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Introduction

This thesis consists of a study of elliptic curves, and of elliptic surfaces.

An elliptic curve (considered over the complex numbers) is a pair (F,O) where E is a
curve, which topologically is a torus, and O is a point on E. One can prove that F'\ {O}
can be mapped isomorphically to a curve in C? of the form

y? =23 + Az + B,

for some A, B € C, such that 443 + 2782 # 0. Fix a curve C then an elliptic surface
with base curve C can be represented by an equation of the above form, replacing A, B
by functions C' to P!.

1. Elliptic surfaces

The first five chapters deal with the study of elliptic surfaces. We study only projective
surfaces, and this forces the base curve to be a projective curve. In this case either all
members of the family are isomorphic or we have to allow certain other (singular) curves
in our family. Kodaira gave a list of all possible singular fibers in a “minimal” family. The
Kodaira types of the singular fibers give a lot of information about the elliptic surface.

To give an overview of the first five chapters we need to introduce some notions from
algebraic geometry.

Let X be an elliptic surface. One introduces a group NS(X), called the Néron-Severi
group of X.A divisor D of X is a finite formal sum nyD; + --- + ni Dy, where the D;
are irreducible curves and the n; are integers. On Div(X) one defines the intersection
pairing, denoted by -. If D and D’ are irreducible curves in X intersecting transversely,
then D - D' = #D N D’. Using linearity one defines this pairing on a large part on
Div(X) x Div(X). One extends the intersection pairing to Div(X) x Div(X) as explained
in, e.g., [28, Section V.1]. One defines an equivalence relation = on Div(X), called
numerical equivalence, by D = D’ if and only if D - C = D' C for all C' € Div(X).
The quotient of Div(X) by numerical equivalence is the group denoted by NS(X). In
fact, in a more general situation one uses a different equivalence relation, called algebraic
equivalence, see [7, p. 21]. For the surfaces we study in this thesis, algebraic equivalence
and numerical equivalence coincide. We have that NS(X) is a finitely generated group,
i.e., NS(X)/NS(X)ior & 2P as groups, for some integer p(X), called the Picard number
of X.

We need to introduce two other groups, called H°(X,Q3%) and H'(X,Q%), which
are both finitely dimensional C-vector spaces. There exists an injection NS(X) ® C —
H'(X,QY), which shows that p(X) < Ab! ;= dim H'(X, Q).

If X is an elliptic surface with base curve P!, then the dimension of these spaces are
related:

At =10(1 + dim H°(X, Q%)) =: 10n.
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One splits NS(X) into two parts: let m : X — P! be the elliptic family. Then there is
the so-called trivial subgroup T'(7) of N.S(X) generated by the classes of a smooth fiber of
7, the image of a fixed section o of m and all the components of fibers not intersecting the
image of og. The quotient NS(X)/T () is generated by the classes of images of sections
other then oy. This quotient is denoted by MW (w) and called the Mordell-Weil group.

The first two chapters are an attempt to understand the following class of elliptic
surfaces and to embed them in a broader theory: take a, (3,7 € C — {0,1}, pairwise
distinct, and consider

y' =2t + (= 1)°(t — a)’(t = B)°(t = 7°).

Then the associated (smooth compact) surface has very remarkable properties. For ex-
ample one can show that h'! = p(X) for almost all members of this family, and for two
general choices of the parameters «, 3, the associated surfaces are not isomorphic.

The objects of study in Chapter 1 are the elliptic surfaces such that MW (7) is finite
and h'! = p(X). We call such surfaces extremal elliptic surfaces. The main result is
a classification of extremal elliptic surfaces: there are a few families of extremal elliptic
surfaces (see the example above) and there are infinitely many isolated examples. We also
prove an technical result concerning the so-called infinitesimal Torelli property of elliptic
surfaces. For details see Corollary 1.4.11 and the Introduction of Chapter 1.

In Chapter 2 we consider the following problem. Fix an integer n > 2. Let M, be
the space parameterizing all elliptic surfaces 7 : X — P! with dim H%(X,0%) +1 = n.
Then we define the Noether-Lefschetz locus NL, C M,, as the subspace

NL, ={r: X =Pl e M, |p(X)>r}

It is known for a long time that NLs = M, and dim M, = 10n — 2. Cox [18] proved
dim N L3z = 10n — 3. We prove that

dim NL, > 10n —r

for 2 < r < 10n, and that equality holds for 2 < r < 4n + 3. For several values of » > 8n
we know that the bound dim NL, > 10n — r is not sharp.

In Chapters 3 and 4 we focus MW (7). In Chapter 3 we study six families of elliptic
surfaces. Kuwata [41] determined for all members of this family the rank of the groups
MW (r).

For several of the six families we manage to write down explicit sections which generate
a subgroup of finite index of MW (7). We use this explicit knowledge to write down elliptic
surfaces with Mordell-Weil rank 8 over Q, and we believe that a more thorough study of
these surfaces may produce examples with higher rank.

In Chapter 4 we present a three-dimensional family of elliptic K3 surfaces such that
a general member of this family has Mordell-Weil rank 15. An elliptic K3 surface is an
elliptic surface for which n = 2, i.e., dim H°(X,Q%) = 1 and C = P'. Such a surface
satisfies 0 < rank MW (m) < 18. Kuwata [41] gave examples of elliptic K3 surfaces of
Mordell-Weil rank 0,...,14 and 16,17, 18. Hence this chapter completes the program of
explicitly writing down examples of K3 surfaces for every 0 <r < 18.

In most cases the underlying surface X of an elliptic surface 7 : X — P! has a unique
structure (up to isomorphism) as an elliptic surface, i.e., there is only one morphism
7 : X — P! such that the fibers of 7 are elliptic curves. If X is a surface admitting more
structures as a family of elliptic curves, then one can show that X is a K3 surface. In
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Chapter 5 we classify all structures as families of elliptic curves on a class of K3 surfaces.
This class can be described as follows. Fix six lines in P? in general position. Then one
can make a surface X, such that ¢ : X — P? is two-to-one, except for points in the
inverse image of the six lines, there the map 1 is one-to-one. The surface X is singular.
The class of surfaces in Chapter 5 are the desingularizations of such surfaces X.

2. Tate-Shafarevich groups

In Chapter 6 a topic from the arithmetic of elliptic curves is discussed. To explain
this, we first recall some general results on elliptic curves.

Let K be a number field and F/K an elliptic curve. Then the set of K-valued points
E(K) is a finitely generated abelian group (see [72, Theorem VIII.4.1].) Hence it makes
sense to consider the following problem: given E and K, describe the torsion part E(K ),
and determine the rank of F'(K). Determining the torsion part is relatively easy (compare
[72, Section VIL.3]). A strategy to obtain information on the rank is the following. Fix
a prime number p. From the fact that E(K) is a finitely generated group, it follows that
the dimension of the F,-vector space E(K)/pE(K) has dimension equal to the dimension
of the p-torsion F(K)[p] plus the rank of E(K). In order to determine the rank of F(K)
it suffices to compute dim E(K)/pE(K).

Consider all genus 1 curves C'/ K, such that over a finite extension of K, the curves C'
and E are isomorphic. Consider the set W' (the so-called Weil-Chatélet group) of pairs
of isomorphism classes (C, i) such that p defines a simply transitive group action of F
on C. (This last point is merely technical.)

One can define an injective map E(K)/pE(K) into a certain group H C WC' (for
the specialist H = H'(K, E[p])) and to each element £ € H, we can associate a genus
1 curve C¢, which is isomorphic to E over some finite extension of K. The image of
E(K)/pE(K) consist of all (C¢, ui¢) such that C¢(K) # 0. In general, it is very hard to
determine whether C¢(K) is empty or not. For a place (prime) p of K denote K, the
completion with respect to p. Define

SP(E/K):={¢ € H: C¢(K,) # 0 for all places p of K}.
Obviously, the vector space F(K)/pE(K) can be injected into SP(E/K), yielding
E(K)/pE(K)— SP(E/K)C HCWC.

(A technical correct definition involves Galois cohomology, which we do not discuss in
this Introduction. For more details see Section 6.3.)

Given E and p, one can easily determine a finite subset H’ of H with the property
SP(E/K) is contained in H'. One can show that for all but finitely many primes p the
set C¢(K,) is not empty for all £ € H'. To conclude that C¢(K,) is not empty for all p,
one needs to check only the primes p such that the reduction C¢ mod p is singular, and
the primes p such that p divides p. Checking whether C¢(K,) is empty or not in these
finitely many cases, can be done using Hensel’s Lemma in a finite amount of time.

The above considerations imply that one can find in a finite amount of time the set
SP(E/K). (We cheated a bit, if p > 5 then the equations for the C¢ are not known, but
for small degrees one can find them for example in [72, Chapter X].)

Consider the quotient of SP(E/K) by the image of F(K)/pE(K). We call this the p-
part of the Tate-Shafarevich group of E/K, denoted by III(E/K)[p]. This group measures
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how large the defect of SP(E/K) is, if one wants to compute E(K)/pE(K), i.e., we have
a short exact sequence

0— E(K)/pE(K) — SP(E/K) — III(E/K)[p] — 0.

It is conjectured that the rank of E(Q) is arbitrarily large if one considers all elliptic
curves E/Q. If this were true then for all p the number of elements of SP(E/Q) is
arbitrarily large. This is actually proven for p = 2,3 (see [11], [13], [33] and [40]),
p=>5,7 (see [23], [33]) and p = 13 (see [33]) Hence for these prime numbers at least one
of rank F(Q), #11(E/Q)[p] is arbitrarily large. For p = 2,3 and 5, some of the above
mentioned papers actually prove that IIT(E/Q)[p] is arbitrarily large.

In the paper [38] it is proven that #SP(E/K) is unbounded if one considers pairs
(E, K) with K a number field of degree at most (p + 13)/12, and E/K an elliptic curve.

The aim of Chapter 6 is to produce for every prime number p examples of pairs (F, K)
with E an elliptic curve and K a number field of degree bounded polynomially in p such
that III(E/K)[p] is unbounded. (Theorem 6.1.1)

In a certain sense, this is a negative result, it shows that the above mentioned strategy
to determine rank F/(K) might fail heavily. One can interpret this result much more
positively. First of all it takes a lot of effort to produce examples of elliptic curves F/K
such that one can prove that II(E/K) is not trivial (here we consider all prime numbers
p). Secondly, it gives a little information in which cases one might except large Tate-
Shafarevich groups.

The strategy of our prove is a bit involved. We start in Section 6.3 by considering how
one proves that SP(F/K) is very large. Here we assume that there exists a morphism
v : E — FE’ of degree p defined over K. Under this assumption one can give an upper
bound on #SP(E’'/K) in terms of the geometry of the reduction E mod p, for primes p
such that F mod p is singular. Suppose F admits a second morphism ¢ : £ — E” with
the property that exists a point Q € E(K)[p] with ¢(Q) # O, with O the neutral element
of E"(K). (This condition implies that ¢ and ¢ are different morphisms.) One can use
this morphism v to bound the number of elements of SP(E”/K) (and hence bound the
rank of E”(K)). Since the rank of E(K), F'(K) and E"(K) are the same, we obtain
a lower bound for the number of elements in HI(E”/K)[p]. (Contrary to the rank, the
number of elements in HI(E”/K)[p] and HI(E/K)[p] might differ a lot.)

To produce examples with large Tate-Shafarevich groups we will combine both assump-
tions. It turns out that this is possible in the case that E/K comes from a K-rational
point of the so-called modular curve X (p). One now translates both assumptions in terms
of the reductions of the point P € X (p)(K). Then it remains to show that there exist
points with the required reduction properties. In Section 6.4 one can find this translation
and the actual construction of these points with the required properties.



CHAPTER 1

Extremal elliptic surfaces & Infinitesimal Torelli

The paper [34] is based on this chapter and appeared in the Michigan Mathematical
Journal.

1. Introduction

An extremal elliptic surface over C is an elliptic surface such that the rank of the
Néron-Severi group equals h! and its associated Jacobian surface admits at most finitely
many sections.

These surfaces are very useful if one wants to classify all configurations of singular
fibers on certain families of elliptic surfaces: given a configuration of singular fibers on an
extremal elliptic surface, using so-called deformations of the j-map and twisting one can
construct other elliptic surfaces with different configurations of singular fibers (terminol-
ogy from [47, VII1.2] and [48]). For these surfaces, the genus of the base curve and the
geometric and arithmetic genus of the surface are the same as for the original surface. In
[66] this is done for the case of K3 surfaces. In [47, VIIL.2] this is done for any elliptic
surface.

The classification of singular fibers on a rational elliptic surface has been given more
than 10 years ago (see [48], [53], [54]). Recently there has been given a classification of
all singular fibers of elliptic K3 surfaces with a section (see [66]). From the classification
of configurations of singular fibers on rational (see [48]) and on elliptic K3 surfaces with
a section (see [66]) we know that any configuration can be obtained from an extremal
configuration using deformations of the j-map and twisting. Whether this is true for
arbitrary elliptic surfaces seems to be unknown.

In this chapter we give a complete classification of extremal elliptic surfaces with
constant j-invariant (Theorem 3.7). From this we deduce that if 7 : X — P! is extremal
then either p,(X) is at most 1 or the j-invariant is 0 or 1728. There are some examples of
non-trivial families of extremal elliptic surfaces. For example the family of elliptic surfaces
associated to y* = 23 +t°(t — 1)°(t — )°(t — 3)°(t —)® is such a family. We use this fact
to prove the following:

THEOREM 1.1. Let m: X — P! be an elliptic surface without multiple fibers. Assume
that py(X) > 1. Then X satisfies infinitesimal Torelli (cf. Definition 4.1) if and only if
j(m) is non-constant or 7 is not extremal.

Kii ([31, Theorem 2]) proved infinitesimal Torelli for elliptic surfaces without multiple
fibers and non-constant j-invariant. Saito ([58]) proved in a different way infinitesimal
Torelli for elliptic surfaces over P! without multiple fibers and j-invariant not identical 0
or 1728 (and also for large classes of elliptic surfaces over other base curves). The case
py(X) = 0 is trivial, since H*(X,C) = H" (X, C), the case p,(X) = 1 follows from [55].



6 1. EXTREMAL ELLIPTIC SURFACES & INFINITESIMAL TORELLI

For elliptic surfaces with non-constant j-invariant we will give the following structure
theorem:

THEOREM 1.2. Suppose m : X — C s an elliptic surface without multiple fibers and
non-constant j-invariant, then the following three statements are equivalent:

(1) 7 is extremal
(2) e j(m): C — P! is unramified outside 0,1728, 00;
e the only possible ramification indices above 0 are 1,2,3 and above 1728 are
1,2;
e and 7 has no fibers of type 11,111, IV or Ij.
(3) There exists an elliptic surface w' : X' — C, such that j(n') = j(n), the fibration
7' has no fibers of type IT1*, I11* or IV*, at most one fiber of type I}, and ' has
precisely 2p,(X) + 4 — 4g(C) singular fibers.

We will now present a more precise theorem which moreover gives the possible Mordell-
Weil groups for an extremal elliptic surface. Let m,n € Zx; be such that m|n and n > 1.
Let X (m,n) be the modular curve parameterizing triples ((£, O), P, @), such that (E, O)
is an elliptic curve, P € E is a point of order m, the point () € E a point of order n and
the group generated by P and () has mn elements.

If
(m7 n) g {(17 2)’ (27 2)7 (17 3)7 (17 4)’ (27 4)}
then there exists a universal family for X (m,n), which we denote by E(m,n). Denote by
Jmn : X(m,n) — P! the map usually called j.
From the results of [69, Sections 4 and 5] it follows that E(m, n) is an extremal elliptic
surface. The following theorem explains how to construct many examples of extremal
elliptic surfaces with a given torsion group.

