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Abstract.

This paper summarizes basic facts in both finite and infinite dimensional optimization
and for variational inequalities. In addition, partially new results (concerning methods
and stability) are included. They were elaborated in joint work with D. Klatte, Univ.
Zirich and J. Heerda, HU-Berlin.
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Das Material wird stdndig aktualisiert. Es soll Vorlesungen zur Optimierung und zu Vari-
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Chapter 1

Introduction

1.1 The intentions of this script

This script presents an elementary introduction into the current theory of optimization
and (formally more general) variational inequalities. We focus our attention to basic
ideas and statements concerning optimality conditions and solution methods as well.

In particular, we present classical proofs for first and second order optimality conditions
and discuss basic methods like successive projection, proximal points, cutting planes,
penalty- and barrier methods in the traditional framework.

On the other hand, we demonstrate how recent approaches (based on modified opti-
mality conditions) are related to Newton-type methods in the smooth and non-smooth
version as well as to stability theory of solutions.

Since optimality conditions and methods are closely related to the behavior of solutions
and feasible points under small variations of the initial data [ cf. stability, regularity,
sensitivity or parametric optimization |, we pay particular attention to this fact. We
describe stability by known conditions in terms of generalized derivatives and by the help
of Ekeland’s variational principle. In addition, we show how ”stability” can be (1-to-1)
characterized by (linear) convergence of certain solution methods; a topic which is quite
new and useful for several applications.

1.2 Notations

We write A C B with the convention that A = B is permitted, and f € C* if f is
k-times continuously differentiable. A function f: X — Y (metric spaces) is called locally
Lipschitz (f € C%!) if, for each € X, there is a neighborhood (nbhd) € of z and a
constant L such that

dy (f(2"), f(2")) < L dx(2',2") V' 2" € Q.

To say that the k—th derivative of f exists and is locally Lipschitz, we also write f € C*1.

Let M C X, K CY. A mapping I which assigns, to each x € M, any subset I'(z) C K
(empty or not), is denoted by I' : M = K and called multifunction or (multivalued)
mapping. The set

gphl':={(z,y) [z € M, y e I'(x)}

is the graph of T', while domT" := {x € M | I'(x) # 0} is its domain. One says that I' is
closed if gph T is a closed set in X x Y.
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All considered linear spaces are assumed to be linear spaces over R. If A, B are sets
in the same linear space, A+ B={a+b| a € Abec B} denotes the element-wise sum.
Similarly, the notations a £ B={a+0b | b € B} and a + rB are used.

dist (z, M) = infyepr d(x,y) is the point-to-set distance; dist (z,0) = oco.

B(x,r) denotes the closed ball around z with radius r, sometimes also « 4+ rB where
B stands for the closed unit ball.

The topological dual space X* of a linear normed space X consists of all additive,
homogeneous and continuous functions z* : X — IR. We write (z*, z) also for the image
x*(x), and affine stands for affine-linear. In X = R", we use the Euclidean norm and the
canonical scaler product (z,y) = zTy = 3 z;y; if nothing else is said .

Some property holds near z if it holds for all 2’ in some nbhd of x. We say that z is
a C* point of a function f if f is C* near .

By x M (k =1,2...) we denote convergence z; — = where x € M. For S, C X,
the set S = Limsup ,_,..Si consists of all accumulation points = of sequences z; € Sg
(the so-called upper Hausdorff or Kuratovski limit).

Very often in this paper, assumptions like f € C* can be replaced by f is C* near the
point under consideration. In addition, several statements, formulated for f € C', need
differentiability at the current point only. For sake of simple formulations we shall not
explicitly pay attention to these (mostly obvious) facts.

Limiting negation, approach direction: Let us negate a statement of the type:
7 All € # z near x € R" satisfy condition (C) 7.
Clearly, negation means 3¢, — x (k = 1,2...) such that all & satisfy & # = and (not C).
Setting ty, = ||&kx — x|, ux = (& — x)/tx, we obtain & = = + tyuy where |Jug|| =1, up € R"
and there is a converging (infinite) subsequence of certain uy/, say ug — u. Choosing the
related subsequence of &, we thus obtain a useful form of the negation:
7 Jup — u,tp |0 JJugl] =1 and all § = = + tpuy satisfy (not C)” .
Analogously, ”All £ in some sufficiently big ball B(z,r) satisfy (C)” yields, in R", the
negation
7 Jug — u,ty — 00 |lugll =1 and all & = x + tpug satisty (not C)” .
Due to lack of a better phrase we call such statements limiting negations. The convergence
up — u is often helpful. The direction u will be called approach direction (of all &).

In a separable, reflexive B-space, one can similarly use weak convergence of up — u
(for elements or linear functionals), but possible conclusions of this fact are much weaker.

Lower level sets
For g : X — Y = R™ with components g; let g<(b) = {z € X | gi(x) < b;Vi} denote the
lower level sets, and for any Y, g—(y) = ¢ !(y) = {x | g(z) = y} be the set of pre-images.

1.3 Was ist (mathematische) Optimierung ?

Mathematische Optimierung beschéftigt sich mit Extremalwertaufgaben, d.h., eine (reell-
wertige) Funktion f = f(z) soll auf einer Menge X minimal (maximal) gemacht werden.

1. Ist X = IR, sind solche Aufgaben aus der Schule wohlbekannt.

2. Ist X die Menge aller x € R", die einem Gleichungssystem g(x) = 0 geniigen, kennt
man aus der Analysisvorlesung die Lagrange Bedingung: Fiir extremales x gibt es
ein A mit Df(x) = >, \i Dgi(x), sofern Dg(x) maximalen Rang besitzt.
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3. Ist X € R"™ durch endlich viele lineare Ungleichungen definiert (also ein Polyeder)
und f ebenfalls linear, hat man es mit einer linearen Optimierungaufgabe zu tun,
die man mit Hilfe vieler fertiger Programme lésen kann (sagen die Vertreiber).

Optimierungsaufgaben sind vielfaltig und treten iiberall in Theorie und Praxis auf:

Al. In Approximationsaufgaben: Sei ein reelles Polynom
p(t) =x0 + 21t + ... + THt"

vom Grade p < n gesucht, das eine gegebene Funktion ¢ = ¢(¢) iiber einem Intervall T
“am besten” approximiert. Dann soll eine Norm f(x) = ||ps — ¢|| durch passende Wahl
von x = (g, ..., ) € R minimiert werden. Ist etwa

f(x) = sup |pz(t) — q(t)],
teT

erfordert die Losung schon einige Arbeit (Tschebyschev-Approximation). Weitere Bedin-
gungen an die Koeffizienten x kénnten hinzu kommen.

A2. Im klassischen Problem nichtlinearer Optimierung: Es soll f unter endlich vielen
(Neben-) Bedingungen g¢;(z) <0, hg(z) =0, z € R" minimiert werden; z.B. beschreibt
f Kosten, die bei der Produktion eines Warenbindels x entstehen. Miissen gewisse Vari-
able x; zusétzlich ganzzahlig sein, erhélt man eine gemischt- ganzzahlige Aufgabe (etwa
Optimierung eines Verkehrsflusses, wenn man Einbahnstrassen Schilder aufstellen muss),
die neben analytischen Mitteln auch solche der diskreten Mathematik erfordert.

A3. In Gleichgewichtsmodellen (sie spielen in 6konomischen Modellen, etwa Markt-
Gleichgewichten unterschiedlicher Typen eine zentrale Rolle): Z.B. beschreibt x Strategien
von n Spielern und

fl(gj)> a3} f’n(l‘) mit L= (Il,...,l’n), T; € XZ

deren (aus irgendwelchen Spielregeln resultierende) Gewinne, wenn Spieler i jeweils x;
benutzt. Hat Spieler ¢ keinen Einfluss auf die Strategiewahl der anderen Spieler, muss er
zufrieden sein, wenn seine Wahl z; die Gleichung

max{ fi(z1,..,2i-1,& Tix1, .., 2n) | £ € Xi} = fi(x)

erfiillt. Die linke Seite ist nie kleiner als die rechte. Deshalb miissen alle Spieler zufrieden
sein - bzw. es besteht ein gewisses (Nash-) Gleichgewicht - wenn z die Summe

$x) = Y [max { fi(x1, .., 21,8 Tit1, .0 | €€ Xi} — fil2) ]

i

minimiert und der Extremwert gerade Null ist. Wir sind einerseits in der Spieltheorie
gelandet und haben eine i.a. nicht differenzierbare Funktion ¢ zu minimieren (nichtglatte
Optimierung, nonsmooth optimization). Oft ist es sinnvoll, Losungen = als Fixpunkt zu
interpretieren und Kakutani’s Fixpunktsatz [58] zu benutzen, sect. 3.2, 3.3.

A4. In Extremalprinzipien in der Physik: Z.B. nimmt das Licht durch unterschiedliche
Medien gerade den Weg, der es am schnellsten von A nach B kommen lédsst. Man sucht
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dann eine Kurve z = z(t), die den Weg des Lichtes abhéngig von der Zeit ¢ beschreibt,
und f(x) ist ein Integral, in das die Ableitung von x eingeht,

T
f(x) = /0 g( 2(t), i(t), t) dt.

Aufgaben dieses Typs werden im Rahmen der Variationsrechnung behandelt, ein klassi-
scher Teil der Analysis, in dem die Wurzeln der heutigen Theorie von Extremalaufgaben
in allgemeinen Rdaumen liegen.

A5. In Aufgaben der optimalen Steuerung: Z.B. soll eine Rakete weich auf dem Mond
(kein Luftwiderstand) landen. Zur Zeit ¢ habe sie die Hohe h(t), die Geschwindigkeit
v(t) und erfahre die Beschleunigung b(t) = 0(t) (alles "nach oben gemessen”). Dabei ist
b(t) = —Ymond + 7(t) und gmeng die Gravitationskonstante des Mondes. Der Rest r(t)
sei die Beschleunigung in entgegengesetzte Richtung, die zur Vereinfachung proportional
zur momentan (fiir das Bremsen) eingesetzten Treibstoffmenge u(t) mit 0 < u(t) < ¢ sei
(tatséchlich spielt auch die Masse M (t) der Rakete mit). Der Flug wird dann vereinfacht
beschrieben durch die lineare DGL

h(t) =v(t), 9(t) = —gmond + p u(t);  h(0) = hg, v(0) = vp.
Gesucht wird die jeweils einzusetzende Treibstoffmenge u(t), so dass

(a) die Funktion u noch hinreichend ”verniinftig” ist (stiickw. stetig mit endlich vielen
Spriingen im Interesse der Besatzung; wer sitzt gern drin bei u € LP ?7) und

(b) zu einer gewissen Zeit T die Bedingung der weichen Landung h(T') = 0 = v(T)
(erstmals !) erfiillt wird.

Zu minimieren ist etwa die Zeit T' oder der verbrauchte Treibstoff f(u,T) = fOT u(t)dt.

Allgemeine Aufgaben der optimalen Steuerung besitzen wie im Beispiel ein DGL-System
mit Randbedingungen als Nebenbedingung

z(t) = g( x(t), u(t), t), x(0) =z, z(T)= a1,

und eine Funktion u wird (in einer gewissen Menge) so gesucht, dass ein Integral f(z,u,T) =
f(;f h(z(t),u(t),t) dt oder eine andere Funktion f(z,u,7T") minimal wird.

Héngen die gesuchten Funktionen von mehreren Variablen ab, kommen partielle Diff.-
Gleichungen ins Spiel. Gehen die Losungen (oder Extrema) gewisser Aufgaben in andere
ein, Multi-level Probleme, dann spielt (unter A3) die Abhéngigkeit der Losungen von den
Parametern der Aufgabe eine zentrale Rolle (parametrische Optimierung, Sensitivitdt).

Fir alle diese Aufgabentypen filhren Fragen nach der Existenz von Lésungen und nach
notwendigen und hinreichenden Optimalitéts-Bedingungen zu interessanten analytischen
Problemen. Die Konzipierung und Umsetzung effektiver Losungsmethoden auf der Grund-
lage verwertbarer Optimalitatsbedingungen ist deshalb eine permanente, zumeist nicht-
triviale Herausforderung und zugleich ”konstruktive Mathematik”.

1.4 Particular classes of problems

Given M C X (X = R" or X is a Banach space) and f : M — IR the main problem of
optimization consists in finding the value

v=inf { f(z) |z € M} (1.4.1)
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and, if possible, some minimizer T € M. Local solutions Z are solutions to (1.4.1) with
new Mq = M N where Q is a nbhd of Z. Solutions in the original sense are global solu-
tions. The set M of all feasible points is often called constraint set. Particular problems:

P1. Linear programming
f(z)=(c,z); M:={xeR"| Az <b}; A= (m,n) matrix, b€ R™. (1.4.2)

Here, Az < b stands for m constraints. M is a (convex) polyhedron.

P2. Mixed integer linear programming:
As above but A is a rational matrix and certain 1, ..., ), are required to be integer.

P3. Mixed integer quadratic programming:
As above but f(x) = (¢,z) + (x,Qz); @ is a rational matrix.

Remark 1.4.1 In these cases, it holds the existence theorem: v finite = some T € M
realizes the infimum. (quadratic without integer variables: Evans and Gould, quadratic
with integer variables: Hansel). This statement still holds if f is an n-dimensional poly-
nomial of degree 3 with rational coefficients [9]; it fails to hold for polynomials of degree
4 on convex polyhedrons M, cf. example 2.1.1. &

In this script, integer variables will only play some role in sect. 6.8.

P4. Classical nonlinear problems in finite dimension
M:={xeX=R"|g(zr)<0Vi=1,...,mand hy(z) =0Vv=1...,mp}.  (1.4.3)

P5. Convex problems in finite dimension: As above with f, g; convex and h, affine.

P6. Classical nonlinear problems in Banach spaces

X,Y,Z are B-spaces, g: X =Y, h: X - Z

M :={r € X | g(x) € K and h(z) = 0}; K is a closed, convex cone in Y. (14.4)

X may describe the pairs (z, u) of functions in an optimal control problem, h(z) = 0 stands
for a differential equation and g(z) € K for constraints like z(t) > 0 Vt or u(t) € [0, 1].

P7. Classical convex problems in Banach spaces
as above with f convex, h affine, int K # () and g convex w.r. to K; cf. sect. 5.4.1.
Here, K replaces the non-positive orthant, appearing under 4 and 5.

P8. Examples of nonsmooth (read: not enough differentiable) problems

8.1 Tschebyschev- approximation: see sect. 1.3: Al and 3.6.

8.3 Multilevel problems: see sect. 7.1

8.2 Nash-equilibrium: see sect. 1.3: A3, sect. 3.3 and [109, 110]:

Nash-equilibrium is one of the basic solution concepts for non-cooperative games. A first
existence theorem for such solution has been shown by J. v. Neumann; cf. [113].

1.5 Crucial questions

In order to find a solution for (1.4.1) or to check optimality of a given point, we need
certain necessary and sufficient optimality conditions like "D f(z) = 0” and "D?f(x)
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positive (semi-)definite” for free minima onto X = R™ and f € C2. In many papers, such
conditions are written in the form

(i) Df(z) € Ny(z) where Ny (Z) denotes some “normal cone” to M at .
(ii) D?f(x) positive (semi-) definite on some ”tangent cone” 7y (%) to M at 7.

The simple task min {22 + 2o | # € M} with M = {x € R? | x5 > 1+ 2?2} and
M = {xr € R®| z9 > 1+ |z1|} gives a first impression on the kind of the needed cones
Ny (Z) and Ty ().

Nobody can solve (1.4.1) without supposing some analytical description of the set M.
Depending on this description, it may be more or less difficult to determine the ”right”
normal or tangent cones in (i) and (ii).

If f is not (once or twice) differentiable then something else has to replace the Fréchet
derivatives D f(z) and D?f(x). These generalized derivatives, cannot be applied in the
same universal manner as Fréchet derivatives and do (usually) not represent linear func-
tions and bilinear forms, respectively.

For these reasons, one finds various definitions of normals, tangents and generalized deriva-
tives in the recent literature on optimization, and many crucial statements are formulated
- unfortunately - in terms of such notions only. Here, we shall translate or check the
abstract conditions in terms of the original data.

It turns out that, for many ”non-optimization problems”, conditions like (i), say

v(z) € T'(x) (1.5.1)

where v is a function (not necessarily a derivative) and I' a multifunction, play a role in
order to describe the solution. Such systems are usually called

generalized equations and - if I'(z) is still some "normal cone” - variational inequalities.
In both cases, I'(x) is a subset of the image space of ~.



Chapter 2

Lineare Optimierung

Lineare Optimierung ist grundlegend fiir nichtlineare Probleme. Daher erfolgt hier eine
Zusammenfassung wichtiger Aussagen. Das grundlegende Problem ist
min ¢’z mit M = {z € R" | Az < b} (2.0.1)
xeM
wobei ¢ € R",b € R™ und eine (m,n) Matrix A gegeben sind. Die Menge M wird,
den Zeilen A; und Komponenten b; entsprechend, durch m Ungleichungen A;xz < b; Vi

beschrieben. Sie ist also der Durchschnitt endlich vieler affiner Halbrdume.
Mengen dieser Form (einschliesslich der ganze Raum) heissen auch (konvexe) Polyeder.

Oft wird unter einem Polyeder auch nur die konvexe Hiille C := conv {z1,..,zxy} C R"
endlich vieler Punkte verstanden. Hier also nicht. Es ist aber nicht-trivial (und eine
Sternchen Uebungsaufgabe), dass C' ein Polyeder in unserem Sinne darstellt.

Lemma 2.0.1 Die konvexe Hille C := conv{zi,..,xn} ist ein Polyeder.

Proof. Zu zeigen: Es gilt C = {x € R" | Az < b} mit geeigneter Matrix A und einem
passenden b.

Man kann voraussetzen, dass dim C' = n. Sonst betrachte man alles im kleinsten affinen
Teilraum, der C' enthélt. Fiir affine Teilraume wissen wir schon, dass sie sich in Glei-
chungsform schreiben lassen.

Zu jedem a € R", a # 0 sei L(a) die Losungsmenge von

max{a’z | z € C}
und v(a) der Extremalwert. Dann ist
Cc{reR"|a'z <v(a)} Va. (2.0.2)

Man sieht leicht mittels der (nicht notwendig eindeutigen) Darstellung x = Y, A\jx;, A; >
0,> ;A = 1: Jedes L(a) ist die konvexe Hiille endlich vieler z;; ndmlich derjeniger, die

alz; = v(a)

erfilllen. Es gibt also nur endlich viele verschiedene Losungsmengen. Die Durchschnitte
C N L(a) heissen Seiten von C'.

Weiter liegt jeder Randpunkt x von C in einer Seite. Er lasst sich namlich von
M = int C trennen (Trennungssatz). Damit gibt es ein a # 0 mit a’ 2 > o’y Yy € C. Mit
v(a) = max{a’y | y € C}, haben wir also eine solche Seite gefunden.

13
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Hilfsaussage:
Wir zeigen nun als entscheidendes Hilfmittel, dass jeder Randpunkt x von C' in (wenig-
stens) einer Seite der Dimension n — 1 liegt.

Sei dazu L(ay) so fixiert, dass € L(a;) (Existenz s.0.). Wir kénnen annehmen, dass

dimL(a1) =dy <n—1 und (OBdA) L(a1) =conv{x1,...,zq}, Zg41,....,2Nn ¢ L(ar)
Der Fall ¢ = N scheidet aus wegen a1 # 0 and dim C' = n. Man betrachte die Menge
Z(a) = {a | L(a) = L{ay)}.
Sie hat die Form
Z(a) ={a| ady=ale Vye L(ay) and aly<ale Vy = Tgt1s - TN }-

Die Ungleichungen werden (Stetigkeit) von allen a nahe a; erfillt. Damit folgt wegen
dim L(al) = dl,

,1 = dimZ(al) =n—d; > 1.
Also gibt es ausser a; einen weiteren (lin. unabh.) Vektor ¢ € Z(ap). Mit jedem ¢t € R

folgt deshalb
(a1 +tlc—a) ) y=vla) VyeLla). (2.0.3)

Gilt auch noch
(a1 +tlc—ay) )y <wv(a) firalle y =241,...,2x und fiir alle ¢,

so miissen alle Elemente aus C orthogonal zu c—a; # 0 sein. Das widerspricht dim C = n.
Also findet sich ein spezielles ¢t = 1 (mit kleinstem Betrag) so dass

(a1+t1(c—a1))'y < vla) Yy = x441, ..., xx und Gleichheit fiir ein y = x, mit ¢ < p < N gilt.

Mit ag := a1 + t1(c — a1) # 0 folgt deshalb:

L(ag) enthélt ein z; mehr als L(a1), L(a1) C L(ag) und dy := dim L(ag) > d;. Wiederholt
man diesen Schluss im Falle von dy < n — 1, gelangt man so nach weniger als N Schritten
zu einer Menge L(a) mit

a#0, L(a)CL(a) wund dimL(a)=n—1.

Das ist eine Seite grosster Dimension, die L(aq) enthélt. Unsere Hilfsaussage ist bewiesen.
|

Seien nun ay, ...a,, so gewéhlt, dass jede der endlich vielen Losungsmengen L(a) mit einem
L(ay) zusammenfaellt, 1 < k < m. Dann sind insbesondere alle L(a) maximaler Dimen-
sion n — 1 dabei (Tatséchlich brauchen wir nur diese). Die Menge

P={zeR"| af z<v(ay) VE=1,...,m } (2.0.4)

enthédlt C. Wir zeigen, dass sie gleich C' ist. Andernfalls gibt es ein z € P\ C. Wir
betrachten die Punkte
2(\) = A7 + (1 — \)z”

der Strecke zwischen z ¢ C und einem festen Punkt z° € int C. Ein z()\) muss im Rand
von C' liegen. Dabei ist 0 < A < 1. Als Randpunkt liegt z(\) auch in einer Seite der
Dimension n — 1. Mit dem entsprechenden ay, gilt dort al z(\) = v(ay). Weil ausserdem
alz® < v(ag) (da 2% € intC) und A € (0,1) gelten, muss deshalb alz > v(ay) sein.
Dieser Widerspruch zu & € P beweist das Lemma. a
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2.1 Dualitat und Existenzsatz fur LOP

Die Aufgabe (2.0.1) lasst sich leicht in die folgende Gleichungsform iiberfithren (mit neuem
A und x). Mit ihr beweist man am einfachsten per vollstdndige Induktion

Theorem 2.1.1 (Existenzsatz der lin. Optimierung). Die Aufgabe
max {c'z |z e M} mit M={zecR"| Az=0>b, >0}
besitzt eine Losung, wenn M # () and v :=sup,c ¢l o < oo. <&

Proof. Fir n = 1 ist der Satz richtig. Er gelte fir n < p, und es sei n = p. Gelte
r, € M, 'z, — v (k =1,2,...). Besitzt die Folge einen Hiufungpunkt z, 16st er das
Problem. Andernfalls folgt ||zx|| — oo, und fiir eine unendliche Teilfolge konvergieren
die beschrankten Vektoren u; = Hiizll — u. 0.B.d.A. sei das schon die Ausgangsfolge.
Wegen Ay, = ||| Auy = b und oy = ||og]|cTup — v muss nun Au = 0 und ¢f'u = 0
gelten. Damit folgt u > 0,u # 0, A(xy, + tu) = b, ¢’ (2 + tu) = Tz Vt € R. Mit
geeignetem t = tp < 0 liegt der Punkt hy = zp + txu auf dem Rand des nichtnegat.
Orthanten. Damit ist eine seiner Komponenten, etwa die letzte, unendlich oft Null. Die
Aufgabe max {cl'z | x € M, x, = 0} besitzt somit ebenfalls das Supremum v, was nach
Ind. Vorauss. in einem Tz € M angenommen wird. |

Analog zu diesem Beweis ldsst sich (Indukt. iiber n) zeigen

Lemma 2.1.2 Fir jede (m,n) Matriz A ist die Menge K = {z €¢ R™ | z = Az, = > 0}
abgeschlossen. &

Remark 2.1.3 Satz 2.1.1 gilt auch fiir quadratische Zielfunktionen f(z) = cf'z + 27 Dx
und den Fall von Polynomen f dritten Grades mit n reellen Variablen. Er wird falsch fiir
Polynome vom Grade 4 und z € M = R?.

Example 2.1.1 Man untersuche das Infimum von f(z,t) = t22% — 2t(1 — t)x fiir > 0.
&

Lemma 2.1.4 (Farka3) Die Ungleichung cTu < 0 gilt fiir alle u mit Au < 0 genau dann,
wenn ¢ im Kegel K = {z | z = ATy, y > 0} liegt. &

Proof. Wenn c € K, gilt fiir die Zeilen von A im Falle Au < 0: ¢’'u = > vi(Ai u) <0.
Wenn ¢ ¢ K, kann man nach den Lemmata 2.1.2 und 3.1.4 trennen: Ein u € IR" erfiillt
(u,c) > (u,z) Vz € K. Bemerkung: Ohne direkt Lemma 3.1.4 anzuwenden, kann man

auch die Euklidische Projektion m von ¢ auf K nutzen und u = ¢ — 7 setzen.
Da 0 € K and Az € K VA > 0 (falls z € K), folgt also auch

(u,c¢) > 0> (u, ATy) = yTAu  Vy >0.
Damit muss Au < 0 gelten; aus Au < 0 folgt also nicht ¢’u < 0. O
Theorem 2.1.5 (Dualititssatz) Ist eine der Aufgaben

(P) max ¢z, x € R" mit Az <b, >0

(D) min b7y , y € R™ mit ATy >¢, y>0 (2.1.1)

l6sbar, so auch die andere. Dann gilt ausserdem vp = vp fiur die Extremwerte. &



16 CHAPTER 2. LINEARE OPTIMIERUNG

Proof. Sei (P) losbar und Z eine Losung fiir (P). Wir bilden I(z) = {i | A;Z = b;} und
J(z) ={j | z; = 0}. Weiter erfiille v € R" das System
Au<0Viel(z), uj >0Vje J(z). (2.1.2)

Dann ist z(t) = T + tu in (P) zuléssig fur kleine ¢ > 0. Ihr Zielfunktionswert erfiillt daher
wegen Optimalitit von z: ¢’z > clz(t) = 'z + tcTu. Also folgt ¢’'u < 0 aus (2.1.2).
Nach Lemma 2.1.4 exisieren dann y; > 0(: € I(7)) und p; > 0(j € J(Z)) mit

= Z%Az‘ — Z,ujejr; ej = jter Einheitsvektor € R". (2.1.3)

Setzt man die restlichen Komponenten von y Null (um y € R™ zu erreichen), wird y
zuléssig fir (D), und man erhdlt wegen z; = 0Vj € J(Z):

Iz = ZyiAif - Z ,uje?i = Zyibi =bly. (2.1.4)
i jeJ(T) g
Schliesslich ist y optimal fiir (D), denn jedes (andere) zuldssige y von (D) erfiillt
doeEi < Y Q) wiai)T =YY wilaigr) < ) yibi (2.1.5)
J i (] @

kurz ¢T'z <y Az < bTy. Also sichert die Losbarkeit von (P) die von (D) sowie vp = vp.
Die entsprechende Aussage unter Losbarkeit von (D) zeigt man analog. O

Weil (2.1.5) fiir alle zul. Punkte z,y beider Aufgaben gilt, folgt aus Thm. 2.1.1: (P) und
(D) sind lésbar, wenn beide Probleme zulissige Punkte besitzen. Da stets ¢’a < b7y fiir
ihre zul. Punkte gilt, hat man zugleich eine Abschétzung fiir die Extremalwerte vp,vp.
Weiter folgt:

Corollary 2.1.6 Zwei zuldssige Punkte T,y der Aufgaben (P) bzw. (D) sind genau dann
optimal, wenn ¢z = by gilt, was dasselbe ist wie

gL (AZ —b) =0=2z"(ATj - ¢). O (2.1.6)
Wegen y; > 0 und A;Z — b; < 0, bedeutet die Komplementarititsbedingung (2.1.6):

Gilt eine Ungleichung nicht als Gleichung, muss (in Lésungen)
die entsprechende duale Variable ¥; bzw. Z; stets Null sein.

Damit sind die Aufgaben (P) und (D) zu einem Ungleichungssystem &dquivalent.

Corollary 2.1.7 Zwei Punkte x € R", y € R™ losen (P) bzw. (D) genau dann, wenn
Az < b, ATy >c, x> bTy, x>0, y>0. (2.1.7)
Aus (2.1.7) folgt ausserdem cTx = bTy. o

Schreibt man (D) als Maximum Problem (P’) in der Form von (P) und betrachtet die
Dualaufgabe (D’) zu (P’), so beschreiben (D’) und (P) dieselben Aufgaben. Also sind (P)
und (D) ”gleichberechtigt” in dem Sinne, dass jede dual zur anderen ist.

Die allgemeine Dualaufgabe: Fiir die lineare Aufgabe (2.0.1), i.e.,

minc’z mit M = {z € R" | Az < b} (2.1.8)
xeM
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konstruiert man eine Dualaufgabe, indem man sie dquivalent in der Form (P) oder (D)
aufschreibt. Z.B. kann man, mit Vorzeichenwechsel des Extremwertes, die Aufgabe

max —clz; Az <b
betrachten und diese weiter umschreiben (mittels z = v —v, v >0, v>0) als
max —clu+clv; Au—Av<b, u>0, v>0.
Diese Aufgabe besitzt die Form von (P) mit 2 = (u,v)?. Thre Dualaufgabe ist demnach
min bTy; ATy > —c, —ATy>c, y>0 bzw.

min bTy; ATy=—c, y>0

und nach Ubergang zum Maximum (erneut Vorzeichenwechsel des Extremalwertes) erhal-
ten wir eine Form der Dualaufgabe zu (2.1.8) als

max —bly; ATy=—c, y >0, bzw. mitz=—y

max blz; ATz=¢, 2<0. (2.1.9)

Vergleicht man (2.1.8) mit der Aufgabe (D) des dualen Paares, so unterscheidet sich (2.1.9)
von (P) (abgesehen von der Umbenennung der Variablen und von b und ¢) durch die
folgende Regel:

Remark 2.1.8 Hat man, im Vergleich zum symmetrischen Paar (P), (D), umgekehrte
Ungleichungen, so werden die Vorzeichenbedingungen der entsprechenden Dualvariablen
zu 7< 0”. Hat man Gleichungen, sind die entsprechenden Dualvariablen nicht vorzei-
chenbeschriankt. Dabei gilt jeweils auch das Umgekehrte. <

Diese Regel ist fiir die Dualisierung beliebiger linearer Aufgaben richtig (nach analogen
Umformungen wie oben).
Man zeige durch dquivalente Umformungen wie oben: Die Aufgaben

maxclz mit M = {x € R" | Az > b} (2.1.10)
xeM
mij\r/}bTy mit M = {y e R™ | ATy =r¢, y <0} (2.1.11)
ye

sind dual zueinander.

2.2 Die Simplexmethode

Fiir die folgende klassische Losungsmethode betrachtet man Aufgaben in Gleichungsform:

maxc’z  mit M = {z € R"| Az = b,z > 0}. (2.2.1)
zeM
Dabei sind ¢ € R", b € R™ und eine (m,n) Matrix A gegeben. Wir unterstellen weiter
rank A = m (sonst wiren Zeilen des GL-Systems redundant) und m < n.
Vorbemerkungen:
Das System Az = b beschreibt einen n — m- dimensionalen affinen Unterraum U des IR".
Er kann in unterschiedlicher Weise dargestellt werden. Seien dazu eine Zerlegung von A

und z in der Form
A= (Ap,Ay), z=(zp,an)"



18 CHAPTER 2. LINEARE OPTIMIERUNG

gegeben, so dass Ap eine reguldre (m,m)- Matrix ist und Ay die Restmatrix aus den
iibrigen Spalten kennzeichnet. Wir verstehen B als Indexmenge der in Ap aufgenommenen
Spalten von A (sie bilden eine Basis des Spaltenraumes von A) und N als entsprechende
Komplementidrmenge. Die Menge M ist dann aquivalent darstellbar in der Form

Agprg+Ayzny =0b, 2 >0, oy > 0. (2.2.2)
Schreibt man analog ¢’z = g +chay, und benutzt Q = A5, kann man mittels (2.2.2)
= Qb— QANTN (2.2.3)

substituieren und die Aufgabe mit n — m Variablen schreiben: Man finde
maxcg(Qb — QANzN) + eyzy wobel Qb — QAnxzn >0, zny > 0. (2.2.4)

Mit entsprechenden Abkiirzungen hat das Problem die Form

maXd070 - d07NCL'N wobei dB70 — dB7NfL'N > O, N > 0. (2.2.5)
Hier ist
d070 = Cng € IR, d07N = C%QAN —CN € ]Rn—m7 (2 9 6)
dgy = Qb €R™, dpn = QAN eine (m,n —m) Matrix. -

In der Folge betrachten wir spezielle Punkte (die "Ecken”) aus M. Ein Punkt z € R"
heisst zuldssiger Basispunkt zur ”Basis” B, wenn er (2.2.2) mit Z = 0 erfiillt. Dann gilt
mit den transformierten Grossen: dpo = Zp > 0, Iz = doo, d.h., zy = 0 ist zuléssig
fiir (2.2.5). Wegen der Forderung xy > 0 ist zy = 0 gewiss Losung von Aufgabe (2.2.5),
wenn

do,n > 0 (2.2.7)

(in jeder Komponente) gilt. Wegen der durch (2.2.3) vermittelten Aquivalenz von (2.2.1)
und (2.2.5) ist dann & auch Losung von (2.2.1).

Simplexmethode:
Die Methode besteht darin, zuldssige Basispunkte mit wachsenden Werten der Zielfunktion
zu konstruieren. Der Einfachkeit halber nehmen wir an, die Aufgabe sei nicht entartet im
folgenden Sinne: Fiir alle (der endlich vielen) zul. Basispunkte gelte d; o = Z; > 0 Vi € B.

Weiter moge ein zul. Basispunkt z mit Basis B und ausgerechneter Matrix D gegeben
sein (Wie man ihn findet falls M # (), zeigen wir spéter). Gilt do x > 0, sind wir fertig;
also sei

do o < 0 fiir ein k0 € N.

Wir halten irgendein solches k0 fest und sehen anhand von (2.2.5), dass die Punkte
zn(t) = (0,..,0,t,0, .., O)T mit ¢ > 0 in Komponente k0
die Zielfunktion vergrossern. Sie bleiben, wegen dp o > 0, fiir kleine ¢ zuldssig mit
zp(t) =dpo — dpNzN(t) = dpo — dB kot (2.2.8)

Offenbar darf ¢ unbeschrénkt wachsen (und hat (2.2.1) ein unbeschrénktes Supremum),
wenn keine Komponente von dp o positiv ist (Unlosbarkeit). Andernfalls gibt

T = leln {Cliyg/di’ko ‘ di,kO > 0} (2.2.9)
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das grosste ¢ an, mit dem xn(t) noch zuldssig in (2.2.5) bleibt. Werde 7 in i = 0
angenommen. Fiir ¢t = 7 wird dann Komponente z;(¢) aus (2.2.8) Null. Die Matrix Ap/
aus den Spalten zu

B’ = {k0} U (B {i0})
ist erneut regulér (wieso ?7), und nach Definition ist der Punkt

¥ =a(r) = (zp(7), 2N (7))

ein passender zul. Basispunkt. Wegen Nicht- Entartung sind die Komponenten von z'5,
alle positiv, also war das Element i0 aus (2.2.9) eindeutig. Schliesslich gehort zu 2/ ein
besserer Zielfunktionswert als zu . Bei Entartung wére hier einfach 7 = 0 und der Wert
wiirde sich nicht andern. Wohl aber die Menge B’ und damit auch Ap:.

Zusammenfassung:

Wenn die hinr. Optimalitatsbeding. (2.2.7) verletzt ist, entdecken wir entweder Unlosbarkeit
der Aufgabe (c”'z wichst unbeschriinkt) oder wir konnen den aktuellen zul. Basispunkt
Z durch einen besseren 2z’ (mit neuer Basis B’) ersetzen. Im zweiten Fall setze man
Z := 2', B := B’ und wiederhole die Prozedur.

Gehort zur Original-Aufgabe ein endliches Supremum und gibt es einen zul. Basispunkt,
so erhalten wir eine Folge zul. Basispunkte mit wachsenden Werten der Zielfunktion. Da
es nur endlich viele BasismatritzenAp gibt, ist so nach endlichen vielen Schritten die
Bedingung (2.2.7) erfiillt und die Methode bricht mit einer (Basis-) Losung ab. Damit

hétte man zugleich den Existenzsatz der lin. Opt. bewiesen. Man braucht nur:

Lemma 2.2.1 Es existiert ein zul. Basispunkt fir Aufgabe (2.2.1), wenn M # () und
rank A =m ist.

Proof. Man wahle £ € M mit maximal vielen Nullkomponenten und bilde
Bl={i|z; >0}, B2={k |z =0}

Wenn die, sagen wir p, Spalten der zugeordeten Matrix Al linear abhangig sind, nehme
man ein u # 0, so dass Alu = 0. Ergénzt man u durch n —p Nullen zu einem Element aus
IR", bleibt A(Z+tu) = b Vt richtig. Da ein u; (zu B1) nicht Null ist, kann man mit passen-
dem ¢ eine weitere Komponente von (Z 4 tu)p; zu Null machen, was der Maximalitét von
B2 widerspricht. Also bilden die Spalten der Matrix Al ein linear unabhéngiges System
und kénnen mit m — p geeigneten Spalten zu B2 zu einer Basis des m-dimensionalen Spal-
tenraumes der Matrix A ergénzt werden (Basis-Erganzungs-Satz). Die zusammengesetze
(m,m) Matrix ist daher regulér und folglich eine Basismatrix zu Z. O

Folgerung;:

Ist die Aufgabe (2.2.1) nicht entartet, M # () und rank A = m, so besitzt (2.2.1) entweder
eine unbeschrinkte Zielfunktion oder es gibt unter ihren endlich vielen zul. Basispunkten
eine Losung. Letztere kann man mit der angegeben Methode bestimmen.

Die Methode heisst Simplexmethode und wurde in den 40-ger Jahren entwickelt (Dantzig
und Kuratovski). Um sie vollstdndig zu beschreiben, miissen wir noch klaren, wie die zum
neuen Punkt 2’ gehorige Matrix D’ moglichst billig aus D bestimmt werden kann. Dazu
denken wir uns D und die zugeordneten Variablen in der folgenden Form aufgeschrieben
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Th1 U e Ty
do,o do1 doq do,r
zi1 dip di1 d1 4 dyr
(2.2.10)
Tip  dpo dp,1 dp,q dp,r
LTim dm,O dm,l dm,q dm,r

Die Indizes 1, ..., 7m bilden B, die Indizes k1, ..., kr bilden N, und die Zeile zu ip bedeutet
die p-te Gleichung
Tip = dpo — dp1Tk1... — dpgThp... — dp Ty (2.2.11)

aus Darstellung (2.2.3) von xp bzw. aus xp = dpo — dp Nz N. Die Zahl dy ist der Wert
der Zielfunktion im aktuellen Punkt, die restlichen D Komponenten der 0-ten Zeile bzw.
Spalte bilden die Vektoren dy n (zugeordnet der Zielfunktion) und dp o (zugeordnet dem
Wert von Zp). Fiir den neuen Punkt 2/ wollen wir die Daten D’ analog und am selben
Platz aufschreiben.
Seien die kritischen Indizes i0, k0 gerade ip und kq in unserem Simplextableau (2.2.10).
Man beachte dass ¢ > 0 nur

dO,q <0

erfiillen musste (gibt es so ein ¢ nicht, ist die Aufgabe gelost), wahrend Index p iber den
minimalem Quotienten
d.
0 mitdi, >0, i>0
diq 7
mittels der Spalten 0 und ¢ festgelegt war, siehe (2.2.9). Gibt es kein solches d; ; > 0, ist
die Aufgabe unlésbar. In der nichsten Tabelle vertauschen einzig xj, und x;;, ihren Platz,
weil nun gerade kg € B’ und ip € N’ gilt. Um D’ zu bestimmen, haben wir nur (2.2.11)
nach der neuen ”Basisvariablen”
dpo  dp1 1 dp,r
Tpg = - — 5 Xkl - — 5 Ljp . — Ty
dpg  dpg dp,q dpq
aufzulésen und in die restlichen Gleichungen des Systems einzusetzen. In Zeile p zu ip
(und neu zu kq) stehen dann also

!/ / / /
xkq Dp70 Dp71 e Dp7q e Dp,,,,,

. dp, 1
mit D, = d‘;: (0<Ek<r k#q) und D;,’q—m.

Fir die neue Tabelle der Form

Tkl Lip Ty

Dy D}, . Dj, . Dj,

Til D/LO Dll,l Dll,q Dll,r
(2.2.12)

hg Dpo Dy Dhq Dy

Zim Dhg D, D, . Dy,

wissen wir so, wie die sogenannte ”Pivot-Zeile” zum ”Pivot-Element” d, , am Platz (p, q)
aussieht. Nach der Einsetz-Methode bestimmt man die iibrigen Elemente. Das Resultat
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sieht so aus: Die restlichen Elemente der ”Pivot-Spalte” ¢ zu ip und kq entstehen aus
Division durch —d, 4:

/ di,q

g — T

(0<i<m, i#p).
dp,q

Die iibrigen Elemente werden mittels ” Kreuzregel” bestimmt:

dig dpy i
/ 1,4 P,
Di,k = di kK — ———

, 0<i<m,i#p; 0<k<r, k#q).
dpg

Der Punkt 2’ zu (2.2.12) ist optimal, wenn alle Elemente der Zeile 0, ausser Dy ,, nicht-
negativ sind. Andernfalls wiahle man eine Spalte k£ mit ... und wiederhole.

Bemerkungen zu den Voraussetzungen:

Die Rangvoraussetzung kann fiir grosse Aufgaben lastig sein, da das Bestimmen redun-
danter Gleichungen vorausgeschickt werden muss, was allerdings nicht prinzipiell schwierig
ist. Wenn zul. Basispunkte entartet sind, kann man wie angegeben von Z zu x’ iibergehen,
allerdings ist 7 = 0 moglich, wonach sich Basismatrizen Ap wiederholen kénnten (nach
mehreren Schritten, nicht unmittelbar) und das Verfahren so nicht abbricht. Die Wieder-
holung von Basismatrizen lasst sich durch verfeinerte Regeln fiir die Auswahl des Elements
i0 (der Pivot-Zeile) vermeiden. Falls es mehrere Kandidaten fiir 0 gibt, muss dann die
Auswahl anhand weiterer Quotienten erfolgen. Man sichert so, dass der Vektor dg n
(ergénzt durch weitere Komponenten) in einer gewissen Ordnung (der lexikographischen)
wachst, was erneut das Auftreten von Zyklen verhindert. Man findet diese Algorithmen
in der Literatur unter dem Stichwort ”lexikographische Simplexmethode”.

Es gibt weitere Modifikationen dieser Methode wie ”duale” oder "revidierte” Simplexmeth-
ode. Oft werden lineare Aufgaben aber auch vollig anders, mittels speziell angepasster
Methoden vom Newton-Type gelost (siehe ”Innere Punkt Methoden”, ”Ellipsoid Meth-
oden”). Prinzipiell ist wegen Corollary 2.1.7 jedes Verfahren geeignet, das ein lineares
Ungleichungssystem losen kann oder, wie wir in sect. 2.7 sehen, ein Matrixspiel.

Finden eines Startpunktes:

Um die Methode anzuwenden, braucht man einen zul. Basispunkt fiir Aufgabe (2.2.1)
maxc’z mit M = {z € R" | Az = b,z > 0}
zeM

oder man stellt fest, dass es keinen zul. Punkt gibt. Hierzu kann man zunéchst die Glei-

chungen A;x = b; (b; < 0) mit —1 multiplizieren, so dass dann b > 0 gilt. Anschliessend
beschéftigt man sich mit der Aufgabe

min { Zu, | Az + Eu=0b, x,u > 0}. (2.2.13)

Hier findet man einen zuléssigen Startpunkt sofort: v = b,z = 0, Ag = E. Also kann
man die Simplexmethode anwenden, um (2.2.13) zu 16sen. Ist der Optimalwert v grosser
als Null, hat (2.2.1) keinen zul. Punkt. Ist v = 0, folgt v = 0 in der Losung. Im Falle
der Nichtentartung (den wir wieder voraussetzen), kann dann keine Variable u; (in der
letzten Simplex-Tabelle) Basisvariable sein. Diese Tabelle liefert uns also eine Darstellung
des Systems Ax + Eu = b in der Form

xp=dpo—dpnN TN — Ru
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mit einer (m,m)-Restmatrix R. Nach Streichen von Ru haben wir die erforderliche
Darstellung fiir  in Aufgabe (2.2.1). Es bleibt einzig,

rp =dpo—dpNTN

in ¢’z zu substituieren, um Zeile do,v und do,o aus (2.2.5) zu erhalten, d.h. die Zielfunktion

in der Form

CT.I' = d070 — do’NxN

zu schreiben. Damit hat man nun auch die erste Zeile (Nr. 0) der Simplextabelle.
Die angegebene Methode zur Bestimmung eines Startpunktes heisst auch Methode der
kiinstlichen Variablen (hier u).

Wir kommen nun zu Interpretationen und speziellen lin. Optimierungsaufgaben.

2.3 Schattenpreise
Die Aufgaben

(P) max clx, r € R" mit Az <b, x>0
(D) min b7y, y e R™ mit ATy >¢, y>0

sind wie folgt interpretierbar. Die Zielfunktion ) ¢;x; beschreibt einen zu maximierenden
Gewinn bei der Produktion von x; > 0 Einheiten eines Produktes P;. Die Summen
> ; ijT; stellen den Verbrauch einer Ressource R; beim aktuellen Produktionsvektor
dar, die vorhandene Menge an Ressource R; sei b;.

Sei v(b) der Extremalwert dieser Aufgabe (P) in Abhéngigkeit von den Ressourcen b;.
Wir variieren b durch einen normkleinen Vektor § und nehmen an, dass die resultierenden
Aufgaben alle l6sbar bleiben. Dann &ndert sich v um dv = v(b + 3) — v(b).

Die Preise der Ressourcen R; auf dem Markt seien p; pro Einheit. Durch Kauf/Verkauf
von f3; Einheiten R; ldsst sich also ein Ertrag £ = ). p; 3; erzielen. Ist E > dv, wére
der Verkauf sogar sinnvoll. Umgekehrt ist es bei E < dv verniinftig, Ressourcen zu kaufen
und dann mit ¥’ = b + (8 optimal zu produzieren. Daher wird die Frage interessant, bei
welchen Preisen p; > 0 die Identitét

v(b+B) —v(b) = _pi B; fiir Kleine |3 (2.3.1)

gilt. Mittels Dualitét ldsst sich leicht zeigen (UA):
Wenn (P) und (D) eindeutig l6sbar sind, bedeutet (2.3.1), dass y = p die Aufgabe (D)
16st. Die Losung der Dualaufgabe hat also eine 6konomisch Bedeutung. Die Komponenten
y; fiir optimale y heissen in der Okonomie auch ”Schattenpreise”.

Fiir nichtlineare, konvexe Aufgaben folgt die analoge Bedeutung der dualen Loésung
aus der Tatsache, dass sie (bis aufs Vorzeichen) ein Subgradient der Extremwertfunktion
ist; im differenzieraren Fall also ein Gradient, was (2.3.1) bis auf einen Fehler o((3) sichert.

2.4 Klassische Transportaufgabe

Gegeben seien m Lieferanten L; und n Kunden K fiir ein beliebig teilbares Gut (Kies).
Lieferant L; besitze a; Tonnen des Gutes, der Bedarf von Kunde K seien b; Tonnen.
Aufgrund der Entfernungen moge der Transport einer Tonne des Gutes von L; zu Kj
gerade ¢;; Euro kosten (und im iibrigen linear sein). Es gelte sogar die Bilanzgleichung

> ai = )5 b
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Gesucht sind Liefermengen z;; > 0 (von L; zu Kj), so dass der Bedarf gedeckt
wird und die Kapazititen der Lieferanten nicht tiberschritten werden. Dabei sollen die
Gesamtkosten G(x) =}, >, ¢;j x;; minimal werden. Nebenbedingungen sind

szj = aj , Zl‘ij :bj; 1‘20.
J i

Zielfunktion und Nebenbedingungen sind linear. Der Variablenvektor hat Dimension
d = mn. Die Aufgabe konnte mittels Simplexmethode gelost werden (eine Gleichung
ist redundant), nur bekommt die Matrix D sehr grosse Dimension. Deshalb sind hier
andere Methoden zweckmaéssiger, die den Dualitatssatz und die Tatsache nutzen, dass die
Dualaufgabe jetzt nur n + m Variablen besitzt (z.B. ”Potentialmethode” mittels dualer
Variabler u;, v;; siche Vorles.).

