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Perturbative Quantum Field Theory (QFT)

Feynman
graphs

@ each Feynman graph represents a Feynman integral ®(G)

@ truncated sum > ®(G) approximates the process

@ very accurate measurements demand precise theory predictions
= many graphs have to be included
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(one) definition of the Feynman integrals
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Introduce variables a. for each edge e, and let sdd = |E(G)| — 2 loops(G):

Q
®(G) = /(0 e Q=0 —an) IT doae

ecE

Graph polynomials:

b= ] ae p=>_ 4 (T1) Hae+w2mae

T eéT F= T1UT2 egEF
Example
p1 9 P2 Yv=01+ar+ a3
G = 2 1 w = Pfazaa + p§a1a3 + p§a1a2

// doo d013
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Comments

@ Feynman integrals are periods a la [Kontsevich,Zagier|

o underlying geometry:

d)(G):/Uw

o= {la1,...,ae]: a;i >0} € He_1(PEYR),U{a; = 0,00})

Q
2—sdd sdd € Hyg {(PE M\ {y- ¢ =0})

w =

@ after desingularization, Feynman integrals become motivic periods
[Francis Brown]

e graph hypersurfaces like {1) = 0} tend to be very singular



Example: massless triangle
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Example: massless triangle
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Polylogarithms are iterated integrals:
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Polylogarithms are iterated integrals:
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Polylogarithms are iterated integrals:

z dt
Li1(z Z—f log(1—z) = /7
0<k o 1—t
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Definition (Hyperlogarithms)
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Definition (Hyperlogarithms)

Z dzn 2 dz Zw-1  dz,
G(Ul,...,aw;z):z/ / / _tw
— 0 21 —01J0 22— 02 0 Zw — Ow
@ The space of Q(z)-linear combinations of G(w; z)'s is closed under
0, and [dz.

e Shuffle product: G(d;2)- G(7;z) = G(d W T, 2)

G(03;2) - G(02,01; 2) = G (030201 + 020301 + 020103; 2)
{B}x{ti<tl={t1 <t <BlU{ti <ts<t}U{tz <t <t}

@ multivalued, monodromies, path concatenation
@ algebraic description G : T(X) — {transcendental functions}

Tensor algebra  T(X) := Q(ws: 0 € X) = ling X*
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@ 3-constructible graphs (3-point functions) [Brown, Schnetz, Panzer]
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Linearly reducible families (infinite)

@ 3-constructible graphs (3-point functions) [Brown, Schnetz, Panzer]

Theorem (Panzer)

All such Feynman integrals are MPL over the alphabet
{z,2,1—2,1—z,z—2,1—22,1—2z—2,zz—z— Z}.




Linearly reducible families (infinite)

@ 3-constructible graphs (3-point functions) [Brown, Schnetz, Panzer]

Theorem (Panzer)

All such Feynman integrals are MPL over the alphabet
{z,2,1—2,1—z,z—2,1—22,1—2z—2,zz—z— Z}.

@ minors of ladder-boxes (up to 2 legs off-shell)

Theorem (Panzer)
These are MPL with alphabet {x,1 + x} for x = s/t.




4-point recursions

Start with the box and repeat, in any order:
@ Appending a vertex:

U1 Vs U1 Uy o U4 v}
(@] (@] (@] (@] [e) —eo
G = — G = or
e
D ra—O TV
UQO OU3 UQO U3 Us UQO ng

U1 Uy U1 Uy
(@] (@] (@]
G = — G = e
O O, O

10/17



Forest polynomials

Let f3, fa, fi2 and fi4 denote the spanning forest polynomials such that

e=F=(p1+ P2)2f12 + (p1 + P4)2f14 + P§f3 + Pz%le

Y=ar+ax+az+as f2=axy f; = awaz
fis = a103 fa = azoy

11 /17



Forest polynomials

Let f3, fa, fi2 and fi4 denote the spanning forest polynomials such that

e=F=(p1+ P2)2f12 + (p1 + P4)2f14 + P§f3 + Pz%le

Definition

F(G:z) = / we"? 5“”( )H daZlae  (RY — Ry)

ecE

Example

Y=ar+ax+az+as f2=axy f; = awaz
fis = ara3 fa = azoy
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Forest polynomials

Let f3, fa, fi2 and fi4 denote the spanning forest polynomials such that

o =F = (p1+ p2)°f2+ (p1+ pa)*fra + P3f3 + Pify

Definition
Fleiz)i= [ ve® 09 (G -2) [T datar (R —R.)
RY 1’/} ecE
Example
1
- (D =4)
F - Z12 D — 6)

(212 (214 + 23 + 23) + z32)?
Q
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Forest polynomials

Let f3, fa, fi2 and fi4 denote the spanning forest polynomials such that

p=F = (p1+ p2)*fiz + (p1 + pa)*fra + P3fy + pafy

Definition

M(sdd) [° F(G;z)Q
(D(G): I r( )/ 5 5 > o _ 1sdd
e @) Jo [(p1+ p2)?z12 + (p1 + Pa)?z14 + P525 + P2z,
Example
1
N D=4
e ( )
F =
212 > (D=6)
(212 (214 + 23 + 24) + 2324]
Q

11/17



Appending a vertex

vy vy vy vy v V4 v}
o o o o o ——o0
G = — G = or
e
—30,,/
v° O v° U3 U3 v° O,

Using (fly, fl4, 3. 14, 0") = (fi2, fua, B3, fa + ), ),
2
F(G/, Z) = / F(G, 712,214, 23,24 — Oée) aze_ldae
0



Appending a vertex

U1 U4 V1 Uy v V4 v,
(@] (@] (@] (@] [e) —eo
G= — G = or
e
—a0,,/
v° O v° U3 U3 v° O,