THEOREM 1.3. Fiz m,n € Z>y such that m|n and (m,n) is not one of the pairs (1,1),
(1,2), (2,2), (1,3), (1,4), (2,4). Let C be a (projective smooth irreducible) curve, let
j € C(C) be a non-constant function. Then the following are equivalent

e there exists a unique extremal elliptic surface m: X — C, with j(w) = j and the
group of sections has Z/nZ x Z/mZ as a subgroup
e j is unramified outside 0,1728, 00 and j = jpm o h for some h : C — X,,(n).
An extremal elliptic surface m : X — C with j(w) = j and Z/nZ x Z/mZ is a subgroup
of the group of section, is one of the 229(°) surfaces with j(7) = j and all singular fibers
are of type I,.

If 7 : X — P!is an extremal semi-stable rational elliptic surface then X is determined
by the configuration of singular fibers (see [50, Theorem 5.4]). It seems that this quite
special for rational elliptic surfaces. If X is a K3 surface a similar statement does not

hold:

THEOREM 1.4. There exists pairs of extremal semi-stable elliptic K3 surfaces, m; :
X; — P! (i = 1,2) such that the groups of section of m and my are isomorphic, the
configuration of singular fibers of the m; coincide and X, and X5 are non-isomorphic.

This gives a negative answer to [5, Question 0.2] (for a precise formulation of this
question see Section 8). The essential ingredient for the proof of Theorem 1.4 comes from
[67, Table 2].
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This chapter is organized as follows:

Section 2 contains some definitions and several standard facts. In Section 3 we give a
list of extremal elliptic surfaces with constant j-invariant. They behave differently from
the non-constant ones. There are exactly 5 infinite families of extremal elliptic surfaces
with constant j-invariant (3 of dimension 1, 1 of dimension 2 and 1 of dimension 3). In
Section 4 we explain this different behavior by proving Theorem 1.1. In Section 5 we
explain how twisting can reduce the problem of classification. In Section 6 we link the
ramification of the j-map and the number of singular fibers of a certain elliptic surface.
This combined with the results of Section 5 gives a proof of Theorem 1.2. Section 7
contains a proof of the version with the description of the group of sections (Theorem 1.3).
In Section 8 we prove Theorem 1.4. In Section 9 we give a classification of extremal elliptic
surfaces with ¢(C') = p,(X) = ¢(X) = 1. Section 10 contains a proof of the fact that there
exist elliptic surfaces with exactly one singular fiber. It is easy to see that the singular
fiber is of type Iio; or Ify,_g, for some & > 0. In this section we prove that for every
positive k, both I, and I3y, occur.

2. Definitions and Notation

ASSUMPTION 2.1. By a curve we mean a non-singular projective complex connected
curve.
By a surface we mean a non-singular projective complex surface.

DEFINITION 2.2. An elliptic surface is a triple (7, X, (') with X a surface, C' a curve,
7 is a morphism X — (', such that almost all fibers are irreducible genus 1 curves and
X is relatively minimal, i.e., no fiber of 7 contains an irreducible rational curve D with
D? = —1.

We denote by j(r) : ¢ — P! the rational function such that j(7)(P) equals the
j-invariant of 7~!(P), whenever 7~!(P) is non-singular.

A Jacobian elliptic surface is an elliptic surface together with a section oy : C' — X to
7. The set of sections of 7 is an abelian group, with oy as the identity element. Denote
this group by MW (r).

By an elliptic fibration on X we mean that we give a surface X a structure of an
elliptic surface.

Let L be the line bundle [R'7,Ox]~!. We call L the fundamental line bundle (termi-
nology from [47]). Let p(X) denote the rank of the Néron-Severi group of X. We call
p(X) the Picard number.

We use the line bundle L only to keep track of some numerical data. Note that
deg(L) = py(X) + 1 —g(C) = po(X) + 1. (See [47, Lemma IV.1.1].)

ASSUMPTION 2.3. All elliptic surfaces in this thesis are without multiple fibers.

REMARK 2.4. To an elliptic surface 7 : X — C we can associate its Jacobian elliptic
surface Jac(m) : Jac(X) — C. The Hodge numbers h??, the Picard number p(X), the
type of singular fibers of = and deg(L) are the same for = and its associated Jacobian
surface. We have that Jac(7) = 7 if and only if 7 admits a section.

DEFINITION 2.5. An extremal elliptic surface is an elliptic surface such that p(X) =
Rt (X) and MW (Jac(r)) is finite.
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DEFINITION 2.6. Let 7w : X — C be an elliptic surface. Let P be a point of C. Define
vp(Ap) as the valuation at P of the minimal discriminant of the Weierstrass model, which
equals the topological Euler characteristic of 7—!(P).

PROPOSITION 2.7. Let m: X — C be an elliptic surface. Then
> vp(Ap) = 12deg(L).

peC
In particular, deg(L) > 0.

PrOOF. This follows from Noether’s formula (see [7, p. 20]). The precise reasoning
can be found in [47, Section I11.4]. O

REMARK 2.8. If P is a point on C, such that 7=!(P) is singular then j(7)(P) and
v,(A,) behave as follows:

Kodaira type of fiber over P | j(7)(P) | v,(4,) | number of components

T ~ | 6 1

I, (v>0) 00 v v+1

I (v>0) 00 6+ v v+5
I7 0 2 1
v 0 4 3
A% 0 8 7
Irr 0 10 9
117 1728 3 2
117 1728 9 8

For proofs of these facts see [7, p. 150], [73, Theorem IV.8.2] or [47, Lecture 1].

DEFINITION 2.9. Let X be a surface, let C' and C} be curves. Let ¢ : X — C and

f : C1 — C be two morphisms. Then we denote by X X C) the smooth, relatively
minimal model of the ordinary fiber product of X and Cj.

DEFINITION 2.10. Let 7w : X — C' be an elliptic surface. We say that 7: X — C' is a
semi-stable elliptic surface, if for all p € C' we have that 7=*(p) is of type I,.

Recall the following theorem.

THEOREM 2.11 (Shioda-Tate ([70, Theorem 1.3 & Corollary 5.3])). Let 7 : X — C
be a Jacobian elliptic surface, such that deg(L) > 0. Then the Néron-Severi group of X
is generated by the classes of oo(C), a non-singular fiber, the components of the singular
fibers not intersecting oo(C'), and the generators of the Mordell-Weil group. Moreover,
let S be the set of points P such that w='(P) is singular. Let m(P) be the number of
irreducible components of 7~1(P), then

p(X) =2+ (m(P)—1) + rank(MW ().
Pes

DEFINITION 2.12. Suppose 7 : X — C'is an elliptic surface. Denote by T'(7) the
subgroup of the Néron-Severi group of Jac(m) generated by the classes of the fiber, oo(C)
and the components of the singular fibers not intersecting oo (C'). Let py,(7) := rank T'().
We call T'(m) the trivial part of the Néron-Severi group of Jac(r).
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REMARK 2.13. In Section 2.7 we give an alternative description for the trivial part of
the Néron-Severi group.

REMARK 2.14. Suppose 7 : X — P! has deg(L) = 0, then there are no singular fibers
hence p;, = 2.

DEFINITION 2.15. Let m : X — C be an elliptic surface, define

e a(m) as the number of fibers of type I1*, I[1I* IV*.
e b(m) as the number of fibers of type 11, 111,IV.

e ¢(m) as the number of fibers of type I{.

e d(m) as the number of fibers of type I}, with v > 0.
e ¢(m) as the number of fibers of type 1,,, v > 0.

PROPOSITION 2.16. For any elliptic surface m : X — C, not a product, we have
R X)) — p(m) = 2(a(m) + b(7) + c(7) + d(7)) + e(m) — 2deg(L) — 2 + 2g(C).
PROOF. Recall from [47, Lemma IV.1.1] that
hbt = 10deg(L) + 2¢(C).

From Kodaira’s classification of singular fibers (see Remark 2.8 and Proposition 2.7) it
follows that

per(m) = 2+ 12deg(L) — 2(a(m) 4+ b(7) + ¢(m) + d(7)) — e(m).
Combining these yields the proof. 0

COROLLARY 2.17. Let m: X — C be an elliptic surface with constant j-invariant, not
a product. Then 7 is extremal if and only if © has deg(L) + 1 — g(C) singular fibers.

PROOF. If j is constant then e(r) = d(7) = 0, hence a(w) + b(7) + ¢(7) equals the
number of singular fibers of 7. Then apply Proposition 2.16. ([l

3. Constant j-invariant

In this section we give a list of all extremal elliptic surfaces with constant j-invariant.

LEMMA 3.1. Suppose m : X — C is an extremal elliptic surface such that j(m) is
constant. Then g(C) < 1.

PROOF. If j(7) is constant then vp(Ap) < 10 (see Remark 2.8), for every point P.
From this, Proposition 2.7 and Corollary 2.17 it follows that

12 deg(L) = > vp(A,) < 10(deg(L) 4+ 1 — ¢(C)).
P|=—1(P) singular

This inequality and the fact that deg(L) > 0 (see Proposition 2.7) imply that g(C) <
1. U

DEFINITION 3.2. An elliptic surface 7 : X — C, with C' a genus 1 curve, is called a

hyperelliptic surface, if ™ has no singular fibers, j(7) is constant, and X is not isomorphic
to C' x F.
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REMARK 3.3. In terms of Section 5, an elliptic surface 7 : X — C, with j(7) # 0, 1728

is called a hyperelliptic surface if and only if the associated elliptic curve E/C(C) is

isomorphic to Eff ) with B /C an elliptic curve and f a function such that the valuation

of f at every place of C is even, but there is no function g € C(C) such that f # ¢2. (If
j(m) equals 0 or 1728, then one can give a similar description.)

REMARK 3.4. The usual definition of a hyperelliptic surface (e.g. [7, page 148]) is
different, but equivalent (see [47, Lemma I11.4.6.b]), to this one.

REMARK 3.5. An hyperelliptic surface does not admit a fibration in hyperelliptic
curves. For historical reasons (see |7, page 148|) these surfaces are called hyperelliptic.
Beauville [8] calls these surfaces bi-elliptic, because they admit two elliptic fibrations.

LEMMA 3.6. Suppose m : X — C is an extremal elliptic surface such that j(m) is
constant. Then one of the following occurs

(1) g(C)=1; deg(LL) =0 and w : X — C is a hyperelliptic (or bi-elliptic) surface.
(2) g(C)=0; j(m) #0,1728; deg(L) = 1.

(3) g(C) = 0 j(ﬂ') =0;1< deg(L) <5.

(4) g(C) =0; j(m) =1728; 1 < deg(L) < 3.

PROOF. Suppose ¢g(C') = 1. Then Corollary 2.17 implies that 7 has deg(L) singular
fibers hence

12deg(L va (Ap) < 10deg(L)

from which it follows that deg(L) = 0. Hence 7 has no singular fibers. Since 7 has finitely
many sections, it follows from the definition that 7 : X — C' is a so-called hyperelliptic
surface.

Suppose ¢(C) = 0. If deg(L) = 0 then 7 is a projection from a product, hence there
are infinitely many sections. By definition, 7 is not extremal.

Suppose deg(L) > 0. Assume j(m) # 0,1728. Then all singular fibers are of type
I} (see Remark 2.8). Since the Euler characteristic of such a fiber is 6, Proposition 2.7
implies that there are exactly 2 deg(L) singular fibers. Applying Corollary 2.17 gives

2deg(L) = deg(L) + 1.

From this we know deg(L) = 1.

Suppose j(7) = 1728. In this case all singular fibers are of type I11,I5, I1T* (see Re-
mark 2.8). From this it follows that vp(Ap) < 9. By Proposition 2.7 and Proposition 2.16
we obtain

12deg(L) < 9(a(m) + b(m) + ¢(m)) = 9deg(L) + 9,
so 1 <deg(L) < 3.
Suppose j(7) = 0. In this case we obtain in a similar way 1 < deg(L) < 5. O

THEOREM 3.7. Suppose 7 : X — C'is an elliptic surface with j(m) constant.
Then 7 is extremal if and only if either C is a curve of genus 1 and Jac(X) is a
hyperelliptic surface or C = P! and Jac() has a model isomorphic to one of the following:
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o (j(m) =0) y? =23+ f(t) where f(t) comes from the following table (the left hand
side indicates the positions of the singular fibers)

I vy ;| 1ve Ir py | f(1)
0 o0 0|t
0 00 0 |t
0,00 0|t
1 0,00 1| t°(t—1)2
1 0 00 1|t —1)3
0,1, 00 1|4t —1)*
a 0,1, 00 2 |5t —1)°(t —«)?
a,l1 0, 00 2 | 5(t— Dt — a)?
6} a,0,1,00 3|5t —1)°(t — )t —p)?
0,1,00,0,8,7 | 4 | —1)°(t —)°(t = B)°(t —7)°

where a, B,v € C — {0, 1}, pairwise distinct.
o (j(m) =1728) y? = x3 + g(t)x where g(t) comes from the following table

I I [ 11T [ p, (9@
0 o0 0|t
0, 0o 0 | ¢?
1 0, 00 1|3t —1)2
0,1,00,a || 2 |3t =13t — )
where o # 0, 1.
o (j(m) #0,1728) y? = 23 + at®x + 3, with singular fibers of type I at t = 0 and

t =00

PROOF. The above list follows directly from Corollary 2.17 and Lemma 3.6. Since all
cases are very similar, we discuss only the case j(7) = 0 and p, = 2. In this case Jac(m)
has a Weierstrass model isomorphic to

y? =2+ f(t)

with f a polynomial such that 13 < deg(f) < 18, and vp(f) < 5 for all finite P. At
all zeros of f there is a singular fiber. If deg(f) < 18 then the fiber over ¢t = oo is also
singular.

If 7 is extremal then from Corollary 2.17 it follows that 7 has exactly 4 singular fibers.
Assume that the fibers with the highest Euler characteristic are over ¢ = 00,0, 1. Since
54+54+5+3=5+4+54+444 are the only two ways of writing 18 as a sum of four positive
integers smaller then 6, we obtain that after applying an isomorphism, if necessary, f
equals either

ot —1)°(t — a)® or £°(t — 1)*(t — a)™.
O

REMARK 3.8. Note that all extremal elliptic surfaces with constant j-invariant and
Pg(X) > 1 have moduli.



12 1. EXTREMAL ELLIPTIC SURFACES & INFINITESIMAL TORELLI

4. Infinitesimal Torelli

In the previous section we gave examples of families of elliptic surfaces with maximal
Picard number. In this section we prove that these surfaces are counterexamples to
infinitesimal Torelli. Moreover we give a complete solution for infinitesimal Torelli for
Jacobian elliptic surfaces over P1.

Suppose that X is a smooth complex algebraic variety. Then the first order defor-
mations of X are parameterized by H'(X,Oy), with ©x the tangent bundle of X. The
isomorphism HP4(X,C) = H9(X, ") and the contraction map Ox ®o, % — Q% ' give
a cup product map:

HY(X,0x)® H?(X,C) — HP 11X C).
From this one obtains the infinitesimal period map
S HY(X,Ox) — @®piger, Hom(H>(X, C), HP~ 4T (X C)).

The (holomorphic) map dy, is closely related to the period map. Assume that ¢ : X —
B is a proper, smooth, surjective holomorphic map between complex manifolds having
connected fibers, and that for all ¢ € B the vector space H*(X;, C) carries a Hodge
structure of weight k, with X; := ¢ ~!(¢). Fix a point 0 € B. Let U be a small simply
connected open neighborhood of 0.

Define

PPk .U — Grass (Z R HR (X, C))

i2p
t = (BispH™ (X, C)) € H*(X,, C),

via the identification H*(X,, C) = H*(X;,C). (Note that U is simply connected.)

