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Malliavin’s calculus has been developed for the study of the smooth-
ness of measures on infinite dimensional spaces. It provides a stochastic
access to the analytic problem of smoothness of solutions of parabo-
lic partial differential equations. The mathematical framework for this
access is given by measures on spaces of trajectories.

In the one-dimensional framework it is clear what is meant by smooth-
ness of measures. We look for a direct analogy to the smoothness problem
in infinite-dimensional spaces. For this purpose we start interpreting the
Wiener space as a sequence space, to which the theory of differentiation
and integration in Euclidean spaces is generalized by extension to infinite
families of real numbers instead of finite ones.

The calculus possesses applications to many areas of stochastics, in
particular finance stochastics, as is underpinned by the recently publis-
hed book by Malliavin and Thalmayer. In this course I will report on
recent applications to the theory of backward stochastic differential equa-
tions (BSDE), and their application to problems of the fine structure of
option pricing and hedging in incomplete finance or insurance markets.

At first we want to present an access to the Wiener space as sequence
space.

1 The Wiener space as sequence space

Definition 1.1 A probability space (0, F, P) is called Gaussian if there
is a family (Xi)i1<k<n or a sequence (Xi)ren of independent Gaussian
unit random wvariables such that

F=0(Xp:1<k<n) resp. o(Xp:keN)

(completed by sets of P-measure 0).



Example 1:
Let Q = C(R,R™), F the Borel sets on ) generated by the topology
of uniform convergence on compact sets of R, P the m-dimensional
canonical Wiener measure on F. Let further W = (W1 ... W™) be the
canonical m-dimensional Wiener process defined by the projections on
the coordinates.

Claim: (2, F, P) is Gaussian.
Proof:

Let (¢;)ien be an orthonormal basis of L*(R.,),
Wi(g) = [gi(s)dWi, €N 1<j<m,

in the sense of L-limits of It6 integrals. Then (modulo completion) we
have

F=cW;:t>0).

Let t > 0, (a;)ien @ sequence in [% such that

Log = > aigi
1€N

Then we have for 1 < j <m
Wi = Jim > a; W (g) =Y a;W(g),
i=1 i=1

hence W/ is (modulo completion) measurable with respect to (W7 (g;) :
i € N). Therefore (modulo completion)

F=o(Wig):ieN,1<j<m).
Moreover, due to

hence the W/(g;) are independent Gaussian unit variables. e

In the following we shall construct an abstract isomorphism between
the canonical Wiener space and a sequence space. Since we are finally
interested in infinite dimensional spaces, we assume from now on

Assumption: the Gaussian space considered is generated by infinitely
many independent Gaussian unit variables.
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Let RN = {(2)ien : 2 € R,i € N} be the set of all real-valued
sequences, and for n € N denote by

Ty - RN - Rn, ($i>ieN = (l’i)lgz’gm

the projection on the first n coordinates. Let B"” be the o-algebra of
Borel sets in R",
-1

BY = o(Upenm,, [B"]).
Let for n € N

x
exp(——-)dz, v=PFx,),m = QieNV1, Vy=V0 -t

1
\/ﬁ 2 n)neN

This notation is consistent for n = 1.

Vl(dl') =

We want to construct an isomorphism between the spaces of integrable
functions on (Q, F, P) and (RN, BN, v). For this purpose, it is necessary
to know how functions on the two spaces are mapped to each other. It
is clear that for BN-measurable f on RN we have

F = f o ((Xn)nEN)
is F-measurable on €.

Lemma 1.1 Let F be F-measurable on €. Then there exists a BN-
measurable function f on RN such that

F' = fo((Xn)nen)-

Proof
1. Let F' = 14 with A = ((X;)1<i<n) '[B], B € B". Then set f =1 15,
f is by definition BN-measurable and we have

F(Xp)nen) = 18((Xi)1<i<n) = 14 = F.

Hence the asserted equation is verified by indicators of a generating set
of F which is stable for intersections. Hence by Dynkin’s theorem it is
valid for all indicators of sets in F.

2. By part 1. and by linearity the claim is then verified for linear
combinations of indicator functions of F-measurable sets. The assertion
is stable for monotone limits in the set of functions for which it is verified.
Hence it is valid for all F-measurable functions by the monotone class
theorem. e



Theorem 1.1 Let p > 1. Then the mapping
LPRN BN v) > f—= F = fo((Xn)nen) € LP(Q, F, P))
defines a linear isomorphism.

Proof
The mapping is well defined due to

IF[l; = E(f(Xn)nen)]”)
= / |f(x)[Pv(dx) (transformation theorem)

115,

and bijective due to Lemma 1.1. Linearity is trivial. e

Theorem 1.1 allows us to develop a differential calculus on the se-
quence space (RN, BN, v), and then to transfer it to the canonical space
(Q, F, P). For this purpose we are stimulated by the treatment of the
one-dimensional situation.

Questions of smoothness of probability measures are prevalent. We
start considering them in the setting of R.

2 Absolute continuity of measures on R

Our aim is to study laws of random variables defined on (€2, F, P), i.e. the
probability measures Py for random variables X. By means of Theorem
1.1 these measures correspond to the measures vo f~! for BN-measurable
functions f on RN. The one-dimensional version of these measures is
given by vy o f~! for Bl-measurable functions f defined on R.

We first discuss a simple analytic criterion for absolute continuity of
measures of this type.

Lemma 2.1 Let i be a finite measure on BY. Suppose there exists c € R
such that for all ¢ € C*(R) we have

| [ ¢ (@)u(dz)| < c||g]|.

Then p << X, i.e. pu is absolutely continuous with respect to A, the
Lebesgue measure on R.



Proof
Let 0 < f be continuous with compact support, and define

= [ fdy,

Then

[ fdu= [ ¢ (@)n(dz) < cl|g]l = c [ fdr.
By a measure theoretic standard argument this inequality follows for
bounded measurable f. Therefore we conclude for A € B!

H(A) < eA(A),

which clearly implies p << \. ®

We aim at applying Lemma 2.1 to the probability measure vy o f~!
with f B'-measurable. For this purpose we encounter for the first time
the central technique of integration by parts on Gaussian spaces, which
is at the heart of Malliavin’s calculus.

For reasons of notational clarity we first recall the classical technique
of integration by parts. Indeed, for g, h € C§°(R) (smooth functions with
compact support) we have

= [ @ h(a)de = — [ g(a) W(x)de = ~(g.1).

This relationship can be extended to functions g, h € L?*(R) which vanish
at oo and which possess derivatives in the distributional sense. Let us
for a moment assume this setting and denote by dg the derivative in
distributional sense of g, and in the sense of the duality (*) with dh its
adjoint operator. Then for h € C§°(R) we have

Sh = -1,
and we can interpret the duality relationship as

(dg,h) = (g,0h).

Finally, the operator dd = —% plays an important role in the calculus.
Here it is identical to the negative of the Laplace operator. In the just
sketched classical calculus one does not have to distinguish between d
and ¢ (modulo sign).



For the analysis on Gaussian spaces things are different. We sketch the
analogue of a differential calculus with respect to duality on Gaussian
spaces. For g,h € L?>(R,v;) denote

(glh) = /g )y (dx).

To apply Lemma 1.1 formally to the measure p = vy o f~! for some B!-
measurable f, we have to write, assuming all operations are justified,

J & @mo [ dz) = [ ¢ o fahnlde) = (¢ o f]1) = (&0 f) f,>

Now, as in the classical setting, we want to transfer the derivation to
the other argument. For this purpose we continue calculating for g, h €

Co*(R)

(W) = = [ g@) hla) expl(=) da

So in the setting of Gaussian spaces, if we define as before dg as distribu-
tional derivative in the generalized sense, its dual operator on a suitable
space of functions (to be described later) has to be defined by

oh = —h' + zh.

In this sense we have the following duality relationship, completely ana-
logously to the classical formula

(dg|h) = (g|oh).

For the combination of the derivative operator and its dual we obtain
this time the following operator

d? d

in the suitable distributional sense.



d will be called Malliavin deriwative, & Skorokhod integral, and L
Ornstein-Uhlenbeck operator. The domains of these operators will be
more precisely defined in the higher dimensional setting. The present
exposition is given for motivating the notions to be studied.

Let us return to the problem of smoothness of the measure v, o f~1.

Lemma 2.2 Let g,h € L*(R, 1) be such that dg,0h € L*(R,v1). Then
we have

(dglh) = (glon).
Moreover for f € L*(R,v1) such that 5(%) € L*(R, 1) we have

viof l<< A

Proof
We continue the above calculation in the notation chosen. We have by
duality and the inequality of Cauchy-Schwarz

(6o f) d1f>\ - \<¢of|5(dlf)>
= 1 6 1))@ n(de)
< Hqﬁuoon(s@auz

Hence Lemma 1.1 can be applied with ¢ = [|0(g)||2 which yields the
desired absolute continuity. e

With this lemma the program for the development of Gaussian diffe-
rential calculus in finite and infinite dimensional spaces is sketched. We
have to develop rigorously in this framework the calculus of the three
operators. We shall hereby, for brevity, mostly concentrate on the ope-
rators d and 8. One natural orthonormal basis of L?(R, v1) proves to be
very useful hereby.

3 Hermite polynomials; orthogonal developments

We continue denoting d, 0 and L the operators studied above. They
are at least (and this is the sense in which we use them) well defined on
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C°(R), even, due to the integrability properties of the Gaussian density,
on the space of polynomials in one real variable.

Definition 3.1 Forn > 0 let
H,=4"1.
H,, is called Hermite polynomial of degree n.

By definition we have for x € R

Hy(z) = 1,

Hi(z) = 01l =u,

Hy(z) = dx=—1+ 2%

Hs(z) = 0(—=1+2%) = —o — 22 +2° = 2° — 3.

Theorem 3.1 H,, is a polynomial of degree n, with leading coefficient
1. Moreover forn € N

(Z) 5Hn - Hn+17
(ZZ) dHn = TLHn_l,
(i4i) LH, =n H,.

In particular, H, is an eigenvector of L with eigenvalue n.

Proof
(i): follows by definition.
(ii): We first briefly investigate the commutator of d and 4. In fact, we

have for h € Cj°(R)
(d6—0d) h = d(—h'+xh)—(=h"+zh") = —h"+xh'+h—(=h"+zh") = h.

This means that
(dd — dd) = id.

With this in mind we proceed by induction on the degree n. The claim
is clear for n = 1. Assume it holds for n — 1. Then

dH, = ddH, =ddH, 1+ H,1
= (Tl — 1)(5Hn_2 + Hn—l = an—l-

(iii): LH, = 6dH, =ndH, 1 =nH,. e
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Corollary 3.1 For g € L2(R) define the Fourier transform by

g(u) \/ﬂ / weo(x)dr, uw € R.
Then -
(Hye ) (u) = (i) e
Proof
Choose u € R. Then
(Hye 5)(u) = (0"1e %) (u)
= (e"|o"1)
= (@)
= (iu)"(e"[1)
= (iu)"e" 7.

With these preliminaries, we can show that the Hermite polynomials
constitute an orthonormal basis of our Gaussian space in one dimension.

Theorem 3.2 (\/% H,)n>0 is an orthonormal basis of L*(R, vy).

Proof
1. Let n, k € N, and suppose that n < k. Then by Theorem 3.1

(Hu|Hi) = (0"1]6"1) = (d*o"1]1) = 0,

while
(H,|H,) = (d"9"1]1) = nl{1|1) = nl.

2. It remains to show that (H,),>o is complete in L?(R, 1), i.e. the
set of linear combinations of Hermite polynomials is dense in L*(R, v).
For this purpose, it suffices

to show: if ¢ € L?(R, 1) satisfies for all n > 0 we have (H,|¢) = 0,
then ¢ = 0.

For z € C let L

F(z) = /R o(v)e 2 du.
Then we have for k € N,t € R by Cauchy-Schwarz

\/R|vk¢(v)\6_”t_%”2dv < [/R *(v)e 3V dv/ v2he 20t 1”2du]2 < 0.



