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We present three-dimensional numerical simulations of the flow of a thin liquid coating on a rotating
horizontal right circular cylinder. The liquid motion is described using a lubrication model. The
model evolution equation is discretized and solved numerically using an alternating-direction
implicit algorithm. The cylinder rotates about its axis, carrying liquid around its circumference,
resulting in the formation of a relatively thick coating where the cylinder surface moves upward. For
coatings which are initially nearly uniform along the cylinder axis, this results in a ridge of liquid
aligned with the cylinder axis. Over time, this ridge may break up into one of several possible
configurations, including drops near the underside, and rings enveloping the cylinder. Simulations
show that on larger cylinders, under certain circumstances this ridge may develop undulations which
grow to form long fingers. These fingers drain down the cylinder. The simulation results are
compared with a simple laboratory experiment, which exhibits similar fingering. © 2005 American
Institute of Physics. �DOI: 10.1063/1.1942523�

I. INTRODUCTION

A cylinder undergoing uniform rotation about a horizon-
tal axis is able to hold a thin coating of liquid, due to the
combined effects of liquid viscosity and cylinder rotation. In
general, however, the coating on a long right circular cylin-
der may be subject to instability due to the action of surface
tension at the liquid-air interface, and centripetal accelera-
tion. Analysis of this problem requires an understanding of
the interplay between gravitational, rotational, and surface
tension effects on the coating.

The development of axial variation of the coating thick-
ness along the cylinder axis has been demonstrated in numer-
ous experiments.1–5 It has the potential to adversely affect
many coating operations, such as the production of photo-
graphic film and aluminum foil. In the paper industry, this
phenomenon occurs on the table rolls of a Fourdrinier
machine.6 A similar instability in the phosphor coating inside
fluorescent light tubes may lead to the production of a defec-
tive product.7 Improved knowledge of when instability oc-
curs in such situations is quite valuable,5 as is an understand-
ing of when a coating will fall from a slowly rotating roller
or be flung from a rapidly rotating roller.

In determining whether coating will be retained on a
rotating object, it is necessary to account for the tendency of
an elongated volume of liquid to break into droplets under
the influence of surface tension. Neglect of variation along
the length of the object will lead to an incorrect prediction of
the coating behavior. For a rotating body of arbitrary shape,
the situation is more complicated; the current work provides
the basis for modeling such objects.

Figure 1 shows the cylinder and the coating. The cylin-

der axis is held perpendicular to gravity, and the coordinate
system does not rotate with the cylinder. Throughout this
work, the cylinder rotation rate �, the coating viscosity �,
density �, and surface tension � are all assumed constant.
This simplification may not always be appropriate, for ex-
ample, where the coating temperature varies, altering its
physical properties.

Much of the prior work on this problem has been di-
rected at the two-dimensional problem, in which variation
along the cylinder axis is neglected. This restricted problem
formed the subject of previous work by us.8 When axial
variation is neglected, a simple model1 including only cylin-
der rotation balanced by gravitational drainage is possible.
For a coating thickness h, the liquid flux at any point is then
given by

Q = R�h −
�g

3�
h3 cos � , �1�

where R is the cylinder radius, � is measured as shown in
Fig. 1, and g is acceleration due to gravity. In a steady state,
Q is a constant which is independent of �, leading to a cubic
equation for h. The thickest coating occurs at �=0, where the
upward flow due to rotation is most opposed by downward
drainage. For a coating on the outside or inside of the cylin-
der, of mean thickness H, this model allows no steady solu-
tions for rotation rates less than a critical value �c, given by

��c

�gR
= � 2�

4.443
�2�H

R
�2

. �2�

Surface tension allows additional liquid to be supported, so
that steady solutions may be found for ���c, and even for
a stationary cylinder. In such cases the excess liquid forms a
ridge on the cylinder underside.
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Work using the Stokes equation5,9 to determine the
steady-state free surface, assuming no axial flow, but includ-
ing surface tension, has demonstrated reasonable agreement
between the full Stokes approximations and thin-film theory,
when the requirements of the latter are met. Further work by
Peterson et al.10 extends these results to low rotation rates at
which lobes form prior to “load shedding,” but does not in-
clude axial variation.

