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Abstract

Understanding thin films in practical applications (1) requires some
mathematical insight. Modelling of certain physical situations, de-
scribed by a certain scaling approach, yields a so-called lubrication
model (2,3). This poster shows what kind of mathematical struc-
tures might be investigated. Here, those will be self-similar rupture
solutions.

Setting

We seek a velocity distribution u(z,t), x € €, and a domain Q(t),
that deforms with time t. The domain considered here is defined
as Q= {x € R3: —h <z < h(t,x,y)}. The physical setting is

e surface tension and van der Waals-interaction contribute,
e height scale is much smaller than lateral scale.

Governing equations

p(Oru +u - Vu) = pAu+ V(p — ¢(h)) in Q
V-u=0 in Q
(n,t) - w(n) = (0,0) on 0N

Oth = (n-u)(n- ez)71’aQ

Numerics

After scaling the governing equations and working out the leading
order approximation in ¢ = height scale/lateral scale, one ends up
with the lubrication model. For line-rupture geometry, as described
above, this boils down to the two equations

ht = — (hu)z 5

%mm)m + (38hae — $(h))a-

Ut + Uly

As a numeric solution of this equation shows, an initially sinusoidal
perturbation leads to a film rupture after a finite time.
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A simulation of the lubrication model reveals a self-similar form
h(z,t) = 7% H(n),
u(z,t) = 77 U(Mn),

with ) = (z—24)7~ 7, herewith a = 1/3, 3=1/2 and vy = —1/2.
Solving an ODE for the self-similar shape functions H and U, gives
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The knowledge obtained by this analysis might be used in the case
where one would like to have, prevent or just understand a rupture.
A later project is to investigate properties of lubrication model with
slip-boundary conditions, i.e. (v — buz).—o = 0.
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