Hence F' may be differentiated arbitrarily often under the integral sign,
which implies that F'is an entire function. Moreover, we have for £ > 0
with 2% = >F , a;Hy(7)

FO(0) = i* [ vFow)e Tdv =i (a*|o)

= "> w(Hl¢) = 0.
1=0
This, however, implies that F' = 0, and so by the uniqueness of Fourier
transforms also ¢ = 0. e

We now return to our target space, namely RY, the sequence space
version of our infinite dimensional Gaussian space. Our task will be to
establish in this space suitable notions of the operators d and . For this
purpose it will be convenient to have again an orthonormal basis of this
Gaussian space. We have to define an infinite dimensional extension of
Hermite polynomials.

Definition 3.2 Forn € N let E,, = 7", let E be the set of sequences in
Z .. that vanish except for finitely many components. For

p=(p, - ,pr,0,--) € E let |p| = XF  pi,p! = 1", p;!. For x € RF
resp. x € RN, and p € Ej, resp. p € E let

H,(x) = ﬁal(xl) resp.

€N
H, is called k-dimensional resp. generalized Hermite polynomial.

We can extend Theorem 3.2 to the multidimensional setting.

Theorem 3.3 (ﬁ H,) ek, is an orthonormal basis of L*(RF, BF 1),

(ﬁ H,)per is an orthonormal basis of L*RN, BN, v).

Proof
1. For k € N and g, h € L*(R*,v;,) denote

(glh) = [, 9(x)h(z) vy (dx).
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Then for p,q € £} we have, due to Fubini’s theorem

<Hp‘Hq> = ﬁ <Hpi

1=1

H%‘>'

Hence (ﬁ H,)pep, is an orthonormal system. Moreover, linear combina-
tions of tensor products of functions of one of k variables are dense in
L*(R*,B* 1;). Hence the first claim follows from Theorem 3.2.

2. The set U enm, H[L2(R", B", 1,)] is dense in L2(RN, BN, v/). Hence,
the second assertion follows from the first. o

We next define and study Sobolev spaces in finite and infinite di-
mension, for which we use our knowledge of the orthonormal bases just
acquired.

4 Finite dimensional Gaussian Sobolev spaces

Let k£ € N. We consider k-dimensional spaces first. Before treating the
Gaussian spaces, let us recall the most important facts about classical

Sobolev spaces, i.e. Sobolev spaces with respect to Lebesgue measure on
RF.

Definition 4.1 Let p > 1. For f € L’(R¥),a € R"* we say that f
possesses a directional (generalized) derivative in direction a, if there is
a function d,f € LP(R¥) such that

11+ 2a) = ] — duflly — 0
as € — 0. Let

WP = {f € LP(R") : f possesses a directional derivative in direction
a for any a € R*}

(Sobolev space of order (1,p)).

By linearity, it is clear that if for 1 < ¢ < k we denote by e; the ith
canonical basis vector, then for f € Wf(RF) we have d,f = > | a;d. f,
if @ = (ay,---,az). Let d; = d,, for a canonical basis ey, - - -, e; of RF.
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Definition 4.2 Let p > 1,s € N. We define recursively
WP ={fecW}l:d,f e Wr, for anya € R*}

(Sobolev space of order (s,p)). For f € WP, ay,---,a, € RF we define
recursively

do,dg, -+ dq. f.
We define the (1,p)-Sobolev norm by

1l = 171+ 3 Ndif e S € W
and analogous norms for higher derivative orders.
For any p > 1,s € N we have
C(RY) c we
and for g € C°(R¥),a = (ay,- -+, a;) € R* we have

99

k
d.g = i
g izzla dz;

What is the relationship of our Sobolev spaces and the ”weak deriva-
tives” or "derivatives in distributional sense” encountered above?

Definition 4.3 Let f € Li,.(R*),a € R*. Then u, € Li,.(R") is called
weak derivative of f in direction a, if for any ¢ € C°(R¥) the equation
<f7 da¢> = _<ua7 ¢>

18 satisfied.
Theorem 4.1 Let p > 1, f € LP(RF. Then the following are equivalent:
(i) f € WY,
(ii) for a € R* f possesses a weak derivative u,, and we have u, €
LP(RF).
In this case, moreover, d,f = u,.
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Proof
1. Let us show that (i) implies (ii). For this purpose, assume a € R¥, ¢ €
C5°(RF). Then for € > 0 by translational invariance of Lebesgue measure

[ 21+ c0) — f@)pla)dr = [~ f@)olx — ea) — ()

Now use (i), let ¢ — 0, to identify the limit as [d,f(z)¢(x)dx on the
left hand side, and as — [ f(z)d,¢(x)dx on the right hand side. Hence
for any ¢ € C3°(RF)
<daf7 ¢> - _<f7 da¢>'

This means by definition that f possesses the weak derivative d, f which
belongs to LP(RF).

2. Let us now prove that (ii) implies (i). Fix ¢ € C(RF),a =
(ay,---,a;) € R*. Then by Taylor’s formula with integral remainder
term and Fubini’s theorem we have for any € > 0

fo 215+ 20) = F@)]o(@)de
= /Rk oI ﬂf—ea)— é(z)]dx
— — JJOL [ S s o - cadelas
= —Q/AQENMxe—&w<>MM5
= 2 [ 0l — Eapua(e)dalde
= = [ U S ol + a)dalde
= /Rk[i [ wale + €a)dg)(x)du

It remains to prove that L J§ u,(- +&a)d€ converges to u, in LP(RF). This
is certainly true provided u, € Cg°(RF). But for any f,g € LP(R*) we
have uniformly in € > 0

H*/f +&u%——f/ -+ Ea)dgl,

<2 [+ €0) = g + €l
= |lg— fllp-
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By means of this observation we can transfer the desired result from
C°(RF) to LP(RF), since C§°(RF) is dense in LP(RF). o

Corollary 4.1 Letey, -, e denote the canonical basis of R, let (f,)nen
be a sequence in Wi such that

(1) [lfu = fllp = 0 as n — oo,
(ii) for any 1 < i < k the sequence (d; fn)nen converges in LP(RF).
Then f € WY and ||fn — fllip — 0 as n — oo.

Proof
We have to show that f is weakly differentiable in direction e; for 1 <
i <k, and d;f = lim,_. d; f, € L?(R”). For this purpose let

u; = lim d; fy,

which exists due to assumption (ii). Then by (i) for any ¢ € C¢(RF¥),1 <
i <k

[ F@)dig(@)de = lim [ f(2)dig(x)da

= —Jim, [ dify(@)6()de = ~ [w(@)o()dr

This means that f possesses weak directional derivatives in direction e;
and d;f = u; € LP(R¥). Now Theorem 4.1 is applicable and finishes the
proof. e

Corollary 4.2 Let p > 1. Then WY is a Banach space with respect to
the norm || - ||1p, and for any a € R* the mapping d, : W — LP(RF) is
continuous.

Proof
We have to prove that WY is complete with respect to ||-||1,. Let therefore
(fu)nen be a Cauchy sequence in W?. Then setting f = lim,, . f, in
LP(RF), we see that the hypotheses (i) and (ii) of Corollary 4.1 are
satisfied, and it suffices to apply this Corollary. e

We finally need a local version of Sobolev spaces.
Definition 4.4 Forp > 1,s € N let
WP..={f:f:R"¥ = R measurable fp € WP for ¢ € C:°(R").}

Joc

(local Sobolev space of order (s,p)).
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Theorem 4.2 Let p > 1,s € N. Then f € Wﬁloc iff for any o € R¥
there exists an open neighborhood Vy, of xq such that for any ¢ € C°(RF)
with support in V,, we have ¢f € WP.

Proof
We only need to prove the only if part of the claim. For any z, € R*
let therefore V,,, be given according to the statement of the assertion.
Then (V4,).,err is an open covering of R*. Then there exists a locally
finite partition of the unit (¢r)ren C CS°(RF) which is subordinate to
the covering, i.e. such that

(i) 0 < ¢, <1, for any n € N,

(ii) for any n € N there exists xo(n) such that supp(¢n) C Viym),

(i) Sen = 1,

(iv) for any compact set K C R¥ the intersection of K and supp(¢,)
is non-empty for at most finitely many n.

Now let ¢ € C3°(RF). Then for any k € N (ii) gives supp(¢¢r) C Vi r)
and thus by assumption

orof € WP ke N.

Since by (iv) the support of ¢x¢ is non-trivial for at most finitely many
k, (iii) and linearity yield the desired

of € W)

We now turn to Gaussian Sobolev spaces. Our analysis will again
be based on the differential operator we know from the above sket-
ched classical calculus. Only the measure with respect to which we
consider duality changes from the Lebesgue to the Gaussian measure.
Since we thereby pass from an infinite to a finite measure, integra-
bility properties for functions and therefore the domains of the dual
operators change. This is why the notion of local Sobolev spaces is
important. On these spaces, we can define our operators locally, wi-
thout reference to integrability first. In fact, using Theorem 4.2, and for
seN,p>1,1<ji,---,js <k, f € W, we can define

djldj2 T djs f
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locally on an open neighborhood V;,, of an arbitrary point 2o € R¥ by the
corresponding generalized derivative of ¢f with ¢ € Cg°(R¥) such that
¢ = 1 on an open neighborhood U,, C V,, of xy. This gives a globally
unique notion, since x is arbitrary.

Definition 4.5 Let s € N,p > 1, 1 < j < k, f € W, and denote
by d; the directional deriwative in direction of the jth unit vector in RF
according to the preceding remark. Let then

Vf={(dif, - dpf),
0;f = —d;f +x; f,
Lf = é 0jd;f = é[—djdjf +x;d; f].
For any 1 <r < s we define more generally
Vif = (djidj, -+ dj. f o 1< Ju,Jos oo, 0 S k).

This definition gives rise to the following notion of Gaussian Sobolev
spaces.

Definition 4.6 Let p > 1,s € N. Then let

DYRY) = {f € W : 20 V" fTHp < oo,

1 s = 22 [TV 71
( k-dimensional Gaussian Sobolev space of order (s,p)).

Remark
DP(RF) is a Banach space. This is seen by arguments as for the proof of
Corollary 4.2.

Since our calculus will be based mostly on the Hilbert case p = 2, we
shall restrict our attention to this case whenever convenient. In this case,
our ONB composed of k-dimensional Hermite polynomials as investiga-
ted in the previous chapter will play a central role, and adds structure
to the setting. To get acquaintance with Gaussian Sobolev spaces, let us
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compute the operators defined on the series expansions with respect to
this ONB.

For f € L?*(R*, ;) we can write

f: Z Cp(f)

H
p
peE) p'

with coefficients ¢,(f) € R,p € Ej. Due to orthogonality, the Gaussian
norm is given by

b= = W my = @

peE) p peE) p

We also write f ~ (c,(f)) to denote this series expansion. Denote by
P the linear hull of the k-dimensional Hermite polynomials. Plainly,
P C Wsp,loc for any s € N,p > 1. According to chapter 3, P is dense
in L?(R* ;). And for functions in P, the generalized derivatives d; are
just identical to the usual partial derivatives in direction 7, 1 < j < k.

We first calculate the operators on Hermite polynomials. In fact, for
p € E;,1 <7 <k we have in the non-trivial cases

djHy = p; H Hy Hy, 1, 0H, = H Hy Hy, 11, LH), = |p|H).

i#] i#]
Hence for f ~ (¢,(f)) C P,1 < j <k we may write
o f
djf = Z P(' )pj H HPinj—l’
peB, P i
5jf - Z Cp({) H Hpinj“rl?
peE,  Pr o i#j
o f
Lf = > p(| )|p|Hp-
pGEk p

According to Corollary 4.2 and the calculations just sketched, the
natural domains of the operators extending V,d; and L beyond P must
be those distributions in R”* for which the formulas just given generate
convergent series in the L?-norm with respect to v;,. The most important

domain is the one of V, the Sobolev space D}(R¥). For f ~ (¢,(f)) € P

17



we have
HVAE = [, V@)
==2M§MJWMWM@

D> pﬁcp(;’;) [T pi!(p; — 1)!

j=1peBr ~ P i#j

If in addition f € L*(R*, v;), we may write f ~ (c,(f)) and approximate

it by fn = Xpep, pl<n % € P,n € N. Hence, according to corollary 4.2,

f belongs to D?(RF) if the following series converges

VAR = Jim IlIV£ 13
2
~gm x> P

n=0o |
pEE|p|<n p:

— x> <

peL) p'

Along these lines, we now turn to describing Gaussian Sobolev spaces
and the domains of our principal operators for p = 2 by means of Hermite
expansions. We start with the case k = 1.