Wir geben hier nur einen Beweis fiir die zentrale Aussage, dass stets ein Zyklus (Kreis)
existiert, der ein ”Nicht-Kéastchenelement” einbezieht.
Zyklenbeweis:
Nach k=1 Iterationen (Starttabelle) ist das klar wegen der Treppenstruktur der Késtchen-
elemente, die aus der NW-Eckenregel folgt.
Es sei richtig fir alle Tabellen nach k Iterationen; wir betrachten die Situation fir k + 1.
1. Bezeichne C':  ¢y,..., ¢p, ..., Cmyn—1 die vorhandenen Késtchen (einschliesslich deren
Position in der Matrix) und moge auf ¢y das einzubezichende ”Kringel-” Element stehen.
Die vorhandenen Késtchen wurden im k -ten Schritt ueber einen Kreis verandert, der aus
einem Kringel (er sei oben an Position ¢,) ein Késtchen machte und dafiir eines der im
Schritt k& vorhandenen Kéastchen 16schte.
2. Dieser "Losch” -Kreis bestehe (in der angegebenen Reihenfolge) aus

A: (¢p =) ao, ai,..., ag—1, aq, ...,ar = ag, wobei in Schritt k + 1, a, geloscht ist,

also oben nicht auftritt, und ag neues Késtchen wird.

Wenn ¢y = a4, bezieht Kreis A das Element ¢y wieder ein (Trivialfall). Sei also ¢y # aq.
3. Mit den Késtchen im Schritt & (einschliesslich a,) hétte man nach Ind.-Vorauss. das
in k + 1 aktuelle Kringelelement cj in einen Kreis einbeziehen koennen. Dieser Kreis sei

B: (co=)bo, b1,..., by—1, by, ...,bs = by, wobei in Schritt k + 1, a; = by geldscht ist.

Dafiir gibt es jetzt (in Schritt k£ + 1) das Element ag = ¢, als Késtchenelement.

4. Bis auf die genannten Elemente sind die Kreiselemente von A und B aus derselben
Menge von Késtchenelementen: Unter A und B stellen wir uns nur die Folge der im Kreis
durchlaufenen Elemente vor. Hierbei ist es gleichgiiltig, was wir als Anfangselement des
Kreises auffassen und wie herum er orientiert ist. Wichtig ist jedoch, dass zwei Nachbarn
abwechselnd in derselben Zeile/Spalte stehen.

Wir nutzen nun, dass aq = by

5. Wir diirfen annehmen, dass die Elemente a,_1,a, in derselben Zeile stehen. Denn an-
dernfalls stehen (wegen der Knickform eines Kreises) a4, ag4+1 in derselben Zeile. ”Laufen”
wir den Kreis andersherum (orientieren wir ihn also um), wird ag, ag+1 das Vorgaenger-
paerchen zu a4—1,a,. Nach Umnumerierung der Elemente entsprechend der Orientierung
haben wir dann die Annahme erfiillt. Ebenso kénnen wir voraussetzen, dass die Elemente
by —1,by in derselben Zeile stehen. Dann stehen auch aq—1 und by_; = a4 in derselben
Zeile (namlich in der von by = ag).

6. Wir bilden nun den gesuchten neuen Kreis:

Beginnend mit cq folgen wir dem Kreis B bis by .

Von by _1 "springen” wir - statt waagerecht zu by - zu a4_1, das in derselben Zeile steht.
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Von a4 folgen wir dem Kreis A (rueckwérts, um a, auszusparen) bis zu aq1, was in der
Spalte von a4 steht. Wegen a, = by steht in dieser Spalte auch by 1. Wir "springen” zu

by i1-

q'+1

Von by 4 aus gelangen wir (im B-Kreis vorwérts, ohne by zu benutzen) bis zu by.

Das ist der gesuchte Kreis. O
Eine besondere Transport-Aufgabe entsteht, wenn m = n und a; = b; = 1. Sie heisst

Zuordnungsproblem und ist "unangenehm”, weil viele ihrer zulassigen Basispunkte en-
tartet sind.

2.5 Maximalstromproblem

Es seien n Punkte p; und n? Zahlen cij > 0 gegeben. Sie mogen die Kapazitat einer
Pipeline von p; nach p; in Tonnen pro Stunde fiir den Strom einer Fliissigkeit (oder
auch einer Ladungsmenge in einem elekrischen Netzwerk) beschreiben. Gibt es keine
Verbindung von p; nach pj, ist ¢;; = 0. Weiter seien zwei Punkte, etwa p; und p, als
"Quelle” bzw. ”Senke” ausgezeichnet. Es soll maximal viel Fliissigkeit von p; nach p,
geschickt werden, wobei in den iibrigen Punkten nichts hinzukommt oder verschwindet.
Bezeichnet z;; den Fluss von p; nach p; (Tonnen pro Stunde), so besteht die Aufgabe
darin, die Summe S(z) = >, x1; zu maximieren. Die Nebenbedingungen besitzen nun
die Form

inj—iji:OVi: I1<i<n; 0< @y <cj.

J J
Diese lineare Optimierungsaufgabe heisst Mazimalstromproblem. Ein erster und noch im-
mer aktueller Algorithmus wurde fiir sie von Ford und Fulkerson in den 50-ger Jahren
entwickelt. Er nutzt das Dualproblem (iiber den Begriff des Schnittes):
Die Zielfunktion ist nach oben beschrinkt, ein zulédssiger Fluss existiert stets, x = 0. Die
Aufgabe besitzt also eine Losung. Wie beim Transportproblem gibt es einen speziellen
effektiven Algorithmus. Wir gehen hier nicht den Umweg {iber Dualisierung, sondern be-
nutzen gleich die grundlegende Idee fiir solche Aufgaben.
Eine Zerlegung der Menge P = {pi,....,pn} in zwei (disjunkte) Teilmengen S,T mit
p1 € S,p, € T heisse Schnitt. Die Zahl

C(S,T):= Y  ca

s€S, teT

wird Kapazitidt des Schnittes genannt. Fiir jeden zul. Fluss folgt nun F(x) < C(S,T)
denn die in p,, ankommende Fliissigkeitsmenge muss notwendig aus S nach T fliessen:

F(z) < Z Ty < Z cst = C(S,T).

seSteT seSteT

Damit ist ein zul. Strom z optimal, wenn F'(z) = C(S,T) fiir einen Schnitt gilt. Von Ford

und Fulkerson stammt die Verscharfung dieser Aussage als notwendige und hinreichende

Bedingung und die Konstruktionsmethode fiir eine Losung;:

Ein zul. Strom x ist genau dann optimal, wenn F(x) = C(S,T) fir einen Schnitt gilt.
Beweis und Konstruktion:

Sei x ein zul. Fluss, seien (der Einfachkeit halber) alle ¢;; ganzzahlig (bzw. rational).

Man bilde Sy = {po} und setze z(p,) = c©.

Hat man S; C P und z : S — R U {oco} bilde man

Sk+1 = Sk U {ps}
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wenn mit einem Paar p,, € Sk, p; € P\ S entweder gilt
(1) &m; < ¢mj ; dann setze man z(p;) = min{z(pm), Cmj — Tmj},
oder
(2) jm >0; dann setze man z(pj) = min{z(pm), Tjm}-
Dazu merke man sich das Paar (m, j) sowie den Typ (1) bzw. (2) der erfolgten Konstruk-
tion von Sky1. Wenn beides moglich ist, entscheiden wir uns fiir einen der Schritte.
Es gibt nun 2 Félle:
1. Die Konstruktion bricht nach k Schritten ab ohne dass p, € S ist.
Dann bilden S = Sy and T'= P\ S einen Schnitt mit F'(z) = C(S,T),
wonach x optimal ist.
2. Nach k Schritten ist p, € Si. Dann gibt es eine Kette von Knotenindizes,

(I,n1) (n1,n2) ... (Nk—1,n%), Nk =mn,

wobei jeweils p; aufgrund von (1) oder (2) aufgenommen wurde. Die Kette entsteht
dadurch, dass wir rueckwérts, beginnend mit p,, aufschreiben, aufgrund welchen Knotens
py—1 der Knoten p, in S aufgenommen wurde. Mit dem kleinsten z- Wert d bzgl. aller
obigen Knoten, kann man dann z in den jeweiligen B6gen dndern:

Tpnj = Tmj +d im Fall (1),

T = Tjm — d im Fall (2), 2/ = z in allen restlichen Knoten.
Nach Konstruktion ist z’ wieder zulédssig und F wichst um das ganzzahlige d > 0. Daher
muss der Algorithmus nach endlich vielen Schritten eine Losung liefern. O

2.6 The core of a game

Duality helps to solve games. Given a set I = {1,...,n} of "players” and S C I (this allows
S = I by our convention) let v(S) denote some payoff which the players of the coalition
S can (at least) obtain, even if the others in I \ S work against S. Assume that v is
superlinear, i.e.,

v(S)+o(T) <v(SUT) it SNT = 0.

Then v(S)+v(I\S) < v(I), > ,v({i}) <wv(I) and the total payoff v(I) can be distributed
such that player i gets x; and ), .;x; < v(I). Clearly, some coalition S is dissatisfied
with  if ), gz < v(S). Let @ # S # I in the following. So we have the problem

Find 2 € R" such that v(S) < ZZEZ VS and Zl’l =o(I). (2.6.1)
ieS iel
The set of these x is called the core of the game (I,v).

We are interested in conditions for getting a nonempty core. To simplify the interpretation
one may suppose that all v({i}) (hence also z; and v(S)) are nonnegative.

Idea: Read (2.6.1) as a constraint system of a linear problem with objective min ), 0x;.
The dual problem has variables yg, y; and constraints, assigned to all z; € IR, namely

max d:=v(I)yr + ZU(S)yS where yr + Z ys =0Vi, yg>0. (2.6.2)
S S:ies

There is no feasible y with y; > 0. So we substitute z = —y; > 0 which gives equivalently

max d:= —v(l)z + ZU(S)?JS where Z ys =2Vi, ys>0,2>0 (2.6.3)
S S: ieS
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We investigate solvability of this problem. If d > 0 for feasible y, z, so multiply with A > 0
to see that d — 0o as A — 0o. Hence for solvability, it has to follow maxd = 0. In other
words, the constraints in (2.6.3) have to imply > ¢v(S)ys < v([)z. This is trivial for
z = 0 and equivalent for all positive z, thus - by duality - solvability of (2.6.3) and (2.6.1)
means
Z ys=1Vi and yg >0 = Z’U(S)ys <w(I). (2.6.4)
S: ieS S

Of course, only positive yg are of interest. So define:

A set (sometimes called family or system) o of subsets S of I is said to be
balanced if positive yg, S € o exist such that > ¢ . ;cq ys =1 Vi.

Setting yg = 0 for all S ¢ o (if such S exist), y is feasible. Conversely, if y satisfies our
constraints then all .S with yg > 0 form a balanced family o. Finally, define

The game (I,v) is called balanced if for each balanced family o
and related yg the inequality > ¢ v(S)ys < v([) is valid.

Then, being balanced is the same as (2.6.4), and we have already shown the main
Theorem 2.6.1 (on balanced games): The core is not empty iff the game is balanced. <

How to interpret a balanced family 7 The sets in o are certain clubs (collecting stamps,
playing chess, cooking, ... ) of the players, and a single player may be a member of a given
club S € o or not. If he is a member of S, he has to pay some fee yg > 0 (per month).
The fees of the family o are fair if the total amount a; := ) ¢c.. ;cg ¥s is the same for
all players (a; = 1 without loss of generality), and a family o is balanced if fair fees exist
(if e.g. o consists of all S without player 1 then this is impossible).

If the fee yg is large then so is the term v(S)yg in the sum, and the value v(I) has to be
sufficiently large.

Example 1: n =3,v(S) =14f |S| > 2, v(S) = 0 otherwise; core = ).
Example 2: n=3,v(I) =3/2, v(S) =1if |S| =2, v(S) =0 otherwise; core # 0.
Exercise: Find balanced and not balanced sets o for n = 4.

2.7 Aquivalenz: Matrixspiel und Lineare Optimierung

2.7.1 Matrixspiel

Es sei eine (m,n)— Matrix A = (a;;) gegeben. Zwei Spieler (1) und (2) mogen voneinander
unabhéngig den Index ¢ einer Zeile bzw. den einer Spalte j wihlen. Im Ergebnis erhalte
(1) den Gewinn a;; von (2).

Bei Wahl von j durch (2) kann (1) offenbar héchstens den Gewinn max; a;; erzielen.
Realisiert die aktuelle Strategie i = i0 schon das Maximum, hétte Spieler (1) -bei Wahl
von j durch Spieler (2)- keinen Grund abzuweichen.

Dasselbe gilt fiir Strategien in Bezug auf min; a;; aus der Sicht von Spieler (2).

Also sind Paare von Strategien (70, j0) interessant, die gerade

max a;jo = @io,jo = Min G4,
1 J

erfiilllen. Sie heissen in der Spieltheorie (Nash-) Gleichgewichtssituationen, kurz GGS,
cf. sect. 3.3. Inhaltlich driicken sie eine gewisse Stabilitdt aus: Kein Spieler kann seinen
Gewinn erhohen, indem er allein von dem gegebenen Strategientupel abweicht. Allerdings
gibt es (Matrix-) Spiele ohne eine solche Losung.
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Gemischte Erweiterung:
Angenommen, das Spiel wird oft gespielt. Dann kann Spieler (1) seine Strategien mit
gewissen Wahrscheinlichkeiten (in diesem Moment seien das einfach relative Haufigkeiten)
Z1,..., Ty wahlen, wobei x; > 0 und ), z; = 1 gilt; kurz « € X. Gegen Strategie j von
(2) wird sein (zu erwartender) Gewinn dann g(x,j) = >, x;a;;. Analog kann Spieler (2)
seine Strategien mischen mittels y = (y1,...,yn), wobei y; > 0 und Zj y; = 1 gilt; kurz
y € Y. Bei Anwendung von x und y ergibt sich so der Gewinn

G(z,y) = Zyj (Z Tiaij) = z" Ay
J i

fiir Spieler (1). Eine GGS (z, %) in diesen neuen, gemischten Strategien, ist nun definiert
durch die Bedingung

G y) =G(z,7) = min G(Z . 2.7.1
Ixnéi“)xf (l’, y) (l’, y) ngjn’ (CL’, y) ( )
Sie impliziert offenbar tiber n=y,§&==2,
min max G < G(z,7) < maxmin G . 2.7.2
nelY zeX (m,n) - (a:,y) T teXx yelY ({,y) ( )

Fiir beliebige £ € X,n € Y gilt ferner trivial max,ecx G(x,n) > G(£,1) > mingey G(&,y).
Geht man in der Ungleichung max,ex G(z,n) > minyey G(&, y) links zum Minimum bzgl.
n Uber, rechts zum Maximum bzgl. &, folgt also auch

i G > inG 2.7.3
min max (wm)_ggggg &), (2.7.3)

wonach (2.7.2), wenn iiberhaupt, als Gleichung gilt und gerade (2.7.1) bedeutet mit Punk-
ten & = Z und n = y, die die dusseren Extrema realisieren. Der folgende Zusammenhang
zwischen Matrixspiel und linearer Optimierung geht zurtick auf [37].

2.7.2 Matrixspiel als LOP; Bestimmen einer GGS
Wir suchen nun ein £ € X, welches das Maximum

ma B(€) mit ¢(&) = zréig G(&y)

auf der rechten Seite von (2.7.2) realisiert. Fiir festes £ € X ist G linear in y. Also wird
mingey G(§,y) in einem der n Einheitsvektoren e; € Y angenommen (wieso 7). So folgt

¢(£) =minG(¢,y) = min G(§, ¢;) = min¢" Aej = ming"A
yeyY J J J
und  ¢(¢) =mingT A j =max{tc R |t <&TA Vi)
J
Damit hat unser Problem die Form

max t so dass £ € X und §TA,,]~ —t>0Vjy. (2.7.4)

Das ist eine (stets losbare) lineare Aufgabe mit gesuchtem (¢,&). Analog kann man ein
n € Y suchen, welches das Minimum

{7%111;11/1(77) mit () = {EngG(x,n)

auf der linken Seite von (2.7.2) realisiert. Man stellt dann fest, dass die resultierende
Aufgabe gerade dual zu (2.7.4) ist. Daher sind beide Aufgaben 16sbar, und ihre Lésungen
erfiillen (2.7.2) wegen Gleichheit der Extremalwerte.

In dieser Weise sichert der Dualitdtssatz die Existenz einer GGS (fiir gemischte Strategien)
in einem Matrixspiel (das ist der Hauptsatz fiir Matrixspiele (J. v. Neumann). Zugleich
kann eine GGS, wie angegeben, mittels linearer Optimierung bestimmt werden.
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2.7.3 LOP als Matrixspiel; Bestimmen einer LOP-Losung
Umgekehrt kann man lineare Optimierung als ein Matrixspiel verstehen. Sei dazu
ST _ (5,77,75) c IRn+m+1

eine (gemischte) Strategie im Matrixspiel G mit der aus dem dualen Paar (P), (D) aus
(2.1.1) gebildeten quadratischen (und schiefsymmetrischen, d.h. g;; = —g;;) Matrix
0 AT ¢
G=G(Abc): = A 0 —-b ). (2.7.5)
—cT vI0

Dann gilt stets s” Gs = 0, womit fiir jede Gleichgewichtssituation (s, o) von G folgt, dass
sTGo = 0 gilt. Beweisen Sie damit und mittels Dualitéitssatz der linearen Optimierung
(es reicht Corollary 2.1.7):

(1) Ein Strategienpaar (o, s) ist eine Gleichgewichtssituation des Spiels G genau dann,
wenn s und o das Ungleichungssystem Gs < 0 erfiillen.

(2) Ist s eine Strategie mit Gs < 0 und ¢ > 0, so 16sen x = £/t und y = n/t die Aufgaben
(P) bzw. (D).

(3) Losen x und y die Aufgaben (P) bzw. (D), so ist s = (&, n,t) mit
E=to, n=ty, t=>1+> 2+ ;)"

eine Strategie des Spiels G, die Gs < 0 und t > 0 erfiillt.

Remark 2.7.1 Matrixspiele sind also lineare Optim.Aufgaben und umgekehrt. <&

Ein erster Algorithmus zur Lésung von Matrixspielen stammt von Julia Robinson [123]
(1951). Er benétigt viele Iterationen mit sehr einfachen Schritten. Wir beschreiben ihn
unter der Voraussetzung, dass A (wie oben G) schiefsymmetrisch ist.

2.8 The Julia Robinson Algorithm

We describe the J. Robinson algorithm for a skew-symmetric (n,n) matrix A (because of
the above transformations, this is the basic case). We want to find some z in the simplex
of mixed strategies such that Az < 0.

(i) Put Y° =0 € R"™ and choose any Z° € R" such that max Z° := max; Z? = 0.

(ii) Step s > 0: Determine some maximal component of Z* (say its index is ¢ = i(s))
and add the 7th unit vector and the ith column of A, respectively:

ystl = ys 4+ ¢, Z5T =75 4+ Ay put s :=s+ 1 repeat. & (2.8.1)

The simple operations do not require any matrix-multiplication and keep A fixed. The
index ¢ = i(s) is not unique, in general. The assigned elements in the simplex X of mixed
strategies are given by

s Y AY*s 7% — Z0

s + €
x® = — (s > 0) and satisfy Az® = and 2t = svte
S s 5 s+1

Hence, up to the vanishing term maxy |Z))|/s for s — oo, the error £(s) = maxy, A z* of
x® coincides with max Z*/s, and max Z%/s < § is a stopping rule.
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Theorem 2.8.1 [123] It holds lims .o, maxZ®/s = 0. &

Hence every accumulation point of the bounded sequence {x*} solves the game. So the
statement is also an existence theorem. The requirement max Z% = 0 is a skilful device
needed for proving the theorem. Clearly, one may start with Z° = 0 in the algorithm.
Then the index ¢ = i(s) is just given by

Ajx® > Apx® Yk e{l,..,n}.

For numerical questions and an essential improvement of this algorithm in view of large
scale problems (games and linear programs), see [89]. A proof of the theorem can be also
found in the script on games and fixed points.



30

CHAPTER 2. LINEARE OPTIMIERUNG



Chapter 3

Elements of convex analysis

Convex Analysis bildet den Kern der Theorie konvexer und das Fundament nichtglatter
Optimierung. Alle Definitionen und die meisten der folgenden Aussagen findet man, fiir
den endlich-dimensionalen Fall, in der grundlegenden Monographie von R.T. Rockafellar
[131]. Natiirlich standen dafiir die Trennungsaussagen bzgl. konvexer Mengen schon zur
Verfligung. Fiir ein erstes Durchlesen stelle man sich alle Mengen in X = R"™ vor, auch
wenn viele Konstruktionen im linearen normierten Raum X analog erfolgen konnen.

3.1 Separation of convex sets

Sei M C X. M heisst konvez, wenn
MM+ (1—-NyeM if z,ye Mand 0 <\ <1.

Wenn z,y € M, so liegt auch die Strecke zwischen x und y in M. Man zeigt leicht: Der
Durchschnitt (beliebig vieler) konvexer Mengen ist wieder konvex; ebenso die Abschlies-
sung und das Innere einer konvexen Menge (UebAufg.). Ausserdem folgt fiir konvexes M
(Induktion tiber m)

m m
z = Z/\i z' € M sofern z'e M, \; >0 und Z)‘i =1. (3.1.1)
i=1 i=1
M heisst Kegel, wenn aus x € M folgt, dass auch alle Punkte Az, A > 0 (der Strahl durch

0 und z) aus M sind.
Der fiir alle M C X konvexe und abgeschlossene Kegel

M*={a" e X" | (2", ) <0OVze M}

heisst Polarkegel von M. Er spielt eine zentrale Rolle in der Optimerung.
For A C X bezeichnet conv A die konvexe Hiille von A. Sie ist die kleinste konvexe
Menge M mit A C M. Analog definiert man die konische Hiille con A. Damit gilt auch

m m
zeconvA < Im, N\ >0, a € A mit Z)‘i =1lund z= Z)\Zai. (3.1.2)
i=1 i=1
Ist A = {a',a? ...,a™} und folgt aus ( Y.1*;ra® = Oand >." r; = 0 ), dass r; =
0 Vi, so heissen die m Punkte a’ (bzw. das System dieser Punkte) affin unabhinging.
Aquivalent: lineare Unabhingigk. der m Vektoren (a*,1),...,(a™,1) bzw. der m — 1
Vektoren a? —a',...,a™ — a'. (Nachrechnen !). In diesem Fall heisst conv A auch Simplex
(der Dimension m — 1). Fiir jedes z € conv A sind dann die Koeffizienten \; aus (3.1.2)
eindeutig bestimmt; gébe es weitere, etwa X, folgte mit r; = A, — \; ein Widerspruch.

31
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Theorem 3.1.1 (Caratheodory) Fir alle A C IR™ gilt (3.1.2) mit m =n + 1. <&

Proof. Man schreibe z € conv A mit minimaler Anzahl von Elementen a' € A, i =
1,...,m als Konvexkombination:

m m
2= Nd' mit >0, Y A=1 (3.1.3)
=1 =1

Wenn m > n + 1, so sind die m Vektoren (a’,1) € R™™, (i > 1) linear abhingig; also

existieren nichttriviale r;, (i > 1) mit 0=~ 7a’ = 0 und Y %, r; = 0. Mit beliebigem
t € IR gilt daher auch

m m

z = A +tr; ' and N +itr;) = 1.
> ) > )

=1 =1

O.B.d.A. sei r1 # 0. Ist 1 < 0, dann gibt es ein positives ¢, sodass (\; + tr;) > 0Vi und
Ai + tr; = 0 flir wenigstens ein 4 gilt (Man erhoehe t bis die erste Funktion ¢ — A; + tr;
Null wird). Ist 71 > 0, findet man analog ein negatives ¢t. Die Darstellung (3.1.3) war also
nicht minimal. O

Damit ist conv A kompakt, wenn A C IR"™ kompakt ist (wieso 7).

Theorem 3.1.2 (Projektionssatz) Sei () # M C R"™ konvex und abgeschlossen und 7y (x)
die Projektion von x € R"™ auf M, d.h. wp(x) € M erfille (mit Euklidischer Norm)

lmar () =zl < lly -zl vye M. (3.1.4)
(i) Dann ist p = mpr(x) eindeutig bestimmt und erfillt

(p—a)"(y—p)>0 VyeM. (3.1.5)

(i) Umgekehrt, erfillt p € M Bedingung (3.1.5), so ist w(x) = p Lésung von (3.1.4).

(11i) Die Projektion myy ist nicht-expansiv, d.h. ||mp(2') — mar(2)|| < ||2” — z||. Dabei gilt
fir mp (') # mar(x) die Gleichung, genau dann wenn wy(2') — oy (z) =2’ —x. O

Proof. Ein Minimalpunkt p = mys(x) fir (3.1.4) existiert, weil die Norm stetig ist
und es - mit irgendeinem y° € M - ausreicht, die Norm iiber der kompakten Menge
M®=Mn{y|lly— x| <|[ly° — z||} zu minimieren.

(i) Mit beliebigem y € M setze man z(t) =p+ty—p), 0<t<1.

Dann folgt z(t) =ty + (1 — t)p € M (Konvexitit) und

l2(t) = 2> = llp — 2 + tly = p))II* = llp — 2* +2t(p — )" (y — p) + ||y — plI>.
Wegen ||z(t) — z||*> > ||p — x||?, muss deshalb (3.1.5) gelten (sonst entsteht mit kleinen
t > 0 ein Widerspruch da 2t (p — )T (y —p) + ¢ |ly — p||*> < 0).
(ii) Erfiillen zwei Punkte p,p’ € M die Bedingung (3.1.5), erhalten wir
(p—2)"(' =p) >0 and (' —2)"(p—p) >0

und nach Addition (p —p')T(p' —p) = —||p' —p||*> > 0, also p = p. Damit gilt (3.1.5) nur
fir p = mpr(x), und mps () aus (3.1.4) muss eindeutig sein.
(iii) Man wende (3.1.5) auf beide Projektionen an:

(mar(z) — 2, g (2)) — mpr(2)) >0 . (rp(2)) =2, () — g (2)) > 0.
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Addition und Ausmultipliz. liefert
(mm(z) —x + 2’ —ay(2), mu(a) —mm(z)) >0,
(2 — 2, 7 (2') — ma(2)) — |mu(a’) — mar(@)]> > 0.
Damit gilt auch
Imar (') = mar(@)* < ( mar(a’) — mar(2), 2’ = 2) < Jlo —2'|| lmar(a”) — mar(2)ll. (3.1.6)
Division durch ||mps(2’) — mar(x)]] > 0 liefert Nicht-Expansivitat. Ausserdem: Die rechte
Ungleichung gilt mit mps(2) # mar(z) als Gleichung < wp(2') — mar(x) = 2’ — 2. O

Remark 3.1.3 (Proj. in Hilbert spaces:) Thm. 3.1.2 bleibt im Hilbert Raum (statt R™)
richtig. &

Beweis: Man hat nur die Existenz von 77 (x) anders zu zeigen, z.B. mittels Parallellogram-
mgleichung
lla +bl* + fla = blI* = 2([|all* + [1BII*), (3.1.7)

die durch direktes Ausrechnen folgt.
Sei nun d = dist (2, M) und {z,} eine Folge in M mit ||z — 2, ||* < d?> +n~2. Man zeigt
Konvergenz der {z,} durch Abschiitzen von ||z, — z,||?. Dazu wird (3.1.7) auf

a=2x— zn, b=x—zn
angewandt:
122 = (zm + z0)|I” + llzm = zall> = 2 (2 = 2all® + |2 = 2 ]%).-

Das erste Quadrat ist gerade 4 ||z — 222 |2 Ausserdem ist Z2}2n € M. Damit gilt
4 |l — 2=F22]12 > 4 d?, und folglich

lzm = zall® < 2 (o =zl + |2 = 20l* ) — 4d?
< 2(d+n2+d?+m2) —4d?> = 2(n 2+ m72).
Die Folge z,, ist also eine Cauchy- Folge und z = lim z,, ist der gesuchte Punkt. O

Lemma 3.1.4 Trennungssatz 1: Sei ) # M C R"™ konvez, abgeschlossen und x ¢ M.
Dann existiert ein v € R™ mit ulz < v’y Vye M. <&

Proof. Es sei p die Projektion von = auf M (Projektionssatz) und u = p — z. Dann ist

u'(y—a)=u"(y—p+p—a)=u"(y—p+u)=u’(y—p)+|ul>*>0Vyec M. O

Analog kann man im Hilbert Raum schliessen.
UeAufg. Zeigen Sie mit Lemma 3.1.4,

Theorem 3.1.5 (Bipolarsatz) Fiir jeden abgeschlossenen konvexen Kegel ) # K C R"
und dessen Polarkegel K* gilt (K*)* = K. <&

Proof. (C): Sei u € (K*)*. Das heisst
(u,z*) <0 Vz* e K. (3.1.8)

Wenn v ¢ K, kann man trennen: Jy* # 0: (y*, k) < (y*,u) Vk € K (abgeschl. konvex).
Weil K ein Kegel ist, folgt damit (y*, k) < 0 < (y*,u) Vk € K. Also ist y* € K* ein
Element, das (3.1.8) verletzt.

(D): u € K. Angenommen u ¢ (K*)*. Dann gibt es - da K* konvex und abgeschlossen
ist - ein z* € K* mit (u,z*) > 0. Weil * € K* | kann daher nur v ¢ K gelten. O
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Lemma 3.1.6 Trennungssatz 2: Es sei M C R"™ konvex, abgeschlossen, michtleer und
x ¢ int M. Dann gibt es ein u € R"™, u # 0, so dass u'xz <uly Yy M gilt. &

Proof. Da z ¢ int M, gibt es Punkte z; — x (k — o0), so dass x ¢ M. Auf diese lésst
sich Lemma 3.1.4 anwenden. Sei u;, ein entsprechender Vektor. O.B.d.A. gelte |Jug| = 1.
(Division durch die Norm). Fiir eine (unendl.) Teilfolge konvergieren die beschrénkten uy
gegen ein u mit ||ul| = 1. Mit jedem y € M folgt so wegen u] zy < uly und Stetigkeit des
Skalarprodukts auch u’z < uTy. O

Remark 3.1.7 Ist ) # M C IR" nur konvex, beweist man Lemma 3.1.6 analog, indem
man x von der Abschliessung cl M trennt, deren Inneres x ebenfalls nicht enthalten kann.
<&

! Dieser Schluss ist fiir konvexe Mengen in B-Raumen falsch. Wieso 7 Und wie zeigt
man x ¢ int cl M, wenn () # M C IR™ konvex ist und = ¢ int M ?

Theorem 3.1.8 (Trennung allgemein) Seien A, B konveze Teilmengen eines linearen
normierten Raumes X (iber R), A und int B nichtleer, und ANint B = (. Dann gibt es
ein ¥ € X*\ {0} mit (x*,a) < (z*,b) VaecA beB. &

Proof. Man bilde die (konvexe) Menge M = {z | z =b—a, a € A, b € B}. Dann folgt
0 ¢ int M # (). Trennung von 0 und M liefert die Behauptung.

Fir X = R™ kann man dazu Lemma 3.1.6, Remark 3.1.7 benutzen. Im normierten
Raum benotigt der Beweis der Trennbarkeit von 0 und M das Zornsche Lemma oder eine
dazu adquivalente Aussage, s. Thm. 5.1.1. |

From the Theorem, the subsequent version of a Hahn-Banach Theorem [6] can be derived.
Notice that p is sublinear iff p is convex and positively homogeneous.

Corollary 3.1.9 Let p: X — R be sublinear and continuous, U be a subspace of X (not
necessarily closed) and 1 : U — R be additive and homogeneous with l(u) < p(u) Yu € U.
Then: 3 z* € X* such that (z*,x) < p(z) Vxr € X and z* =1 onU. &

Proof. Separation of A = { (u, {(u)) | v € U} and B = epip can be applied since
int B # () by continuity of p, and A Nint B = (). O

3.2 Brouwer’s and Kakutani’s Fixpunktsatz

Die folgenden Fixpunktsatze sind fundamental fiir viele Existenzsédtze in Optimierung,
Spieltheorie und mathematischer Okonomie und wurden in vieler Hinsicht verallgemeinert.
Wir betrachten zuerst die klassischen Aussagen. Die beiden folgenden Skizzen wurden im
Mathe-Lager ”Lust auf Mathematik”, Blossin 2006, erstellt von Thomas Biinger, Erik
Esche, Felix Ginther, Arne Miiller und Andrej Stepanchuk.

3.2.1 The theorems in R"

Theorem 3.2.1 (L.E.J. Brouwer’s Fixpunktsatz) Let ) # S C R"™ be convex and compact
and f: S — S be continuous. Then: I T € S such that f(T) = Z. &

Proof. Man beweist den Satz zuerst fiir ein Simplex S = conv{Py,..., P}, P, € R"

S:{QSG]R”|x:ZoziPi, Zaizl,aiZO}.
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Man beachte, dass die Koeffizienten «; eindeutig sind und glm. stetig von « € S abhéngen.

Man definiere eine Simplexunterteilung induktiv:

Fiir ein Intervall kanonisch durch Halbierung.

1. einfache Unterteilung: iiber die konvexe Hiille einer einfach unterteilten Seite und dem

Schwerpunkt des Simplex (siehe Bildchen).

2. mehrfache Unterteilung: Wiederholung der Prozedur auf Teilsimplizes.

Damit ist klar, was eine N-fache Unterteilung sein soll. Knoten der Unterteilung seien

die Ecken der Teilsimplizes. Der Durchmesser der Teilsimplizes (= max Abstand zweier

Punkte daraus) geht mit der Ordnung N der Unterteilung gegen Null (Induktion).
Indexfunktion: Eine Funktion j = j(z) € {1,...,n} heisst zulédssige Indexfunktion,

sofern: j(z) € {nl,...,7k} if © € conv{Pr1,...Pri} (z € S). Zunéchst beweisen wir

Lemma 3.2.2 (Sperner’s Lemma) Sei j(.) eine, auf den Knoten (Ecken) einer N-fachen
Unterteilung definierte, zuldssige Indexfunktion. Dann gibt es ein Teilsimplex T der Un-
terteilung, so dass den Ecken p1,...pn, von T alle Nummern 1,...,n zugeordnet sind. &

Proof. (Lemma) Betrachte Teilsimplizes T'(k) und definiere: Eine ausgezeichnete Seite
ist eine Seite eines Teilsimplex’ T'(k) mit zugeordneten j-Werten 1,...,n — 1. ”Normales”
T'(k): zugeordnete j-Werte sind 1, ...,n. Sperner zeigte per Induktion:

Die Anzahl normaler Teilsimplizes ist ungerade.
Fiirdim S = 0,d.h., S = conv { P } ist die Aussage trivial. Siesei fiir S = conv{P, ..., P,_1}
bereits bewiesen.
Idee: Sehen und gesehen werden !
1) sehen: Wir laufen durch alle T'(k) und zéhlen die dort zu sehenden ausgezeichneten
Seiten o. Das seien t(k) Stiick. Sei

a= Zt(k)

Wenn T'(k) normal, ist offenbar ¢(k) = 1. Sonst: (k) = 0 oder ¢(k) = 2. Also gilt
a ist gerade < die Anzahl normaler T'(k) ist gerade.
2) gesehen werden:
Wir fragen nun, wie oft eine ausgezeichnete Seite o gezahlt wurde.
Fall 1: ¢ liegt in der Original- Simplexseite der Knoten P4, ..., P,,_1: Genau einmal.
Fall 2: o liegt nicht in dieser Simplexseite: Dann liegt sie wegen der Zuléssigk. Be-
dingung auch in keiner anderen Seite des Originalsimplex S. Sie wird deshalb von genau
zwei Teilsimplizes T'(k), T'(k’) aus gesehen (die an der Seite o gespiegelt sind). Bezeichnet
b1 und by die Anzahl der ausgezeichneten Seiten zu beiden Fillen, folgt also

a = by + 2bs.

Damit ist a gerade < b; gerade.
Nun ist b; zugleich die Anzahl normaler Teilsimplizes in einem Simplex kleinerer Di-
mension. Daher ist b; ungerade, folglich auch a, was zu zeigen war. O

Zum Beweis des FP-Satzes wihle man eine spezielle zuldssige Indexfunktion.
Da f(x) € S, gibt es eindeutige und stetige A; = \j(z) > 0, \; = 1, so dass

fl@) ="\ P

Dann sieht man leicht: z ist Fixpunkt von f < «o; > \; Vi.
Ausserdem gilt:
Wenn z € conv{P,...Py}, so gibt es ein i € {1,...,k} mit o; > A;, denn sonst wire die
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Figure 3.1: Unterteilung des Simplex und 11 normale Teilsimplizes

Summenbedingung fiir die A; verletzt.
Also kann man jedem z € conv{P,...P;} ein i = i(z) € {1,...,k} mit a; > A; zuordnen.
Das gilt analog fiir jede Auswahl {Pr1, ..., Py} von k anderen Ecken.

Die Zuordnung i = i(x) ist deshalb eine spezielle zuléssige Indexfunktion j. Nach dem
Lemma gibt es zu jeder N-fachen Unterteilung von S ein normales Teilsimplex T'(k). Fiir
beliebiges x(N) € T'(k) folgt dann, weil A = A(z), @ = a(z) gleichmaéssig stetig sind, dass
mit gewissen e(N) — 0 (bei N — o0) gilt

(67 > )\z - €(N) \V/’L',
denn die Ungleichung gilt (ohne ¢) fiir jeweils eine Ecke x von T'(k) und
[A(2) = AN + [le(z) = a(z(N))]

strebt fiir N — oo gleichmaéssig gegen Null, weil die Teilsimplizes beliebig klein werden.
Nimmt man nun einen Hauf.-Punkt Z der z(N), fir N — oo, erfiillt er damit
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Also ist der Brouwersche FP Satz fiir das Simplex S richtig. Die Erweiterung auf bel.
konvexe, kompakte Mengen C' wird nun (fast) eine UeA. Man wéhle ein Simplex S, das
C enthilt. Sei p(x) die Projektion von z auf C. Sie ist stetig. Durch g(z) = f(p(z)) fir
x € S lésst sich f stetig auf S erweitern. Da g und f dieselben Fixpunkte besitzen, folgt
die Behauptung. |

Remark 3.2.3 Mit einer anderen Indexfunktion kann ein normales Teilsimplex konstruk-
tiv gefunden werden (Methode von Scarf [135] und Hoang Tuy). Die Methode wird mit
Fig. 2 verdeutlicht. Knotennummer i bedeutet hier die umgekehrte Ungleichung a; < A;.
Punkte im ”Innern” der Seite, die p; gegeniiber liegt, erhalten die Nummer q. &

Figure 3.2: Weg durch das Simplex zu einem normalen Teilsimplex

Recall that F': S = S is closed iff so is gph F':= {(x,y) | x € S,y € F(x)}.

Theorem 3.2.4 (Kakutani’s [58] FP Theorem) Let S C R"™ be convex and compact, let
F : S = S be a closed mapping such that all F(x) are non-empty conver subsets of S.
Then: 3z €S such that T € F(Z). <&

Proof. Diesmal nehmen wir an, S = B sei die Euklidische Einheitskugel des IR", und es
gelte x ¢ F(x)Vx € S. Stets sei x € S. Dann gibt es (Trennung), zu jedem z ein z € R"
als Trennungsvektor mit

t(z,x):= inf (z,y—x)>0.

()= ot (ey =)
Sei W (x) die Menge dieser z und W~1(2) = {z | t(z,2) > 0}. Weil gph F' abgeschlossen
ist, folgert man leicht, dass W~1(2) (relativ) offen in S ist. Da nun S C U, W~1(z), gibt
es endlich viele (Uberdeckungssatz) Elemente z, (p = 1,..., N) mit

S c U, W(z,) (3.2.1)

Sei A, =S\ W™(z,) and d,(z) = dist (z, 4p). Wegen (3.2.1) und Abgeschlossenheit der
Ap gilt d(z) :==>_,dp(z) >0 Vz. Damit kann man stetige Funktionen

Ap(z) = () und  z(x) = Z)\p(az) zp definieren.
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Bemerkung: Stetige Funktionen Xp, die in dieser (und allgemeinerer) Weise einer offe-
nen Uberdeckung (wie hier (3.2.1)) zugeordnet sind, heissen Zerleqgung der 1 (partition of
unity), wenn

Z)\p(:r) =1 gilt und ausserdem \y(z) >0 < =€ W '(z,).
p

Um z(z) € W(z) Vo € S zu zeigen, sei y € F(x). Es gibt ein positives A,(x), und aus
Ap(x) > 0 folgt © € W1(2,) und A,(2){2p, y —x) > 0. Also ist auch

(2().y —2) = 3 Apl@){zp ¥ — ) > 0.

Da y € F(x) beliebig war, folgt so z(x) € W(z). Dann ist auch z(z) # 0 richtig. Die
Funktion f(z) = ngg” bildet daher die Kugel S = B stetig auf den Rand bd B ab und
erfiillt ebenfalls f(z) € W (x). Nach Brouwer besitzt sie einen Fixpunkt: z = f(z) € W ().

Er erfullt

0< inf (Z,y—Z) und ||Z||=1.
Jint @y —a) wnd [a]

Zusammen liefert das F'(Z) NS = () im Gegensatz zu ) # F(z) C S. Das beweist den Satz
fiir die Einheitskugel. Damit gilt er fiir jede Kugel S = B(0,r) (wieso ?).

Ist schlielich S = C' konvex und kompakt, wihlen wir ein » mit C C B(0,r) und
betrachten G(x) = F(p(x)), « € B(0,r) mit p(z) = Proj. von x auf C. O

Remark 3.2.5 Brouwer’s FP Theorem is the single-valued version of Kakutani’s Theorem
since continuity of functions F': S — S (compact) follows from closeness. <

3.2.2 The theorems in normed spaces

If S ¢ R" is replaced by S € X (a linear normed space) in Kakutani’s theorem, the
statement remains valid.

Proof: Let ¢ > 0. Since S is compact, there exists a finite set M, C S such that
Ve €S 3y € M, : |ly—z| < e (afinite e-net in S). The set C' = conv M, belongs to a
finite-dimensional subspace U of X (generated by the elements of M) and is compact in U
(with induced topology). To every u € C, assign the projection I'(u) of F'(u) onto C'. Then
we obtain I'(u) C F(u) 4+ B and, due to convexity of F(u), also convI'(u) C F(u)+eB.
Since F'is closed, so are I" and convI on C' (see Thm 3.1.1). Applying Katutani’s theorem
to convI' on C, one finds some y. € convI'(y:), y. € C. This entails dist (v, F(y:)) < e.
Considering any €; — 0 and selecting an accumulation point z of y., C S, the assertion
now follows by arguments of closeness and compactness. O

Brouwer’s theorem still holds by the same reasonings. However, we have again to ap-
ply Kakutani’s theorem for proving it, since the projection I'(u) of F(u) onto C' is not
necessarily single-valued if so is F'(u).

3.3 Nash Equilibria and Minimax Theorem

We consider a non-cooperative N-person game with ”strategy vectors”
— . n
r=(T1,...., Tp, ..AN); x, € R"™,

payoff functions f,(x) for player p who chooses z;,, and want to maximize f, under some
constraints. Let (z](&,) = (x1,...,&p, ...TN).

The next statements follow from Kakutani’s theorem.
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3.3.1 The basic Existence Theorem

Suppose that x, € X, C R" is required. Then, a (Nash-) equilibrium z is defined by
zp € X, and  fp(x) > fp(z|l&p) VEp € Xp; forp=1,...,N. (3.3.1)

Theorem 3.3.1 (Nash) The model (3.3.1) has a solution if all X, # 0 are convex and
compact, all f, are continuous and, in addition, concave in the players variable ). &

Proof. Define the sets of maximizers §,, depending on z,

Fp(x) = argmax { fp(xufp) | & € Xp }

By our assumptions, F,(x) # () is compact and convex, and the multifunctions x — Fy(z)
are closed. This remains true for the product mapping

F(:L’) = Fl(:c) X ..o X FN(CIZ) CM:=X1x..xXnp. (332)
Now F': M == M satisfies the hypotheses of Kakutani’s Theorem 3.2.4. The fixed point
x fulfills obviously (3.3.1). O
Minimax: Setting particularly N =2, fo = —f; and ¢ = fi, ¢ is a continuous concave-

convex function and Thm. 3.3.1 attains (with X; # () convex, compact) the form

Corollary 3.3.2 (Minimax-Theorem) There is some (u,v) € X1 X Xo such that
d(x1,v) < P(u,v) < d(u,x2) Vry € Xq,22 € Xo. O

A typical convex-concave function is the Langrangian L(z,y), Def. 4.1.1, in convex op-
timization. One can establish the duality theory of convex optimization by using the
Minimax Theorem, though the sets X; are there not compact a priory.

3.3.2 Normalized Nash Equilibria
Now suppose there exist joint constraints x € M for the strategies
M={z|gi(x) <0, i=1,...,m}. (3.3.3)

Interpretation: If like above, only x, € X, is required, we can write, e.g., gp(xp) =
dist (z, X;) < 0. Clearly, g, is convex if so is X,,. If nation p likes to fish out x, tons of
cod in the North Sea, it makes sense to claim (among others) that g;(z) := > x, —C < 0.
Now, a (more general) equilibrium z is defined by the requirements

xe M and fp(x) > fp(z||{) whenever (z||¢,) € M; forp=1,..,N. (3.34)

Theorem 3.3.3 The model (3.3.4) has a solution if M # () is convex and compact, and
-as above - all f, are continuous and, in addition, concave in the players variable x,. <

Proof. For z € M, define the function ¢(§,z) = >, fp(2[|¢p) which is concave in &,
and put (as proposed by Rosen [133])

F(z) =argmax { ¢(&,z) | £€ M }. (3.3.5)

Again, F': M = M satisfies the assumptions of Kakutani’s Theorem. So F' has a fixed
point, and x € F(z) implies (3.3.4), now. O
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The fixed points of (3.3.5) are particular equilibria, also called normalized equilibria. They
are closely connected with solutions of optimization problems, and many statements of
optimization remain true (with the same proofs) for them.

To see this, let f,g € C' and suppose a condition, called constraint qualification CQ
below. Then, since z solves the optimization problem (3.3.5), we may use that x fulfills
the related necessary KKT-conditions, cf. Thm. 4.1.2: There is some y € IR™ such that

where (3.3.6)
f= —(g—ﬁ, - %) replaces Df in (usual) optimization models.
So we obtain variational inequalities where D f is simply replaced by some f of related
dimension and smoothness. To study stability of such solutions, now second derivatives
come into the play, and

Df(x) + Z y; D?gi(x) stands for  D*L(z,y) (3.3.7)

in the statements on stability of critical points in optimization, chapter 12. However, the
related sets of all (or normalized) equilibria have, generally, a complicated structure [4]
even under the made assumptions and N = 2.

Example 3.3.1 For X; = X5 = [0,1] and f; = fo = —(x1 — 22)?, all feasible points of
the diagonal x2 = x; are Nash-equilibria.

3.4 Classical subdifferentials, normals, conjugation

Here, we derive key statements of convex analysis which can be summarized as follows,
provided that two basic notions are defined:
1. The subdifferential 0f of a (non-differentiable) convex function, (a generalization of
the derivative) and
2. a normal cone Njs(z) of a closed convex set at some = € M (which generalizes normal
directions of smooth manifolds).

Then one may prove, for closed convex sets ) # M C IR"™ and convex functions
g R*" - 1R:

z* € 0f(x) < x €argmin f(.) —(z%,.) & (2%, —1) € Nopj (x, f(2))
0 €0f(x)+ Ny(x) & x€argmingepf(x).

In addition, the statements df(z) # 0, 9O(f+g)(x) = 0f(x)+0g(z) simplify the calculus
with these objects. By the help of the indicator function

0 if xeM
oo otherwise

iv(z) = { (3.4.1)

the basic notions are connected each other by Njs(x) = dips(x). By a cone of tangents
Ch(z), another connection can be formulated:

Npy(z) = Cpr(z)* (the polar cone of Cyy(z)).

All applications depend on the ability to determine these objects for concrete M and f.

