. We concentrate on the algebraic
steps, and remark that their analytic background can be easily provided
with the theory of chapter 5. The first aim of the calculations must be
to isolate, for a given test function φ ∈ C1(Rd) with bounded partial
derivatives, the expression ∂

∂xi
φ(f), 1 ≤ i ≤ d. Recall the notation

(x, y) =
∞∑

i=1
xiyi, x, y ∈ l2.

27



For 1 ≤ i, k ≤ d let
σik = (∇f i,∇fk).

Then we have for 1 ≤ k ≤ d

(∇(φ ◦ f),∇fk) =
∞∑

j=1
dj(φ ◦ f)djf

k

=
∞∑

j=1

∑

1≤i≤d

∂

∂xi
φ(f)djf

idjf
k

=
∑

1≤i≤d

∂

∂xi
φ(f)σik.

We now assume that the matrix σ is (almost everywhere) invertible.
Then, denoting its inverse by σ−1 we may write

∂

∂xi
φ(f) =

∑

1≤k≤d

(∇(φ ◦ f),∇fkσ−1
ki )

=
∑

1≤k≤d

∞∑

j=1
dj(φ ◦ f)σ−1

ki djf
k.

We next assume, that the dual operator δj of dj, which is defined in the
usual way on P , is well defined and the series appearing is summable.
Then we have

∫ ∂

∂xi
φ(f)dν =

∫ ∑

1≤k≤d

∞∑

j=1
dj(φ ◦ f)σ−1

ki djf
kdν

=
∫

φ ◦ f [
∑

1≤k≤d

∞∑

j=1
δj(djf

kσ−1
ki )]dν.

The right hand side can be estimated by c||φ||∞ with

c = || ∑

1≤k≤d

∞∑

j=1
δj(djf

kσ−1
ki )||2

in L2(RN, ν). It can be seen (in analogy to Theorem 4.3) that this series
makes sense under the hypotheses of the following main theorem.

Theorem 6.2 Suppose that f = (f 1, · · · , fd) ∈ L2(RN, ν) satisfies
(i) f i ∈ D4

2(R
N) for 1 ≤ i ≤ d,

(ii) σik = (∇f i,∇fk), 1 ≤ i, k ≤ d, is ν-a.s. invertible and σ−1
ki ∈

D4
1(R

N) for 1 ≤ i, k ≤ d.

Then we have ν ◦ f−1 << λd.
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Proof
Approximate f by polynomials, use continuity properties of the operators.•

7 The canonical Wiener space: multiple integrals

We now return to the canonical Wiener space. The transfer between
sequence and canonical space is provided by the isomorphism of chapter
1. We briefly recall it. Let (gi)i∈N be an orthonormal sequence in L2(R+).
Then it is given by

T : Lp(RN,BN, ν) → Lp(Ω,F , P ), f 7→ f ◦ ((W (gi)i∈N),

where W (gi) is the Gaussian stochastic integral of gi for i ∈ N. It will be
constructed in the following chapter. For simplicity we confine our atten-
tion to the canonical Wiener space in one dimension, i.e. Ω = C(R+,R),
F the (completed) Borel σ-algebra on Ω generated by the topology of
uniform convergence on compact sets in R+, P Wiener measure on F .

In the approach of differential calculus on Gaussian sequence spaces,
in the Hilbert space setting the most important tool proved to be the
Hermite expansions of functions in L2(RN, ν). In the setting on the ca-
nonical space, they can be given a different interpretation which we shall
now develop.

According to our isomorphism, the objects corresponding to generali-
zed Hermite polynomials on the canonical space are given by

∞∏

i=1
Hpi

(W (gi)),

p ∈ E. We shall interpret these objects as iterated Itô integrals. To do
this, we use the abbreviation B1

+ for the Borel sets of R+.

Definition 7.1 For m ∈ N let

Em = {f |f : Rm
+ → R, f =

n∑

i1,···,im=1
ai1···im1Ai1

×···Aim
,

(Ai)1≤i≤n ⊂ B1
+ p.d., ai1···im = 0 in case ik = il for some k 6= l}.

Remark
For f ∈ L2(R+) of the form

f =
n∑

i=1
ai1Ji

, (Ji)1≤i≤n p.d. intervals in R+
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let

W (f) =
n∑

i=1
aiW (Ji) =

n∑

i=1
ai(Wti −Wsi

),

if Ji =]si, ti], 1 ≤ i ≤ n. Then by Itô’s isometry we have

||W (f)||22 = ||f ||22.
Since E1 is dense in L2(R+), we can extend the linear mapping f 7→ W (f)
to L2(R+). Therefore, in particular for A ∈ B1

+ with finite Lebesgue
measure, W (A) = W (1A) is defined. It will be used for the definition
of the following multiple stochastic integrals. In this chapter, the scalar
product 〈·, ·〉 will be with respect to Lebesgue measure on Rm

+ with
unspecified integer m.

Definition 7.2 For f =
∑n

i1,···,im=1 ai1···im1Ai1
×···Aim

∈ Em let

Im(f) =
n∑

i1,···,im=1
ai1···imW (Ai1) · · ·W (Aim).

The additivity of B1
+ 3 A 7→ W (A) ∈ R implies that Im is well defined.

We state some elementary properties of Im. Denote by Sm the set of
all permutations of the numbers 1, · · · ,m.

Lemma 7.1 Let m, q ∈ N, f ∈ Em, g ∈ Eq.
(i) Im|Em is linear,
(ii) if f̃(t1, · · · , tm) = 1

m!
∑

σ∈Sm
f(tσ(1), · · · , tσ(m)) ( symmetrization of

f), then
Im(f) = Im(f̃),

(iii) E(Im(f)Iq(g)) = m!〈f̃ , g̃〉, if m = q, and 0 otherwise.

Proof

1. (i) follows from the additivity of the map A 7→ W (A).
2. (ii) is a direct consequence of the fact that in the definition of Im

the product W (Ai1) · · ·W (Aim) is invariant under permutations of the
factors.
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3. By (ii), we may assume that f, g are symmetric. By choosing com-
mon subdivisions, we may further assume that

f =
n∑

i1,···,im=1
ai1···im1Ai1

×···Aim
,

g =
n∑

i1,···,iq=1
bi1···iq1Ai1

×···Aiq
.

Now if m 6= q, by the assumptions that (Ai)1≤i≤n consists of p.d. Borel
sets, and that coefficients vanish if two of the indices coincide,
E(Im(f)Iq(g)) = 0 is evident. Assume m = q. Then, again by these
two assumptions and symmetry

E(Im(f)Im(g)) =
n∑

i1,···,im=1

n∑

j1,···,jm=1
ai1···imbj1···jm

E(
m∏

p=1
W (Aip)W (Ajp

))

= m!2
∑

i1<···<im

∑

j1<···,jm

ai1···imbj1···jm
E(

m∏

p=1
W (Aip)W (Ajp

))

= m!2
∑

i1<···<im

ai1···imbi1···im
m∏

p=1
λ(Aip)

= m!〈f, g〉.
•

To extend Im beyond the space Em of elementary functions, we proceed
as for m = 1.

Lemma 7.2 Em is dense in L2(Rm
+) for any m ∈ N .

Proof
We may assume m ≥ 2, the assertion being known for m = 1. Due to
standard results of measure theory, it is enough to show: for A1, · · · , Am ∈
B1

+ with finite Lebesgue measure, and ε > 0, there exists f ∈ Em such
that

||1A1×···×Am
− f ||2 < ε.

Let δ > 0 to be determined later. Choose B1, · · · , Bn ∈ B1
+ with finite

Lebesgue measure, pairwise disjoint, and such that for any 1 ≤ j ≤ n

we have λ(Bj) < δ, and such that any Ai can be represented by a finite
union of some of the Bj. Then we have

1A1×···×Am
=

n∑

i1,···,im=1
bi1···im1Bi1

×···×Bim
,
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where bi1···im = 1 if Bi1 × · · · × Bim ⊂ A1 × · · · × Am, and 0, if not. Let
I = {(i1, · · · , im) : ik 6= il for k 6= l}, and J = {1, · · · , n}m \ I. Then by
definition

f =
∑

(i1,···,im)∈I

bi1···im1Bi1
×···×Bim

∈ Em

and we have

||1A1×···×Am
− f ||22 =

∑

(i1,···,im)∈J

b2
i1···im

m∏

p=1
λ(Bip)

≤ m(m− 1)

2

n∑

i=1
λ(Bi)

2(
n∑

i=1
λ(Bi))

m−2

≤ m(m− 1)

2
δ(

n∑

i=1
λ(Bi))

m−1

Finally, we have to choose δ small enough. •
Using Lemma 7.2, we may now extend Im to L2(Rm

+).

Definition 7.3 The linear and continuous extension of Im|Em to L2(Rm
+)

which exists according to Lemma 7.2 is called multiple Wiener-Itô inte-
gral of degree m and also denoted by Im.

Properties of the elementary integral are transferred in a straightfor-
ward way.

Theorem 7.1 Let m, q ∈ N, f ∈ L2(Rm
+), g ∈ L2(Rq

+). Then
(i) Im|L2(Rm

+) is linear,
(ii) we have

Im(f) = Im(f̃),

(iii) E(Im(f)Iq(g)) = m!〈f̃ , g̃〉, if m = q, and 0 otherwise,
(iv) I1(f) = W (f), f ∈ L2(R+).

Notation
We write

Im(f) =
∫

Rm
+

f(t1, · · · , tm)dWt1 · · · dWtm

=
∫

Rm
+

f(t1, · · · , tm)W (dt1) · · ·W (dtm).
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We next aim at explaining the relationship between generalized Her-
mite polynomials and multiple Wiener-Itô integrals. For this purpose
we will need a recursive relationship between Hermite polynomials of
different degrees.