Theorem 4.3 Let r € N, f ~ (¢,(f)) € L*(R,11) N W2,.. Denote

Joc:

Ip = C”}Sif) H,,p> 0. Then the following are equivalent:

(i) V' f € L*(R,11),

(i1) Spzo 0" || fol[3 < oo,

fiii) f € D(R),

(iv) 0" f € L*(R,vy).

In particular, D?(R) is the domain of V",8" in L*(R,v1). For f,g €
D3(R) we have

(Vflg) = (flog).

18



Proof
1. We prove equivalence of (i) and (ii). We have

c c
vf _ Z D pSf) Hp—l — Z p+1'(f) Hp;
p>1  D- p>0 b
and therefore by iteration
r c —H“(f)
\Y f — Z b | Hp—l-
p>0 P:
Therefore (f)2 (f)2
r Cp+r c
Vil = 2 “p, -l =
> ! .
and hence ( :
- p+r)!
1974118 = 5 L el < o
> .

if and only if

S (p+ 1) [ fpirllz < 00,
p=>0

and this is the case if and only if

> P lIflls < oo
>0

2. We next prove that (ii) and (iv) are equivalent. Note that

of = ;)CZE'f)HpH, and therefore 0" f = go szg'f)HpM.
p>0 D p>0 P
This implies that
1= 5 M= S0 o )P <o
if and only if _ ) —
= > PllfllE < oo

reolf

Z P p( ')
p>0 p: p>0

3. The equivalence of (i) and (iii) is contained in the definition.

4. Let f ~ (cp(f)),9 ~ (cp(g)) € D?(R). Then we have

(vflg) = ¥ @Dl

>0 P P!
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whereas

(flog) = 3 D)y

p=>0 D D

This completes the proof. e

The differential calculus on Gaussian spaces obeys similar rules as the
classical differential calculus.

Theorem 4.4 Let g € D{(R),p =109 L If¢p € LR, p), and Vo €
LYR, i), we have

V(pog)=(Vg)og-Vg.

Proof
If ¢ and g belong to C§°(R), the assertion is clear. To generalize, appro-
ximate in P and use Hélder’s inequality. e

Theorem 4.5 Let f,g € D{(R). Then f-g € D}R) and we have

V(f-9)=f-Vg+Vf-g

Proof
The assertion is clear for f,g € Ci°(R). To generalize, approximate in
P and use Holder’s inequality. e

We now turn to arbitrary finite dimension k, and interpret Gaussi-
an Sobolev spaces by convergence properties of Hermite expansions as
above.

Theorem 4.6 Let [ ~ (c¢(f)) € L*(R*, 1) N WYy, Denote f, =

MHp,p € Ey. Then the following are equivalent:

p!
(i) [V f] = [Z51(df)°]2 € LA(RF ),
(i) Sper, DIl fl13 < oo,
(iii) f € D}(RF).
In particular, D}(RF) is the domain of V in L*(R* 1). Analogous
results hold for Sobolev spaces of order (r,2) with r € N.

Proof
Analogous to the proof of Theorem 4.2.e
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5 Infinite dimensional Gaussian Sobolev spaces

To refer the infinite dimensional setting to the finite dimensional one,
we use the following observation.

For n € N recall
7 RN — R", (xn)neN = (»Tk)lgkgn-

Let for n € N let C, = o(7") = o(xl,---, 7). Then (C,)nen is a
filtration on (RN, BN).

Lemma 5.1 Let p > 1, f € L?(RN, BN, v). Then
fu=E(f|C.), neN

defines a martingale which converges v-a.s. and in LP to f.

Proof
This follows from a standard theorem of discrete martingale theory. e
Let in the following f, : R" — R the n-dimensional factorization of
fn, related by
foom = fu,neN.

As a crucial observation for the definition of infinite dimensional Sobo-
lev spaces, the martingale property is essentially not destroyed by the
directional derivative operators.

Lemma 5.2 Letp > 1, f € LP(RY), (f,)nen the corresponding sequence
according to the above remarks. Suppose that sup,en || full1p < 0o. Then
for any j € N the sequence (d;f, o ™)nen converges in LP(RN), to
a limit that we denote by d;f. Corresponding statements hold true for
higher order derivatives.

Proof
Let n € N,j € N. Then for n > j we have

E(djfn+1 O 7T”+1|Cn) = d]fn om".

This means that (d;f, o 7"),>; is a martingale with respect to (C,),>;
which, due to

sup ||d; fn o 7|, < sup || full1p < 00,
n>j neN
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is bounded in LP(RYN) and hence converges in LP(RN), due top > 1. @
The preceding Lemmas give rise to the following definition of Sobolev
spaces.

Definition 5.1 Let p > 1,s € N. Then

DIRN) = {f e L(RN,v) : f, € DP(R"),n € N,sup || fu|lsp < o0},
neN

(infinite dimensional Sobolev space of order (s,p)), endowed with the
norm

HfHS,p = Slelll\)I anHs,pa IS Df(RN)-

This definition makes sense, for the following reasons.

Theorem 5.1 Let p > 1,5 € N. Then D?(RN) is a Banach space with
the norm || - ||5,-

Proof
We prove the claim for s = 1. Let (f™)en be a Cauchy sequence in
DY(RN), and (f™),.men the corresponding finite dimensional functions
according to the remarks above. Then for m,l € N, n € N Jensen’s
inequality and the martingale statement in the preceding proof give the
following estimate

limsup || f7 — f]1, < ml}goo 1™ = 1y = 0.

m,l—o00

DY (R™) being a Banach space for n € N, we know that

fn: lim f;zn S Dzlg(Rn)

m—0o0

exists. Let f, = f, o ™. Now let f = lim,_. f™ in LP(RN). Then by
uniform integrability

E(f|C.) = E(lim_f"|Cy,) = lim E(f"|C,) = lim_f" = f,.
Moreover

sup || foll1p < sup [[f7"[1p < sup [[f™]]1p < oo
neN m,neN meN
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Hence by definition f € DY(RY), and by Fatou’s lemma

17 = "l < T inf |17 = Flhp — 0

as m — oo. e
According to Lemma 5.2, the gradient on the infinite dimensional
Gaussian Sobolev spaces is defined as follows.

Definition 5.2 Let p > 1, f € D{(RN). Then let

vf = (djf)jeN

(Malliavin gradient or Malliavin derivative), where for any j € N ac-
cording to Lemma 5.2

djf = ALIQO d]fn on".
Accordingly, for s € N we define V' f,1 <r < s, for f € D?'(RN).

Remark
The gradient V being a continuous mapping from D} (R™) to LP(R"™, v,)
for any finite dimension n, Lemma 5.2 and the definition of the Mal-
liavin gradient imply, that V is a continuous mapping from D} (RY) to
LP(RN v).

Let us now again restrict our attention to p = 2 and describe Gaussian
Sobolev spaces by means of the generalized Hermite polynomials. First

of all, suppose f = ¥ ,ck %!f) € L*(RN,v). We shall continue to use the

notation f ~ (c¢,(f)). Then for n € N, we have f, = X,cp, C(’)’;#Hp,
where we put (p7 0) - (pla 3 Pny 0,0, ) for p = (p17 T 7pn) € Ey.
Therefore, we also have f, = Y peE, C(p’;)!(f )H(pyo). Let again P be the
linear hull generated by all generalized Hermite polynomials.

As in the preceding chapter, we may calculate the gradient norms for
f~(c,(f)) € D*(RN). In fact, we have for j € N

dif = lim d;f,on" = lim Y %"”,(f oy T, 1,
e " peE, P i

&(f)

iy E_Hpﬂpjr

Ry

>

peE
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Furthermore, for f € D?(RY) let us compute the norm of |V f| =
[Sjen(d;f)?7 in LA(RN,v). In fact, we have, using the calculation of
gradient norms in the preceding chapter,

oo > sup ||V on"||l3 = |[IVfII5
neN

C(p,0) ’ cp(
— sup 3 [p| 0Ly @)
neN peE, p: peE p

(f) 1)
=

We therefore obtain the following main result about the description
of the infinite dimensional Gaussian Sobolev spaces or order (1,2).

Theorem 5.2 For f € L2(RN,v) the following are equivalent:
(i) f € DYRY),
(i1) Spep [p| 24~ < oo,
(iii) |V ful 0 7 = [Sjen(d; fn)? 0 72 converges in LA (RN, v) to |V f].
Moreover, D?(RN) is a Hilbert space with respect to the scalar product

(f, 9012 = (flg) + X (d;f|d;g), [, g€ DI(RN).

jEN
For p > 2 P is dense in DY(RY). Analogous results hold for Sobolev
spaces of order (s,2) with s € N.

6 Absolute continuity in infinite dimensional Gaus-
sian space

We are now in a position to discuss the main result of Malliavin’s calculus
in the framework of infinite dimensional Gaussian sequence spaces. The
result is about the smoothness of laws of random variables defined on the
Gaussian space. We start with a generalization of Lemma 1.1 to finite
measures on B? for d € N.

Lemma 6.1 Let ;u|BY be a finite measure. Assume there exists ¢ € R
such that for all ¢ € CY(R?) with bounded partial derivatives, and any
1 <5 <d we have

0
1] g @@ nlda)] < cl|8]]
Then p << X\ (d-dimensional Lebesgue measure).

24



Proof
For simplicity, we argue for d = 2, and omit the superscript denoting
2-dimensional Lebesgue measure.

1. Assume that ¢ € C*(R?) possesses compact support. We show:

. 1.4, )
20\z < [ [ 1242 Y2
[ 16PaN? < 5[ 15 -oFdr+ [ 15 -gPdN]
In fact, we have

[[16PaN? < [ sup |o(@r, 22)|das [ sup ¢, ws)|da]2

r1€R To€

0 0 |
< [/‘(Mgb(xl’@”dxl dxo /|a$2¢(x1,az2)\dx2 dw1)?
1 0 0
< = 2 2 .
< Slf Igpoldr+ [15-gfax]

2. Let 0 < u be continuous with compact support, and such that
JudX = 1, define for € > 0 u. = Su(+-). Moreover, let

Ve = [u(- = y)u(dy)

be a smoothed version of x. Then we obtain for A continuous with com-
pact support, using Fubini’s theorem,

[ve(2)h(z)de = /[/ugx—y >]h<x>dm
= [l uelz - da]p(dy)
= [If u(@)h(ez +y dx]u(dy)

N /h 1(dy).

3. We show:
L*(R*) > g /gdu cR

is a continuous linear functional.

In fact, let ¢ € C'(R?) have compact support, and let € > 0. Then by
hypothesis and smoothness of . with a calculation as in 2.

[ g @o@dal = | f6.(a) 5o
= | [ vl = )5 -ota)daludy)
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= | et = pota)dalutdy)
1 el = w)ota)dalutay)]

|l [ ue(w = )o(x)da|
|l |-

Generalizing this inequality to bounded measurable ¢, and then taking
¢ = sgn(1).) yields the inequality

<
<

0
<
8xi@/1€|d)\ <c

for any € > 0. Now let € > 0,g € L*(R?) be given. Then, using 1. and
the estimate above

| [ e(w)g(w)dal

IA

[ 1) P [ |g(a) Pda]?

1 0 0 1
2[/|3m¢f|dA+/|8x2¢E|szHgH2
cllg]l-

IA

IA

Applying this inequality in the special case, in which ¢ is continuous
with compact support, and using 2. we get

| [ g(x)u(dz)| < cllgll2.

Finally extend this inequality to g € L?*(R?) by approximating it with
continuous functions of compact support. This yields the desired conti-
nuity of the linear functional.

4. It remains to apply Riesz’ representation theorem to find a square
integrable density for u.

We now consider a vector f = (f!,---, f%) with components in
L*RN, BN, v). Our aim is to study the absolute continuity with respect
to A% of the law of f under v, i.e. of the probability measure v o f~!. For
this purpose we plan to apply the criterion of Lemma 6.1. Let ¢ € C'(R?)
possess bounded partial derivatives. Then, the integral transformation
theorem gives

/aiiqbdyof_l = /;Sci(ﬁofdu.
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In case d = 1 at this place we use integration by parts hidden in the
representations

d(¢o f) = ¢'(f)df.

