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3.1 For z = (x1,...,x,) € R", define

n

(Tz)y = Zaklml (ap € R fixed).

=1

Consider

Xy = (R™,]| - |l1), where ||z|[1 := >_ |akl;
k=1

Xoo = (R™ || - ||oo), Where ||z||o := max{|z1], ..., |za|}
1) Prove T' € L(X,, X), calculate ||T']|z(x,,x.0); (2 P)
2) Prove T' € L(X, X1), calculate ||T||z(x..,x1)- (2 P)

3.2 Let X be a vector space. Let f : X — K be a linear mapping, f # 0. Prove: for
every x € X there exists a unique representation

T =T+ X1,
where

xg € Xo :=ker(f), =z €X;, dimX;=1L1 (2 P)

The exercises 3.3 - 3.6 refer to a Hilbert space H with scalar product (-,-) and norm

-1 =)
3.3 Prove:

Dz )l = llzll lyll > 0= 3A#0s. t. 2 = Ay; (2 P)



2)ifx#y,y#0and ||z +y|| = ||z + |ly|l, then IX#05s. t. z = Ay; (1P)

3) the following statements are equivalent:
1°xp —x; 2°||zg|| — ||z|| and (2, y) — (x,y) V y € H. (2 P)

3.4 Let G be a subspace of H, let x € H. Prove the equivalence of the following two
statements:

1°zeGh 20 |z <|loe—vy| VyeG. (2 P)

3.5 Let K be a non-empty, closed, convex subset of H.
1) Let Pk : H — K denote the convex projection onto K, i. e. for every x € H there holds

(+) 2 = Pgafl = min |z —wl.
Prove: Let x € H. Then (x) holds if and only if
(+)  Re(z — Pxw,w— Pgz) <0 VweK.

[Hint (x) = (+): for t €]0,1], w € K, define z = (1 — t)Pgx + tw; then || — Pgz| <
= =[] (2 P)

The implication (+) == (*) is obvious.

2) Prove: |Pxx; — Pgxs|| < ||x1 — 22| V1,20 € H. (3 P)
[Hint Make use of (4) with x = x; and x = x9; choose w appropriately].

3.6 Differentiability of the norm | - ||

Let 1 <p < 4o0. Forz,y € H, z #0, and t € R, define ¢,(t) := ||z + ty||?.
Calculate the derivative ¢, (0)

[Hints Proceed as follows:

1) calculate ¢4(0) (1P)
2) calculate ¢/ (0) (2 P)
3) calculate ¢/,(0) (1 < p < +00) (1P)

1
Remark ¢;,(0) = %irré Z(Hx + ty||” — ||z||”) is called the directional derivative of || - || at
x € H with respect to y.

Hand in solutions: November 6, 2008; first lecture.