Remark
Recall the definition of Hermite polynomials in one variable, given by

Hn = δn1.

Moreover, we may compute for n ∈ N

xHn = (d + δ)Hn = nHn−1 + Hn+1, or Hn+1 = xHn − nHn−1.

For technical reasons, we need the following operation of contraction.

Definition 7.4 Let m ∈ N. Suppose f ∈ L2(Rm
+), g ∈ L2(R+). Then

for t1, · · · , tm, t ∈ R+

f ⊗ g(t1, · · · , tm, t) = f(t1, · · · , tm) · g(t) (tensor product),

f ⊗1 g(t1, · · · , tm−1) =
∫

R+

f̃(t1, · · · , tm)g(tm) dtm (contraction).

The recursion relation for Hermite polynomials will emerge from the
recursion relation between Wiener-Itô integrals stated in the following
Lemma.

Lemma 7.3 Let m ∈ N, f ∈ L2(Rm
+), g ∈ L2(R+). Then we have

Im(f)I1(g) = Im+1(f ⊗ g) + mIm−1(f ⊗1 g).

Proof
1. By linearity and density of Em in L2(Rm

+) we may assume that

f = 1A1×···×Am
, g = 1A0

or g = 1A1
,

where (Ai)0≤i≤m ⊂ B1
+ is a collection of p.d. Borel sets with finite Le-

besgue measure.

2. The case g = 1A0
is trivial. Then the second term on the right

hand side of the claimed formula vanishes, and the other two terms are
obviously identical by definition of the elementary integral.

33



3. Let now g = 1A1
. For ε > 0 choose a collection of p.d. sets

B1, · · · , Bn ∈ B1
+ such that A1 = ∪n

i=1Bi, and for any 1 ≤ i ≤ n we
have λ(Bi) < ε. Then

Im(f)I1(g) = W (A1)
2W (A2) · · ·W (Am)

=
∑

i6=j

W (Bi)W (Bj)W (A2) · · ·W (Am)

+
∑

1≤i≤n

[W (Bi)
2 − λ(Bi)]W (A2) · · ·W (Am)

+ λ(A1)W (A2) · · ·W (Am).

a) We now prove that the first term on the right hand side of our
formula is close to Im+1(f ⊗ g). In fact, let

hε =
∑

i6=j

1Bi×Bj×A2×···×Am
∈ Em+1.

Then

||hε − f ⊗ g||22 ≤
n∑

i=1
λ(Bi)

2λ(A2) · · ·λ(Am)

≤ ελ(A1) · · ·λ(Am).

b) Let us next prove that the second term on the right hand side is
negligeable in the limit ε → 0. In fact, denote it by Rε. Then, since for
1 ≤ i ≤ n the variance of W 2(Bi)− λ(Bi) is given by cλ(Bi)

2 with some
constant c, we obtain

E(R2
ε) ≤ c

n∑

i=1
λ(Bi)

2λ(A2) · · ·λ(Am) ≤ ε cλ(A1)λ(A2) · · ·λ(Am).

c) To evaluate the last term, note that

˜1A1×···×Am
⊗1 1A1

=
1

m
˜1A2×···×Am

· λ(A1).

Therefore

λ(A1)W (A2) · · ·W (Am) = mIm−1( ˜1A1×···×Am
⊗1 1A1

),

and we obtain the desired recursion formula. •
This finally puts us in a position to derive the relationship between

Hermite polynomials and iterated stochastic integrals.
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Theorem 7.2 Let m ∈ N, h ∈ L2(R+) be such that ||h||2 = 1. Denote
by h⊗m the m-fold tensor product of h with itself. Then we have

Hm(W (h)) = Im(h⊗m).

Let H0 = R, Hm = Im(L2(Rm
+)),m ∈ N. Then: (Hm)m∈N is a sequence

of pairwise orthogonal closed linear subspaces of L2(Ω,F , P ) and we have

L2(Ω,F , P ) = ⊕∞m=0Hm.

In particular, for any F ∈ L2(Ω,F , P ) there exists a sequence (fm)m≥0

of functions fm ∈ L2(Rm
+) such that

F =
∞∑

m=0
Im(fm).

The representation with symmetric fm is λm-a.e. unique, m ∈ N.

Proof
1. We first have to prove:

Hm(W (h)) = Im(h⊗m).

This is done by induction on m. For m = 1, the formula is clear from
H1 = x, I1(h) = W (h). Now assume it is known for m. Then Lemma 7.3
and the recursion formula for Hermite polynomials given above combine
to yield, remembering that ||h||2 = 1,

Im+1(h
⊗m+1) = Im(h⊗m)I1(h)−mIm−1(h

⊗m ⊗1 h)

= Im(h⊗m)I1(h)−mIm−1(h
⊗m−1)

= Hm(W (h))H1(W (h))−mHm−1(W (h))

= Hm+1(W (h)).

2. Let L2
s(R

m
+) be the linear space of symmetric functions in L2(Rm

+).
Then by Theorem 7.1

||Im(f̃)||22 = m!||f̃ ||22,
hence Hm = Im(L2

s(R
m
+)) is closed. Orthogonality is also a consequence

of Theorem 7.1.
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3. Let (gi)i∈N be an orthonormal basis of L2(R+), F ∈ L2(Ω,F , P ).
Let f ∈ L2(RN,BN, ν) be such that T (f) = F. Assume f ∼ (cp(f)),
according to the notation of chapter 3. For m ≥ 0, define

fm =
∑

p∈E,|p|=m

cp(f)

p!

∏

i∈N
g
⊗pi
i ,

considered as a function of m variables. Then fm ∈ L2(Rm
+) and with

the help of Lemma 7.3 we see

Im(fm) =
∑

p∈E,|p|=m

cp(f)

p!
Im(

∏

i∈N
g
⊗pi
i )

=
∑

p∈E,|p|=m

cp(f)

p!

∏

i∈N
Ipi

(g
⊗pi
i )

=
∑

p∈E,|p|=m

cp(f)

p!

∏

i∈N
Hpi

(W (gi)).

Summing this expression over m yields the desired

F =
∞∑

m=0
Im(fm).

The remaining claims are obvious.•

8 The canonical Wiener space: Malliavin’s deriva-

tive

In this chapter we shall investigate the analogue of the gradient we en-
countered in the differential calculus on the sequence space. Fix again
an orthonormal basis (gi)i∈N of L2(R+), and recall the isomorphism

T : L2(RN,BN, ν) → L2(Ω,F , P ), f 7→ f((W (gi)i∈N).

Of course, every permutation of the orthonormal basis functions gives
another orthonormal basis. So here we encounter a problem of coordinate
dependence of our objects of study. How can we define Malliavin’s deri-
vative on the canonical space in a both consistent and basis independent
way? According to Theorem 5.2

∇f = (djf)j∈N
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takes values in l2. The corresponding object on the side of the canonical
space is L2(R+). It is therefore plausible if we set

Definition 8.1 For n ∈ N let C∞
p (Rn) denote the set of smooth functi-

ons the partial derivatives of which possess polynomial growth. Let

S = {F |F = f(W (h1), · · · ,W (hn)), h1, · · · , hn ∈ L2(R+),

f ∈ C∞
p (Rn), n ∈ N}.

For F = f(W (h1), · · · ,W (hn)) ∈ S, t ≥ 0 let

DtF =
n∑

i=1

∂

∂xi
f(W (h1), · · · ,W (hn)) hi(t).

To see if this is a good candidate for the definition of the Mallia-
vin gradient in the setting of the canonical space, let us verify in de-
tail the independence on the specific representation of functionals. Let
h1, · · · , hn ∈ L2(R+), and g1, · · · , gm ∈ L2(R+) orthonormal, such that
the linear hulls of the two systems are identical, and such that with
f ∈ C∞

p (Rn), g ∈ C∞
p (Rm) we have

f(W (h1), · · · ,W (hn)) = g(W (g1), · · · ,W (gm)).

For 1 ≤ i ≤ n write

hi =
m∑

j=1
〈hi, gj〉gj.

Then, denoting
Γ = (〈hi, gj〉)1≤i≤n,1≤j≤m,

we obviously have f ◦ Γ = g. Therefore

m∑

j=1

∂

∂xj
(f ◦ Γ)(W (g1), · · · ,W (gm))gj =

m∑

j=1

n∑

i=1

∂

∂xi
f(W (h1), · · · ,W (hn))

·〈hi, gj〉gj

=
n∑

i=1

∂

∂xi
f(W (h1), · · · ,W (hn))hi.

This proves that the definition of D is independent of the representation
of functionals in S.
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If h ∈ L2(R+) is another function, we have by definition

〈D·F, h〉 =
m∑

i=1

∂

∂xi
f(W (g1), · · · ,W (gm))〈gi, h〉,

in particular for i ∈ N

〈D·F, gi〉 =
∂

∂xi
f(W (g1), · · · ,W (gm)) = dif(W (g1), · · · ,W (gm)).

We therefore may interpret 〈D·F, gi〉 as directional derivative in direction
of gi, and we have by Parseval’s identity

〈DF,DF 〉 =
m∑

i=1
〈DF, gi〉2 =

m∑

i=1
(dif)2(W (g1), · · · ,W (gm))

= |∇f |2(W (g1), · · · ,W (gm)).

Analogously, higher derivatives are related to each other. So we see that
the isomorphism T also maps 〈DF,DF 〉 to |∇f |2. Consequently, we can
just transfer the definitions of Gaussian Sobolev spaces to the setting of
the canonical Wiener space.