1
d(f)=dl¢of)— i

Our infinite dimensional analogue of d is the Malliavin gradient V.
Hence, we need a chain rule for V.

Theorem 6.1 Let p > 2, f € DY(RN)? ¢ € CHRY) with bounded par-
tial deriwatives. Then

d

¢o f e DIRN) and V[po f] =3

1=1

o)V

Proof
Use Theorem 5.2 to choose a sequence (f,)nen C P? such that for any
1<t <d

Hffz - fiHLp — 0.

For each n € N we have

Vigo fu] = Eiij

V )
5 0UF) - VL
Since V is continuous on D{(RN), and since the partial derivatives of ¢
are bounded, we furthermore obtain that

d

Vigo f] = lim Vigo fo] =3

1=1

o) Vr

in L?(RN, v). This completes the proof.e

We next present a calculation leading to the verification of the abso-
lute continuity criterion of Lemma 6.1. We concentrate on the algebraic
steps, and remark that their analytic background can be easily provided
with the theory of chapter 5. The first aim of the calculations must be
to isolate, for a given test function ¢ € C'(R?) with bounded partial
derivatives, the expression %gb( f),1 <i < d. Recall the notation

(0.¢]
(x,y) = > iy, x,y€ 2.
i=1
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For 1 <1,k <d let .
o = (VLY.
Then we have for 1 < k <d
(V(go ), V) = Y di(¢o f)df*

0

M8

<.
I
—_

O(f)d;f'd;f*

[
9
(]

<
Il
—
—_
A
&

SO
Q
8

= o(f)oik-

1<i<d O

We now assume that the matrix o is (almost everywhere) invertible.
Then, denoting its inverse by ¢!

O 55 = ¥ (V(bo ).V o)

Oz, 1<k<d

- E: E: d; (¢)O >Okz jfk'

1<k<d j=

we may write

We next assume, that the dual operator d; of d;, which is defined in the
usual way on P, is well defined and the series appearing is summable.
Then we have

0 0
(9xi¢(f)dy - / > 2 di(¢o f)U;;il djfkdl/

1<k<d j=1

= [oo Sl X 3 od;foiav

1<k<dj

The right hand side can be estimated by c¢||¢|| with

c=|l X X di(diffor)ll
1<k<d j=1
in L2(RN,v). It can be seen (in analogy to Theorem 4.3) that this series
makes sense under the hypotheses of the following main theorem.

Theorem 6.2 Suppose that f = (f1,---, f%) € L3(RN,v) satisfies

(i) fi € D3(RN) for 1 <i <d,

(ii) o = (VfLVR), 1 < ik < d, is v-a.s. invertible and o' €
DHRN) for 1 <i,k <d.

Then we have vo f~1 << \.
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Proof
Approximate f by polynomials, use continuity properties of the operators.e

7 The canonical Wiener space: multiple integrals

We now return to the canonical Wiener space. The transfer between
sequence and canonical space is provided by the isomorphism of chapter
1. We briefly recall it. Let (g;);en be an orthonormal sequence in L2(R.y).
Then it is given by

T: LP(RNaBNv V) - Lp(Qvfa P)v f = f o ((W<gi)i€N)7

where W (g;) is the Gaussian stochastic integral of g; for i € N. It will be
constructed in the following chapter. For simplicity we confine our atten-
tion to the canonical Wiener space in one dimension, i.e. 2 = C(R,;, R),
F the (completed) Borel o-algebra on 2 generated by the topology of
uniform convergence on compact sets in R, P Wiener measure on F.

In the approach of differential calculus on Gaussian sequence spaces,
in the Hilbert space setting the most important tool proved to be the
Hermite expansions of functions in L?(RN,v). In the setting on the ca-
nonical space, they can be given a different interpretation which we shall
now develop.

According to our isomorphism, the objects corresponding to generali-
zed Hermite polynomials on the canonical space are given by

_1_11 H, (W (gi)),
p € E. We shall interpret these objects as iterated Ito integrals. To do

this, we use the abbreviation B} for the Borel sets of R.

Definition 7.1 For m € N let

n

gm = {f‘f : RT - R? f = Z a’il""inLlAiIX'“Aim?

i1,y im=1

(A)1<i<n C B}F p.d., a;,..;. =0 in case iy =1 for some k # l}.

Remark
For f € L*(R.) of the form

f=> al;, (Ji)i<i<n p-d. intervals in R
i=1
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let
W(f)= ;%W(Ji) = ;ai(Wti - W),

if J; =]s;,t;],1 < i <n. Then by It6’s isometry we have

WOz = lIF112

Since & is dense in L?(R., ), we can extend the linear mapping f — W (f)
to L?*(Ry). Therefore, in particular for A € BY with finite Lebesgue
measure, W(A) = W(1y,) is defined. It will be used for the definition
of the following multiple stochastic integrals. In this chapter, the scalar
product (-,-) will be with respect to Lebesgue measure on R with
unspecified integer m.

Definition 7.2 For f =X . 1 Gjila, x4, € En let

n

Im(f>: Z ail-~-imW(Ai1)"‘W(Az’m)-

i1, im=1
The additivity of B 2 A W(A) € R implies that I,,, is well defined.

We state some elementary properties of I,,,. Denote by S,, the set of
all permutations of the numbers 1,---,m.

Lemma 7.1 Let m,q e N, f € &,,9 € &,
(1) In|Em is linear,
(i) if f(tr,--- tm) = LS ges, f(to), s tom)) (symmetrization of
f), then

m

(f) = In(f),
(iii) E(L,(f)1,(9)) = m!{(f,§), if m = ¢, and 0 otherwise.

Proof

1. (i) follows from the additivity of the map A — W (A).

2. (ii) is a direct consequence of the fact that in the definition of I,
the product W(A;,)---W(A; ) is invariant under permutations of the
factors.
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3. By (ii), we may assume that f, g are symmetric. By choosing com-
mon subdivisions, we may further assume that

n

f —= Z a’il"'im]‘AilX"'Aim7

7;17"'7im:1
n
g = Z bil”'iq]‘Ailx“‘Aiq'
i1,eyig=1
Now if m # ¢, by the assumptions that (A;)1<;<, consists of p.d. Borel
sets, and that coefficients vanish if two of the indices coincide,
E(L,(f)I,(g)) = 0 is evident. Assume m = ¢. Then, again by these
two assumptions and symmetry

n n

Ba(Dlnle) = 3 8 e by, BOTWA)W(A;)

ila"'7i77L:1 j17'“7j7n71

o Y Y ap b B <ﬁ W(A; )W (A;))

Z‘1< <Zm. ]1< a]m

p=
— m!2 Z ail"'imbil'"im H )\(Azp)
p=1

1< <l

= ml(f,9).

To extend I, beyond the space &,, of elementary functions, we proceed
as for m = 1.

Lemma 7.2 &,, is dense in L*(R'?) for any m € N .

Proof
We may assume m > 2, the assertion being known for m = 1. Due to
standard results of measure theory, it is enough to show: for A;,---, A,, €

B! with finite Lebesgue measure, and £ > 0, there exists f € &, such
that

H1A1><---><Am — f||2 < €.

Let 6 > 0 to be determined later. Choose By,---, B,, € B}r with finite
Lebesgue measure, pairwise disjoint, and such that for any 1 < 5 < n
we have A(B;) < ¢, and such that any A; can be represented by a finite
union of some of the B;. Then we have

n

1A1><~~~><Am - Z bi1~~im1B XX B;

i1, tm =1

im )
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where b;,..;, =1if B;) x---x B; C A; x---x Ay, and 0, if not. Let
I ={(i1, - ,im) s ix # 4 for k # 1}, and J = {1,--- ,n}™\ I. Then by
definition

f= > bii,B xxB, €&n

(i1, yim ) ET

and we have

114, xx 4, — f”% = > bzzlmim 11 )‘(Bip)
(i1, i )EJ p=1
m(m —1) & n m—
< M S ABRE M)
m(m — 1 n —
< M= A

Finally, we have to choose ¢ small enough. e

Using Lemma 7.2, we may now extend I, to L*(R™").

Definition 7.3 The linear and continuous extension of I,|Ey, to L*(R™)
which exists according to Lemma 7.2 is called multiple Wiener-Ito inte-
gral of degree m and also denoted by I,,,.

Properties of the elementary integral are transferred in a straightfor-
ward way.

Theorem 7.1 Let m,q € N, f € L*(R"),g € L*(R%). Then
(i) Ln|L*(R'?) is linear,
(ii) we have

In(f) = I (),

(i) E(In(f)14(9)) =
(i) L(f) =W(f), f

Notation
We write
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We next aim at explaining the relationship between generalized Her-
mite polynomials and multiple Wiener-It6 integrals. For this purpose
we will need a recursive relationship between Hermite polynomials of
different degrees.

Remark
Recall the definition of Hermite polynomials in one variable, given by

H,=4¢"1.
Moreover, we may compute for n € N
tH,=(d+0)H,=nH, 1+ H,1, or H,.1 =xH, —nH, ;.
For technical reasons, we need the following operation of contraction.

Definition 7.4 Let m € N. Suppose f € L*(R"),g € L*(R;). Then
forti, .-t t € Ry

f ®g(t17 e 7tm7t) - f(tla T 7tTTL) ) g(t) (tensor pTOdU’Ct)a

f@19(t, - tm) = /R f(tl, o tm)g(ty) dty, (contraction).
+

The recursion relation for Hermite polynomials will emerge from the
recursion relation between Wiener-I1to integrals stated in the following
Lemma.

Lemma 7.3 Let m € N, f € L*(R"), g € L*(R.). Then we have

I (f)11(9) = I (f ® g) + miy 1 (f @1 g).

Proof
1. By linearity and density of &, in L*(R"") we may assume that

f=14,xx4,, g=1a,0rg=1y,

where (A;)o<i<m C Bl is a collection of p.d. Borel sets with finite Le-
besgue measure.

2. The case g = 14, is trivial. Then the second term on the right
hand side of the claimed formula vanishes, and the other two terms are
obviously identical by definition of the elementary integral.
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3. Let now g = 14,. For ¢ > 0 choose a collection of p.d. sets
By,---,B, € B}r such that A; = Ul B;, and for any 1 < i < n we
have A(B;) < €. Then

Ln(f)Li(g) = W(A)W(Ay)---W(A4,,)

= ; W(B;))W (Bj)W (Az) - -- W (Ap)
+ X W(B)? = XB)IW(As) -+ W (Ap)

1<i<n

£ OAADW (As) - W(A,),

a) We now prove that the first term on the right hand side of our
formula is close to I, 11(f ® g). In fact, let

hf — Z 1BiXBjXA2X'--XAm E Sm_|_1
i#]

Then
he— f@ g2 < z AB)A(Ag) - AAy)
< 6)\(141) e )\(Am)

b) Let us next prove that the second term on the right hand side is
negligeable in the limit € — 0. In fact, denote it by R.. Then, since for
1 <i < n the variance of W?(B;) — A(B;) is given by c\(B;)? with some
constant ¢, we obtain

B(R?) < ¢ 3 ABy)A(A2) -+ A(An) < €A(ADAA) -+ A(An).

c¢) To evaluate the last term, note that

__ 1 __
1A1><~~><Am X1 1A1 = %1A2xm><Am . )\(Al).

Therefore
MANW (Ag) -+ W(Ap) = mIp-1(1a,x-xa, @1 14,),

and we obtain the desired recursion formula. e

This finally puts us in a position to derive the relationship between
Hermite polynomials and iterated stochastic integrals.

34



Theorem 7.2 Let m € N, h € L>(R) be such that ||h||a = 1. Denote
by h®m the m-fold tensor product of h with itself. Then we have

Hon(W(R)) = L (h*").

Let Hy = R, Hp = Ln(L*(RT)),m € N. Then: (Hy)men 1S a sequence
of pairwise orthogonal closed linear subspaces of L*(Q, F, P) and we have

LX(Q,F, P) = &>_Hn.