If the Kodaira-Spencer map pyo : Tyo — H 1(X,©x) is injective then the differential
at 0 of the period-map @,PP* is injective if and only if 0 is injective. (See [58, Section
2] or [82, Chapter 10].)

Note that if X is an Jacobian elliptic surface with base P! then 6y, for k& # 2 = dim X
is the zero-map.

DEFINITION 4.1. We say that X satisfies infinitesimal Torelli if and only if dgim(x) is
injective.

If X is a rational surface, then H''(X,C) = H?*(X,C) hence the image of @,PP?
is a point, while the moduli space of rational elliptic surfaces has positive dimension, so
infinitesimal Torelli does not hold for rational elliptic surfaces. If X is a K3 surface, then
infinitesimal Torelli follows from [55]. This means that we handled the case p,(X) < 1.
This section will focus on the case p,(X) > 1.

There is an easy sufficient condition of Kii([31]), Lieberman, Peters and Wilsker ([42])
for checking infinitesimal Torelli for manifolds with divisible canonical bundle. The fol-
lowing result is a direct consequence of [42, Theorem 1’].

THEOREM 4.2. Let X be a compact Kdhler n-manifold, with p,(X) > 1. Let L be a
line bundle such that

(1) L®* = Q% for some k > 0.
(2) the linear system corresponding to L has no fized components of codimension 1.
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(3) H(X, Q% '® L) =0.

Then 9, is injective.

We want to apply the above theorem, when X is an elliptic surface. We take £ to be
the line bundle Ox (F'), where F' is the class of a smooth fiber.

LEMMA 4.3. Let w: X — P! be an elliptic surface. Assume that X is not birational
to a product C' x P1. Then for n > 0 we have

— 1 _fn-1 if () is not constant
dim HE(X, Q0 (nF)) = { n—1+max(0,n+d+1) if j(m) is constant,

where d = deg(L) — #{P € C(C) | #~Y(P) singular }.

PROOF. By [58, Prop. 4.4 (I)] we know that m,Q% = Qp, if j(7) is not constant,
which gives the first case.
If j() is constant then we have the following exact sequence (by [58, Prop. 4.4 (IT)]):

0 — Qp1 — T.0% — Opi(d) — 0.
Tensoring with Op1(n) gives
dim H(X, Q% (nF)) = dim H(P',Qp:(n)) + dim H°(P', Opi(n + d))
= n—1+max(0,n+d+ 1),
using that dim H'(P*, Qg (n)) = 0. O

COROLLARY 4.4. Suppose m : X — Pl is an elliptic surface (cf. Assumption 2.3),
such that py(X) > 1. Suppose that j(m) is non-constant or m is not extremal then X
satisfies infinitesimal Torelli.

PROOF. Let F be a smooth fiber of 7. Note that O(F)®®s(X)=1) = 02 (see [70,
Theorem 2.8]) and the linear system |F| is the elliptic fibration, hence without base-
points.

We claim that dim H°(X, Q'(F)) = 0. If this is not the case then by Lemma 4.3 j(7)
is constant and 7 has at most deg(L) + 1 singular fibers. From Lemma 2.17 it follows
that 7 is extremal. Apply now Theorem 4.2 with £ = O(F). O

The following technical result states, more or less, that if we have a family of surfaces
satisfying Infinitesimal Torelli and the generic member has a large Picard number, then
the base of this family has small dimension. The main idea in the proof is that a high
Picard number gives a severe restriction on the image of “dy restricted to this family”.
Joseph Steenbrink pointed out to me that the following result is a direct consequence of
[12, Theorem 1.1].

PROPOSITION 4.5. Let ¢ : X — A be a family of smooth surfaces with A a small
polydisc. For any t € A denote by X; the fiber over t. Assume that for all t,t' € A
such that t # t', we have that X; 2 Xy. Moreover, assume that the Kodaira-Spencer map
pas: Tay — HY (X, Ox,) is injective for all t € A.

Let v be the Picard number of a generic member of the family ¢. Suppose that for
some t we have py(X) > 1 and

dlmA > %pg(Xt)(hl’l<Xt, C) — T).
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or pg(Xy) =1 and
dim A > (h*(X;, C) — ).
Then for no t, the surface X; satisfies infinitesimal Torelli.

COROLLARY 4.6. Let ¢ : X — A be a non-trivial family of surfaces such that p(X;) =
1 (Xy, C) for allt. Then for no t the surface X; satisfies infinitesimal Torelli.

COROLLARY 4.7. Let m : X — P! be an extremal elliptic surface without multiple

fibers, with constant j-invariant and py,(X) > 1. Then X does not satisfy infinitesimal
Torelli.

Proor. From Remark 3.8 it follows that X is a member of positive dimensional family
of surfaces with p(X) = A (X, C). The fact that the Kodaira-Spencer map is injective
for these families is well-known. O

PROOF OF PROPOSITION 4.5. We start with some reduction steps. Fix a base point
0 € A. Denote X the fiber over 0. It suffices to show that

HY(X,0x) -2 Hom(H*(X, C), H"(X, C)) & Hom(H" (X, C), H"*(X,C))

is not injective. Using Serre duality one can show that this is equivalent to show that

HY(X,0x) % Hom(H>'(X, C), HV' (X, C))

is not injective (see [58, Section 3]). Since pa o is injective, it suffices to show that the
dimension of the image of 8} o pa o is less than the dimension of A.
Since A is simply connected there is a natural isomorphism

,lvbt : H2<X> C) = HQ(Xb C)7
for all t € C. Let A := Nyeaty; '(NS(X;)). Then A is a rank 7 lattice.

Let T(X;) be the orthogonal complement (with respect to the cup-product) of ¥, (A)
in H*(X;,Z). Then T(X;,C) := T(X;) ® C carries a sub-Hodge structure. From

Yi(A) € NS(X,) = HY(X,,C) N H*(X,Z)

we obtain that the Hodge structure on H?(X;, C) is determined by the Hodge structure
on T'(X;, C). We consider the variation of the Hodge structure on T'(X}) (cf. [24, Section

6]).

One easily shows that the composed map 85 o pa o factors
Tao — Hom(T*"(X, C),T"'(X,C)) — Hom(H*°(X,C), H"' (X, C)).

This follows almost immediately from the fact that A has a pure Hodge structure of type
(1,1), hence the Hodge structure does not vary.
The above factorization implies that for any value of p,(X) > 0

dimIm(8y 0 pag) < dim7T*°(X,C)-dimT (X, C)
= p,(X)(W"(X,C) —r).
If p,(X) > 1 then by Griffiths’ transversality we obtain that

1
dim Im(&, 0 pag) < §dimT2’0(X, C) - dimT" (X, C)

= (X)X, C) ),
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(cf. [24, Section 6]). O

THEOREM 4.8. Let m: X — P be an elliptic surface (cf. Assumption 2.3). Assume
that py(X) > 1. Then X satisfies infinitesimal Torelli if and only if j(7) is non-constant
or m is not extremal.

PrOOF. Combine Corollary 4.4 and Corollary 4.7. O

REMARK 4.9. Note that the hyperelliptic surfaces form a family of elliptic surfaces
with py(X) = 0, so they do not satisfy infinitesimal Torelli.

REMARK 4.10. Chakiris ([15, Section 4]) gave different formulae for the dimension of
HO(X,QY(nF)). He used them to deduce a formula for dim H'(X,©y), which he used
to prove that generic global Torelli holds. Even with the use of these incorrect formulae
his proof of generic global Torelli seems to remain valid, after a small modification. His
formulae would imply that infinitesimal Torelli holds for any Jacobian elliptic surface
over P, The same erroneous formulae leads Beauville ([10, p. 13]) to state in a survey
paper on Torelli problems that infinitesimal Torelli holds for an arbitrary Jacobian elliptic
surface. Theorem 4.8 shows instead that this is true only under the condition that j(m)
is not constant or 7 is not extremal.

The argument used in Corollary 4.4 to prove that several elliptic surfaces satisfy infin-
itesimal Torelli, relies heavily on C' = P1. Saito [58] proved, using other techniques, that
if C'is an arbitrary smooth curve and if 7 : X — C'is an elliptic surface with non-constant
j-invariant then X satisfies infinitesimal Torelli.

We give now some example of Jacobian elliptic surfaces over curves of positive genus
for which infinitesimal Torelli does not hold. Hence the j-invariant is constant.

LEMMA 4.11. Let ¢ : X — B be a family of elliptic surfaces with p,(X,) > 1, constant
j-invariant and s singular fibers. Let g be the genus of the base curve of a generic member
of this family. Suppose that for all t we have that {t' | X; = Xy} is zero-dimensional and

dim B > (s — deg(L) + g — 1)p,.
Then there is no t such that X, satisfies infinitestmal Torelli.
PRrOOF. Note that p(X;) > py-(m) for all t € B and
RM(X) — pu(7) = 25 — 2deg(L) — 2 + 2g.
Apply now Proposition 4.5. U

We now give two examples where the conditions of Lemma 4.11 are satisfied. The
first example covers the case where the j-invariant is constant, but arbitrary. The second
example covers the case where j =0 or 7 = 1728.

EXAMPLE 4.12. Let ¢ : X — B be a maximal-dimensional family of Jacobian elliptic
surfaces over a base curve of a fixed positive genus g, having 2 deg(L) > 0 singular fibers
of type ;. Then B has dimension 3g — 3 4+ 2deg(L) + 1.

We want to find examples satisfying the conditions of Lemma 4.11. Easy combinatorics
show that if g > 1 then the conditions p, > 1 and

dim B > (s — deg(L) + g — 1)p,
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of Lemma 4.11 hold if and only if (g, p,) is one of (1,2), (2,2), (3,2), (4,3). In all these
cases any member of the family v is a counterexample to Infinitesimal Torelli. It is easy
to construct examples with these invariants. Fix j, € C. Fix A, B € C such that the
elliptic curve associated to y?> = 23 + Az + B has j-invariant j,. Fix a curve C of genus
g. Take f € K(C)* such that f has an odd valuation at precisely 2deg(L) places of C.
Then the elliptic surface

v =2 + Af’z + Bf?
has the above mentioned invariants.

EXAMPLE 4.13. Let ¢ : X — B be a maximal-dimensional family of Jacobian elliptic
surfaces over a base curve of a fixed positive genus ¢, such that almost all fibers have
constant j-invariant 0 or 1728 and s singular fibers. Then B has dimension 3¢ — 3 + s.
Using p, = deg(L) + g — 1 and some easy combinatorics we obtain that the condition
dim B > (s — deg(L) + g — 1)p, of Lemma 4.11 holds if and only if

deg(L)2 — g + 59 — 4
(1) . eg(L)® — g° + 5g
deg(L) +g—2

From Noether’s condition, the smallest s that is possible is (g degL|. This implies that

deg(L) < —3g + 6 + \/4g% — 11g + 16.

All combinations of ¢ and p, satisfying deg(L) > 0, p, > 1 and (1) are mentioned
in the table below. In this table s,., denotes the number of singular fibers such that
an elliptic surface with constant j-invariant and at most syay singular fibers satisfy (1).
In particular, elliptic surfaces with these invariant do not satisfy Infinitesimal Torelli by
Lemma 4.11. One can find examples with these invariants in a similar way as above.
The columns with [6/5deg(L)] and [4/3 deg(L)]| denote the minimal number of singular
fibers for an elliptic surface with j-invariant 0 or 1728, whenever this number is at most

Smax-
9(C) [ 7,(X) [ Ao (L) [ ma | 16/5 deg(L)] | [4/3 deg(L)]
1 2 2 3 3 3
1 3 3 4 4 4
1 4 4 5 ) —
1 5 5 6 6 —
2 2 1 2 2 2
5. Twisting

In this section we study the behavior of A (X) — py,.(X) under twisting, when 7 :
X — P! is a Jacobian elliptic surface. We are mostly interested in the case that j(7) is
not constant.

Given a Jacobian elliptic surface 7 : X — (', we can associate an elliptic curve in
PQC(C) corresponding to the generic fiber of 7. This induces a bijection on isomorphism
classes of Jacobian elliptic surfaces and elliptic curves over C(C).

Two elliptic curves E; and Ej are isomorphic over C(C') if and only if j(E;) = j(E2)
and the quotients of the minimal discriminants of F;/C(C) and E,/C(C) is a 12-th power
(in C(C)").
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Assume that Ey, Es are elliptic curves over C(C') with j(E;) = j(F2) # 0,1728. Then
one shows easily that A(F;)/A(FE,) equals u®, with u € C(C)*. Hence E; and F, are

isomorphic over C(C)(y/u). We call E; the twist of E; by u, denoted by Ef"). Actually,
we are not interested in the function u, but in the places at which the valuation of u is
odd.

DEFINITION 5.1. Let 7 : X — C be a Jacobian elliptic surface. Fix 2n points
P, € C(C). Let E/C(C) be the Weierstrass model of the generic fiber of 7.

A Jacobian elliptic surface 7’ : X’ — C'is called a (quadratic) twist of w by (Py, ..., Py,)
if the Weierstrass model of the generic fiber of 7’ is isomorphic to E), where E) denotes
the quadratic twist of E by f in the above mentioned sense and f € C(C) is a function
such that vp, (f) =1 mod 2 and vg(f) = 0 mod 2 for all Q & {P,;}.

The existence of a twist of 7 by (P, . .., Py,) follows directly from the fact that Pic"(C)
is 2-divisible.

If we fix 2n points Py, ... Py, then there exist precisely 229(“) twists by (P;)2",.

If P is one of the 2n distinguished points, then the fiber of P changes in the following
way (see [47, V.4]).

L > (w>0) I IV Il I IV« IT*

The fiber-types with a * have a higher Euler characteristics then the fiber-type one obtains
after twisting that fiber (see Remark 2.8).

After fixing a base curve C, the quantities p,(X) and p,(X) are increasing functions
of the Euler characteristic of X. This motivates us to consider a special class of twists:

DEFINITION 5.2. A *-minimal twist of 7 is a twist 7 : X — C such that none of the
fibers are of type I1*, I11*,IV* or I and at most 1 fiber is of type I.

Later on we will introduce another notion of minimality: the twist for which h'!(X) —
per(m) is minimal. It turns out that this is a twist which might have several *-fibers.

A *-minimal twist of an elliptic curve need not be unique for two reasons: first of all,
if the *-minimal configuration contains a Ij-fiber one might move the [j-fiber. Secondly,
when fixing the points tot twist with, there are 229 possibilities for the function to twist
with.

One can easily see that the configuration of the singular fibers of any two *-minimal
twists of the same surface are equal.

LEMMA 5.3. Let m : X — C be a Jacobian elliptic surface. Let P;,i = 1...2n be
points of C. Let ' : X' — C be a twist by (P;). Then

2n
W) = pur() = WX = () + D e
=1

with
1 if m=Y(P) is of type Io, IV*, I1T* or IT*,
cp, = 0 if = X(P,) is of type I, or I*, with v > 0,
—1 if 7 Y(B) is of type II,I111,1V, or I;.

PROOF. Suppose 7~ (F;) is of type Iy. Then 7'7'(P;) is of type I;. The Euler char-
acteristic of this fiber is 6, so this point causes h''! to increase by 5. An I} fiber has 4
components not intersecting the zero-section. Hence p;,. increases by 4.
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The other fiber types can be done similarly. 0
The notation a(m),b(r), ..., e(w) is introduced in Section 2.

LEMMA 5.4. Given a Jacobian elliptic surface w : X — C with non-constant j-inva-
riant. There exist finitely many twists © of ™ such that the non-negative integer h'' — p,,
is minimal under twisting. These twists are characterized by b(n') = c¢(n') = 0, i.e., there
are no fibers of type I1,111,IV or Ij.

PROOF. It is easy to see that there are at most finitely many twists with ¢(7’) = 0.
Hence it suffices to show that b(7') = ¢(7') = 0 if A" (X') — py-(7') is minimal under
twisting. From Lemma 5.3 it follows that it suffices to show that for any elliptic surface
there exists a twist with b(7") = ¢(7") = 0.