Definition 8.2 Let p ≥ 2, s ∈ N. For F ∈ L2(Ω,F , P ) denote by f ∈
L2(RN,BN, ν) the function for which we have F = f((W (gi)i∈N). Then
let

Dp
s = {F |f ∈ Dp

s(R
N)}

( canonical Gaussian Sobolev space of order (s, p)), with the norm

||F ||s,p = ||f ||s,p.
For F = T (f) ∈ Dp

s, 1 ≤ r ≤ s, let

DrF =
∞∑

j1,···,jr=1
dj1 · · · djr

f(W (gi)i∈N)gj1 ⊗ · · · ⊗ gjr

( canonical Malliavin derivative of order r).

Remark
From our knowledge of sequence spaces we can easily derive that Dp

s is
a Banach space with respect to the norm || · ||s,p for p ≥ 2, s ∈ N, and
that for F ∈ Dp

s we have

||F ||s,p =
s∑

r=0
||〈DrF, DrF 〉||p.
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We know that Dp
s is the closure of S with respect to the norm || · ||s,p.

Turning to p = 2, we know that D2
1 is a Hilbert space with respect to

the scalar product

(F, G)1,2 = E(FG) + E(〈DF,DG〉), F, G ∈ D2
1.

Moreover, we know that D is a closed operator, defined on D2
1, which is

continuous as a mapping from D2
1 to L2(Ω,F , P ).

Let us now investigate how D operates on the decomposition into
Wiener-Itô integrals.

Theorem 8.1 Let F =
∑∞

m=0 Im(fm) ∈ L2(Ω,F , P ) be given, fm sym-
metric for any m ≥ 0. Then we have

F ∈ D2
1 if and only if

∞∑

m=1
mm! ||fm||22 < ∞.

In this case we have

DtF =
∞∑

m=1
mIm−1(fm(·, t))

(for P ⊗ λ-a.e. (ω, t) ∈ Ω×R+).

Proof
1. Suppose that with respect to an orthonormal basis (gi)i∈N of L2(R+)
we have F = T (f) with f ∼ (cp(f)). As before, for m ≥ 0 let

fm =
∑

p∈E,|p|=m

cp(f)

p!

∏

i∈N
g
⊗pi
i .

We interpret
∏

i∈N g
⊗pi
i as

∏k
j=1 g

⊗pij

ij , if i1, · · · , ik are precisely those indices
for which pi1, · · · , pik > 0.

2. Let now p ∈ E such that |p| = m, and let t ≥ 0. Then

DtIm(
∏

i∈N
g
⊗pi
i ) = Dt

∏

i∈N
Ipi

(g
⊗pi
i )

= DtHp((W (gi)i∈N)

=
∑

i∈N
pi

∏

j 6=i

Hpj
(W (gj))Hpi−1(W (gi))gi(t)

= Im−1(
∑

i∈N
pi

∏

j 6=i

g
⊗pj

j g
⊗pi−1

i gi(t)).
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Hence by closedness of D, symmetry of fm and |p| = m, the desired
formula

DtIm(fm) = mIm−1(fm(·, t))
follows.

3. For n ∈ N let now

Fn =
n∑

m=0
Im(fm).

By the closedness of the operator D and the remarks above, we know
that

F ∈ D2
1 if and only if (Fn)n∈N is Cauchy in D2

1.

Now we know from the first part of the proof that

DFn =
n∑

m=1
mIm−1(fm(·, ·)).

Let n,m ∈ N, n ≥ m be given. Then

E(〈D(Fn − Fm), D(Fn − Fm)〉) =
n∑

k=m+1
k2

∫

R+

(k − 1)!〈fk(·, t), fk(·, t)〉dt

=
n∑

k=m+1
k2(k − 1)!||fk||22.

Hence (DFn)n∈N is a Cauchy sequence in D2
1 if and only if

∑∞
k=0 kk!||fk||22 <

∞. In this case, the series with the desired representation converges. •
We need some rules to be able to calculate with the Malliavin gradient

D.

Theorem 8.2 Let p ≥ 2, d ∈ N, φ ∈ C1(Rd) with bounded partial
derivatives, let F = (F 1, · · · , F d) ∈ (Dp

1)
d. Then φ ◦ F ∈ Dp

1 and we
have

Dφ ◦ F =
d∑

i=1

∂

∂xi
φ(F )DF i.

Proof
The proof of Theorem 6.1 translates. •

With the following properties we prepare a study of the dual operator
of D.
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Theorem 8.3 Let F ∈ S, h ∈ L2(R+). Then we have

E(〈DF, h〉) = E(FW (h)).

Proof
We may assume that F = f(W (g1), · · · ,W (gn)), h = g1 with respect
to an orthonormal system g1, · · · , gn ∈ L2(R+). In this case we have by
duality of d1 and δ1

E(〈DF, h〉) = E(
∂

∂x1
f((W (g1), · · · ,W (gn)))

= 〈∇f |(1, 0, · · · , 0)〉
= 〈f |δ11〉 = 〈f |H(1,0,···)〉
= E(f(W (g1), · · · ,W (gn))W (g1))

= E(FW (h)).

This completes the proof. •

Theorem 8.4 Let F, G ∈ S, h ∈ L2(R+). Then we have

E(G〈DF, h〉) = E(FGW (h)− F 〈DG, h〉).

Proof
Apply Theorem 8.3 to the function FG. •

9 The canonical Wiener space: Skorokhod’s inte-

gral

In this chapter we dedicate a more careful study to the dual operator (in
the sense of Hilbert space theory) of the Malliavin gradient than in the
Gaussian sequence spaces. In the setting of the canonical Wiener space,
this operator turns out to be a stochastic integral.

So far we know that

D : D2
1 → L2(Ω×R+)

is densely defined and linear.
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Definition 9.1 Let

dom(δ) = {u ∈ L2(Ω×R+) : there is c ∈ R such that for any

F ∈ D2
1 we have E(〈DF, u〉) ≤ c||F ||2}.

For u ∈ dom(δ) the mapping F 7→ E(〈DF, u〉) can be extended to
a continuous linear functional. Hence by Riesz’ representation we may
find δ(u) ∈ L2(Ω) such that

E(〈DF, u〉) = E(F · δ(u)), F ∈ D2
1.

Since D is densely defined, δ(u) is unique for any u ∈ dom(δ).

Definition 9.2 For u ∈ dom(δ) the uniquely determined random varia-
ble δ(u) ∈ L2(Ω) is called Skorokhod integral of u.

Notation
We write δ(u) =

∫
R+

utδWt.

Why is this operator called integral? To answer this question, we first
ask how elementary processes are ’integrated’.

Definition 9.3 Let

SL2(R+) = {u|u =
n∑

i=1
Fihi, Fi ∈ S, hi ∈ L2(R+), n ∈ N}.

Lemma 9.1 Let u =
∑n

i=1 Fihi ∈ SL2(R+). Then we have

δ(u) =
n∑

i=1
[FiW (hi)− 〈DFi, hi〉].

Proof
By linearity of δ we may assume that u = Fh with F ∈ S and h ∈
L2(R+). Then for G ∈ S by means of Theorem 8.4

E(〈u,DG〉) = E(F 〈h,DG〉)
= E(FGW (h)−G〈h,DF 〉)
= E(G[FW (h)− 〈DF, h〉]).

Hence we have
δ(u) = FW (h)− 〈h,DF 〉.
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This completes the proof. •
Recall now the standard Wiener filtration (Ft)t≥0, which for t ≥ 0

is given by the P -completion Ft of σ(Ws : s ≤ t). Lemma 9.1 yields
the elementary Itô integral, if Fi is Fti-measurable, hi = 1]ti,ti+1], where
0 = t0 < t1 < · · · < tn, if 〈DFi, hi〉 = 0, 1 ≤ i ≤ n− 1. This is indeed the
case, as we will show now.

Lemma 9.2 Let F ∈ D2
1, A ∈ B1

+,FA = σ(W (1B) : B ⊂ A, λ(B) < ∞).
Then we have

E(F |FA) ∈ D2
1

and
DtE(F |FA) = E(DtF |FA)1A(t)

(in L2(Ω×R+)).

Proof
1. We first consider F = f(W (h1), · · · ,W (hn)) ∈ S. By setting
g(x1, · · · , xn, y1, · · · , yn) = f(x1 + y1, · · · , xn + yn), x1, · · · , yn ∈ R, we
can write

F = g(W (h11A), · · · ,W (hn1A),W (h11Ac), · · · ,W (hn1Ac)).

Let
Q = P ◦ (W (h11Ac), · · · ,W (hn1Ac))−1.

Then by independence of FA and the vector (W (h11Ac), · · · ,W (hn1Ac))
we have

E(F |FA) =
∫

g(W (h11A), · · · ,W (hn1A), y1, · · · , yn)dQ(y1, · · · , yn).

Hence E(F |FA) ∈ S and

Dt(E(F |FA) =
n∑

i=1

∫ ∂

∂xi
g(W (h11A), · · · ,W (hn1A), y1, · · · , yn)

dQ(y1, · · · , yn)hi(t)1A(t)

= E(DtF |FA)1A(t).

2. It remains to approximate F ∈ D2
1 by standard arguments. •

Theorem 9.1 Let u ∈ L2(Ω×R+) be (Ft)-adapted. Then

u ∈ dom(δ) and δ(u) =
∫

R+

utdWt (Itô integral).
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Proof
1. Let 0 ≤ s < t, F ∈ L2(Ω,Fs, P ). We prove:

u = F1]s,t] ∈ dom(δ) and δ(u) = F (Wt −Ws).

a) Let first F ∈ S in addition. Then by Lemma 9.1 and 9.2 we may
write

δ(u) = F (Wt −Ws)− 〈DF, 1]s,t]〉
= F (Wt −Ws)− 〈DF1[0,s], 1]s,t]〉
= F (Wt −Ws).

b) For F ∈ L2(Ω,Fs, P ) let (F n)n∈N ⊂ S such that F n → F in
L2(Ω,F , P ). Then also S 3 Gn = E(F n|Fs) → F in L2(Ω,F , P ). Hence
by a) for any n ∈ N

δ(Gn1]s,t]) = Gn(Wt −Ws).