The mappings Np and Np-+:



3.4. CLASSICAL SUBDIFFERENTIALS, NORMALS, CONJUGATION 41

Let D C R"™ be a closed convex cone. Then Np(y) consists of the normals y* to the cone
D at y. They are contained in the polar cone D* = Np(0) of D for y. Then we have
Np(y) C D*. Moreover, the conditions

y* € Np(y) which means y € D and (y*,y —y) <0Vy € D

and
Y S ND* (y*) which means y* c D* and <y’d* _ y*> S 0 \v/d* c D*

are equivalent.

Proof by contradiction: Assume y* € Np(y). Then, it follows y* € D* i.e., (y*,D) <0
since D is a cone, and (y*,0—y) < 0 since 0 € D as well as (y*,y) < 0 since y € D. Hence
(y*y) =0.

On the other hand, if y ¢ Np«(y*) then, due to y* € D*, there is some p € D* with
(y,p) > (y,y*). Because of y € D and p € D* | so a contradiction follows: 0 > (y,p) >
(y,y*) = 0. In consequence, y* € Np(y) implies y € Np«(y*). The reverse direction can
be similarly shown. |

3.4.1 Definitions and existence

Given f:X — RU{£o0o} (X a linear normed space), put dom f = {z | f(z) € R}.
Def. f is said to be conver if the epigraph epi f := {(z,t) € X xR | f(z) <t} is a
convex set in X x IR.

Def. f is said to be proper if f(x) # —oco Va. If f is proper, convexity of f means that
dom f is convex and

FAz4+ 1 =XNy) < Af(x)+ (1 =N f(y) Vz,yedomfand 0 << 1.

Def. f is concave if —f is convex, i.e., the hypograph hypo f := {(x,t) | f(z) > t} is
convex.

Remark 3.4.1 If f(z) € R and f(2’) = —oc then, under convexity, it follows
flx+Aa2' —2)) = -0 VA€ (0,1) and f(z+ A2’ —2))=+0cVA<O0

(consider f on the line through x,2’). Thus f(z') = —co is impossible if f is bounded
above on some open set. <&

Lemma 3.4.2 If f is convex then every local minimizer is also a global one, and the set
argmin f of all minimizers is convez (possibly empty). &

Theorem 3.4.3 (continuity of convex functions) Let f: X — R U {oco} be convez.
(i) If X =1R" then f is continuous on intdom f.
(ii) f is continuous on open sets Q with supq f < oo. &

Proof. Preparation: Given y € intdom f choose a (small) simplex S C dom f with
y € int S. Using its vertices py, one obtains for x € S, viaxz =, A\ppr, D p A = 1, A >0,
that f(z) < >, Af(pr). Hence f is bounded above on S: f < C on S. Clearly, then
f < C also holds on some small closed ball B, = B(y,¢). Besides convexity, this is the
crucial (and only) property we shall need below.

(i), (ii) Next let x — y, = # y. Choose z € bd B, such that, with some X\ € (0, 1),

r=Ay+ (1 —XN)z, xbetweenyandz, A= \(x).
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Then, since A\ — 1 follows from x — y, convexity and f(z) < C yield

f@) SAf(y) + (1 =N)f(2) <Af(y) + (1= A)C  and limsup f(z) < f(y).

T—Y
Now choose z € bd B, such that, with some A € (0, 1),

y=Ar+ (1—XN)z, ybetween zand z, A= \(x).
Since A — 1 follows from z — y, convexity and f(z) < C yield

fy) < Af(2) + (1 =Nf(z) <Af(2) + (1 -NC  and liminf f(z) > f(y). O

T—Y

Remark 3.4.4 The assignment x — A(z) was a Lipschitzian one for limsup and lim inf
as well. This can be exploited for verifying that f is even locally Lipschitz near y. &

Subgradients, subdifferential

Definition 3.4.1 Some z* € X* is a subgradient of f : X — IR U {oo} at x € dom f, if

[ = fla)+ (2" —a) VEeX. (3.4.2)
The closed convex set df(z) of all subgradients is the subdifferential of f at x. O

If X = R", we identify X* = R™ and (z*,2) = 2*T2 =, 2fz;. If 2* € 3f(z), the affine
function 1(§) = f(x) + (z*,£ — x) supports f, and f(§) = —oo is impossible.

Example 3.4.1 The convex function f = —/z if x > 0; f = oo else, has df(0) = (). For
f(z) = |z|, we have 0f(0) = [—1,1], for f(x) = ||z||2, 0f(0) = Euclidean unit ball. <&

Evidently, 0f(z) # 0 = f is lower semi-continuous at x (even weakly l.s.c.).

Moreover, df(x) is bounded provided that f is bounded above near x. Indeed, if z+eB C
dom f and z* € df(z), choose u € eB in such a way that (z*,u) > 3¢ ||z*||. This yields
f(z+u) > f(z) + ie||z*|| and ensures the assertion.

Subdifferentials, solution sets and conjugation:
Trivial but important

0 € 0f(z) < xis a global minimizer of f.

More general, the inverse map (9f) (z*) := {x | 2* € 0f(z) } assigns, to the function
h(&) = f(&) — (z*,&) the set of minimizers argminh, i.e.,

(0f)"Hx*) = argmin (f — z*) (3.4.3)

So Jf is inverse to the solution map of a linearly perturbed optimization problem, and
Of(x) # () means z € argmin (f — z*) for some z*. The function f* of the extreme values

fr(@7) = glg)f( f(&) = (2",§)  (possibly —o0)

is called the conjugate of f. Though f* is mostly applied to convez f, it holds

Lemma 3.4.5 For arbitrary f, the conjugate f* : X* — R U {—o0} is concave. &
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Proof. Indeed, for A € (0,1), it holds

O™+ (1= XNy

= infe [ Af(§) —Mz" &) + A1=Nf(€) -1 -y, & ]

> infe [Af(§) — A2, €) ] + infe [ (1 =Nf) - Q=N &) ]
= Aff(@)+ Q=)

To obtain a convex conjugate, one often defines f* with opposite sign. The subsequent
statements are consequences of the separation theorem.

Theorem 3.4.6 (existence of subgrad.) If f: X - RU{oo} is conver and f is
continuous at T € intdom f then Of(Z) # (. <&

For continuity, see Thm. 3.4.3.

Proof. Define M :=epif = {(t,z) | t > f(x)}. Then (f(z),z) ¢ int M follows from
(f(x) —e,z) & M. On the other hand, (f(Z)+¢,%) € int M holds by continuity of f at =
(it suffices upper semi-continuity; but this implies continuity). Thus M and (f(z),z) can
be separated by Thm. 3.1.8: Some (r,u) € R x X* (not zero) satisfies

((ryu), (f(x),2)) < {((r,u),(t,x) V(tz)e M. (3.4.4)

The structure of M implies » > 0 (via t — o0). Furthermore, Z € intdom f shows that
r = 0 would yield the contradiction v # 0 and (u,z) < (u,z) V x € dom f. Thus,
it follows r > 0; and (3.4.4) ensures that —u/r is a subgradient (divide by r and put

t= f(x)). 0

As an application, we regard the relation between (9f)~! and 9(— f*) and verify Corollary
1.4.4. in [48], part L.

Lemma 3.4.7 For convez f: R™ — R, it holds (0f) " (u) = d(—f*)(u). &

Proof. Let z € (0f)~!(u). By definition of this set, it holds f*(u) = f(z) — ul 2, and by
definition of f*(¢) = inf, f(z) — &'z, it holds f*(€) < f(z) — &7z V€. Hence one obtains
56 — f*(u) < —(¢€ —u)Tz or equivalently

&)z —f W)+ (E -z de, z€d(—f)(u)

Let z € O(—f*)(u). Again by definition, this means f*(&)427¢ < f*(u)+2Tu V€. Taking
any £ € 0f(z) (not empty !), it follows f*(£) + 27¢ = f(2). Summarizing, the assertion
follows: f(2) — zTu = f*(&) + 27¢ — 2Tu < f*(u), ie., z € (0f) 1 (u). O

3.4.2 Directional derivative, subdifferential, optimality condition

Theorem 3.4.8 For the directional derivative of a convex function f:IR"™ — R at x in
direction u, it holds

f(x;u) = ltil%l Jla+ tut) nriCI max{(z*,u) | " € 0f(z) }. < (3.4.5)

Note: For the same statement in normed spaces, suppose that f is continuous.
For directional derivatives, the limit has to be unique; in contrast to limits which will be
called contingent derivatives or generalized directional derivatives, below.
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Proof. By convexity, the quotients h(t) = t~*(f(x + tu) — f(x)) are decreasing as t | 0,
and h(t) > (z*,u) holds for all z* € df(z) # 0. Thus, f'(z;u) = limh(t) exists and
P/(z5u) > max{ (%, u) | 2° € Of(x)}.

Next, given x and u, consider f(x + tu) on the real line, and put h = f’(z;u). Since
(Vt > 0) we have f(z +tu) — f(z) > th and f(x —tu) — f(z) > —th, the line

G={(x+tu, flx)+th)|teR}c R

does not meet intepi f. By separation of G and int epi f, some pair (w,r) # (0,0) exists
such that, for all t € IR,p > 0 and y € IR",

(w,z +tu) +r(f(x) +th) < (w,z+y)+r(f(z+y)+p).

Via p — oo, this implies » > 0, and r = 0 can be excluded by setting y = —w # 0 and

considering small ¢ > 0. Hence it holds r > 0 and, after division by r it follows with v =

(and by p | 0),

(v,z+tu) + f(z) +th < (v,o+y)+ flz+y) VieR,yeR",
(vtu—y)+th < flz+y) — f(o) Vt e R,y € R™.

Setting y = 0 we obtain h = —(v,u). Therefore, it holds
(—v,y) < flea+y)— f(z) Vy e R" and 2" := —v € df(x).
Due to {(z*,u) = h, so also f/(z;u) < max{(z*,u) | z* € f(x)} is valid. O

Sublinearity:
For directions u,v and A > 0, it follows immediately f'(x, \u) = Af'(z,u) and by the
Theorem

f(z,u+v)= max (x*u+0v) < max (z*,u)+ max (z*,v) = f'(z,u) + f(z,v).

z*edf(x) x*€df(x) z*e€df(x)
So f' is sublinear (and convex) in the direction.

Theorem 3.4.9 (Moreau / Rockafellar) Let f,g: R™ — IR be convex. Then
I(f +g)(x) =0f(x) + dg(x) (element-wise sum) < (3.4.6)

Proof. This theorem is once more an application of the separation theorem. Show first
that one may (by adding a linear function) suppose that x is a minimizer of f + g. Next,
by separating epi f and hypo (—g), one obtains the crucial inclusion 0 € 9f(z) + dg(x).

O

For any set M C X and x € M one can define 3 important cones

Definition 3.4.2

1. The (classical) normal cone of M at z is Np(z) = {«* | (z*, y—z) <0 Vy € M}.
This is the polar cone (M — x)* of M — x.

2. The contingent (or Bouligand) cone of M at x is defined as

dist (x + tu, M)
t

Cy(x)={ue X | lir?l(i)nf = 0}.

3. The third one is the polar cone Njs(z) = Cpr(x)* of the contingent cone. <&
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The cone Cy(x) is a (closed) cone of "tangent directions”. Equivalently, it holds

u€ Cy(x) & Ftp | 0: dist (z+ tru, M) = o(tx)
& dip |0 x4tgur €M for certain uy — u
S W10 rt+tutwt e M for certain w* with ||w®||/ty — 0.
(3.4.7)
Clearly, Cys(x) is convex if so is M. By definition, Nys(x) is polar to M — x, is closed,
convex and satisfies Njs(x) = Nconvar(z). Alternatively, the indicator function iy, can
be used to define Nys(x) = dipr(x). Hence Ny is also a subdifferential.

Example 3.4.2 For the non-convex set M = {x € R? | x5 > —2?}, it holds

Ny (0) = {0},
CM(O) = {u S IR2 | Ug > 0},
Cu(0)* ={z*eR? |2t =0, x5 <0}
Here, Nys(z) # Nuy(z) = Chrr(x)*. <&

On the other hand, one easily shows Njs(z) = Nys(x) if M is closed and convex.

Theorem 3.4.10 (Optimality condition for convex problems) Let M C R"™ be closed and
convex, f: R"™ — R be conver and x € M.
Then, x solves min {f(&) | £ € M} << x satisfies the minimum-condition

0 € af(x) + Nar(x). o (3.4.8)

Proof. By convexity, = solves the min-problem < f/(z; y—xz) > 0Vy € M. From
Thm. 3.4.8 we know f'(z; y — =) = maX,«cpp(z){z*, y — ). (3.4.8) tells us

Jz* € df(x) with —z* € Ny (), (3.4.9)
Thus optimality follows from (3.4.8) due to
fllas y—x) > (@, y—x) >0 Vye M.

Conversely, if (3.4.8) is violated, the compact convex set df(z) and the closed convex cone
—Nu () can be separated:

Ju: (u,0f (x)) < (u, =Ny (z))
(the inequality holds for any selected elements). Since 0 € Njs(x), this yields
fl(x;u) <0 and u € Ny(z)*.
Thm. 3.1.5 (bipolar) ensures Ny (z)* = [ Car(z)* |* = Car(x). Hence we have u € Cyy(x),

after which x + tpur € M follows for certain up — u, tg | 0. Since f is locally Lipschitz
by Remark 3.4.4, so also f(z + txui) < f(x) is true. Thus x was not optimal. O

Notice: The proof shows that condition (3.4.8) means nothing else than

f(@yu) >0 Yue Cp(z). (3.4.10)
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3.4.3 Particular subdifferentials in analytical form

Subdifferentials (like derivatives) are only helpful if they can be determined. For this
purpose the next Lemmas are of importance.

Lemma 3.4.11 (mazimum-function I) For

f(z) = maxg;(z); ¢i:R" — R conver, g; € C* (i =1,...,m) (3.4.11)
it holds Of(Z) = conv{Dgy;(Z) | g:(z) = f(z)}. <&

Proof. Put I(z) ={i| gi(z) = f(z)} and M = conv{Dy;(z) | i € I(z)}.
M C 0f(z): Since g; is convex, we have for all z,

gi(xr) > ¢i(x)+ (Dgi(z),x — ) Vie I(z) and
fx) = gilx) = f(@)+ (Dgi(x), 2 —T) Viel(T)

Thus, Dg;(z) € 0f(z) and, by convexity of 0f(Z), also M C df(z) holds true.
df(z) C M: Assume, in contrary, that some z* € 9f(Z) \ M exists. Define

gi(w) = gi(z) — (%, ) and f(x) = f(z) - (2", ).

Then, f(z) = max; ji(z) and 0 € df(z) \ conv{Dg(z) | i € I(z)}. By separation of
0 and conv{Dg;(z) | i € I(Z)}, some u € R™ exists such that

0 < (Dgi(z),u) Vi € I(Z).

8l

Hence, for i € I(Z) and small ¢ > 0, we also have §;(Z —tu) < §;(7) :Af(
For i ¢ I(z), the inequality ¢;(z —tu) < f(z) follows from ¢;(7) < f(z
Summarizing, this ensures f(z — tu) < f(Z), in contradiction to 0 € Jf(

).

). ]

~—

8l

Lemma 3.4.12 (mazimum-function II) Suppose that

flz) = max g(z,t)  where T is a compact metric space,
€

g(.,t) : R" — R is convezx, g, exists and g and g, are continuous in both variables. Then,

0f(z) = conv{gs(z,t) | g(z,t) = f(2)}. ©

Proof. Put T = {t € T | g(7,t) = f(%)} and M = conv {g,(Z,t) | t € T°}.

(i) M Cc 0f(x): This follows as for Lemma 3.4.11.

(ii) 0f(x) C M: Assume that some z* € 0f(z)\ M exists. As in the former proof, we
may add —(x*, x) to all functions under consideration. Thus we may assume that z* = 0.
Since M is convex and compact, separation from 0 provides us with some u such that

go(Z,thu < =20 <0 Vte TP
By continuity of g, and compactness of T' then some « > 0 exists such that
ge(z,8)u < =5 Vs € TN(T°+aB) and x € 7+ aB. (3.4.12)

In addition, some 3 > 0 exists such that ¢(z,t) < f(z) — 28Vt € T\ (T° 4+ aB) and, by
continuity,

glxz,t) < f(z)— B VteT\(T°+aB) and = near z. (3.4.13)
With = Z+ Au for small A > 0, we thus obtain from (3.4.12) and (3.4.13), a contradiction
to 0 € Of(z), namely f(Z + Au) = maxeer g(x + Ay, t) < f(Z). O

Exercise: Show that 0f(0) = B holds for the Euclidean norm f(z).
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3.5 Normal cones and Variational Inequalities

3.5.1 Definitions and Basic motivations

Necessary optimality condition for the (possibly non-convez) problem
min f(z), €M C X; fect, M closed. (3.5.1)
Consider any £ € M, u € Cp(z) and elements uy € X, t; > 0 such that
Ty =T+t u, € M whereu, —uandt; | 0ask— co. (3.5.2)

Then Df(z)u < 0 implies f(zr) < f(z) for large k. Hence we obtain immediadly,

Lemma 3.5.1 (NLO-Optimality primal) If T is a local solution to (3.5.1) then
Df(z)u >0 Vu € Cy (). (3.5.3)

After formalizing once more, this obvious necessary optimality condition reads (by the
definitions only) as

Lemma 3.5.2 (NLO-Optimality dual) If T is a local solution to (3.5.1) then
—Df(z) € Nu(z) where N (z) = Cp(Z)*. OO (3.5.4)
This condition, often written as
0 € Df(@) + N (),

will be modified for locally Lipschitz functions f in chapter 9.
Recall: If M is convex then Ny (Z) = Ny (Z). If also f is a convex function, the necessary
condition (3.5.3) of Lemma 3.5.1 becomes

—Df(z) € Ny(z) or explicitly (—Df(z), y—z) <0Vye M (3.5.5)

and is even necessary and sufficient for £ € argmin{f(z) | z € M}. In dual form, this is
Thm. 3.4.10.

If f € C%! has directional derivatives f’(Z;u), condition (3.5.3) of Lemma 3.5.1 re-
mains (obviously) necessary for (loc.) optimality after replacing Df(Z)u by f'(Z;u).

(Quasi-) Variational Inequality (Quasi VI).
Replacing —D f(z) in (3.5.5) by any continuous function g : M C X — X*, the inclusion

g(x) € Ny(x), or explicitly (g(z),y —z) <0Vye M (3.5.6)

is called a variational inequality (VI), cf. sect. 3.3.2 where g = f. Several modifications
of such systems are possible; so the condition

(9(x),y —x) <0Vy eI'(xr) where ' : M =% X is multivalued (3.5.7)

is often called a Quasi-Variational Inequality (Quasi VI). Similarly, one speaks about
variational inequalities if the cones Ny and Njs are exchanged. Notice that (3.5.7) can
be written (by the definitions only) as g(z) € Neonv {z,r(2)}(*)-

In order to obtain a closed mapping x — N¢ony {x’r‘(x)}(l') we assume that I is Ls.c.,
ie, T7HQ) :={x | ['(z) NQ # 0} is open for all open sets Q2 C X.
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3.5.2 VI’s and Fixed-points

We are now going to show that, whenever M is convex and compact and the (multi)
functions are well-defined on M, the VI (3.5.6) is equivalent to a Brouwer- FP- problem
while the quasi VI (3.5.7) is equivalent to a Kakutani FP- problem. Let us continue in
considering (3.5.7). Setting

C(z) =conv({z}Ul(z) ) and G(x)= Ng(y (),

(3.5.7) is equivalent to
<g(CL‘), C ZL‘> <0Vue C(il?),

hence also to the generalized equation
g(z) € G(x) (3.5.8)
and, with F(x) := 2 — g(x) + G(z) for z € M, to the FP- problem
x € F(x), x € M. (3.5.9)

By the construction, the sets F(x), depending on g and I', are non-empty, convex and

A

closed. Notice also that, for solving (3.5.9), only the sets F'(x) = F(x) N M are of interest.
They are compact if so is M. So (3.5.9) shows that Kakutani’s Theorem is considerably
important for all quasi VI’s since,

Corollary 3.5.3 The quasi VI (3.5.7) is solvable, if O # M C R" is convezx and compact,
g: M — R" is continuous, I' is closed and lLs.c., and the sets F(z) = z — g(x) + G(x)
have (Yx € M) a non-empty intersection F(x) with M. <&

Like Kakutani’s FP- theorem for quasi VI's, Brouwer’s FP-theorem is crucial for VI’s.

Corollary 3.5.4 The VI (3.5.6) is solvable if O # M C R"™ is convex and compact and
g: M — IR" is continuous. O

Proof. Since g is continuous and M is compact, there is some (closed) ball such that
MUgM)U(M+g(M)) C C=B(0,r). (3.5.10)

Using the projection 7y onto M, define f(z) = mpr(2) + g(mm(2)) Vz e C.
By Brouwer’s FP theorem, the continuous function f : C' — C has a fixed-point:

z=f(z) =7mm(2) + g(mm(2)) for some z € C. (3.5.11)

Then Z = 7y (Z) belongs to M, (3.5.11) entails g(z) = z — &, and Z — T € Ny (z) follows
from the projection property (3.1.5). O

Corollary 3.5.5 If () # M C R" is convex and compact and g : M — IR"™ continuous,
the solutions of VI (3.5.6) coincide - via x = wpr(2) - with the solutions to the FP- equation
f(2) =z where z € C (3.5.10) and f =7y +gomm <&

Proof. Indeed, if z is a fixed-point then m/(2) solves (3.5.6), as just shown. Conversely,
if  solves (3.5.6) and g(x) = p € Nps(z) then g(x) +z = x + p. The point z =z + u is
a fixed point since p € Njs(x) implies, by Thm. 3.1.2, mas(z) = mar(p + ) = . O



3.5. NORMAL CONES AND VARIATIONAL INEQUALITIES 49

Alternatively, one may replace VI (3.5.6) with the equation z = mps(x + g(z)).
For g € C', there is some technical difference between the nondifferentiable functions

Fi(z) = n(g(z)) and Fy(z) = g(r(x))

the type of which is used now or in the corollary: Several (multivalued) generalized deriva-
tives D for the composed function F' satisfy the ”"exact” chain rule

DFs(x) = Dg(n(z))Dn(z), but only DFi(x) C Dr(g(z))Dg(x),

cf. sect. 7.3.2. More skillful existence theorems for generalized equations and VI’s can be
found in [81, 124, 143] and, under the ”almost weakest” conditions for B-spaces, in [76].
Often, conditions like x € M are ”generalized” in the literature by writing u(z) € M
with some function u. However, whenever M can be given in an analytical form, say
M ={y | v(y) < 0} the difference vanishes since u(z) € M < v(u(z)) < 0.

3.5.3 Monotonicity

Definition 3.5.1 (monotonicity)
Let g : M C X — X*. We require the next conditions for all z,2’ € M, x # z'.

(1) g is monotone if (g(2") — g(x), ' —x) > 0.
(2) g is strictly monotone if  (g(z') — g(x), 2’ — ) > 0.
(3) g is strongly monotone if Jc > 0: (g(2') — g(z), 2’ —2) > ¢|z’ —z||2. ©

These properties remain valid after adding a monotone function h, ¢, = g + h like
h(z) = Az, A >0 for X = R"™.

Similarly, one defines monotonicity for multifunctions G : M C X = X*: The
requirements have to hold for all g(z) € G(x) and g(z') € G(2'), respectively.

Usually, M coincides with dom G or dom g for mappings which are formally defined
on X. In all other situations, one should better say that g or G are monotone on M.

Lemma 3.5.6 (monotonicity of 0f) If f:X — RU{oco} is conver then
[2" € df(x) andy* € 0f(y) | = (Y —2*, y—x) >0. &

Proof. Letp = j(x+y). Then f(p)> f(z)+ (z*,p—=), f(p) > f(y)+ (y*,p—y) and
by convexity 2f(p) < f(x) + f(y). Adding the first inequalities yields the assertion:

f@)+ @ p—2)+ f(y) + ¥ p—y) < 2f(p) < f(@)+ f(y),
and, in consequence, 0> (z*,p—z) + (y*,p—y) = —% (x* —y*, y—x). O
Due to Ny; = 0ip so also the normal cone map Ny for a convex set M C X is monotone.
Lemma 3.5.7 For convex M # (), consider the solutions to
0 € g(z)+ Ny (z). (3.5.12)

(i) If g is strictly monotone then there is at most one solution.
(ii) If g is strongly monotone and M C IR" is closed then there is a unique solution. <
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Proof. Let us first estimate two solutions of p € g(x)+ Ny (z) and p' € g(a’)+ Ny (2).
We may write, with v, in the related cones, p = g(z) + v, p' = g(2’) + 1/, as well as

p—p=g)—gl@)+v —v and ' —p,a’ —2) = (g(2') —g(x) + v —v, ' —z).

By monotonicity of Nj; (Lemma 3.5.6) this yields via (v/ — v, 2/ — x) > 0 the crucial
estimate

1" = pll [|2" — 2| > (p' — p,2" — x) > (g(z) — g(x), 2’ — ). (3.5.13)

/

(i) For two solutions x, 2’ of 0 € g(x) + Nps(x) this implies 0 > (g(2') — g(x), 2’ — x).
If g is strictly or strongly monotone, so 2’ = x follows.
(ii) Under strong monotonicity, inequality (3.5.13) implies

lp" = pll ll2" = ]| > clla’ — z||*. (3.5.14)

Hence, 2’ and x satisfy

/

lp" = pll " — pll
.

|2 — x| < B and 2| <7 := |z +1+ (3.5.15)
Next, with fixed x € M # (), choose some p € g(z) + Np(z) and consider any solution
' e M; 0¢€ g(2')+ Npy(2'). Then o’ satisfies
2" — 2| < ”P;H and [|2/|| <7 :=|z| +1+ HZH

These estimates depend on g only and remain true if we replace M by M, := M N B(0,r).
Due to (3.5.15), we have z, 2" € int B(0,7). Thus the solution sets for M and M, coincide.
With M,, the hypotheses of Cor. 3.5.4 are satisfied. Hence (3.5.12) has exactly one
solution. O

The case of coercive g: Similarly, one may suppose (instead of strong monotonicity)
that g is coercive, i.e., for some fixed x € M, it holds

(9(2) — g(x), o' — =)
2" — ]

— oo if |2’ — 2| — oo. (3.5.16)

This can be used like formula (3.5.13) in the proof above.

Corollary 3.5.8 If M # () is closed and convex and g is coercive then (3.5.12) is solvable.
(uniqueness is no longer ensured) <&

Monotonicity alone plays no important role. The appropriate notion is that of maximal
monotonicity of a multifunction G. This means besides monotonicity that there is no
other monotone mapping H such that gph G C gph H. In particular, then G is closed.

3.5.4 Analytical formulas for C); and N, = C}, and hypo-monotonicty

Having all these relations, it becomes desirable to derive formulas for the cones in question
provided that some concrete description of M is known. For sets of the form

M={xcR" | he(z)=0, k=1,...mp, gi(x)<0i=1,2,...m}, h,geCl,
(3.5.17)
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Corollary 4.1.3 can be applied: If £ € M satisfies a Constraint Qualification, it holds
Cu(z) ={ueR" | Dh(z)u=0and Dg;(z)u <0Vie I(z)} (3.5.18)

where I(z) = {i | gi(z) = 0}.
Then, the cone Ny (Z) = Cy(Z)* (Def. 3.4.2) has - by LOP duality Thm. 2.1.5 - the
explicit analytical form

Nu(z) = {z* € R" | I(y, 2) € R™™ . o* = Dh(z)T2 + Z yiDgi(z), y > 0}.
1€1(Z)

(3.5.19)
Hence Ny (Z) is the sum of the subspace, spanned by all Dh(Z), and the polyhedral cone,
generated by the ”active” gradients Dg;(Z). Though direct proofs of (3.5.19) could be
given here, based on ”constraint qualifications” and on the already summarized facts, we
give the proofs within the framework of the classical KKT-theory in chapter 4. We only
notice that (3.5.19) along with Lemma 3.5.1 implies the important KKT-Theorem 4.1.2.
Exercise:
Let M = {z € R* | 21 <0, 2o <0, x129 = 0} be the boundary of the negative orthant
and Z = 0. Determine Nj;(Z) and N/ (%) and check equation (3.5.19) for these cones.

Hypo-monotonicity of Ny (z)
Under MFCQ at # (defined below) and h,g € C?, the map Ny of normals has, even for
z near Z, x € M, the form (3.5.19). Using y;" = max{0,y;}, y; = min{0,y;} this is

Nu(z) = {z* | z* = Dh(x)T 2 + Dg(z)Ty", g(z) =y }. (3.5.20)

Since convexity is not supposed, ANys is no longer monotone, but has a local quadratic
miniorant, i.e.,

Lemma 3.5.9 There are ¢ € R (possibly < 0) and 6 > 0 such that (with z,2' € M),
(x*—a"™ x—a') >c o’ —z|® V" e Nu(@), z* € Ny(z), 2,z € B(z,6). © (3.5.21)

Proof. Consider (z,z*), (2/,2"*) near (z,2%); all in gph Ny For small § > 0, all
related elements y, 4/, z, 2’ are bounded by the hypothesis MFCQ (cf. remark 4.1.7). The
products have the form

(x* —a™, z—2') = [T Dh(z) — 2T Dh(z)](z — ') + Z +Dgi(z) — ' Dgi ()] (x — o).

2=2' we estimate the sum R = Y ... on the right-hand side

With t = ||z — 2/|| and v = %5

E _ Zyﬂr Dgi(z) — Dygi(x u i Z /+ Dgl( Ju

t2 ! t t

and show that t% is bounded below. The first term > v/ r Mu is bounded

since so are the LM ¢/, and Dg; is loc. Lipsch. Let us turn to the next one.
Because of x,2’ € M, now y; > 0 yields g;(x) = 0 and, applying z = 2’ + tu as well as
gi(z) — gi(z") = tDg; (2" )u + %t2uTD29i(9i)u (3.5.22)

and tDg;(z")u = tDg;(z)u + o(t?), we have

Dygi(z)u + Oi(l‘t z') _ gi(z) tgi(I/) > 0.
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Similarly, y; > 0 yields ¢;(z’) = 0 and Dg;(z)u + Oi(m;xl) = g"(‘r);gi(x/) < 0. Thus

o(z — x) .

>~y HDgi(wu > =—

Due to g € C?, the functions |o;| and |o| have quadratic majorants, |o 4 o;| < Kt?. This
entails the crucial estimate for the second term of R/t?,

S -y hH2EE s

1 (2 t —
Handling the sum [z Dh(z) — 2T Dh(2')](z — ') in the same way, (3.5.21) is shown. O

In consequence, we see that F(x) = Ny/(z) is a multifunction with the property that, for
some A > 0,
x — Az + F(z)

is strongly monotone near z (put A = |c¢| + 1). Such mappings F are called maz-
hypomonotone, provided the graph is closed as here. Also this property can be used
for existence statements. For more details see [118]. With the Taylor formula in sect.
11.2.6 instead of (3.5.22), the estimate (3.5.21) also follows for g, h € 1.

3.6 An Application: Tschebyschev-approximation

Find a real polynomial p,(t) = xo + z1t + ... + x,t" of maximal degree < n such that a
given continuous function ¢ = ¢(t) on a compact interval 7' is approximated in the best
way by the max- norm

minimize f(z) = max |pz(t) —¢(®)], 2= (20,...,2n).

Here, f is convex and satisfies the assumptions of Lemma 3.4.12 with
gi@ t) = pa(t) —a(t), g2=—gr and f(z)= max{gi(z,1), g2(x,0)}.
Assume that Z is a solution with f(Z) > 0 and put
TW={teT|q@@t)=f(2)} and T3 ={s € T | g2(7,5) = f(2)}.
By Lemma 3.4.12 it holds
0€0f(z) = conv ( {Dyg1(Z,t) |t € TP} U{Dyrga(Z,5) | s € TY} ).
Due to Thm. 3.1.1 there are m elements t; € T f and mgy elements s; € T 20 such that
mi1+mo=n+2 and 0€ conv ( {Dyg1(Z,t;)} U{Dzg2(Z,55)} ).

Hence there exist n + 2 non-negative \; and p; satisfying the n + 2 conditions

mi mo mi 2
Z)\i + Z,uj =1 and Z )\i (1,ti,tz2, ...,t?) = Z g (1,8j,8?, ...,S?)
=1 Jj=1 i=1 j=1

or equivalently
m1 1 m2 mi m2
Z)‘i =5= Zuj and Z N (ti, 12,10 = Z 1 (Sj,S?, ey 85).
=1 j=1 i=1 j=1

Tschebyschev: The signs of p,(r) — ¢(r) alternate for increasing r € TP UTY. Why ?



Chapter 4

Nonlinear Problems in R"

We investigate the standard problems

min{ f(z) | g(z) <0, i=1,2,...,m} f,geC, (4.0.1)

min{ f(x) |z € M } where f,g,h € C! and

M={zeR"| gi(z)<O0Vi=1,2,....,m, hj(x)=0Yj=1,.,my} (4.0.2)

and shall consider the feasible sets after small perturbations of the right-hand sides:
SO) ={z [ g(x) <b},  S(bc)={z|g(x) <b, h(zx)=c}.

Clearly, since all equations h; = 0 can be written as h; < 0, —h; < 0, the second problem
is not more general. But if we need that S(b) # 0 for small ||b]|, equations should not be
written as inequalities since h; < —e, —h; < —¢ is unsolvable.

We derive now necessary and sufficient conditions for optimality. The set M has
exactly the form (3.5.17), section 3.5.1, and the formulas (3.5.18), (3.5.19) for tangents
and normals will be verified under an assumption called constraint qualification (CQ,
Regularitiatsbedingung).

4.1 Notwendige Optimalitatsbedingungen

4.1.1 KKT- Bedingungen, Lagrange- Multiplikatoren

Dieser Abschnitt liefert einen direkten Weg zu den Lagrange Bedingungen fiir Aufgabe
(4.0.2), ohne auf Zusammenhénge zu Subdifferential und Stérungen einzugehen (siehe dazu
Kapitel 5). Die Bedingungen charakterisieren optimalverdédchtige Punkte analytisch. Sie
ersetzen die notw. Bedingung D f(x) = 0 fur freie Extrema.

We begin with the well-known case of constraints in equation form

min{ f(z) |z € M} where f heC! and

M={zeR"| hj(z)=0Vj=1,..,m} (4.1.1)

Theorem 4.1.1 Let m < n and rank Dh(Z) = m at a solution T. Then there are (unique)
w; such that

Df(z)+ Y uDhy(z) =0. (4.1.2)
J

53
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Proof. Without loss of generality, assume that the first m columns of the (m,n)-matrix
Dh(z) are linearly independent and write x = (2!, 22), 2! € R™, 2?2 € R"™. Now we
can define, in terms of partial derivatives,

pi= = for (Z) [hgr (2)) 7. (4.1.3)
Then y
ot G (@) = 1 Bt (2) = — o (). (4.1.4)

On the other hand, the implicit function theorem ensures, for points near z, that equation
h(z!,2%) = 0 defines a unique C'- function z! = ¢(2?) such that h(¢(2?),2%) = 0 and
D¢ (z2) = —[hy1 (%)) 1h,2(Z). Hence Zo minimizes

F(a?) = f( ¢(a?), 2”) and

0= DF () = f (&) DO(#) + f,2(7 ) = —f1 (2) [t ()] "2 (7) + fr(® ).
The latter ensures

Ohj ,_ _ _
S w0 (3) = ha(3) =~ f(2) (4.1.5)
- x
after which (4.1.4) and (4.1.5) verify (4.1.2). O

Condition (4.1.2) says that —D f(z) belongs to the normal cone of the manifold A = 0 at
Z. In other words, the projection of —Df(Z) onto the tangent space of M at Z has to
vanish. In what follows, the optimality conditions have the same geometrical meaning.
Differences arise only by the facts, that

1. the tangent space becomes a cone,

2. the Lagrange multipliers u; are non-negative for inequalities h; < 0 and

3. the regularity condition rank Dh(Z) = m must be changed.

Now we consider the case of equations and inequalities in the constraints.

Theorem 4.1.2 Sei & eine lokal optimale Lésung von (4.0.2). Erfillt T eine gewisse
”Regularitatsbedingung”, so gibt es Zahlen y; und Z;, dass gilt

Df(z) + 3%, 4iDgi(%) + X7 2;Dhj(z) = 0, (4.1.6)
h(z)=0, ¢(z)<0, ¥>0, ¥ gi(z)=0Vi. < o
Vor dem Beweis einige Bemerkungen:

Die Zahlen y;,Zz; heissen wieder Lagrange-Multiplikatoren, die Bedingungen selbst
Karush-Kuhn-Tucker Bedingungen. Der Punkt (Z, 9, z) wird auch KKT-Punkt genannt.
Die schon aus z € M folgenden Bedingungen h(Z) = 0,¢(Z) < 0 nimmt man der
Vollstandigkeit halber mit auf.

Wir haben n +m +mj, Gleichungen mit derselben Zahl reeller Variabler zu erfiillen. Dazu
die Ungleichungen y > 0, ¢g(Z) < 0. Daher kann man hoffen, dass das System nicht mit
jedem zulassigen Z erfiillbar ist.

Die Bedingungen (4.1.6) kann man mit Hilfe der Lagrange Funktion zur Aufgabe (4.0.2),

Definition 4.1.1

L(z,y,2) = f(2)+ > _yi gi(x) + > _ 2 hj(w) = f(x) + (y,9(@) + (2, h(x))  ©
i j=1
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und ihrer partiellen Ableitungen in (Z,y, zZ) kompakter schreiben:
L,=0,L.,=0, L,<0,y>0, (y,L,) =0. (4.1.7)

Die Bedingungen L. =0, L, < 0 bedeuten T € M. Die drei letzten Bedingungen sagen:
(7, 2) mazimiert L(Z,y, z) bzgl. y € R™", 2 € R™.

Hat man keine Ungleichungen, bleibt in (4.1.7) nur L, = 0 und L, = 0. Das ist
im Sinne der Optimierungstheorie (mit notiger Differenzierbarkeit) der uninteressante Fall
von Theorem 4.1.1, weil - wie flr freie Minima - nur ein Gradient zu Null gemacht werden
muss, um optimalverdachtige Punkte zu finden. Auch die Regularitdtsbedingung ist dann
einfacher als jetzt.

Der konvexe Fall: Sind alle f, g; konvexr und die h; affine, kann die erste Bedingung
ebenfalls als Extremalbedingung interpretiert werden:

Z minimiert L(z, 7, Z) bzgl. = € R™.
Denn dann ist L in = konvex, wonach Minimalitat aus L,(Z,y,z) = 0 folgt. Das liefert
insgesamt die Sattelpunktbedingung

L(Z,y,2) < L(Z,7,2) < L(x,9,2) V2 eR" yecR™, € R™, (4.1.8)

Die Sattelpunktbedingung ist so stark, dass aus ihr die Optimalitdt von Z auch ohne
Konvexitit oder Stetigkeit der beteiligten Funktionen folgt; denn die linke Ungl. liefert
Zulassigkeit, die rechte dann Optimalitat von Z.

Fiir lineare Aufgaben kann man Thm. 4.1.2 mittels LP duality Thm. 2.1.5 (ohne
zusitzliche Regularitit) beweisen; UebAufg.

The general case: In (4.1.6) sind offenbar nur die Ungleichungen zu I(z) = {i | g;(Z) =
0} von Interesse, weil sonst einfach y; = 0 verlangt wird.

Definition 4.1.2 Fine Regularititsbedingung (= Constraint Qualification, CQ) in & € M
st eine Bedingung, die sichert, dass aus

Dh(Z)u=0 and Dg;(Z)u <0 Vi€ I(z) (4.1.9)
folgt: FEs gibt Punke x = T + tiu + o(ty), die h(xg) = 0 und g;(xg) < 0 Vi € I(Z) mit
lim %:) — 0 fir gewisse ty | 0 erfillen. <&

Fir i ¢ 1(z) gilt gi(z) < 0. Das bleibt (Stetigkeit) richtig fiir 2 und kleine ¢;, > 0. Also
folgt - unter Regularitit - nun sogar zj € M (fiir gewisse ¢ | 0). Das bedeutet:
CQ is aquivalent zu

lintal(i)nf t~ dist (Z +tu, M) =0 bzw. ue Cp(Z)  Vuin (4.1.9). (4.1.10)

s. contingent cone Cpy, Def. 3.4.2. Umgekehrt, CQ ist genau dann verletzt, wenn
dist (Z + tu, M) > 6t gilt fiir ein u aus (4.1.9), ein § > 0 und alle kleinen ¢ > 0. (4.1.11)

Dann gilt auch noch (fiir kleine ¢ > 0)

dist (z + tw + o(t), M) > 16t fiir alle w mit [jw — ul| < g (4.1.12)
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Proof. (Thm. 4.1.2) Man betrachtet das durch gy ergéinzte System (4.1.6); es heisst
Fritz-John-System:

m my,
voDf(Z)+> yiDgi(®)+ Y 2Dhj(x) =0, yo,y; >0, w; g:i(F) =0Vi>0. (4.1.13)
i=1 =1

Es ist stets losbar (y = 0,z = 0). Gibt es eine Losung mit yp > 0, kann man durch
yo teilen und erhélt eine Losung von (4.1.6), andernfalls nicht. Also gelte stets yo = 0.
O.B.d.A. sei I(z) ={1,...,p}. System (4.1.13) bekommt so die Form

mp p
yoDf(Z)+ Y 2 Dhj() + > yiDgi(x) =0, y; >0Vi: 0<i<p (4.1.14)
j=1 i=1

und die LO-Aufgabe max{ yo | y erfiillt (4.1.14) } hat den Optimalwert Null. Dasselbe
gilt nach Thm. 2.1.5 fiir die l6sbare Dualaufgabe. Sie hat die Form

(D) min{ 07v | Df(Z)v > 1, Dh(Z)v =0, Dg;(Z)v >0 Vi € I(Z); ve R"}.
Also ist ein v zuléssig fiir (D). Mit u = —v folgt so
Df(z)u < -1, Dh(z)u=0, Dg;(z)u <0 Vie I(z). (4.1.15)
Wegen

f(@+tu) = f(Z) +tDf(T)u+r(t), mit T(tt) — O wennt |0,

gilt dann  f(Z + tu) < f(Z) + 3tDf(Z)u < f(z) fiir kleine ¢ > 0. Das bleibt richtig fiir
Punkte z; der Form

2 =T+ tpu+o(ty), txlO. (4.1.16)
Wegen Regularitat sind aber gewisse xj dieser Form zuléssig, was der lokalen Optimalitat
von Z widerspricht und so den Satz beweist; es ist yo > 0 fiir eine Losung von (4.1.13). O

Forderung (4.1.10) heisst auch Abadie CQ. Oft kann man hier lim inf durch lim ersetzen.

Corollary 4.1.3 (Cy, Ny and CQ)
(i) The Constraint Qualification (4.1.10) requires, for M in (4.0.2), nothing else but the
validity of formula (3.5.18) in section 3.5.1, i.e.,

Cr(z) ={u | Dh(Z)u =0, Dg;(z)u <0 Vie I(z)}. (4.1.17)
(ii) In this case, the KKT conditions (4.1.6) obviously coincide with 0 € D f(Z)+ Ny (Z);
compare with (3.5.4), Lemma 3.5.1. &

Proof. Recall that Ny = (Car)* was defined in Def. 3.4.2.
(1) Because of (4.1.10), only u € Cp(Z) = (4.1.9) remains to show. This follows from the
mean-value theorem since u € Cy(Z) implies, with certain ¢ | 0,

Mz + tyu) — h(z) = o(ty) and g;(Z + tru) — () < 0i(ty) Vi € 1(T). (4.1.18)

Apply t;Dgi(z + 0; pu)u = gi(T + tyu) — gi(x) for some ;) € (0,¢x); similarly for h,.
Division by t; and passing to the limit then yields the assertion Dh(Z)u = 0 and Dg;(Z)u <

0Viel(z).
(ii) The analytical form (3.5.19) sect. 3.5.4, of Ny, namely
Ny () = {z* € R" | 2* = Dh(z)T 2 + Z yiDg;(Z), y > 0}. (4.1.19)

i€I(z)

then follows from (i) and LOP duality Thm. 2.1.5. O
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Remark 4.1.4 (Linearisierung in ) Bedingung (4.1.15) - also Nichtexistenz von Lagrange-
Multiplikatoren zu z - gilt offenbar genau dann, wenn u = 0 nicht die linearisierten
Originalaufgabe

muin {Df(z)u | h(z)+ Dh(z)u =0, g(z) + Dg(z)u < 0} (4.1.20)

16st. Genau das soll also eine CQ fiir lokale Losungen & von (4.0.2) ausschliessen. &

Example 4.1.1 The problem min {z € R | 22 < 0} shows: Even for convex problems,
Thm. 4.1.2 may fail to hold without CQ. <&

4.1.2 Concrete Constraint Qualifications

The role of all these conditions consists in ensuring (4.1.17) which allows us to pass from
the geometric conditions of Lemma 3.5.1 to the analytic KKT-formulation Thm. 4.1.2.
Next we show how regularity, Def. 4.1.2, can be satisfied.

(i) Linear problems: All h;, g; are (affin) linear. &
Then one can directly put z(t) = Z + tu in Def. 4.1.2. O
(ii) Convex problems with Slater points: h affin, all g; convex and J2° € M such that
gi(z%) < 0 Vi. o
Put v’ = 2% — z. Then Dh(Z)u’ = 0 and, for i € I(Z), also Dg;(Z)u’ < 0 holds
true, since for small ¢ > 0, we have
gi(T + tu®) = g;(1 — )T + tz®) < (1 — )0 + tg;(z°) and
Dg;(z)u’ = 13%15—1[92-(@ +tu®) — g;(2)] < gi(®) < 0.

Now assume (4.1.11). Then, with small ¢ > 0 and for § from (4.1.11), it follows
|v—u|| < §/2 with v = u+eu’. Because of Dg;(Z)u < 0, we also obtain Dg;(Z)v < 0,
thus 4+ tv € M for small £ > 0. In consequence, (4.1.11) cannot be true. a

The condition ”"3z% € M : g(z°) < 0”7 is called Slater Bedingung, Slater condition

[138]. For convex g; and if no equations are required, this condition coincides with
MFCQ (u® = 25 — 7).

(iii) MFCQ: The next condition from Mangasarian and Fromovitz [102], also called
MFCQ, is one of the most important constraint qualifications:

rank Dh(Z) = my and 3 u’ : Dh(Z)u’ =0 and Dg;(z)u’ < 0Vi € I(z). <

Beweis, dass MFCQ eine CQ ist: Wir nehmen das Gegenteil an. Dann gilt (4.1.11).
Mit entsprechenden v und 6, sei wie oben v = u + cu® mit kleinem ¢ > 0 gebildet,
so dass ||v — u|| < $. Wir konstruieren Punkte x(t) = Z + tv + o(t) € M. Beachte
dazu, dass

Dg;(z)v <0Vie I(z) and Dh(Z)v =0

und studiere die Losungen £ = £(t) des Systems

hMz+tv+€) =0, (& =0(p=my+1,..,n) (4.1.21)
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wobei n —my, Vektoren ¢ € IR™ so gewéahlt seien, dass die Matrix A, bestehend aus
allen ¢# und den my, (linear unabhéngigen !) Gradienten Dh;(Z) € R™ vollen Rang
besitzt. Das System (4.1.21) hat die Form

Ft,6)=0(eR") teR, £ R" (4.1.22)

und geniigt in (0,0) den Voraussetzungen des Satzes iiber implizite Funktionen:
F(0,0) =0, D¢F(0,0) = A ist reguldr. Damit existieren (fiir kleine |¢| und nahe
0 € R"™) eindeutige Losugen £ = £(t) von (4.1.21), wobei &(.) die Ableitung

d&(o

il(t) = —D¢F(0,0)"'D,F(0,0)
besitzt. Mit den Funktionen in (4.1.21) gilt D;F(0,0) = 0, denn Dh(Z)v = 0, und

¢! ist unabhingig von t. Also ist

“O) o gn, LEOL gy o,

dt t
Wir wissen nun, dass z(t) = & + tv + &(t) die Gleichungen erfillt. Fir i € I(z)
gilt ¢;(z) = 0 und Dg;(Z)v < 0; also folgt (fir kleine ¢ > 0) auch g;(x(t)) < 0.
Fir i € {1,..,m} \ I(z) folgt g;(x(t)) < 0 aus g;(Z) < 0 und Stetigkeit. Damit ist

z(t) € M, im Widerspruch zur Wahl von v (4.1.11). O
LICQ (Linear Independence Constraint Qualification): The gradients Dh;(Z) and
Dgy;(z), i € I(Z) form a linearly independent system. <&
Then Dh(z) has full rank and the system Dh(Z)v =0, Dg;(Z)v = —1 Vi € I(Z) has
a solution u°. Therefore, MFCQ is satisfied. O

Calmness: Man betrachte M unter kleinen Stérungen p der rechten Seiten,

S() = g<(B) N h=(c), p=(bc); S(0)=M. (4.1.23)
Definition 4.1.3 S heisst calm in (0,Z), wenn es ¢,6, L > 0 gibt, so dass Vp €
B(0,6) und z € B(z,e) N S(p) gilt: dist (z, S(0)) <L |p|-

Auch calmness ist eine Constraint Qualification. Fiir u aus (4.1.9) folgt nédmlich
(4.1.18) (mit bel. ¢, | 0). Damit gilt £ + tu € S(p) mit einem p der Grésse o(t),
und calmness liefert, wie in (4.1.10) verlangt, dist (Z+tu, S(0)) < L ||p|| < Lo(t). O

Calmness driickt zugleich ein stabiles Verhalten allgemeiner Abbildungen S aus.
Fine Charakterisierung erfolgt in section 10.7, speziell Thm. 10.7.6.