Consider a *-minimal twist 7 : X — C. Note that e(7) > 0 (otherwise the j-invariant
would be constant.)

Suppose b(7) + ¢(7) is even. Twist by all points with a fiber of type 11, 111,IV or I.
The new elliptic surface has b = ¢ = 0.

Suppose b(7) + ¢(7) is odd. Twist by all points with a fibers of type I1,I11,1V or I}
and one point with a fiber of type I, or I}, with v > 0 (such a fiber exists because the

v
j-invariant is not constant). The new elliptic surface has b = ¢ = 0. 0

REMARK 5.5. The classification (in [67]) of extremal (Jacobian) elliptic K3 surfaces
is a classification of the root lattices corresponding to the singular fibers. In general one
cannot decide which singular fibers correspond to these lattices, since each of the pairs
(I, 11), (I, 111) and (I3, V) give rise to the same lattice (Ag, A1, A2). From the Lemma
above it follows that this problem does not occur when 7 is extremal.

PROPOSITION 5.6. Let m: X — C be a *-minimal twist with non-constant j-invariant

and fundamental line bundle L. Let 7 : X — C' be a twist for which h*' — p,, is minimal.
Then

AAY(X) = pu(X) = 29(C) — 2deg(L) — 2 + #{singular fibers for w}.
PrROOF. From Proposition 2.16 and the Lemmas 5.4 and 5.3 we have
deg(L) = deg(L) 4 (d(7) + a(7) — ¢(n))/2,d(7) + e(7) = e(n), a(7) = b(r).
This yields
WY (X) = pu(X) = 2g(C) — 2deg(L) — 2+ 2(a(7) + d(7)) + (7)
= 29(C) —2deg(L) — 2+ b(m) + ¢(m) + e(m).
Finally note that a(7) = d(w) = 0. O

COROLLARY 5.7. Let m: X — C be an elliptic surface with j(mw) non-constant, then
™ 1s extremal if and only if ™ has no fibers of type 11,111, IV or I5 and the *-minimal

twist of its Jacobian 7 : X — C has 2deg(L) + 2 — 2¢(C) singular fibers.

6. Configurations of singular fibers

In order to apply the results of the previous section, we need to know which elliptic
surfaces have a *-minimal twist with 2deg(L) + 2 — 2¢(C') singular fibers.
We need the following definition:
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DEFINITION 6.1. A function f : C — P! is called of (3,2)-type if the ramification
indices of the points in the fiber of 0 are at most 3, and in the fiber of 1728 are at most 2.

PROPOSITION 6.2. Let m : X — C be a (Jacobian) elliptic surface with j(m) non-

constant, such that 7 is a *-minimal twist. Then j(m) is of (3,2)-type and unramified
outside 0,1728, 00 if and only if there are 2deg(L) 4+ 2 — 29(C) singular fibers.

PRrROOF. Denote by

e 1, the number of fibers of 7 of type I1.

ng the number of fibers of 7 of type I11.

ny the number of fibers of 7 of type IV.

ne the number of fibers of 7 of type ;.

m,, the number of fibers of 7 of type I,. (v > 0.)

Let r = ) vm,,. The ramification of j(m) is as follows (using [47, Lemma IV .4.1]).

Above 0 we have ny points with ramification index 1 modulo 3, we have n4 point with
index 2 modulo 3 and at most (r — ny — 2n4)/3 points with index 0 modulo 3. In total,
we have at most ng + ng + (r — ng — 2n4)/3 points in j(7)~(0).

Above 1728 we have ng points with index 1 modulo 2 and at most (r — n3)/2 points
with index 0 modulo 2. So j(m)~'(1728) has at most n3 + (r — ng)/2 points.

Above oo we have > m,, points.

Collecting the above gives

2 1 1 5)
. -1 . -1 . -1
# () 7H(0) + # (7)1 (1728) + #(m) T (00) < Sma o oms + gra o7+ > m,

with equality if and only if j(7) is of (3,2)-type.

Hurwitz’ formula implies that

r+2—2g(0) < #5(m)7H(0) + #4 () N (1728) + #j (1) 7 (o0)

with equality if and only if there is no ramification outside 0, 1728 and oo.

So
r<12g(C) — 12+ 4ny + 3n3 + 204 + 6 Y _m,

holds and Proposition 2.7 implies that
> ing 4 r = 12deg(L).
Substituting gives
2deg(L) +2 —2¢(C) < ng +ns + ng +ne + Z m, = #{p € C | 7 *(p) singular}

with equality if and only if j(7) is unramified outside 0, 1728 and oo and j(r) is of (3, 2)-
type. 0

This enables us to prove

THEOREM 6.3. Suppose m : X — C is an elliptic surface with non-constant j-
wmwvariant, then the following three are equivalent

(1) 7 is extremal

(2) j(m) is of (3,2)-type, unramified outside 0, 1728, oo and 7 has no fibers of type
1, 111, IV or I3

(3) The minimal twist 7 of Jac(w) has 2deg(L) + 2 — 2¢(C') singular fibers.
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Proor. Apply Proposition 6.2 to Corollary 5.7. U

REMARK 6.4. Frédéric Mangolte pointed out to me that the equivalence of (1) and
(2) was already proved in [51].

REMARK 6.5. Given a function f : C' — P! of (3, 2)-type, unramified outside 0, 1728,
oo, then there exists a Jacobian elliptic surface 7 : X; — C, with j(m) = f. This can be
obtained by taking an elliptic surface m; : X; — P! with j(m;) = ¢.(For example one can
take the elliptic surface associated to y* +zy = 2* —36/(t — 1728)x — 1/(t — 1728).) After
base changing m; by f, and then twisting away all the I1, I11, IV and [ fibers gives the
desired surface.

REMARK 6.6. Consider functions f : ¢ — P! up to automorphisms of C. If we fix
the ramification indices above 0,1728, 0o and demand that f is unramified at any other
point, then there are only finitely many f with that property. Any small deformation of
fin Mory(C,P'), the moduli space of morphisms C' — P! of degree d, has more critical
values.

So the j-invariants of extremal elliptic surfaces lie form a discrete set in Mory(C, P').
From Lemma 5.4 it follows that to any j-invariant there correspond only finitely many
extremal elliptic surfaces. In particular, extremal elliptic surfaces over P! with geometric
genus n and non-constant j-invariant, form a discrete set in the moduli space of elliptic
surfaces over P! with geometric genus n.

Suppose that 7 : X — P! has 2p,(X) + 4 singular fibers of type I, and no other
singular fibers. Let f : P* — P! be a cyclic morphism ramified at two points P such that
7~ }(P) is singular.

Fastenberg ([21, Theorem 2.1]) proved that then the base changed surface has Mordell-
Weil rank 0. In fact, she proved that the base-changed surface is extremal. The first
surface is also extremal (by Proposition 5.7). A slightly more general variant is the
following.

EXAMPLE 6.7. Suppose 7 : X — (' is an extremal elliptic surface. Let f : C' — C be
a finite morphism.

Then the base-changed elliptic surface 7’ : X’ — C’ is extremal if f is not ramified
outside the set of points P, such that 7—!(P) is multiplicative or potential multiplicative.

In that case the composition j' : ¢’ — C' - P! is not ramified outside 0, 1728 and oo
and the ramification indices above 0 and 1728 are at most 3 and 2. Moreover there are
no fibers of type 11,111, 1V or Ij.

An easy calculation shows that all elliptic surfaces mentioned in [21, Theorem 1] are
either extremal elliptic surfaces or have a twist which is extremal. Moreover these surfaces
have no fibers of type I, hence all elliptic surfaces for which her results hold lie discretely
in the moduli spaces mentioned above.

7. Mordell-Weil groups of extremal elliptic surfaces

It remains to classify which Mordell-Weil groups can occur. To this we can give only a
partial answer to this. Note first of all, that a Mordell-Weil group of an extremal elliptic
surface is isomorphic to Z/mZ x Z/nZ with m|n.
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Let m,n € Z>; be such that m|n and n > 1. Recall from Section 1 that X (m,n)
is the modular curve parameterizing triples ((E, O), P, @), such that (E,O) is an elliptic
curve, P € E is a point of order m and () € E a point of order n.

If

(m,n) & {(1,2),(2,2),(1,3),(1,4),(2,4)}
then there exists a universal family for X (m,n), which we denote by F(m,n). Denote by
Jmn : X(m,n) — P! the map usually called j.
From the results of [69, Sections 4 and 5] it follows that E(m,n) is an extremal elliptic

surface. The following theorem explains how to construct many examples of extremal
elliptic surfaces with a given torsion group.

THEOREM 7.1. Fiz m,n € Zxy such that m|n and (m,n) is not one of the pairs (1,1),
(1,2), (2,2), (1,3), (1,4), (2,4). Let C be a (projective smooth irreducible) curve, let
j € C(C) be a non-constant function. Then the following are equivalent

e there exists a unique extremal elliptic surface m: X — C, with j(w) = j and the
group of sections has Z/nZ x Z/mZ as a subgroup
e j is unramified outside 0,1728,00 and j = jum © g for some g : C — X,,(n).
An extremal elliptic surface m: X — C with j(w) = j and Z/nZ x Z/mZ is a subgroup
of the group of section, is one of the 229 elliptic surfaces with j(n) = j and all singular
fibers are of type I,,.

PROOF. Let m : X — C be an elliptic surface, such that MW (7) has a subgroup
isomorphic to G := Z/mZ x Z/nZ. Then j : C — P! can be decomposed in g : C' —

X(m,n) and jp,, : X(m,n) — P!, and X is isomorphic to E(m,n) X x(mm) C.
Conversely, for any base change 7’ of ¢y, : E(m,n) — X(m,n), the group MW (7’)
has G as a subgroup.
Moreover, since ¢,,, has only singular fibers of type I,, the same holds for 7’. An
application of Theorem 6.3 concludes the proof. 0

REMARK 7.2. Let n = 2 and m < 2. Then any elliptic surface such that j(7) = j,,..00,
has Z/nZ x Z/mZ as a subgroup of MW ().

8. Uniqueness

Artal Bartolo, Tokunaga and Zhang ([5]) expect that an extremal elliptic surface is
determined by the configuration of the singular fibers and the Mordell-Weil group. More
precise, they raise the following question:

QUESTION 8.1. Suppose m : X1 — P! and m : Xo — P! are extremal semi-stable
elliptic surfaces, such that MW (my) = MW (my) and the configurations of singular fibers
of m and wo are the same.

Are X1 and X5 isomorphic, and if so, is there then an isomorphism that respects the
fibration and the zero section?

By [50, Theorem 5.4] this is true in the case where X; and X, are rational elliptic
surfaces.
In the case where X; and X5 are K3 surfaces the answer is the following theorem.
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THEOREM 8.2. There exists precisely 19 pairs (my : X1 — Plimy : Xo — Pl) of
extremal elliptic K3 surfaces, such that w; and mo have the same configuration of singular
fibers, MW (m1) and MW (mg) are trivial, and X; and Xs are not isomorphic. Of these
pairs 13 are semi-stable. There is an unique pair (1 : X1 — Plmy + Xy — P of
extremal elliptic K3 surfaces, such that m; and w5 have the same configuration of singular
fibers, MW (m) = MW (me) = Z/2Z and X, and Xy are not isomorphic, which is not
semi-stable.

All configurations are listed below in Table 1.

PROOF. From [67, Table 2] there exist 19 pairs of surfaces (X, X2) such that the
transcendental lattices of X; and X, lie in distinct SLy(Z)-orbits, they admit elliptic
fibrations m; : X; — P! such that MW (w;) = MW (m) = 0 and the contributions of the
singular fibers as sub-lattices of the Néron-Severi lattice coincide. This is not yet enough to
conclude that the configuration of singular fibers coincides, but from Remark 5.5 we know
that for extremal elliptic surfaces the sub-lattices determine the singular fibers. Since the
transcendental lattices are in different S Lo(Z)-orbits, the surfaces are not isomorphic.

The rest of the statement follows from the same Table. OJ

In Table 1 we list 20 (extremal) configurations of singular fibers, such that the config-
uration of singular fibers plus the Mordell-Weil group does not determine the K3 surfaces
up to isomorphism. The list is complete with this property.

The column SZ-number indicates the number in the list of Shimada and Zhang, see
[67, Table 2]. The numbers between square brackets indicate which I, fibers occur, all
other fiber types are in the usual Kodaira notation.

In Table 2 we list the (extremal) configurations C' with the property that there are
at least two extremal elliptic K3 surfaces m; : X; — P! such that C(m;) = C and
MW (m;) 2 MW (n;) for ¢ # j. For any other configuration of singular fibers on a
(Jacobian) extremal elliptic K3 surface the configuration of singular fibers determines the
Mordell-Weil group. In all cases, it turns out that not more than two different (finite)
Mordell-Weil groups occur. The only intersection of both list is the case [1,1, 1,2, 5, 14].
There are three surfaces admitting a fibration with this configuration of singular fibers.
Two of these have a trivial Mordell-Weil group, one has Z/2Z as Mordell-Weil group.

REMARK 8.3. From these surfaces one should be able to construct other pairs of
extremal elliptic surfaces with isomorphic Mordell Weil groups, and the same configuration
of singular fibers, such that the geometric genus is higher then 1.

Start with two non-isomorphic extremal elliptic K3 surfaces with the same configu-
ration of singular fibers and the same Mordell Weil group. Then the j-invariant of both
surfaces are unequal modulo automorphism of P*.

We can base-change both surfaces in such a way that the base-changed surfaces remain
extremal (cf. Example 6.7), they have the same configuration of singular fibers and their
j-invariants are unequal modulo an automorphism of P!.

The configuration of singular fibers gives restrictions on the possibilities for the torsion
part of the Mordell-Weil group. One can hope that this is sufficient to prove that the
Mordell-Weil groups are isomorphic.

Note that the base-changed surfaces are not isomorphic, since a surface which is not
a K3 surface has at most one elliptic fibration.
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Number | SZ-number | configuration | Mordell-Weil group
1 18 [1,2,4,5,5,7] 0
2 23 [1,2,3,5,6,7] 0
3 36 [1,1,3,5,6,8§] 0
4 40 1,1,2,5,7,8] 0
5 71 [1,1,3,3,5,11] 0
6 73 [1,1,2,4,5,11] 0
7 74 1,1,2,3,6,11] 0
8 75 [1,1,1,4,6,11] 0
9 7 1,1,1,3,7,11] 0
10 78 [1,1,1,2,8,11] 0
11 92 1,1,2,2,5,13] 0
12 100 1,1,1,2,5,14] 0
13 109 [1,1,1,2,2,17] 0
14 120 1,2,6,7] + I 0
15 125 11,2,5,9] + I} 0
16 134 1,1,2,13] + I 0
17 148 [1,2,3,10] + I3 Z/27
18 227 2,3,4,7] + IV* 0
19 267 [1,2,5, 7]+ I1I* 0
20 277 1,1,2,11] + I11* 0

TABLE 1. Configurations of singular fibers not determining the surface.

Number | SZ-number configuration Mordell-Weil groups
1 26 1,1,3,3,8, 8] 0 Z/27Z
2 42 1,1,2,2,9,9] 0 Z/3Z
3 54 [1,1,1,1,10,10] 0 Z/57Z
4 62 [1,1,1,6,6,10] 0 Z/27
5 83 1,1,3,3,4,12] | Z/3Z Z/6Z
6 84 1,2,2,3,4,12] | Z/2Z Z/4Z
7 87 1,1,2,2,6,12] | Z/2Z Z/6Z
8 96 [1,1,2,3,3,14] 0 Z/27
9 100 1,1,1,2,5,14] 0 Z/27Z
10 103 [1,1,2,2,3,15] 0 Z/3Z
11 107 [1,1,1,2,3,16] 0 Z/27
12 111 1,1,1,1,2,18] 0 Z/3Z
13 241 [1,1,2,12] + IV* 0 Z/3Z
14 276 1,1,3,10] + I11* 0 Z/27

TABLE 2. Configurations of singular fibers not determining the Mordell-
Weil group.