Moreover, this sequence is a Cauchy sequence in L2(Ω,F , P ). Since δ is
a closed operator (as a dual operator), we obtain that

F1]s,t] ∈ dom(δ) and δ(F1]s,t]) = F (Wt −Ws).

2. a) Let now u =
∑n

j=1 Fj1]sj ,tj ] ∈ L2(Ω ×R+), where sj ≤ tj, FjFsj
-

measurable, 1 ≤ j ≤ n. Then by linearity

u ∈ dom(δ) and δ(u) =
n∑

j=1
Fj(Wtj −Wsj

).

b) Now given u as in the claim, choose a sequence (un)n∈N of simple
adapted processes as in a) such that ||un−u||2 → 0 in L2(Ω×R+). Then
use the closedness of δ and the definition of the Itô integral to obtain
that

δ(u) = lim
n→∞ δ(un) = lim

n→∞
∫

R+

un
t dWt =

∫

R+

utdWt.

This completes the proof. •
We next ask the question how the Skorokhod integral operates on the

decomposition into multiple Wiener-Itô integrals.
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Lemma 9.3 Let u ∈ L2(Ω×R+). Then for m ≥ 0 there exist functions
fm ∈ L2(Rm+1

+ ) such that fm is symmetric in its first m variables, and
such that

ut =
∞∑

m=0
Im(fm(·, t)) in L2(Ω×R+).

We have

E(
∫

R+

u2
sds) =

∞∑

m=0
m!||fm||22.

Proof
Choose a sequence of elementary processes (un)n∈N ⊂ L2(Ω×R+) such
that

||un − u||2 → 0 (n →∞).

Suppose F n
k ∈ L2(Ω), gn

k ∈ L2(R+), 1 ≤ k ≤ mn, n ∈ N are given such
that

un
t =

mn∑

k=1
F n

k gn
k (t).

For n ∈ N, 1 ≤ k ≤ mn let

F n
k =

∞∑

m=0
Im(fk,n

m ), fk,n
m ∈ L2(Rm

+) symmetric.

Then we have

un
t =

∞∑

m=0
Im(

mn∑

k=1
fk,n

m gn
k (t)), t ∈ R+.

Define

fn
m =

mn∑

k=1
fk,n

m gn
k , m ≥ 0, n ∈ N.

Then fn
m ∈ L2(Rm+1

+ ), fn
m is symmetric in its first m variables, and due

to orthogonality and symmetry we have for l, n ∈ N

||un − ul||22 =
∞∑

m=0
m!||fn

m − f l
m||22.

Hence for any m ≥ 0 (fn
m)n∈N is a Cauchy sequence in L2(Rm+1

+ ) which
converges to a function fm which is also symmetric in the first m varia-
bles. We obtain for un,M =

∑M
m=0

∑mn
k=1 F n

k gn
k , n, M ∈ N

∞ > ||u||22 = lim
n→∞ ||un||22 = sup

M∈N
lim
n→∞ ||un,M ||22

= sup
M∈N

M∑

m=0
m!||fm||22 =

∞∑

m=0
m!||fm||22.
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By a similar argument and by definition we must have

ut =
∞∑

m=0
Im(fm(·, t)), t ≥ 0.

This completes the proof. •

Theorem 9.2 Let u ∈ L2(Ω ×R+), u =
∑∞

m=0 Im(fm(·, ·)) according to
Lemma 9.3. Then we have

u ∈ dom(δ) if and only if
∞∑

m=0
(m + 1)!||f̃m||22 < ∞.

In this case

δ(u) =
∞∑

m=0
Im+1(fm).

Proof
1. Let n ∈ N, g ∈ L2(Rn

+), G = In(g). We show:

E(〈u,DG〉) = E(In(fn−1)G).

In fact, by Theorem 8.1

E(〈u,DG〉) = E(〈u, nIn−1(g(·, ·))〉)
= n

∫

R+

E(In−1(fn−1(·, t))In−1(g(·, t)))dt

= n!〈fn−1, g〉 = E(In(fn−1)G).

2. Let us now prove the if part of the claim. For this purpose, let
u ∈ dom(δ), G = In(g) ∈ Hn, n ∈ N. Then by the first part and by
duality

E(δ(u)G) = E(In(fn−1)G).

By extending G to other components of L2(Ω) and linearity we obtain

L2(Ω) 3 δ(u) =
∞∑

n=0
In+1(fn), and

∞∑

n=0
(n + 1)!||f̃n||22 < ∞.

3. Let us now establish the only if part of the claim. Assume that
∑∞

n=0(n + 1)!||f̃n||22 < ∞. Let V =
∑∞

n=0 In+1(fn) which is well defined,
and G =

∑∞
n=0 In(gn) ∈ L2(Ω) with gn ∈ L2(Rn

+), n ∈ N, symmetric, and
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finally let Gn =
∑n

k=0 Ik(gk), n ∈ N. Then we may again appeal to the
first part of the proof to get

E(〈u,DGn〉) = E(V Gn), n ∈ N.

By approximation, this equation extends to G ∈ D2
1. Since V ∈ L2(Ω),

we obtain u ∈ dom(δ) and δ(u) = V. This completes the proof. •
For practical purposes it is not easy to deal with dom(δ) when discus-

sing the Skorokhod integral. The space is analytically hardly accessible.
For having a simpler treatment of questions related to the calculus of
Skorokhod’s integral it is preferable to work on the following subspace.

Definition 9.4 Let

L2
1 = {u|u ∈ L2(Ω×R+), ut ∈ D2

1 for λ− a.a. t ≥ 0,

for some measurable version of (s, t) 7→ Dsut we have

E(
∫

R+

∫

R+

|Dsut|2dsdt) < ∞}.
Remark

L2
1 is a Hilbert space with the norm ||u||21,2 = ||u||22 + ||Du||22.
How can L2

1 be described in terms of Wiener-Itô decompositions?
Remark

Let u ∈ L2(Ω×R+), u =
∑∞

m=0 Im(fm(·, ·)) according to Lemma 9.3. Let
us formulate in these terms the conditions of the definition of L2

1. First
of all, for t ≥ 0 according to Theorem 8.1 ut ∈ D2

1 means that
∞∑

m=0
mm!||fm(·, t)||22 < ∞.

In the same terms, E(
∫
R+

∫
R+
|Dsut|2dsdt) < ∞ then means that

∞∑

m=0
mm!

∫

R+

||fm(·, t)||22dt =
∞∑

m=0
mm!||fm||22 < ∞.

The latter is the case iff
∞∑

m=0
(m + 1)!||fm||22 < ∞.

Compare this with the condition we obtained in Theorem 9.2. Since
for m ≥ 0 we have ||f̃m||2 ≤ ||fm||2, we obviously have

L2
1 ⊂ dom(δ).

How is Itô’s isometry transferred to the Skorokhod integral?
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Theorem 9.3 Let u, v ∈ L2
1. Then

E(δ(u)δ(v)) = E(
∫

R+

utvtdt) + E(
∫

R2
+

Dtus Dsvt dsdt).

Proof
1. Let first u ∈ SL2(R+). We show:

Dtδ(u) = u + δ(Dtu) (in L2(Ω×R+)).

By linearity, we may further assume that u = Fh, where F ∈ S, h ∈
L2(R+). Then according to Lemma 9.1 we may write δ(u) = FW (h) −
〈DF, h〉, and therefore

Dtδ(u) = DtFW (h) + Fh− 〈DtDF, h〉
= u + δ(DtFh)

= u + δ(Dtu).

2. Let still u ∈ SL2(R+). Then duality, the calculation just obtained
and the fact that v ∈ L2

1 lead to

E(δ(u)δ(v)) = E(〈Dδ(u), v〉)
= E(〈u, v〉+ 〈δ(D·u), v〉)
= E(〈u, v〉) + E(

∫

R2
+

Dtus Dsvt dsdt).

3. It remains to do an approximation of u by functions in SL2(R+), and
to use that convergence in L2

1 implies convergence for all three terms in
the formula. •

We finally give a rule for the Malliavin differentiation of Itô integrals
which will be of use in the applications of Malliavin’s calculus to stocha-
stic analysis to be discussed.

Theorem 9.4 Let u ∈ L2(Ω× [0, 1]) be adapted, Xt =
∫ t
0 usdWs, 0 ≤ t ≤

1, its Itô integral process. Then we have

u ∈ L2
1 if and only if XT ∈ D2

1 for all T ∈ [0, 1].

In this case X ∈ L2
1 and for 0 ≤ t ≤ T ≤ 1 we have

DtXT = ut1[0,T ](t) +
∫ T

t
DturdWr,

and
∫ T

0
E(|DtXT |2)dt =

∫ T

0
E(ut)

2dt +
∫ T

0

∫ T

t
E(|Dtur|2)drdt.
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Proof
For simplicity let T = 1. This time we use Wiener-Itô decompositions
for approximations.

1. We will use an extension of the representation of Lemma 9.3 to
adapted u. Let u =

∑∞
m=0 Im(fm(·, ·)) be the representation according

to Lemma 9.3. Here for any m ≥ 0 the function fm ∈ L2(Rm+1
+ ) is

symmetric in its first m variables. We show:

fm(·, t) = fm(·, t)1[0,t]m(·) (in L2(Rm+1
+ )), and thus

||f̃m||22 =
1

m + 1
||fm||22.