Weaker conditions: Sometimes, the structure of the constraints can be directly used.
(1) If h is affine, then replace R™ by h—(0) to weaken MFCQ (no rank condition).

(2) If h is continuous and piecewise affine then h—(0) is a union of a finite number
of polyhedrons P, (described by affine systems A,x < b,). The problems/values

(Pr), min { f(z) | z € P,, g(z) <0}
allow again a reduction to simpler problems since

Remark 4.1.5 z is optimal for (4.0.2) < Z is optimal V (Pr), with z € P,. ¢

So it suffices to study the problems (Pr),, and their optimality conditions separately.
(3) Similarly, subsystems of piecewise linear g; and h, can be handled by studying
(Pr)u vu=inf { f(z) |2 € Py hy(a) =0y, gu(z) <OV}

where 7/ and i’ denote the functions which are not piecewise linear.
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4.1.3 Calmness, MFCQ and Aubin-Property

Ist MFCQ erfiillt, kann man ein in Def. 4.1.3 gesuchtes 2’ € S(0) mit d(2’,z) < L||p||
per Satz iiber implizite Funktionen konstruieren (mit einer Modifikation des Beweises
unter (iii)). Calmness fordert daher nicht mehr als MFCQ. Tatséchlich ist calmness die
schwéchste der hier genannten Bedingungen. Calmness linearer Systeme (i) wurde zuerst
in [50] gezeigt (Hoffman’s Lemma) und ist eine gute Ubungsaufgabe.

MFCQ, Aubin property and bounded LM

Condition MFCQ does not only guarantee the existence of Lagrange multipliers for local
minimizers. It also ensures that the behavior of the mapping S (4.1.23) near (0,Z) is
locally the same as for hyperplanes H(r) := {z | (¢c,x) =r}:

There is some L such that, given p’ and = € S(p)
(z close to T, p,p’ close to 0), it holds dist (z, S(p)) < L ||p — p||-

MFCQ is even equivalent (for g, h € C') to this property, called Aubin property of S,
cf. section 10.1. In addition, MFCQ at a local minimizer Z of problem (4.0.2) also implies
that the (non-empty) set of all Lagrange multipliers is bounded.

Theorem 4.1.6 (Gauvin) [38] Let T be a local minimizer of problem (4.0.2). Then,
MFCQ holds at * < the set of Lagrange multipliers

A7) ={(y,2) | (Z,y,2) is a KKT point}
1s nonempty and bounded. <&

Proof. A(Z) is a polyhedron. If it contains an unbounded sequence A* then

A = lim I A:H exists for some subsequence. With A\ = (7, 2) then
Z'Dh(z)+ Y §:Dgi(x) =0, (§,2)# (0,0), §>0and g =0ifi¢ () (4.1.24)
i€l(T)

follows. Conversely, if A(Z) # 0 and (4.1.24) has a solution, then A(Z) is unbounded since
A+tA € A(Z) for A € A(Z) and all ¢t > 0.

Now suppose MFCQ. We already know that A(z) # 0. If A(Z) is unbounded then
multiplying the first equation in (4.1.24) with the MFCQ-direction u° yields first § = 0.
Due to A # 0 so Z # 0 has to hold. But then Dh(Z) has no full rank since 27 Dh(z) = 0.
Thus (=) is valid.

Conversely, let A(Z) # 0 be bounded. Then (4.1.24) is unsolvable. Since (4.1.24) is
unsolvable with § = 0, zZ # 0, so Dh(Z) has full rank. Moreover, since (4.1.24) is unsolvable,
also the LP problem

maX{ZyZ]z Dh(z ZyzDgz )=0, y>0andy; =0ifi ¢ I(z)}
1€I(z) €l(z

is solvable with max = 0. Then, the existence of a MFCQ vector u? follows from LP-
duality. Thus (<) is valid, too. O

Remark 4.1.7 (Persistence of MFCQ) Having MFCQ at Z, one easily obtains MFCQ for
points x near Z. Even if h and g are slightly modified within C', MFCQ is still valid and
the related LM’s (if they exist for ) remain uniformly bounded.
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4.1.4 Calmness and Complementarity
Die Bedingung
120, 2920, x1220 =0

heisst Komplementaritéitsbedingung (auch bei anderen Vorzeichenbedingungen). Fiir das
Problem
(Pr) min { f(z) | 21 <0, 22 <0, z129 =0}

ist die (complementarity-) Abbildung
S(p) ={z € R? | 21 < p1, w2 < pa2, 129 = Pp3}

nicht calm im Ursprung Z = 0; wihle z = (—¢,—¢) und p = (0,0,£?).

Doch M = S(0), bestehend aus & und den beiden negativen Halbachsen, kann alter-
nativ beschrieben werden, z.B. als S(0) = {z € R? | h(z) := max{z;,z2} = 0}. Nun
liegt Situation (vi)(2) aus 4.1.2 vor. Man betrachte die Probleme (Pr);, (Pr)2 mit den
Restriktionen

My ={z| 1 =0,290 <0} bzw. My ={x | =1 <0,29 =0}

(und derselben Zielfunkt. f). Analog gehe man vor, wenn es weitere Variable und
Nebenbed. gibt; dann werden in M; und M, auch alle diese Bedingungen aufgenom-
men. Natiirlich darf man hier vereinfachen, indem man x; = 0 bzw. x5 = 0 direkt einsetzt.

Offenbar ist z optimal bzgl. M = M; U My genau dann, wenn & optimal bzgl. M,
und M ist. Also muss ein optimales Z zwar nicht immer die KKT-Bedingungen der Orig-
inalaufgabe erfiillen, aber beide KKT Systeme zu (Pr)i, (Pr)2, wenn letztere ”regular”
sind. Speziell also, wenn die Teilabbildungen Sy und So (Variation der rechten Seiten)
zu My und My in (0,%) calm sind. Letzteres ist z.B. erfiillt, wenn auch die restlichen
Bedingungen (stiickw.) affin sind.

Example 4.1.2 Die Aufgabe min{x; | 21 <0, 22 <0, 120 =0, 1 —x2 = 0} mit der
Losung £ = 0 und dem zu z gehorenden KKT System

14+ y1 + 2120+ 22 = 0, 04+ y2+ 2121 — 22 =0, y>0
sei zu behandeln. Die Abbildung der gestorten Restriktionen
S(p) ={z | z1 < p1, x2 < p2, 172 = p3, T1 — T2 = P4}

ist -wie oben- nicht calm in (0,Z). Wir wissen also nicht, ob ein Lagrange Vektor zur
Losung  existiert. In der Tat gibt es keinen, weil sonst

l+y1=—20=—y2 mit y >0
folgen wiirde, was offenbar unmoglich ist. Man schreibe nun M = S(0) als M; U Ma:
My ={z |21 =0,22<0, 21 —22 =0}, Mo={x |21 <0,20 =0, x1 — 22 = 0}.

Offenbar 16st & sowohl (Pr); : min {z1 | x € M3} als auch (Pr)s : min {x1 | € Ms}. Die
beiden Abbildungen zu M; und My (hier umsténdlich aufgeschrieben ohne x; = 0 bzw.
x2 = 0 direkt zu benutzen),

Si(p) ={z | 1 = p1, x2 < p2, 1 — x2 = p3},
So(p) ={z | 1 < p1, x2 =p2, 1 — T2 = p3}
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sind calm. Damit miissen die zwei KKT Systeme

zu (Pr)1: 14+2z14+20=0, 0+ys—22=0,
zu (Pr)a: 14y +2,=0, 0+2—2z,=0.

beide l6sbar sein (was sie offenbar auch sind). Umgekehrt, sind mit einem z € M die
KKT-Systeme zu (Pr)1,(Pr)2 16sbar und die Aufgaben (Pr)i, (Pr)2 konvex, so 10st &
beide Aufgaben und somit auch die Originalaufgabe. &

Gibt es weitere komplementéire Paare, etwa z3, x4 mit T3 = 4 = 0, hat man es analog
mit 4 KKT Systemen und Abbildungen S, zu tun usw. An der prinzipiellen Vorge-
hensweise dndert sich nichts. Die beschriebene Situation tritt auf, wenn KKT Punkte in
die Nebenbedingungen anderer Aufgaben einfliessen. Mit

&=y, m=gi(z) und & <0, n; <0, En=0

wird dann offenbar Komplementaritdt zwischen y; und g; beschrieben.

Thus

complementarity conditions among the constraints do not require any new theory of local
optimality conditions. It increases, however, the number of subsystems which must be
studied at points z which violate strict complementarity. This drawback (from the practi-
cal point of view) initiated several other descriptions of the related systems, in particular
by using so-called NCP functions; we refer to [28], [140] and the cited literature therein.
In brief, though weaker than MFCQ, calmness of S (4.1.23) may be a (too) strong con-
dition for ensuring the existence of Lagrange multipliers to (4.0.2). This fact reduces the
meaning of calmness for this purpose.

Nevertheless, calmness does not only describe useful error estimates for dist (z, S(0)) for
points x € S(p) near Z. It is also closely connected with methods for solving the systems
in question, see below.

Exercises
1) Quadratische Optimierung und Komplementaritat: Es sei Z globaler Minimalpunkt
der Aufgabe
o, T 1.7 T
min{p’ z + 52" Qr | Az < b} mit Q7 = Q.
Zeigen Sie, dass es dann gewisse y° und u® (entsprechender Dimension) gibt, so dass
(#,7°,u") global die Aufgabe (genannt linear complementarity problem)

min{p’z —bTy | Qr+ATy=—p, Az4+u=>b, y>0, u>0, u'y=0} Iost.

2) Diskutieren Sie min{ az? + by? | x + 2y > 1} fiir alle reellen a, b.
3) Calmness and Slaterpunkt: Zeigen Sie, dass calmness fiir konvexe Probleme mit Slater-
punkt (ii) gilt.

Hilfe: Ordnen Sie jedem z # M (mit ||z — Z|| < 1) zunécht 2’ = 7),-1g)(x) als
Projektion zu und dann z” = Az® + (1 — \)2’ € M mit minimalem X\ € [0,1]. Es bleibt,
|#” — z|| abzuschétzen. Differenzierbarkeit von g; wird nicht gebraucht.

4.2 The standard second order condition

Let § = (z,y,1) be a KKT point for problem (4.0.2). We are interested in a condition
which ensures that z is a local minimizer for (4.0.2). With the set I(z) = {i | ¢;(z) = 0},
define the tangent cone

V ={veR" | Df(z)v =0, Dh(Z)v =0, Dg;(Z)v < 0if i € I(z)}. (4.2.1)
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Theorem 4.2.1 Let § be a KKT point for (4.0.2) and
(u, D2L(3)u) >¢ YueV, ||lul|=1. (4.2.2)
Then
fl@)> f(@)+ 1 cllz—z|? Ve e M N B(z,6) and somed >0. < (4.2.3)
The sufficient second-order condition (SSOC) requires that (4.2.2) holds for some ¢ > 0.

Proof. Since 5 is a KKT point, we have Df(Z)v + >, 4:Dg;(Z)v + Y Z;Dh;j(Z)v = 0.
For this reason, v € V' yields that Dg;(Z)v = 0 if g; > 0.
Next we delete the equations h; = 0 for sake of simplicity. It will be seen that they
play the same role as an inequality with g; > 0. We also write yDg(z)v for (g, Dg(Z)v).
Assume the theorem fails to hold. Then there is some sequence x; — T such that

x, € M and f(xy) < f(T) + 5 ¢ ||lag — Z|*. (4.2.4)

Write xp = Z + txug, such that ||ug|| = 1, tx | 0. Without loss of generality, we may
assume that up — v (in V or not). Notice that we applied limiting negation of (4.2.3),
cf. sect. 1.2.

Knowing that z,t and u depend on k, let us omit this index in the following. By
second order expansion of f (and the KKT-property), it holds

flz) = f(T)
= t Df(@)u + L2 W' D2f(2+0 tu)u (4.2.5)
= —tyDg(z)u + 5> uID*f(Z+ 6 tu)u with some 0 = 6(t) € (0,1).

Feasibility of x yields, by the mean value theorem:

If ¢i(z) =0 then g;(Z + tu) < g;(Z) and, passing to the limit, Dg;(z)v < 0. (For h, it
follows similarly Dh(z)v = 0.)

If gi(z) <0 then y; = 0.
Hence 7 := yDg(z)v < 0. Furthermore, r = —D f(Z)v holds for each KKT-point.
Next consider the two possible cases.

Case 1: r = yDg(Z)v < 0. Since u’ D?f(z + 0 tu)u remains bounded, we obtain from
(4.2.5) for small t, f(x) — f(z) > —3 t r > 5 ¢ t>. This contradicts (4.2.4).

Case 2: r = yDg(Z)v = 0. Then D f(Z)v = —r vanishes, too. Hence D f(Z)v = 0 holds
true and yields v € V.
Because of (y,¢g(z)) < 0 and D,L(Z,y) = 0, it holds with certain § = 0(t) € (0,1), the
crucial estimate in terms of the Lagrangian

f(x) > f(2) + (5, 9(x)) = L(z,§) = L(7,5) + 5 t* u" DIL(Z + Otu, 7)u.
Finally, we have L(z,%) = f(Z) and u? D2L(z + 0tu,j)u — vI D2L(z,y)v > c. Thus, for
small ¢, we obtain again a contradiction to (4.2.4), namely
_ .. c
Fla) > La.5) = f(&) + 82
g

For problems in Banach spaces, the situation is less obvious (strong convergence uy — v
cannot be ensured), we refer to [10]. Notice, that the question of second order conditions
for classical problems of variational calculus, cf. sect. 1.3, 4 leads to the Legendre-Jacobi
conditions in terms of linear second-order differential equations.
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4.3 Eine Anwendung: Brechungsgesetz

Seien 2 Punkte (a,b) und (A, B) in der Ebene gegeben und links bzw. rechts der Geraden
x4y = 1 gelegen. Im linken Teil mége sich das Licht mit der Geschwindigkeit v; ausbreiten
konnen, im rechten (ein anderes Medium) mit Geschwindigkeit vo. Wie sieht der optimale
(schnellste) Weg des Lichtes von (a, b) nach (A, B) aus 7

Wir denken uns zwei Strecken von (a,b) nach (z,y) (auf der Geraden) und von (z,y) nach
(A, B). Thre Léngen sind

h=V(@—a?+y—b?, b=(z—-A?2+(y-B)>

Die erforderlichen Zeiten werden so 17 = 1l711 , Ty = q% Also ist zu losen

l l
min f(z,y) = 1711 + 1722 unter der Nebenbeding. h(z,y) :=x+y—1=0.

Angenommen (z,y) ist optimal gewéhlt. Dann sind die KKT-Bedingungen mit einem
Lagrange-Multiplikator p erfiillt, weil h affin-linear ist. Also gilt mit Ableitungen in (z,y)

oL af  oh oL _df  Oh

— == — =0 —_— = = — =0 d.h.
ox Ox + Hou ’ oy Oy + “ay ’
oL zxz—a z-A oL y—-b y—B
8:1: 7)1[1 1)2[2 + K ’ 8y ’1)1[1 1)212 + a ( )
und somit auch 4 b B
Sl S (4.3.2)

Ulll Uglz ’U1l1 ’02l2
Nimmt man ¢ als Winkel zwischen den Strecken (a,b)(z,y) und (a,b)(z,b), wird “-* =

cos @, yl—_lb = sin ¢. Mit dem analogen Winkel v zwischen (A, B)(z,y) und (A, B)(z, B),

wird Al?” = cos 1, Bl—gy = sin (siehe Bild aus Vorlesung). Dann gilt also auch
i i 1 1
cos¢ _cosy _sing sm¢7 —(cos¢p —sing) = —(cost) — sin).
(3 V2 (3 V2 U1 V2
Setzt man hier v = %, ¢ = v+ ¢’ und ¥ = v + ¢/, vereinfacht sich die erste Differenz

mittels cosy =siny = g und der bekannten Additionstheoreme

cos(a+ 3) = cosacos f —sinasin 3, sin(a+ ) = sinacos f + cosasin 3 :

2 2
cos ¢ — sin ¢ = 7cos¢'— \gsingbl— \2[

Dasselbe fiir 9 liefert cos ) — sinty = —v/2sin+’ und somit

2
cos ¢/ — \Q[Sind)' = —V2sing'.

vy sing’

vy sing’’
Das ist das Brechungsgesetz. Der Weg des Lichtes ist also zeitoptimal. Machen Sie sich
klar, wo die Winkel ¢/, 4’, in der Physik auch Eintritts- und Austrittswinkel (des Lichtes
in ein Prisma) genannt, im Bild auftauchen !

Um die sufficient second order condition SOSC zu priifen (besser argumentiert man hier
direkt, dass man ein Minimum hat), kann man die 2. Abl. aus (4.3.1) ausrechnen,
0L 0L 1 (x—a)(y—0)/l 1 (z—A)(y— B)/la

_ __ 1 _ 2 43.3
Ox0dy  Oydx vy 12 vy 2 ) ( )
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827L_i ll—(x—a)2/l1 +i ZQ—(ZC—A)2/ZQ

4.3.4
ox? v 12 vy 2 ( )
L 1 lh—(y—b)?/ 1 Iy — (y— B)?*/I
L_1h (yQ)/1+72 (y2)/2‘ (4.3.5)
oy V1 I V9 13
Der Kegel V' in Thm. 4.2.1 (hier U, weil v schon besetzt) ist jetzt durch
U={uecR?| Df(z§)u=0, Dh(Z,§)u=0} (4.3.6)
gegeben, also durch (il_l‘ll + f};l’;‘) uy + (% + %,;zlj) uz = 0 und u; + ug = 0. Wenn
u € U,u # 0, folgt also uy = —uy. Die andere Bedingung schrénkt u nicht ein, da sie zu
fn;l? + f}z—l;‘ = g;lf + % fithrt, was nach (4.3.2) in der Losung erfiillt ist. Die SOSC ist

also fiir ein nichttriviales u, etwa u = (1, —1) zu priifen:

0L 0’L 9L
T 12

DiLu = -2 ?
0 <w Delu Ox2 8x8y+ Oy

Nach Multiplikation mit vjvs l%l% heisst das

0<—wull (2(x —a)(y —b)/li) — wil] (2(x — A)(y — B)/I)
+ vl (h—(x—a)?/h) +ulf (b—(x-A4)> 1)
bl - (y—b2/L) ol (- (y— B2/ L)

Fiir die Summanden der ersten Spalte folgt (bis auf den Faktor)
(L —(x—a)?/li] + [l1— (y—b)?%/li] — [2(z—a)(y—b)/li] = ... =11 —l1sin(2¢).

Die Summe ist positiv <> ¢ # 7. Analog ist die zweite Spaltensumme positiv < 1 # 7.
Die SOSQ ist also nur im Falle ¢ = ¢ = 7 verletzt. Dann ist allerdings v; = v, womit
das Problem trivial wird.



Chapter 5

Duality and perturbations in
Banach spaces

Optimality conditions and duality are closely related to perturbations of the constraints
in the original problem. We already mentioned such relations in sect. 4.1. Here, we
investigate these interrelations for nonlinear B-space problems P6 and P7, sect. 1.4.

5.1 Separation in a normed space

In sect. 4.1, we applied LP-duality (based on a separation theorem) to derive the KKT
conditions. In order to guarantee similar optimality and duality conditions for problems
in normed spaces, one needs a stronger separation theorem. Therefore, it’s now time to
note that Thm. 3.1.8 can be derived, with B — A = M from

Theorem 5.1.1 Let X be a linear normed space on IR, let M C X be convexr, and let
0 ¢ int M # (0. Then there is some z* € X*\ {0} such that 0 < (z*,x) Vo € M. &

Proof. We fix some Z € int M and consider the 1-dimensional subspace U = {tz | t € R}.
Setting ¢"(tZ) = t, we ensure that

0<¢%z) YeeMnU. (5.1.1)

This way ¢ satisfies the imposed requirements at z* for all z € M NU. We shall extend
g%, defined on U, to a lin. mapping ¢ defied on X. Then g # 0 holds trivially.

Let G D U be a subspace of X (closed or not) and g : G — R be additive und
homogeneous with ¢ = ¢ on U and 0 < g(z) Yz € M N G. Among these pairs (g,G)
define a half-ordering:

(9,G)< (¢,G") if GCG, G#G and ¢ =gVred.

The set of these (feasible) pairs is not empty, i.e., (g, G) = (¢°,U).

For any increasing sequence (go,Gao) With (ga,Ga) < (98,Gp) if @ < B (these are
ordinal numbers) there exists some upper bound (¢’, G'), namely G’ = UG, and ¢'(z) =
ga(z) if © € G,. Therefore, there exists (Zorn’s Lemma) some maximal element for the
half-ordering. This is, by definition, a pair (g, G), such that (¢, G) < (¢’, G’) is never true.
We show by contradiction that the latter entails G = X. Assume there is some p € X \ G.
Then we obtain

G c G :=lin(Gu{p}), G #aG,

65
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and each 2/ € G’ has a unique representation 2’ = z +tp (r € G, t € R). Unique-
ness: If '’ =y+sp (ye€ G,s €R) then 0=y —x+ (s —t)p. Since 0 and y — = belong
to G we see that (s—t)p € G. The latter yields s = t since p ¢ G. Thus also y = z follows.

We define now ¢'(2’) = g(z) + at with some real a. To obtain a feasible pair (¢', G') we
need some a, such that

0<g(x)+at Y(z,t)eGxR with z+tpe M. (5.1.2)

To find a, we consider positive and negative ¢, so (5.1.2) attains the form:
0<g(xz)+at Ye+tpe MNG', t>0. (5.1.3)
0<g(y)+as Yy+spe MNG', s<0. (5.1.4)

The existence of such pairs (z,t) and (y, s) is ensured by Z € G Nint M which yields that
T+epe M, z—epe M for small e > 0 (Note: this needs the algebraic interior only).
Now let (z,t) and (y, s) be fixed as above. We define (z,0) as a convex-combination with
0=Xt+(1-XN)s, z=Azx+(1—A)y. Thisimplies

A=—s/(t—s), 1-A=t/(t—s) and z=(t—s) ' (ty—sz).

Obviously, z € G. For the convex- combination of points in M, also z = z+0p € M
holds true. Thus we conclude

0<g(z)=(t—s)""(—sg(z)+tg(y)) and sg(zx) <tg(y)

as well as (divide by —st > 0)
9@ 9y
t S
Hence there is some a which satisfies the crucial inequality

sup —M <a < inf —M.

(z,t) t T (yss) s

In consequence, we obtain —g(z) < ta and sa > —g(y) (s < 0), such that (5.1.3) and
(5.1.4) are really true. This contradicts maximality of (g, G). Therefore, G = X.

Now ¢ is additive, homogeneous and satisfies 0 < g(z) Vo € M. Recalling Z € int M
(only here, the topological interior is used), let B(Z,e) C M. Then

0<g(z)+egdb) Ybe B(0,1),

shows that ¢ is bounded below on B(0,1). Clearly, this implies that g is bounded at all
and that g is continuous. Hence z* = ¢ is the functional in question. O

Now also Thm. 3.4.6 and 3.1.8 (existence of subgradients, separation general) are verified.

5.2 Strong duality and subgradients in B-spaces

We consider the classical nonlinear B-space problem, i.e.,
(P) inf { f(z) | g(z) € K and h(z) = 0} where
X,Y,Z are B-spaces,
f:X—=R, g: X->Y, h:X—>Z
K #0 is a closed, convex cone in Y.

For our standard IR™ problems, we had K = R™, Y = R™.
We will also suppose that the extremal value vp of (P) is finite.

(5.2.1)
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Remark 5.2.1 Aslong as K is any closed convex cone (possibly with int K = (}), we may
equivalently put/require

Gg=(g9,h): X -YxZ, K=Kx{0}CcY:=YxZ jz)eKkK.

Now, the equation is hidden in § € K. Hence, to simplify the subsequent proofs, we may
suppose that h is not present. &

Remark 5.2.2 Until formula (5.3.3), we shall nowhere need continuity or convexity of

f,9,h, and X may be any set. &
Remark 5.2.3 One may define a half-ordering by setting y <x 0if y € K; and y <y v/
if y —y' <k 0. Then, one may read g(x) € K like a usual inequality constraint. O
We put

S(y,z) ={xe X |g(x) cy+ K and h(z) =z} wherey € Y,z € Z (5.2.2)

and study the perturbation function

¢y, 2) = inf {f(z) [ z € S(y, 2)} (5.2.3)

with possibly improper values +oo.
Suppose (0,0) € dom ¢ (the original infimum vp is finite), and define the Lagrangian

L(z,y",2") = f(@) + (4", g(2)) + (=" hz))  and (5.24)
H(y*, z") = l}g)f( L(z,y*,2") (e RU{—0o0}). (5.2.5)
We also define the polar cone K* = {y* € Y* | (y*, k) <0 Vk € K} and the dual problem
(D) sup {H(y*,2") | y* e K*, 2" € Z*} (5.2.6)
with the finite or infinite extreme value vp.
Lemma 5.2.4 It holds ¢(0,0) = infyex SUpycpe ez L(z,y%,2%) = H(y", 2").

Proof. We apply Remark 5.2.1 to simplify the proof by deleting h, z and z*.
First, consider any z with g(x) ¢ K. Since K is closed, some € > 0 fulfills

KN B(g(x),e) =0.

Convexity of K C Y and separation in accordance with Thm. 3.1.8 yields the existence
of y* € Y™\ {0} with

(v*,y) > (y*, k) Yy € B(g(x),e) and k € K.

Because of 0 € K and y*# 0 it follows (y*, g(z)) > 0.

Since k€ K = Ak € K VA >0, it follows (y*, k) <0. Thus y* € K*.

Finally, multiplying y* with big A shows that  sup,.cx« L(z,y*) = oo if g(z) ¢ K.
For g(z) € K we have maxy-cr+ (y*, g(r)) = 0 and sup,-cx- L(z,y*) = f(z).
Thus, since inf sup L > sup inf L is always true, the assertion follows

¢(0) =inf sup L(z,y*)> sup inf L(z,y") = vp. O
xT y*EK* y*GK* T
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Theorem 5.2.5 (strong duality and subgradient) It holds the key relation
—(y*,2%) € 0¢(0,0) < (y*,2%) solves (D) with vp = vp. < (5.2.7)

Definition 5.2.1 Strong/weak duality: In the second situation, one says strong duality
holds true for the pair of problems (P), (D). If only vp = vp, one often speaks on weak
duality. o

Proof. (of the Thm.) Again we apply Remark 5.2.1 to simplify the proof by deleting
h,z and z*.
1. Let u* € 0¢(0).
For all y and all k in the cone K, we observe that g(z) —y € K yields k + g(z) —y € K.
This implies
S(y) C S(y—k) and ¢(y —k) < ¢(y).

In particular, it holds ¢(—k) < ¢(0). This and the subdifferential property

$(0) = ¢(—k) = ¢(0) + (u*, —k)

ensure (u*, —k) < 0 (otherwise multiply k& with big A > 0). Thus, y* := —u* € K*. Due
to u* € 0¢(0) and 0 € K, it also holds

$(0) < igf [P(y) + (", y)] = irylf [x:g(i)nef%;(f(””) + Wy | < irylf [x:gi@f:yf(“’) + W) |

In consequence, we derived ¢(0) < infy [ inf, { f(z)+ (y*,9(x)) | g(xz) =y } ] and, since
nothing is required for y,

¢(0) <inf f(x) + (", g(x)) = H(y").

Since H(y*) < ¢(0) is always true, cf. (2.7.3), sect. 2.7, we showed that H(y*) = ¢(0) is
maximal.
2. Let H(y*) = ¢(0) and y* € K*.
Then
inf f(z) + (", 9(a)) = Hy") = 6(0). (5.2.8)

Recalling y* € K* the inclusion g(z) — y € K implies
(" 9(2)) < (W, y).

Thus we may replace, on the left-hand side of (5.2.8), the term (y*, g(x)) by (y*,y),
provided that g(x) € y+ K. Since 0 € K, such y exist, i.e., y = g(x). This way we obtain

¢(0) < infy  infyyeprr  f(@) + (YY) and
$(0) < infy ( [infogmeyrx f(@) ]|+ (YY) ) =infy, o(y) + (¥, v).

So u* = —y* is a subgradient for ¢ at 0. O

5.3 Minimax and saddle points
Using the definitions only, (5.2.7) implies the ”minimax-relation”

96(0,0 & inf L(z,y*,2") = inf L(z,y*,z%). (5.3.1
¢(0,0) # 0 peibax . (z,9%,2%) = inf e (z,y",2"). (5.3.1)
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Denoting a solution of (5.2.6) by (g*, z*) and assuming that Z solves the original problem,
the right-hand side of (5.3.1) becomes the saddle point condition

L(z,y*,2%) < L(z,y",z2") < L(z,y%,z") Ve e X, y* € K*, 2" € Z*. (5.3.2)
and yields L(z,y*,z*) = f(2).

Normal cone: The left-hand inequality yields that (3%, k — g(z)) < 0 Vk € K and means
(by definition only) that

y" € Nk(9(z)). (5.3.3)

Additional hypotheses: Let f,g,h € C'. Then the right-hand inequality of (5.3.2)
yields the necessary (Lagrange) condition

D, L(z,y",z*) =0€ X",
In terms of adjoint operators this yields:

Corollary 5.3.1 Under strong duality, every solution T of the original problem satisfies

Df(z)+ Dg(Z)*y* + Dh(z)*z* =0 € X* for some §* € Nk(g(Z)) and z* € Z*. <
(5.3.4)

Again the elements g*, z* are called Lagrange multipliers to z. For R"- problems, (5.3.4)
represents the KKT conditions. In the theory of optimal control, (5.3.4) leads to the adju-
gate (and Hamilton) system, z* is assigned to the differential equation for the trajectories,
g* corresponds to "phase constraints, e.g. g(z(t),t) < 0” and all together have to satisfy
the adjoint equation.

5.4 Ensuring strong duality and existence of LM’s

The above statements do not ensure that 9¢ # 0 or (D) has the required solutions.
Therefore, it needs additional conditions for verifying strong duality !

5.4.1 The convex case

Theorem 5.4.1 (Convex problems in B-spaces)

Let problem (5.2.1) be a ”convex” problem with Slater point:

(i) f,g,h are contin., f is convex, h is affine and h(X) = Z, g is conver w.r. to K;
e, gAx+(1=Nz") — Mg(z)+ (1 -Ng(2")] e K Vz,2’ € X, A€ (0,1)

(i) g(z°) € int K for some x° € M.

Then, if vp is finite, it holds 0¢(0,0) #0 (= strong duality). o

The point z° can be identified with a Slater point for R™-problems.

Proof. Having Thm. 3.4.6 in mind, we obtain d¢(0,0) # 0 if
(1) ¢(y,2) < C < oo for (y, z) near the origin and (2) convexity of ¢ can be shown.

(1) Since h maps onto Z and X, Z are Banach spaces, it follows from Banach’s theorem
on the inverse linear operator that, for each z € Z, there is some

x, =2° + & € h™1(2) satisfying ||€|| < L||z||
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with some constant L. Let § > 0 satlsfy B(g(x%),0) C K. Since g is continuous, there is
some a > 0 such that || g(€ + 2%) — g(z%) || < § if ||¢|| < a. This entails

. 5
9§ +a%) —y € Blg(z%),0) C K if [¢]| < aand [y] < 3.

Therefore, it follows the existence of x, € S(y, z) provided that L||z|| < a and ||y|| < g.
Since f(x.) < f(x%)+ 1 for small ||z|| + ||y|| is ensured by continuity of f, we obtain that
¢ is bounded above near the origin, say for (y, z) € B(0,~).

(2) Let x € S(y,2) and 2/ € S(y/, 2') realize the infimum up to some ¢ > 0, i.e.,

f@) <oy, 2) +e,  f@) <o(y,2) +e (5.4.1)
and let A € (0,1) (if ¢ = —oo read ¢ 4+ = —1/¢). Then
2y =AMz + (1= Na' € S( Ay, 2) + (1= N, 7))
follows from affine linearity of h and convexity of ¢ since
glan) = g(@) + (1= N)g(a)] € K and Ag(z) + (1 - N)g(2') € K
yields that g(zy) is again in K. By convexity of f, also
flan) S AMf(@) + (1 =N f(@) < Moly, 2) +e) + (1= N)(o(y, 7)) +e¢)

holds true and implies as ¢ | 0, for finite values,

O Ay, 2) + (1 =N, 7)) < f@a) <Ay, 2) + (1= Ny, )

and d( Ay, 2)+ (1 =N)(y,2") ) = —o0 otherwise.

The second case only happens if gb(y’ 'Y = —o00 or ¢(y,2) = —oo. We assume the latter
and consider a point —t(y, z) which belongs to B(0,~) for small ¢ > 0. Connecting —t(y, z)
and (y, z), now the above estimate yields ¢(0,0) = —oo, too. This contradicts vp € RR.
Thus the second case is impossible; ¢ is convex. |

Note:

In accordance with this proof, the hypotheses of Thm. 5.4.1 had only to ensure that
¢ is convex and locally bounded above. This is valid after several modifications of the
hypotheses. We restrict us to the above situation.

5.4.2 The C'- case and linear approximations

For the more general non-convex problem (5.2.1), we suppose
let f,g,h € C1, and let Z be a (local) minimizer. (5.4.2)

Put fr(x) = f(z) + Df(z)(x — ), similarly gz (z) and hr(z). The linearizations define a
particular convex problem Pp.

Py inf{ fr(z) | gr(z) € K and hr(x) =0 }. (5.4.3)

Theorem 5.4.2 (C'- problems in B-spaces) For problem (5.2.1), suppose (5.4.2) and
(ii) Dh(Z) maps onto Z  and

(iv)  some x° fulfills gr,(z°) € int K and hr(z°) = 0.

Then T solves P which satisfies the hypotheses of Thm. 5.4.1. Hence the optimality
condition (5.5.4) is satisfied. <&
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Proof. We have only to show that & solves Pr. Otherwise some u € X exists such that
Df(z)u <0, Dh(z)u =0, ¢g(z) + Dg(Z)u € K.

With small € > 0, the point v = u 4 £(2° — ), satisfies the same condition. In addition,
also ¢(z) + Dg(Z)v € int K follows. This implies, with some § > 0,

9(Z) +tDg(z)v+y e K if |y|| <té. (5.4.4)

Because of Dh(z)v = 0, it holds h(z + tv) = o(t). Now, instead of the implicit function
theorem in finite dimension, one can apply the Lyusternik/Graves Theorem (Thm. 10.8.2),
see also [20]. It ensures that there exist a constant L and certain £(t), ¢ | 0 such that

Wz +tv+£(t) =0 and [[€()] < Lfo@)]-

Applying g € C! and (5.4.4), we still obtain g(Z + tv + £(¢)) € K. Hence we find feasible
points z(t) = T + tv + £(t) — T for (P) such that f(z(¢)) < f(Z) though Z is, by (5.4.2),
a local minimizer for problem (5.2.1). This contradiction proves the assertion. a

Comparison with MFCQ for the IR" case:
The proof of Thm. 5.4.2 used, with another implicit function theorem, the arguments
of the proof for MFCQ being a CQ in sect. 4.1.2. Also the hypotheses are similar (put
K = 1R™7). In fact, condition (iii) means that rank Dh(Z) = my, is maximal, and (iv)
attains the form: Some u € R"™ (u = 2% — &) fulfills Dh(Z)u = 0 and Dg;(Z)u < 0
whenever g;(Z) = 0. This is again MFCQ.

Hence (iii) and (iv) represent a generalized MFCQ for B-space problems. However,
this generalized MFCQ is no longer necessary for the Aubin property, details in [88].

Remark 5.4.3 By the reasoning of Thm. 5.4.2; we also see:

Provided strong duality holds for the linearized problem Pp, the weak hypotheses (5.4.2)
entail the Lagrange condition (5.3.4), if Z also solves the linearization Pr. The latter -
solving Py, - is already guaranteed under calmness of the constraint map S (5.2.2) at (0, %)
(exactly by the arguments (v), sect. 4.1.2). <&

Roughly speaking, a sharp characterization of the needed “reqularity conditions CQ7 re-
quires a sharp characterization of our weakest CQ, namely calmness for perturbed feasible
sets. This becomes a subject of sect. 10.

5.5 Modifications for vector- optimization

In all considered problems P1, ... | P7, sect. 1.4, one can ask for Pareto-optimal (also
called efficient) points .
This means that a finite number of objectives f; is given, and ¥ € M has to satisfy:

there is no € M such that f;(z) < f;(z) Vj and fj(x) < f;j(z) for some j.  (5.5.1)

Let E be the set of efficient points.

To generate such points one can use (in the local and global sense) that every minimizer
z of f on M satisfies (5.5.1), provided that

f)\(x) = Z )\jfj(l’) and )\j >0 V). (5.5.2)
J
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Hence: The union of all minimizer to fy, A > 0 is a subset £/ C E.
This set can be characterized as follows (we consider only points in M):
z € E' < Je > 0such that if f;(z) < f;(z) for some j, then

fr(x) > fr(Z) +e(fj(Z) — fj(x)) for some r # j. (5.5.3)

Such points are also called properly efficient.
They are similarly reasonable for defining a ”cooperative” solution as efficient points, but
they exclude efficient points like

fi@) < £;(x) Vi #rand fo(@) = f2(2) = o> _(f5(Z) — fi(x)) >0 (5.5.4)
i#r

where the variation of f, is very small in comparison with f;(z) — f;(z).

For the "smooth” finite-dimensional vector optimization problem P4, it holds

Theorem 5.5.1 To every & € E which satisfies MFCQ (or some other CQ), there is a
nontrivial A > 0 such that the KKT conditions can be satisfied with f = f». &

Proof. The proof can similarly exploit LP-duality and CQ as Thm. 4.1.2. Now, we have
only more Lagrange multipliers, assigned to the objective functions. O



Chapter 6

Losungsverfahren; NLO in endl.
Dimension

Let us start with free minima.

6.1 Freie Minima, Newton Meth. und variable Metrik

The basic model:
min f(x)

where f € CLH(IR",R) (locally Lipschitzian derivatives) is supposed to have bounded
level sets

Fle)={z | f(z) < ¢}
for all c. The goal consists in finding some Z with D f(z) = 0.

The standard iteration scheme to find some z with || D f(x)| < € consists in choosing, for
given xy, some descent direction uy and a stepsize t; > 0 such that f(xp + tgur) < f(zk)
and to put

Th+1 = T + LUk

Of course, in order to ensure convergence, the descent has to be big enough.

6.1.1 ”Fixed stepsize” or Armijo- Golstein rule

Let 0 <A< 1lande>0.
ALGO: Given some zy, (with ||[Df(zy)| > ¢) and a stepsize parameter t;, > 0,
put wur =—Df(xr), & =xr+trur and check whether

F&) < flan) = § tr DS ()] (6.1.1)
(1) If Yes then put Tpr1 = & tpy1:= t.
(2) Otherwise put Tpa1l = Tk, tpa1:= N k.
k:=k-+1, repeat.
Notice that, for linear f, we would always have situation (1)
F©) = faw) =ty Df(xx)up = — ty [|Df(@p) [ < —5tu [|Df ()]

Lemma 6.1.1 ALGO finds (for all e,ty > 0, xo € R"™) some x, with |[Df(zy)|| <e. <

73
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Proof. Assume that t; > 7 > 0 Vk. Then, it holds for all k > kO;

Flars) < flar) —te [IDf(@)l* < flap) — 7 (1D f ()]

Since f is bounded below, this implies || D f(z)| — 0.
Now assume t; — 0 and consider the steps of case (2). They satisfy

flan +tiur) — flax) = =5 tellDf (zn)l.
By the mean-value theorem, we may write
Sk + tyur) — f(xr) = teDf(zk + Otpur)uk
with some 6 = 6 € (0,1). Hence, it follows
Df(zk + Otpug)up > —35 || Df(z)|)*

All 4, belong to the compact set F, for ¢ = f(xg). Thus D f(z) and uy remain bounded.
So one may estimate, using a Lipschitz constant L for D f,

|Df(zr + Otpur) — Df(zp)l| < Lty lug|

and conclude that
Df(xr)ug + L ti|lug|* > —3 [|Df ()| (6.1.2)

In consequence, we obtain from uy = —D f(z),

—IDf(@)l* + L telluel* > =3 1D f ()],

Ll 2 3 IDf@P and 6> 5
thus t; — 0 cannot be true. O
Comments: The test (6.1.1) can be modified, e.g., by
F(&) = flax) < —twy D (zx)|?
with fixed v € (0,1). Instead of up = —Df(x) we can use some direction which still

fulfills
Df(zp)ur, < —p | Df(zi)|?, p € (7,1) fixed.

6.1.2 Line search

Given up = —D f(x) one may minimize the real function g(t) = f(xp + tuy) for t > 0.
Then the related minimizing ¢ satisfies
dg(t
0= gcgtk) = Df(:vk + tkuk) Uk, and we put zp 1 = x + tpug.

To show again
Df(wg) — 0

we regard the opposite case: [|[Df(x)|| = [Jux|| > € > 0 for some subsequence. Since
f(zr41) < f(zk), the level-set assumption yields that ¢, remains bounded and that, for
some subsequence (of the subsequence), there are limits of zy, t; and ug, say z,t and u # 0.
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Hence 0 = D f(x +tu) u. If t = 0 this yields the contradiction 0 = D f(z +tu) u = —||lu|?.
Let t > 0. At x, we know from v = —D f(z) # 0 that

f(z+su) — f(z) < d(z,s) <0 for small s > 0.

We fix some s with s < ¢ and put &g = §(z, s). By continuity and line-search arguments,
then also

f(xk + tkuk) — f(l’k) < f(xk + Suk) — f(l’k) <9 <0

holds for the elements of our subsequence whenever k is large enough. For all other k,
we have f(xp + trug) — f(zr) < 0. Thus we obtain the contradiction f(zx) — —oo. In
consequence, lim D f(xy) = 0 holds for the whole sequence as asserted.

6.1.3 Variable metric

The direction ug can be determined in such a way that (u, Df(x)) is minimal w.r. to
all u € B(0, [|Df(zk)||). With Euclidean norm, this gives again uy = —D f(x)), but with
other norms we obtain other ug, in general. In particular, the norm may depend on k,
then one speaks about methods of variable metric.

Suppose f € C? has a positive definite Hessian D?f(z) everywhere. Furthermore,
determine uy by

min { (u, Df(ey)) | " D? f(ar)u < [Df(zi)]| }-

Applying the KKT conditions to this convex problem with Slater points, one obtains as a
necessary and sufficient optimality condition

Df(ey) + 24D fap)u=0; = —ZL[DQf(wk)]_lDf(ka)-

This tells us that uy coincides, up to the factor %, with the Newton direction

v=—[D*f(xx)] ' Df(xx)

which solves the Newton equation for D f(z) = 0, namely D f(x) + D?f(xy)v = 0.
Hence variable metric methods may connect methods of first and second order.

6.2 The nonsmooth Newton method

Here, we present properties of h which are necessary and sufficient for solving an equation
h(z) =0, h:R"™ — IR" loc. Lipschitz

by a Newton-type method.

Such methods can be applied to KKT-systems below (after any reformulation as a
non-smooth equation). We shall see that our approach works more general and in the
same manner for A : X — Y (normed spaces). Then, however, it is more difficult to find
practically relevant mappings A considered next.

First of all notice that Newton methods cannot be applied to all locally Lipschitz
functions, even if n = 1 (provided the steps have the usual form at C'-points of h), cf.
Example BE.1 in [70]. In this example, one obtains alternating sequences for almost all
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initial points. Study also h(z) = 2%, ¢ € (0,1), which shows the difficulties if h is every-
where C! except the origin, or if A is not locally Lipschitz.

The crucial conditions
Newton’s method for computing a zero & of h: X — Y (normed spaces) is determined by
the iterations

Tht1 = Tk — Ailh(xk), (6.2.1)

where A = Dh(xy,) is supposed to be invertible. The formula means that z;,1 solves
hag) + Az —ax) =0, A= Dh(zy). (6.2.2)

Forgetting differentiability let us replace A by any invertible linear operator Ay : X — Y
(even if Dh exists).

Next, to replace regularity of Dh(%) for the usual C'- Newton method, suppose that there
are constants K+ and K~ such that

|A|l < K and |[A7Y| < K~ for all A= A, and small ||z}, — &||. (6.2.3)

The locally superlinear convergence of Newton’s method means that, for some o-type
function r and initial points near Z, we have

Tpr1 — T =z with |z|lx < r(xg — 2). (6.2.4)
Substituting z;,1 from (6.2.1) and applying Ay to both sides, this requires
h(zg) = h(xg)—h(2) = Ak (xp—zp11) = Ak [(xp—2)—2x] with ||zg]| < r(zp—2). (6.2.5)

Condition (6.2.5) claims equivalently (with A = Ay)

Az — &) = h(zg) — h(2) + Azg,  zkllx < r(zr — ) (6.2.6)

and yields necessarily, with
o(u) = Kr(u), (6.2.7)
Az — &) = h(zg) — h(&) + 0% for some v* € B(0, o(zy — #)) C Y. (6.2.8)

Conversely, having (6.2.8), it follows
z, — & = A7 Y(h(zg) — h(2)) + AP for some vF € B(0, o(zy — )). (6.2.9)

So the solutions of the Newton equation (6.2.1) fulfill

2p =Xyl — & = (Tpy1 — x) + (2 — T)
= — A7 h(zy) + A7 (h(x) — h(2)) + AR
= A1k

Hence ||z]|x = [|A™"*|| < K~o(xp — 2) yields the convergence (6.2.4) with
r(u) = K o(u) (6.2.10)
for all initial points near . So we have shown

Theorem 6.2.1 (Convergence of Newton’s method) Under the reqularity condition (6.2.3),
method (6.2.1) fulfills the condition (6.2.4) iff the assignment xy, — Ay, satisfies (6.2.8).
&
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Hence we may use any A = A(x) € Lin(X,Y’) whenever the conditions
(CI) | A(z)| < KT and ||JA(z)"Y| < K~ (injectivity) as well as (6.2.11)
(CA) A(z)(x — &) € h(xz) — h(z) + o(x — &)B (approximation) (6.2.12)

are satisfied for sufficiently small ||z — Z|.
Notice that the quantities o() and r() are directly connected by (6.2.7) and (6.2.10).

Remark 6.2.2 If (6.2.11) and (6.2.12) hold true with o(u) < pl|lu||? for all |lu < §, then
the method converges quadratically for all initial points Z satisfying

|z — 2| =¢ with ¢ < ¢, := min{6s, (K p)~'}
since, by induction, ||xg+1 — 2| < K o(zy — %) < K pq|lzp — Z|| and K~pg < 1. <O

More important:
In the current context, the function h : X —'Y may be arbitrary (for normed spaces X,Y)
as long as A(x) consists of linear (continuous) bijections between X and Y .

Nevertheless, outside the class of locally Lipschitz functions we cannot suggest any reason-
able definition for A(z) since (6.2.11) and (6.2.12) already imply the (pointwise) Lipschitz
estimate
Ih(z) = (@)l < (1 + K]z — 2]

where the zero & is usually unknown.

On the other hand, linearity of A(z—zx}) in the Newton equation (6.2.2) is not essential.
By the estimates above and some additional devices [70] one can even use directional
derivatives h'(zg,x — x) and other terms defined by generalized derivatives instead of
A(z — x). Then, one has to require, for points near i:

(CTI) |\ (zh, 2 — 2p)|| > K~ ||z — x| (injectivity) (6.2.13)
(CA) b (zg,x — zx) € h(z) — h(Z) + o(z — &) B (approximation) (6.2.14)
while the existence of KT follows from the Lipschitz property of h.