24 1. EXTREMAL ELLIPTIC SURFACES & INFINITESIMAL TORELLI

REMARK 8.4. (“[5]-case 49”) In [5] it is proven that there are two non-isomorphic
elliptic surfaces 7 : X; — P! with MW (m;) = Z/5Z and singular fibers 21y, Iy, 215, I,0,
where isomorphic means that the isomorphism respects the fibration. In [67] it is proven
that X; and X5 are isomorphic as surfaces.

This case is a bit special: In the same paper it is proven that for any other pair of (semi-
stable) extremal elliptic K3 surfaces with #MW (w) > 4 and the same singular fibers
configuration, there exists an isomorphism which respects the fibration. ([5, Theorem

0.4))

9. Extremal elliptic surfaces with p, =1,¢=1

A Jacobian elliptic surface, not a product, with ¢ = 1 needs to have a genus 1 base
curve. This implies that for an extremal elliptic surface with p, = 1,¢ = 1 we have
deg(L) = 1.

The minimal twist of an extremal elliptic surface with p, = 1,¢ = 1 has two singular
fibers.

All possible pairs of fiber types such that the sum of the Euler characteristics is 12,
are given in the following table.

[11 [10 19 18 [7 IG [10 19 18 Iﬁ
L\ L | I3 | 1| Is| I | 11 | I11 | IV | I}
[4] | [3] ] [1] 2]

Several of these surfaces are already described in the literature. See the above mentioned
references. We prove in this section that all these possibilities actually occur except for
17 I5.

REMARK 9.1. Note that the 6 configurations with two I, fibers are already extremal.
The configurations with one additive and one multiplicative fiber are not extremal. In
the case I I an extremal twist has one singular fiber of type I§ and degL = 1. All
other combinations of one additive and one multiplicative fiber have as extremal twist an
elliptic surface, such that the degree of L is 2.

PROPOSITION 9.2. All these configurations occur as total configuration of singular
fibers on a Jacobian elliptic surface with genus 1 base curve, except I7 I5.

Proor. This follows from the following lemmas. Note that the existence of elliptic
surfaces over P! with the below mentioned singular fibers follows from [54].

LEMMA 9.3. The configurations with Iy, 119y occur for k = 2,4,6.

PROOF. Let 7 : X — P! be an elliptic surface with two I11 fibers, a fiber of type Iy
and a fiber of type Is_i/2, and no other singular fibers. Let ¢ : C'— P! be a degree two

cover ramified at the four points where the fiber of 7 is singular. Then 7’ : X xp1 C — C
has two fibers of type I, a fiber of type I}, and a fiber of type ;5. Twisting by the two
points with [} fibers gives the desired configuration. 0J

LEMMA 9.4. The configurations Is IV and Ig I} occur.

PROOF. For the first, let 7 : X — P! be an elliptic surface with two II] fibers, a
fiber of type II and a fiber of type I, and no other singular fibers. Let ¢ : C' — P!
be a degree two cover ramified at the four points where the fiber of 7 is singular. Then
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'+ X xp1 C — C has two fibers of type [ a fiber of type Is and a fiber of type IV.
Twisting by the two points with a Ij fiber gives the desired configuration.

For the second, let 7 : X — P! be an elliptic surface with three I17 fibers and a fiber
of type I3, and no other singular fibers. Let ¢ : C' — P! be a degree two cover ramified at

the four points where the fiber of 7 is singular. Then 7’ : X/x;l/C’ — C has three fibers
of type I and a fiber of type Is. Twisting by two points with a I fiber gives the desired
configuration. 0

For the other four configurations we have a different strategy. We simply show that the
j-map with the right ramification indices exists. This is equivalent to give the monodromy
representation.

LEMMA 9.5. The configurations Iy I, Iy I3, I1 I1o, 111 Iy occur.

PRroor. For the two configurations of type I,, I, we need to find curves C' and functions
j: C — P! of degree 12 such that above oo there are two point with ramification indices
i and v, all points above 0 have ramification index 3 and all points above 1728 have
ramification index 2. (see [47, Lemma IV.4.1].)

By the Riemann existence theorem it suffices to give two permutations g, o1 in Sio,
such that og is the product of 6 disjoint 2-cycles, o; the product of 4 disjoint 3-cycles,
and ogo; is a product of a p-cycle and a v cycle, and the subgroup generated by o and
oy is transitive. (See [49, Corollary 4.10].)

For I, I;;, we use

(123)(456)(789)(10 11 12) % (1 3)(24)(5 7)(8 10)(9 11)(6 12) = (3258 11 76 10 9 12 4)
For I3 Iy, we use
(123)(456)(789)(10 11 12) % (16)(4 9)(3 7)(2 10)(5 12)(8 11)(1 4 7)(211 95 10 38 12 6)
Similarly, the existence of I I, follows from
(12)(34)(56)(78)(910)* (147)(258)(369)=(13572610948)
and the existence of 111 Iy, follows from

(23)(45)(6 7)(89)* (147)(258)(369)=(159246837).

LEMMA 9.6. The configuration 17 I5 does not occur.

PROOF. A computer search learned us that the permutations needed for the existence
of I; Iy do not exist. ]

O

COROLLARY 9.7. Let k; be positive integers such that » k; = 12, with i > 2, and if
i =2 then (ki, ke) # (7,5) or (5,7). Then there exist a curve C' of genus 1, and an elliptic
surface m: X — C' such that the configuration of singular fibers of m is > Iy, .

PROOF. Use the monodromy representation as in [48, Remark after Corollary 3.5].
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10. Elliptic surfaces with one singular fiber

In the previous section we proved that there exists an elliptic surface with an I and
an I fiber. Twisting by the points with a singular fiber yields an elliptic surface with
one singular fiber, of type I§.

In this section we will prove that for fixed deg(L) there are exactly two possible
configurations of one singular fibers that can be realized as an elliptic surface.

ProprosITION 10.1. Suppose w : X — C' s an elliptic surface with one singular fiber.
The fiber is of type Iiy,_g or Lo for some k € Z-g, and g(C) > k in the first case
and g(C') > k + 1 in the second. Conversely, for each k > 0 there ezists elliptic surface
7, : Xg — C and m, : X;, — C, such that m, and 7, have precisely one singular fiber.
Moreover the singular fiber of my is of type Liax and the singular fiber of . is of type
Ik

PROOF. Since the Euler characteristic of the singular fiber is 12deg(L), the only
possible configurations are I13q4eg(r) and I7, deg(L)—6-

Fix a rational elliptic surface 7 : X — P! with 3 fibers of type I1I, and one fiber of
type I3. (The existence follows from [54].)

Fix k a positive integer. Take a curve C such that ¢ : C — P!, has degree 4k — 2,
and is ramified at the four points which have the singular fibers, and above such a point
there is exactly one point.

The base change 7’ : X xp1 C'— C has 3 fibers of type I} and one fiber of type I1o5—¢.
Twisting by all four points with a singular fiber yields an elliptic surface with one singular
fiber and this fiber is of type 75, -

If we replace 4k — 2 by 4k, we obtain an elliptic surface with one fiber of type Ioy.

For any elliptic surface with only one singular fiber and that fiber is of type I}5, g,
we have the following: the j-map C' — P! has degree 12k — 6, one point above oo, at
most 4k — 2 points above 0, and at most 6k — 3 points above 1728. This implies that the
base curve has genus at least k. A similar argument shows that in the case that the only
singular fiber is of type Iox, the base curve has genus at least k + 1. O



CHAPTER 2

Higher Noether-Lefschetz loci of elliptic surfaces

1. Introduction

Let M,, be the coarse moduli space of Jacobian elliptic surfaces 7 : X — P! over
C, such that the geometric genus of X equals n — 1 and 7 has at least one singular
fiber. It is known that dim M, = 10n — 2 (see [46]). By p(X) we denote the Picard
number of X. It is well known that for an elliptic surface with a section we have that
2 < p(X) < hb =10n.
Fix an integer r > 2, then in M,, one can study the loci
NL, :={[r: X =P eM,|pX)>r}

We call these loci higher Noether-Lefschetz loci, in analogy with [18]. One can show that
N L, is a countable union of Zariski closed subsets of M,,. This follows from the explicit
description of NS(X) for a Jacobian elliptic surface 7 : X — P1L.

The aim of this chapter is to study the dimension of NL,.

THEOREM 1.1. Suppose n > 2. For 2 <r < 10n, we have
dimNL, > 10n —r = dim M,, — (r — 2).
Moreover, we have equality when we intersect N L, with the locus of elliptic surfaces with
non-constant j-invariant.

The fact that the locus of elliptic surfaces with constant j-invariant has dimension
6n — 3 implies

COROLLARY 1.2. Suppose n > 2. For 2 <r <4n+ 3, we have

dimNL, =10n —r.

Since the classes of the image of the zero-section and of a general fiber give rise to two
independent classes in NS(X) we have that NL, = M,, proving Theorem 1.1 for the
case r = 2. For r = 3 the result was proven by Cox ([18]). If n = 2 then we are in the
case of K3 surfaces, and the above results follow from general results on the period map.
In fact, for K3 surfaces we have that dim N L, = 20 — r, for 2 < r < 20.

Suppose 7 : X — P! is an elliptic surface with p,(X) > 1, not birational to a product,
then we obtain by the Shioda-Tate formula (see Theorem 1.2.11) that the rank of the

Mordell-Weil group of 7, which we denote by MW () is at most p(X) — 2. From this and
Theorem 1.1 we obtain

COROLLARY 1.3. Suppose n > 2. Let
MW, = {[r: X - P'l € M,, | rank MW (1) > r}.
Let U := {[r : X — P | j(n) non-constant }. Then for 0 < r < 10n — 2 we have
dim MW, NU <10n —r — 2.

27
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Cox [18] proved that dim MW; = 9n — 1, which is actually a stronger result than
Corollary 1.3 for the special case r = 1.

The proof of Theorem 1.1 consists of two parts. In the first part we construct elliptic
surfaces with high Picard number. This is done by constructing large families of elliptic
surfaces such that the singular fibers have many components. To calculate the dimension
of the locus of this type of families, we study the ramification of the j-map, and calculate
the dimension of several Hurwitz spaces. This yields dim NL, > 10n — r.

The second part consists of proving that dim NL, N U < 10n — r. We choose a
strategy similar to what M.L. Green [25] uses in order to identify the components of
maximal dimension in the Noether-Lefschetz locus in the case of surfaces of degree d in
P3. In order to apply this strategy we consider an elliptic surface over P! with a section
as a surface Y in the weighted projective space P(1,1,2n,3n) with n = p,(X) + 1. To
obtain Y, we need to contract the zero-section and all fiber components not intersecting
the zero-section. Then we use Griffiths’ and Steenbrink’s identification of the Hodge
filtration on H?(Y,C) with graded pieces of the Jacobi-ring of Y (the coordinate ring of
P modulo the ideal generated by the partials of the defining equation of Y). Using some
results from commutative algebra we can calculate an upper bound for the dimension of
NL.NU.

We would like to point out an interesting detail: the classical Griffiths-Steenbrink
identification holds under the assumption that Y is smooth outside the singular locus of
the weighted projective space. In our case it might be that Y has finitely many ratio-
nal double points outside the singular locus of the weighted projective space. Recently,
Steenbrink ([75]) obtained a satisfactory identification in the case that Y has “mild”
singularities.

When we consider elliptic surfaces with constant j-invariant 0 or 1728, the theory be-
comes a little more complicated: several families of elliptic surfaces over P! with a section
and constant j-invariant 0 or 1728 and generically Picard number p have a codimension
one subfamily of surfaces with Picard number p 4+ 2. It turns out that for certain values
of r > 8n, such families prevent us from proving the equality dim N L, = 10n — r. These
surfaces have other strange properties. For the same reason as above, we can produce
examples not satisfying several Torelli type theorems (see Theorem 1.4.8). These surfaces
are also the elliptic surfaces with larger Kuranishi families than generic elliptic surfaces.
Actually, the difference between the dimension of NL, and 10n — r equals the differ-
ence between the dimension of the Kuranishi family of a generic elliptic surface in N L,
and the dimension of the Kuranishi family of a generic elliptic surface X over P!, with
pg(X) =n — 1 and admitting a section.

The organization of this chapter is as follows. In Section 2 we calculate the dimension
of a Hurwitz space. In Section 3 we study configurations of singular fibers. In Section 4
we use the results of the previous two sections to identify several components in N L,
of dimension 10n — r. In Section 5 we study the locus in M, of elliptic surfaces with
constant j-invariant. In Section 6 we study elliptic surfaces with j-invariant 0 or 1728.
We use these surfaces to identify components L of N L, such that dim L+ p(X) > 10n—r.
In Section 7 we prove that the identified components are of maximum dimension in N L,.
This is done by applying a modified version of the Griffiths-Steenbrink identification of
the Hodge structure of hypersurfaces with several graded pieces of the Jacobi-ring. In
Section 8 some remarks are made and some open questions are raised.
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2. Dimension of Hurwitz Spaces
In this section we calculate the dimension of several Hurwitz spaces.

DEFINITION 2.1. Let C; and C5 be curves. Two morphisms ¢; : C; — P! are called
isomorphic, if there exists an isomorphism v : ¢} — C5 such that ¢ = @9 0 1.

DEFINITION 2.2. Let m > 2 be an integer. Fix m distinct points P, € P!, Let
H({e;;}ij) be the Hurwitz space (coarse moduli space) of isomorphism classes of semi-
stable morphisms P! — P! of degree d such that ¢*P; = 3 ¢;;Q;, with Q; # Q; for
j' # j. (From here on we say that the ramification indices over the P; are the e; ;.)

REMARK 2.3. By a semi-stable function we mean the following. All functions of degree
d can be parameterized by an open set in P24 by sending a point [zg : 2y @ -+ Zogyi]
to the morphism induced by the function ¢ — (g +z1t+ - -+ 24t%) [ (Tgs1 + Tayot +- -+
Taq41t%). Tt is not hard to write down a finite set of equations and inequalities, such that
every solution corresponds to a function with the required ramification behavior over the
P,. To obtain H({e;;}i;) one needs to divide out by the action of the reductive group
Aut(P') = PGL,. To obtain a good quotient we might need to restrict ourselves to the
smaller open subset of so-called ‘semi-stable’ elements.

REMARK 2.4. Note that morphisms corresponding to points of H might be ramified
outside the P,.

REMARK 2.5. If m > 3 then H({e;;}; ;) depends on the points ;. We will prove in
this section that its dimension is independent of the choice of the P;.

DEFINITION 2.6. Fix m points P, € P! Let ¢ : P! — P! be a function. Let
n(P) = deg(¢) — #¢ ' (P). Let Byp,y,, be the divisor > peipy ML) P.

REMARK 2.7. One might consider Bpy, as the push-forward of the ramification
divisor of ¢ outside the pre-images of the F;. We have almost by definition that Byp,; , =
Bipy,w if ¥ = ¢. In Proposition 2.10 we prove that the dimension of H({e;;}: ;) equals
the degree of B{p, ,, for any morphism ¢ corresponding to a point in H({e;;}).

Recall the following special form of the Riemann existence theorem.