For stationary liquid cylinders, it is well known that
axial instabilities are possible. The critical wavelength for
instability is 2�R, with axial perturbations longer than this
growing in amplitude. For a thin coating on a stationary
wire,11 the most rapidly growing disturbance has a wave-
length �= �0.707�2�R. For a large stationary cylinder held
horizontal, the Rayleigh-Taylor instability destabilizes the
coating underneath the cylinder. Depending on the cylinder
diameter, either of these instabilities may affect the coating.
This will be explored in more detail in Sec. III A. Numerical
simulations of the coatings on stationary cylinders of a range
of diameters have been carried out previously.12

A thin coating on a rotating cylinder, in the absence of
gravity, is also linearly unstable to long-wavelength axisym-
metric disturbances.6 This instability is a result of centripetal
acceleration, and leads to the formation of rings. Yih6 com-
puted the wavenumber k* of the fastest-growing axial distur-
bance for a range of Reynolds numbers R=��H0

2 /� and
rotation rates, finding that k* increases as the rotation rate is
increased. For comparison with his experiments, Yih modi-
fied his theory by adding an ad hoc contribution to the pres-
sure to account for the stabilizing effect of gravity at the top
of the cylinder.

Observations of large axial variations in coatings include
the bands seen by Kovac and Balmer,2 which they named
“hygrocysts,” finding that the number of bands per unit cyl-
inder length increased approximately linearly with the cylin-
der rotation rate. Preziosi and Joseph4 incorporated axial
flow into their model by using Moffatt’s lubrication flow
solution in sections across the cylinder. The amount of liquid
in each plane was determined by solving an axisymmetric
problem. Their experiments showed good agreement with
Moffatt’s maximum load criterion for thin enough layers.
They suggest that axial variations are due to the competition
between surface tension and centripetal acceleration, with
gravity having a minor effect. However, at slow speeds,
when the cylinder is nearly stationary, the non-axisymmetric
Rayleigh-Taylor instability may lead to appreciable axial
flow. The ribbing instability which interferes with roll coat-
ing operations13 is a related phenomenon.

A closely related situation arises when a liquid lines the
inside of a cylindrical vessel undergoing rotation, known as
“rimming.” In the rimming problem, when the rotation rate is
below �c, the liquid tends to pool as a “puddle” at the bot-
tom of the cylinder. A coating-height discontinuity or station-
ary shock forms at slower speeds,14–16 which is smoothed by
surface tension.

Rimming flows have displayed interesting axial varia-
tions, which have attracted attention.14,15,17,18 Thoroddsen
and Mahadevan19,20 observed the formation of “shark teeth”
along the cylinder axis in rimming experiments. The spacing
of these shark teeth initially increases and then decreases as
� is increased. They suggest that a mechanism similar to the
fingering seen in flow down an inclined plane21 is respon-
sible. They also found stationary and oscillating pendant
structures which are not always evenly spaced, attributed to a
balance between gravitational and viscous forces. Numerical
modeling by Hosoi and Mahadevan22 using a simplified
model equation for coating thickness shows features similar
to the shark teeth reported above. Melo23 has also shown
interesting stationary bumps appearing in rimming flows at
low speed. In some cases, axial variation can be so extreme
that disclike structures form in which a free surface crosses
the axis of the cylinder, dividing the air into separate cells or
bubbles.4,24

Boote and Thomas25 presented a study of how the addi-
tion of small granules �solid spherical glass beads� to the
liquid can alter the rotation rate at which transitions between
various types of structures occur. At high particle loadings,
particles accumulate in thicker bands, separated by thin
almost-particle-free regions. The wavelength of these granu-
lar bands increased with Reynolds number R=��RH /�.
The structure which appears depends on both R and particle
volume fraction. Similar studies involving a suspension of
neutrally buoyant rigid particles,26 and sand27 have been per-
formed.