In particular, for any F € L*(Q, F, P) there exists a sequence (fin)m>0
of functions f,, € L*(R™) such that

o0

F= 3 In(fm)-

m=0

The representation with symmetric f,, is N"-a.e. unique, m € N.

Proof
1. We first have to prove:

Hy (W (h)) = Ln(h™).

This is done by induction on m. For m = 1, the formula is clear from
H, = x,I,(h) = W(h). Now assume it is known for m. Then Lemma 7.3
and the recursion formula for Hermite polynomials given above combine
to yield, remembering that ||kl = 1,

]m—i—l(h@mH) = (h®m)11(h) ml,,_ 1(h®m &1 h)

= Ln(h®) 1 (h) = mly_y (W)

= Hp(W(h))Hi(W(h)) — mHp_1(W(h))
Hypa(W(h)).

2. Let L2(R™) be the linear space of symmetric functions in L*(R'?).
Then by Theorem 7.1

11 (F)I3 = ml| 1[5,

hence H,,, = I,,(L?(R™")) is closed. Orthogonality is also a consequence
of Theorem 7.1.
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3. Let (g;)ien be an orthonormal basis of L*(Ry), F € L*(Q,F, P).
Let f € L*(RN,BN,v) be such that T(f) = F. Assume f ~ (c,(f)),
according to the notation of chapter 3. For m > 0, define

o= > g

pEE,|p|=m p' 1eN

considered as a function of m variables. Then f,, € L*(R") and with
the help of Lemma 7.3 we see

L) =y Y qq g

pEE,|p|l=m p! icN
Cp(f) ®p;
- peEJme p| zg\I[z(gZ )
=y g o)

peE,|pl=m P> ieN

Summing this expression over m yields the desired
0
F=> 1L.(fn)
m=0

The remaining claims are obvious.e

8 The canonical Wiener space: Malliavin’s deriva-
tive
In this chapter we shall investigate the analogue of the gradient we en-

countered in the differential calculus on the sequence space. Fix again
an orthonormal basis (g;)ien of L?(R. ), and recall the isomorphism

T:L*RN, BN v) - L*(Q,F,P), [ f(W(g)iex)-

Of course, every permutation of the orthonormal basis functions gives
another orthonormal basis. So here we encounter a problem of coordinate
dependence of our objects of study. How can we define Malliavin’s deri-
vative on the canonical space in a both consistent and basis independent
way? According to Theorem 5.2

V= (djf)jeN
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takes values in [2. The corresponding object on the side of the canonical
space is L*(R ). It is therefore plausible if we set

Definition 8.1 Forn € N let C;°(R") denote the set of smooth functi-
ons the partial derivatives of which possess polynomial growth. Let

= {F|F = f(W(h1), -+, W(hu)), hu, - ha € LX(Ry),
feCrR"),ne N}
For F = f(W(hy),---,W(hy,)) € S,t >0 let
0
— Oz,

To see if this is a good candidate for the definition of the Mallia-
vin gradient in the setting of the canonical space, let us verify in de-
tail the independence on the specific representation of functionals. Let
hi,-+,h, € L*(R}), and g1, -, gm € L*(Ry) orthonormal, such that
the linear hulls of the two systems are identical, and such that with
feCrMR"), g€ CrR™) we have

f(W(hl)a B W(hn)) - g(W(gl)a B W(gm))'

For 1 <1 <n write

SW (ha), -, W (hy)) hi(2).

= i(hi,gﬁgj

j=1
Then, denoting

—t =yt =J =

we obviously have f o' = g. Therefore

£ oD@ Way = 55 5 SE W (). W (h)
(his 95)9;
= E_Il aiif(w(hﬁ, o W (hy))hy.

This proves that the definition of D is independent of the representation
of functionals in S.
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If h € L?(R,) is another function, we have by definition

(DF =32

1=1 ?

SW(g1), -, W(gm)){gi; h),

in particular for : € N
0
axi

We therefore may interpret (D.F, g;) as directional derivative in direction
of g;, and we have by Parseval’s identity

(D.F,gi) = ~—f(W(g1), -, W(gn)) = dif(W(g1), -+, W(gm))-

m m

(DF,DF) = 3 (DF,g;)* = Y(dif)*(W(g1), "+, W(gm))

: VP (). W ().

Analogously, higher derivatives are related to each other. So we see that
the isomorphism T also maps (DF, DF) to |V f|>. Consequently, we can
just transfer the definitions of Gaussian Sobolev spaces to the setting of
the canonical Wiener space.

Definition 8.2 Let p > 2,5 € N. For I € L*(Q,F, P) denote by f €
L*RN, BN, v) the function for which we have F = f(W(g;)iex). Then
let

Dt = {F|f € DY(RY)}

(canonical Gaussian Sobolev space of order (s, p)), with the norm
1 Esp = 1f]s.p-
For F=T(f)e D, 1 <r <s, let
D'F= % dj df(W(g)ien)gj, ® - ®gj
j17“.7j7’:1

(canonical Malliavin derivative of order r).

Remark
From our knowledge of sequence spaces we can easily derive that D? is
a Banach space with respect to the norm || - ||5, for p > 2,s € N, and

that for F' € D we have
[1Fllsp = 2 IKDF, DEY
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We know that D? is the closure of S with respect to the norm || - ||5,.
Turning to p = 2, we know that D? is a Hilbert space with respect to
the scalar product

(F,G)12 = E(FG) + E((DF,DG)), F,G € D3.
Moreover, we know that D is a closed operator, defined on D?, which is
continuous as a mapping from D? to L?(Q, F, P).

Let us now investigate how D operates on the decomposition into
Wiener-Ito integrals.

Theorem 8.1 Let F = > I,(fn) € L*(Q, F, P) be given, f,, sym-
metric for any m > 0. Then we have

F € D? if and only if >° mm!||fm]3 < co.
m=1

In this case we have
DiF = Y mIpn 1(fm(1))
m=1

(for P ® X-a.e. (w,t) € 2 x Ry ).

Proof
1. Suppose that with respect to an orthonormal basis (g;);en of L2(R.)
we have F' = T'(f) with f ~ (¢,(f)). As before, for m > 0 let

fo= x @

pEE,|p|l=m plieN

®’i' ep . . . . .
We interpret [T;en g;@ " as H?:l gi; ?if4q, - -+, i) are precisely those indices
for which p;,, -+, p;, > 0.
2. Let now p € E such that [p| = m, and let ¢ > 0. Then

®Pi ®Pi

" S Dt;p((W(gz’)ieN)
— ';:Vpi l;é[ Hpj(W(gj))Hpi—l(W(gi))gi(t)
= Ln(X pi 1;[19?’”9? ")

39



Hence by closedness of D, symmetry of f,, and |p| = m, the desired
formula

DtIm(fm) = mIm—l(fm('u t))

follows.
3. For n € N let now

By the closedness of the operator D and the remarks above, we know
that
F € D? if and only if (Fy)nen is Cauchy in D?.

Now we know from the first part of the proof that

DF, = Zlm[m—l(fm('a )
Let n,m € N,n > m be given. Then

B(D(F, — Fu). D(Fy = Fa))) = S K [ (k= DUl ), ful- 1)

k=m-+1 +

n
= > K(k- DUl
k=m+1
Hence (DF},),en is a Cauchy sequence in D? if and only if 3¢ kE!| fi.]|3 <
oo. In this case, the series with the desired representation converges. e

We need some rules to be able to calculate with the Malliavin gradient
D.

Theorem 8.2 Let p > 2,d € N, ¢ € CYRY) with bounded partial
derivatives, let F = (F',--- F%) € (D). Then ¢ o F € D} and we
have

ngoF:zd: 0

3 8:@¢<F)DF .

Proof
The proof of Theorem 6.1 translates. o

With the following properties we prepare a study of the dual operator
of D.
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Theorem 8.3 Let '€ S,h € L*(R,). Then we have

E((DF, 1)) = E(FW(h)).

Proof
We may assume that F' = f(W(g1), -, W(gn)),h = g1 with respect
to an orthonormal system gi,---, ¢, € L*(R.). In this case we have by

duality of d; and 4,

E((DF,R)) = E(ail (W(g1),---,W(gn)))

= (Vf[(1,0,---,0))

= (fl011) = (f|H(10,-))

= E(fW(g1), -+, W(ga))W (1))
— E(FW(h)).

This completes the proof. e
Theorem 8.4 Let F,G € S,h € L*(R,). Then we have
E(G(DF,h)) = E(FGW(h) — F(DG, h)).

Proof
Apply Theorem 8.3 to the function F'G. e

9 The canonical Wiener space: Skorokhod’s inte-
gral

In this chapter we dedicate a more careful study to the dual operator (in
the sense of Hilbert space theory) of the Malliavin gradient than in the
Gaussian sequence spaces. In the setting of the canonical Wiener space,
this operator turns out to be a stochastic integral.

So far we know that
D:D? - L*(Q x Ry)

is densely defined and linear.
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Definition 9.1 Let

dom(8) = {u € L*(Ax Ry) : thereis c € R such that for any
F € D? we have E((DF,u)) < ¢||F||2}.

For u € dom(9) the mapping F' — E((DF,u)) can be extended to
a continuous linear functional. Hence by Riesz’ representation we may
find §(u) € L*(2) such that

E((DF,u)) = E(F -6(v)), F € D?
Since D is densely defined, é(u) is unique for any u € dom(d).

Definition 9.2 For u € dom(6) the uniquely determined random varia-
ble 6(u) € L*(Q) is called Skorokhod integral of wu.

Notation
We write 0(u) = fr, w6W;.

Why is this operator called integral? To answer this question, we first
ask how elementary processes are ’integrated’.

Definition 9.3 Let

Srewr,) = {ulu =Y Fih;, F; € S,h; € L*(R}),n € N}.
=1

7

Lemma 9.1 Let u =Y}, Fih; € Sr2r,). Then we have

0(u) = Y [FW (hi) — (DF;, hi)].

1=1

Proof
By linearity of 6 we may assume that v = Fh with F' € S and h €
L*(R,). Then for G € S by means of Theorem 8.4

E({u, DG)) = E(F(h,DG))
= E(FGW(h)—G{(h,DF))
= E(G[FW(h)— (DF,h)]).
Hence we have

5(u) = FW(h) — (h, DF).
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This completes the proof. e

Recall now the standard Wiener filtration (F;):>p, which for ¢ > 0
is given by the P-completion F; of o(Wy : s < t). Lemma 9.1 yields
the elementary Ito integral, if F; is Fy-measurable, h; = 1y, .., where
O=ty <ty < - <tp if (DF;,h;) =0,1 <7 <n—1. This is indeed the
case, as we will show now.
Lemma 9.2 Let F € D}, A€ B,,Fy=0c(W(lp): BC A, \(B) < ).
Then we have

E(F|Fa) € D3
and
DiE(F|F4) = E(DF|Fa)la(t)

(Zn L2<Q X R_|_))

Proof
1. We first consider F = f(W(hy),---,W(h,)) € S. By setting
g('xla" '7xn7y17'”7yn) — f(xl + Y1, Tp + yn)wxh" 5 Un S R7 we
can write

F=gW(hila), -+, W(hpla), W(hilac), -+, W(hplac)).
Let
Q=Po(W(hilg), -, W(hylz))™?

Then by independence of F4 and the vector (W (hilac),- -+, W(h,1lac))

we have

F|fA /g hllA W(hnlA)ayla"'7yn)dQ(yla'"7yn)'
Hence E(F|F4) € S and

Dt(E(F’fA) = i:l/ai.g(w(hllfl)f"7W(hn1A)vyla'"ayn)

dQy1, -+ yn)hi(t)La(t)
= E(DiF|Fa)la(t).

2. It remains to approximate F' € D? by standard arguments. e

Theorem 9.1 Let u € L*(Q x R+) be (Fi)-adapted. Then
u € dom(0) and 6(u / u dWy (It integral).
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Proof
1. Let 0 < s <t F € L*Q,F,, P). We prove:

u = I, € dom(d) and d(u) = F'(W; — W,).

a) Let first F' € S in addition. Then by Lemma 9.1 and 9.2 we may
write

6(u) = F(Wy—W,) —(DF,1,y4)
= F(W,—W,) = (DF1j 4, ljs)
= F(Wt WS)
b) For F € L*(Q,F,, P) let (F"),en C S such that F" — F in

L*(Q,F, P). Then also S > G" = E(F"|F,) — F in L*(Q, F, P). Hence
by a) for any n € N

5(G™ ) = G"(W; — W),

Moreover, this sequence is a Cauchy sequence in L?(Q, F, P). Since 0 is
a closed operator (as a dual operator), we obtain that

Fly,4 € dom(d) and §(F1js4) = F(W; — W,).