In fact, resume the notation of the proof of Lemma 9.3, to specialize to
the adapted case. We approximate u in L2(Ω× [0, 1]) by functions

un =
mn∑

k=1
F n

k 1]tnk ,tnk+1], n ∈ N,

where 0 = tn1 < · · · < tnmn
= 1, F n

k is Ftnk
-measurable. In the Wiener-Itô

decomposition

F n
k =

∞∑

m=0
Im(fk,n

m )

of F n
k , due to its measurability properties and Lemma 9.2, we have for

t1, · · · , tm ∈ R+

fk,n
m (t1, · · · , tm) = m!Dt1 · · ·DtmIm(fk,n

m )

= m!Dt1 · · ·DtmIm(fk,n
m )1[0,tnk ]m(t1, · · · , tm)

= fk,n
m (t1, · · · , tm) 1[0,tnk ]m(t1, · · · , tm).

Hence the functions

fn
m =

mn∑

k=1
F k,n

m 1]tnk ,tn
k+1

], m ≥ 0, n ∈ N,

possess the property

fn
m(·, t) = fn

m(·, t)1[0,t]m(·) for any t ≥ 0.

Now use a diagonal sequence argument to select a subsequence (vn)n∈N

of (un)n∈N with corresponding Wiener-Itô functions gn
m ∈ L2(Rm+1

+ ),
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symmetric in their first m variables, and such that for any m ≥ 0 gn
m →

fm P ⊗ λ-a.e. Hence we have for m ≥ 0

fm(·, t) = fm(·, t)1[0,t]m(·) (in L2(Rm+1
+ )).

To prove the second assertion, note that due to the validity of the first

f̃m =
1

m + 1

m+1∑

i=1
hi

m,

where the hi
m have disjoint support, and their norms in L2(Rm+1

+ ) are
identical to the one of fm. Hence

||f̃m||22 =
1

(m + 1)2

m+1∑

i=1
||hi

m||22 =
1

m + 1
||fm||22,

as claimed.
2. Now as was shown in the remark above, u ∈ L2

1 translates into

∞∑

m=0
(m + 1)!||fm||22 < ∞.

Moreover, we know that X1 = δ(u) =
∑∞

m=0 Im+1(fm), and by Theorem
8.1 that X1 ∈ D2

1 if and only if

∞∑

m=0
(m + 1)(m + 1)!||f̃m||22 < ∞.

But according to the first part of the proof

∞∑

m=1
(m + 1)(m + 1)!||f̃m||22 =

∞∑

m=1
(m + 1)!||fm||22.

This proves the first claim of the Theorem.
3. Let us next prove the differentiation formula. Note first that due to

Lemma 9.2
Dtus = Dtus1[t,1](s) (in L2([0, 1]2)).

Moreover, for t ≤ s ≤ 1 we have, according to Theorem 8.1

Dtus = Dt

∞∑

m=0
Im(fm(·, s))

=
∞∑

m=1
mIm−1(fm(· · · , t, s)).
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Since Du ∈ L2(Ω× [0, 1]2) according to the definition of L2
1, and since for

fixed t the process (Dtus)t≤s≤1 is adapted, we know from Theorem 9.1
that (Dtus)t≤s≤1 is Itô integrable and that its Itô and Skorokhod integral
are identical. More formally,

∫ 1

t
DtusdWs =

∫ 1

0
DtusdWs = δ(Dtu)

=
∞∑

m=0
mIm(fm(· · · , t, ·)).

Finally, we know that X1 = δ(u) ∈ D2
1. We can compute the Malliavin

derivative for t ∈ [0, 1] (in the usual sense of equality in L2(Ω× [0, 1]))

Dtδ(u) = Dt

∞∑

m=0
Im+1(fm)

= Dt

∞∑

m=0
Im+1(f̃m)

=
∞∑

m=1
(m + 1)Im(f̃m(·, t))

=
∞∑

m=1
Im(fm(·, t)) +

∞∑

m=1
mIm(fm(· · · , t, ·)).

The last line is now identified with ut +
∫ 1
t DtusdWs by using the expan-

sions of these two expressions given above. The norm equation follows
from Itô’s isometry. •

10 Backward stochastic differential equations

Backward stochastic differential equations (BSDE) constitute a very suc-
cessful and active tool for stochastic finance and insurance, and more
generally serve as a central method of stochastic control theory. In this
chapter we shall establish the basic existence and uniqueness theory for
these equations in case the coefficients are Lipschitz continuous.

We fix for the sequel a finite time horizon T > 0, and a dimension
m ∈ N. We start by explaining some notation. Let (Ω,F , P ) be the
canonical n-dimensional Wiener space, with canonical Wiener process
W = (W 1, · · · ,W n). Denote by (Ft)t≥0 the filtration of the canonical
space, i.e. the natural filtration completed by sets of P -measure 0.
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Let L2(Rm) be the linear space of Rm-valued FT -measurable random
variables, endowed with norm E(|X|2)1

2 . Let H2(Rm) denote the linear
space of (Ft)0≤t≤T -adapted measurable processes X : Ω × [0, T ] → Rm

endowed with the norm ||X||2 = E(
∫ T
0 |Xt|2dt)

1
2 . Further let H1(Rm)

denote the space of (Ft)0≤t≤T -adapted measurable processes X : Ω ×
[0, T ] → Rm with the norm ||X||1 = E([

∫ T
0 |Xt|2dt]

1
2 ). Finally, for β > 0

and X ∈ H2(Rm) let

||X||22,β = E(
∫ T

0
eβt|Xt|2dt),

and H2,β(Rm) the space H2(Rm) endowed with the norm || · ||2,β.

We next describe the general hypotheses we want to require for the
parameters of our BSDE. The terminal condition ξ will be supposed to
belong to L2(Rm). The generator will be a function

f : Ω×R+ ×Rm ×Rn×m → Rm,

which is product measurable, adapted in the time parameter, and which
fulfills

(H1) f(·, 0, 0) ∈ H2(Rm),

f is uniformly Lipschitz, i.e. there exists C ∈ R such that for any
(y1, z1), (y2, z2) ∈ Rm ×Rn×m, P ⊗ λ-a.e. (ω, t) ∈ Ω×R+

(H2) |f(ω, t, y1, z1)− f(ω, t, y2, z2)| ≤ C[|y1 − y2|+ |z1 − z2|].
Here for z ∈ Rn×m we denote |z| = (tr(zz∗))

1
2 .

Definition 10.1 A pair of functions (f, ξ) fulfilling, besides the mentio-
ned measurement requirements, hypotheses (H1), (H2), is said to be a
standard parameter.

Given standard parameters, we shall solve the problem of finding a
pair of (Ft)0≤t≤T -adapted processes (Yt, Zt)0≤t≤T such that the backward
stochastic differential equation (BSDE)

(∗) dYt = Z∗
t dWt − f(·, t, Yt, Zt)dt, YT = ξ,

is satisfied.

In order to construct a solution, a contraction argument on suitable
Banach spaces will be used. For its derivation we shall need the following
a priori inequalities.
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Lemma 10.1 For i = 1, 2 let (f i, ξi) be standard parameters, (Y i, Z i) ∈
H2(Rm)×H2(Rn×m) solutions of (*) with corresponding standard para-
meters. Let C be a Lipschitz constant for f 1. Define for 0 ≤ t ≤ T

δYt = Y 1
t − Y 2

t ,

δ2ft = f 1(·, t, Y 2
t , Z2

t )− f 2(·, t, Y 2
t , Z2

t ).

Then for any triple (λ, µ, β) with λ > 0, λ2 > C, β ≥ C(2 + λ2) + µ2 we
have

||δY ||22,β ≤ T [eβTE(|δYT |2) +
1

µ2 ||δ2f ||22,β],

||δZ||22,β ≤ λ2

λ2 − C
[eβTE(|δYT |2) +

1

µ2 ||δ2f ||22,β].

Proof
1. Let (Y, Z) ∈ H2(Rm)×H2(Rn×m) be a solution of (*) with standard
parameters (f, ξ). This means that we may write for 0 ≤ t ≤ T

(∗) Yt = ξ −
∫ T

t
Z∗

sdWs +
∫ T

t
f(·, s, Ys, Zs)ds.

We show:
sup

0≤t≤T
|Yt| ∈ L2(Rm).

In fact, due to (*) we have

sup
0≤t≤T

|Yt| ≤ |ξ|+
∫ T

0
|f [·, s, Ys, Zs)|ds + sup

0≤t≤T
|
∫ T

t
Z∗

sdWs|,
and, with the help of Doob’s inequality

E( sup
0≤t≤T

|
∫ T

t
Z∗

sdWs|2) ≤ 4E( sup
0≤t≤T

|
∫ t

0
Z∗

sdWs|2) ≤ 8E(
∫ T

0
|Zs|2ds).

Since in addition (H1) and (H2) guarantee that |ξ|+∫ T
0 |f(·, s, Ys, Zs)|ds ∈

L2(R), we obtain the desired

E( sup
0≤t≤T

|Yt|2) < ∞.

2. Now we derive a preliminary bound. Apply Itô’s formula to the
semimartingale (eβs|δYs|2)0≤s≤T to obtain for 0 ≤ t ≤ T

eβT |δYT |2 − eβt|δYt|2

= β
∫ T

t
eβs|δYs|2ds + 2

∫ T

t
eβs〈δYs, f

1(·, s, Y 1
s , Z1

s )

−f 2(·, s, Y 2
s , Z2

s )〉ds−2
∫ T

t
eβs〈δYs, δZ

∗
sdWs〉+

∫ T

t
eβs|δZs|2ds.
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By reordering the terms in the equation we obtain

eβt|δYt|2 + β
∫ T

t
eβs|δYs|2ds +

∫ T

t
eβs|δZs|2ds

= eβT |δYT |2 + 2
∫ T

t
eβs〈δYs, δZ

∗
sdWs〉

−2
∫ T

t
eβs〈δYs, f

1(·, s, Y 1
s , Z1

s )− f 2(·, s, Y 2
s , Z2

s )〉ds.