PROPOSITION 2.8. Fiz m > 2 points R; € P1. Fiz a positive integer d. Fiz partitions
of d of the form d = Z;“ e j, fori=1,...,m. Letq="> k;. Assume thatq = (m—2)d+2.
Then we have a correspondence (the so-called monodromy representation) between

o Isomorphism classes of morphisms ¢ : P! — P such that the ramification indices
over the R; are the e; ;.
e Congruence classes of transitive subgroups of Sq (the symmetric group on d let-

ters) generated by o;,i = 1,...,m, such that the lengths of the cycles of o; are
the e;j,j=1,...kj and [[o; = 1.

PRrOOF. In [49, Corollary 4.10] the above equivalence is proven, except that they
consider all morphisms C' — P! with given ramification indices, and they do not assume
q = (m—2)d+2. Hence we need to show that g(C') = 0 is equivalent to ¢ = (m —2)d+ 2.
The condition g(C') = 0 is equivalent by Hurwitz’ formula to

—2=-2d+ Y eq(p) -1,
QeP!
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where eg(yp) is the ramification index of ¢ at (). The exposed formula is equivalent to
q = (m — 2)d + 2, which yields the claim. O

The following Corollary is immediate.
COROLLARY 2.9. The dimension of H({e;;}i;) is independent of the choice of the P;.
The above results enable us to calculate the dimension of the Hurwitz scheme.

PROPOSITION 2.10. Fiz a positive integer d, and m > 2 partitions of d of the form d =
Zf;l €, 1 =1,2,...,m. Let g =) k;. The dimension of H({e;;}i;) is ¢— (m—2)d—2
provided that H({e;;}i ;) is not empty.

PRrROOF. Let 7 : H({ei,}i;) — Divi=("=24=2 Pl he the morphism sending an isomor-
phism class [f] to Byp, ;. From Proposition 2.8 it follows that r has finite fibers.

Using the relations

12...0)=(12... k-1)(k—-1 Kk ... n)

and Proposition 2.8 one can show that there is a function ¢ corresponding to a point of
the Hurwitz’ space H({e; ;}i ;) such that above every critical value, different from the P,
there is exactly one ramification point (), and that eg < 2. This implies that the image
of r contains a divisor Q1 + Q2 + ... Qq—(m-2)d—2 With Q; # Q; if i # j and Q; # P, for
all 7, j. From Proposition 2.8 it follows that every point T} + 15 + - -+ + T _(—2)4—2, With
T, #T; it i # j and T; # P; for all 4, j, is in the image of r. Hence the dimension of the
image of r is ¢ — (m — 2)d — 2, which yields the proof. O

REMARK 2.11. The inequality dim H({e;;}:;) > ¢ — (m — 2)d — 2 can also be proven
using a parameter-equation count.

If one works over fields of characteristic p then one can define similarly Hurwitz’ spaces
of separable functions with fixed ramification indices. If one works over algebraically closed
fields of positive characteristic the lower bound dim H({e; ;} ;) > ¢ — (m — 2)d — 2 holds
by a similar parameter-equation count.

The following corollary tells us that if we know the ramification indices modulo some
integers IV;, and for one choice of the ramification indices, the associated Hurwitz space is
non-empty, then the same holds for the Hurwitz space associated to the minimal choice
of ramification indices, and the Hurwitz space associated to that particular choice is the
largest one.

COROLLARY 2.12. Let m,d be positive integers. Fix m integers N; such that N; < d.
Let a; ; be integers such that 1 < a; ; < N;, and TZ-Ni—i-Zji:l a; ; = d, with r; a non-negative
integer. Fiz m points P; on PL.

Foralltv=1,...m, set

Ci,j

_Joai; 1<75<s,
SN s+ 1< < s+

Suppose there exist m partitions d = Zj/ e; ; such that s; < s; and e ; = e; ; mod N;
if 1 <j <sj. Then dimH({e];}i;) < dimH({ei;}i;) holds.

ProoFr. Using Proposition 2.8 and the relations of permutations mentioned in the
proof of Proposition 2.10 we obtain that if H({e];}:;) is non-empty then H({e;;}:;) is
non-empty. Now apply Proposition 2.10. U
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3. Configuration of singular fibers

Fix some n > 2. In this section we calculate the dimension of the locus in M,
corresponding to elliptic surfaces with a fixed configuration of singular fibers, containing
a fiber of type I, or I}, with v > 0. For more on this see also [47, Lectures V and X] or
Sections 1.5 and 1.6.

DEFINITION 3.1. A configuration of singular fibers of an elliptic surface is a formal
sum C' of Kodaira types of singular fibers, with non-negative integer coefficients.

Let i, (C') denote the coefficient of I, in C. Define ii(C'), 1ii(C), iv(C), w*(C), iit*(C),
it*(C) and % (C) similarly.

A configuration C satisfies Noether’s condition if

> viy+ Y (v + 6)if + 2ii + 3iii + 4iv + 8iv* + 9iii* + 10ii" = 12n(C)
v>0 >0
with n(C) a positive integer.

To an elliptic surface 7 : X — P! corresponding to a point in M, we can associate
its (total) configuration of singular fibers C'(7). Then C(r) satisfies Noether’s condition,
with n(C(7)) = n.

ASSUMPTION 3.2. For the rest of the section, let C' be a configuration of singular fibers
satisfying Noether’s condition with n(C') = n and containing at least one fiber of type I,
or I, with v > 0.

LEMMA 3.3. Suppose there exists a morphism ¢ : P1 — P, such that the ramification
indices are as follows:

o Above 0
— there are precisely ii(C) + iv*(C) points with ramification indices 1 modulo
3 and
— there are precisely iv(C) + ii*(C') points with ramification indices 2 modulo
3.
o Above 1728 there are precisely 1ii(C) + iii*(C') points with ramification indices 1
modulo 2.
e Above oo there are for every v > 0 precisely i, (C)+i%(C') points with ramification
index v.

Then there ezists an elliptic surface such that C(m) = C.
Conversely, if there exists an elliptic surface with C(m) = C, then j(w) satisfies the
above mentioned conditions.

PROOF. The last part of the statement follows from [47, Lemma IV.4.1].

To prove the existence of m: Let 7 : X; — P! be an elliptic surface with j(m) = t.
(For example one can take the elliptic surface associated to y?+zy = 23 —36/(t—1728)x —
1/(t —1728).)

Let X, be the base-change of X; and P! with respect to ¢ and ;. Let m be the
induced elliptic fibration on X,. Then i,(C(m2)) + 45 (C(72)) = i, (C) + i;(C), for v > 0,

It is easy to see that there exists a twist w3 of w9, changing all *-fibers in non-*-fibers,
such that C(m3) — C' = elf, with € € {0,1}. Since both configurations satisfy Noether’s
condition, it follows that e = 0. Hence 73 is the desired Jacobian elliptic surface. U
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LEMMA 3.4. Assume that there exists an elliptic surface 7' : X' — P with C(r") = C,
then

dim{[7 : X — P € My | j(m) = j(x),C(x) = C} = i3(C).

PROOF. Fix one 7y : Xo — P!, with C(my) = C and j(mo) = j(').

Fix i3(C) points P; € P!, none of them in j(my)~1({0,1728, 00}), such that 7=1(P;) is
smooth for all 7. Let ); be the points over which the fiber of 7 is of type I§. Then twisting
7 by the points {P;, Q;} gives an elliptic surface 7 with j(7) = j(7’) and C(7w) = C (see
Section 1.5). If two such twists are isomorphic then the set of points {P;} are the same.
So

dim{[r : X — P'] € M, ¢)li(7) = j(=),C(n) = C} > ig(C).

If one fixes the points over which the fibers are of type I, then there are only finitely

many twists with the same configuration of singular fibers, proving equality. 0

LEMMA 3.5. Assume that there exists an elliptic surface 7’ : X' — P! with C(7") = C..

Then the constructible locus L(C') in My corresponding to all elliptic surfaces with
C(m) = C(7') has dimension
#singular fibers + #{fibers of type 11", 111", IV* I} —2n(C) — 2.

PROOF. From the above lemmas it follows that L(C') is a finite union of Zariski
open subsets U; in line bundles L; of rank i§(C) over some H({e;;};;). This proves the
constructibility of L(C).

Combining the above two lemmas with Corollary 2.12 gives that the dimension of the
locus L(C) is

ig+q—d—2,
where d = ) v(i, + 1) is the degree of j(7) and

q = ii+iv* +ivii* + (d—ii—iv* — 2iv — 20i") [3+iii +iii* + (d— i —iii*) /24 (i, +1}).

v>0
This yields
1
¢-d-2 = (81’2’ + 8iv* + 6idi + Gidd* + div + 4ii* +12) (i, + i) — 2d — 24)
v>0
= > (i +2i%) +di + dii + iv + i + 2007 + 24di* + 206 — 2 — 2n,
v>0
where we used Noether’s condition. This implies the lemma. U

PROPOSITION 3.6. Let C' be a configuration of singular fibers, containing at least one
I, or I*-fiber (v > 0) and such that there exists an elliptic surface @ : X' — P! with
C(n')y=C. Then

dim{[r : X — P'] € M,,)|C(r) = C} = b (X) — pyr(m) — #{fibers of type 11,111 or IV'}.
PRrROOF. Apply
Y XY — pe(m) = 2n(C) — 2 — #{multiplicative fibers} — 2#{additive fibers}
(from e.g. Proposition 1.2.16) to Lemma 3.5. O
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4. The lower bound
In this section we prove a lower bound for the dimension of NL,.

THEOREM 4.1. Let r be integer such that 2 < r < 10n. Let L, be the (constructible)
locus of Jacobi elliptic surfaces in M,, such that p, > r and the j-invariant is non-
constant. Then

dim L, = 10n —r.

ProoF. It suffices to prove for every 2 < r < 10n that there exists an elliptic surfaces
without 17,11 and IV fibers, such that p;-(7) = r. From Proposition 3.6 it follows that
such a surface lies on a component of L, of dimension 10n —r. We construct some elliptic
surfaces /. @ Xp v — P such that py.(mu,0) = 1/, pg(Xp ) =n' — 1 and 7 has no
fibers of type I1,I11,1V.

Fix a Jacobian rational elliptic surface m 109 @ X110 — P! with four singular fibers
such that all fibers are multiplicative. (See [9] for the existence of such surfaces. Up to
isomorphism there exist six of these surfaces.)

Let 7,10, be a cyclic base change of degree n of m 19 ramified at two points where the
fibers are singular.

Since 1 10 : X110 — P! satisfies py,.(m110) = A" (X1 .10), we obtain by Example 1.6.7

Ptr (7Tn,10n) = hl’l (Xn,lon) .

By the deformation of the j-map (|48, Remark after Corollary 3.5]) we can construct
an elliptic surface 7, , : X — P! with 2n+2+ (10n —r) singular fibers, all multiplicative,
where 7 is an integer between 2 and 10n. Such a surface has p;,. = r. This finishes the
proof. O

COROLLARY 4.2. Let r be an integer such that 2 < r < 10. Then
dim NL, > 10n —r.

Another consequence of Theorem 4.1 is the following:

COROLLARY 4.3. Let M K3 be the moduli space of algebraic K3 surfaces. Let 2 <
r < 20 be an integer. Let S, be the locus in M K3 corresponding to K3 surfaces with
p(X) >r. Then
dim S, > 20 —r.

PROOF. It is well-known that a Jacobian elliptic surface 7 : X — P! with p,(X) = 1,
is a K3 surface. Hence there is a morphism My — M K3, which forgets the elliptic
fibration. This morphism is finite onto its image (see [76]). Let C' be a component of
L, in My of dimension 20 — r. The image of C' is contained in .S, and is of dimension
20 —r. O

REMARK 4.4. Using the surjectivity of the period map for algebraic K3 surfaces one
finds an alternative proof for the above result. Using the global Torelli theorem for K3
surfaces one obtains even equality.

REMARK 4.5. Note that one can give a proof of Corollary 4.3 that is completely
algebraic. Our proof is almost completely algebraic, except that in the proof of Proposi-
tion 2.10 a transcendental result (the Riemann existence theorem) is used. To obtain a
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lower bound for the dimension of Hurwitz spaces one can also do a parameter-equation
count, which is algebraic.

Moreover Corollary 4.3, with this algebraic proof, holds over every field of character-
istic different from 2 and 3.

5. Constant j-invariant

In this section we study the components of N L,. corresponding to elliptic surfaces with
constant j-invariant. In this section we assume that 7 : X — P! is an elliptic surface
with constant j-invariant different from 0 or 1728, and py(X) > 0. The case py(X) =0 is
rather subtle, for example the surfaces with precisely two I fibers do not correspond to
points in M;. The problem is that if one constructs M; as in [46] (using G.I.T.), there
are unstable points (like our surfaces with two Ij fibers). If n > 2, this problem does not
occur: if n = 2 then all Jacobi elliptic surfaces (over P') give rise to semi-stable or stable
points, and if n > 2 then all Jacobi elliptic surfaces (over P!) are stable.

A Jacobi elliptic surface with constant j-invariant, different from 0 and 1728, has only
I fibers, and their number is exactly 2n. Such a surface is completely determined by
the 2n points with a I fiber and the j-invariant. Conversely given a set S of 2n points
on P! and a number j, € C — {0,1728} one can find a unique elliptic surface (up to
isomorphism) with 7 : X — P! with j(7) = jo and Sing(7) = S. Hence the dimension of
the (constructible) locus of all elliptic surface with 2n Ij-fibers in M,, is 2n — 2, if n > 2.

REMARK 5.1. Let 7 : X — P! be an elliptic surface satisfying our assumptions. Then
to 7 we associate a hyperelliptic curve ¢ : C' — P! such that the ramification points of ¢
are the points over which 7 has a singular fiber. Let E be an elliptic curve with the same
j-invariant as the fibers of 7. Then the minimal desingularization of (C' x E) /(v x [—1])
is isomorphic to X.

REMARK 5.2. Consider the elliptic surface 7 : X — P!, with

CxFE
(e x [=1])
and the morphism 7 is induced by the projection C' x E — C. (One easily sees that
C/{t)y =PL)

A section s : P! — X is seen to come from a morphism p : C — E and s maps a
point ¢ mod (¢) to (¢, pu(c)) mod (v x [—1]). Conversely a morphism pu defines a section if
and only if x maps the fixed points of ¢ to fixed points of [—1]. A constant morphism
p: C — {P} C E yields a section if and only if P has order at most 2. This gives
a contribution (Z/2Z)* to MW (x). Using [47, Corollary VIIL.3.3] one can show that
MW (T)tor = (Z/2Z)%. 1f MW (1) # (Z/2Z)* then a non-constant morphism C' — F
exists with the above mentioned property.

LEMMA 5.3. Let E be a curve of genus 1. Then the locus L(E) corresponding to
hyperelliptic curves C admitting a non-constant morphism C — E in H,, the moduli
space of hyperelliptic curves of genus g, has dimension g — 1.

PROOF. From [62, Lemma 1.1] it follows that for any non-constant morphism ¢ :
C — FE, there exists an elliptic involution on ¥ induced by the hyperelliptic involution of
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C, i.e., such that the following diagram is commutative

EFE « C
! !
P! — Pl7

where the vertical arrows are obtained by dividing out the (hyper)elliptic involution.
Fix )\ a Legendre parameter for E. Any function f : P! — P! gives rise to a hyperel-

liptic curve C' = E xp1 P The genus of C'is determined by f, i.e., 2g(C') + 2 equals the
number of points with odd ramification index above 0,1, A and oo.

From this we obtain that dim L(F) equals the maximum over all d of the dimension
of the Hurwitz space corresponding to functions of degree d, such that above 0, 1, \, 0o,
there are precisely the 2g + 2 points with odd ramification index. By Corollary 2.12 this
space has dimension 2-4 —g—1429g+2—-2-4—-2=¢9—1. O

THEOREM b5.4. Let n > 1. The locus L in M, of elliptic surfaces with 2n Ij-fibers
has dimension h*' — py. = 2n—2 = 2p,. The locus Ly of elliptic surfaces with 2n I fibers
and positive Mordell-Weil rank has dimension p,. The locus Lo of elliptic surfaces with
2n I fibers and Mordell-Weil rank at least 2 has dimension p, or pg — 1.