Semismoothness:

Condition (6.2.12) appears in various versions in the literature. Let h be locally Lipschitz
near & and X =Y = R" : If all A(z) in Clarke’s generalized Jacobian 9°h(z) (a set of
matrices, cf. sect. 7.3.2) satisfy (6.2.12) with the same o(.), then h is called semismooth
at &, [103] ; sometimes — if o(-) is even quadratic — also strongly semismooth. In others
papers, A is a mapping that approximates 9°h; and the functions h satisfying the related
conditions (6.2.12) are called weakly semismooth.

However, neither a relation between A and 0°h nor the existence of directional deriva-
tives is essential for the interplay of the conditions (6.2.4), (6.2.11) and (6.2.12) in Thm.
6.2.1. The main problem is the characterization of those functions h which allow us to find
practically relevant Newton maps A = A(x) satisfying (6.2.12). These function classes are
not very big in the class of loc. Lipschitz functions (cf. [70], locally PC!-functions).

Particular Newton maps:

(i) Let h = PC¥(oy,...,ax) be a piecewise C! function, i.e., h is continuous, «o; €
CY(X,Y), and for each z there is some (active) j = j(z) such that h(z) = oj(z). In
this case, all

A(z) € {Daj(z) | aj(x) = h(x)}

fulfill (6.2.12); this is an exercise. So one may assign, to x, any A(x) = Da, (7).
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(ii) For an NCP functions o : R? — TR considered below, one may put (and easily
determine)
A(z) € Limsup Do (z)

where z; — z are arguments such that Do(zy) exists and Limsup is the set of their
possible limits (in IR™*"). For real C* functions u and v and the auxiliary function

h(z) =0o(z), with z = (u(x),v(x))
all chain-rule-matrices A(z) (Du(z), Dv(v))T satisfy (6.2.12).
For other approaches to such methods, see [43], [78], [82], [85], [128].

6.3 Cyclic Projections; Feijer Methode

Let ) # M; C R™ (i = 1,...,m) be closed, convex sets and let m; denote the projection
onto M;. Given any xg € IR" generate a sequence by cyclic projections onto M;

r1 =1 (20), T2 = T2(T1), s Tm = Tm(Tm—1),  Tmt1 = T1(Tm), -
Theorem 6.3.1 If D :=n; M; # () then this sequence converges to some x € D. &

Proof. Let £ € D be arbitrarily fixed, let m be the composed map m,, © wp,—1 0 ... 0 7T
and yo = xg. The projection Thm. 3.1.2, (iii) can be obviously extended to 7, so we have
for all steps s = 0,1, ... with ys+1 = 7(ys),

17 (ys) — 2l < [lys — 2. (6.3.1)

Hence the sequence y, is bounded and has accumulation points in IR"™. Next consider any

y € R"\ D. Then
|m(y) — 2| < ly—&| -6, 6>0

holds for some §. By non-expansivity of the projection, so also
Im(z) =& < |z —&] - 50

is valid for all = € B(y, g) In consequence, y € IR™ \ D is never an accumulation point of
the generated sequence ys. So all accumulation points y of ys belong to D. Having two
of them, say z,y, then (6.3.1), with & = x entails y = z. Finally, the convergence =) — z
follows from the fact that

lgss1 — 2l < llmiex) — 2l < Jlys — 2 (6.3.2)

holds for certain s = s(k). O

6.4 Proximal Points, Moreau-Yosida approximation

For minimizing a convex function f on IR", one may consider the so-called (strongly
convex) Moreau-Yosida approximation of f

Fy(w) = f(z) + glla —yl*.
Its minimizer = x(y) is unique since F), is strongly convex, and is characterized by
0€0F,(z) = v—y+0f(x). (6.4.1)

Hence, the original solutions & € argmin f are just the fived points of the function
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y — z(y)-

The proximal point method generates a sequence by setting

Thy1 = argmin Iy, xo arbitrary.

This is of some advantage if f is, like f = 2% "very flat” near a minimizer; then di-

rect solution methods create several difficulties in view of possible errors and speed of
convergence.

Lemma 6.4.1 If argmin f # () then the sequence xy converges to a minimizer of f.

Proof. Every xj,q is the unique solution z to (6.4.1) for y = . Since df is monotone,
it holds for related solutions to y and v/

y—xedf(z), y -2 cdf(d)

o< —-2"—(y—2), 2 —z)=( -y, x’—ar)—”a?’—wHQ.

This is the same estimate as in formula (3.1.6), sect. 3.1, and entails non-expansivity as
there, due to (y' —y, o’ —z) < [ly' =y [l2" — 2, 0 <|[ly' =yl l]2" — 2| - l|l2’ — 2[|* and

2" — 2|l < ly -yl

Discussing here the equation, it should be evident, that convergence follows in the same
manner as for cyclic projection. O

If IR™ is replaced by a Hilbert space, one obtains still weak convergence of xj by the same
proof.

6.5 Schnittmethoden; Kelley-Schnitte

6.5.1 The original version

Die Aufgabe (4.0.1) min{ f(z) | gi(x) <0i=1,2,...,m} f,g € C! kann man umfor-
mulieren als
min{ ¢ | f(z)—t<0, gi(z) <0i=1,2,....,m}.

Hier ist die Zielfunktion linear in der neuen Variablen (¢, x), und Konvexitit der Input-
Funktionen bleibt erhalten. Wir diirfen also die Zielfunktion in (4.0.1) gleich als linear
annehmen und betrachten Problem

min{ ¢’z | gi(z) <0i=1,2,....,m} g; € C, g; konvex, (6.5.1)

wobei die Restriktionsmenge M # () kompakt sei.
Sei P ein kompaktes Polyeder, das die Menge M enthélt. Dann ist die Aufgabe

min{ ¢’z | 2 € P} (6.5.2)

lsbar. Hat man eine Losung x(P) von (6.5.2), so folgt im Falle z(P) € M, dass z(P)
auch (6.5.1) 16st. Im interessanten Fall x(P) ¢ M setzt Kelleys Idee [61] ein:
Man finde einen (affinen) Halbraum H = {z | a’z < b}, so dass

M C Hund z(P)¢ H (H heisst dann Schnitt).
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Setzt man P’ = PN H, folgt wieder M C P’, aber auch z(P) ¢ P’. Die Losung von
(6.5.2) mit P’ statt P liefert also einen neuen Punkt x(P’). Wiederholt man den Prozess,
entsteht eine Folge P von Polyedern mit

MCPk+1 C Pk

und von Losungen x(Py) der entsprechenden linearen Probleme.
Bei ”verntinftiger” Definition der Halbraume H = Hj, 16st jeder Haufungspunkt der Folge
x(Py) das Problem (6.5.1). Kelley gab eine konkrete Moglichkeit an:

Sei xp = x(Px) ¢ M. Dann ist ein g;(z)) positiv. Man fixiere i = i(k), so dass g;(xx)
maximal ist, und bilde

Hy, = {z | gi(zx) + Dgi(zr)(x — xx) <0};  Pry1 = PN Hy. (6.5.3)

Dann sind beide Schnittbedingungen erfillt: z; & Pyiq ist trivial. Fir z € M folgt
gi(x) <0, aber auch

9i(z) = gi(zx) + Dgi(xr)(x — x1) (6.5.4)

wegen Konvexitat. Also ist M C Hj. Die fiir konvexe Funktionen wichtige Ungleichung
(6.5.4) folgt (unter anderem) aus Dg;(zx) € 9g;(xr) (und Monotonie des Subdiff).

Lemma 6.5.1 Jeder Haufungspunkt & der so konstruierten Folge lost (6.5.1). O

Proof. Sei & = limz(Py,)), v — oo. Weil stets cl'z(Py) < infuep e’z gilt, muss nur
Z € M gezeigt werden. Andernfalls gibt es ein 0 und ein § > 0 mit g;o(Z) > ¢, also auch
gio(®(Py(y)) > 6 fiir grosse v. Sei zur Abkiirzung z(v) = x(Py,). Fiir den in (6.5.3) ( in
Schritt k(v) ) benutzten Index i = i(v) (den man nach Auswahl einer geeigneten Teilfolge
als konstant annehmen darf) gilt erst recht

gi(x(v)) >0 and Hyq) = {x | gi(x(v)) + Dgi(z(v))(x — x(v)) < 0}. (6.5.5)

Nun ist ||Dg;(xz(v))|| < C beschrankt (Dg; ist auf P stetig). Somit hat g;(z(v)) > ¢ und
x € Hy,) zur Folge, dass

)

x—z(V)|| > =

e~ 2] 2 &
sein muss. Fiir grosse v und ¢/ > v ist diese Ungleichung mit x = z(v/) wegen des
gemeinsamen HPunktes & nicht erfiillt. Dieser Widerspruch beweist das Lemma. O

Deleting C':  Sind die g; nur konvex auf IR™, kann man die Schnitte (6.5.3) analog mit
einem beliebigen Subgradienten  s* € 0g;(xy) anstelle von Dg;(zy) definieren,

Hk = {a: ‘ gl(xk) + <Sk,(E — $k> S 0}; Pk+1 = Pk N Hk. (656)

Der Konvergenzbeweis bleibt derselbe.

6.5.2 Minimizing a convex function by linear approximation

Angenommen, es soll min f(x), z € P (kompaktes Polyeder, f konvex, C') bestimmt
werden. Die Aufgabe kann man wieder umformulieren:

min{t | f(x) -t <0, ze€P, |t|<C}.
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Dabei sei C' hinr. gross, so dass |f(z)| < C Vx € P gilt. Mit
(z,t) e R",  g(x,t) = f(z) —t and P° = P x [-C,C]
wende man nun die Kelley Methode an. Der erste Punkt (z,to) € P° 16st also
min{t | (z,t) € P°}.

Der allgemeine Schritt ldsst sich leicht mit Hilfe von f und P allein interpretieren. Zeigen
Sie: Beginnend mit

Li(z) = f(z) + Df(z)(z — T),
ist in Schritt £ > 1 jeweils eine stiickweise lineare Funktion L iiber P zu minimieren. In
der jeweiligen Losung zp kommt eine weitere lineare Funktion hinzu, die Linearisierung
le(z) = f(ag) + Df(xg)(x — z) von f und es wird Liyq1(x) = max{lx(x), Li(x)}. Die
Grosse Oy := f(z) — Li(xy) ist hierbei ein Mass fiir den Fehler.
Deleting C': Falls f nur konvex ist, ersetze man D f(z}) durch s* € 9f(xy,).

Es gibt viele Modifikationen dieses Algorithmus, vor allem indem man
Lk = max{ll, ceny lk}

ersetzt durch L = max{lk_m,...,lr} oder eine analoge quadratische Funktion, sofern
gewisse Fehlergrossen klein bleiben. Sie werden zumeist bundle bzw. trust region methods
genannt.

Eine Uebersicht ueber die vielfaeltigen Ideen fiir Verfahren der nicht-differenzierbaren
konvexen Optimierung einschliesslich ihrer Grundlagen findet man in [48].

6.6 Strafmethoden

Um die Aufgabe (4.0.1) min{ f(z) | gi(z) <0i=1,2,...,m} f,g € C' zu lésen, wendet
man oft folgende Strafmethode an: Fiir grosse p minimiere man

Hy(z) = f(z) + % P Z [ max(0, g;(x)) |2 bzgl. x € R".

Der Term Sy(z) = 3p ), [max(0,g;(x))]* ist ein Strafterm: Er wird gross, wenn z die
Nebenbedingungen verletzt, ansonsten ist er Null. Durch das Quadrieren von max (0, g;(x))
verschwindet die Nicht-Differenzierbarkeit dieser Funktion an Punkten mit g;(x) = 0,

DHy(a) = Df(@) + p Y [ max(0.gi(x)) | Dyi(a).

Man hofft nun, dass man Minimalpunkte z(p) fiir H, ausrechnen kann und diese fiir
wachsendes p = pr — 00 gegen eine Losung von (4.0.1) konvergieren (zumindest nach
Auswahl einer geeigneten Teilfolge). Das kann falsch sein.

Example 6.6.1 f(z) =13 g(z) = g1(z) = —z. H, besitzt keine Minimum. <&
Man braucht unter anderem Konvexitat.

Theorem 6.6.1 Sei die Restriktionsmenge M von (4.0.1) nichtleeer und beschrdnkt und
seien f, g; konvex. Dann exist. x(p) € argmin H,, und aus jeder Folge {x(py)} fiir px — oo
kann man eine konverg. Teilfolge auswdhlen. Ihr Haufungspunkt lost (4.0.1). &
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Proof. Zunéchst ist (4.0.1) losbar, da M # () kompakt und f stetig ist. Sei & eine
Losung. Sei weiter r > 0 hinreichend gross, so dass M ganz im Innern der (Euklidischen)
Kugel K, = {z | ||z| < r} liegt. Mit einem § > 0 gilt dann fiir alle z mit ||z|| = r

max [max(0, g;(2))] > 0.

(i) Minima von H,, p > 0 fest:

Angenommen zj, € R" erfiillen lim H,(z;) = inf H, (endlich oder nicht). Bleibt eine
Teilfolge aller xj, beschrankt, so ist jeder ihrer Haufungspunkte Minimalpunkt von H,.
Also gelte ||zk|| — oco. Dann schneidet (fiir grosse k) die Strecke zwischen & und zj den
Rand der Kugel K,.. Der Schnittpunkt z; bleibt beschriankt und hat die Form

zk:)\ﬁc—l—(l—)\)xk; 0<)\=)\(k)—>1—0.
Also findet man ein i = i(k), so dass

6 < gi(zr) < Agi(2) + (1 — N)gi(zx) < (1 — A)gi(x).

2

Damit divergiert Sp(zy) in der Form Sp(zy) > p [%] , wahrend

Fer) = M (@)

f(ar) S AF(E) + (1= N f(w) zeigt:  f(zx) 2 T

Der Zéhler bleibt nach unten beschrénkt durch ein C' < 0, wonach gilt

co1 8
> _ - oy [
Hyfze) 2 7=+ 5P [75]

— OQ.

Andererseits ist stets inf H, < f(&), was lim Hp(zy) = inf H,, widerspricht.

(ii) Beschrénktheit von z(p):

Bleibt eine Teilfolge aller x(pg) beschrénkt, folgt wieder iiber Stetigkeit, dass jeder Hau-
fungspunkt (4.0.1) 16st. Gelte also ||z(pg)|| — oo. Mit xp = x(pg) sind dann dieselben
Abschéatzungen wie oben richtig, nur divergiert jetzt auch p = pg. Damit erhalten wir
aber erneut den Widerspruch Hy(zy) — oo. O

Der Beweis bleibt fiir zahlreiche Typen von Straftermen richtig, z.B. fir

Sp(x) =p Z [ max(0, g;(z)) |7 ; q > 1 fest.

Mit ¢ = 1 ist S, nicht mehr differenzierbar und die Existenz von z(p) folgt nur noch
(wie oben) fiir hinreichend grosse p. Dafiir hat diese Funktion andere Vorteile. So gilt
sogar x(p) € M bei linearen Nebenbedingungen und grossen p, was fiir ¢ > 1 i.a. falsch ist.

Der Konvergenzbeweis benétigte f,g; € C' nicht. Allerdings wird die Hilfsfunktion H,
andernfalls nicht-differenzierbar.

Probleme bei der Anwendung von Strafmethoden: Prinzipiell kann man jede
unbeschrankte Folge pi benutzen, um zugehorige Losungen xy zu konstruieren. Will man
aber zy, als guten Startpunkt zur Berechnung von z41 benutzen (was zweckméssig wére),
darf sich H, in den Parameterwerten py,pi+1 nicht sehr unterscheiden. Also sollte py
langsam wachsen. Andererseits hat dann x;, wenig mit den Losungen von (4.0.1) zu tun,
und man braucht viele Schritte, um in die Ndahe der Restriktionsmenge M zu gelangen.
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6.7 Barrieremethoden

Bei der Strafmethode hat man es i.a. mit unzuldssigen Punkten der Aufgabe (4.0.1) zu
tun, wihrend der folgende Ansatz fiir dieselbe Aufgabe mit SlaterPunkten arbeitet und
deren Existenz voraussetzt; My :={z | gi(x) <0Vi=1,2,...m} #0.

Fiir p > 0 und SlaterPunkte z € My definiere man die Funktion

Byla) = f(z) =p Y In(~g(a))

Sie wird beliebig gross fiir Punkte nahe dem Rand von My,
By(z) — oo wenn g;(xz) — —0 (6.7.1)

und ist auf My differenzierbar:

DB,(x) = Df(x) + pZ l—)jég

Nun bestimmt man Minimalpunkte z(p) fiir B, und hofft, dass diese fiir

p=pr — 10
gegen eine Losung von (4.0.1) konvergieren (wieder zumindest nach Auswahl einer passenden
Teilfolge). Die Zahlen y; = —ﬁ approximieren dann die Lagrange Multiplikatoren.

Erneut ist Konvexitat von f und g; die entscheidend. Z.B. schon fiir den Nachweis dafiir,
dass jedes & € M (also insbesondere Losungen von (4.0.1)) ein Limes von Punkten aus
My ist, d.h., M C cl My. Hinzu kommt die Vorauss., dass M beschrankt ist.
Auf die Aufgabe

min {By(z) | v € My}, p>0 fest

kann man wieder Verfahren der freien Minimierung anwenden, falls sie wie tiblich Punkte
mit fallenden Funktionswerten erzeugen. Dadurch wird (bei kleinen Schrittweiten) wegen
der Barriere-Figenschaft (6.7.1) verhindert, dass die Iterationspunkte (bei jedem festem
p > 0) gegen den Rand von M) streben. Methoden diese Typs heissen auch Innere Punkt
Methoden.

Abschéatzungen der Losungen fiir Straf-und Barriere-Methoden koénnen einheitlich iiber
Stabilitat des KKT-Systems erfolgen. Das ist in der Standardliteratur nicht bekannt.
s. sect. 8.4 and [44], [74], [86].

6.8 Ganzzahligkeit und ” Branch and Bound”
Die Standardaufgabe fiir nichtlineare Optimierung in endlicher Dimension hat die Form
min{ f(x) |z € M}, (6.8.1)

wobei M = { x € R" | g;(z) <0i=1,2,....,m} und f,g; € C*(R",R).

Dieses Modell beinhaltet auch Gleichungs- Nebenbedingungen; fiir h(x) = 0 schreibe
h(z) <0 und —h(z) <0.

Es kann sogar Ganzzahligkeit gewisser Variabler, etwa x1, dadurch beschreiben, dass man
die Bedingung 1 — cos(2mz1) < 0 oder auch z1(1 — 1) = 0 hinzu nimmt. Dadurch 16st
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man zwar keins der inhaltlichen Probleme der diskreten Optimierung, doch sieht man, dass
trotz der Beschreibung mittels C*° Funktionen die Menge M eine komplizierte Struktur
haben kann. Deshalb ist es meist sinnvoller, solche Bedingungen direkt auszunutzen. Eine
oft angewandte Methode besteht in sogenannten ”branch and bound” Algorithmen.

Angenommen, in (6.8.1) sollen die Variablen x1, ..., x, ganzzahlig sein. M sei beschrankt,
so dass zur wir Beschreibung von x; héchstens ¢ von Ziffern 0,1 brauchen. Wir kénnen
dann weiter annehmen, dass wir es mit pg Variablen aus {0,1} zu tun haben. Und zur
Vereinfachung, werden wir so tun, als wére schon fiir die p Variablen z; jeweils z; € {0,1}
verlangt. Schliesslich nehmen wir an, dass die Aufgabe ohne Ganzzahligkeit, aber mit den
(Intervall-) Bedingungen x; € [0,1],1 < j < p geldst werden kann.

Idee der branch and bound Methode:
Fiir jede 0 — 1 Kombination P von 1, ..., z, sei F'(P) der optimale Zielfunktionswert des
Problems mit z; = P;, d.h.,

so dass unser Ziel die Minimierung von F'(P) in Bezug auf alle 0 — 1 Vektoren P ist.
Wir betrachten nun die Kombinationsmoglickeiten der ersten p Variablen in (heuris-
tisch) sinnvoller Weise.

Wir setzen zuerst ;1 = 0, dann 27 = 1 und berechnen die dazu gehérenden Min-
imalwerte v(0) und v(1) von Problem (6.8.1) mit Zusatzforderung z; € [0,1] (also im
ganzen Intervall) fir 1 < j < p. Offenbar sind v(0) und v(1) untere Schranken fiir den
Optimalwert des gemischt-ganzzahligen Originalproblems.

Ist v(0) < v(1), scheint es sinnvoll zu sein, zunéchst ;1 = 0 beizubehalten und die
beiden Moglichkeiten fiir o damit zu kombinieren.

Also berechnen wir die entsprechenden Optimalwerte v(0,0), v(0, 1), fiir welche x; =0
und xy fixiert sind und fir 2 < j7 < p wieder das ganze Intervall zugelassen ist. Mit
anderen Worten, wir verzweigen die Moglichkeit 1 = 0.

Damit kennen wir v(0), v(1),v(0,0),v(0,1) und wissen, dass

v(0) <v(0,0), v(0) <v(0,1)

gilt. Die Zahlen v(0,0),v(0,1) verbessern also unsere Abschétzung des Optimalwertes
bzgl. x1 = 0, wéhrend v(1) in keiner Beziehung zu den anderen Grossen steht.

Im weiteren streichen wir die verbesserte Schranke v(0), wéhlen die kleinste der Gréssen
v(1),v(0,0),v(0,1) und variieren dort die entsprechende néchste Variable, verzweigen also
erneut.

”Gewinnt” v(1), wiirden wir v(1,0),v(1,1) berechnen und v(1) aus der Liste unserer v-
Werte streichen, ”gewinnt” v(0,0), miissten wir v(0,0,0),v(0,0,1) berechnen und v(0,0)
streichen; analog fiir v(0,1).

Allgemein passiert also folgendes: In der aktuellen Liste der v-Werte wahlen wir einen
(den) kleinsten, streichen ihn aus der Liste und verzweigen wie oben mittels der néchste
ganzzahlige Variablen. Die Liste wird so um einen Eintrag grosser.

Der Prozess bricht ab, wenn in einem minimalen v-Wert schon alle 0 — 1-Variablen
x; irgendwie fixiert sind; x; = P;. Dann ist die entsprechende untere Schranke identisch
mit dem optimalen Zielfunktionswert fiir den zugehérenden 0 — 1 Vektor, v(P) = F(P).
Dieser Vektor ist optimal, weil schon die unteren Schranken v der Optimalwerte fir alle
iibrigen Kombinationen hochstens grosser als F'(P) sind.
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Das Vorgehen heisst auch Branch and Bound (= Verzweigung und Schranke) Methode.
Unsere Argumente hingen nur von drei Dingen ab:

1) Die Zahlen v bilden untere Schranken der jeweiligen Optimalwerte (die durch Min-
imierung von F'(P) entstehen, wenn man die ersten Komponenten von P auf das Argu-
ment von v festlegt).

2) sie sind nicht-fallend bei weiterer Verzweigung und

3) sie stimmen mit dem wirklichen Wert F(P) der zu minimierenden Funktion iiberein,
wenn alle 0 — 1 Variablen fixiert sind.

Die Methode kann unter obigen Bedingungen fiir die Minimierung jeder Funktion F,
definiert fiir 0 — 1 Vektoren fester Dimension, angewandt werden. Allerdings braucht man
dazu eine Funktion v (mdglichst guter) unterer Schranken.

Im ungiinstigsten Fall muss man alle 0 — 1 Kombinationen durchmustern, bevor man
eine Losung findet, andererseits ist die B-B-Vorgehensweise oft zweckmaéssig.

6.9 Second-order methods

As in the case of free minimizers, methods of second order can be applied to problems
with involved constraints. Then we are looking for solutions of the KKT- system. Due to
the involved inequalities such methods are often described with considerable formal effort.
We shall deal with them after certain useful reformulations of the KKT-system in
form of equations and show that (nonsmooth) Newton methods are applicable as in the
standard case
[ under the canonical suppositions (6.2.11) and (6.2.12) in section 6.2 ]
after the ”right reformulations”, see chapter 8, in particular sect. 8.5.
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Chapter 7

Stability: Motivations and first
results

In many situations, one needs informations about the behavior of solutions to problems
which depend on certain parameters. So assume that we study, with some parameter t € T
(some Euclidean space), problems P(t) with feasible sets M (t) as

P(t): min f(z,t) st x € R, g(x,t) <0 R™, h(z,t)=0 ¢ R™  (7.0.1)
[f,g,h € C! or better] and the related KKT-system (Thm. 4.1.2)

Dy f(2,t) + Dyg(a, )"y + Dyh(z, t)" 2 =0;
(7.0.2)

h(z,t) =0, g(x,t) <0, y >0, (y,g9(z,t)) =0.

Let s(t) denote a solution we are interested in (extreme-value, minimizer or KKT point)

and suppose that s is involved in some other problem. This means we have to study

7.1 Two-stage optimization and the main problems
Let a solutions s(t) of P(t) be involved in some other optimization problem, say in
min { H(s,t) | G(s,t) <0, s=s(t)solves P(t) }. (7.1.1)

This is one of various examples for hierarchic optimization models which arise as so-
called multi-level (or multi-phase, multi-stage) problems. For other models (which appear
in design- or semi-infinite optimization) and related solution methods we refer to [28],
[114] and [18]. Continuity results for optimal values and solutions of P(t) under weaker
hypotheses than here can be found in [7].

With more than one problem P(t), we obtain more variables in (7.1.1) only. If also P
includes variables which are solutions of other problems, one speaks about multi-level
problems. This does not change the general situation. So we restrict us to the current
model.

7.1.1 The simplest two-stage problem

Let H and G be sufficiently smooth in what follows. Problem (7.1.1) requires to minimize
o(t) = H(s(t),t) s.t. ~(t):=G(s(t),t) <0 (7.1.2)

87
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where s = s(t) is some more or less complicated implicit function, given by the KKT
conditions. If all s(t) are unique and s(.) € C!, then

d d

d—f:HsoDsqLHt, d—Z:GsoDs—th (7.1.3)
and the optimality conditions (KKT-system) for (7.1.1) attain the form - with derivatives
and values at the (searched) arguments (s, ),

HyoDs+H; + (GsoDs+Gy)TA=0, A>0, G<0, (\G)=0 (7.1.4)

and with the additional requirement that s solves P(t). Suppose the latter can be written
as equation

F(s,t)=0, FecC! (7.1.5)

where s and F'(s,t) have the same dimension and satisfy the assumption of the implicit
function theorem. Then we obtain Ds = —(F)~1F; and

—(Hs +GT)) (F)"'DiF + Hi+GIX = 0,
F=0, A>0, G<0, (\G) = 0.

(7.1.6)

Thus, if Ds(.) is smooth enough, problem (7.1.1) is a usual optimization problem with
KKT system (7.1.6).

However, even if the original solution s := 2 = z(.) is unique and continuous then, as
a rule, this function has kinks (the same for the whole KKT-vector s), and the critical
value s := f(z(.)) is not C2. The bad situations occur when z changes the "faces” of the
parametric feasible set or, in other words, if the set of active inequalities changes.

The behavior of KKT points s(t) has been described by characterizing the possible
singularities if both the involved functions are C3 and the whole problem belongs to
some generic class (then certain singularities cannot occur), cf. [55, 56]. But even linear
problems are not automatically in this class, and we study less smooth problems, in general.

7.1.2 The general case

If (7.1.5) describes the solutions of P(t), but the crucial matrix Fy is singular, then we
are in an unpleasant situation which, however, has been studied by the classical analysis
under various aspects.

The main problems occur if we have not such descriptions at all or F is not C'. Then
neither the Newton method nor the usual implicit function theorem can be directly applied.
The difficulty consists in the fact that the standard formula

Ds(0)r = —(Fy(5,0)) ' Fy(5,0)r

must be replaced. If parameter ¢ varies, we may have many or no solutions s(t), and their
dependence on directions 7 is no longer linear, in general. So s(t) becomes a set S(t)

I':= —(D,F(5,0))" "

becomes a multifunction, and the old directional derivative Ds(0)7 is composed by this
multifunction T' (which is now a ”derivative” of S at the origin) and a function, namely
T +— Fy(5,0)7 (if the inputs are smooth enough).

Knowing this, also the formulation of problem (7.1.2) is not evident, even more its
necessary (and sufficient) optimality condition.



7.2. KKT UNDER STRICT COMPLEMENTARITY 89

The analysis of I and of the (now multivalued) mapping S is a main reason for dealing
with stability (= continuity properties) of multifunctions and of nonsmooth functions and
their minimizers, cf. chapter 9. The best we can hope is to obtain a locally Lipschitz
or piecewise smooth function S and piecewise linear T'. Then ¢ and v in (7.1.2) are C!
transformations of S, too.

Thus we need appropriate optimality conditions and tools to handle functions which
are Lipschitz or piecewise smooth (which is better) or are even multifunctions. Before,
however, let us have a look at the best situation.

7.2 KKT under strict complementarity

Consider the KKT conditions as in Thm. 4.1.2.

Definition 7.2.1 Strict complementarity holds at a KKT point § = (Z, g, Z) if (for all 7),
=0 = gi(x) <O. &

In other words, ¢;(Z) = 0 yields g; > 0; if constraint g; is active at Z then g; > 0.
Let strict complementarity be satisfied at 5 and put I = {i | 4; > 0}.
Then, for all KKT points s = (z, y, z) sufficiently close to s, the same y; remain positive

and the same g;(x) are negative. This means that KKT points are - locally around § -
simply the solutions of the system

Df(x) + et 4iDgi(x) + 32, 20 Dhy(z) =0
gi(x) =0 Viely (7.2.1)
h(z) =0

(y; = 01if i € I;7). This is a usual nonlinear system F(z,y,z) = 0 with the same number
of variables and conditions. For

p = (a,b, C)T e RHm MR
with small norm (where we may delete all the b;, i ¢ I due to g;(z) < b;), the system
Fle,1,2) =9 (7.2.2)

describes, for s = (z,y, z) near 3, exactly the KKT points of the (canonically) perturbed

problem
P(a,b,c) : min { f(z) — (a,z) | g(z) < band h(z) =c }. (7.2.3)

In consequence, if the involved functions are C?, then F is C' and we may

(i) solve F' = 0 by Newton’s method if some initial point sufficiently close to s is known,

(ii) study the KKT points of P(a,b,c) by applying the usual inverse-function theorem
to (7.2.2).

(iii) extend the analysis of (7.2.2) to system F(z,y,z,t) = 0 by the implicit function
theorem, to analyze the KKT points of nonlinearly perturbed problems P(t), (7.0.1).

In view of (i) note that, if s = (z,y, 2) is sufficiently close to 5, the set {i | y; + gi(x) > 0}
coincides with Igr . Hence Iér is known though s may be unknown. The resulting Newton
method is also called the Wilson-method.
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For every purpose, we need only one crucial hypothesis, namely regularity of the Jacobian
[ which may also depend on a - now fixed - parameter ¢ |

DiL(x,y,2) Dgr+(z)" Dh(x)"
DF(z,y,z) = Dgr+(z) 0 0 (7.2.4)
Dh(x) 0 0

at s = (Z,9,%2);
Dg; is taken as a row, Dh is of type (my,n), IT denotes the components of IO+.

These observations have been used for a first systematic local sensitivity analysis of NLO
by A.V. Fiacco [30], based on the usual implicit function theorem.

Theorem 7.2.1 (canonical perturbations) Suppose that f,g,h € C?, strict complemen-
tarity holds at a KKT point §, and DF(S) is reqular. Then there are ¢,6 > 0 such that,
whenever ||(a,b,c)|| < 9:

The problems P(a,b,c) have unique KKT points s(a,b,c) in the ball B(S,¢),

s(.) is C on a ball around the origin and

s(0) =35, Ds(0)(a,3,7)" = =DF(5) (e, f,7)".  ©
Proof. The statements are direct consequences of the implicit function theorem. O

Then s(.) is also loc. Lipschitz since the norm of the Jacobian of s(.) remains bounded by
some C which implies ||s(p’) — s(p”)|| < C ||p’ — p”|| (mean-value theorem) on the ball in
question.

Theorem 7.2.2 (nonlinear perturbations) The assumptions of Thm. 7.2.1 (with deriva-
tive for fived t = 0) ensure for problem P(t) that s(.) is C! near the origin and

s(0) =35, Ds(0)r = —F(5,0)" F(5,0)r. o
Hence (a, 3,7) is replaced by Fi(s,0)7 only.

Remark 7.2.3 Singularity of A := DF(s), (7.2.4):

Let V be the space, generated by all gradients Dh;(z), Dg;(z), i € I™".

Then, A is not regular < The listed gradients are linearly dependent or Ju # 0, u L V
such that D2L(5)u € V.

Hence, LICQ - even more MFCQ - is necessary for regularity of A under strict com-
plementarity at s. &

Since LICQ is necessarily satisfied, the Lagrange multipliers are unique and (if they exist
for  near z and small variations of the parameters) are also Lipschitz functions of x and
the parameters.

The remainder of the current and next chapter is devoted to the less pleasant (but for
problems with inequality constraints typical) situation when strict complementarity does
not hold. We consider approaches which allow us to investigate S and I' in detail and shall
(later) extend Newtons method to non-smooth functions. Special conclusions, possible by
applying Kojima’s description of KKT-points, will finish the last sections of chapter 8.
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7.3 Basic generalized derivatives

7.3.1 CF and TF

Definition 7.3.1 Below, we shall use certain ” directional limits” of a function f: X — Y
at  in direction u € X. They collect certain limits v of difference quotients, namely

Cf(r;u) = {v | Jup — u, tr ] 00 v=limt; " [f(x+teup) — f(2) ]},
Tf(z;u) ={v | Ixg,ux) — (x,u), t 10: v= limt/,:1 [f (zp + tiug) — fzk) ] }-

The mapping C'f is said to be the contingent derivative of f. Alternatively, one can define

veCf(r;u) if (u,v) € C’gphf(x,f($)). (7.3.1)

where Cgph s denotes the contingent cone to gph f.
The limits of T'f were introduced by Thibault in [141, 142] (to define other objects) and
called limit sets. They appeared in [67, 70, 83| (to study inverse Lipschitz functions) as

A— or T- derivatives.
Evidently, Cf(x;u) C Tf(z;u); and Cf(x;u) =Tf(z;u) = {Df(z)u} if f € CL.

For multifunctions F': X =2 Y and y € F(z), define CF as: v € CF(x,y)(u) if
(ug,vg) — (v,u) and tx | 0 such that (z + tgug, y + tgvg) € gph F. This is the same
as (u,v) € CgphF(xv y) and corresponds to C'f for functions where y+tpv = f(z+trur).
The same relation with T'f is valid, if one defines: v € TF(x,y)(u) if
Ik, vg, Tk, Yr) — (v,u, x,y) and t; | 0 such that (zx,yx) € gph F and (x + tpuk, yr +
trvr) € gph F. This defines a (generally larger) set called strict graphical derivative in
[134]. <&

The general definition of T'F' has been applied (up to now) only to mappings which can
be linearly transformed into functions f € C%!, cf. sect. 12.3 and [91], [92]. Contingent
derivatives, successfully applied in [5], will play a role for all questions below; T'f plays a
crucial role for Lipschitz properties of f~1.

Remark 7.3.1 If f € C%(X,R") (locally Lipschitz), Cf(z;u) and T f(x;u) are nonempty
and compact, and one may put ux = v in Def. 7.3.1, without changing these sets. &

In what follows, we shall also write C'f(z;u) = Cf(x)(u) and T f(x;u) = Tf(z)(u).

7.3.2 Co-derivatives and generalized Jacobians

Let F: X =R"=2Y =R™ and g€ F().

Definition 7.3.2 Co-derivative D*F: Explicitly, D*F(Z,y) : Y* = X* is defined by

x* € D*F(z,y)(y*) if 3e, |0, d | 0 and points (xg,yx) — (Z,y) in gph F' such that
(v m) +erll (€ m)l = (2%, €) whenever (zx + &, yx + 1) € gph I and [|[(§,7)]| < dk. (7.3.2)

cf. Mordukhovich [105, 106]. &

If (zk, yx) is isolated in gph F' then (7.3.2) holds trivially for small d;. Replacing (z*, y*)
by any (z7,v;) — (¥, y*) is possible, but does not change the definition.

Using sect. 9.1.4, the pairs (z*, —y*) with «* € D*F(z,y)(y*) are limiting F-normals
or, being the same by Thm. 9.1.4, limiting e-normals. Recall: (z*, —y*) is (locally) an
approzimate €x- normal at (z,yr) to gph F if (put x = +&, y =yr +n):

< (:E*a _y*)v (aj — Tk, Y — yk)> < &k H(l"ay) - (»Tk,yk)n \V/(l',y) € gphF near (xkayk’)
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For y* = ej, only component y; of (y,z) € gph F near (g,Z) plays any role: y; — 71
should be miniorized (approximately) by the related elements (x*,z — xy). For y* # ey,
the same holds with some new basis of Y, cf. the note after Thm. 11.1.5.

Remark 7.3.2 D*F can be written in terms of C'F' since (7.3.2) means with new ¢ | 0,
(y*, v) + e > (x*,u) whenever v € CF(xy,yx)(u) and [|(v,u)| < 1. (7.3.3)

Thus (in finite dimension) D*F' is not based on normals being independent of tangents, as
said in some papers. O

Definition 7.3.3 Generalized Jacobian 0°f(x) (Clarke) [12, 13]: For f € COY{(R™ R™),
put
M ={A| A=limDf(zy), zr — =, Df(x)) exists}.

Then M # () holds by Rademacher’s theorem (f is a.e. F-differentiable; for a proof see
[29]). The convex hull 0°f(z) = conv M is Clarke’s generalized Jacobian of f at x. The
set M is sometimes called B-derivative of f at z. <&

Example 7.3.1 For both functions, f = |z| and f = —|z|, one obtains 9°f(0) = [—1, 1].

Definition 7.3.4 Strict differentiability: 1If f: X — Y and T f(Z)(u) is single-valued for
all directions u, one says that f is strictly differentiable at T. &

In other words, there exists a unique limit for all difference quotients
t,;l [ f(zk +trug) — f(zr) ] asap — &, up — uwand ¢ | 0.

Then Tf(z)(u) = {Df(Z)u} Yu. Every C! function is strictly differentiable. The reverse
is not true: f may have (vanishing) kinks at certain points xj — Z.

Before justifying these definitions by statements on stability, some technical comments
concerning chain rules are useful.

7.4 Some chain rules
The defined generalized derivatives do not change after adding a function h with
h(z) =0 and Th(z)(u) = {0} Yu. (7.4.1)

Furthermore, if
FG:X=P

are two mappings such that the Hausdorff-distance of the images
dg(F(z),G(z)) :=inf{a >0 | F(z) C G(x) + aB and G(z) C F(z) + aB}

satisfies
dy(F(x),G(z)) < ||h(x)||, h from (7.4.1) (7.4.2)

then the introduced derivatives of F' and G at (Z,y) remain the same (replace the ele-
ments Yk, Vg, 1, ... which appear in the related derivative for F' by corresponding (nearby)
elements of the G—images and vice versa).
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7.4.1 Adding a function

h € C! (or if Dh(Z) exists as strict derivative) one easily shows (directly) that G = h+ F
fulfills

C G(z,h(z)+y) = Dh(z) + CF(z,9), the same for T'F,

D*G(z.h(z) +7) = Dh(z)® + D*F(z.7). (7.4.3)

7.4.2 Inverse mappings

Due to the symmetry with respect to images and pre-images, the derivative T'S or C'S
of the inverse S = F~! is just the inverse of TF or CF, respectively. For D*S, one
has y* € D*S(z)(z*) if the elements in (7.3.2) satisfy ex|[(&,n)|| > (v*,n) — (z*,&). So,
compared with D*F', the elements y* and x* change the place and the sign. This tells us

—z* € D*F(j7g>(_y*) A y* S D*S(ﬂ,a‘c)(x*), (7 4 4)

veCF(z,y)(u) & u € CS(y,7)(v), the same for T'F. o
Thus the ”derivative” of the inverse can be determined if the original ”derivative” is
known. However, from linear functions we know that computing v = Aw is trivial, not
so computing u for given v. In our context, computing u will often require to solve a
linear complementarity (or quadratic optimization) problem. Notice also that, even for
functions, the inverse is generally a multifunction.

7.4.3 Derivatives of the inverse S = (h+ F)™!

This mapping assigns, to y € Y, the solutions = of y € h(x) + F(x). Again, if Dh(Z)
exists as strict derivative, the above formulas can be combined in order to obtain, for
z€8(y), §—h(@) =¢° and ¢’ € F(z), 2 = (3, 7),

ue CS(h(z)+7,z)(v) & v € [Dh(z) + CF(%,9)]( u), the same for TF,
y e D*S(Wz) +9,7)(2") & —z" € [Dh(T)+ D"F(Z,9)/(—y").
(7.4.5)
7.4.4 Composed mappings
For a composed mapping G(z) = g(F(z)) (and related dimensions) we have
TG(z)(u) = Dg(y) o TF(z,y)(u) (g € C1, the same for CF). (7.4.6)
Conversely, for G(x) = F(g(x)), it holds generally only
TG(z)(u) C TF(x,g(x))(Dg(z)u) (g € C1, the same for CF). (7.4.7)

Example 7.4.1 Put g(z1,22) = (21,0), F(x1,22) = \/|z2|, G=Fog. Then G = {0},

but the limit
1 =1lim¢~1(\/0 + 0t + [t2] — V0)
belongs to  CF(0,0)(1,0) and (1,0) = Dg(0)u for v = (1,1). &
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7.4.5 Linear transformations or diffeomorphisms of the space

Regular linear transformations (or diffeomorphisms) of the image- or pre-image space
change the derivatives C,T, D* in the same manner as DF and the usual adjoint map
D*F, respectively. So, it holds for any linear function A : P — Y (and for A € C! with
derivatives at the related points)

veCF(z,y)(u) = Av € C(AF)(z, Ap)(u), similarly for T(AF). (7.4.8)

Direction (<=) is valid if A~! exists: apply (7.4.8) with A~! to the right-hand side. O
Regularity of A (or existence of A=! € C!) plays a role for direction (<=), indeed.

Example 7.4.2 F(x)=1/z, F(0) =0: With A =0, it holds 0 € C(AF)(0,0)(1) while
CF(0,0)(1) = 0. The same effect appears for TF. &

The given formulas ensure, under strict differentiability of h : X — P or regular linear
transformations in X and P, that the derivatives of S = h + F and S~! are available iff
they are known for F.

Remark 7.4.1 The derivatives C, T, D* do not satisfy partial derivative rules for f(x,y)
or additivity of the derivatives to f + ¢ ( pute.g. f=|z|, g = —|z|).

A deeper analysis of possible chain rules can be found in [36], [68] and [134].

7.5 Loc. Lipschitzian inverse and implicit functions
Let ¢:X — P (Banach spaces) be locally Lipschitz.
Definition 7.5.1 We call ¢ locally Lipschitzian invertible at z if 3 &, > 0 such that

Vp € B(¢(Z),d) Jx = s(p) € B(z,¢e) (unique) satisfying ¢(x) = p,

and if, in addition, s is Lipschitz on B(¢(%),d). (7.5.1)

In other words, s is locally a Lipschitzian inverse to ¢ near (¢(z),z). This is the same as
¢~ being strongly Lipschitz stable (s.L.s.), cf. Def. 10.1.

A function ¢ € C*(IR",IR") is loc. Lipsch. invertible at Z < D¢(%) is injective (=
regular or bijective in this case).

For ¢ € CY%L(R",IR™), it turns out that ¢ is loc. Lipsch. invertible at 7 < T¢(Z) is
injective.
It is important that T¢(Z) can be determined and the related condition can be directly
applied to the KKT points of a C? optimization problem, Thm. 8.5.2 and sect. 12.1.

7.5.1 Inverse Lipschitz functions

Let f : R™ — IR™ be loc. Lipschitz, S = f~! and f(0) = 0. By our definitions, f is loc.
Lipsch. invertible at the origin iff S is s.L.s. at (0,0).

Theorem 7.5.1 [12], [13]: S is s.L.s. at (0,0) if all A € 0°f(0) are regular. <&
This can be shown by

Theorem 7.5.2 [83], [84]: S is s.L.s. at (0,0) < 0¢ Tf(0)(u) Vu € R™\ {0}. <&
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Proof. (=) Since S is s.L.s., it is strongly Lipschitz (which means that (7.5.1) holds at
least for p € f(X)). By Thm. 11.2.2 (ii), then u # 0 yields 0 ¢ T'f(0)(u).

(<) Again by Thm. 11.2.2 (ii), S strongly Lipschitz. Hence, if ¢ > 0 is small enough, then
every y € Yz := f(B(0,¢)) has exactly one pre-image = = g(y) in B(0,¢) and, moreover,
g is Lipschitz on Y. The restriction f. = f|p(.) of f onto the & ball is now continuous
and has a continuous inverse g = f=! : Y. — B(0,¢). In other words, B(0,¢) and Y are
homeomorphic. By Brouwer’s theorem on invariance of domains, cf. [1], then f(0) € int YZ
holds true. Thus ¢ is defined and Lipschitz for small [|y||, so S is s.L.s. at the origin. O

Remark 7.5.3 For n = 2, there is a function f such that S is s.L.s. at (0,0) and
0 € 9°f(0), [83] or [70], BE3. f consists of 6 linear pieces which map the cones spanned by
a1, a9 in the figure below onto the cone spanned by by, b2 and so on. Hence the condition

of Thm. 7.5.1 (Clarke) is not necessary for piecewise linear functions. &
b3
bb
al b1
aj ab
ab

a4 b&
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Remark 7.5.4 [83, 70] T'f(z)(u) is connected and {Au | A € 9°f(x)} = convT f(z)(u).
Thus Thm. 7.5.1 follows from Thm. 7.5.2.

For Kojima’s function ®, assigned to optimization problems in section 8.3 and f, g, h €
CY1, the derivatives T® and C® can be determined by a product rule, Thm. 8.3.2. <&

7.5.2 Implicit Lipschitz functions

Let f: R"™™ — R" be loc. Lipschitz, S(t,p) = {x € R"| f(z,t) = p}, £(0,0) =0. Now
(by definition), S is s.L.s. at (0,0,0) iff the solutions = to f(z,t) = p are locally unique
and Lipschitz near the origin.

Theorem 7.5.5 [84]: S is s.L.s. at (0,0,0) < 0¢ Tf(0,0)(u,0) Vu € R™\ {0}.
Moreover, in the s.L.s. case, it holds

u e TS8(0,0)(r,v) & veTf(0,0)(u,T). & (7.5.2)

With generalized Jacobians, the ” < characterizations” are not true. For the chain rule
in terms of partial derivatives (as usually defined)

Tf(0,0)(u, ) = T £(0,0)(u) + T1.£(0,0)(7), (7.5.3)

which needs additional hypotheses, and for T'f(x, g(z)), we refer again to [83] and [70].

The implicit function
Let ¢(Z) = 0. As in the context of the usual implicit function theorem, invertibility of ¢
can be used to investigate solutions x, of

() = u(zx) (7.5.4)
provided that u : X — P is a small Lipschitz function near z; i.e., 3y > 0 with
|lu(z") —u(z)|| < ad(@’,z) Vz,2’" € B(z,7) and |u(z)|| < (7.5.5)
where a + ( is sufficiently small.

Theorem 7.5.6 Let ¢ be loc. Lipsch. invertible at T and vy € (0,min{e,d}). Then, if u
fulfills (7.5.5) with sufficiently small o+ 3, (7.5.4) has a unique solution x,, € B(z,7y). <

Proof. Let L be a Lipschitz constant of s and let «a, 3 satisfy 5 + ay < min{e,d},
La < 3 and LB < 3v. For z € B(Z,v) then |lu(z)| < 6 follows. Thus the function

T(x) =s(u(z)), =€ B(Z,7)
is well-defined, has Lipschitz constant La < % and maps B(Z,~) into itself since

1T (2) — 2| = lls(u(z)) =z < [Is(u(z)) = s(u(@))]| + [[s(u(z)) - 2|
< aly + [s(u(@) - s(0)] < 37 + LB < .