3. We prove for 0 ≤ t ≤ T :

E(eβt|δYt|2) ≤ E(eβT |δYT |2) +
1

µ2E(
∫ T

t
eβs|δ2fs|2ds).

To prove this, first take expectations on both sides of the inequality
obtained in 2., with the result

E(eβt|δYt|2) + βE(
∫ T

t
eβs|δYs|2ds) + E

∫ T

t
eβs|δZs|2ds)

≤ E(eβT |δYT |2)
+2E(

∫ T

t
eβs〈δYs, f

1(·, s, Y 1
s , Z1

s )− f 2(·, s, Y 2
s , Z2

s )〉ds).

Now by our assumptions for 0 ≤ s ≤ T

|f 1(·, s, Y 1
s , Z1

s )− f 2(·, s, Y 2
s , Z2

s )| ≤ |f 1(·, s, Y 1
s , Z1

s )− f 1(·, s, Y 2
s , Z2

s )|
+|δ2fs|

≤ C[|δsY |+ |δsZ|] + |δ2fs|.
The latter implies

∫ T

t
E(2eβs|〈δYs, f

1(·, s, Y 1
s , Z1

s )− f 2(·, s, Y 2
s , Z2

s )〉|ds

≤
∫ T

t
2eβsE(|δYs|[C(|δsY |+ |δsZ|) + |δ2fs|]ds

=
∫ T

t
2eβs[CE(|δYs|2) + E(|δsY |(C|δsZ|) + |δ2fs|)]ds.

Now for C, y, z, t > 0 with µ, λ > 0

2y(Cz + t) = 2Cyz + 2yt

≤ C[(yλ)2 + (
z

λ
)2] + (yµ)2 + (

t

µ
)2

= C(
z

λ
)2 + (

t

µ
)2 + y2(µ2 + Cλ2).
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With this we can estimate the last term in our inequality further:
∫ T

t
2eβs[CE(|δYs|2) + E(|δsY |(C|δsZ|+ |δ2fs|))]ds

≤
∫ T

t
eβs[2CE(|δYs|2) +

C

λ2E(|δsZ|2)

+
1

µ2E(|δ2fs|2) + (µ2 + Cλ2)E(|δsY |2]ds

=
∫ T

t
eβs[(µ2 + C(2 + λ2))E(|δYs|2)

+
C

λ2E(|δsZ|2) +
1

µ2E(|δ2fs|2)]ds.

Summarizing, we obtain, using our assumptions on the parameters

(∗∗) E(eβt|δYt|2) ≤ E(
∫ T

t
eβs|δYs|2ds)[−β + C(2 + λ2) + µ2]

+E(
∫ T

t
eβs|δZs|2ds)[

C

λ2 − 1] + E(eβT |δYT |2)

+
1

µ2E(
∫ T

t
eβs|δ2fs|2ds) + E(eβT |δYT |2)

≤ E(eβT |δYT |2) +
1

µ2E(
∫ T

t
eβs|δ2fs|2ds).

This is the claimed inequality.
4. In order to obtain the first inequality in the assertion, it remains to

integrate the inequality resulting from 3. in t ∈ [0, T ].
5. The second inequality in the assertion follows from (**) by taking

the second term from the right hand side to the left. This completes the
proof. •

We are in a position to state existence and uniqueness results for our
BSDE (*).

Theorem 10.1 Let (ξ, f) be standard parameters. Then there exists a
uniquely determined pair (Y, Z) ∈ H2(Rm)×H2(Rn×m) with the property

(BSDE) Yt = ξ −
∫ T

t
Z∗

sdWs +
∫ T

t
f(·, s, Ys, Zs)ds, 0 ≤ t ≤ T.

Proof
Consider

Γ : H2,β(Rm)×H2,β(Rn×m) → H2,β(Rm)×H2,β(Rn×m), (y, z) 7→ (Y, Z),
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where (Y, Z) is a solution of the BSDE

(∗) Yt = ξ −
∫ T

t
Z∗

sdWs +
∫ T

t
f(·, s, ys, zs)ds, 0 ≤ t ≤ T.

1. We prove: (Y, Z) is well defined. First of all, our assumptions yield

ξ +
∫ T

t
f(·, s, ys, zs)ds ∈ L2(Ω), 0 ≤ t ≤ T.

Therefore

Mt = E(ξ +
∫ T

0
f(·, s, ys, zs)ds|Ft), 0 ≤ t ≤ T,

is a well defined martingale. M possesses a continuous version, due to
the fact that we are working in a Wiener filtration. M is square integra-
ble. Hence we may apply the martingale representation theorem, which
provides (a unique) Z ∈ H2(Rn×m) such that

Mt = M0 +
∫ t

0
Z∗

sdWs, 0 ≤ t ≤ T.

Let now
Yt = Mt −

∫ t

0
f(·, s, ys, zs)ds.

Then Y is square integrable, and we have

Yt = E(ξ +
∫ T

t
f(·, s, ys, zs)ds|Ft), 0 ≤ t ≤ T.

Hence
YT = ξ = M0 +

∫ T

0
Z∗

sdWs −
∫ T

0
f(·, s, ys, zs)ds,

and thus for 0 ≤ t ≤ T

Yt = ξ −M0 −
∫ T

0
Z∗

sdWs +
∫ T

0
f(·, s, ys, zs)ds

+ M0 +
∫ t

0
Z∗

sdWs −
∫ t

0
f(·, s, ys, zs)ds

= ξ −
∫ T

t
Z∗

sdWs +
∫ T

t
f(·, s, ys, zs)ds.

2. We prove: For β > 2(1 + T )C the mapping Γ is a contracti-
on. For this purpose, let (y1, z1), (y2, z2) ∈ H2,β(Rm) × H2,β(Rn×m),
(Y 1, Z1), (Y 2, Z2) corresponding solutions of (*) according to 1. We ap-
ply Lemma 10.1 with C = 0, β = µ2, and f i = f(·, yi, zi). With this
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choice we obtain

||δY ||2,β ≤ T

β
[E(

∫ T

0
eβs|f(·, s, y1

s , z
1
s)− f(·, s, y2

s , z
2
s)|2ds)]

1
2 ,

||δZ||2,β ≤ 1

β
[E(

∫ T

0
eβs|f(·, s, y1

s , z
1
s)− f(·, s, y2

s , z
2
s)|2ds)]

1
2 .

Since f is Lipschitz continuous, we further obtain

||δY ||2,β ≤ 2TC

β
[||δy||2,β + ||δz||2,β],

||δZ||2,β ≤ 2C

β
[||δy||2,β + ||δz||2,β].

We summarize to obtain

(∗∗) ||δY ||2,β + ||δZ||2,β ≤ 2C(T + 1)

β
[||δy||2,β + ||δz||2,β].

By choice of β, Γ is a contraction.
3. Now let (Y , Z) be the fixed point of Γ, which exists due to 2. Let

Yt = E(ξ +
∫ T

t
f(·, s, Y s, Zs)ds|Ft), 0 ≤ t ≤ T.

Then Y is continuous and P -a.s. identical to Y . Then (Y, Z) is a solution
of our BSDE.

4. Uniqueness follows from the contraction property of Γ and the un-
iqueness of the fixed point. •

The construction of solutions in the preceding proof rests upon a recur-
sive algorithm. The algorithm converges, as we shall note in the following
Corollary.

Corollary 10.1 Let β > 2(1 + T )C, ((Y k, Zk))k≥0 the sequence of pro-
cesses, given by Y 0 = Z0 = 0,

Y k+1
t = ξ −

∫ T

t
(Zk+1

s )∗dWs +
∫ T

t
f(·, s, Y k

s , Zk
s )ds

according to the proof of the preceding Theorem. Then ((Y k, Zk))k≥0 con-
verges in H2,β(Rm) × H2,β(Rn×m) to the uniquely determined solution
(Y, Z) of (BSDE).
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Proof
The inequality (**) in the proof of Theorem 10.1 recursively yields

||Y k+1 − Y k||2,β + ||Zk+1 − Zk||2,β ≤ εk[||Y 1 − Y 0||2,β + ||Z1 − Z0||2,β],

with ε = 2C(T+1)
β < 1. This implies

∑

k∈N
[||Y k+1 − Y k||2,β + ||Zk+1 − Zk||2,β] < ∞.

Now a standard argument applies. •

11 Interpretation of backward stochastic differen-

tial equations in Malliavin’s calculus

In this chapter we shall establish the vital connection between Mallia-
vin’s calculus and the structure of solutions of BSDE. We shall see that,
provided the standard parameters are sufficiently smooth, the process
Z can be interpreted as the Malliavin trace of the process Y . For doing
this, we first have to introduce the version of the space L2

1 which corre-
sponds to integrability in some arbitrary power p ≥ 2. For simplicity, we
let the dimension of our underlying Wiener process be one, i.e. for this
chapter we set n = 1.

Definition 11.1 Let p ≥ 2, and

Lp
1(R

m) = {u|u adapted, [
∫ T

0
|ut|2dt]

1
2 ∈ Lp(Ω),

ut ∈ (Dp
1)

m for λ− a.a. t ≥ 0,

for some measurable version

of (s, t) 7→ Dsut we have E([
∫ T

0

∫ T

0
|Dsut|2dsdt]

p
2 ) < ∞}.

For u ∈ Lp
1(R

m) define

||u||1,p = E([
∫ T

0
|ut|2dt]

p
2 ) + E([

∫ T

0

∫ T

0
|Dsut|2dsdt]

p
2 ).