This paper reports on three-dimensional numerical simu-
lations using a lubrication model for coating flow on a cyl-
inder which rotates with constant angular velocity, which
includes axial variation.8 Section II reviews the model and
briefly describes an efficient numerical method for the
model. Validation of the numerical method is presented in
Sec. III, by comparing with the expected behavior in appro-
priate limiting cases. It is then used to perform simulations of
coatings on rotating cylinders in Sec. IV. The key results
arising from this work are as follows. There is a range of
parameters in which steady three-dimensional solutions �in
the laboratory frame of reference� occur. These range from
drops beneath the cylinder at the slowest speeds to elongated
structures which may wrap around the cylinder at higher
speed, on small cylinders. There is a possibility of fingerlike
structures on large �compared to the capillary length� cylin-
ders. To support these results, a simple experiment was per-
formed. This is described in Sec. V and the results are com-
pared to simulations, which exhibits similar fingering.
Section VI summarizes the results of this work.

FIG. 1. The horizontal rotating cylinder and its coordinate system.
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II. COATING FLOW MODEL AND NUMERICAL
SCHEME

Our model describes the liquid coating shown in Fig. 1
on the outer surface of a circular cylinder. The cylinder has
radius R and rotates about its axis of revolution, which is
held horizontal, at constant angular speed �. The coating is
assumed to be an incompressible Newtonian liquid and com-
pletely wets the cylinder. It is subject to a no-slip boundary
condition at the moving wall, stress conditions on the mov-

ing free surface, and a kinematic boundary condition which
allows for updating the position of the free surface.

A. Lubrication model

Carrying out a perturbation expansion �see Appendix A�
in the small parameter 	=H /R
1, where H is the character-
istic film thickness, leads to an evolution equation for the
coating thickness, h�� ,y , t�. This is

�R + h�
�h

�t
= − R�

�

��
�h +

h2

2R
� +

�g

�

�

��
��h3

3
+

h4

2R
�cos �� −

1

R

�

��
	�h3

3�

�

��
� h

R2

+ �2h� +
�h3

3�
�R�2 − g sin ��

�h

��

 − R

�

�y
	�h3

3�

�

�y
� h

R2 + �2h� +
�h3

3�
�R�2 − g sin ��

�h

�y

 , �3�

where �2=R−2��2 /��2�+ ��2 /�y2� measures variation of h
along the cylinder surface.

For use in a numerical scheme, it is convenient to write
�3� in dimensionless form. We define the dimensionless vis-
cosity M, dimensionless rotation rate W, and Bond number
Bo by

M =
�

��gR3
, W =

�

�g/R
, Bo =

�gR2

�
.

Using the scaling

h̄ =
h

	R
, ȳ =

y

R
, t̄ =

�gH2

�R
t ,

we obtain

�1 + 	h̄�
�h̄

�t̄
= − U�

�

��
�h̄ + 	

h̄2

2
� +

�

��
�� h̄3

3

+ 	
h̄4

2
�cos �� − 	�̄ · 	 h̄3

3Bo
�̄�h̄ + �̄2h̄�

+
h̄3

3
�W2 − sin ���̄ h̄
 , �4�

where �̄=e��� /���+ey�� /�ȳ� and �̄2= ��2 /��2�+ ��2 /�ȳ2�.
The quantity U�=MW	−2 is the ratio of the wall speed R�
to the velocity scale U=�gH2 /�. For the coatings of interest
here, U� is of O�1
 or smaller. The behavior of the coating is
determined by the four dimensionless parameters M, W2, Bo,
and 	, together with the initial conditions. Equation �4� is
applicable when 	
1, and MW /	2 and W2 are of O�1
 or
smaller.