The fixed points of T' in B(Z,~) and the solutions of (7.5.4) coincide. So Banach’s fixed
point theorem yields the assertion. O

Clearly, with the Lipschitz constant L for s, then also an estimate holds true:
2w — 2| < Lfju(zu)l| < L (8 4 ya). (7.5.6)

Extensions of these statements for multivalued S = ¢~! will be given chapter 11. Further
conditions for loc. Lipsch. invertibility can be found (for KKT points) in 8.5 and 12.1.
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Corollary 7.5.7 To obtain the classical implicit function theorem for f(x,t) =0, f €
Cl at (2,0), put ¢(x) = Dpf(7,0)(x —Z) and u(z) = ¢(x) — f(z,1). <&

Proof. Indeed, one may estimate u via

—u(x) =[ flz,t) = f(@, )] + f(Z1)—¢(x)
= [ Duf(@+0(x—2), 1) (x—2) dI + f(z,t) - ¢(x)
= [, [Duf(& +0(z —z) x

Here, we have (= |f(z,t)| and

a= sup  [Duf(@+0(x—2), t) ~ Dof(Z,0)] =0 if (7,1) — 0.
z€B(Z,y) 0€[0,1]

So, for v sufficiently small, the hypotheses are fulfilled if ||¢|| is small enough in comparison
to 7 (in order to satisfy L3 < %7) O

It was S.M. Robinson who had the splendid idea to see [124], [125] that, for ¢ € C1,

(i) the classical interplay between the local inverse s(.) and the implicit function
remains true if we replace (7.5.1) by a generalized equation p € ¢(x) + N(z) (with locally
unique solution s(p)) and (7.5.4) by u(z) € ¢(x) + N(z) where N is multivalued.

(ii) with appropriate ¢ and N, one may equivalently describe the KKT points (of C?
problems).
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Chapter 8

KKT points as zeros of equations

In order to analyze the KKT points (z,y, z) for a NLP in finite dimension
min f(z) st ze€M:={xecR"|g(x) <0€R™ and h(z) =0 € R™} (8.0.1)
[where f, g, h € C1], several reformulations of the KKT- conditions (Thm. 4.1.2)
Df(x) + Dg(x)"y + Dh(z)"z = 0; h(z) =0, g(x) <0, y >0, {y,9(x)) =0

are useful and possible for computing them as well as for studying its dependence on
parameters.

By the subsequent approaches, KKT- points will be written as zeros of Lipschitzian
equations or by the help of generalized equations. The common idea consists in appropriate
descriptions of the complementarity conditions in the KKT system

g(z) <0, y>0, (y,g(x))=0. (8.0.2)

The common problem is the question of how local Lipschitzian invertibility can be ensured
by wverfiable conditions in terms of the original data.

8.1 (S. M. Robinson’s) Generalized equations

There is a quite popular possibility of describing KKT-points, namely as solutions of
inclusions (called generalized equations). The simplest one is the system

Df(x) + > yiDgi(x) + 32, 2 Dhy(x) =0
9(x) € Nk(y) (8.1.1)
h(x) =0,

where Ng (y) denotes the normal cone of K = R™" at y € K. Hence

Nk(y) ={y" |y k—y) <OVke K}
={y* | y;=0ify>0; yF <0ify =0}

(8.1.2)
If y ¢ K put Ng(y) = 0. Defining
K =R" x K x R™ and similarly Ny (x,y,2),
system (8.1.1) can be written, with the left-hand side H from (8.1.1) and s = («,y, 2), as
H(s) € Ny (s), (8.1.3)

99
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where H is a function and N a multifunction. Such systems have been introduced by
S.M. Robinson who noticed (during the 70th) that the relations between system (8.1.3)
and its linearization

H(3) + DH(3)(s — 8) € Ng(s), (8.1.4)

are (locally, and in view of inverse and implicit functions) the same as for usual equations.
This was the start for various investigation of generalized equations (8.1.3) in different
spaces with arbitrary multifunctions A/ (based on the same story). In the current situa-
tion, the solutions of the perturbed system

H(s) € p+ Ny (s), p=(a,b,c)" (8.1.5)

describe just the KKT-points of the canonically perturbed problem (7.2.3). The same
perturbation p in (8.1.4), i.e., system

H(3)+ DH(5)(s — 5) € p+ Ny (s) (8.1.6)
describes the KKT points of a related quadratic problem, namely
min{i(x - #)7Q(x — 7) — (a,x — 7) | 9(7) + Dg(@)(x — 7) < b, Dh(z)(w — ) = ¢

with Q = D2L(z, 4, 2).
As already used for Thm. 7.5.6, the usual hypothesis of the inverse function theorem,

"DH(3) is regular”
now attains the form:

”The solutions s(p) of the perturbed linearized problem (8.1.6)
are locally unique and Lipschitz”.

This cannot be checked in the same simple manner as regularity of a matrix. For possible
descriptions of the needed conditions, see the Thms. 8.5.2 and 12.1.1.
Locally unique and Lipschitz solutions are also called strongly stable, cf. sect. 10.1.

8.2 NCP- functions

Another well-known equivalent description of (8.0.2) consists in requiring
o(yi, —gi(x)) := min{y;, —gi(x)} = 0 Vi

or more general o(yi,—gi(x)) =0 Vi

where o : R? — IR is any function satisfying o(u,v) = 0 < u > 0,0 > 0,uv = 0;
a so-called NCP function (from Nonlinear Complementarity Problem) which should be
sufficiently simple. An often used and in many respects useful example is the so-called
Fischer-Burmeister function o(u,v) = u + v — vu? + v2. Setting

©1 = Df(x)+ 2 yiDgi(x) + >, z2oDhy(x),
O = o (yi, —9i(z)) (8:2.1)
@3 = h(il)),

the KKT- conditions (4.1.6) and

O(z,y,2) =0
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(where © : R* — IR* and u = n +m + my, ) are equivalent. The equation
@(x’ y? Z) = (a7 b7 C)T

is connected with problem (7.2.3) but the transformations of the related solutions are more
complicated than for the other reformulations. Also a product representation as below is
not true for ©. This shrinks the value of © for stability investigations, but not in view of
solution methods. For more details we refer to [27, 31, 70, 140].

8.3 Kojima’s function

The KKT-System (4.1.2) can be also written in terms of Kojima’s [77] function ¢ : R* —
IR* which has the components

¢ = Df(x) + >, y;ngZ-(:c) +>°, zDhy(x), y;r = max{0,y;},
Dy = gi(z) - Y s y; =min{0,y;},  (8.3.1)

Then the zeros of ® are related to the KKT- points via the transformations

(z,y,2) € 27H0) = (z,u,2) = (z,y — g(2), 2) = (z,y", 2) is KKT-point
(z,u,2) a KKT-point = (z,y,2) = (z,u+ g(z),2) € 271(0)
(8.3.2)
and ® is, for f, g, h € C?, one of the simplest nonsmooth functions.
8.3.1 The product form
Moreover, ® can be written as a (separable) product
O(z,y,2) = M(x) N(y, 2) (8.3.3)
where N= (1, yf 0¥ Yy, 2)° € RIFZMTmL (8.3.4)
Df(x) Dgi(x)... Dgm(xz) 0.. 0.. 0 Dhi(x)... Dhp, (x)
Mz = gx) 0 .. 0 0. —-1. 0 0 .. 0 (8.3.5)
h(z) 0 .. 0 0.. 0.. 0 O 0

with ¢ = 1,...,m and -1 at position 7 in the related block.

Remark 8.3.1 Writing, e.g., (y3)T, (y3)~ instead of y;" and y;, KKT-points are even
zeros of a smooth function. However, now y; = 0 leads to a zero-column in the Jacobian
of this modified function ®. So standard tools for computing a zero or analyzing critical
points via implicit functions fail again. Also the adapted formula (8.3.2) is no longer loc.
Lipsch. in both directions. &

Using ® (8.3.1), the points of interest are zeros of a R¥* — R* function, and equation
O(a,y,2) = (a,b,)" (8.3.6)

permits a familiar interpretation: It describes by (8.3.2) the KKT-points of problem
(7.2.3). Due to the structure of ® and the simple type of non-differentiability, the general-
ized derivatives T® and C® (Def. 7.3.1 can be exactly determined for f,g,h € C1! (then
® is loc. Lipschitz) by the product rule Thm. 8.3.2

DO(s)(u,v,w) = [DM(z)(u)] N(y,z) + M(x) [DN(y,z)(v,w)] (8.3.7)
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(D =T or D= C) and the right-hand side is defined by the element-wise operations:

DM (@)(W)] N(5,2)  ={n N(y.2) | n€ DM(@)(u) }, .
M(z) [DN(y 2)(o,w)] ={ M) v |veDN(y,z)(vw) ) "

The situation f,g,h € C11\ C? is typical for multi-level problems which involve optimal
values or solutions of other (sufficiently "regular”) optimization models.
For f, g, h € C?, non-smoothness is only implied by the components of N:

o) = (', i) =, vi—y") =13 i+ lvil, vi —|uil). (8.3.9)

So, ® is a PC' function, and discussions on generalized derivatives can be reduced to
”generalized derivatives” of the absolute value at the origin. Questions on stability of
solutions can be reduced as in Thm. 11.2.2 to injectivity of D® which means (as in the
differentiable case) that

0

m

DO(s)(u,v,w) = (u,v,w) =0 (8.3.10)

holds at the crucial point 5§ = (Z,y,2). The final results in terms of the given functions
are summarized in sect. 12.

Theorem 8.3.2 (Product rule) Let ® = MN be the Kojima function for f,g,h € Cb'.
Then

T®(z,y,z)(u,v,w) = [TM(z)(u)] N(y,z) + M(z) [TN(y,z)(v,w)]. (8.3.11)
The same holds for C®. <&

Proof. To begin with we set 6® = ®(z+u/,y+ v, 2+ w') — ®(z,y, ) (similarly N and
OM are defined) and observe that

O+ 60 = (M +6M)(N + 6N) = MN + M 6N +6M N + M 5N

and

00 = 6M N(y,z)+ M(z) 6N + M 6N.
Now specify (u/,v',w’) = t(u,v,w) for any given sequence ¢t = t; | 0. Then 6P, M and
0N depend on t and

oD (t SM(t ON(t ON(t
W= MOy + @)™ sa 2
If, moreover, (x,y,2) — 5§ = (Z,y,z) then - since M and N are loc. Lipsch. - the

bounded sequences 6 M (t)/t and JN(t)/t have accumulation points My € T'M(z)(u) and
No € TN(y,z)(v,w), respectively. The third term dN(¢) M (t)/t is vanishing. So we
obtain, for all converging subsequences §®(t)/t, that the limit can be written as

lim (S(I)t(t) = N(y,z) Mo + NoM ().

Thus (8.3.11) holds as inclusion ”C”. To show ”D”, the structure of N is important. Let
My e TM(Z)(u) and Ny € TN(y,z)(v,w)
be given, and let t =t; | 0, x = z(t) — & be sequences such that

My = limt Y (M (z + tu) — M(x)).
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The existence of such sequences is ensured by definition of T'M.
To show that N (g, z) Mo+ NoM(z) € TP(5)(u,v,w), it suffices to find elements (y, z) =
(y(t), z(t)) — (g, z) such that Ny can be written as

No =lim ¢t 1 (N(y + tv, z + tw) — N(y, 2)). (8.3.12)

with the already given sequence of t. If this is possible then, considering 0®(t) for
(z,y,2) + t(u,v,w) as above, we obtain

My N(y,z) + M(z) No = lim (sq)t(t) € TO(5)(u,v,w),

which proves (8.3.11). We are now going to construct (y(t),z(t)) for given ¢ | 0. By
definition of N = (1,y",y7, 2), the first and the last components of any element Ny €
TN (y,Zz)(v,w) belong to the map z — (1, z) and are obviously 0 and w, respectively. So
one may put z(t) = z. The other components of Ny are the T-derivatives of the functions

yi — o) = (i) = (ui v — )

at g; in direction v;. For ; = 0 (otherwise ¢ is C' near 7; and nothing must be verified)
we have

T(ﬁ(O)(U@) = { U; (Ti, 1 _Ti) | 0 S T3 S 1}

Hence the related components of Ny, say («;,v; — «;), belong to this set. Consider now

c(ys) =t d(y; + tv;) — d(y;)] € R

for given t > 0. If v; > 0 and y; moves from —tv; to 0, the first component of ¢ moves
continuously from 0 to v;. Hence ¢;(y;) = «; holds for some y;(t, ;). The same holds for
v; < 0 if y; moves from 0 to t|v;|. Accordingly, there are y(¢) such that all quotients ¢;
attain the values (a;, v; — ), required by Ny. Therefore, (8.3.12) can be satisfied (for the

given t-sequence), and (8.3.11) is true.
For the contingent derivative C'®, this proof is simpler. The points (z,y, z) now co-
incide with (z,y,z), and N is directional differentiable, so CN(y, Z)(v,w) is a singleton.
g

8.3.2 Implicit KKT-points

For Kojima’s function ® and f, g, h € C?, all mentioned derivatives can be computed and
the conditions of the Theorems 7.5.1 and 7.5.2 are equivalent. Thm. 7.5.5 is important
for studying the problem

min {f(z,t) — (a,z) | g(z,t) < b, h(z,t) = c}, p = (a,b,c). (8.3.13)

with some parameter ¢ € R" for ¢ near t°(= 0) and small norm of p.
Let the involved functions be C? with loc. Lipsch. second derivatives. Then, (7.5.3) after
Thm. 7.5.5 may be applied to ® = ®(x,y, z,t) = M(z,t)N(y, z). Now s = (z,y, z) stands
for z in the statements on inverse functions.

This yields with derivatives and arguments at a zero (5,t%) = (z, 7, 2, %) of ®:
The matrices A, with the assigned feasible 7 in formula (8.5.1) below represent 7(, , .®,
and for the derivative w.r.to the parameter, one has D;® 7 = [D;M 7] N.

If the KKT map of the canonically perturbed problem, p — S(t°,p) is s.L.s. at (0, 5)
(i.e. all A, are regular), we thus obtain

(u,v,w) € TS (1,p) & P ETyy P (w,v,w) + D@ T

& (u,v,w) = A7 (p— D@ 1) for some feasible r (8.3.14)
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which gives us concrete formulas since all A, are know.

For the contingent derivative C'S, the same formulas are valid (replace T by C), but now
A~1is no longer linear, cf. [18, 68]. For computing the derivative, now linear complemen-
tarity problems must be solved.

8.4 Relations to penalty-barrier functions

To reduce the formal effort for the next modification of ®, let us once more delete the
equations h = 0 in M. We consider the perturbed Kojima system

ol (z,y) =0 (8.4.1)

where only the terms y; in N(y) (8.3.4) are replaced by y; +t;y; with some perturbation
parameter ¢t € R™ (small norm). The former equations

Oy = gi(x) —y;, =0

of the system ® = 0 are now perturbed by small Lipschitz functions tiyf
@Y, = gi(z) — (y; +tiy;) = 0.

If y; > 0 and t; # 0 then y; =y = %f) follows trivially and can be substituted into the
first (Lagrange) equation.
If y; < 0 then feasibility g;(z) = y; < 0and y;” = 0 follow. This leads us to some
interesting consequences.

First of all notice that, due to Thm. 7.5.6 and formula (7.5.6), convergence and
estimates of the solutions (x,y)(t) - Lipschitzian w.r. to small ||t|| - are ensured (at least)
if @ is locally Lipschitzian invertible at the KKT point in question.

Moreover, knowing that certain penalty or barrier points can be one-to-one assigned to
(x,y)(t), we have immediately estimates for the related errors and the speed of convergence
in penalty and barrier methods, too.

Finally, we see that these methods require nothing else but to solve a slightly modi-
fied KKT system where the modifying parameter ¢ vanishes and the type of the method
depends only on its sign.

8.4.1 Quadratic Penalties

Suppose t; > 0 Vi. Then any zero (x,%y) of ® has the following property:

The point « is stationary for the well-known penalty function

Pu(x) = () + 3 s 1 as() P (8.4.2)

(Stationary means D, P;(z) = 0). Conversely, if x is stationary for P;(x), then (z,y) with

yi = tz-_lgi(x) for g;(x) >0 and y; = gi(x) for g;(x) <0

solves (8.4.1). Thus applying the penalty method based on Pi(z) for ¢t; | 0 or solving
®! = 0 for the same t, mean exactly the same.
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8.4.2 Quadratic and logarithmic barriers

Suppose t; < 0 Vi. Let (z,y) solve ® = 0 under the perturbation (8.4.1) and put
J(y) ={i| yi > 0}. Then (z,y) has the following properties:

The point x is feasible for the original problem, fulfills g;(z) < 0 Vi € J(y)
and is stationary for the function (8.4.3)

Q) = F(@) + 3 Yie ey £ o) 12
Conversely, having some x with the properties (8.4.3), imposed for any index set J C
{1,...,m}, the point (z,y) with
yi = t; 'gi(z) (i€ J) and y; = gi(z) (i € {1,...,m}\ J)

is a zero of ®'. Moreover, the zeros (x,y) of ®, for ¢; < 0 Vi, can be also (equivalently)
characterized by logarithmic barriers:

The point x is feasible for the original problem, fulfills g;(z) < 0 Vi € J(y)
and is stationary for the logarithmic barrier function (8.4.4)

Biy(z) = f(z) + Zie](y) ti (yj)Q In(—gi(z)).

To see the equivalence between (8.4.3) and (8.4.4), note that i € J(y) yields

D (T D i (T
Dy [In(~gi(x))] = ~ 202 = Dostw) and

]
3Da[g7 ()] = gi(2) Dgi(x) = tiyi Dgi(x) = (tiyi)2Dtgfy(f),

hence
Dgy;(x)

-1
%ti D;v[gzz(x)]: tiy? tiy:

= 4 (y7)? Du[ln(=gi(2))).

For t; — —0, the factors s; = t; (yl+ )2 vanish (whenever y remains bounded as under
MFCQ or under loc. Lipschitzian invertibility). This is the required behavior of these
factors in usual log-barrier settings. However, for inactive constraints g;(Z) < 0, we obtain
y! < 0 if convergence of the perturbed Kojima points is ensured. Then constraint ¢ is not
included in the sum By ,(x) which improves the speed of convergence in comparison to the
usual barrier method.

8.4.3 Modifications and estimates

If some component of ¢, say t1, is zero, then the line g;(z) —y; in Kojima’s function (8.3.1)
remains unchanged. So the first constraint g;(z) < 0 is still explicitly required and the
term y;” Dg1(z) (as usually) appears in the Lagrange condition. Similarly, one can discuss
the situation when ¢ has both positive and negative components.

Estimates:

Let t; = s Vi. Knowing that (z,y)(t) is Lipschitzian w.r. to small ||| and that p = s~1 >0
is the penalty- factor of the usual penalty method, we can estimate the penalty solutions

lz(p) = =)l < Llls = ' = LI 1/p = 1/p" |-
For the log-barrier method with factors s; = t; (y;")? < 0 (i € J), this similarly yields

l2(s) = x(s") | < Lt = ']



106 CHAPTER 8. KKT POINTS AS ZEROS OF EQUATIONS

8.5 Regularity and Newton Meth. for KKT points and VI’s

The stability theory of Kojima functions or of generalized equations makes nowhere ex-
plicitly use of the particular structure of M(z) or H(s) in (8.3.5) and (8.1.3), respectively.

Thus Df(z) can be replaced by some (more or less) smooth function f € C(IR",R™).

The related model then corresponds to the variational inequality

0€ f(x)+Nu(x)
where, under a CQ for M = {z € R" | g(z) <0, h(x) = 0}, we have

Nu(z) ={w | w=Dh(z)"2+) y/Dgi(z), g(z)=y" },
cf. Corollary 4.1.3. Nevertheless, we consider optimization models with f, g, h € C?.

The assigned functions ®, ® (being PC!) and © (from NCP) then satisfy hypothesis
(6.2.12) for the (nonsmooth) Newton method with the listed particular Newton maps.
The remaining supposition (6.2.11) is satisfied (not only) if ® is loc. Lipsch. invertible at
(0, 5).

Hence the Newton method can be applied to these
equations after the mentioned small modifications.

A ”nonsmooth Newton step”, applied to ® at s* = (Tk, Yk, 2k ), requires to solve

®(sF) + DO(s*)(u,v,w)T =0
and to put s**! = s* + (u, v, w)

where the matrix D®(s*) can be computed via the rule (8.3.7) with DM = DM and
DN (i, z1) = (0, 71, ey, (L=71), 0y (1= 1), 1,..., D)7

where ri=1ifyp; >0 and 7; = 0 otherwise.

This setting of r describes only one of several possibilities and corresponds to the definition
D(lyi|]) =1 at y; = 0, cf. (8.3.9). Explicitly, the whole matrix is given by

D2L(z,y*,2) mDgi(z)T ... 7mDgm(x)T Dh(z)T

Dgy(x) —(1—177) 0 0

DO (z,y,2) = . (8.5.1)
Dgp, () 0 —(1 =) 0
Dh(x) 0 0 0

Here, Dg; is a row, Dh is of type (mp,n), compare with (7.2.4).

The regularity condition for the Newton method (6.2.11) requires that these matrices are
regular near a solution.

Condition (6.2.12) (requiring the approximation to be good enough) is always satisfied
since ® is PC', and our definition of r corresponds to the selection of Da;j for some
"active” C! function Q.
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Remark 8.5.1 (Settings for penalty or barrier methods)
For solving the PC! (penalty-barrier) equation ® = 0, one obtains the related matrix
D®!(x,y, 2) very simple:

Replace, in (8.5.1), the terms (1 —r;) with (1 —r;) + t;7;
(this stands for a derivative of y; — y; + tiy;r ). <&

More details can be found in [74]. This paper contains, in particular, Newton-type methods
which solve (for small [|¢]|)

Ol (s*) + DO (s*)(u,v,w)T =0 or better ®(s*) 4 DP!(s*)(u, v, w)’ =0
in order to put sFl = sk 4 (u, v, w),

as well as direct relations of these Newton methods to the NCP approach and to sequen-
tially quadradic approximation methods (SQP methods).

Theorem 8.5.2 (loc. Lip. invertibility) The set of all matrices (8.5.1), defined by the
rule
ri=01iy; <0, r€[0,1] ify; =0, r=1ify; >0

forms the generalized Jacobian 0°®(x,y, z), and ® is loc. Lipsch. invertible at (x,y,z) <
all these matrices are reqular. O

Proof. This follow from the Thms. 7.5.1 and 7.5.2, which present equivalent conditions
in the current C? situation, and from the product rule Thm. 8.3.2 for T'®. a

Another form of this condition will be given below by Thm. 12.1.1. To see the equivalence
of both conditions, assign to the feasible pairs (r;v;, (1 — r;)v;) (1-to-1) the pairs

(i, Bi) = (rivi, (1 —r3)vi). (8.5.2)

Remark 8.5.3 (Comparing the approaches)
Though the discussed reformulations of the KKT conditions are equivalent under certain
aspects, the useful variations of the factor N (8.3.4) by t;y;" and the related interrelation
to penalty-barrier methods are less obvious in model (8.1.3) and in the NCP approach.
Also the calculus of generalized derivatives is more intrinsic and simpler for Kojima’s
function ® due to the product rule (8.3.7), cf. Thm. 8.3.2. A similar exact chain rule for
CY! and even C? problems does not hold with other descriptions of KKT.
On the other hand, the NCP version of KKT-points is a famous idea for applying
directly methods of (generalized) Newton-type. O
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Chapter 9

More elements of nonsmooth
analysis

We already know that convex analysis is a powerful tool due to the following facts con-
cerning minimizers, normals and subgradients. They hold true (at least) for closed convex
sets ) £ M C IR" and convex functions f, g : R™ — IR (we repeat the big points):

€ 0f(x) & xe€argminf()—(z",.) & (2 —1) € Nop; 4(z, f(2))
N () = Oint (@), (9.0.1)
0€df(z)+ Nu(z) & x € argmingens f(x).
of(x) #0,  O(f +9)(x) = 0f(x) + dg(x).

The so-called nonsmooth analysis or variational analysis has been developed to extend
the theory of convex analysis [131, 41] to non-convex situations, but also in order to unify
several results of (local) parametric optimization by appropriate analytical tools. Let us
mention only books in chronological manner [7, 13, 55, 5, 104, 134, 114, 10, 70, 18, 107]
and the pioneering articles [26, 12, 125] (Ekeland, Clarke, Robinson).

Extending convex analysis to the non-convex case is only possible with weaker statements.
In fact, let 9f(x) be any ”subdifferential” which coincides with the usual convex subdif-
ferential for convex f. Put

hz) =0 = [z] + (=[z]) = f(z) + g().

Then 0h(0) = {0}, 0f(0) = [-1, 1] and, after defining dg(0) in any way, additivity of
I(f + g) cannot hold. Similarly, it is evident that our sharp optimality conditions

0€0f(x)if v € argmin f, even more 0¢€ df(z)+ Ny (z) if z € argmin prf

are only necessary conditions for non-convex f. All specified generalized subdifferentials
below coincide with Df for f € C' and with the usual subdifferential df for convex f,
except 0%€f. To explain the main problems, we study below only optimality conditions
for the basic case of

) #Mc X =R", Mclosed and f € C*'(X,R) (loc. Lipschitz), (9.0.2)

though many conclusions remain true under weaker hypotheses.

9.1 Abstract normals, subgradients, coderivatives, tangents

In the literature, various definitions of the mentioned objects exist. Let us first demon-
strate the close connections between the related definitions.

109
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9.1.1 Subdifferentials and optimality conditions derived from normals

For z € M, let some set N§;(x) C X* be defined the elements of which we call (abstract)
normals to M at . We only require, in order to obtain (9.1.3), that

(M —z)" C Ny;(x) or explicitly z* € Ny (z) if (z",& —x) <0V e M. (9.1.1)

Having N§j,(x) other objects can be defined.

1. Def. 0°f(z): Given f, consider epi f C X x R, z € dom f and put
Of(x) ={z" | (z*,—1) € gpif(:n,f(:n))} (empty or not). (9.1.2)

This defines a multifunction = — 0% f(z) C X* and implies, by (9.1.1), a

2. Necessary optimality condition:
x € argmin f = 0€ 9°f(x). (9.1.3)
Proof of necessity: = € argmin f and (&,t) € epi f yield f(z) < f(§) <'t, thus
(0,6 —2) = (t = f(2)) <0, ice., (0,=1) € [epif = (z, f(2))]" € Ngps (@, f(2)). O

Additionally, we may define a so-called co-derivative D** F'(x,y) : Y* = X* for multi-
functions F': X =3 Y:
3. Def. co-derivative , for (z,y) € gph FF C X x Y, put

DU F(a,y)(y") = o | (#, ") € N&y p(o,0)} (9.1.4)

Particular cases:

If (&) = f(¢) + R" V€ € X, then gphF = epif, and 0 € D¥F(xz, f())(1) says
nothing but 0 € 9*f(x) (our optimality condition).

If F(§) = AE is linear, then x* € D¥F(x, f(z))(y*) says * = A*y* (the adjoint
operator).

It depends of our goals whether some definition of N§, makes sense or not. Next we
summarize basic examples.

9.1.2 (i) Usual localized normals
The simplest case: To characterize local minimizer of f in a sharp manner
define z* € Nj;(z) & (z",{—2)<0 V&€ M near z. (9.1.5)

. * 1 *
The relation z* € 9% f(x), ie. (2% —1)¢€ ngif

(& —x) + f(x) <t V (£ 1) near (z, f(z)) with f(§) <t.

This yields, as desired, the optimality conditions

(z, f(z)) by (9.1.2), now means

0€0f(z) & f(x)<f(€ V¢ near x and (9.1.6)

z*edf(x) & (", §—x)+ f(x) < f(§) V€ near z. (9.1.7)

We obtained a local form of the usual subdifferential, and 9*f = df holds for convex f.
Since we are interested in non-convex settings, these definitions of Ny, and 0°f will not
play any role next.
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9.1.3 (ii) Fréchet-normals

To describe stationary points x of f in the usual way by the obviously necessary condition
for a local minimim at x,

f(&) = f(x) = o(§ — ), (9.1.8)
define e Ny(zx) & (",6—x)<o(—z) V&e M near x (9.1.9)

Fréchet-normals; we also write F-normals and (below) F-subdifferentials as well as NI, and oF".
This definition yields like under (i) by definition (9.1.2),

2t €9 f(x) & (¢"&€—a)+ flx) St+o( (&)~ (2. f(x)) if f(€) <t.

Again, for proving it, put ¢t = f(£). Since |f(§) — f(x)| < L||§¢ — z||, the above o-term is
of type o(§ — z). We thus obtain the desired statement

09 f(x) & flx)<f(€)+o(l—2)e (9.1.8) and (9.1.10)

el f(x) & @ 6—2)+ fl@) < fE)+oll—z) =0 (f—a")(x). (9.1.11)

By (9.1.11), one defines the Fréchet-subdifferential also for arbitrary f. The cone (9.1.9)
already appeared.

Lemma 9.1.1 Because of X = R", the F-normal cone Ni;(z) (9.1.9) is polar to the
contingent cone: NI (x) = Ny(z) := Cp(x)*  with Cpr from Def. 3.4.2. <&

Proof. Implication (z* € R™\ Ni;(z) = 2* ¢ C};(z)) can be seen by negation of
x* € NI (z) and (9.1.9): 3e > 0, & M 2 such that (x*, & — x) > €||& — z||. Setting
tr = |&k — ||, ur = (& —x)/tr, we may assume uy — u (choose a subsequence; cf. limiting
negation). This yields u € Cy(x) and ¢ (x*,u) > € tx as well as (z*,u) > ¢ and z* ¢
C3,(z). Similarly, NI (x) C C%,(x) follows by contradiction via limiting negation of * €
Cy(x). O

Again by considering approach directions for & — x, we see that the optimality con-
dition 0 € 9% f(z) can be written by means of the contingent derivative C'f (7.3.1) as
inf C f(z;u) > OVu. This yields the (necessary)

optimality condition z € argmin f = inf C'f(z;u) >0 Yu € R"™. (9.1.12)

The function inf C f(x;.) is often called the lower Dini-derivative at z. Since f € C%!
(locally Lipschitz), C'f(z;u) is a non-empty, compact interval which depends Lipschitzian
on v and inf may be replaced by min. It also follows - by the definitions only -

(u,7) € Copip(@, f(x)) & minCf(z;u) <7 (9.1.13)

In addition we obtain a simple necessary condition for constraint minima (known already
from [5], chapter 7).

Lemma 9.1.2 1z € argmin .¢pf(z) = maxCf(z;u) >0 Vu € Cpr(x). &

Proof. Indeed, otherwise we find u € Cys(x) with max C f(z;u) = —20 < 0. Selecting
any tr | 0,uxr — u such that = + tyur, € M (which exist by definition of Cjs) so the
contradiction f(x + truy) < f(z) — dtx < f(x) follows (for large k). O
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In chapter 11, we apply C'f to more general situations (multifunctions).
From the viewpoint of computation, C f is the simplest generalized derivative of Lipschitz
analysis. It can be even determined for critical and stationary point maps, c¢f. Thm. 8.3.2.

In both cases (i), (ii), also N§;(x) = 0% (x) holds for the indicator function iy of M.

Why other concepts 7
The minimum conditions (9.1.10) and Lemma 9.1.2 are as sharp as 0 € df(z) for convex
f, Df(x)=0for f € C' and Thm. 3.4.10, respectively.
So there is absolutely no reason to reject these conditions.
The only drawback (in contrast to the convex case) consists in the formal fact that

f(x) =10
may happen for f € CO' under (i) and (ii).
Example 9.1.1 For f(x) = min{xz, —22} (useful for checking many statements), only the
origin is a Fréchet normal to epi f at (0,0). So it follows 9% f(0) = (). This tells us by

(9.1.11) that 0 ¢ 9¥(f — 2*)(0) Va* and, equivalently, that 0 is even never a stationary
point after adding any linear function +(z*, z) to f. O

To obtain nonempty subdifferentials, also other generalized derivatives (and normals or

coderivatives) have been introduced; basically Clarkes subdifferential, limiting normals,

limiting subdifferentials and Mordukhovichs coderivative.

Howewver, all these generalizations lead us to weaker (not stronger) optimality conditions.
In particular, all of them will tell us that the origin fulfills the related necessary min-

imum condition 0 € 9%f(0) for f of example 9.1.1, in spite of the fact that u = —1 is a

proper descent direction.

Thus a decision is required:
Do we need sharp optimality conditions or non-empty subdifferentials ¢

Let us look at constructions of non-empty subdifferentials and the related optimality
conditions.

9.1.4 (iii) Limiting e- normals.
Given € > 0 define certain (approximate) local e- normals
a* € Nyf(z) if (2", —x) <ell€ —z]| ¥V €€ M near z. (9.1.14)

Now, o(§ — ) of case (ii) is replaced by ¢||{ — || only. The same replacement occurs for
the related, i.e. by (9.1.2) assigned, e-subdifferentials in (9.1.11):

et € 0" f(x) & (2", &—a)+ f(x) < f(§) +el|§ — x| (for € near x). (9.1.15)
(where the e of normals and subdifferentials may differ by some factor depending on the
Lipschitz constant for f). Next consider sequences

Tp M z, e | 0 and 2} € Ny (xy)

and define Ny, (x) (the limiting e-normal cone) to consists of all limits 2* = lim «}, which
can be obtained in this way. A (often used) standard notation of the same fact (cf. sect.

1.2) is N§,(x) = Limsup oMo EkLONJ(‘lfk (x). Explicitly, one requires for each k,

(x5, & — xk) < egll§ — xg] V¢ € M in some ball B(xg, d). (9.1.16)



9.1. ABSTRACT NORMALS, SUBGRADIENTS, CODERIVATIVES, TANGENTS113

If dim X = oo, the type of convergence x; — x* can be modified; but we are assuming
X =R". Then, due to [(x} —a*,& —ap)| < ||z — 2*| || — x|, one may fix z} = z*
to obtain slightly simpler

z* € Ny (z) & g M %, e | 0 such that (x%,6 —wp) < el|§ — xp|| YE € M near xy,.
Comparing with (ii), we now obtain

e df(x) < I (xp,xf) — (@,2%), ek, 0, | 0:

(x5, & —xp) + flzg) < f(E) + ekl — axl| VE € By, 6k). (9.1.17)

which can be again simplified by fixing z; = z* (but not xy,).

9.1.5 (iv) Limiting Fréchet-normals.

Similarly as under (iii), one may study
Limits of F-normals (9.1.9) z* =limx} for z M2 and xy € Ny(zp)

which define the so-called limiting F-normal cone N§;(x). This cone and the subdifferential
0°f(x) - defined by (9.1.2) - are formally smaller than N§,(z) and 0% f(x) under (iii) since
o(§ — z) < g||€ — z|| for € near z. For the related limiting subdifferential one obtains as
above

z*edf(xr) & Ixp,xp) — (x,2%):

(23,6 — ) + f(2r) < f(E) + or(§ — xp).

To see that the defined subdifferentals are not empty, the next statements are helpful.

(9.1.18)

Lemma 9.1.3 A limiting F-normal x* # 0 exists for every x € bd M. )

Proof. Indeed, take z; € R"™ \ M, z; — z and select, with Euclidean norm, any
projection 7 of xp onto M (7 is not unique, in general. It exists since M # () is closed
in R"). Now z} = (7, — xy)/||7, — x|l is a F-normal at 7, and 7, — x. For some
subsequence, x; — x* # 0 in R" is ensured. So z* € Nj,(x) follows. O

Since we suppose f € C%(IR",IR), a limiting F-normal (z*, 7*) at the epigraph cannot be
horizontal at (z, f(z)); i.e., 7* # 0. Since 7* < 0 holds for any epigraph, 7% < 0 follows.
Thus division by |7*| also yields 0% f(z) # 0.

9.1.6 Equivalence of the limiting concepts

The next statement implies that both concepts (iii) and (iv) define the same normals and,
via (9.1.2), the same subdifferentials. 9% f(z) = 90 f(z).

Theorem 9.1.4 The limiting normal cones N{™(x) under (iii) and (iv) coincide, and
z* € Nim(z) & 2% =lima} with 2} € Cy(zy)* and oy M. &
Other notation, N{(z) = Limsup Car(zp)*

T —T
Proof. Consider first a local e-normal z* with ¢ < 1 and [|z*|| = 1 at x, and points
x(t) =z + tz*, t > 0. Choose any Euclidean projection m; of x(¢) onto the closed set M.

Then
roi= fla(t) = mll < o) -l =t = (", 2(t) - ).



114 CHAPTER 9. MORE ELEMENTS OF NONSMOOTH ANALYSIS

If m = x(t), it follows x(t) € M and, for small ¢, we also have from z* € Njy(z),
t=(z* 2(t)—z) <ellx(t)—z| =t <t. Thusm # z(t), and uy = (x(t)—m) ||2(t) —7¢| !
is a local Fréchet-normal for M at m. Since z* € Njj (), we also have (for small ¢)

(%, m —a) <ellm — x| <e (llm — 2@l + [le@) -zl ) =e(r: +1) < 2et.

Calling z* the south direction, x is located above the north-pole 2" = x + (t — r¢) «* of
the ball B, = z(t) + B, and m; belongs to the upper cap of B; due to

0<(z"m—a™)y=("\m—xz—({t—r) %)) <2t+r,—t=r —(1—2e)t.
Since
Tt — (1 - 28)t
Tt

—0 as €—0,

we obtain lim. o ||m; — 2| ||m — z(¢)|| 7! = 0 after which |ju; — 2*|| is arbitrarily small if
¢ is small enough. Now let 2* = lim z} be any limiting normal (iii):
Tk M z, e |0 and zj € Ny (ay).

If 2* = 0 then 2* € N§,(x) (iv) is trivial. Let ||z*|| = ¢ > 0. We may suppose |z}| = c,
otherwise choose new yi = cz|z;||~! and slightly bigger ) | 0. By the same devise, ¢ = 1
can be assumed. Finally, passing (for each large k) to one of the above found F-normal u,

and setting u(k) = u, we obtain z* = limu(k). In consequence, NJ(\ZM) = N](\f[”),
The form of N{™(x) as Limsup of cones Cps(z)* follows from Lemma 9.1.1. O

9.2 (v) Clarke’s approach

Clarke’s concept [13] represents a direct generalization of convex analysis for loc. Lipschitz
functions on R".
9.2.1 Basic definitions and interrelations
Before considering the related normals, let us begin with a set of tangents:
u e T]%}l(x) if Vap M 2, t, | 0 Ju, — wu such that xzy + tpuy € M Vk. (9.2.1)
Setting here x, = x, we see that
TG z) € Cpp(). (9.2.2)

Remark 9.2.1

(i) The definition of T{}(x) does not change if we require the inclusion zj + tjuy € M
in (9.2.1) only for k > ko. Indeed, for k < ko, we could put ux = (u — z)/t in order to
ensure xy + tpup = x € M without changing u; — wu.

(ii) It is even sufficient that the inclusion always holds for some infinite subsequence. To
see this, note that by negation

u ¢ T]\C}(x) & dxy, M x, tr | 0 such that Yu, with xj + tpu, € M
Jde > 0 with ||up — u|| > ¢ for some infinite subsequence of k = k.

Considering this subsequence, one obtains

u ¢ TAC/(J:) & gy, M x, t, | 0 such that Vu, with xp + tpur € M
Je > 0 with |lug — ul| > & VE.
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Theorem 9.2.2 (properties of T°!) T (z) is a closed, convex cone. &

Proof. We abbreviate 7% = T}(z).

Cone property: Let u € T¢ and A\ > 0. Given M x, t | 0, we find up — wu such
that zy, + (M)ug € M. Thus Mu € T follows from uy = Au, — Au and xy + tpuy, € M.

Closeness: Let vy, — u, vy, € TC!. Given xy, M ¢ and ti. | 0 we have to find u; — u
such that x; + tpu, € M. By assumption there are - for fixed m - certain wy, j such that
Wik — Um (a8 k — 00) and xp + ty wy € M. For m =1 put k(1) = 1, otherwise
we find inductively some k(m) > k(m — 1) such that ||wp, gxm) — vml < 1/m. Then
Tr(m) T ti(m)Wm,k(m) € M holds true by supposition, and wy, y(m) — u as k — oo follows
from v, — w. Hence, for some infinite subsequence of all k given by k' = k(m), the
required elements uy = wy, g(m) — w with zy + tpup € M exist. This is already sufficient
for u € T, c.f. Remark 9.2.1 (ii).

Convexity: Let u,v € T, To verify u 4+ v € T, consider any x, M ¢ and tx | 0.
By u € T there are u;, — u such that z) = x + tyur, € M. Moreover, since z) € M
there are also vy, — v such that @} +tyv, € M. Due to x + tg(ug + v) € M, this yields
u+v € TC. Therefore, the cone T is convex. O

Lemma 9.2.3 If M is closed and convez then T (x) = Cp(x) Yo € M. <&

Proof. First of all choose some p € int M (if int M = (), study M in the smallest affine
subspace containing M). Having B(p,d) C M then, changing the norm, we may assume
d =1 to simplify. By convexity this yields for all A € (0,1),

By,\)c M if y=Ap+(1—-X)¢ and ( € M. (9.2.3)

Due to (9.2.2) it remains to show Cps(x) C T (z). Thus, let z = 0 (without loss of

generality) and u € Cy(z), xg it x,tr | 0 be given. We have to verify that certain
up — u satisfy xy + tpur € M (for large k). Because of u € Cj;(0) we know: There are
vy, — u and s, | 0 such that z, := s, v, € M. Since ||zk|| + tx — 0, there exists, for large
k, some smallest s,(;) such that

k]l + ts < s20) < Sue)- (9.2.4)

Though v(k) < v(k + 1) is not excluded for certain k, we observe that s, | 0. Setting
Wy = Uy(k) and g 1= s,,(p) this ensures

Zy(k) = Tk Wr € M and wy, — u. (9.2.5)
Now connect ¢ = 73, wy and p. Applying (9.2.3), it follows for any A\; € (0,1)
B( ALp + (1 — >\k) T Wk, )\k) C M. (926)

Thus, if A > |z, we have xp + A\gp + (1 — A\g)7p wr € M. Using (9.2.4), inequality
M > ||lzk|| holds for A\, = 72. Hence zy + 77p + (1 — 72)7pwy, € M. This ensures

g + Tpur € M and up, — u  with ug = 7p + (1 — T,?)wk.

From z, € M and t; < 7% so also xy + truy € M follows from convexity. O
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Clarke’s normal cone is defined as N{/(x) = T/ (z)*.

Since TS (z) C Cp(w), so N (z) contains Cpy(w)*.

Clarke’s subdifferential [13] (we define it first directly, later via (9.1.2) ) is based on
his directional derivative; put

fz;u) = limsup o (f(vg + tiu) — flar)) (< 00). (9.2.7)

tr 10, Tp—x

The notation says that fC!(z;u) is the largest limit of the difference quotients that can
be obtained by sequences x, — x, t; | 0. Recall that f € C%'(IR",R). So fC(z;u) is
bounded and we may replace u by arbitrary ur — w in the limit without changing the
definition. This yields that

Oz u) = max Tf(x;u), (Tf from 7.3.1 is the set of all possible limits).
One easily shows that
FU Uz + ") < fOUz ) + fOUz ") and fOUz M) = AfCzu) if A > 0. (9.2.8)
Positively homogeneous is evident. Sublinearity: Write

[ (o + tr(u 4 ) — f ()]
= [ o+t + ) = flop 4+ ted) ]+ f (o + ti) — f o) ]
=t [ f((z + o) + teu”) — g+ te) ]+ 6 ] foe + te!) — flag) ]

The first difference quotient corresponds to fC!(z;u”) (xy is replaced by xj + tru'), the
second one to fCl(ac; u'). Passing now to lim sup, the assertion follows.

Hence, for fixed , the function u — g(u) = f¢!(x;u) is sublinear and convex. The non-
empty and compact subdifferential of convex analysis dg(0) defines Clarke’s subdifferential

Definition 9.2.1 0% f(x) := 0g(0) , g = convex subdifferential. &
Now, every (unconstrained) local minimizer x of f satisfies the condition
a5 u) >0 Yu € R™ (9.2.9)

which explicitly requires limsup,, ., + |0 to (f(zg +tiu) — f(zx)) > 0 Vu € R™ and has
to hold even if z; = .

Particular cases:
If feCt then 9% f(x) = {Df(x)}.
If f is convex then 9°'f(x) = Of(x).

Proof. If f € C' then each difference can be written as
f(xp +tpu) — f(2x) = t D f(Ok)u where 0 — x
which gives
o (f(vg + tyu) — fzy)) — Df(v)u for all zp — z, t | 0

and
0 f(x) = {Df(x)}.

Convex f: We first note that the usual subdifferential Of is a closed mapping, i.e., if
Tk — x, Sk — § and s € Of (x) then s € df(x).
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Indeed, if s ¢ Of(x) is outside, we have f(z + w) < f(z)+ (s,w) — ¢ for some w. So
also f(xp +w) < f(zk) + (sk, w) — 0 holds true by continuity (k big). Hence si € 9f(xy)
cannot hold.

Next, setting z; = z, it follows

limsup t5)(F(@x +tw) — f(z) > F/(0,u) = max (s,u).
Tp—x, t]0 s€df(x)

On the other hand let, x, t;. be sequences which realize the lim sup. Each difference fulfills,
with s, € Of (x + tpu),

(o) — flog +teu) > —tp(sk,u)  de.,  flog +tpu) — f(og) < tr(sk, u).
Passing to the limit, the s, have some cluster point s € df(x), thus

limsup t;'(f(2vg + tiu) — f(zx)) < (s,u) for some s € f(z).

Tp—, tklo
Summarizing, this means f(z;u) = f'(x,u) and implies ' f(z) = f (). O

Next we show that, by separation as in the convex version Thm. 3.4.10, Clarke’s
optimality condition follows.

Theorem 9.2.4 (Optimality condition, Clarke) For closed M and f € C%', it holds
x € argmin y f (locally) = (Min. condit.) 0¢€ 8 f(x)+ N{} (x). S (9.2.10)

Proof. If the Min. condition is violated, the compact convex set 9 f (z) and the closed
convex cone —N{(x) can be separated:

Fu: (u, 0 f(2)) < (u, — NG (2))

(the inequality holds for any selected elements of the sets). Since 0 € N{/(z), this yields
both
(u, 0" f(x)) <0 and w e N§}(x)*.

Thm. 3.1.5 (bipolar) ensures N{}(x)* = T} (z). By Def. 9.2.1, we have 9! f(z) = dg(0)
and, recalling Thm. 3.4.8 (dir. deriv.),

Uz, u) = g(u) = ¢'(0;u) = max (u,z*) = pu < 0. (9.2.11)
z*€0g(0)

Equation g(u) = ¢’(0,u) is valid since g(.) = f“!(,.) is positively homogeneous. Because
of u e T]\C/[l(w)) we find, for any sequence t; | 0, elements u; — u such that x + tgug € M.
By (9.2.11) we know that f(z+tgug)— f(z) < tpp < 0 for large k. Thus z is not optimal.

O
Compare with the proof of Thm. 3.4.10 and notice that the minimum conditions
(d) 0edf(x)+N{(x), (p) fUxu)>0 YueT(x) (9.2.12)

are telling the same (in the dual and primal language, respectively).
If (p) is violated, there is some u € TS}(z) such that f(z;u) < - < 0.

Alternative definitions:
Let us write z* € 9, f(x) if the optimality condition (9.2.9) is valid for h := f — z*. Then
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one easily shows that 9, f(z) = 0! f(z).
The reverse way of defining NJ\C/}I(.%') by the help of 9%, is less obvious. Indeed, provided
we put ¥ € Ny(x) if 2* € dgip(x), we require formally for iy, and z*

lim sup ot Cin(on + trug) — (o) ) > (2%, ). (9.2.13)

(xk7uk)_>(x7u)7 110

Now possible co-values make difficulties. However, as above, one can use the normal cone
in order to define the subdifferential by (9.1.2).

Using Clarke’s normals to define 9! f(x).
Having the cone
Ny () := Nif (2),

define a subdifferential once more via (9.1.2):
at € 0°f(z) & (27, —1) € Ng,s(x, f ().
Let us show that
0" f(z) = 0 f(2).
In other words, also “!f(x) can be defined via the normal cone N¢

(9.1.2), though this is not the usual way: We have

(%, =1) € Ny (2, f(2)) & (2% u) — 1o < 0 V(u,0) € Tl (x, f()).
By definition of T¢!, we may equivalently transform (abbreviate D = 9%f(z))
¥ eD e (z5u) <wv if Vg | 0, (vg, k) °pLf (x,7)
I(ug, vk) = (u,v) : (2 + tguk, 7% + thvg) € epi f.

¥ €D e (2" u) <wv if Vi |0, (zg, ) — (x,7) with f(xg) < 7%
ug, vg) — (u,v) : flor + tpur) < 7 + trog.