2. a) Let now u =374 Fjlj,, 4] € L*(Q x Ry), where s; < t, I3, -
measurable, 1 < j < n. Then by linearity

u € dom(d) and §(u) = Y F;(W;, — Wi)).
j=1

b) Now given u as in the claim, choose a sequence (u"),en of simple
adapted processes as in a) such that ||[u" —u||s — 0 in L*(Q2 x R). Then
use the closedness of ¢ and the definition of the It6 integral to obtain
that

0(u) = lim o(u") = lim /R+ uy dWy = /R+ urdW.

This completes the proof. e

We next ask the question how the Skorokhod integral operates on the
decomposition into multiple Wiener-It6 integrals.
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Lemma 9.3 Let u € L>(Q x R). Then for m > 0 there exist functions
fm € LA R such that f, is symmetric in its first m variables, and
such that

oo

w =3 Ln(fm(-, 1) in L*(Q x Ry).
We have "
B[, wtds) = X mlllfaull}
Proof

Choose a sequence of elementary processes (u"),en C L*(€2 x R) such
that

[|u" —ullp = 0 (n — oc0).
Suppose F' € L*(Q), g% € L*(R,),1 < k < m,,n € N are given such
that

Z g (t).

Forne N, 1 <k <m, let
= Z—:o Lo(fEmy, fen e LA(R'T) symmetric.

Then we have
o0 s
up = 3 Lu(X fi"9i(t), t€ Ry

m=0 k=1
Define .
fo=> f"g, m>0,neN.

k=1

Then f € L*(R7T*h), f is symmetric in its first m variables, and due
to orthogonality and symmetry we have for [,n € N

o0
lu" =[5 = 3 mlllf, = full3.

m=0
Hence for any m > 0 (f")nen is a Cauchy sequence in L*(R7!) which
converges to a function f,, which is also symmetric in the first m varia-
bles. We obtain for u™M = yM_ s Figt n, M € N

00 > |Jull; = lim [|u"]3 = sup limg, [l ][5

= s Z mlllfullB = S mlll full3

MeN m=0 m=0
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By a similar argument and by definition we must have
(0 ¢)
m=0

This completes the proof. e

Theorem 9.2 Let u € L* (2 x Ry), u = S Lu(fi(+,+)) according to
Lemma 9.5. Then we have

w e dom(8) if and only if S (m + D|fm]|3 < co.
m=0

In this case

5(u) = gozml(fm).

Proof
1. Let n € N,g € L*(R"),G = I,(g). We show:

E((u, DG)) = E(L(fn1)G).
In fact, by Theorem 8.1
E((u, DG)) = E({u,nl,-1(g(,-))))

= 1 Jo, Bl (faca () L9 1)t
= nl{fu-1,9) = E(L(fn-1)G).

2. Let us now prove the if part of the claim. For this purpose, let
u € dom(d),G = I,(9) € Hp,n € N. Then by the first part and by
duality

E(0(u)G) = E(L(fn1)G).

By extending G to other components of L?(£2) and linearity we obtain
L*(Q) 3 §(u) = ZOInJrl(fn): and Zo(n+ D] fall3 < 0.
3. Let us now establish the only if part of the claim. Assume that

> (n 4+ DY fal|3 < 00 Let V = 522° I,.1(f,) which is well defined,
and G =¥ I,,(g,) € L*(Q) with g, € L*(R"),n € N, symmetric, and
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finally let G" = ¥7_, Ix(gx),n € N. Then we may again appeal to the
first part of the proof to get

E({(u, DG™)) = E(VG"), n e N.
By approximation, this equation extends to G € D3. Since V € L?(Q),
we obtain u € dom(d) and d(u) = V. This completes the proof. e

For practical purposes it is not easy to deal with dom(d) when discus-
sing the Skorokhod integral. The space is analytically hardly accessible.
For having a simpler treatment of questions related to the calculus of
Skorokhod’s integral it is preferable to work on the following subspace.

Definition 9.4 Let
Li = {ulue L*(Q x R,y),us € D3 for A\ — a.a. t >0,

for some measurable version of (s,t) — Dsu; we have
2
E( /R+ /R+ |DyuyPdsdt) < oo}

Remark
L7 is a Hilbert space with the norm ||u||{ 5 = ||u|[5 + || Dul[5.
How can L? be described in terms of Wiener-1t6 decompositions?
Remark
Let u € L*(Qx Ry), u =3 L,(fi(,)) according to Lemma 9.3. Let
us formulate in these terms the conditions of the definition of L3. First
of all, for ¢t > 0 according to Theorem 8.1 u; € D? means that

>> mml|| fn (-, 1)]]5 < oo,
m=0

In the same terms, E(/r, Jr, |Dswi|*dsdt) < co then means that

S mml [ | fu,OlBdt = S mml]| ]l < oo.
m=0 +

m=0

The latter is the case iff
> (m A+ D] full3 < oo

m=0
Compare this with the condition we obtained in Theorem 9.2. Since
for m > 0 we have ||fi.|l2 < || finl]2, we obviously have

L? C dom(6).
How is Ito’s isometry transferred to the Skorokhod integral?
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Theorem 9.3 Let u,v € L. Then
E@mw@»:Jaé+mwmy+E%ﬁzm%Dﬂwkﬁy

Proof

1. Let first u € Sz2(r, ). We show:
Di6(u) = u+ 6(Du) (in L2(2 x Ry)).

By linearity, we may further assume that v = F'h, where F' € §,h €
L*(R.,). Then according to Lemma 9.1 we may write 6(u) = FW (h) —
(DF, h), and therefore

2. Let still u € Sr2r,). Then duality, the calculation just obtained
and the fact that v € L? lead to

E(0(u)o(v)) = E((Dd(u),v))
= E({u,v) + (0(D.u),v))
= E((u,v)) + E(/R2 Dyug Dgvy dsdt).
T
3. It remains to do an approximation of w by functions in Sz2(r,), and

to use that convergence in L? implies convergence for all three terms in
the formula. e

We finally give a rule for the Malliavin differentiation of Ito integrals
which will be of use in the applications of Malliavin’s calculus to stocha-
stic analysis to be discussed.

Theorem 9.4 Let u € L*(2 x [0,1]) be adapted, X; = [t usdW,,0 <t <
1, its Ito integral process. Then we have

w € L? if and only if X7 € D? for all T € [0, 1].
In this case X € L% and for 0 <t <T <1 we have
T
DtXT = utl[O,T] (t) + /t DtUTdWr,
and

[ B(DX)dt = [ E@)dt+ [ [ E(Du,[?)drdt.
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Proof
For simplicity let 7" = 1. This time we use Wiener-Ito6 decompositions
for approximations.

1. We will use an extension of the representation of Lemma 9.3 to
adapted u. Let u = >0 I,,,(fim(+,-)) be the representation according
to Lemma 9.3. Here for any m > 0 the function f,, € L*(R"") is
symmetric in its first m variables. We show:

Sm(t) = ful 0)1pgm(s)  (in L*(R}™Y)),  and thus
~ 1

In fact, resume the notation of the proof of Lemma 9.3, to specialize to
the adapted case. We approximate u in L?(2 x [0,1]) by functions

My
Un — Z Fl?l]tz,tﬁ_i_lb n e N,
k=1

where 0 = {7 < --- <}, =1, F} is Fyp-measurable. In the Wiener-Ito
decomposition

F;? - X_Iofm(ff{")

of F}', due to its measurability properties and Lemma 9.2, we have for
tl)"'7tm ER—F

FEM (b t) = mlDy -

m

(f5")
= m!Dy - (fylf{n)l[o,tg]m(tl, o tm)
= fErt ) Lo (b ot

Dtm[m
DtmIm

Hence the functions

My,
k
fTTTLl s Z Fm’n]‘]t;z,tz-&-l]’ m Z O,n € N,
k=1

possess the property

[ ) = fo () 1o gm(-) for any ¢ > 0.

Now use a diagonal sequence argument to select a subsequence (v"),en
of (u")pen Wwith corresponding Wiener-Ito functions g7 € L*(R7*),
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symmetric in their first m variables, and such that for any m > 0 g —
fm P ® A-a.e. Hence we have for m > 0

fuli) = fn( )1 gm () (in LARIH)).

To prove the second assertion, note that due to the validity of the first

where the h!, have disjoint support, and their norms in L*(R"*!) are
identical to the one of f,,. Hence

Wl = g o Wl = Ll
m2_(m+1)2i:1 m2_m+1 mli2s
as claimed.
2. Now as was shown in the remark above, u € L? translates into

(0.¢]

> (mA+ DIl |3 < 0.

m=0

Moreover, we know that X7 = d(u) = 0°_; Lns1(fm), and by Theorem
8.1 that X; € D? if and only if

o0

S~ (m+ 1) (m+ || fin]]3 < o0

m=0

But according to the first part of the proof

> (m+ 1)(m + DI fullf = X (m+ D11ful

This proves the first claim of the Theorem.
3. Let us next prove the differentiation formula. Note first that due to

Lemma 9.2
Dyuy = Dyuglyy(s)  (in L*([0,1]%)).

Moreover, for t < s <1 we have, according to Theorem 8.1
Dyug = Dy Y In(fm(-,5))
m=0
= 21 mly, 1 (f(- -+, L, 8)).
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Since Du € L*(2x [0, 1]%) according to the definition of L?, and since for
fixed t the process (Djus)i<s<1 is adapted, we know from Theorem 9.1
that (Djug)i<s<1 is 1t0 integrable and that its [t6 and Skorokhod integral
are identical. More formally,

[ DiudW, = [ DyudW, = §(Dyu)

Finally, we know that X; = §(u) € D?. We can compute the Malliavin
derivative for ¢ € [0,1] (in the usual sense of equality in L?(Q x [0, 1]))

Dis(u) = Dy Lnsa(f)

m=0

— Dt i Ln—&—l(fm)

m=0

1(m+ D In(fn(- 1))

I
[]¢

m
0]

]m(fm('v t)) + Z mIm(fm(' xRz ))

1 m=1

I
[]¢

m

The last line is now identified with u; + ftl DiugdW, by using the expan-
sions of these two expressions given above. The norm equation follows
from Ito’s isometry. o

10 Backward stochastic differential equations

Backward stochastic differential equations (BSDE) constitute a very suc-
cessful and active tool for stochastic finance and insurance, and more
generally serve as a central method of stochastic control theory. In this
chapter we shall establish the basic existence and uniqueness theory for
these equations in case the coefficients are Lipschitz continuous.

We fix for the sequel a finite time horizon T" > 0, and a dimension
m € N. We start by explaining some notation. Let (2, F, P) be the

canonical n-dimensional Wiener space, with canonical Wiener process
W = (Wl ... W"). Denote by (F;)>0 the filtration of the canonical
space, i.e. the natural filtration completed by sets of P-measure 0.
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Let L?>(R™) be the linear space of R™-valued Fr-measurable random
variables, endowed with norm E(|X|[?)z. Let H*(R™) denote the linear
space of (F)o<t<r-adapted measurable processes X : 2 x [0,T] — R™
endowed with the norm || X||; = E(T|X;|2dt)z. Further let H'(R™)
denote the space of (F;)o<t<r-adapted measurable processes X : Q X
0, 7] — R™ with the norm || X||; = E([JT | X;|2dt]2). Finally, for 5 > 0
and X € H?*(R™) let

T
X155 = E(f, e”|X:[dt),

and H*P(R™) the space H?(R™) endowed with the norm || - ||2.5.