Axial flow in �4� arises naturally from pressure differ-
ences produced by thickness variation along the cylinder
axis. The effects of rotation, gravitation and surface tension
all contribute to this pressure gradient. For a nonrotating cyl-
inder, �4� is consistent with the evolution equation obtained

by Weidner et al.12 When terms of order 	 in �4� are ne-
glected, it becomes the time-dependent version of �1�, ob-
tained by Moffatt.1

B. Numerical method

After rescaling so that all lengths, including coating
thickness, are measured in units of R, the coating evolution
equation becomes

�1 + h�
�h

�t
= − MW

�

��
�h +

h2

2
� +

�

��
��h3

3
+

h4

2
�cos ��

− � · 	 h3

3Bo
� �h + �2h�

+
h3

3
�W2 − sin �� � h
 . �5�

Simulations typically begin with a coating layer of thickness
h�� ,y ,0��	R, and 	 only serves to set the scale of the initial
condition.

When the coating layer is sufficiently thin, it is appro-
priate to simplify Eq. �5� by neglecting several small terms
of order 	 which arise due to the curvature of the cylinder
surface. Neglect of the second term on the left-hand side of
�5�, h�h /�t, is then also appropriate, and simplifies the nu-
merical scheme. Provided 	 is small enough, neglect of these
terms will not qualitatively change the results obtained. The
simplified coating evolution equation becomes

�h

�t
= − MW

�h

��
+

�

��
�h3

3
cos �� − � · 	 h3

3Bo
� �h

+ �2h� +
h3

3
�W2 − sin �� � h
 . �6�

The remaining terms in �6� contain all the essential phys-
ics of the problem including “dragging” of liquid by rotation,
and drainage due to the azimuthal and radial components of
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gravity. Retaining surface tension terms is particularly im-
portant, as these terms become important in regions where
there are large changes in coating thickness.28

An alternating direction implicit finite-difference
method, described in Appendix B, is used to solve either the
nonlinear equation �5� and �6�. The �� ,y� domain is dis-
cretized in the � and y directions, into a mesh of n� �n2

+1� grid points, with a uniform grid spacing �=2� /n and
length L=n2�. At the end surfaces y=0 and y=L reflection
symmetry, or zero flux, boundary conditions are imposed;
periodicity is imposed in the � direction.

III. MODEL VALIDATION

In this section the numerical method is tested in the case
when gravity is negligible, so that the coating is axisymmet-
ric. Next, with gravity restored, but the cylinder held station-
ary, our simulations are compared with existing numerical
results. Before doing so we review two common types of
coating instability.

A. Coating instabilities

At least two competing instabilities potentially influence
the coatings considered here. Both instabilities exist for a
stationary cylinder, and it is to be expected that they, and
potentially other instabilities, will continue to affect the coat-
ing when the cylinder is rotating.

The axisymmetric Rayleigh sausage instability29 applies
to any cylindrical column or jet of liquid, solely as a result of
its tendency to minimize surface area. For the stationary
case11 the coating is unstable to waves of wavelength greater
than 2�a where a=R+h0 is the outer radius of the coating,
and the fastest growing wavelength is proportional to the
cylinder radius R. Below we present a simplified analysis
based on lubrication theory, including cylinder rotation.

When gravity is absent, the coating profile is axisymmet-
ric, and the evolution equation �3� becomes

�h

�t
= −

R

R + h

�

�y
	�h3

3�

�

�y
� h

R2 +
�2h

�y2� + �R�2 h3

3�

�h

�y

 .

�7�

The uniform coating h=h0 is unstable if a small axisymmet-
ric perturbation of h, of the form

h�y,t� = h0 + 
e�t cos ky , �8�

grows in amplitude. Substituting into �7� and linearizing
gives the growth rate of these disturbances,

� =
R

R + h0

�h0
3

3�
��1 + S�

k2

R2 − k4� , �9�

where S=��2R3 /�. Disturbances of wavelength less than
the cutoff wavelength

�0 =
2�R

�1 + S
�10�

will decay, while longer wavelength disturbances will grow.
The wavelength of the fastest-growing disturbance and its
growth rate are

�axi =
2�2�R
�1 + S

,

�axi =
�h0

3

12�R3�R + h0�
�1 + S�2. �11�

Provided that the effects of gravity are negligible, i.e., when
Bo
1, the coating on a long cylinder should become un-
stable, with disturbances tending to have initial wavelength
�axi.