If we take vy, slightly larger (add L|up — u||) we may write up = u

¥ eD e (zfu) <wv if Vig | 0, (zg, %) — (x,7) with f(xp) < 7
o, — v frg + tpu) < 73+ Lok

This condition does not change if we consider 7, = f(xy) only:
¥ eD s (2" u) <vifVig | 0,2 — o v — v f(og + tpu) < fag) + tevg.

This tells us finally, 7* € D < (2*,u) < limsup,, ., +, |0 t 2 f(zk+teu) — far) ) = g(u)
and 2* € 9g(0) = 9°' f(z). Notice that all steps can be reversed. O

9.2.2 Mean-value theorems and Generalized Jacobian

Before finishing this excursion into Clarke’s theory, let us mention that 9% f(z) can be
determined (for "reasonable” f) by the help of generalized Jacobians, 97"/ f(z) cf. Def.
7.3.3 and the related chapter. For real valued f as here, then

9 f(z) = dFentac f(x) (9.2.14)

holds true. For this reason, the same abbreviation 9! f(x) is used for both in the literature.
To prove (9.2.14) we need
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Theorem 9.2.5 Mean-value theorem for f € C%'(R™, R):
f(b) — f(a) € 9 £(0)(b— a) holds for some 6 € (a,b)

where
0 FO)b—a):={ {z*b—a)| «*€df(O) }.
The same is true with 0"/ f and 0 € [a, b].

(9.2.15)

Proof. Part one: f: IR — R.

ale.

Suppose first f(a) = f(b), a < b. Then, there is a minimizer/maximizer 6 € (a,b) of f.
Thus, the necessary optimality condition 0 € %' f(6) holds true. If f(a) # f(b) we add

L(z) = —W(m —a); where L(a) =0, L(b) = f(a) — f(b).
Since (f + L)(a) = f(a) = (f + L)(b), there is some 6 € (a,b) such that
0ed°Y(f+L)O)(b—a)= —f(bl)):z:(“) + 8% ().

Thus (9.2.15) holds true.

odenJac £ Next we show that, for f(a) = f(b), also 0 € 9%/ f(z) holds for some
x € [a,b]. Hence assume that all intervals 096"/ f(z) = [a(z), 3(z)] do not contain the
origin. The mapping z — 95"/ f(z) is closed. So also

0 < ¢:=inf dist (0,097 f(x))

is true. If we find two points x1, 22 € [a,b] such that 0 < a(x1) and 0 > ((x2) then, by a
bisection method, we also find some ¢ € [x1,x3] with 0 € 99¢nJ9¢ f(¢) which finishes the
proof. It remains, without loss of generality, the case of 0 < ¢ < a(x)Vz. Then Df(x) > ¢
holds for all  where f is differentiable, a set of full Lebesgue-measure. Setting Dg(x') = 0
for the remaining points, this gives as Lebesgue Integral

b
£0) = $(@) = [ Dita)ds = clb - ) >0,
a contradiction to f(a) = f(b). For the general case, this yields as above via f + L,
f(b) — fla) € 39 f(2)(b — a) for some z € [a, D).

Part two: f € C%(IR",R).
As for C' mean-value statements, define

h(t) = fla+tb—a), teR

and apply the related statements for h. There are, however two facts which must be taken
into consideration.
ot
We obtain
f(b) — f(a) = (1) — h(0) € 3°'n(H), 0<6 < 1.
In general, the set 9“'h(6) does not coincide with 9! f(a+6(b—a))(b—a): For the related

directional derivative with zx = a + tx(b — a) in the interval, it holds

he6,1) = B h“ﬁ%’ | 9sgl[f(karSk(b—a))—f(xk)]
sk10, rp=a+ti(b—a) —
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while we have any z; — a+ 6(b—a) in R" for

fa+0(b-a)(b—a)=  limsup s ' [f (@r + k(b — a)) — f(ax)]-
sk10, zpx—a+0(b—a)

But since h1(6,1) < f¢(a+ (b — a))(b — a) and analogue

helo,7) < fa+6(b—a),7(b—a)) V7 ER,
we obtain the needed inclusion 9°'h(0) C ' f((a + 0(b — a))(b — a).
oCt:
Let Ny be the set of all points where Df(x) does not exist. Then, by Rademacher’s
Theorem, f1,(Ny) = 0 holds for the n-dimensional Lebesgue-measure p,,. Nevertheless, on
the segment [a, b] between a and b in R"™, the one-dimensional Lebesgue-measure p; of the
set where Dh does not exist, may be positive. So we cannot directly apply the result for
IR" = R. By a theorem of Fubini there are, however (due to u,(Ny) = 0), points a —

a and by — b such that p1(Ny N [ag, bg]) = 0 Vk. Considering hy(t) = f(ax + t(by — ax)),
related 6 and passing to the limit, then the assertion follows. O

Decreasing the length of intervals with center x, so also formula (9.2.14) follows for the
convex sets 9°! f(z) and 9%/ f ().

Theorem 9.2.6 Mean-value theorem for f € C%(IR", R™):

f(b) — f(a) € cl conv ( Ugepap 097 *f(x) ) (b— a). (9.2.16)

Proof. Let C = cl conv ( Uye(ap) oGenJac f () ) (b — a). This is a non-empty, compact,
convex set in R™. Assume that f(b) — f(a) ¢ C. Then (separation) there is some v € R"™
such that (v,c) < (v, f(b) — f(a)) for all ¢ € C. The function

h(z) = (v, f(z))
maps IR" into the reals. Hence Thm. 9.2.5 ensures
(v, f(b) — f(a)) € 99" %h(z)(b — a) for some = € [a, b].

Moreover, Dh(x) = v D f(x) holds true if Df(z) exists, but Dh(y;) may exist if D f(yz)
does not (e.g. if v = e; and h = f;). However, for writing f(b) — f(b) as L-integral in the
former proof of real-valued f, we needed only any set of full measure where D f exists.
Doing this now for h and R™ \ Ny, we see that 99"/h(z)(b — a) C C and obtain a
contradiction to the separation property. |

9.3 Subdifferentials derived from optimality conditions

9.3.1 The elementary principle

Assume we know any necessary optimality condition (OC) for loc. minimizers of f. Then
we can immediately define a generalized subdifferential,

" € 0gf(x) if x fulfills (OC) for h:= f —z™. (9.3.1)

In consequence, the original condition (OC), which defines our stationary points, attains
the well-known form 0 € 9, f(x) and, obviously, (OC) defines all properties of 9,. Similarly,
an optimality condition can be used to define a normal cone:

z* € Ny (z) if z satisfies (OC) for min {—(z*,z) | x € M}.
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The mapping z* +— (9, f) ' (z*) assigns, to z*, all x which satisfy (OC) for f — z*. Thus
it characterizes (as in the convex case) the behavior of the related stationary points under
linear perturbations of the objective. Moreover and more important,

also  Oyf(xr) =0 has a precise meaning:

It tells us that = will never satisfy the optimality condition (OC), even after any linear
transformation of f by z*.

This situation (which of course depends on optimality condition OC) is quite natural
in Lipschitz analysis, cf. f(xz) = —|z| or example 9.1.1 after taking the canonical optimal-
ity condition (OC) of (9.1.10), namely f(z) < f(§) + o(§ — x).

Limiting subdifferentials:
As above, one can define limiting subdifferentials by the Limsup of the original ones. Then

m * haf
0€dimf(z) & Iay,ap) " (2,0

tells us that z is a limit of stationary points after particular vanishing linear perturbations
of f. For F-stationarity, this defines again 9" f of sect. 9.1.5 with dom 9" f = R".
However, corollary 9.3.1 ( 0 ¢ 0,f(z) & f< is lower Lipschitz at (f(z),z) ) does no
longer hold for the bigger limiting F-subdifferential ag‘m f.

9.3.2 The empty and limiting F-subdifferential

Next we consider this case of F-stationarity, 9, f(z) = 0 f(z) (ii), in detail.

Negation of (OC):

The condition 0 ¢ J,f(x) negates the optimality condition and means: Je > 0 such that
certain &, — x satisfy f(&) — f(x) < —¢l|& — z||. By limiting negation we even obtain

Ik = o+ tpug, up — u, Jugll = 1, | 0 with f(z + tgug) — f(z) < —etg. (9.3.2)
Thus 0 ¢ 9, f(x) means, for f € COL,
min C f(z;u) <0  holds for some u € bd B.

If f is directionally differentiable, (9.3.2) holds for all sufficiently small ¢, not only for
certain tr, | 0. Then we see that the lower level sets f<(p) satisfy, for small |p|, the
estimate

dist (z, f<(p)) < Llp — f(x)| where L =1/e.

In other words, f< is (locally) lower Lipschitz at z := (f(x), x); a useful stability property,
cf. Def. 10.1.1. Conversely, if f< is lower Lipschitz at z then 0 € d,f(x) cannot hold.
Thus:

Corollary 9.3.1 For directionally differentiable f (€ C%1), the both properties 0 & 0, f(x)
and f< being lower Lipschitz at (f(x),z) are equivalent. <&

The set domd, f, 9, =0 :
This set has full Lebesgue measure since D f(x) € 0, f(x) and, by Rademachers theorem,
the usual derivative Df(x) exists, for each f € C%! on a set of full Lebesgue measure
(see [29] for a proof of this non-trivial fact). The points z € bddom d, f are of particular
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interest.
Having 0 € 9, f(z) (possible after some linear transformation by 2*) then z is a stationary
with the property 0, f(x)) = 0 for certain z; — x. This may happen even if

Df(z) =0 and 0eintd“ f(z) (Sigefunktion mit z2, see the lecture)

and demonstrates one specific of f € C%! which is completely different from f € C1.

Now we characterize the situation Jyf(x) = (0 for F-stationarity, in general. The
seemingly unpleasant case 0% f(Z) = () provides some additional information, namely:
The point T cannot satisfy the necessary optimality condition for min» f even if we
change f by adding any linear function.

Theorem 9.3.2 It holds OFf(z)=0 <«

n+1 n+1
Jug, ..., upt1 € R™ such that Zu,, =0 and Zmin Cf(z)(uy) =-1. (9.3.3)
v=0 v=0

Proof. Let q(u) := minCf(z)(u).
(<=) The condition (9.3.3) implies 0 ¢ 9% f(z) since q(u,) < 0 holds for some v. Consid-
ering f := f — z* and using that Cf(z)(u) = Cf(z)(u) — (z*,u), (9.3.3) also holds for f.
Thus, it holds 0 ¢ 8Ff(:i‘) and, equivalently, z* ¢ 0F f(z).
(=) Let 0F f(z) = (. This means Vz* Ju such that q(u) — (z*,u) < 0. Thus the set
H={z"| (z*,u) < q(u) Vu} is empty. Let Q = epi ¢ € R"", Q° = convQ. Then
0 € Q° If 0 ¢ int Q°, we obtain a contradiction by separation as follows: Some (z*,7%) # 0
fulfills

(¥ u) + 77t <0 V(u,t): t > qu).

Since ¢(u) < ocoVu, then 7" > 0 is impossible. Hence 7" < 0 and, without loss of generality,
7% = —1. But this yields with ¢ = ¢(u) that * € H, a contradiction. Hence 0,41 €
int Q¢ and (0, —¢) € Q° for some small ¢ > 0 (the subscript shows the dimension).
Using Caratheodory’s theorem there are n + 2 elements (u,,t,) € Q € R™! and \, >

0 such that
n+1 n+1

Z)\V =1 and Z Ao (uy, ty) = (0, —¢).
v=0 v=0

Setting u!, = A\, u,, this yields q(ul,) = Ayq(u,) < A\ t, as well as

n+1 n+1
Zuly =0and s:= Zq(u{,) < —e.
v=0 v=0
Multiplying all u], with 1/|s| yields the assertion. O

A deeper investigation of F-stationarity for f € C%! remains as an important subject for
the future. It is closely related, by Lemma 9.1.1, to the study of the cones Ny and C)yy
which permit an analytical representation under certain ”regularity”, cf. sect. 3.5.4.

In chapter 4 and 10 one can see how this regularity in connected with some stability
called calmness, and that calmness - finally - means solvability of related systems with
some linear rate of convergence.



Chapter 10

Stability (regularity) of solutions

”Stability of solutions” is often replaced by ”regularity of solutions” in the literature. We
prefer the current terminology since "regularity” stands also often for constraint qualifi-
cations only.

A deeper analysis of the solution behavior in optimization is mainly required for multi-
level models, cf. the discussion at the end of sect. 7.2. We already know that the behav-
ior of feasible points, in parametric constraint sets, is closely connected with optimality
conditions. If one assigns, to some parameter, the optimal points, then we obtain a dif-
ferentiable function only in particular cases. Usually, the result is a multifunction or a
non-differentiable function.

10.1 Definitions of Stability

In order to analyze and solve hierarchic problems [like (7.1.1), sect. 7.2] one is mostly
interested in some kinds of Lipschitz-continuity of the solution map S, assigned to para-
metric optimization or more general problems. Here, ”solution” may be taken in the local
and global sense, and often it also denotes the couple of points satisfying the first order
necessary conditions. Details are contained in sect. 7.2 and 7.1.

To have a sufficiently general model that covers all these variants, one can study
inclusions

p€ F(x):=h(z)+ N(z) whereh: X — P, N: X = P; (B- spaces)
with solution set S(p) = F~!(p). Such problems may be equations, (quasi-)VI's, games,
control problems et cet. Below, we shall suppose that S is a closed (= gph S is closed).
Notions of (local) Lipschitz stability:
Let S: P = X be closed and z = (p, ) € gph S. We write ¢ for (z,p). Let
Se(p) :==Sp) N (@ +eB) :=S(p)N{z | [z —z| <e}.

The next definitions generalize properties of the multivalued inverse S = f~! or of level
sets S(p) ={zx € M | f(z) <p}for f: M C X — IR. After each definition, we add an
example that obeys the claimed property at z = 0, but (if possible) not the others.

Definition 10.1.1 The mapping S is - at z € gph S - called
strLip : strongly Lipschitz if 3,6, L (> 0) such that
d(z',z) < L|lp/ = p|| V p,p’ € (p+ 0B)Ndom S, =’ € S(p), x € S:(p),
(10.1.1)
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i.e., Sc is locally single-valued and Lipschitz on dom S:(p) near z; Sc(p) = 0 is
allowed. (M = R, X =R, f(z) = 2,5 = f1).

s.L.s: If, in addition, p € int dom S, then S is locally a Lipschitz function, and we call S
strongly Lipschitz stable (s.L.s.). (M = X =R, f(z) =22 — |z|,S = f71).

ps.Lip, Aubin prop. : pseudo—Lipschitz if Je,0, L (> 0) such that
S:(p) € S(p') + Lllp’ — pl| B ¥p,p' € p + 6B. (10.1.2)

(M =X =1R2 f(z,y) =x+vy,S = f~1). Other notations (or equivalent notions)
for the same fact: S~! is metrically regular resp. pseudo-regular or S has the Aubin
property [134]. With p = p in (10.1.2), one obtains S(p') # 0 from Z € S.(p).
Thus (10.1.2) yields p € int dom S..

calm: calm if (10.1.2) holds for fixed p =p (M = X =R, f(z) =0,5 = f~1).
upperLip : upper Lipschitz if 3,6, L (> 0) such that
S:(p) C T+ L|lp—p||B Vpep+ dB. (10.1.3)
(M=X=R,f(z)=|z[,S= ).

u.L.s.:  If, in addition, p € intdom S we call S upper Lipschitz stable (u.L.s.). (M = X =
R, f constant on short intervals, e.g. [24,6%, 2%], k > 0 integer, and increasing with
Df(x) =1 otherwise; S = f71).

lowerLip : lower Lipschitz if 36, L (> 0) such that
S(p)Nn(z+ L|p—p||B) #0 Vp e p+dB. (10.1.4)
(M=X=R, fz)=2ifz <0, f(z) =22ifz >0, S = f<. <&

10.2 Interrelations and composed mappings

In some of these definitions, one may put € = 6. We used different constants for different
spaces. The constant L is called a rank of the related stability.

The requirement p € int dom S means that solutions to p € F(z) are (locally) persis-
tent, and the lower Lipsch. property quantifies this persistence in a Lipschitzian manner.

The notions concerning stability or regularity differ in the literature. So ”s.L.s.” and
"strongly regular” mean often the same, and our "upper Lipschitz” is ”locally upper
Lipschitz” in [23] while "u.L.s.” is "upper regular” in [70]. Further, "regularity” of multi-
functions has been also defined in an alternative manner via local linearizations in [125].

Remark 10.2.1 If S is the (multivalued) inverse of f € C*(IR™,R"), all these properties
(except calmness) coincide with det Df(z) # 0. If f is only loc. Lipschitz, they are quite
different. Concerning calmness compare the level sets of f = 22 and f = 0 near (0,0). <

Remark 10.2.2 For fixed z € gph S, one easily sees by the definitions:
(i) SisulLs. < §isboth upper and lower Lipschitz.
(ii) S is calm if S is upper Lipschitz.
(iii) S is upper Lipschitz < S is calm and 7 is isolated in S(p).
(iv) Siss.L.s. < S is pseudo-Lipschitz and card S:(p) < 1 for p near p.
(v) S is pseudo-Lipschitz (= Aubin prop.) < S is lower Lipschitz at all
points z € gph S near z  with fixed constants § and L.
(vi) S is pseudo-Lipschitz < S is both calm at all z € gph S near z
with fixed constants €,9, L and lower Lipschitz at Z. <
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Composed mappings and intersections
Multifunctions are often written in particular forms which are more or less preferred in
different papers. Examples:

(i) Let S(p) =U(V(p)) be a composed map where V: P =Y and U : Y =2 X.

In many situations, then the Lipschitz properties at z [now 3° € V(p) and 2° € U(y)]
are consequences of the related properties for V and U at the corresponding points.
One has, however, to shrink the image of V' to the e— nbhds of § which appear in
the definitions, i.e., one has to study composed maps of the form

Sp)=U(V(p)N(7+eB)).

(ii) Let S=T"! with ['(x) := G(F(z)) where F:X=3Y, G:Y = P.

Then = € S(p) & p € G(F(x)) & x € F7Y(G7(p)). This is situation (i) with
U=Fland V=G"1

(iii) The map S under (ii) can be written by intersections and projections:

Define g : (X,Y) = Pasg(z,y) = G(y) and f : (X,Y) = Y asy € f(o,v)
& y=1y € F(z/) (otherwise f(z/,y') = 0). This yields g~ (p) = (X,G1(p)),
fHy) = F (), {y}) and 2" € S(p) & (2',y) € f~(y') Ng~'(p) for some y'.

(iv) Intersections S(p1,p2) = F(p1) NG(p2) where F:P =X, G: P, = X.
This is typical for (in)equality systems:
F(p) ={z | f(z) = p1} and G(p2) ={z | g(z) e p2 + K}, K C P

If f and g are loc. Lipschitz then calmness of F' and G at (p{, Z) and (p9, Z), respec-
tively, yields calmness of S at (p{,p9, ), provided that one of the mappings

Si(p1) ={z | f(z) =p1, g(z) € p)+ K}
Sy(p2) ={z | f(z) =1, g(x) e p2+ K}

(with fixed second argument) is calm at the corresponding point, [69], Thm. 3.6.

For calmness, the upper Lipschitz and Aubin property of intersections we refer to [69] and
[88]. For upper Lipschitz properties of composed maps we refer to [94], [95], [93], [117],
[118] and [70]. In what follows we do not exploit special structures as above.

10.3 Stability of multifunctions via Lipschitz functions

10.3.1 Basic transformations

Though we are speaking about closed multifunctions S : P = X which act between B-
spaces, calmness is a monotonicity property w.r. to two canonically assigned Lipschitz
functions: the distance of x to S(p) and the graph-distance

¢S(337p) = dist ((pv J}), gphS),

defined via the norm ||(p,x)|| = max{||p|, ||z||} or some equivalent norm in P x X. The
statements of this section even hold for S': P = X if P and X are only normed spaces.

Lemma 10.3.1 S is calm at (p,z) € gph S if and only if

Je >0, a > 0 such that « dist (z,5(p)) < Ys(z,p) Veez+eB. < (10.3.1)
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In other words, calmness at (p, z) is violated iff
0 < s(zk,p) = o( dist (x, S(p)) ) holds for some sequence zj, — . (10.3.2)

Proof. A proof is possible as for Lemma 3.2 in [69]; we verify Lemma 10.3.1 for com-
pleteness. Let (10.3.1) hold true. Then, given x € S(p) N (Z 4 €B), it holds

a dist (z, S(p)) < ¥s(z,p) < d((p, ), (p,2)) = [Ip — Dl

i.e., calmness with L > 1. Conversely, let (10.3.1) be violated, i.e., (10.3.2) be true. Given
any positive 6 < o( dist (zx, S(p)) ), we find (yx,&x) € gph S such that

d((prs k), (D w)) < s(@r, D) + 0 < by :=2 o( dist (zx, S(p)) )-

In addition, the triangle inequality dist (xg, S(p)) < d(xg, &) + dist (§, S(p)) yields
dist (&, S(p)) = dist (xx, S(p)) — d(&r, wx) > dist (2x, S(P)) — b

Using also the evident inequality ||px — p|| < bx, we thus obtain for & € S(py),

lpx — Dl by

—0 ask — oo.

Hence, since & — Z, S cannot be calm at (p, Z). O

Estimates of 1g, for composed systems, can be found in [69]. Condition (10.3.1) requires
that 1¢g(.,p) increases in a Lipschitzian manner if x (near z) leaves S(p). Clearly, this
property depends on the local structure of the boundaries of gph .S and S(p). For convex
multifunctions (i.e. gph S is convex), g and d(.,S(p)) are convex functions.

Combined with Remark 10.2.2(iii), condition (10.3.1) characterizes the Aubin property,
too. For similar characterizations of other ”stabilities”, we refer to [72]. The distance
g can be applied also for both characterizing optimality and computing solutions in
optimization models via penalization [88, 69] and [70, Chapt. 2]; for the particular context
of exact penalization techniques, see also [21, 13, 11]. Detailed investigations of locally
Lipschitz functions can be found in [13, 70]. Approximate minima of ¢g play a role below.

Setting G = g we obtain a (globally) Lipschitz function, assigned to S, such that

(p,z) € gph S < G(x,p) <O0. (10.3.3)

For every such description of gph S, it follows

Lemma 10.3.2 S is calm at (p,Z) if
Je >0, a >0 such that « dist (z,S5(p)) < G(z,p) Vrez+eB. < (10.3.4)

Proof. Given any § > 0 choose (p/,2’) € gph S with d((p',2"), (p,z)) < ¥s(z,p) + 9.
Then G(2/,p") < 0 yields with some Lipschitz constant L, G(x,p) < L (¢s(x,p) + 0) and
¢ dist (z, S(p)) < @ < ¢g(z,p) + 6. Hence one obtains, via § | 0, that (10.3.1) holds
with some new o := 7. |

The conditions (10.3.3) and (10.3.4) are only sufficient for calmness (put, e.g., G = 1%).
Nevertheless, since one may put G = g, it holds

Corollary 10.3.3 A multifunction S is calm at (p,z) < there is some Lipschitz function
G: X xP— 1R satisfying (10.3.3) and (10.3.4). <&
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Finally, with any locally Lipschitz function ¢ : X — IR such that
c1o(x) < g(x,p) < cap(z) for x near T and certain constants 0 < ¢; < ¢y (10.3.5)

and with the mapping
X(q) ={zr € X | ¢(z) <q}, (10.3.6)

condition (10.3.1) of Lemma 10.3.1 is equivalent to
Je > 0, a > 0 such that « dist (z, ¥(0)) < ¢ Va € T+ B with ¢(z) = ¢ > 0. (10.3.7)

This verifies

Corollary 10.3.4 Calmness for any multifunction S at (p, &) can be reduced to calmness
of a Lipschitzian inequality only, namely to calmness of ¥ (10.3.6) at (0,Z). It suffices
to take ¢ = 1s(.,p) or another Lipschitz function ¢ satisfying (10.5.5). )

10.3.2 Solutions of (exact) penalty problems

The function ¢ = g can be applied for both characterizing optimality and computing
solutions in optimization models via penalization:
Let S be calm at (p/,2’) and X! := 2’ 4+ ¢B. Further, suppose

f is a Lipschitz function with rank L on some nbhd of

S(P)N X, and 2’ is a minimizer of f on S(p’) N X/. (10.3.8)

Then, 2’ is a (free) local minimizer of x — Py (z) := f(z) + k ¢(x,p) for large k (this
is well-known and can be immediately seen). The current penalty function Py is also
said to be an exact penalization since, for large k, the original solution z’ (not only an
approximation) solves the auxiliary problem.

To find 2’ or some z € S(p') N X, with f(Z) = f(2') by means of a penalty method,
several techniques can be applied. In particular, one may replace ¥ by ¥* (s > 0), in order
to solve

minimize Qy(z) := f(z) +k ¥ (z,p')* on X! (k — o0). (10.3.9)

In this respect, it is important that, if dim P+dim X < oo, the function ? is semismooth,
a useful property for Newton techniques, cf. [103], [70] or sect. 6.2.

Convergence of minimizers zj to (10.3.9) for given p':

We prove this convergence, to discuss the role of s and the possibility of removing the
constraint z € X/ in (10.3.9).

Let zj, € argmin Q, and let uy, € S(p') satisfy d(zg, u) = dist (x, S(p')). Then

f@) > flog) + k(zr, p')°
fur) = Lyd(xy, up) + k(g p)* (10.3.10)
f(@") — Lyd(zg, ug) + k(zg, p')*.

VIV IV

Hence Ly¢d(xy, ui) > ki (zg,p’)®. Now calmness (10.3.1) permits to continue
Lfd(.%'k, uk) Z k)\sd(xk, uk)s. (10.3.11)

For s > 1, this entails

L
dist (25, S(P)* " = d(wg, up)* ! < mf —0 and ¥(zg,p) — 0. (10.3.12)
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Next let 0 < s < 1. Now 0 < d(xg,ux) < 1 implies d(zg, ur) < d(zg, ug)®. Thus
kN> Ly = x = uy.

On the other hand, if d(xg, ug) > 1 then € > ||z — ukl| > [|zx — ugl|® > 1. Hence this case
cannot appear whenever k is large enough such that eL; < kA®. Thus

T = Uk € S(pl)

holds again for sufficiently large k.
In consequence, every cluster point & of xy is feasible and satisfies f(Z) = f(2'), (under
the supposed calmness) independent of the choice of s > 0. |

Local and global minimizers:
If 2/ was even the unique global minimizer of f on S(p’) N X/, (such points are called strict
local minimizers) then (10.3.12) and f(Z) = f(2/) imply & = 2’ and z;, — 2/. Hence also

xr € int X,  holds for large k,

and implies, as typical for penalty methods, that xy is a free local minimizer of Qi(x). O

Deleting calmness:
Looking once more at the above estimates, one sees that calmness of S at p’ can be
replaced, in the present penalty context, by the weaker (Holder) property

de>0,A>0,r >0 such that (10.3.13)
P(x,p') > Ndist (x,S(p)))" Vo€ X[ :=2'+¢B. e
Then only the critical value s* = 1 from above changes: s* = 1/r. Of course, now Q
(10.3.9) is not differentiable (like under calmness for s = 1) and existing derivatives may
be unbounded. So they must be made bounded artificially if they are "too large”. This is
standard in every program, it can be avoided by several smoothing techniques and becomes
necessary only if xj is already ”almost” feasible. Sufficient conditions for Holder behavior
of stationary points can be found in [40].

10.4 Stability and algorithms

The next sections is based on results, just published by J. Heerda, D. Klatte and B.
Kummer. As above, let S = F~!: P = X (Banach spaces). Given (p,z) € gph S near
zZ = (p,z) and 7 near p; in brief  given initial points x,p, ™ near zZ, we want to

determine some z(7) € S(m) with d(z(7),z) < L||m — p|| by algorithms.
The existence of x(7) is claimed under the Aubin property (or under calmness if T = p).

In the sequel, we are interested in procedures which find z(7m) with well-defined rate of
convergence, ezactly under the Aubin property (or under calmness, respectively). By
saying that some algorithm has this specific property (for initial points near Z) we connect
stability and solution methods in a direct and general manner. Due to the aimed generality,
our methods ALG1 and PRO() are quite simple. Nevertheless they involve several more
or less fast local methods under additional assumptions.
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10.5 The algorithmic framework

The subsequent algorithm is a scheme for particular procedures which compute z(7) €
S(m). Let A € (0,1) be given.

ALG1 Put (p1,z1) = (p,x) € gph S and choose (pgi1, k1) € gph S in such a way that

(@) e =7l = llpe—7| < —Ad@grz)  and (10.5.1)
(@) lpesr =7l = llpe =7l < =Allpk— 7.
equiv. in gphS: for (z,p) exists (p/, 2’) with:
. / / < _

(@) p ==l < A=Nlp—~l.

Definition 10.5.1 We call ALG1 applicable if (pgs1,2k+1) exist in each step (for some
fixed A > 0). Having calmness in mind, we apply the same algorithm with fixed m = p.

Interpretation: Identify py with some f(xi) € F(xg). Then (10.5.1)(i) requires more

familiar
1f(p1) =l = |If(2g) — 7|

< =\ A 10.5.3
TCED < Or Tpi1 # Tk, ( )

and (10.5.1)(ii) is only one of various conditions which ensure || f(x)—m|| — 0 for this (non-
increasing) sequence. In this interpretation, ALG1 is a descent method for x — || f(x) —||.

Remark 10.5.1 (Reducing the stepsize) As in every method of this type, one may start
with some A = A\; > 0 and, if (pg4+1,xr+1) satisfying (10.5.1) cannot be found, decrease A
by a constant factor, e.g., A\gy1 = %/\k while (pg11,2k+1) := (pr, Tx) remains unchanged.
In this form, being applicable coincides with inf Ay > « > 0, and we need the same a w.r.
to the possible starting points. This reduction of A (like for the Armijo-Goldstein stepsize
in free minimization) is possible for all algorithms we shall speak about, though we make
explicitly use of it only for ALG2 and ALG3, c¢f. Thm. 10.7.6. <&

Theorem 10.5.2 Let S: P = X be closed. If ALG1 is applicable for given initial points
x,p, ™ near z, then the sequence converges (xy,pr) — (x(7),7) € gph S, and

d(z(r),z) < ”W;p”. (10.5.4)
Moreover,
(i) The Aubin property of S holds at z = (p,z) < ALGI is applicable, for some fized
A € (0,1) and all initial points x,p, ™ near z.
(ii) The same holds true, but with fized m = p, in view of calmness of S at z. <&

Proof. If ALGI1 is applicable then, beginning with n = 1 and x; = x, the estimate

Aanir ) < Y dlapzy) < T Post 2] (10.5.5)
k=1

follows from (10.5.1)(i) by complete induction. So, a Cauchy sequence {z} will be gen-
erated and (10.5.5) entails (10.5.4) for the limit z(7) = lim z.

By (10.5.1)(ii), it follows ||pg+1 — 7| < (1 — A) ||px — 7|| and px — 7. Since S is closed, so
also z(m) € S(m) is valid.
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(1), (ii) (=) Let the Aubin property be satisfied with related constants L, ¢, in (10.1.2).
Then we obtain the existence of the next iterates whenever 0 < A < L~! and |7 — p| +
d((p,z),z) was small enough. Indeed, if € := min{e, J} and

|+l —pll
)\ )

then d(xg,Z) < € and ||pr — p|| < € follow from (10.5.5) by induction. Thus, for any
Pk+1 € conv {pg, 7} satisfying (10.5.1)(ii) there is some zj1 € S(pr+1) such that

max{ Ip = | d(z,z) } < 3¢

”Pk+1 —PkH _ Hpk - 7r|| - ||pk+1 - 7T||
A A '

Hence also some x4 exists as required in (10.5.1)(i).
Having only calmness, the existence of a related element x4 € S(pg+1) is ensured by
setting pr+1 = ™ = p (the sequence becomes constant).

d(zpy1,7k) < Lprg1 — pill <

(i), (ii) («=) If the Aubin property is violated and A > 0, then (by definition only) one
finds points (p,z) € gph S arbitrarily close to z, and 7 arbitrarily close to p, such that

dist (z, S(m)) > M. Consequently, it is also impossible to find some related z(m) by
ALGI.
In view of calmness, the same arguments apply to m = p. a

Remark 10.5.3 The following elementary consequences are worth to be mentioned.
(i) Thm. 10.5.2 still holds after replacing (10.5.1)(ii) by any condition which ensures,
along with (10.5.1)(i), that p — 7. Hence, instead of (10.5.1)(ii), one can require
(e.g.) that the stepsize is linearly bounded below by the current error

d(xg41,zx) > ¢ ||pr — 7| for some ¢ > 0. (10.5.6)
Evidently, (10.5.1)(i) and (10.5.6) yield
pass — 7ll = ok — 7l < ~Md(@rsn,ax) < —Ac p — 7l

This implies (10.5.1) with new A since we may choose A < A, X € (0, Ac).

(ii) Generally, (10.5.6) does not follow from (10.5.1), take the function F(x) = /z. So
requiring (10.5.1) is weaker than (10.5.1)(i) and (10.5.6).

(iii) Thm. 10.5.2 remains true (with the same proof) if one additionally requires
P € conv{py, 7}Vk in (10.5.1). &

Without considering sequences explicitly, the statements (i), (ii) of Thm. 10.5.2 can be
written as stability criterions.

Corollary 10.5.4
(i) The Aubin property of S holds at z = (p, ) < For some X\ € (0,1) and all z,p, 7
near Z there exist (p/,x') € gph S such that

=X d(2',x) and
=Allp =l

@) ' ==l = lp— =l

@) =7l — llp—] (105.7)

<
<

(ii) The same statement, with fized m = p, holds in view of calmness of S at Zz. <

Proof. It suffices to show that ALG1 is applicable under (10.5.7). Denoting (p’, 2’) by
6(p. ), define

(p1,71) = (p, ) and (pr+1, T11) = A(Pk, T)- (10.5.8)
Due to (10.5.5), (p™,a™) belongs to an arbitrary small nbhd € of z for all initial points
(x,p), m sufficiently close to z and p, respectively. Hence ALGI is applicable. O
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The similarity of the statements for calmness and the Aubin property does not imply that
ALGT1 runs in the same way under each of these properties.

Aubin property: If ALG1 is applicable for all initial points near z € gph S, we can first
fix any pg41 € conv{py, 7} satisfying (10.5.1)(ii) and next find (since the Aubin property
holds at z by Thm. 10.5.2 and (pg,x) is close to z) some zgy1 € S(prs1) satisfying
(10.5.1)(i).

In other words, x(7) can be determined by small steps. This is not important for es-
timating d(x,z(m)), but for constructing concrete algorithms which use local information
for F near (py, ) in order to find (pgy1, Tt1)-

Calmness: Though every sequence in (10.5.1) leads us to x(7) € S(7), we can guarantee
that some feasible xy 1 exists for some already given pgi1, only if ppi1 =7 = p.

In other words, the sequence could be trivial, (pg,zr) = (m,z(7)) V k > ko, since
calmness allows (by definition) that S(p) = 0 for p ¢ {p1,p}.

In this case, local information for F' near (pg,z)) cannot help to find 41 for given
Pk+1 € int conv {p1,7}.

However, for many mappings which describe constraint systems or solutions of varia-
tional inequalities, this is not the typical situation. In particular, if gph S is convex then
S(pr+1) # 0 holds for each pyi1 € conv {p1, 7} (since S(m) and S(p1) are non-empty by
assumption). This remains true if gph S is a finite union of closed convex sets C; since
I(z):={i| z € C;} C I(2) holds for all initial points z = (p, x) € gph S near Z.

10.6 Stability via approximate projections

The following approzimate projection method (onto gph S) has, in contrast to ALG1, the
advantage that iteration points throughout exist (for v > 0). ”Stability” is now charac-
terized by linear order of convergence. Let v > 0.

PRO(7) Put (p1,21) = (p,x) € gph S and choose (pg11,xk+1) € gph S in such a way that

—_— /_
=7l - (g 27

+7|lpr — 7]]. (10.6.1
A (') € gphs A ) | [ ( )

d(Tpt1,Tx) +
Theorem 10.6.1

(i) The Aubin property of S holds at z = (p,x) <& PRO(v) generates, for some A > 0
and all initial points x,p, T near z, a sequence satisfying

A d(xpyp1,25) + P — 7l < Ollpr — 7| with some fized 0 < 1.  (10.6.2)

(ii) The same statement, with m = p, holds in view of calmness of S at z. O

Note. Obviously (10.6.2) means ||px+1— 7| — ||px — || < =X d(zg41,21) — (1 —0)||px — 7]
which again implies (10.5.1)(i) and convergence z; — x(m) € S(w) satisfying (10.5.4).
Having the related stability property, our proof indicates that PRO(+y) can be applied
with any v > 0, provided that X is sufficiently small, see the requirement A(L + ) < 1.

Proof. (i) (=) Suppose the Aubin property with rank L, and fix A € (0, (L +~)™1).
Considering again points near (p, z) there exists & € S(m) with d(&,zg) < L||m —pg||. This
yields for the approximate minimizer in (10.6.1)

1 . 1
d(zp1,28) + S llperr — 7l < d(@, 2p) + Sl = 7l] +yllpe =7l < (L +7)llpe — 7]
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and implies Ad(zpi1,zk) + [|[pr+1 — 7l < ML + 7)|lpr — 7| as well as (10.6.2) with
0=ANL+~v) <1
(<) Conversely, let PRO(y) (or any algorithm) generate a sequence satisfying (10.6.2)
with some A > 0, 0 € (0,1) and all related initial points. Then also (10.5.1)(i) is valid for
the current sequences and ||px4+1 — 7|| vanishes. By Thm. 10.5.2 and Remark 10.5.3(i) so
the Aubin property holds true.
(ii) Applying the modification for calmness in the same manner, the assertion follows.
g

Combining condition (10.3.1) for calmness of S at z (with the norm A||.|[x +||.||p in X x P)
and condition (10.6.2) with m = p, one directly obtains the calmness estimate

0 \lpe =2l = A d(zrsr, 2x) + lprer — 7l =« dist (25, S(p))- (10.6.3)

PRO(v) as penalty method:

The term <[[p’ — 7|| in the objective of (10.6.1) can be understood as penalizing the
requirement p’ = w. So we simply solve (again approximately), for given z; and m,

min d(z’,zx) such that (p',2') € gphS and p' =7

by penalizing equation p’ = . Now py, is the current approximation of 7, assigned to x.

10.7 Stability of a locally Lipschitz operator

Next identify F with a function f € C%!(X,P). We shall see that, in this situation,
condition (10.5.1) can be written (up to a possibly new constant \) as

1f (@rgn) =7l = 1 f (er) =7l < =A d(@psr, 2) and d(zpgr, ) 2 Allf (@) — =] (10.7.1)

or equivalently as

1 (k) = 7l = 11f (@rse1) = 7l 2 Ad(@psr, 2r) 2 N2 fx) — 7.

This permits a stability characterizations in terms of minimizing sequences with a stepsize
estimate as in Remark 10.5.3(i).

Corollary 10.7.1 Let f € CYY(X,P). Then S = f~! obeys the Aubin property at
(0,z) & 3IX € (0,1) such that, for each x1 near T and m near the origin, there is a
minimizing sequence {xy}r>1 for x — || f(x) — x| satisfying (10.7.1). With fized m = 0,
this condition describes calmness of S at (0,Z). <&

Proof. If ALGI is applicable then convergence of {z}} and (10.5.1) yield with p = f(x),
since f is locally Lipschitz,

—Cd(zgy1,7r) < |f(@pr1) — 7l = | f(zx) = 7ll < =X || f(zg) — 7|

for some C' > 0, hence (10.5.6) is necessarily satisfied. The latter implies, up to a new
constant in (10.5.1)(ii), that (10.5.1) and the requirements

1f () = wll = [1f (2x) = 7ll < =A d(@pra, o) and d(@pr, 2) = ¢ |[f(2r) — 7

(for A\,¢ > 0) are equivalent. Setting A := min{\, ¢}, we need one constant only which
gives (10.7.1). O
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As in Corollary 10.5.4, to show the related stability, it suffices to verify (10.7.1) for x;
near ¥ and appropriate xo only. This yields

Corollary 10.7.2
(i) The Aubin property of S = f=! holds at z = (0,Z) < For some XA € (0,1) and all
points (x,m) near (z,0) there is some x’ such that

1f@) =7l = | f@) -7l < ~A d(a’,2) and d(&',x) > A f(@) — 7]  (10.7.2)

(ii) The same statement, with fized m = 0, holds in view of calmness of S at (0,z). <

10.7.1 Calmness and the relative slack for inequality systems
In particular, Corollary 10.7.1 and 10.7.2 apply to system
glz) <p, h(z)=¢q, g,heC™ (loc. Lipsch.)

after setting f = (g7, h). However, for the sake of simplicity we assume that the equations
are written as inequalities, and study, first with I = {1,...,m}, calmness of

Y(p)={zx € X |gix)<p, Viel}, geC® (10.7.3)
at (0,7) with a Banach space X. We write
g (x) = max gi(x)
and define, for g™ (x) > 0, some relative slack of g; in comparison with g™,

9" (x) — gi(x)
g"™(x)

In the special case of g € C', X = R", the following condition (10.7.6) differs just by the

additionally appearing quantities s;(x) from the MFCQ-condition for inequalities.

(>0). (10.7.4)

si(x) =

Theorem 10.7.3  Let ¢"(z) = 0. X (10.7.3) is calm at (0,z) < There exist some
A € (0,1) and a nbhd Q of T such that: For all = € Q with ¢"(x) > 0 there exist
u € bd B and t > 0 satisfying

i tu) — gi "(x) — gi , 1
gilz + l? 9ix) < J (x)t 9ilx) _ AVi and A\g"(x) <t < Xgm(:c) (10.7.5)
Moreover, if g€ C', one may delete t and replace (10.7.5) by
Dgi(z)u < Sig\x) —\ Vi o (10.7.6)

Proof. We study the system f(x) := (¢")"(x) = r which is calm at (0,z) iff so is 3. In
accordance with Corollary 10.7.2, calmness means that some A € (0, 1) satisfies:

Va near T with ¢"(x) > 0 32’ such that
(@™ (2)) — g™ (z) < =X d(2',2) and d(z’,z) > X g™ (). (10.7.7)

Writing here 2/ = z + tu with |ju| = 1 and ¢t > 0, and defining Q; = M we have
gi(2") = gi(z) + tQ;. Then the first condition of (10.7.7) implies both

[

t g m}\(x and

<
gi(x) +tQ; (=gi(2')) <g™(x)—- A Vi

(10.7.8)
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Hence (10.7.7) claims exactly (10.7.5). It remains to study the case of g € C!. First note
that (10.7.5) yields, due to Ag™(x) < t,

gila+t0) —gi@) _ g"(@) —gile)

m <t <
" < N g7 () and \g™(x) <t <

9" (x). (10.7.9)

Due to the uniform convergence

i tu) — gi _ _
sup | gile £ tu) = gi(x) _ Dgi(z)u | -0 asx—,t]0, (10.7.10)

i€l Jull=1 t
now (10.7.9) implies (10.7.6) (with possibly smaller A). Hence (10.7.5) implies (10.7.6).
Conversely, having (10.7.6) it suffices to put t = Ag""(z) in order to obtain (10.7.5) (pos-
sibly with M < \), too. This completes the proof. O

Notes (modifying Thm. 10.7.3):
(i) Instead of considering all x € Q with ¢"(z) > 0, it suffices to regard only

z e with 0<g¢g™(z) < A||lz — Z| (10.7.11)

since, for ¢"(xz) > A||z — Z|, it holds the trivial calmness estimate
1
dist (z,3(0)) < ||z — z|| < Xgm(a:) (10.7.12)

and one may put u = ﬁ, t = ||z — || in the theorem. Since A may be arbitrarily

small, so calmness depends only on sequences x — T satisfying g™ (x) = o(x—Z) > 0.

(ii) Trivially, (10.7.5) is equivalent to
g™z +tu) < g™(x) — Mt and NZg"(z) < M < g™(x). (10.7.13)
(iii) For g € C*' condition (10.7.6) can be replaced (possibly with smaller 2 and \) by

Dgi(z)u < Si(;) ) W (10.7.14)

The torus-condition (10.7.5):

Generally, because the stepsize ¢ in (10.7.5) is restricted to a compact interval in the posi-
tive half-line, the left-hand side in (10.7.5), w compares points the difference tu
of which belongs to a torus. Thus, without additional assumptions, the assigned quotients
[and in consequence, also calmness| cannot be described by known generalized derivatives
since such derivatives consider always preimage points z, x + tu which may be arbitrarily
close to each other. In particular, this holds for T'f, C'f, D* f, discussed below though
there are several papers where C'f and D*f have been applied for establishing calmness
conditions.

Notice: It follows that every sufficient calmness condition in terms of these derivatives
cannot be necessary in the class of all loc. Lipsch. functions.

Remark 10.7.4 (Infinitely many constraints.) As in usual semi-infinite programs, one
can consider ¥ (10.7.3) with a compact topological space I, ||p|| = sup; |p;|, and a contin-
uous map (i,x) +— g;(z) which is uniformly (in view of ¢ € I) locally Lipschitz w.r. to
near 7. Further, write g € C! if all Dg;(x) w.r. to z exist and are continuous on I x X.
Then, due to (10.7.10),

Thm. 10.7.8 and the related notes remain true without changing the proof. The
same holds for the next statements of this subsection, in particular for Thm. 10.7.6.
&
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10.7.2 The relative slack for solving C'! inequality systems

In the C* case, the above calmness condition for ¥ (10.7.3) becomes stronger after adding
ellx — Z||? to all g;: Indeed, the set of all x € Q with g™ (z) +¢||z — Z||* > 0 is not smaller
than before and the relative slack s; is now smaller. Hence, the original system is calm
whenever so is the perturbed one.

In order to solve the inequality system X(0) of (10.7.3), recall that the minimizing
sequence of Corollary 10.7.1 can be obtained by the successive assignment = — x’ = z+tu,
cf. (10.5.8). Finding v may be a hard task in general. However, if g € C', we may replace
(10.7.6) by condition (10.7.14) and put ¢ = Ag™(z). This yields both an algorithm that
finds some z(7) € ¥(0) and a calmness criterion as well.

ALG2: Given z; € X and A, > 0, solve (if g™ (zx) > 0) the system

sl(xk)

Dy;(zr)u < "

— e Vi, luf = 1. (10.7.15)

Having a solution u, put 1 = g + \eg™ (2p)u, Apr1 = Ak,
otherwise put Thtl = Tk, Ak41 = %)\k.

Corollary 10.7.5 (ALG2). Let g € C*. Then ¥ is calm at (0,%) <& There is some
a > 0 such that, for ||x1 — Z|| small enough and Ay = 1, it follows N\, > a Vk. In this case,
the sequence xy, converges to some x(m) € 3(0), and it holds (for proper steps xiy1 # i)

g™ (xry1) < (1= %) g™ (x1) whenever 0 < B < a and g™ (xx) > 0. © (10.7.16)

Proof. The first statements follow from Corollary 10.7.1 and Thm. 10.7.3. The estimate
is ensured by formula (10.7.13) and t = Ag"(z). O

We used condition ||u|| = 1 in (10.7.15) to obtain the simple estimates (10.7.16). If one
requires |lu|| < 1 instead (in order to define a more convenient convex auziliary system),
then Corollary 10.7.5 is still true, only formula (10.7.16) becomes more complicated.

ALG3: Given zj € X and A\, > 0, solve (if ¢ (x) > 0) the (convex) system

Dgi(z)u < S(;”’“) — A\ Vi, ul < 1. (10.7.17)
k

Having a solution w, put  xp41 = g + Apg™ (xp)u, Agr1 = A,

otherwise put Tkl = Tk, Akr1 = %)\k.