PROOF. A fiber of type I} has 4 components not intersecting the zero-section, so from
the Shioda-Tate formula 1.2.11 it follows that p;. = 8n + 2. The first assertion follows
from the correspondence between L and sets of 2n distinct points in P! together with a
j-invariant jo € C as mentioned above.

For the second assertion it suffices to prove that the locus of elliptic surfaces with
constant j-invariant and positive rank has dimension at most p,. Then from general
theorems on the period map it follows that the locus corresponding to elliptic surfaces
with positive rank has dimension precisely p,, one need to exploit the following fact: for
a class in & € H*(X,Z) to be in H"(X) gives p, conditions, namely £ - w = 0, for every
w € H°(X,Q%). Since h(X, Q%) = p, this gives p, conditions.

If MW (rr) is strictly bigger than (Z/2Z)? then by Remark 5.2 there is a non-constant
morphism C' — FE, with C' and E as in Remark 5.1. Hence for a fixed j, € C, the locus
of elliptic surfaces with j(m) = jo and MW (x) infinite has by Lemma 5.3 dimension at
most g(C) — 1. Hence L; has dimension at most ¢(C') = p,(X).

If the fixed jy corresponds to a curve with complex multiplication, then the Mordell-
Weil rank is even, so Ly has dimension at least p, — 1. ([l

6. j-invariant O or 1728
In this section we will prove that dim N L, — (10n — r) can be arbitrarily large.

PROPOSITION 6.1. Let n > 2. Fiz an integer k such that 6n/5 < k < 6n. Then there
exists an elliptic surface 7 : X — P with j(7) =0, py(X) =n —1 and k singular fibers.
Moreover, the locus of elliptic surfaces with j(n') = 0 and C(n") = C(7) has dimension
k—3 in M,. If m is an integer such that m > 6n or m < 6n/5 then there exists no
elliptic surface with j(7') =0 and m singular fibers.

PROPOSITION 6.2. Let n > 2. Fiz an integer k such that 4n/3 < k < 4n. Then there
exists an elliptic surface m : X — P with j(r) = 1728, py(X) = n — 1 and k singular
fibers. Moreover, the locus of elliptic surfaces with j(7') = 1728 and C(7') = C(7) has
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dimension k — 3 in M,,. If m is an integer such that m > 4n or m < 4n/3 then there
exists no elliptic surface with j(r') = 1728 and m singular fibers.

PROOF OF PROPOSITIONS 6.1 AND 6.2. Without loss of generality we may assume
that all elliptic surfaces under consideration have a smooth fiber over oco.

There exists an elliptic surface with k singular fibers, p,(X) =n — 1 and j(7) = 0 if
and only if there exists a polynomial f of degree 6n with k distinct zeroes, and every zero
has multiplicity at most 5. To any such a polynomial f(¢) we can associate an elliptic
surface with Weierstrass equation y? = x® + f(t), and vice-versa, an elliptic surface with
j-invariant O gives rise to a Weierstrass equation of the above form.

Hence an elliptic surface with k singular fibers exists if and only if 6n/5 < k < 6n.
Modulo the action of Aut(P') we obtain a k — 3 dimensional locus in M,,.

The case of j(m) = 1728 is similar except for the fact that the polynomial g is of degree
4n, and the highest possible multiplicity is 3. The associated surfaces is then given by
y? = a3 + gx. 0

PROPOSITION 6.3. Let n > 2. Letr <1+ %n be a positive integer. Then the locus
of elliptic surfaces with j-invariant 0 and py.(X) at least 2r has dimension

on —r — 2

PRrROOF. If j(m) is constant and 7 has k singular fibers then the number of components
of singular fibers not intersecting the zero-section equals 12n — 2k. Hence p;,.(7) = 2 +
12n — 2k. From this it follows that p;.(7) > 2r if and only if £ < 6n —r + 1. We want
to apply Proposition 6.1 for & = 6n — r + 1. The condition on k is equivalent to the
above assumption on r. Then Proposition 6.1 implies that the dimension of the locus is
k—3=6n-—r—2. 0

REMARK 6.4. A similar result holds in the case that j(7) = 1728. In that case one
should take r < %n + 1.

REMARK 6.5. All loci L described in the Sections 4 and 5 satisfied dim L+p(X) < 10n,
for an X corresponding to a generic point of L. In the above theorem, one can choose
r=1+4n+|4n/5|, with |« | denoting the largest integer, not larger then a. One obtains

4
dim L+ p(X)=6n—r—2+2r=10n+ LgnJ -1

The excess term |4n/5| — 1 can be arbitrarily large.
COROLLARY 6.6. Suppose n € {2,3,4,5}. Then dim N Lo, =n — 2.
Proor. From Corollary 1.4.4 and Theorem 4.1 it follows that
{[r: X =P € NLyg, | pi(7) < 10n or j(7) not constant}

is a discrete set. If j(m) € C — {0,1728} then p;.(7) < 10n, hence we only have to
consider elliptic surfaces with p;.(m) = 10n and constant j-invariant 0 or 1728. Since
1 + |24n/5] = bn for the n under consideration, we may apply Proposition 6.3 with
r = 5n. This yields dim N Lo, = n — 2. ]

REMARK 6.7. From this Corollary we deduce that for n € {3,4,5}, there exist positive
dimensional loci L C M,,, such that any surface X corresponding to a point in L satisfies
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p(X) = ht1(X). The image of the period map restricted to L has discrete image. This
contradicts several Torelli-type properties. (see also Theorem 1.4.8.)

7. Upper bound

As in [18] we study the Noether-Lefschetz loci using the identification of H'' H??
and H? with several graded pieces of a Jacobian ring R. We choose to give a more
algebraic presentation than in [18].

To be precise, given a Weierstrass minimal equation ' = 0 for 7 : X — P! we can
construct a hypersurface Y in the weighted projective space P := P(1,1,2n,3n) (with
projective coordinates x,y, z, w of weight 1,1, 2n, 3n resp.):

0=—w?+ 25+ P(x,y)z + Q(z,y) = F, n = p,(X) + 1,deg(P) = 4n, deg(Q) = 6n.

Here X and Y are birational; Y is obtained from X by contracting the zero-section and
all fiber components not intersecting the zero-section.

Let A := Clz, y, z, w| with weights 1, 1,2n,3n. Let B = C[z,y| C A. The construction
(r: X = Plog: P! — X)— Y gives a nice description of the moduli space M,,. (See
the proof of Theorem 7.7.)

Let J C A be the ideal generated by the partial derivatives of F'. The Jacobi ring R is
the quotient ring A/J. It is well known (see [18], [19], [20], [74]) that if all the fibers of
7 are irreducible then Y is quasi-smooth, i.e., the cone (F = 0) C A* is smooth outside
the origin.

For graded ring R’ we denote by R/, all elements of degree d. For a variety Y’ C P we
denote by H™(Y") i = Im(H?*(P, C) — H™(Y’))t. We have isomorphisms

2,0 1,1 0,2
H = Rn727 H = R7n727 H = R13n72-

prim
In the case that 7 has reducible fibers the situation is very similar. This follows from
a special case of a recent result of Steenbrink [75].

THEOREM 7.1 (Steenbrink [75]). Let Y’ C P be a surface of degree 6n, with along Pging
only singularities induced by Pgn, and outside Pgng only isolated rational double points
as singularities. Let R' be the Jacobi-ring of R. Then there is a natural isomorphism
H?*%(X) =~ R!_, and an injective map

HYN (Y ) prim — Ry
LEMMA 7.2. We have
HY (Y )prim = HY'(X)/(T(7) @ C).
In particular, dim H"(Y) pim = 1010 — py,..

PrROOF. The isomorphism follows from the fact that ¢ : X — Y is a resolution of
singularities, ¢ contracts all fiber components not intersecting the zero-section and the
fact that a general hyperplane section H NY is a fiber of . 0

COROLLARY 7.3. There is a natural isomorphism H*°(X) = R,_, and an injective
map
H"(X)/(T(7) ® C) — Rip_s.

PRrooOF. This is a combination of Theorem 7.1 and Lemma 7.2. O
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We prove now some elementary technical results. For a polynomial P, we use a
subscript (like P,) to indicate the derivative with respect to the variable in the subscript.

LEMMA 7.4. Let m : X — P! be the elliptic surface associated to w? = 2> + Pz + Q,
with P € Clz, Y|, Q € Clz,y|en. Then P,Q, — P,Q, =0 if and only if j(7) is constant.

PROOF (SEE [18]). The partial derivative to X or to Y of j(m) = 1728 - 4P3 /(4P +
27Q?) is identically zero if and only if (P.Q, — P,Q.)PQ = 0. If PQ = 0 then P.Q, —
P,Q, = 0, which gives the lemma. O

LEMMA 7.5. Fiz a positive integer n. Let F € A = Clz,y, z,w] be a weighted homoge-
nous polynomial of degree 6n. Suppose that the variety in P(1,1,2n,3n) defined by F' =0
is birational to an elliptic surface 7 : X — P!, with © induced by [x,y, z,w] — [x,y] and
F =0 is a Weierstrass minimal equation. Let J be the Jacobi-ideal of F'. Let M C A be
the Clx, y]-module generated by Jg,, the degree 6n-part of the Jacobi-ideal. Then

7 in the case j(m) not constant;
6 n the case j(w) constant.

rank(M) = {

Furthermore, we have dim Ry,,_o = 10n — 2.

PROOF. After applying an automorphism of P we may assume that F = —w? + 23 +
Pz + @, with P € By, and Q € Bg,. Then

Jon = Bow* + Bywz + Bapw + Bo(32° + Pz) + B, (322 + P) + B1(Prz + Qu) + B1(Pyz + Q).

The first five terms generate a B-module N of rank 5, and the quotient Jg,/N is
generated by the classes of P,z + @, and P,z + (). This module has rank at least 1. It
suffices to prove that it has rank precisely 1 if and only if j(7) is constant.

Consider the elements a = Q,(Prz + Q) — Qu(Pyz + Qy) = (P,Q. — P.Q,)z and
B = Py(Ppz + Q) — Po(Pyz + Q) = P,Q, — PsQ,y.

Suppose j(m) is constant then we obtain by Lemma 7.4 the relation P,(P,z + Q) —
P.(P,z+ Q) = 0, proving that rank(J/N) < 1.

Suppose j(m) is not constant. Then Lemma 7.4 implies that o and § are non-zero,
hence are independent modulo N, proving the assertion for this case.

For the final assertion: An easy calculation shows that dim A7, o = 23n — 7. From

J7n—2 = Bn_2w2 + Bgn_ng + B4n_2w + Bn—2(323 + PZ) + Bgn_2(322 + P) +
+B_1(Ppz + Qu) + Bno1(Pyz + Qy).
it follows that dim J7,,_o < 13n—>5. It suffices to prove equality, because then dim Ry, 5 =

dim A7, o — dim J7,,_o = 10n — 2. Suppose that dim J7,_» < 13n — 5, then there exist
polynomials F, G € C|x,yl,_1, such that (F,G) # (0,0) and

; (& a)(6)-

In particular, P,Q, — Q;F, = 0. From Lemma 7.4 it follows that the j-invariant is
constant. There are three cases to consider, namely P = 0, Q = 0 and P? = c¢Q?, where
ce C*, PQ #0.
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Suppose first that P = 0. Since F' = 0 is a Weierstrass minimal equation if follows
that for all finite places T', we have vp(Q) < 5. From 6n@Q = zQ), + yQ,, we obtain that

deg ged(Qy, Qy) < 6n — #{ zeroes of Q} < dn

This implies that there does not exist a non-zero form G of degree n — 1 such that the
rational function —GQ, /@, is a polynomial, which contradicts the fact that this should
equal F. So P # 0. The case @) = 0 can be dealt in a similar way.

Suppose that P3 = cQ? with ¢ € C* and PQ # 0. Then one can easily show that
deg ged(Q,, Q) = 4n. From this one obtains that the only solution to (2) is /' = G = 0.
Hence in all cases we obtain dim Ry,,—» = 10n — 2. ]

REMARK 7.6. The B-module generated by Ag, has rank 7. So Jg, has the same rank
as Ag, (considered as B-modules) if and only if j(7) is not constant.

Theorem 7.7 together with the results in the previous sections will provide a proof for
Theorem 1.1.

THEOREM 7.7. Let 2 < r < 10n. Let U C M,, be the locus of elliptic surfaces with
non-constant j-invariant. Then dim NL, NU is at most 10n — r.

PROOF. Take t € Z>o. Let M C A; be a linear subspace. We denote with M}, the
image of the multiplication map M ® By — A;+x. This makes M, := @p>oM into a
B-module.

We prove the theorem by induction. Assume that it is true for all ', r < ' < 10n.
Define C' by NL, = NL,;, [[C. Let 7 : X — P! correspond to a point p in C N U. We
want to calculate the dimension of the tangent space of NL, at p. Let Y C P be the
corresponding surface in the weighted projective space P. Write s = rank MW ().

The moduli-space M,, can be obtained in the following way: Let

U:={f € Ag, | f =0 is birational to an elliptic surface and f is Weierstrass minimal. }

then U/ Aut(P) = M,, (see [46]). Let L C Ag, be the pre-image of a component con-
taining 7 : X — P! of NL, C M,, .

Since Aut(P) is a reductive group, we have that the codimension of L/ Aut(P) in M,,
equals codim(L, Ag,). From this if follows that it suffices to show that L has codimension
at least r — 2 in Ag,. Let 7 C Ag, be the tangent space of L at Y, considered as a point
in Aﬁn.

Consider the multiplication map

2 T ® Anf2 - A7n72-

Let ¥ be the composition of ¢ with the projection onto R;, 5. Using Corollary 7.3 we
obtain that 1 corresponds to the map 7@ H?*" — H ;;ilm induced by the Period map. Hence
the image of ¢ is contained in the subspace W C Az, 5, the pre-image of H;;ilm
(using Corollary 7.3).

From J7,_o C W, the quotient W/ J7,_o has dimension 10n — py. and dim Ry, =
10n — 2 (see Lemma 7.2), we obtain codim(W, A7,_2) = py — 2.

Let O be a suitable neighborhood of Y in L C Ag,. Since Y’ — H?*(Y' Z) is a
constant sheaf on O and Y’ — H™(Y',C)pim € H2(Y',Z)pim ® C has a constant
subsheaf of complex dimension at least s, we obtain that codim(7,_o, W) > s, hence
codim(7,,_9, Az,o) > 1 — 2.

— Ryp_o
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Hence it suffices to show that every linear subspace V' C Ag, containing Jg, satisfies
codim(V, Ag,) > codim(V,,_o, A7p_2).

Let J and V be the B-modules generated by Jg,, respectively, V.

Let d;, := dim jk-+1 — dim jk Then dj, is decreasing for £ > 0. By Lemma 7.5 we
obtain that J has rank 7, hence d;, > 7. This implies that dim \N/Hl — dim f/k is at least
7. Hence dimV,,_o > dim V' + 7(n — 2). Since dim A7, » = dim Ag,, + 7(n — 2), we obtain
that codim(V, Ag,) > codim(V},_5, Az,,), which finishes the proof. O

8. Concluding remarks

REMARK 8.1. The argument used in the proof of Theorem 7.7 cannot work for elliptic
surfaces with constant j-invariant. First of all, in this case Lemma 7.5 gives that d; > 6,
which only implies codim(V, Ag,) > codim(V,,_2, A7,) — (n — 2). Moreover, it is not hard
to give linear subspaces V' C Agy,, such that Js, C V, V # Jg, and codim(V,,_o, A7,_2) >
codim(V, Ag,). One needs to show that such a space V' does not occur as the tangent
space to a component of NL,, or V is a tangent space to one of the components described
in Section 6. By the results of Section 5 we know that such a V' would have a large
codimension in Ag,, but these results are not sufficient to prove the theorem in the case
of constant j-invariant.