On a rotating cylinder, the wavelength of axisymmetric
disturbances may be significantly reduced on rotating cylin-
ders, if S is large. In reported experiments, S varies widely,
from 0.1 to 0.2 in the experiments by Preziosi and Joseph4

and Kelmanson,5 to 105 or more in Yih’s experiments.6 In
this work, the largest value of S considered will be about 1.6
when Bo=500 and W�0.056, so in this case the wavelength
and the growth rate of this instability may be appreciably
modified.

The second Rayleigh-Taylor instability29,30 is caused by
the combined effects of surface tension and gravity. Gravity
has a destabilizing effect on a layer of dense liquid which is
above less-dense surrounding atmosphere. This leads to the
formation of drops on the underside of a flat plate, which are
supported by surface tension. In the present problem, this
instability acts at the cylinder underside. On the top of the
cylinder, gravity stabilizes the coating.

The stability of a layer subject to small disturbances may
be determined by considering a thin film underneath a hori-
zontal plane. In this case

�h

�t
= −

�

�y
	 h3

3�
��

�3h

�y3 + �g
�h

�y
�
 . �12�

For a small periodic perturbation of the coating, �8�, the dis-
turbance growth rate is

� =
�h0

3

3�
� k2

lc
2 − k4� , �13�

where lc=�� / ��g� is the capillary length. Positive growth
rates occur for wavelengths �=2� /k longer than

�0 = 2�lc,

while shorter wavelength disturbances are damped by sur-
face tension. The fastest-growing disturbance wavelength
and the growth rate are

�RT = 2�2�lc,

�RT =
�h0

3

12�lc
4 .

Comparing �9� and �13�, it is apparent that when h0
R
and R / lc��1+S the Rayleigh-Taylor instability will have a
faster growth rate. For large cylinders and moderate S, the
observed instability wavelength should scale with lc, while
for small cylinders, the axisymmetric Rayleigh instability
should dominate, with a wavelength scaling with R. For cyl-
inders of intermediate size, for which Bo�1, a transition
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between these two instabilities occurs. Experiments by de
Bruyn31 have demonstrated this, though with considerable
experimental variation in wavelength around the theoretical
values.

B. Axisymmetric coatings

The numerical method was first tested with g set to zero.
In this case, an initially axisymmetric coating should remain
axisymmetric, but be unstable to the Rayleigh sausage insta-
bility. Simulations were performed using �5� with a compu-
tational domain of length � /2 and the initial condition

h��,y,0� = 	 + 
0 cos�2�y

�
� �14�

corresponding to a half-cosine variation in the axial direc-
tion. Simulations were performed for S=0 and S=1, with 	
=0.1, 
0=0.001, and dimensionless grid spacing �=�R /10.
The wavelength was varied between 1.25�R and 10�R.
Growth rates for the disturbance in the numerical model
were estimated by assuming that the coating profile remained
of the form �8�. The estimate for the growth rate is then

�est =
1

t
log

hmax − hmin

2
0
,

where hmin and hmax are the minimum and maximum values
of h attained by the numerical solution at time t. The numeri-
cal solutions remained axisymmetric, with numerical growth
rates in agreement with those predicted by �9�.

When the cylinder is rotating, the linearized theory
above predicts faster growth at small wavelengths. To dem-
onstrate this, we simulated a cylinder of length L=5�R, and
n=20 and n2=50, for both S=0 and S=1. The cutoff wave-
number is Rk=1 for the stationary cylinder and Rk=�2 for
S=1. For the cylinder and silicone oil used in the experi-
ments of Sec. V �see Table I�, S=1 represents a rotation rate
of 0.025 s−1.

The initial coating is nearly uniform, with small-
amplitude random noise added:

h��,y,0� = 	 + 
0�Ry − 1
2� , �15�

where Ry denotes a random value chosen uniformly between
0 and 1 for each value of y corresponding to a grid point.
Allowing R to also vary with � produces similar results.