Theorem 10.7.6 (ALG3). The statements of corollary 10.7.5 remain true with one dif-
ference only: for proper steps xy11 # x) it holds

2

g™ (xp41) < (1= BHg™(x1) whenever 0 < § < % and g"(xg) >0 (10.7.18)

with C =1+ sup; || Dgi(T)||. <&

Proof. We verify the first statement, the estimate then follows from the proof. In view
of Corollary 10.7.5, we have only to show that A\x > a > 0 for ALG3 implies inf A\, > 0
for ALG2. Hence let A > « > 0 hold, with z; near z, for ALG3. We obtain ||u|| > 0
from (10.7.17) since there is always some ¢ = i(k) with s;(xz;) = 0. For xj near z, we have
[ Dgiky(zx)|| < C and obtain even |lu| > \/C. Setting now

!/

u and N\, = A |ul| (10.7.19)

-
]
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we generate the same points
Trp1 = Tk + Mg (TR)u = xp + Nog™ ()0 (10.7.20)

and A\, > « implies X, = Mgllul| > A2/C > o := o?/C. Finally, it holds for all i, as
required in (10.7.15),

,  Dgi(zp)u < si(zr) A si(xg) ) < si(zg)

Dgi(zp)u’ = < - = - < — M.
i Aellull Al Xl Ne ;

This tells us that, up to getting new constants, we may claim ||u|| < 1 in ALG2. Estimate
(10.7.16) implies, due to (10.7.19) and (10.7.20),

g™ (zpg1) < (1= F%)g™ () whenever 0 < 8 < o’ and g™ (x) > 0.

This is exactly (10.7.18). O

10.7.3 Calmness and crucial linear inequality systems

We continue in considering the mapping S = ¥ (10.7.3) in order to clarify that certain
inequality systems of the kind Dg;(Z)u < 0Vj € J are crucial for calmness, and to indicate
the sets J which play the essential role.

Theorem 10.7.7 [45]. Let ¢"(Z) = max; g;(z) = 0. Then, S is calm at (0,z) <

Each system Dg;(z)u <0 Vi e J is solvable, (10.7.21)
whenever J fulfills J = {i | limg_,o0 si(xr) = 0} for certain x; — &,g9™(zx) > 0. &
Comments:

(i) The set J collects the active (g; = ¢™) and ”almost active” functions g; for the
given sequence of z ¢ S(0). It holds J C I(z) = {i | ¢i(z) = 0}, and J = 0 is
possible (e.g. if g(x) =0). For J = (), system (10.7.21) is solvable by definition.

(ii) Well-known duality statements yield: (10.7.21) is unsolvable < 0 € conv{Dg;(Z) | i €
J} < u =0 minimizes max;c s Dg;(Z)u.

For affine g;, this holds for derivatives at zj, too. Because of g;(xx) > 0 Vi € J we
would obtain max;e s g;(xx + u) > 0, a contradiction for u = & — . (Of course, this
is not the simplest proof of Hoffman’s Lemma).

(iii) Solvability of (10.7.21) means that S7(p) = {z € X | gi(x) < p; Vi € J} obeys the
Aubin property at (0, ).

(iv) There is a formally similar statement of R. Henrion and J. Outrata [47], Thm. 3.
For X =", S is calm at (0,Z) € gph S if, at &, the Abadie CQ and (10.7.21) hold
true whenever J fulfills g;(§x) = 0 Vi € J for certain § — =, & € bd S(0) \ {z}.

But this condition, derived via co-derivatives, is much too strong: It is not necessary
even for calm linear systems (z € ]RQ, x1 < p1, —x1 < p2) as noted in [73].
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10.8 Modified successive approximation for —h(x) € F(z)

Modified successive approximation is the typical method for analyzing solutions of p €
h(z) + F(x) where h stands for a small variation of a closed mapping F : X = P
(B-spaces). Notice that

z€(h+F)7'(p) &pe(h+F)(x) & peh(z)+F(z)

The key observation for studying such inclusions consists in the fact that, if T: X = X
obeys the Aubin property with rank 0 < 6 < 1 at

(w1,22) € gph T

and d(x1,x9) is sufficiently small [compared with (L =) 6 and &, in Def. 10.1.1], there
are elements xp41 (k > 1) such that

g1 € T(xg) and d(zgi1, k) < 6 d(xg, xp—1).
The sequence then behaves as in Banach’s fixed-point theorem:

d(xpi1,21) < d(@pgr, ™)+ ... +d(z2,21)
< (Qn_l + ...+ 90) d(.%‘g,.%‘l) < ﬁ d($2,$1).

Hence the (Cauchy-) sequence converges and fulfills 2, — & € T'(Z) due to closeness. Our
condition (10.8.1) below is (7.5.5) in section 7.5.

Theorem 10.8.1 Let S = F~! obey the Aubin property with (any) rank L at 2 = (p, )
and let h : X — P be a function with

|h(z") — h(z)|| < ad(2,x) for all *',x near T and ||h(Z)| < B. (10.8.1)

Then, if |7 —p|| +a+ 3 is sufficiently small, the mapping T = (h+ F)~! obeys the Aubin
property at (p+ h(z), T) and, moreover, there exists some x(m) with

™ € h(xz(m)) + F(x(r)) and d(z(r),z) < BL + (llm=pl+aBLl). ©

1-La
Proof. Outline of the proof: It holds 7 € (h + F)(z) & m — h(zx) € F(z) &z €
S(m — h(x)). The mapping Tr(x) = S(m — h(z)) has Lipschitz rank § := Lo which is
arbitrarily small for small a. If also ||(m — h(Z)) — p|| is small (here, small 5 is hidden),
one finds a point x1 € S(m — h(Z)) (close to Z) which may be used as initial point of the
above procedure. The detailed estimates are pointed out in [73]. o

Theorem 10.8.2 (Lyusternik/Graves Theorem) Let g : X — P (B-spaces) be a C' func-
tion such that Dg(z)X = P. Then g~ obeys the Aubin property at (9(), 7). <&

Proof. Since Dg(z)~!: P — X is pseudo-Lipschitz by Banach’s inverse mapping theorem
[ after factorization of X w.r. to ker Dg(Z) |, we may put

F(z) =g(z) + Dg(z)(x — z) and h(x) = g(x) — F(x).

Then the suppositions of Thm. 10.8.1 hold for sufficiently small positive o and 3 (cf.
Remark 7.5.7). Due to m = h(z) + F(z) < m = g(z), this proves local solvability of the
latter equation with related Lipschitz estimates which is the assertion. O
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Other algorithmic approaches: For more special maps, methods like (10.5.1) have been
already studied in [22, 87, 70] (generalized Newton methods and successive approximation).
A similar approach and its relations to proximal point methods can be found in [70],
too. To verify calmness for certain intersection maps, an algorithmic approach based on
Newton’s method for semismooth functions has been used in [46]. To characterize the
Aubin property for intersections by MFCQ-like conditions in B-spaces, an algorithmic
approach has been applied in [88], too.



Chapter 11

Ekelands Principle, Stability and
gen. Derivatives

In various papers dealing with non-smooth and multivalued analysis (also called variational
analysis), conditions of stability or optimality are given in terms of generalized derivatives.
The latter are sets of certain limits and have a more complicated structure than Fréchet-
derivatives since, at least, double limits are involved. As already mentioned, this has
restrictive consequences for computing them and for all calculus rules. On the other hand,
these derivatives indicate those local properties which are essential for the stability in
question, and they show the differences which occur in comparison with the known case of
C* functions. The most of the next statements can be found in several (quite distributed)
papers. Our approach, based on Thm. 11.1.4, is self-contained, straightforward and
establishes the bridge to the above-mentioned conditions. For other approaches under
weaker assumptions and for more general stability properties we refer to [52] and [90].

11.1 Ekeland’s principle and Aubin property

Basically, the mentioned bridge is Ekeland’s principle which deals with e-optimal points
xe of a function, f(x.) < e+ infx f(x). It tells us that, given 6 > 0, there is a second
g-optimal point z which minimizes the function = — f(z) 4+ d(x, z). In other words,
g(x) := f(z) — 0 d(x, z) is majorized by f, g < f (compare with subgradients where g is
affine). The distance d(z,x.) can be estimated. Hence, even if min f does not exist, there
exist minimizers after certain arbitrary small variations of f by the distance function.

Theorem 11.1.1 [26] Let X be a complete metric space, f : X — IR U {oo} be lower
semi-continuous and v := infx f € R. Then, given & with f(Z) <v+e and o > 0, there
exists some z € X satisfying

f(:L‘)—i—g d(z,2) > f(z) Ve e X,  f(z) < f(Z) and d(z,%) < a. <&

Proof. Put § = £ and h(z) = infeex [f(§) + 0 d(§, 2)]. For arbitrary £,z and 2’ in X,
we observe

) +0d(&,2) < f(€)+0 [d(&,2) +d(<, 2)].

Taking the infimum over all £ € X on both sides, we obtain h(z) < h(z') 4+ § d(Z’

,2).
Therefore (by symmetry), h is a Lipschitz function. To construct a sequence zj, let zg = Z.

139
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If h(z9) > f(z0) then z = 2 fulfills all assertions. Thus, beginning with k = 0, assume
that h(zp) < f(zr). Then one finds some zj11 such that

f(zry1) + 6 d(zp1,26) < f(2k) (11.1.1)

and, in addition,
f(zpa1) + 0 d(zga1, 26) < h(zk) + 27k, (11.1.2)

From (11.1.1) and f(zp) < v+ €, we obtain for each k,
0 ngkd(zs-i—l, zs) < ngk(f(%) = f(zs1)) = f(20) — f(2k41) < e

This yields particularly

d(zk+1,20) < Dk @(2s41,25) < — [f(20) — flzpt] < o (11.1.3)

(Gl e

By (11.1.1) and (11.1.3), z = 2 is again the point in question whenever f(z) < h(z).
Otherwise (11.1.3) shows that the Cauchy sequence zj has a limit z* in the complete space
X. Since f is Ls.c., it holds f(z*) < liminf f(zg).

By (11.1.1), the sequence of f(zy) is decreasing, hence f(z*) < liminf f(zx) < f(20),
and (11.1.3) entails d(z*, z9) < a.

Finally, since h is continuous, we infer due to (11.1.2), the key relation

f(z*) < liminf [f(zpe1) + 6 d(zpg1, 21)] < limsup [h(z) +27%] < h(z).
The latter proves the theorem. O

Corollary 11.1.2 If, in Thm. 11.1.1, X is a Banach space and f € C*(X,R)
then ||Df(z)] <. &

Proof. Otherwise, choose u € Bx with Df(z)u < —0 and apply f(z + tu) = f(z) +
tDf(z)u+ o(t). O

For many applications, one may put 6 = o = /£, but not for the next one.

11.1.1 Application to the Aubin property

We proceed with negating the Aubin property for closed S = F~': P = X. The map S
is not pseudo-Lipschitz with rank L at z = (p,z) iff

3 (pk, k) — Z and 7 — p such that (pg,xx) € gph S

and dist (zg, S(m%)) > L7k — pil| > 0 (VE > 0,k — 00). (11.1.4)

The inequality in (11.1.4) allows S(m;) = () and involves interesting particular cases.
Case 1: For (pk,zr) = (p,Z), (11.1.4) is the negation of S being lower Lipsch. with rank
L

Case 2: For mp = p, (11.1.4) is the negation of S being calm with rank L.

Below, we shall need the function: ¢p(x) = dist (7, F(z)) for given 7w € P.

Definition 11.1.1 We call S strongly closed if ¢ is l.s.c. and some p € F(z) realizes
dist (m, F/(z)) whenever F(z) # () and 7 € P.
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Being strongly closed:

Since gph F' is closed, also F'(z) is closed. Hence S is strongly closed if F' is locally compact
li.e., 3 > 0 : Uy z<F(z) C C holds for a compact set C] or dim P < oo. By remark
3.1.3, S is strongly closed if P is a Hilbert space and all F'(x) are closed and convex.
For multifunctions in general B-spaces P, our requirement is strong. But for continuous
functions F' : X — P the map S is trivially strongly closed.

For strongly closed S, all (pg, 1) in (11.1.4) can be replaced by ”better” pairs (pk,, z%,).
This was a basic tool in [5] and in various other papers dealing with the Aubin property.
With the additional properties of (p%,:c%), one obtains stability conditions in terms of
generalized derivatives. The next Lemma was used in [70, 88] and is our key for deriving
all subsequent conditions in an intrinsic manner. The proof is added since it demonstrates
a typical application of Ekeland’s principle.

Lemma 11.1.3 Let S be strongly closed.
(i) Condition (11.1.4) implies, with \ = L and new points (pg,x) = (pk,, z%):
3 (pg,xr) — Z in gph S and 7 — p such that py # 7 (Vk > 0)

and (pg, ) minimizes Hy(p,z) := ||p — || + %d(l‘,xk) on gph 8. (11.1.5)

(ii) Condition (11.1.5) implies (11.1.4) for each L € (0, ).

(iii) In the same way, only with T = p Vk > 0, calmness can be characterized.

(iv) For allt € (0,1] and p(t) = p& +t(m — p), it holds dist (2%, S(p(t)) > Al|p(t) — .
&

Notes: By (iv), even parameter changes on a fixed line show that every lower Lipschitz
rank L of S at (p%, x%) fulfills L > . With v* = py — 7 (# 0), the minimum condition
in (11.1.5) means

1 :
0"+l = 08l = =S ligll i (ok + 7,25 + €) € gph S (11.1.6)

Proof. of the Lemma:

(i) Let (11.1.4) be true. The current part of the proof is the same for 7 = p and 7, — p,
respectively. It remains also valid for (pg,zx) = (p,Z) in (11.1.4), which corresponds to
the negation of being lower Lipschitz with rank L.

For fixed k, define the l.s.c. function

¢(x) = dist (my, F(z)), put ek = ||mx — pil|
and note that py € F(zy) yields
0 <inf ¢(x) < ¢(xy) = dist (mg, F(xg)) < ek.

Setting ap = Leg, we have Z—’; = %, and by Ekeland’s principle some x% fulfills

o(z) + %d(x,x%) > p(ah) Ve e X, d(zh,zp) < ap and o(zh) < d(xy).  (11.1.7)

Explicitly, the first inequality says
1
dist (mz, F(z)) + 7 d(x, zh) > dist (my, F(2%)) Vo € X. (11.1.8)

Since F(x%) # () and S is strongly closed, some p%, € F(x%) fulfills dist (mg, F(2%,)) =
|7 — p||. Obviously, (ph, %) — 2z as k — oo.
If p% = m; then a contradiction follows from z% € S(pk) and (11.1.4):

ap > day, aly) > dist (ay, S(ply)) = dist (a4, S(mi)) > Lllme — pull = Le, = g
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Hence prE % T
So (11.1.8) yields (11.1.5 with the new points (pg, zx) = (pk, z%,).
(ii) Conversely, (11.1.5) implies with p = 7, ,

1
Xd(ﬂﬁ,ka) > |lpx — ml] Vo € S(m),

hence dist (xg, S(7k)) > Allpr — 7| > 0. So (11.1.5) yields (11.1.4) for each L < .

(iv) For @ € S(p(t)), it follows |[p(t) — || + Fd(z, %) > |[p% — 7x||. Due to the choice of
p(t) on the segment [pl, mi], this is yd(w, o) > [Ipf — mill — Ilp(t) — mell = llp(t) — p -

a

Condition (11.1.5) permits characterizations of calmness and the Aubin property by the
simpler lower Lipschitz property. It also permits a formulation of Lemma 11.1.3 in terms
of (10.1.2), where now (p,z) takes the place of (ph, z%).

Theorem 11.1.4 For strongly closed S, the following statements are equivalent:
(i) S is pseudo-Lipschitz at Z = (p, )
(i1) 3 L,e > 0 such that

for all x € Sc(p) and m,p € p+eB, 7 # p, it holds

I e P: L|p — x| +dist (x,S(p)) < L|lp — 7| (11.1.9)
(11i) S is lower Lipschitz at all (p,x) € gph S near z with uniform rank X.
In addition, S is calm at z < (11.1.9) holds for == p. &

Proof. (i) < (ii) Clearly, S is pseudo-Lipschitz iff (11.1.5) cannot hold for some (large)
A. The latter is (by formal negation) equivalent to condition (11.1.9). With respect to
calmness, the same remains true after setting = = p.

(iii) = (i) We prove that (ii) is valid if (iii) holds with some A < L. Indeed, setting
P = p+ t(r — p), there exists, for small ¢ > 0, some 2z’ € S(p’) satisfying d(2/,x) <
AM|p' = p|| = M(7 — p). So we obtain

dist (z, S(p")) + Lllp’ = =ll < tllw —pllA+ LA —)|lp —
S (IA+ LA =1)) [lp— [ < Lllw —pl.-

(i) = (iii) This is evident, so nothing remains to prove. O

Differently from Remark 10.2.2 (v), now the size of §, included in the lower Lipschitz
definition, may depend on (p, z), and the original definitions 10.1.1 claim (11.1.9) stronger
with p’ = m and p’ = p, respectively (up to small changes of the rank L).

11.1.2 Weakly stationary points

The Ekeland principle can be canonically used to define stationary and weakly stationary
points for non-differentiable functions. Let f: X — R U {oco}.

Definition 11.1.2 We say that z € X is a (local) e— Ekeland point of f if f(z) is finite
and f(z) + e d(z,z) > f(2) Ve e X (Vznear z). <&

We call = stationary if Jei, | 0 such that z is a local e, —Ekeland point of f. For f € C1,
this means D f(z) = 0.

We call x weakly stationary if dep | 0,2 — x : xp is a local ep—Ekeland point of f.
Example: Once more the origin for f = min{z, —z2}.
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Theorem 11.1.5 Let dim X + dim P < oo and F € C%Y(X,P). Then S = F~! is
pseudo Lipschitz at (p,T) < there is no p* # 0 such that T is weakly stationary for

z = fz) = (p*, F(z)). ©
Note: After a regular linear transformation in P, it simply holds f(z) = Fj(x).

Proof. (<) (by contradiction) Under the assumption that S is not pseudo Lipschitz at
(p, ), we first verify the subsequent formula (11.1.11). For later use we permit, in this

part, that F' is a closed multifunction: We already know that, with every fixed A and
v¥ = pp — 7y, condition (11.1.6) holds true. With normalized Dy = ”z—k” and Euclidean

norms, (11.1.6) implies

1 :
lo* +nll* > (0" - XH&H)Q if [|€]] < Allo"|| and (pg + 1, 25 + €) € gph S

and after division by 2|[v*||,
e € el - Il
> el NS~ NST
oo T PR 2 SaaR T 2 T

Thus, given any «ay | 0, one finds small & > 0 such that

N a 1 .
(P, m) + Tkllnll > —XHEH if |(&,m)| < 6k and (zx + &, pp +n) €gph F. (11.1.10)

Since S is not pseudo-Lipschitz, (11.1.10) hold for A = A\, — oco. We select, to v > 1,
sufficiently large index k& = k(v) > k(v — 1) and the related points in (11.1.10). Then
pz(y) — p* # 0 may be assumed (otherwise pass to a related subsequence), and (11.1.10)

tells us that, with vanishing e, = )\—lu, By = ||pz(y) —p*|| 4+ arw) /A and §;, = Oy,

(", m) + Bollnll = —ell€ll 1€ )l < 8, and (2x(w) + & Prw) + 1) € g F. (11.1.11)

Now, since F' is loc. Lipschitz with some rank Lg near z, we also have

Prw) = F(@rw))s  Pre) +1=F(are) +€)  and |[n]| < Lpll€]l.

Thus each ) is a local (¢, + B,Lr)— Ekeland point for (p*, F'(x)) with p* # 0. This
proves (<).

(=) If, in contrary, & is weakly stationary for p* # 0 and f(z) = (p*, F(z)) then,
considering the equation F(xy + §) = F(xx) — tp* for small ¢ > 0 at the e— Ekeland
points xx of f, it follows that S cannot be pseudo-Lipschitz. |

11.2 Stability in terms of generalized derivatives

As before, we study closed maps S : P = X (Euclidean spaces) at z = (p,z) € gphS,
put F = S~!. There is a basic device for describing the desired Lipschitz properties by
generalized derivatives: use limiting negation.

11.2.1 Strongly Lipschitz

By definition, the map S is not strongly Lipschitz iff

dx; € S(pk), fk S S(ﬂ’k) with .%'k,fk — T and pg, T — P

11.2.1
such that z;, # & and g — pill/16 — 2]l — 0 (k — o0). (1121)
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Writing, in situation (11.2.1), & = xx + tgug, where ||ug|| = 1 and ¢; > 0, and selecting a
subsequence such that u; — wu, one obtains m, = pg + txvp with vy — 0 and

some u # 0 belongs to T'S(z)(0), (11.2.2)

and vice versa. Hence, (11.2.1) and (11.2.2) coincide. In terms of F, the negation of
(11.2.2) (i.e., the strong Lipschitz property of S) is just injectivity of TF(Z,y):

0€TF(Z,y)(u) = u=0. (11.2.3)

11.2.2 Upper Lipschitz

The negation of the upper Lipschitz property is just

Jzy, € S(px) with x, — T and pr, — p such that

_ - _ 11.24
vo# T and |p, — pll/ |k — 2] — 0 (k — co). (11.2.4)

Writing u, = ” and selecting a subsequence such that u; — u, one sees that

fﬁll’
some u # 0 belongs to C'S(2)(0), (11.2.5)

and vice versa. Hence, (11.2.4) and (11.2.5) coincide, too. In terms of F', the negation of
(11.2.5) (= the upper Lipschitz property of S) requires exactly injectivity of CF(Z,y):

0€ CF(z,y)(u) = u=0. (11.2.6)

This interrelation has been mentioned (perhaps first) in [62].

11.2.3 Lower Lipschitz

If S is lower Lipschitz then, taking x(p) € S(p)N(Z+ L||p—p||B), it holds ”f‘(p) ,|T” < L for
all p # p near p. Setting p = p+tv for fixed v € bd B and passing to the limit ¢ | 0, some
accumulation point u of Z&)=Z ) € LB exists and belongs to C'S(z)(v). Since gph C'S(Z) is

a cone, SO

CS(Z)(v)NLB#() YveB (11.2.7)

is necessary for S to be lower Lipschitz at z. In terms of F', (11.2.7) means surjectivity
(with linear rate) of CF(z,7y), i.e.,

B Cc CF(z,y)(LB). (11.2.8)
Though (11.2.8) is not sufficient for being lower Lipschitz [cf. Ex.9, [70], with F €
C(R%,1R?)], (11.2.8) plays a crucial role if it holds for all (z,p) € gph F near (z,p).
11.2.4 Aubin property

We shall apply Lemma 11.1.3 for deriving two equivalent characterizations of the Aubin
property of S = F~! at z, namely:

IN>0: BC CF(z,p)(AB) V (p,x) € gph S near z (11.2.9)
and 0€ D*F(z,y)(p*) = p*=0. (11.2.10)

Remark 11.2.1 Our assumption dim X + dim P < oo is important in this context. In
[70], example BE.2, F = f< is given by a Lipschitz function, f : X = /2> — R and both
conditions are not necessary (for dim X = oo, Def. 7.3.2 must be modified). <&
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Necessity:
Condition (11.2.9) is necessary since the Aubin property implies that S is lower Lipschitz
for z € gph S near z with the same rank, cf. (11.2.8).
Next we consider (11.2.10), assume z* € D*F(z,y)(p*), p* # 0 and verify:

If 2* # 0 then the rank L of the Aubin property fulfills L > |p*|| [lz*|~.

If £ = 0 then S does not obey the Aubin property.
Let * € D*F(z,y)(p*) hold with sequences ¢y, 0 and (pk,zx) — Z from the definition.
Then (7.3.2) ensures due to |(z*,&)| < [|z*] [I€]l,

el €O+ e €N = p* I ™l 3 (106, n®) | < 0 and pr+n* € Flay+€). (11.2.11)

Specify n* := —tgp*, tx = ||6k]|*> (— 0) and assume that any Lipschitz estimate ||| <
L||n"|| holds for certain solutions & = &(k) to 7y := pp + nF € F(zp + £).
Since ||(¢,1%)|| < 6 follows for large k, (11.2.11) may be applied:
If 2* = 0 this yields e4]/(&¢,7%)|| > [|p*|| ||n"|| which contradicts p* # 0.
It o # 0, (11.2.11) yields, with every § > 0, that €] > 5152 n¥|| for large k. This

verifies L > ||p*|| [|z*]~ . O

Sufficiency:

Condition (11.2.9): As for Thm. 11.1.4, we verify (11.1.9) provided that (11.2.9) holds
with A < L: Given (p,z), choose some u € AB such that ﬁ € CF(x,p)(u). Then
x’ € S(p') holds for certain elements p’ = p+t(m—p)+o01(t) and 2’ = z+t||7 —p|lu+o02(t)
where t =t; | 0 and 0;(t)/t — 0. So we obtain for small ¢ = t,

dist (2, S(p')) + Ll = wll < tllm = pllA+ flo2 ()] + L = t)[p — 7| + Ll|o(t)]]
< (tA+L(A—=1) ) [[p— 7l + [lo®)]] < Li[7 — pll
which finishes the proof. |
The criterion (11.2.9) is known from [5].
Condition (11.2.10): If S is not pseudo-Lipschitz at z, the proof of Thm. 11.1.5 shows
that (11.1.11) holds for related sequences. This tells us by definition that

p*#0and 0 € D*F(z,5)(p").

Condition (11.2.10) excludes that such p* exists, hence it implies the Aubin property. O
The criterion (11.2.10) is known from [104] and also from [79] where the equivalent property
of openness with linear rate has been investigated.

11.2.5 Summary

We obtained the following stability conditions (for closed F' in finite dimension).

Theorem 11.2.2 It holds for 2 € gph S and S = F~':

(i) The Aubin property of S is equivalent to each of the conditions (11.2.9), (11.2.10).
(ii) S is strongly Lipschitz iff 0¢€ TF(z,y)(u) = u=0.

(i1i) S is upper Lipschitz iff 0¢€ CF(z,y)(u) = u=0.

(iv) For S to be lower Lipschitz, condition (11.2.8) is necessary. &

By (7.4.4), the (injectivity-) conditions in (ii) and (iii) can be also written as

{0} =T5(2)(0) and {0} = CS(2)(0),
respectively (but usually, F' is the given mapping). We emphasize once again that these
facts were observed in many papers, e.g., [12, 83, 62, 134, 91, 70, 79, 104], and the state-

ments have been modified for more general spaces, e.g., in [5, 108, 52, 80, 70].
Notice however that (ii) and (iii), by our definitions, do not imply local solvability.
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11.2.6 Minimizer and Taylor expansion

Let f:IR"™ — IR be loc. Lipschitz and & be a local minimizer. Then:
(i) [13] 0eo°f(2),
(i) [104] 0€ D*F(2)(1) for gphF = {(z,r) | 7> f(x)}

The necessary condition (ii) for a local minimizer is stronger than (i).
Example: For f = —|xz|, the origin & = 0 satisfies (i), but not (ii). For f = min{z, —22}
however, both conditions are satisfied though f(& —t) = f(&) —t for small ¢t > 0.

Let f € CHY(IR",R) (loc. Lip. deriv.).  Then, it holds

flx+u) — f(z) = Df(x)u + 3{u, q)

[49] for some 0 € (0,1) and g € 9°D f(z + Ou)u as well as
[84] for some 0 € (0,1) and g € TD f(x + Ou)u,

11.3 Persistence of solvability

11.3.1 The direct fixed point approach

Consider now two closed mapping F,G : X = P and S = F~! in finite dimension. By
Thm. 11.2.2, the Aubin property of S at z along with the identity

D*G(z,y) = D*F(z,9) (11.3.1)

entails local solvability of
p € G(z). (11.3.2)
We would like to show that upper and strong Lipschitz stability are similarly invariable if

CF =CG or TF =T( coincide at z,y. But this is not true.

Example 11.3.1 Let F be the real function F(x) = {z}, and

f {z} ifx=0 or|z|=1/k k=1,2,..

Glo) = { 0 otherwise. (11.3.3)
For F and G at (0,0), the C— and T—derivative is just the identity, but F~! = F obeys
the related stability property in contrast to G=! = G. Co-derivatives are: D*F(0,0)(p*) =
{p*}, D*G(0,0)(p*) = R. <&

Hence solvability of (11.3.2) does not only depend on CG or TG at Z,y. It needs extra
assumptions. In addition, solvability may disappear if these derivatives slightly differ at
the reference point.

On the other hand, solvability can be handled by the help of Thm. 10.8.1 and via standard
fixed-point techniques. The latter will be investigated now.

Suppose we vary F' by a small loc. Lipschitz function h as in Thm. 10.8.1 such that
G=h+F

with small @ and 3. Then, we already know that the inclusion (11.3.2), p € h+ F, leads
us to fixed-points of
Tp(x) :== S(p— h(z)), namely
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peh(z)+F(z) < zeTy(z). (11.3.4)

The inner function 7,(x) = p — h(x) has Lipschitz rank o on X5 = Z+ B for small 6 > 0.
Moreover, if S is upper (or strongly) Lipschitz with rank A then the estimate

Ty, e(x) == (p+eB)NTp(x) < T+ A(lp—pll+[hx) (@) ) B
Cz+A(llp—pll+ ad)B

ensures for p near p and small «, namely (e.g.) if
Ip— |l < $A ' min{e, 6} and ad < imin{e, 6}, (11.3.5)

that 7T, . maps X; into itself.
Hence fixed-point Theorems can be applied to verify solvability. We mention here only
those approaches which are closely related to the stability notions of this paper.

(i) Studying the fixed-points of (11.3.4) was the key idea in [124]: Apply Kakutani’s
Theorem to T, . if S is upper Lipschitz stable and has convex images.

(ii) If S is strongly Lipschitz stable, Banach’s principle can be directly applied since T}, -
is contractive for & < A™1. This was a crucial observation in [125].

(iii) Under the Aubin property of S at Z, solvability of (11.3.2) follows from Thm. 10.8.1

In [70], also perturbations by multifunctions h are allowed in view of (iii). In [14], [125],
[87] and [70] the underlying spaces were Banach spaces. Recall that Thm. 10.8.1 then
remains valid. In some of the mentioned papers, only the case of small C'! functions h has
been taken into account, but the proofs for small loc. Lipschitz functions use basically the
same principles.

Persistence of upper Lipschitz stability for more general variations G in (11.3.1), has
been shown in [81] (S upper Lipschitz stable, S and G closed and convex-valed, T €
dom G). So one may summarize.

Theorem 11.3.1 The Aubin property of S at z and s.L.s. are persistent (at least) with
respect to small perturbations h as in Thm. 10.8.1. The same is true, in finite dimension,
for upper Lipschitz stability, if S is closed and convezr-valued. &

11.3.2 Invariance w.r. to first-order approximations

In Thm. 11.3.1, one can put
F(z) = f(z) + N(z) and h(z) = fr(z) - f(z)

where fr(z) = f(z) + Df(z)(z — z) is the linearization of a C! function f at a zero
z € F7Y0). Then p € G(z) := h(z) + F(z) means

pe fr(z)+N() (11.3.6)

and h becomes an arbitrarily small Lipschitz function in the sense of Thm. 10.8.1. This
is a basic situation Thm. 11.3.1 can be applied to. It ensures

Remark 11.3.2 Strong Lipschitz stability, the Aubin property as well as upper Lipschitz
stability (for convex-valued S) is invariant w. r. to replacing f by its linearization fr. <



148CHAPTER 11. EKELANDS PRINCIPLE, STABILITY AND GEN. DERIVATIVES

Moreover, derivative formulas for solution mappings then follow from the fixed-point rep-
resentation

x e S(p—nhx))= F(p- h(z))

and can be computed, by the chain rules in sect. 7.4, if (and only if) related derivatives
for A are known.
As already mentioned, the validity of the equivalence between

€ f(x)+N(z) and pe fr(z)+N(z)

in view of being s.L.s. was first shown by S. Robinson. Concerning the same principle for

the other stability notions in Thm. 11.3.1, we refer to [124, 81, 24, 87, 134, 70].
Notlce however, that replacing f by fL does not work in view of calmness: With
= {0} and f = 22, calmness is violated at the origin though it holds true for fi = 0.

ThlS is a consequence of the possible ”discontinuous change” of S(p) when passing from

f to fr.

Remark 11.3.3 The invariance principle simplifies stability conditions only up to a cer-
tain level. If one cannot translate conditions including N or some ”derivative” of N in
original terms, nothing is known about stability of (11.3.6) as well. So the description and
possible simplification of ' become important. <&

11.3.3 Invariance w.r. to second-order approximations

If N has a concrete structure, defined by some function v and related systems of equations
and inequalities or their polar cones, a similar invariance principle can be observed.

In many cases, ¥ may be replaced by its quadratic approximation at the reference
point, cf. e.g., [126, 117, 23, 134, 24, 70, 130]. This means for the original problem:

The related stability property is invariant w.r. to quadratic
approximation of all involved functions near the reference point.

The main eAxample: .
For a VI f(x) € Ny (z) with M = {z | gi(z) <0, i = 1,..,m} and g; € C?, f € C}, it
holds (under a CQ),

Nuy(z)={2*|FyeR™: 2" =) y Dgi(x), g(x) =y~ }.
Let T solve the VI. The quadratic approximation we are speaking about is
f(Z) + Df(@)(x — T) € NI, () (11.3.7)

where
Ni(@)={z* |y e R™: z* =Yy Dgi(x), qlz) =y~ }
with
(%) = gi(Z) + Dgi(z)(x — ) + 5(x — )T D?g;(z)(x — ).

This principle works for the upper Lipschitz property of stationary points (for C? opti-
mization), provided that now p’x perturbs the objective and M is fixed.

Theorem 11.3.4 The mapping S(p) = {z | p+ f(z) € ./\/M(x)} is loc. upper Lipschitz
at (0,%) iff so is the mapping S4(p) = {x | p+ f(Z) + Df(Z)(x — &) € N (2)}. <&
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The theorem remains true for additional equations in M.

However, it fails if f or v are not sufficiently smooth (even if generalized second
derivative are applied). Then also the results in [94, 95, 134, 91, 92] for solutions of
optimization problems cannot be applied since proper second derivatives are decisive used.

Unfortunately, this complete quadratic approximation may fail for other stability no-
tions (applied to the same model), even if all involved functions are convex polynomials.
A typical example (strongly Lipschitz stationary points) will be presented now.
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Chapter 12

Explicit analytical stability
conditions

To simplify we consider C? optimization problems in finite dimension without equations
(they make the statements only longer, not more difficult).

P(a,b): min f(z) — (a,z), st.z € R", gi(x)<b Vi=1,...,m. (12.0.1)

The following statements remain true (with the same proofs) for variational inequalities
where Df is replaced by any function f of related dimension and smoothness, cf. the
comments after Thm. 3.3.3.

Recall: S is upper Lipschitz at (0,z) if z is isolated in S(0) and S is calm at (0,z). For

p= (avb)

near 0, the sets S(p) N B(Z,&) may be multivalued or empty.

12.1 Stability of KKT points

Let Skrr(a,b) = Skkr(p) be the set of KKT points to problem (12.0.1).

(i) The upper Lipschitz property
of Skt at (0,(Z,y)) can be checked by studying the linear system

D?Ly(z,y°")u + Dy(2)" o =0,
Dg(z) u - g =0, (12.1.1)
a; =0 if gz(.f) <0, G;i=0 if g; >0,
with variables v € R® and (o, 3) € R*™  which have, in addition, to satisfy
a;3; = 0, a; > 0> 05 if g, = gl(.f‘) = 0. (12.1.2)

(ii) The strong Lipschitz stability
of Skt at (0,(Z,y)) can be checked by studying system (12.1.1) where (¢, 3) has, instead
of (12.1.2), to satisfy the weaker condition

a;8; >0 if g; = gz(i’) = 0. (12.1.3)
These systems have the trivial solution (u, «, 3) = (0,0,0).

151
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Theorem 12.1.1 In both cases,

the related Lipschitz property for Sk xr just means (equivalently), that the corresponding

systems (12.1.1, 12.1.2) and (12.1.1, 12.1.3), respectively, are only trivially solvable.
)

For proofs and the history of these statements we refer to [70]. Notice that both properties
imply LICQ at . The next statement was the message of [23].

Theorem 12.1.2 The Aubin property of Skt at (0,(Z,y)) and the strong Lipschitz
stability coincide. &

Proof. Otherwise, the Aubin property holds true and the strong Lipschitz stability (Lip-
schitzian invertibility) is violated. If strict complementarity holds true, i.e., the situation
Ui = gi(Z) = 0 does not appear, the KKT system is locally equivalent to a C! equation
F(z,y) =0,F : R® — R*. So both stability conditions are equivalent to regularity of the
related Jacobian. Hence, suppose that y; = g;(Z) = 0 holds for some i, say for i = m.
In this situation, consider the reduced problem without constraint g,, and with the KKT
point (Z, 41, ...,Ym—1). By direct application of the definitions and a topological device
one can show (see [87] or [70]) that the same situation (Aubin prop., but not strongly
Lipschitz stable) remains valid for the reduced problem. Repeating this reduction as long
as strict complementarity is violated, we obtain again the C! situation for F. This proves
the theorem. O

Thm. 12.1.2 fails to hold for f € C! (even without constraints) [87].

12.2 Stability of stationary points

Now let S denote the map of stationary points for (12.0.1), i.e.,

S(a,b) ={x | Jy: (x,y) is a KKT point for P(a,b) }, p=(a,b)
and let £ € S(0) be the crucial point. Suppose MFCQ at z for p = 0. Then, given (p, x)
near (0, ), the polyhedron Y (p,z) of Lagrange multipliers to (p,z) is bounded and
Y(p,z) CY(0,2) + L1 [[(p,z) — (0,2)|| By

holds with some constant L; (cf. [10], [64] or Coroll. 2.9 [70]). If S is upper Lipschitz,
then also ||z — Z|| < La||p|| holds for x € S.(p) := S(p) N (Z + €B) and small ||p||. This
implies for the KKT points

((4+eB) x R™) N Skrr(p) C S:(p) xY(p,S:(p)) € Skrr(0)+ L|p|| Bxy and

Remark 12.2.1 If MFCQ holds at (z,0) and S is upper Lipschitz at (0,Z) then Sxxr
is calm at (0, (Z,y)) for every y € Y (0,Z) (with uniform rank L). &

Remark 12.2.2 If LICQ holds at (z,0) then, for (p,x) € gphS near (0,z), there is
exactly one Lagrange multiplier y(p,x), and y(.) is loc. Lipschitz. So S and Skxr are
locally ”lipeomorph” and Thm. 12.1.1 is valid for both mappings. &

Hence let only MFCQ be supposed (without MFCQ), nearly nothing is known for stability
under nonlinear constraints).
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Theorem 12.2.3 (upperLip) S is upper Lipschitz at (0,Z) < each solution of system
(12.1.1), (12.1.2) (for each LM 3y to %) satisfies u = 0. If T was a local minimizer for
p =0, then this condition even ensures S(p) # 0 for small ||p|| (u.L.s.). <&

For a proof see Thm. 8.36 [70]. O
The proof uses the fact that MFCQ ensures the formula

u e CS(O,.T)(O&,ﬂ) A (Oé,ﬂ) € Ugey(@yg% velR™ CF(II_:7Q>(U7,U)

Thus the upper Lipschitz property can be checked by solving a finite number of linear
systems, defined by the first and second derivatives of f, g at z via (12.1.1), (12.1.2).

Such systems are not known for the Aubin property and for strong stability. Recently,
it has been shown that a comparable simple answer does not exist (even for convex, poly-
nomial problems), cf. [71]. Notice that our current definition 10.1.1 of being strongly
Lipschitz requires locally uniqueness and Lipschitz behavior of solutions only for parame-
ters p with S(p) # () in contrast to being strongly stable (then S(p) # 0 for all p near p is
required, too). Let (without loss of generality) g(z) = 0.

Theorem 12.2.4 (strLip) The mapping S is not strongly Lipschitz at (0,z) <

There exist u € R™ \ {0} and a Lagrange vector y to (0,Z) such that
yi Dgi(T)u = 0 Vi, and with certain v, — = and o* € R™, one has (12.2.1)
oaf Dgi(T)u>0Vi and limg_o >.; of Dg;(vx) = —DIL(Z,y)u. ©

Examples demonstrate that the limit condition cannot be replaced by a condition in terms
of derivatives (for f, g at ) up to a fixed order. Next put again p = (a,b) and let Y (p, x)
be the set of Lagr. multipliers for p and .

Theorem 12.2.5 (AubStat) The Aubin property is violated for S at (0,Z) < there is
some (u*,a*) € R"™™\ {0} and a sequence (pg,zr) — (0,%) in gph S, such that

Dgi(zr)u™ =0 if yi >0 for somey €Y (pi, xp),
af <0 and Dg;(zr)u* <0 if y; = gi(zy) — bY =0 for some y € Y (py, vx), (12.2.2)
af =0 if gi(zk) —bF <0

and IDZL(z,y)u* + Dg(z)"a”|| < e L O Vy €Y (zx, pr)- o

A proof and specializations can be found in [70], Thm. 8.42. By choosing an appropriate
subsequence, the index sets in (12.2.2) can be fixed. But setting (pg, zx) = (0, ) violates
again the equivalence for nonlinear g.

Remark 12.2.6 The stability properties of Thm. 12.2.4 and 12.2.5 are equivalent to
injectivity of the so-called strict graphical derivative and the coderivative of S, respectively
(at the point in question), see e.g. [134]. Hence verifying injectivity of these generalized
derivatives for S (not to speak about computing them) requires to study the same limits.

12.3 Strongly Lipschitz = local solvability 7

Recently this implication has been studied for mappings S : R™ = IR", based on the
condition of Thm. 11.2.2 only, i.e.,

{0} =T5(0,2)(0) [equiv. to T(S71)(z,0) being injective ]. (12.3.1)

We give a brief summary and direct arguments for the essentials:
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(i) It is supposed (described by being kernel inverting) that, near (0, %), S satisfies
Sp)= Ut (Vp) + Lp (12.3.2)
with loc. Lip. o : R"™ — R", regular linear transformations U,V of the IR™ and linear L.

Theorem 12.3.1 (inverse mapping theorem [91, 92]) Having (i) then S is s.L.s. at
(0,2) & (12.3.1) holds true. <&

Proof. Since U, V are linear and regular, it follows by the chain rules
(12.3.1) < {0} =T(c71)(0,Uz)(0).

By Thm. 7.5.2, it holds
{0} = T(c71)(0,U2)(0) & o~ lis s.Ls. at (0,U%).

Finally, being a regular linear transformation of c=1, S iss.L.s. iff sois o1 O

Similarly, one could use C!— diffeomorphisms U, V of R" and a C*! function L in (12.3.2).

(ii) Property (12.3.2) holds for mappings S = H and S = H~! if H is maz- hypomonotone,
which requires that
H+pid (id = identity)

is maximal-monotone for some p > 0, locally around the (by p transformed) reference
point, say the origin for sake of simplicity. To see this, one may apply arguments of [118],
related to prox- regularization. However, after increasing p, we may directly assume that
H + p id is closed and strongly monotone. Setting A = p+ 6, § > 0, the (strongly
monotone) inclusion

AME—2x)€e H(x), ie. d(E—xz)eulz—E&+ H(x)

has (by local maximal monotonicity) locally unique solutions x = x(§) for small ||£||, and
the estimate A || —¢&|| > ¢ [|z(&”) — x(¢')|| holds true (cf. 3.5.15 in sect. 3.5.3).
Setting 7(§) = z(§), so 7 is locally well-defined and Lipschitz and

7N z) =2+ N H(z) yields, with o=,
H=Xr"'=id)= Ao ' = \id (12.3.3)
as required in (12.3.2). With o =id — 7, also H ! satisfies (12.3.2) since
tcot(z) e t—r=n() & N—(6—2)) € H(—2) & \r € H(E—x) & £ € a+H ' (\x).

Hence
H ' =07\ "tid) — A Lid. (12.3.4)

(iii) Under MFCQ at Z and for g, h € C2, the map of normals
H(z) = Ny(z) = {z* | 2* = Dh(z)"z + Dg(z)"y*, g(x)=y~ } zeM

is max-hypomonotone (basically shown in [118]) at (z,2°*) € gph H. To see this directly,
consider (z,z*),(z',2*) in gph H near (Z,2%) and put ¢ = p~'. The products in the
monotonicity condition have the form (z — 2’ + e(a* — 2™*),  — 2/). Using now Lemma
3.5.9, strong monotonicity follows for small €. The local maximality follows from argu-
ments of closeness and convexity.

Applying (i), (ii) and (iii) to H~!, one obtains that non-singularity (12.3.1) of the
stationary point mapping S(.,0) (fixed constraints) implies local solvability, too.

However, one does not know whether S(0, b) is locally empty or not and, more impor-
tant, [91, 92] present no tool for checking (12.3.1) if S is different from the known case of
a KKT map in sect. 12.1. If Z is a local minimizer, local solvability already follows from
the weaker condition of Thm. 12.2.3.



Chapter 13

Future research

(1) All given characterizations of stability do nothing say about the topological properties
of the solution sets, in particular (and important due to possible characterizations via
Kojima functions) if

F e COY(R™ R").

Up to now, only the following is known:

If F~! obeys the Aubin property at the origin without being strongly Lipschitz then
there is no continuous function s = s(p) such that s(p) € F~1(p) for all p near 0. Hence
bifurcation is necessary. Such F exists: identify IR? with the complex plain and put
F(0) =0 and F(2) = 22/|z| for z # 0.

If F~! obeys the Aubin property at the origin and F has directional derivatives, then
x = 0 is necessarily an isolated zero of F' and C'F(0) is injective. This deep statement
has been shown by P. Fusek [35]. After deleting directional differentiability, the same
statement or counterexamples are unknown.

(2) For stability of B- space problems, the direct approach via algorithms seems to be most
appropriate to decrease the gap between stability theory and practical aspects of applica-
tions (basically) by refinements of the algorithms for particular classes of problems. The
most relevant (and simplest) classes are those where the graph of the mapping is a union of
finitely many smooth manifolds. Nevertheless, algorithmic approaches can be used quite
general, [88]. For mappings in separable Hilbert spaces, approximate projections can be
constructed by the help of dense finite-dimensional subspaces.

(3) Already for R™ problems, it would be a big step ahead to characterize subclasses of
problems which permit more convenient conditions in Thm. 12.2.4. Up to now, this has
been done (without requiring LICQ) only for problems having linear constraints with at
most one quadratic exception [71].
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Abadie CQ, 56

approach direction, 8
approximate projections, 131
Aubin property, 59, 124

balanced game, 26
Barrier method, 83, 105
Basispunkt, 18

Branch and Bound, 84
Brouwer’s FPtheorem, 34

calm, 58, 124

Clarke’s tangent cone, 114
co-derivative D*F', 91, 110

coercive, 50

Complementarity, 60

conjugate f*, 42

Constraint Qualification, CQ, 55
Contingent (Bouligand) cone, 44, 56
Contingent derivative CF, 91
convex hull conv A, 31

core of a game, 25

CQ: Abadie CQ, LICQ, MFCQ, calm, 56
cutting plane, Kelley, 79

cyclic projections; Feijer method, 78

Dini-derivative, 111
directional derivative, 43
directional derivative, Clarke, 116

efficient points, properly efficient, 71
Ekeland point, 142

Ekeland’s Variational Principle, 139
epigraph epi f, 41

Farkas- Lemma, 15
Ford and Fulkerson Alg., 24

generalized Jacobian 9°f(x), 92
hypomonotone, 51, 154

indicator function, 40
inverse and implicit Lipsch. funct., 94

Julia Robinson Algorithmus, 28

Kakutani’s FPtheorem, 37
Kojima’s function, 101

Lagrange-Funktion, 53, 67
LICQ, 58

limiting negation, 8

limiting normals, 112
linearization, 70

locally Lipschitz, 7

locally Lipschitzian invertible, 94
lower Lipschitz, 121, 124
Lyusternik/Graves Thm., 137

Matrixspiel, 26
MFCQ, 57
Minimax-Theorem, 39
Monotonicity, 49
multifunction, 7

Nash equilibrium, 9, 26, 38

NCP function, 100

Newton’s method non-smooth, 75
normal cone Ny = C};, 44
normal cone Ny, 45

penalty method, 81, 104, 132
piecewise C! function, PC*, 77
Pivot-Element, 20

polar cone, 31

product rule, 101, 102
Projection theorem, 33
proximal points, 78
pseudo—Lipschitz, 124

relative slack, 133

saddle point condition, 55, 69
Schattenpreis, 22

second-order condition, 62
semismooth, 77

separation general, 34, 65
Simplex, 31

Simplexmethode, 17

small Lipschitz function, 96
Sperner’s Lemma, 35

stability and generalized derivatives, 145
strict complementarity, 89

strict graphical derivative TF, 91
strictly differentiable, 92

strong duality, 68

strongly closed, 140

strongly Lipschitz (stable), 124
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subgradient, subdifferential, 42
sublinear, 34
successive approximation, 137

T- derivative, 91
Taylor expansion via f and T'f, 146
Transportaufgabe, 23

upper Lipschitz (stable), 124

variable metric, 75
Variational inequality, quasi VI, 47

weakly stationary point, 142

Zuordnungsproblem, 24
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