We next describe the general hypotheses we want to require for the
parameters of our BSDE. The terminal condition £ will be supposed to
belong to L2(R™). The generator will be a function

f: QxR xR" xR — R™,

which is product measurable, adapted in the time parameter, and which
fulfills
(Hl) f(voao) S HQ(Rm>7

f is unmiformly Lipschitz, i.e. there exists C' € R such that for any
(y1,21), (Y2, 22) € R x R P ® Mae. (w,t) € Q2 x Ry

(H2) [f(w.t,y1,21) = fw, 8,92, 22)] < Cllyn — yo| + |21 — 2.
Here for z € R™™ we denote |z| = (tr(z2*))z.
Definition 10.1 A pair of functions (f,€) fulfilling, besides the mentio-

ned measurement requirements, hypotheses (H1), (H2), is said to be a
standard parameter.

Given standard parameters, we shall solve the problem of finding a
pair of (F)o<t<r-adapted processes (Y;, Z)o<t<r such that the backward
stochastic differential equation (BSDE)

(x) dYy=ZidW, — f(-,t,Y, Zy)dt, Yr=¢,

is satisfied.

In order to construct a solution, a contraction argument on suitable
Banach spaces will be used. For its derivation we shall need the following
a priori inequalities.
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Lemma 10.1 Fori = 1,2 let (f,£") be standard parameters, (Y, Z') €
H?(R™) x H*(R™™) solutions of (*) with corresponding standard para-
meters. Let C' be a Lipschitz constant for f'. Define for 0 <t < T

55/2 — Y;fl _Y;Q?

52ft = fl('uta}/?? Zt2) - f2('7t7}/;527 ZtQ)
Then for any triple (A, p, 8) with A > 0,\2 > C, 3 > C(2 + A\?) + p? we
have

1
16Y 125 < T[eﬁTE(!(WTIZ)JrMQH(WH%,;;L

)\2
ZI2, < ———
H(S |2,ﬂ — AQ —C

1
[ E(|6Yr[?) + ;ﬂH(SQf 2,61

Proof
1. Let (Y, Z) € H*(R™) x H*(R™™) be a solution of (*) with standard
parameters (f,£). This means that we may write for 0 <t < T

T T
(x) Y, :5—/t Z;*dW3+/t f(,s,Ys, Z,)ds.

We show:
sup |Y;] € L*(R™).

0<t<T
In fact, due to (*) we have
sup V| < ¢l + [ 1T 8, Yo Z)lds + sup | [ ZidW.|
0<t<T
and, Wlth the help of Doob’s inequality
T
E( sup |/ ZEAW,|?) < 4B( sup \/ Z;AW,*) < 8E([ " |Zds).
0<t<T

Since in addition (H1) and (H2) guarantee that [E|+/T | f(+, s, Ys, Zs)|ds €
L*(R), we obtain the desired

E(sup |Y;]?) < oc.
0<t<T

2. Now we derive a preliminary bound. Apply Ito’s formula to the
semimartingale (e%|dY;|?)o<s<7 to obtain for 0 <t < T

e T15YT 2 — €7|6Y)?
=5 [ Il +2 [ Y, £ (s Y Z))
T
—£2(,5,Y2, Z2)) ds—2/t OV, 0ZLdW,) + [ |62, ds.
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By reordering the terms in the equation we obtain
oY 2 + 5/T ﬁS\5Y|2ds+/T %6 Z,|*ds
= 'T|5Yy |2+2/ (Y, 625 dW,)
2 [C (Y, S8V ZY) — s Y2 2D ds.

3. We prove for 0 <t <T:

1
B(YiP) < B |5¥r?) + 5 E(|] (6t fds)

To prove this, first take expectations on both sides of the inequality
obtained in 2., with the result

T T
E(e"0Yi") + BE([ e®[oYids) + E [ (32, ds)
< E("T)6Y7|?)
T
+2E(/t €ﬂ5<5yt97 fl('n S, Y;la Zsl) - fz('a S, }/327 ZSQ)>dS)
Now by our assumptions for 0 < s < T

F1CsYLZ0) = s YR Z < 1 Cos Y, Z0) = f1(s. Y0, Z7)|

)y Lg

+‘52f8|
< CSY |+ [6.Z]] + |62 fs.

The latter implies
[ B3V, (5. Z1) — (5, Y2 Z2)|ds

< [ 2P B(SYAC(8.Y] +15.2) +162f.]1ds

= [T 2H[CE(0Y,P) + BUS.YI(CI3,2D) + 16, Dlds.
Now for Cy, z,t > 0 with u, A > 0

20(Cz+1t) = 2Cyz + 2yt

< Ol + (P + ) + ()
Z

C()R + <;>2 L2+ OND).
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With this we can estimate the last term in our inequality further:
T
/t 2”[CE(0Y,?) + E(|0,Y(Cl6:Z] + [82f,])))ds
T C
s 2 —_ 2
< /t " 2CE(0Y:[) + 5 B(16:2]°)
1
+ILL2E(|52fs\2) + (1 + CX)E(|6,Y*)ds
T
= [Pl + @+ ) E(5Y)

C 1
g B10Z1) + 3 E(1haf)lds.

Summarizing, we obtain, using our assumptions on the parameters

(+) B0V < B[ e I0YiPds)[-5+ C2+ X) 4 4
+E(/tT eﬁs|5zs\2ds)[; — 1]+ B("[5Y7|?)
1

T
+M2E( | 1621, ds) + E(e" |5Yz )
1 T
< E(eﬁT\(SYTPHME(/t %0, f,|?ds).

This is the claimed inequality.

4. In order to obtain the first inequality in the assertion, it remains to
integrate the inequality resulting from 3. in ¢ € [0, 7.

5. The second inequality in the assertion follows from (**) by taking
the second term from the right hand side to the left. This completes the
proof. e

We are in a position to state existence and uniqueness results for our
BSDE (*).

Theorem 10.1 Let (£, f) be standard parameters. Then there exists a
uniquely determined pair (Y, Z) € H*(R™)x H*(R™™) with the property

T T
(BSDE) Yi=¢— [ Z:dW,+ [ f(-,s,Y:, Z)ds, 0<t<T.

Proof
Consider

I H*(R™) x H*(R™™) — H*(R™) x H*(R™™), (y,2) — (Y, Z),
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where (Y, Z) is a solution of the BSDE
T T
(%) Y;:g—/ Z;‘dWS—l—/ f(,8,ys,25)ds, 0<t<T.
t t
1. We prove: (Y, Z) is well defined. First of all, our assumptions yield

T 2
E+ | sy z)ds € L(Q), 0<t<T,
Therefore
T
M, = E(¢ +/O FC,8,ys, 25)ds|F), 0<t<T,

is a well defined martingale. M possesses a continuous version, due to
the fact that we are working in a Wiener filtration. M is square integra-
ble. Hence we may apply the martingale representation theorem, which
provides (a unique) Z € H*(R"™) such that

M, = My+ [ ZdW. 0<t<T.
0 S

Let now .
Y, = M, —/0 (8, ys, 25)ds.
Then Y is square integrable, and we have

T
Yy =B+ [ (8,05 2)ds|F),0 <t < T.
Hence - -
Yr=&=My+ [ ZedW, — [ f(-, 5, 2)ds,
and thus for 0 <t <T
T T
Y, = &= My— [ Z:dW,+ [ f( 5,9, 2)ds
t t
+ Mo+ [ Z:dW, = [ f( 5,9, 2)ds
T T
= 5_/15 ZSdWSJr/t f(, s,ys, z5)ds.

2. We prove: For § > 2(1 + T)C the mapping I' is a contracti-
on. For this purpose, let (y!,2'), (% 2%) € H*’(R™) x HY(R™™),
(Y1, ZY), (Y2, Z?) corresponding solutions of (*) according to 1. We ap-
ply Lemma 10.1 with C' = 0,8 = 2, and f* = f(-,4, 2%). With this
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choice we obtain

16Vl < SUEC €1 0b 2 = 1s P,
162l < SIB() 1 Csybied) = £s P,
Since f is Lipschitz continuous, we further obtain
16Y e < = 601l -+ 1152l
162|125 < 25 1189l 12,5 + 113212,

We summarize to obtain

2C0(T + 1
() 19l + 16212 < ZZEED 18yl + 1l

By choice of 3, I' is a contraction.
3. Now let (Y, Z) be the fixed point of I'; which exists due to 2. Let

T -
=B+ [ f(.8,YyZ)ds|FR), 0<t<T

Then Y is continuous and P-a.s. identical to Y. Then (Y, Z) is a solution
of our BSDE.

4. Uniqueness follows from the contraction property of I' and the un-
iqueness of the fixed point. e

The construction of solutions in the preceding proof rests upon a recur-
sive algorithm. The algorithm converges, as we shall note in the following
Corollary.

Corollary 10.1 Let 3 > 2(1 +T)C, ((Y*, Z¥))=0 the sequence of pro-
cesses, given by Y = Z9 =0,

T T
Y == (28N AW+ [ fC s Y ZE)ds

according to the proof of the preceding Theorem. Then ((Y*, Z%))1>o con-
verges in H*’(R™) x H>*P(R™™) to the uniquely determined solution
(Y, Z) of (BSDE).

o7



Proof
The inequality (**) in the proof of Theorem 10.1 recursively yields

YL = Y¥log + (125 = Z%]]ap < MY = YOl + 1120 = 2],
with ¢ = 220+ < 1. This implies

kZN[HYk“ — Y25 + 125" = Z¥||25] < 00
S

Now a standard argument applies. o

11 Interpretation of backward stochastic differen-
tial equations in Malliavin’s calculus

In this chapter we shall establish the vital connection between Mallia-
vin’s calculus and the structure of solutions of BSDE. We shall see that,
provided the standard parameters are sufficiently smooth, the process
Z can be interpreted as the Malliavin trace of the process Y. For doing
this, we first have to introduce the version of the space L} which corre-
sponds to integrability in some arbitrary power p > 2. For simplicity, we
let the dimension of our underlying Wiener process be one, i.e. for this
chapter we set n = 1.

Definition 11.1 Let p > 2, and

T 1
LYR") = {ulu adapted, | |u|’dt]? € L"(€),
ug € (DY) for A — a.a. t >0,

for some measurable version

T T .
of (s,t) — Dgu; we have E([/0 /0 | Dyus|*dsdt]?) < oo}
For u € LY(R™) define
T p T (T P
ulli, = B[, |wl?d)®) + B[ [ [Dsugl*dsd]?).
To abbreviate, for k € N,v € L%(Q x [0, T]*) denote
011 = [fy gy [era].
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In these terms, Jensen’s inequality gives
p_q (T
E(||Dull?) < T8 [ || Dyullds.

We next prove that solutions of BSDE for regular standard parameters
are Malliavin differentiable, and that Z allows an interpretation as a Mal-
liavin trace of Y. We need some versions of the process spaces considered
in the previous chapter that correspond to p-integrable random varia-
bles. For p > 2 denote by SP(R™) the linear space of all measurable (F;)-
adapted continuous processes X : Q0 x [0,7] — R™, endowed with the
norm || X||s» = E(supy<;<r |Xt\p)%. Let further H?(R™) denote the linear
space of measurable (F;)-adapted processes X : Q x [0,7] — R™ endo-
wed with the norm || X]||, = E(HXHP)% To abbreviate, let BP(R™) =
SP(R™) x HP(R™), with the norm [|(Y, Z)[|, = [|[Y |[% + [|Z][]7.

We are ready to state our main result.

Theorem 11.1 Let (f,€) be standard parameters such that & € D? N
LAR™), f: Qx[0,T] x R™ x R™ — R™ continuously differentiable
in (y, z), with uniformly bounded and continuous partial derivatives, and
such that for (y,z) € R™ x R™ we have

(H3) f(.7y7 Z) E L%’ f(”O’ O) E H4(Rm)7
fort € [0,T) and (y', 2!, 42, 2?) € (R™ x R™)? we have
(HA) |Df(o 10" =) = Duf(o4, )] < Kal)lly' — 7] + ]2 — 2]

(in L*(Q2 x [0,t]?)), with a real-valued measurable process (K,(t))o<s<t
which is (Fy)-adapted in t, and satisfies

T 4
/0 || K| |1ds < oo.

For the unique solution (Y, Z) of the BSDE (*) we moreover suppose

T
| DY, 2)|Pds < oo

P-a.s..