While the disturbance amplitude remains small, its
growth is linear and h has a generally sinusoidal profile.
Figure 2 shows that the coating thickness variation hmax

−hmin first decreases from its initial value of 
0=0.001, as
the noisy initial condition is smoothed. Once growth is un-
derway, it is at a rate close to �axi, indicated by the lower
straight line in Figure 2.

Figure 3 shows the development of the coating profile
when S=1. The growth rate is now four times larger than for
S=0. Initially nearly three complete waves fit in the domain.
The symmetry boundary conditions force the coating to have
a peak or trough at both boundaries, so the actual number of
waves must be an integer or half integer. As variations in h
become large at later times, nonlinear effects become impor-
tant. The waves coalesce, leaving two relatively pronounced
troughs at y�� and y�4�. These restrict flow, slowing
further thinning at the troughs, until eventually small “satel-
lite” drops form there. The drops become isolated as the
coating thickness between them approaches zero.

In comparison, a run with a stationary cylinder �S=0�
leads to only a little over 11

2 full wavelengths forming. This
is close to the number of waves expected if the disturbance
has the fastest growing wavelength �axi, which would pro-

TABLE I. Properties of the cylinder and silicone oil used for experiments.

Property, symbol Value

Cylinder radius, R 3.4 cm

Length, L 27.9 cm

Rotation rate, � �2� s−1

Coating surface tension, � 24.5 dyn/cm

Viscosity, � 0.48 P

Density, � 0.96 g/cm3

FIG. 2. For an axisymmetric coating, instability is present on both a station-
ary cylinder �S=0� and a rotating cylinder �S=1�. Coating thickness varia-
tion grows for a nearly-uniform initial coating, with mean thickness 0.1 and
random noise of amplitude 0.001R. The thickness variation increases faster
for a rotating cylinder. Growth rates are close to those of the fastest-growing
modes from the theory of Sec. III A, shown as straight lines.

FIG. 3. Growth of a disturbance on a rotating cylinder with S=1, computed
using the axisymmetric model. Small-amplitude random noise applied to the
initial coating drives the instability. The coating profile h�y� is shown at the
indicated times.
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duce 5� / �2�2���1.8 full waves. Rotation shortens the pre-
ferred wavelength for breakup of the coating. Similar growth
rates �with R+h0 replaced by R in �11�� and long-time evo-
lution of the coating were found in simulations using the
simplified model �6� instead of �5�.

C. Stationary cylinders

In this section, the model is tested for a stationary cyl-
inder with gravity included �W=0, g�0�. In this situation,
viscosity can be absorbed into the time scale. Time is mea-
sured in units of � /�gR and lengths in units of R. With these
changes, �4� becomes

�1 + h�
�h

�t
=

�

��
��h3

3
+

h4

2
�cos �� − � · 	 h3

3Bo
� �h

+ �2h� −
h3

3
sin � � h
 . �16�

The dynamics of the flow can be characterized by just two
parameters 	 and Bo. Since the present model is restricted to
small 	, this leaves Bo as the remaining free parameter. For a
given liquid, varying Bo represents changing the cylinder
size.

Weidner et al.12 describe the drainage behavior of a coat-
ing on a stationary cylinder in four phases.

Phase 1. Gravity-driven drainage toward the cylinder
underside from the top and sides. A “ridge” of liquid forms at
�=3� /2.

Phase 2. Drainage slows and a small-amplitude distur-
bance develops along the length of the ridge.

Phase 3. As the amplitude of this disturbance grows,
growth becomes nonlinear. In the troughs, secondary drops
become apparent.

Phase 4. Evolution slows down due to the thin coating
everywhere except in the drops, which continue to accumu-
late liquid. There may be additional drop movement and coa-
lescence, before reaching a steady state.

Our three-dimensional numerical method was first tested
by comparison with the problem presented in detail by
Weidner et al.,12 for which R= lc and 	=0.1. An initial layer
of thickness h�0.1R, with random noise of 1% of the mean
thickness in both the � and y directions, was allowed to drain
on a stationary cylinder. A mesh of 40�100 grid points was
used on a cylinder of length L=5�R.