Using (fly, fl4, 3. 14, 0") = (fi2, fua, B3, fa + ), ),
2
F(G,, Z) = / F(G, 712,214, 23,24 — Oée) age_ldae
0

Example (D =6 and a. = 1)

V1 V4 U1 V4

Z3 O 4 O
F 4 =/ F ) 212, 214, 23, 24 | dz3
O O 2 O

U2 U3 ) U3

12 /17



Appending a vertex

U1 U4 V1 Uy v V4 v,
(@] (@] (@] (@] [e) —eo
G= — G = or
e
—a0,,/
v° O v° U3 U3 v° O,

Using (fly, fl4, 3. 14, 0") = (fi2, fua, B3, fa + ), ),
2
F(G,, Z) = / F(G, 712,214, 23,24 — Oée) age_ldae
0

Example (D =6 and a. = 1)

U4

v
) 23 Z12 dzé z3

F 2= [212 (z14 + 2L+ 28) + Zza2  (z1a+23) - @
" 0 |212(z14 + 23+ 24) + 2324 14 + 24

U2
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Appending a vertex

U1 U4 V1 Uy v V4 v,
(@] (@] (@] (@] [e) —eo
G= — G = or
e
—a0,,/
v° O v° U3 U3 v° O,

Using (fly, fl4, 3. 14, 0") = (fi2, fua, B3, fa + ), ),
2
F(G,, Z) = / F(G, 712,214, 23,24 — Oée) age_ldae
0

Example (D =6 and a. = 1)

V1 V4 . 0
F ) 3 Z12 dZ3 z3
2= / / 2 Q
. ’ 0 [212 (214 + z3 + Z4) T Z3Z4] (214 2N 24) .
2 3
v v v 0
1 U % 1 4 , /
F P4 =/ F 1 Z12,214,23,24 | dzy
> o 0
V9 V3 ) U3
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Appending a vertex

U1 U4 V1 Uy v V4 v,
(@] (@] (@] (@] [e) —eo
G= — G = or
e
—a0,,/
v° O v° U3 U3 v° O,

Using (fly, fl4, 3. 14, 0") = (fi2, fua, B3, fa + ), ),
2
F(G,, Z) = / F(G, 712,214, 23,24 — Oée) age_ldae
0

Example (D =6 and a. = 1)

U1 Uy
. “ z1p dz} z3
F V Z S 7 7 5 = :
0 (212 (z18 + Z5 + z2) + Z§z4] (zia + z2) - Q
&

(%) U

U1 V4
1 212(23 + z14) (28 + z14)
F iz | = In
o 212 — 214 714 - Q

Ch) U3
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Adding an edge

V1 V4 U1 Uy
(@] (@] (@]
G = — G = €
'UZO OU3 UQO U3

Fgl(Z) _ Qae+sdd —-D /212 XD/2—2 [QD/2—sdd . FG} s
0

Z12=212—X



Adding an edge

FG/(Z) _ Qae-i-sdd —-D /212 XD/2—2 [QD/2—sdd . FG} s
0

Z12=212—X

Example (D =6 and a. = 1)

U1 V4 1 215 U1 V4
F Z ) = _2/ F 1212 — X, 7214, 23,24 xdx
Q% Jo —0,

(%) Vs (%) V3

v
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Adding an edge

FG/(Z) _ Qae-i-sdd —-D /212 XD/2—2 [QD/2—sdd . FG} s
0

Z12=212—X

Example (D =6 and a. = 1)

U1 V4 1 215 U1 V4
F Z ) = _2/ F 1212 — X, 7214, 23,24 xdx
Q% Jo —0,

(%) Vs (%) V3

212 — Z14 [In Q| (z2s+2z5)(z1a+24) Li, <Z3Z4(214 - le)ﬂ

= In
Q? 23z z14(214 + 23 + 24) 714Q
LA 2 (2324> 22| 7142324 _ In(z3z4/Q)
@QF Q Q% zio(z14 + z3) (214 + 22)  Q(z14 + 23 + 24)

v
13/17



Compatibility graph of box-ladders

212 — 214

I\~

Z12 + 23 Q z12 + 24

|
/ 214 + 23 + 24
/ \

Z14 + 23 214 + 24

14 /17



You made it! The talk is over! )

AN

Thank you for your attention! J
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A Galois coaction on ¢* periods?




Theorem (Deligne)

For N € {1,2,3,4, 6,8}, the algebra of motivic MPL at Nth roots of
unity is isomorphic to a freely generated shuffle algebra. Example:

MZV = Q[r?]| @ Q(f, fs, fr,...)  MDVZQlir] @ Qlh, fs, fa, fs, .. .)

<2n+1 = f2n+1 <3,5 = _57‘:5@

Message: periods are not just numbers, but have a structure! Consider the
map Jx which clips off the first letter:

fon o fo if k=

0 else

r

Ok(foy - fn,) = {

93(Gz) =1 93(Gz5) =0 d5(C35) = —5C3  Ok(pp =0

16 /17



Coaction conjecture (O. Schnetz)

The periods of primitive log.-div. ¢* graphs are closed under the action of
the operators d.
Other words: The cosmic Galois group acts on ¢* periods.

| A

Example

332262 54918 1134 1874502
13 Bt g fofs + 3 fafr — — o —hfy

11
3216 912825 399 005 402 331281 812377062149 [ 7
+5 6706%%7(3 ~ 14080217073343 074027 422017 273 458 000 ( ) ’

V3

Prii=——

Note: After 954, only odd letters survive = MZV, in ¢*.

A

@ highly non-trivial constraint on ¢* periods

@ proven for generalized periods [F. Brown]
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