Then we have:
(Y, Z) € Li(R™) x L{(R™),
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and a (measurable) version of (DY, DsZ;)o<si<T) possesses the proper-
ties
DY, = D.Z =0 0<t<s<T,
T
DY, = D&~ [ D, ZidW,

+ /T[af( w, Yo, Z) DY + -2 f( 0, Y, 2,) D, Z
¢ ay ) 9 (%) u s+t u 82 9 9 Uy u S~U
+Dgf(,u, Yy, Zy)ldu, 0<s<t<T,

(DsYs)o<s<T is a version of (Zs)o<s<T-

Proof
1. For further simplifying notation, we assume m = 1. As in chapter 10,
our arguments are mainly based upon several a priori estimates. The
first one is an analogue of Lemma 10.1 and investigates the properties
of the contraction map on B%(R)).

Lemma 11.1 Let p > 2, assume f(-,0,0) € HP(R), and define
I': BP(R) — B’(R), (y,2) — (Y, Z),

where (Y, Z) is the solution of the BSDE

(+) Yi=¢- /tT ZdWs + /tT f(, 8, ys, zs)ds.

Let further for i =1,2 (Y, Z') be the solutions corresponding to (y', 2")
in (+), and let
oY =Y'—Y? sZ2=2"-27% iSy=qy' —y? Obz=2'-2"

Then there exists a constant C, not depending on (y,z,Y,Z) such that

(i) 1IY1ls

(i) ||Z][;
(i) [|(6Y,0Z)|[}

IN

CoB(EP) + TH( [ 1£(+5.ys 2)Ids) ),

CoE([E1) + TE[ 1£(-.5, e, 20 Pds) ),
C,T%|(3y.52)]2

IA

IN

Proof
a) Taking up the notation of the proof of Lemma 10.1, we show: I is

well defined.
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To do this, recall for 0 <t < T

T
Yi=E(&+ [ (5,00 2)ds|F).
We have -
Vil < B(El+ [ £ 8,5 2)|ds| F),

hence Doob’s inequality provides a universal constant C’; such that

V][5 < CLE(El+ [ 1F(. 5,90 20)lds]?).

Moreover, by Cauchy-Schwarz’ inequality

T 1. T 1
/0 |f(7 87y8azs)|d8 < TQ[/O ‘f(, S, Ys, ZS)‘QdS]Q,

hence with another universal constant Cg we have

(5) V1[5 < C2E(UEP + [ 15,y 2) Pds])).

Invoke f(-,0,0) € HP(R), that f is Lipschitz continuous, and that
(y,z) € BP(R), to see that the right hand side of the preceding ine-
quality is finite.

We next prove that Z € HP(R). For this purpose we shall use the
inequality of Burkholder. It yields further universal constants C;,-,C}
such that

() E(|ZIP) < C3E( [ Z.aw.p)
< CIE(E+ [ 1,90 2)ds — Yol?)
< CRENEP + T 1FCo sz ds] )

Hence we obtain Z € HP(R), and therefore (Y, Z) € BP(R). The ine-
qualities (i) and (ii) have also been established.

b) We prove: (iii). The solution (0Y,07) belongs to the generator
fC oyt 2) — f( t, 9?7, 27), and € = 0. Therefore (i) and (ii), as well
as an appeal to the Lipschitz condition, give, with universal constants

Cp.Ch

1(6Y, 6 Z)I15

IA

P T P
C]?TQE([/O ‘f(vtaytlaztl) o f(,t,y?,23)|2dt]2)
< CyT=(|6yl[% + ||0=[[})

— I |3y 02|
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This completes the proof. e

Let us return to the proof of Theorem 11.1. We define approximations
of the solution of the BSDE recursively. Let for £ > 0,0 <t < T

Y? = Z2°=0,
1 o [T ok T . k ok
Y = = [ 2 aw+ [ fC s Y ZEds.

|(Y*, Z8) = (Y, 2)||ls — 0 (k — o0).

Recall the universal constant Cy from Lemma 11.1, (iii). We may (mo-
dulo repeating the argument finitely often on successive subintervals of
[0,7]) assume that [C4T%]7 < 1. With this condition, Lemma 11.1 im-
plies that I" is a contraction, and the solution (Y, Z) of the BSDE its
unique fixed point in B*(R). From this observation, we obtain our as-
sertion via the Cauchy sequence property of the approximate solutions
which follows from

l
5, 29—V, 200l < 32 IV, 20—V 27Dl = 0 (kL — o).
r=k+1

2. We prove by recursion on k:
(Y*, ZF) € LI(R) x Li(R).

This is trivial for £ = 0. Let it be guaranteed for k. According to the
chain rule for the Malliavin derivative and our hypotheses concerning
the standard parameters we know for 0 <t < T

T
§+/t f(‘aS,YskaZE)ds € D%a
with Malliavin derivative
T 0 ko ook r, 0 koo k

+ Dsf(,u, }/uk7 Z{f)]du

This is seen by discretizing the Lebesgue integral, using the chain ru-
le, and then approximating by means of the boundedness properties of
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the partial derivatives, the Lipschitz continuity properties of f and clo-
sedness of the operator D. Consequently, Lemma 9.2 yields for fixed
0<t<T

T
YU = B+ [ f(os, Y 2E)ds| ) € DY
as well. Consequently, also
T T
|2 aw, =+ [ f(s,YE ZEds - v e D}

Now an appeal to Theorem 9.4 implies that Z**! € L?(R) and in L?*(Q x
[0, T]?) we have the equation

T T
D, [ ziaw, = [ Dziaw,, s <t,
T T
D, [ zEaw, = z8+ [F DZEaw,, s>t

All stated differentiabilities go along with square integrability of the
Malliavin derivatives in all variables. This means that

(Y*, 281 € Li(R) x Li(R),

and the recursion step is completed. We also can identify the Malliavin
derivative by the formula valid for 0 < s <t < T in the usual sense

T
(* * >l<) Dthk‘f'l — Dsg _/t DSZS—’_lqu
e k 7k k 0 k 7k k
+D,f(-,u, V¥, ZM)]du.

3. In this step we show:
(DY*, DZ*) — (Y, Z) in L*(Q x [0, T]?),
where for 0 < s < T (Y, Z?®) is the solution of the BSDE

S T S T 6 S a S

+Dgf (-, u, Yy, Zy)du, 0<s<t<T,
Y = Z;=0, 0<t<s<T
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We first consult our hypotheses to verify that, at least for M-a.e. 0 < s <
T the parameters (F*, D£) with

0 0
ayf('ata}/bzt) Yy + %f('ata}/bzt) zZ+ Dsf('7t7}/;f; Zt)7

0<t<Tyze€R, are standard. Hence (Y*, Z*) is well defined (and
set trivial on the set of s where the parameters eventually fail to be

FS('7 ta Y, Z) =

standard). Also in this case our arguments will be based on a priori
inequalities.

Lemma 11.2 Let (f%,¢£Y),i = 1,2, be standard parameters of a BSDE,
p > 2. Suppose

& el”Q), f4(,0,0)0€H'(R), i=1,2.

Let (Y', Z") € BP(R) be the corresponding solutions, C a Lipschitz con-
stant for f!. Put

5Y2Y1_Y27 62221_227 52ft:fl(',t,}/f,Zf)—fZ(',t,Y?,Zf),

0 <t <T. Then for T small enough there exists a constant C,r such
that

GY.02)|12 < CprlB(8Yel?) + B([ 1621:lds))
< CorlB(Yrl?) + T5 |82l 7).

Proof
With a calculation analogous to the one used to prove (i) and (ii) in
Lemma 11.1 we arrive at the following inequality which is valid with uni-
versal constants C’;, ,
Schwarz’ inequalities,

03 and for which we also use Doob’s and Cauchy-

16Y |l + 18215 < CoE(8Yl?
Y2 — PO YR 2l
< C2E(8Yrl + ([ 16Y] + 16Z:] + 152f.1ds))
< CylE(loYr[?
T 2
+([) 10afslds)) + (TP|16Y |5, + TE|0Z][5)].
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Now choose 7" small enough to ensure Cg’(Tp +T7%) < 1. This being done,
we may take the last two expressions in the previous inequality from the
right to the left hand side, to obtain the desired estimate. o

Let us now apply Lemma 11.2 to prove that for MA-a.a. 0 < s < T we
have (Y, Z%) € B?(R). For this purpose, we apply the Lemma with

Yh = Y Y?=0,

fl - D8€7§2:07
0 0
fl('7t7y7z) - (ayf(7t7}/;72t)y+8zf(7t7nazt)Z+DSf(7t7}/;fuzt)7
=0,

0<t<T,y,z € R. Then we have
doft = Dsf(-,t,Ye, Z), 0<t<T.
We obtain with some universal constant C' the inequality
1Y%, Z)|[5 < CE(ID&P + [IDs (- Y, 2)|P),

and therefore -
L 10Y*, 2°)|[3ds < oo,

This implies the desired integrability:.
To obtain estimates for differences of (DY*, DZ*) and (Y, Z°), let us
next, fixing k € N, apply Lemma 11.2 to the following parameters

&= =Dy,
0 0
F#) = 5 f6YE B DY 4 o f (6. 2) DaZi+ Daf (1, Y 20,

P = 5 FC Y Z) Vo4 3 6 Yi 20 5+ Duf( .Y Z)
s <t <T. Set for abbreviation

of = f1(t) = f2(t), s<t<T
The Lemma yields the inequality

T
(DY ! = Y*, D, 2" = 2°)|[3 < CLE(( [ [6F]dt)?)
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with a universal constant . Let us now further estimate the right hand
side of this inequality. We have, fixing 0 < s < T

E(([ |88]d)?) < ColAU(T) + BY(T) + C{(T)).
where
D) = B[ 1D (Y0 Z) — Dof (1, Y ZE)| i),
BUT) = ([ 1 £t 0 2D = DY)

T 0 .
+ B[ |5 St Y 202 - Dz,

0 0
CHT) = B[ I fO0Y520) = 5 FCb Y5 20 7]

(T (S AR R PR}
With further universal constants C3, Cy we deduce, using (H4)
AUT) < B([ K1Y~ YF| + |2~ Z)deP)
< B[ K@il [ 1Y~ VPt + [ |2, - 20 Pa)
< GE([ K. B[ [Y-YF s+ B([ |2~ 28'd0)}].
Hence by part 1. of the proof

lim TAZ(T)ds = 0.

k—o0 J0

Furthermore, since the partial derivatives of f with respect to y, z are
bounded and continuous, and since E(J{ ||(Y*, Z*)||?ds < oo, dominated
convergence allows to conclude

T
lim [ C§{(T)ds = 0.

k—o00

Let us finally discuss the convergence of the Bj(T) as k — oco. Again
by boundedness of the partial derivatives of f we obtain with a universal
constant C

Bi(T) < CsT?||D,Y* —Y*, D, ZF — 7%)||3.
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Now choose T small enough to ensure o = C57? < 1. Let € > 0. Then
by what has been shown there exists N € N large enough so that for
k > N we have

/ |(D DY L _ys p 7k ZS)HQdS)
§s+aE%;ng*—Yiazh—ﬁm%g.
By recursion we obtain for £ > N
E([ ||(DY* =, D, 2" — 2%)|Pds) < e(1 + a+a® + - + kN )
+aﬁ%NE(£TWI%YN-YiL%ZN-ZﬂH%m)
<+ oS NE([N(DYN — v, D2 — 20)|ds).
Now let kK — oo. Since ¢ is arbitrary, we conclude

T
lim [ Bj(T)ds = 0.

k—o00 J0

3. Since L#(R) is a Hilbert space, and D is a closed operator, we
obtain that (Y, Z) € L3(R) x L3(R), and that (Y*, Z%)g<s<7 is a version
of (DY, DsZ)p<s<r in the usual sense.

4. We show:
(DtY;)OgtST is a version of (Zt)OStST-
For ¢t < s we have
Yo=Yi+ [ ZdW, = [ f(-;r,Y;, Z,)dr.
Hence by Theorem 9.4 for t < u <'s
DY, = Z,+ [ DuZ,dW,
s 0 0
- a J U Y;er DY, + — R 7}/;“7Zr Dy Z;
J, gy G Yo 20 DaYo o o f (Y0 20)
+Dyf(-,7r, Y, Z,)]dr.

By continuity in ¢ of (Y*, Z*) we may choose u = s, to obtain the desired
identity. e
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