REMARK 8.2. There is still an interesting issue open. In the theory of Noether-
Lefschetz loci there is the notion of special components and of general components. Special
components are the components of N Lz with codimension in N L, less then py. In the case
of elliptic surfaces there is only one special component (see [18]). For higher Noether-
Lefschetz loci, one can define the special components as the components in N L, with
codimension less then (r —2)p,. Then one finds infinitely many special components. One
can also define special components as the components of N L, such that the maximal
codimension in NL,_; is less then p,. By base-changing families of elliptic K3 surfaces
we can find again infinitely many special components, even when we fix the component
of NL,_; in which these components are contained.

REMARK 8.3. Suppose M is a moduli space for some class of smooth surfaces. We
would like to obtain codim(NL,, M) > r — peen, Where pge, stands for the generic Picard
number and NL, = {X € M | p(X) > r}.

To give a proof similar to the proof of Theorem 7.7 it suffices to assume

e Griffiths-Steenbrink holds for the moduli-problem. I.e., there exists a threefold
X, such that for all points p € M there exists a surface Y, C X, satisfying the
conditions of [75]). Moreover, if f@ is the normalization of Y, then DN/;)] € Mis
the point p.

e All surfaces are linearly equivalent (as divisors on X), i.e., fix a point p € M.
Let X and Y, as above, then there is a dense open U C H°(X,Ox(Y,)) and a
surjective morphism U — M, sending a divisor Y’ to the class of its minimal
desingularization.

e The following multiplication conditions hold. Let K be the kernel of 5. Let
K (m) be the image of K®™ in H°(X, K§¢™(2mY)). Then for all m > 2 we have

dim K (m) — dim K (m — 1) > dim HO(X, K£™(2mY')) — dim H*(X, KY™ Y (2(m — 1)Y)).



8. CONCLUDING REMARKS 41

REMARK 8.4. In [25] the following statement is proven. Let d > 3 be an integer, let
U C Clz,y, z,w|q be the set of homogenous polynomials F' such that F' = 0 defines a
smooth surface. Let NL C U be the locus of surfaces with Picard number at least 2.
Then codim(NL,U) = d — 3.

The strategy used in the proof is very similar to the strategy used in the proof of
Theorem 7.7. However, in this case this strategy does not seem to work for larger Picard
number. If one applies a reasoning as in the proof of Theorem 7.7 one obtains that
codim(NL,,U) > d —1 — r. Griffiths and Harris [26, page 208] conjecture that for
3 <r <d we have

codim(NL,,U) = (r — 1)(d — 3) — ( T’ > .
and they claim that it is easy to prove that we can replace the equality sign by a less or
equal sign.

There is still a gap between these two bounds for codim(N L, U).






CHAPTER 3

Kuwata’s surfaces

1. Introduction

In this chapter we assume that K is a field of characteristic 0.

We introduce elliptic surfaces 7, : X,, — P! defined over K, for every integer n > 1. In
the special case n = 0 mod 2, the function field extension K (X,,)/K(P')is K(z, z,t)/ K (t)
where 23 + ax + b — t"(23 + cz + d) = 0, for some a,b,c,d € K. For every n > 1 the
surface X, is birational to a base-change X; xp: P!, where P! — P! is an n-cyclic cover.

Kuwata [41] computed the rank of the Mordell-Weil groups MW (m;) := MW(m;) of
7, fori =1,...,6, and he gave a strategy for computing a rank 12 subgroup of the rank 16
group MW (mg). This strategy for finding generators of MW (mg) is already mentioned in
an email correspondence between Jasper Scholten and Masato Kuwata. We describe and
extend their ideas in order to describe generators of the Mordell-Weil groups MW (7;) for
1 =2,3,4 and 6. Most of the computations we use, can be found in the Maple worksheet
[32]. We indicate how one can find in special cases generators for the Mordell-Weil group
of m5. Finally, in the case K = Q we discuss how large the part of the Mordell-Weil group
consisting of Q-rational sections can be.

For i < 6 the m; : X; — P! are elliptic K3 surfaces. There are very few examples of
such surfaces where generators for the Mordell-Weil group have been found.

2. Notation and results

Fix two elliptic curves £ and F, with j(F) # j(F). Let « : E x F' — E X F be the
automorphism sending (P, Q) — (—P, —Q). The minimal desingularization of (E'x F')/(¢)
is a K3 surface which we denote by Y. It is called the Kummer surface of £ x F.

The surface Y possesses several elliptic fibrations. For a generic choice of E and F', all
fibrations on Y are classified by Oguiso ([52]). Following Kuwata [41], we concentrate on
a particular fibration ¥ : Y — P! having two fibers of type IV* and 8 other irreducible
singular fibers. Assume that the fibers of type IV* are over 0 and oco. Let mg : Xg — P1
be the cyclic degree 3 base-change of ¢ ramified over 0 and co. Assume that E is given by
y?> = 23 +ax+band F is given by y? = 23 +cx+d. Set B(t) = A(F)t+864bd+A(E)/t, with
A(FE) the discriminant of F, i.e., A(E) = —16(4a® 4 27b%), and A(F) = —16(4c® 4 27d?).
Then a Weierstrass equation for mg is

y* = 2 — 48acx + B(tY).
Define 7; : X; — P as the elliptic surface associated to the Weierstrass equation
y® = 1 — 48acx + B(t").

Clearly, interchanging the role of E and F' corresponds to the automorphism ¢ +— 1/t on
X;. One has that j(m) = j(v), but Xy and Y are not isomorphic as fibered surfaces.

43
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By construction, it is clear that MW (m,,) can be regarded as a subgroup of MW (m,,,)
for m > 1.

We recall the following result from [41], most of which will be reproven in the course
of Section 4.

THEOREM 2.1 (Kuwata, [41, Theorem 4.1]). The surface X; is a K3 surface if and
only if 1 < 6. Set

0 if E and F' are not isogenous,
h=< 1 if E and F are isogenous and E does not admit complex multiplication,
2 if E and F are isogenous and E admits complex multiplication.

Suppose j(E) # j(F), then

( h Zflzla

4+h ifi=2,

) 8+h ifi=3,

rank MW(m) = ¢ 15 ) ifi =4,
164+h ifi=>5,

{ 16+h ifi=6.

In the case that j(E) = j(F) then the ranks of MW (m;) tend to be lower (see [41,
Theorem 4.1]). Kuwata in [41] restricts himself to the X; with ¢ < 6. We observe the
following corollary of his results.

COROLLARY 2.2. The rank of MW (mgo) is at least 40 + h.

PROOF. It can be easily seen that the rank 40 + h group
MW(T['Q) MW(?T4) MW(7T5) MW(?TG)
MW(TH) MW(?TQ) MW(’YTl) MW(TFQ)

injects into MW (7g0). (The summands correspond to different eigenspaces for the induced
action of t — (got on MW (mg).) O

MW(ﬂ'1> D

REMARK 2.3. The highest known Mordell-Weil rank for an elliptic surface 7 : X — P*,
such that j(7) is non-constant is 56, a result due to Stiller [78]. The geometric genus of
our example is very low compared to for example Stiller’'s examples: one can easily show
that p,(Xeo) = 19, while Stiller’s examples have p, + 1 divisible by 210.

Our aim is to provide explicit equations for generators of MW (m;), for several small
values of i, in terms of the parameters a, b, ¢, d of the two elliptic curves

E:y*=2+ax+band F:y* =2° +cx +d.

The main idea used in the sequel is the following. Let 7 : S — P! be a K3 surface. Let
o be an automorphism of finite order of S, such that we have a commutative diagram

s % 9
|7 |7
Pt I P!

—_—

and the order of 7 equals the order of 0. We obtain an elliptic surface ¢ : S := X/(0) —
P!/(r) =2 P!. In the case that S’ is a rational surface, it is in principle possible to find
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explicit equations for generators of MWW (1)). One can pull back sections of 1 to sections of
7, which establishes MW (¢)) as a subgroup of MW (). In the case that ¢ is of even order
then there exists a second elliptic surface, ¢” : S” — P, such that MW () & MW (")
modulo torsion injects into MW (7) modulo torsion. (This process is called twisting and
is discussed in more detail in Section 1.5.)

In [41, Section 5] it is indicated how one can find generators for a rank 12 sub-
group of MW ((mg) by using the above strategy for the involutions (x,y,t) — (z,y, —t),
and (z,y,t) — (z,y,a/t), for some « satisfying o® = A(F)/A(F). Taking a third in-
volution (z,y,t) — (z,y,a(s/t) yields a rank 16 subgroup of MW ((ms), isomorphic to
MW (mg) /MW (m1). (This is discussed in more detail in the Subsections 4.3 and 4.6.) In
Subsection 4.6 we also describe the field of definition of sections generating MW (mg) mod-
ulo MW (). It turns out that our description corrects a mistake in Kuwata’s description
of the minimal field of definition.

REsuLTS 2.4. On the Kuwata surfaces X1, X, ..., X4 one has several automorphisms
such that the obtained quotients are rational surfaces. This is used in Section 4 to give
the following results:

e We give sufficient conditions on E, F' and K to have a rank 1 or a rank 2 subgroup
of M WK (71' ) .

e We give an indication how one can find explicit generators of MW (mq) /MW (7).
The precise generators can be found in [32].

e We give an indication how one obtains a degree 24 polynomial such that its zeroes
determine a set of generators of MW (m3)/MW (7). The explicit polynomial can
be found in [32].

e We give explicit generators of a subgroup of finite index in MW (my)/ MW (73).
(See Corollary 4.12.)

e We give an indication how one obtains a degree 240 polynomial such that its
zeroes determine a set of generators of MW (ms)/MW (7). We did not manage
to write down this polynomial. The degree of this polynomial and the number of
variables is too high to write it down explicitly. For several choices of a, b, ¢, d it
can be found in [32].

e We give an algorithm for determining a set of generators of MW (mg) /MW (73).
The explicit generators are given in [32].

If £ and F are not isogenous then MW (m) = 0 (see Theorem 2.1). If £ and F' are
isogenous then the degree of the z-coordinate of a generator of MW () seems to depend
on the degree of the isogeny between E and F. This seems to give an obstruction for
obtaining explicit formulas for all cases.

Before providing the explicit equations, we mention the following result, which can be
proven without knowing explicitly the generators of MW (m;).

PROPOSITION 2.5. Suppose that E and F' are defined over Q. One has that

(1 ifi=1,

5 ifi=2,

7 ifi—=3,

rank MWq(m;) < 0 ifi—4,
5 ifi=5,

11 ifi=6.
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The total contribution of my,ma, s, T4, g to MWq(m12) is bounded by 15. The mazimum
total contribution of my,...,mg to MWq(meo) is bounded by 19.

PROOF. If rank MWq(m) equals 2 then the Shioda-Tate formula 1.2.11 implies that
NS(X) has rank 20 and NS(X) is generated by divisors defined over Q. It is well-known
that this is impossible ([71]).

Suppose that ¢ > 2. Let S be the image of a section of 7;, such that S is not the
strict transform of the pull back of a section of 7;, for some j dividing 7, and j # 7. It is
easy to check that if we push forward S to X; and then pull this divisor back to X;, we
obtain a divisor D consisting of ¢ geometrically irreducible components, and one of these
components is S.

Set M; := MW (m;). Set M := M;/ > iz M;. Take a minimal set of sections
Sm,m = 1,..., ¢, satisfying the following property: denote S, , the components of the
pull back of the push forward of S,,, then the S, ,, withm =1,...,fand n =1,...,1,
generate M ®Q. Consider the /n-dimensional Q-vector space F' of formal linear expression
in the S,,,. By definition of the S, it follows that the natural map ¥ : I' — M ® Q
is surjective. Fix a generator o of the (birational) automorphism group of the rational
map X; — X;. We can split /' ® C and M; ® C into eigenspaces for the action of o.
Set ch C F ® C the eigenspace for the eigenvalue ¢F. Set V' := Djlged(i,j)=1E - Since
the S;; form a minimal set, we have that that |y, is injective. It is easy to see that if
ged(i, k) # 1 then the eigenspace ch is contained in the kernel of ¥, hence we obtain
that W[y is an isomorphism. This implies that dim V' = ¢(i)¢, where ¢ is the Euler
-function.

Fix m such that 1 < m < ¢. Let G be the subgroup of MW (m;) generated by the
Smn for n =1,...4. There is a faithful action of the Galois group Gal(Q(¢;)/Q) on G.
This implies that the sections defined over Q form a rank at most 1 subgroup of G (if i
is odd) or a rank at most two subgroup of G (if 7 is even). From this one obtains that

MQ e MWQ(WZ')/ Dj>0,j]i,j#i MWQ(Wj)

has rank at most ¢ (when i is odd) or 2¢ (when i is even). This combined with Propo-
sition 2.1 provides the upper bounds for MWgq(m;) for i = 2,3,5,6. The upper bound
for MWq(m,) follows from the fact that the above mentioned Galois action is non-trivial,
hence for each i there is an element g in G not fixed under the action of Gal(Q(¢;)/Q)
and ¢ is not mapped to 0 in M. One easily obtains from this that Mq has co-rank at
least ¢ in M, which gives the case i = 4.

The final assertions follow from a reasoning as in the proof of Corollary 2.2. O

For some of the 7; the bounds in Proposition 2.5 are sharp, for some of the others we
do not know:

e We have rank M Wq(m) = 1 when E and F' are isogenous over Q. (see 4.1.)

e We have that rank MWq(m) > 4 if and only if £ and F have complete two-
torsion over Q, and, moreover, if £ and F' are isogenous then rank M Wq(m3) = 5.
(see 4.2.)

e There exists E and F' such that rank MWgq(m,) > 8.

e There exists E and F' such that rank MWgq(mg) > 6.

e If one can find a rational solution of uv?(u* — 1)(v* — 1)? = w3, satisfying

— w(u —v) # 0 and

(see 4.4.)
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—if p; = 4u?/(u® — 1) and py = 4v?/(v*> — 1) then p; & {p2,1/pa, 1 — po, 1 —
1/pa,pa/ (1 = p2), 1/(1 = p2)}.
then one can make examples with rank MWgq(m12) > 10. (see 4.6.)

REMARK 2.6. The highest known rank over Q for an elliptic surface 7 : X — P!

over Q is 14 [30]. This example is a member of a family of elliptic surface introduced by
Mestre [44].

The actual aim of this chapter is to produce explicit equations for the generators of
MW (m;) modulo MW (1), for i = 2,...,6. For convenience, we always assume that F
and F' have complete 2-torsion over the base field. It is not so hard to deduce from our
results, these equations for the case that F and F have 2-torsion points defined over a
larger field.

The organization of this chapter is as follows. In Section 3 we indicate an algorithm
for finding generators of MV () in the case that of a rational elliptic surface 7 : X — P!
with an additive fiber. In Section 4 we prove the results stated in 2.4. To find generators
for the MW (m;) we often rely on the results of Section 3.

3. Finding sections on a rational elliptic surface with an additive fiber

Fix a field K of characteristic 0 and a rational elliptic surface 7 : X — P! over K.
Such a surface can be represented by a Weierstrass equation

(3) ¥* = 2° + (aut" + ast® + ot + it + ) x + Bet® + Bst® + But® + Bst® + Bot® + Bit + o,

with a4, B; € K. Assume that over ¢ = oo the fiber is singular and of additive type. This
happens if and only if ay = g = 0.
From [53, Theorem 2.5] we know that MW () is generated by sections of the form

(4) r = b2t2 + blt + bo, Yy = 63t3 + Cgtz + Clt + ¢p.

Substitutin