Our results, using both �16� and �6� with W=0, are simi-
lar to those of Weidner et al. at early times, and are not
included here. In particular, we find the same value for the
initial disturbance wavelength, ��10.5 �exactly two-thirds
of the domain length�, compared to the value 2��2�8.89
predicted for both the axisymmetric Rayleigh and Rayleigh-
Taylor instabilities, since R= lc in this case.

By phase 4, however, coating thicknesses exceed one
cylinder radius at the peaks. Up to this point, there is reason-
able agreement between our results and those of Weidner et
al. The current lubrication model loses accuracy here, as our
numerical method approximates the full nonlinear expres-
sions for free surface curvature and, in the case of �16�, mass
conservation. These are important for coating thicknesses
h�R or larger, and particularly when R� lc or smaller. As a
result, thick coatings, such as occur in the large drops in this
case, are not well modeled. This introduces quite large errors
when compared to true static drop shapes. As we have shown
previously,8 the simplified model �6� is appropriate when 	 is
sufficiently small. Furthermore, rotation tends to reduce ex-
tremes of coating thickness, so the present model should be
more appropriate when W�0. In the remainder of this work,
thinner coatings, for which the current thin-film model has
better validity, are examined on cylinders of varying radius.

With the initial coating thickness reduced to lc /�1000 on
the same cylinder �R=1, Bo=1, 	=0.031 62�, the coating
profile on the underside of the cylinder in Fig. 4�a� shows a
behavior similar to that already seen by Weidner et al. Liquid
initially drains to form a ridge beneath the cylinder. A trans-
verse wave develops, which rapidly increases in amplitude.
The wave grows to form the nucleus of a large drop, with
smaller satellite drops on each side. Figure 4�b� shows cross
sections of the coating at two times. For this small-diameter
cylinder, at the earlier time shown the ridge extends about
halfway around the cylinder circumference. The ridge devel-
ops ripples along its length, which become distinct drops
over time. A cross section across a developed drop at a later
time is also shown. In simulations of smaller cylinders �e.g.,
Bo=0.1� these drops wrap nearly the entire way around the
cylinder or even form annular beads. Such cylinders, with
diameter less than a millimeter for typical liquids and terres-
trial gravity, are not of primary interest here.

A larger cylinder, with R=10lc �Bo=100� was also stud-
ied. This size, corresponding to a cylinder diameter of sev-

FIG. 4. Film thickness for a small sta-
tionary cylinder, with Bo=1, and 	
=0.031 62. �a� On the underside ��
=3� /2�, at t= �2,4 ,6 ,8��105 and t
=2�106. �b� Cross section at y=7.9,
at t=4�105 ��� and 2�106 ���. At
the earlier times there is little axial
variation; by the later times shown, a
large drop has developed.
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eral centimeters, is similar to that which have been used in
previous experiments.1,4 To resolve features adequately, the
grid spacing was reduced, so n=80 and n2=200. A coating
thickness of 0.1lc �	=0.01� was used. Figure 5�a� shows
many ripples appearing on the underside of the coating as the
liquid drains here from the top and sides of the cylinder.
These ripples grow to form droplets. At the earliest time
there are at least 15 ripples, though several coalesce, leaving
only 13 which grow into drops. Based on a fastest-growing
wavelength of 2�2lc, about 17.7 waves would be expected.
Only the left-hand portion of the cylinder �0�y�2.5�� is
shown in Fig. 5�b�, showing profiles at later times. Two small
ripples near y=� can be seen merging to form a single large
drop. In the large space created to either side, relatively large
secondary drops are able to form. For these large cylinders,
the axially uniform liquid ridge, and the later drops, only
occupy a small portion of the underside of the cylinder.
Cross sections of the cylinder, shown before and after
breakup in Fig. 5�c�, when compared to Fig. 4�b�, show this
clearly.

At the last time shown in Fig. 5, t=5�105, the largest
coating thickness shown, 0.3R, or 3lc, is thicker than that of
the largest possible static drop beneath a flat plate.32 Such a
large volume of liquid could not be supported in reality and
would break off as a drop. Although the numerical method
continues to produce solutions beyond this time, such solu-
tions are therefore somewhat nonphysical.