To abbreviate, for k ∈ N, v ∈ L2(Ω× [0, T ]k) denote

||v|| = [
∫

[0,T ]k
|vt|2dt]

1
2 .
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In these terms, Jensen’s inequality gives

E(||Du||p) ≤ T
p
2−1

∫ T

0
||Dsu||ppds.

We next prove that solutions of BSDE for regular standard parameters
are Malliavin differentiable, and that Z allows an interpretation as a Mal-
liavin trace of Y . We need some versions of the process spaces considered
in the previous chapter that correspond to p-integrable random varia-
bles. For p ≥ 2 denote by Sp(Rm) the linear space of all measurable (Ft)-
adapted continuous processes X : Ω × [0, T ] → Rm, endowed with the

norm ||X||Sp = E(sup0≤t≤T |Xt|p)
1
p . Let further Hp(Rm) denote the linear

space of measurable (Ft)-adapted processes X : Ω× [0, T ] → Rm endo-

wed with the norm ||X||p = E(||X||p) 1
p . To abbreviate, let Bp(Rm) =

Sp(Rm)×Hp(Rm), with the norm ||(Y, Z)||p = [||Y ||pSp + ||Z||pp]
1
p .

We are ready to state our main result.

Theorem 11.1 Let (f, ξ) be standard parameters such that ξ ∈ D2
1 ∩

L4(Rm), f : Ω × [0, T ] × Rm × Rm → Rm continuously differentiable
in (y, z), with uniformly bounded and continuous partial derivatives, and
such that for (y, z) ∈ Rm ×Rm we have

(H3) f(·, y, z) ∈ L2
1, f(·, 0, 0) ∈ H4(Rm),

for t ∈ [0, T ] and (y1, z1, y2, z2) ∈ (Rm ×Rm)2 we have

(H4) |Dsf(·, t, y1, z1)−Dsf(·, t, y2, z2)| ≤ Ks(t)[|y1 − y2|+ |z1 − z2|]
(in L2(Ω × [0, t]2)), with a real-valued measurable process (Ks(t))0≤s≤t

which is (Ft)-adapted in t, and satisfies

∫ T

0
||Ks||44ds < ∞.

For the unique solution (Y, Z) of the BSDE (*) we moreover suppose

∫ T

0
||Dsf(·, Y, Z)||2ds < ∞

P -a.s..

Then we have:
(Y, Z) ∈ L2

1(R
m)× L2

1(R
m),
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and a (measurable) version of (DsYt, DsZt)0≤s,t≤T ) possesses the proper-
ties

DsYt = DsZt = 0, 0 ≤ t < s ≤ T,

DsYt = Dsξ −
∫ T

t
DsZ

∗
udWu

+
∫ T

t
[
∂

∂y
f(·, u, Yu, Zu) DsYu +

∂

∂z
f(·, u, Yu, Zu) DsZu

+Dsf(·, u, Yu, Zu)]du, 0 ≤ s ≤ t ≤ T,

(DsYs)0≤s≤T is a version of (Zs)0≤s≤T .

Proof
1. For further simplifying notation, we assume m = 1. As in chapter 10,
our arguments are mainly based upon several a priori estimates. The
first one is an analogue of Lemma 10.1 and investigates the properties
of the contraction map on B2(R).

Lemma 11.1 Let p ≥ 2, assume f(·, 0, 0) ∈ Hp(R), and define

Γ : Bp(R) → Bp(R), (y, z) 7→ (Y, Z),

where (Y, Z) is the solution of the BSDE

(+) Yt = ξ −
∫ T

t
ZsdWs +

∫ T

t
f(·, s, ys, zs)ds.

Let further for i = 1, 2 (Y i, Z i) be the solutions corresponding to (yi, zi)
in (+), and let

δY = Y 1 − Y 2, δZ = Z1 − Z2, δy = y1 − y2, δz = z1 − z2.

Then there exists a constant Cp not depending on (y, z, Y, Z) such that

(i) ||Y ||pSp ≤ CpE([|ξ|p) + T
p
2 (

∫ T

0
|f(·, s, ys, zs)|2ds)

p
2 ]),

(ii) ||Z||pp ≤ CpE([|ξ|p) + T
p
2 (

∫ T

0
|f(·, s, ys, zs)|2ds)

p
2 ]),

(iii) ||(δY, δZ)||pp ≤ CpT
p
2 ||(δy, δz)||pp.

Proof
a) Taking up the notation of the proof of Lemma 10.1, we show: Γ is
well defined.
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To do this, recall for 0 ≤ t ≤ T

Yt = E(ξ +
∫ T

t
f(·, s, ys, zs)ds|Ft).

We have
|Yt| ≤ E(|ξ|+

∫ T

t
|f(·, s, ys, zs)|ds|Ft),

hence Doob’s inequality provides a universal constant C1
p such that

||Y ||pSp ≤ C1
pE([|ξ|+

∫ T

0
|f(·, s, ys, zs)|ds]p).

Moreover, by Cauchy-Schwarz’ inequality
∫ T

0
|f(·, s, ys, zs)|ds ≤ T

1
2 [

∫ T

0
|f(·, s, ys, zs)|2ds]

1
2 ,

hence with another universal constant C2
p we have

(∗) ||Y ||pSp ≤ C2
pE([|ξ|p + [

∫ T

0
|f(·, s, ys, zs)|2ds]

p
2 ]).

Invoke f(·, 0, 0) ∈ Hp(R), that f is Lipschitz continuous, and that
(y, z) ∈ Bp(R), to see that the right hand side of the preceding ine-
quality is finite.

We next prove that Z ∈ Hp(R). For this purpose we shall use the
inequality of Burkholder. It yields further universal constants C3

p , ·, C5
p

such that

(∗∗) E(||Z||p) ≤ C3
pE(|

∫ T

0
ZsdWs|p)

≤ C4
pE(|ξ +

∫ T

0
f(·, s, ys, zs)ds− Y0|p)

≤ C5
pE(|ξ|p + T

p
2 [

∫ T

0
|f(·, s, ys, zs)|2ds]

p
2 ).

Hence we obtain Z ∈ Hp(R), and therefore (Y, Z) ∈ Bp(R). The ine-
qualities (i) and (ii) have also been established.

b) We prove: (iii). The solution (δY, δZ) belongs to the generator
f(·, t, y1

t , z
1
t ) − f(·, t, y2

t , z
2
t ), and ξ = 0. Therefore (i) and (ii), as well

as an appeal to the Lipschitz condition, give, with universal constants
C6

p , C
7
p

||(δY, δZ)||pp ≤ C6
pT

p
2E([

∫ T

0
|f(·, t, y1

t , z
1
t )− f(·, t, y2

t , z
2
t )|2dt]

p
2 )

≤ C7
pT

p
2 [||δy||pSp + ||δz||pp]

= C7
pT

p
2 ||(δy, δz)||pp.
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This completes the proof. •
Let us return to the proof of Theorem 11.1. We define approximations

of the solution of the BSDE recursively. Let for k ≥ 0, 0 ≤ t ≤ T

Y 0 = Z0 = 0,

Y k+1
t = ξ −

∫ T

t
Zk+1

s dWs +
∫ T

t
f(·, s, Y k

s , Zk
s )ds.

We show:

||(Y k, Zk)− (Y, Z)||4 → 0 (k →∞).

Recall the universal constant C4 from Lemma 11.1, (iii). We may (mo-
dulo repeating the argument finitely often on successive subintervals of
[0, T ]) assume that [C4T

2]
1
4 < 1. With this condition, Lemma 11.1 im-

plies that Γ is a contraction, and the solution (Y, Z) of the BSDE its
unique fixed point in B4(R). From this observation, we obtain our as-
sertion via the Cauchy sequence property of the approximate solutions
which follows from

||(Y k, Zk)−(Y l, Z l)||4 ≤
l∑

r=k+1
||(Y r, Zr)−(Y r−1, Zr−1)||4 → 0 (k, l →∞).

2. We prove by recursion on k:

(Y k, Zk) ∈ L2
1(R)× L2

1(R).

This is trivial for k = 0. Let it be guaranteed for k. According to the
chain rule for the Malliavin derivative and our hypotheses concerning
the standard parameters we know for 0 ≤ t ≤ T

ξ +
∫ T

t
f(·, s, Y k

s , Zk
s )ds ∈ D2

1,

with Malliavin derivative

Dsξ +
∫ T

t
[
∂

∂y
f(·, u, Y k

u , Zk
u) DsY

k
u +

∂

∂z
f(·, u, Y k

u , Zk
u) DsZ

k
u

+ Dsf(·, u, Y k
u , Zk

u)]du.

This is seen by discretizing the Lebesgue integral, using the chain ru-
le, and then approximating by means of the boundedness properties of
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the partial derivatives, the Lipschitz continuity properties of f and clo-
sedness of the operator D. Consequently, Lemma 9.2 yields for fixed
0 ≤ t ≤ T

Y k+1
t = E(ξ +

∫ T

t
f(·, s, Y k

s , Zk
s )ds|Ft) ∈ D2

1

as well. Consequently, also

∫ T

t
Zk+1

s dWs = ξ +
∫ T

t
f(·, s, Y k

s , Zk
s )ds− Y k+1

t ∈ D2
1.

Now an appeal to Theorem 9.4 implies that Zk+1 ∈ L2
1(R) and in L2(Ω×

[0, T ]2) we have the equation

Ds

∫ T

t
Zk+1

u dWu =
∫ T

t
DsZ

k+1
u dWu, s ≤ t,

Ds

∫ T

t
Zk+1

u dWu = Zk+1
s +

∫ T

s
DsZ

k+1
u dWu, s > t.

All stated differentiabilities go along with square integrability of the
Malliavin derivatives in all variables. This means that

(Y k+1, Zk+1) ∈ L2
1(R)× L2

1(R),

and the recursion step is completed. We also can identify the Malliavin
derivative by the formula valid for 0 ≤ s ≤ t ≤ T in the usual sense

(∗ ∗ ∗) DsX
k+1
t = Dsξ −

∫ T

t
DsZ

k+1
u dWu

+
∫ T

t
[
∂

∂y
f(·, u, Y k

u , Zk
u) DsY

k
u +

∂

∂z
f(·, u, Y k

u , Zk
u) DsZ

k
u

+Dsf(·, u, Y k
u , Zk

u)]du.

3. In this step we show:

(DY k, DZk) → (Y ·, Z ·) in L2(Ω× [0, T ]2),

where for 0 ≤ s ≤ T (Y s, Zs) is the solution of the BSDE

(\)Y s
t = Dsξ −

∫ T

t
Zs

udWu +
∫ T

t
[
∂

∂y
f(·, u, Yu, Zu) Y s

u +
∂

∂z
f(·, u, Yu, Zu) Zs

u

+Dsf(·, u, Yu, Zu)]du, 0 ≤ s ≤ t ≤ T,

Y s
t = Zs

t = 0, 0 ≤ t < s ≤ T.
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We first consult our hypotheses to verify that, at least for λ-a.e. 0 ≤ s ≤
T the parameters (F s, Dsξ) with

F s(·, t, y, z) =
∂

∂y
f(·, t, Yt, Zt) y +

∂

∂z
f(·, t, Yt, Zt) z + Dsf(·, t, Yt, Zt),

0 ≤ t ≤ T, y, z ∈ R, are standard. Hence (Y s, Zs) is well defined (and
set trivial on the set of s where the parameters eventually fail to be
standard). Also in this case our arguments will be based on a priori
inequalities.

Lemma 11.2 Let (f i, ξi), i = 1, 2, be standard parameters of a BSDE,
p ≥ 2. Suppose

ξi ∈ Lp(Ω), f i(·, 0, 0) ∈ Hp(R), i = 1, 2.

Let (Y i, Z i) ∈ Bp(R) be the corresponding solutions, C a Lipschitz con-
stant for f 1. Put

δY = Y 1−Y 2, δZ = Z1−Z2, δ2ft = f 1(·, t, Y 2
t , Z2

t )−f 2(·, t, Y 2
t , Z2

t ),

0 ≤ t ≤ T. Then for T small enough there exists a constant Cp,T such
that

||(δY, δZ)||pp ≤ Cp,T [E(|δYT |p) + E((
∫ T

0
|δ2fs|ds)p)]

≤ Cp,T [E(|δYT |p) + T
p
2 ||δ2fs||p].

Proof
With a calculation analogous to the one used to prove (i) and (ii) in
Lemma 11.1 we arrive at the following inequality which is valid with uni-
versal constants C1

p , ·, C3
p , and for which we also use Doob’s and Cauchy-

Schwarz’ inequalities,

||δY ||pSp + ||δZ||pp ≤ C1
pE(|δYT |p

+(
∫ T

0
|f 1(·, t, Y 1

t , Z1
t )− f 2(·, t, Y 2

t , Z2
t )|dt)p)

≤ C2
pE(|δYT |p + (

∫ T

0
[|δYs|+ |δZs|+ |δ2fs|]ds)p)

≤ C3
p [E(|δYT |p

+(
∫ T

0
|δ2fs|ds)p) + (T p||δY ||pSp + T

p
2 ||δZ||pp)].
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Now choose T small enough to ensure C3
p(T

p+T
p
2 ) < 1. This being done,

we may take the last two expressions in the previous inequality from the
right to the left hand side, to obtain the desired estimate. •

Let us now apply Lemma 11.2 to prove that for λ-a.a. 0 ≤ s ≤ T we
have (Y s, Zs) ∈ B2(R). For this purpose, we apply the Lemma with

Y 1 = Y s, Y 2 = 0,

ξ1 = Dsξ, ξ
2 = 0,

f 1(·, t, y, z) = (
∂

∂y
f(·, t, Yt, Zt) y +

∂

∂z
f(·, t, Yt, Zt) z + Dsf(·, t, Yt, Zt),

f 2 = 0,

0 ≤ t ≤ T, y, z ∈ R. Then we have

δ2ft = Dsf(·, t, Yt, Zt), 0 ≤ t ≤ T.

We obtain with some universal constant C the inequality

||(Y s, Zs)||22 ≤ CE(|Dsξ|2 + ||Dsf(·, Y, Z)||2),
and therefore ∫ T

0
||(Y s, Zs)||22ds < ∞.

This implies the desired integrability.
To obtain estimates for differences of (DY k, DZk) and (Y ·, Z ·), let us

next, fixing k ∈ N, apply Lemma 11.2 to the following parameters

ξ1 = ξ2 = Dsξ,

f 1(t) =
∂

∂y
f(·, t, Y k

t , Zk
t ) DsY

k
t +

∂

∂z
f(·, t, Y k

t , Zk
t ) DsZ

k
t +Dsf(·, t, Y k

t , Zk
t ),

f 2(t) =
∂

∂y
f(·, t, Yt, Zt) Y s

t +
∂

∂z
f(·, t, Yt, Zt) Zs

t + Dsf(·, t, Yt, Zt),

s ≤ t ≤ T. Set for abbreviation

δk
t = f 1(t)− f 2(t), s ≤ t ≤ T.

The Lemma yields the inequality

||(DsY
k+1 − Y s, DsZ

k+1 − Zs)||22 ≤ C1E((
∫ T

s
|δk

t |dt)2)
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with a universal constant C1. Let us now further estimate the right hand
side of this inequality. We have, fixing 0 ≤ s ≤ T

E((
∫ T

s
|δk

t |dt)2) ≤ C2[A
s
k(T ) + Bs

k(T ) + Cs
k(T )],

where

As
k(T ) = E([

∫ T

s
|Dsf(·, t, Yt, Zt)−Dsf(·, t, Y k

t , Zk
t )|dt]2),

Bs
k(T ) = E([

∫ T

s
| ∂

∂y
f(·, t, Y k

t , Zk
t )(Y s

t −DsY
k
t )|dt]2)

+ E([
∫ T

s
| ∂

∂z
f(·, t, Y k

t , Zk
t )(Zs

t −DsZ
k
t )|dt]2),

Cs
k(T ) = E([

∫ T

s
| ∂

∂y
f(·, t, Yt, Zt)− ∂

∂y
f(·, t, Y k

t , Zk
t )| |Y s

t |dt]2)

+ E([
∫ T

s
| ∂

∂z
f(·, t, Yt, Zt)− ∂

∂z
f(·, t, Y k

t , Zk
t )| |Zs

t |dt]2).

With further universal constants C3, C4 we deduce, using (H4)

As
k(T ) ≤ E([

∫ T

s
Ks(t)[|Yt − Y k

t |+ |Zt − Zk
t |]dt]2)

≤ C3E(
∫ T

s
Ks(t)

2dt[
∫ T

s
|Yt − Y k

t |2dt +
∫ T

s
|Zt − Zk

t |2dt])

≤ C4[E(
∫ T

s
Ks(t)

4dt]
1
2 [E(

∫ T

s
|Yt−Y k

t |4dt)
1
2 + E(

∫ T

s
|Zt−Zk

t |4dt)
1
2 ].

Hence by part 1. of the proof

lim
k→∞

∫ T

0
As

k(T )ds = 0.

Furthermore, since the partial derivatives of f with respect to y, z are
bounded and continuous, and since E(

∫ T
0 ||(Y s, Zs)||2ds < ∞, dominated

convergence allows to conclude

lim
k→∞

∫ T

0
Cs

k(T )ds = 0.

Let us finally discuss the convergence of the Bs
k(T ) as k →∞. Again

by boundedness of the partial derivatives of f we obtain with a universal
constant C5

Bs
k(T ) ≤ C5T

2||DsY
k − Y s, DsZ

k − Zs)||22.
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Now choose T small enough to ensure α = C5T
2 < 1. Let ε > 0. Then

by what has been shown there exists N ∈ N large enough so that for
k ≥ N we have

E(
∫ T

0
||(DsY

k+1 − Y s, DsZ
k+1 − Zs)||2ds)

≤ ε + αE(
∫ T

0
||(DsY

k − Y s, DsZ
k − Zs)||2ds).

By recursion we obtain for k ≥ N

E(
∫ T

0
||(DsY

k − Y s, DsZ
k − Zs)||2ds) ≤ ε(1 + α + α2 + · · ·+ αk−N−1)

+εαk−NE(
∫ T

0
||(DsY

N − Y s, DsZ
N − Zs)||2ds)

≤ ε

1− α
+ αk−NE(

∫ T

0
||(DsY

N − Y s, DsZ
N − Zs)||2ds).

Now let k →∞. Since ε is arbitrary, we conclude

lim
k→∞

∫ T

0
Bs

k(T )ds = 0.

3. Since L2
1(R) is a Hilbert space, and D is a closed operator, we

obtain that (Y, Z) ∈ L2
1(R)×L2

1(R), and that (Y s, Zs)0≤s≤T is a version
of (DsY, DsZ)0≤s≤T in the usual sense.

4. We show:

(DtYt)0≤t≤T is a version of (Zt)0≤t≤T .

For t ≤ s we have

Ys = Yt +
∫ s

t
ZrdWr −

∫ s

t
f(·, r, Yr, Zr)dr.

Hence by Theorem 9.4 for t < u ≤ s

DuYs = Zu +
∫ s

u
DuZrdWr

−
∫ s

u
[
∂

∂y
f(·, r, Yr, Zr) DuYr +

∂

∂z
f(·, r, Yr, Zr) DuZr

+Duf(·, r, Yr, Zr)]dr.

By continuity in t of (Y s, Zs) we may choose u = s, to obtain the desired
identity. •
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