For the Bo=100 simulations �and simulations with Bo
=10, not shown here� we observed somewhat fewer waves
than predicted on the basis of the Rayleigh-Taylor wave-
length 2�2lc. This is not unexpected, however, as that result
applies for a two-dimensional coating, and ignores curvature
in the third direction on the underside. The finite axial length
of the domain also influences the results. For small-
amplitude waves, we �and Weidner et al.� find ��8.9 �the
expected value�, when Bo=1, only for much longer cylinders
than considered here, with longer wavelengths for short cyl-
inders. The relatively coarse grid spacing may also be a fac-
tor. For the Bo=100 simulation, there are only about 13 grid
points per wave, and each large drop occupies only about
nine grid points in each direction. However, runs using �6�
for Bo=100 with a longer cylinder length, and with reduced
grid spacing, continue to give a spacing between peaks

which vary �nonsystematically� between 10.9lc and 12.5lc.
Furthermore, coalescence reduces the number of drops, in-
creasing their wavelength. The final number of drops will
therefore tend to correspond to a wavelength longer than that
of the fastest-growing linear disturbance. Finally, in simula-
tions involving a random initial condition, growth need not
occur with precisely the fastest wavelength, but with some
variation around it. Experiments31 measuring the wavelength
of drops on wires have exhibited a considerable variation in
drop spacing within a single experiment, with a standard
deviation of 15%–20% of the mean value.

In this section, we have demonstrated that the numerical
method for both �5� and �6� produces the expected behavior
for a coating on a stationary cylinder, subject to gravitational
drainage. The qualitative effect of a change of cylinder size,
relative to the capillary length lc, was considered. The same
basic pattern of behavior is repeated for each cylinder size.
Following an initial period of axially uniform drainage, a
ridge forms on the cylinder underside. This ridge is unstable
and ripples appear on it. Liquid drains from thinner to thicker
parts, causing the ripples to grow into distinct droplets. Sec-
ondary satellite drops then form between the main drops.
Similar evolution will be seen in the rotating case, in the
following section. The ripple wavelength depends on the
Bond number. For the cylinders considered here, with radius
of the order of the capillary length lc or larger, the distur-
bance wavelength is dependent on lc; for small cylinders it is
determined by the cylinder radius.

While the coating remains thin, the model produces re-
sults similar to those seen previously.12 Once thickness
grows to be comparable with the cylinder radius, we expect
inaccuracy, similar to that observed for two-dimensional
static drops. The excessive growth to nonphysical thickness
seen here would be prevented by using full curvature. On
rotating cylinders, for which coating thicknesses tend to be
less large, thickness growth will be a less severe limitation of
the current model.

IV. ROTATING CYLINDERS

Of the wide range of configurations offered by the four
parameters, 	, Bo, M, and W, just two families are consid-
ered here. These are obtained by fixing the cylinder size, and

FIG. 5. On a large stationary cylinder, the ridge beneath the cylinder breaks up with a comparatively short wavelength. Coating thickness on the underside,
for Bo=100 and 	=0.01, at �a� t= �0.5,1 , . . . ,3��105; �b� t= �3.5,4 ,4.5,5��105. �c� Cross sections at y=7.9 have little axial variation at early times �t=3
�105, ��; later, a drop develops �t=5�105, ��.
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the coating physical properties and thickness �and thus Bo, 	,
and M� for a small cylinder and a large cylinder. In each
case, the effect of varying the rotation rate at speeds below
�c is observed.

A. Small cylinders: Bo=1

We begin with the small cylinder, with R= lc �Bo=1�,
and use the same values for 	 and M as were used in Sec.
III C, namely 0.031 62 and 0.007, respectively. These param-
eters correspond, for example, to a water-glycerine mixture
of 35% glycerine at 20 °C, which has a viscosity �
�0.031 P, density ��1.09 g/cm3, and surface tension �
�71.5 dyn/cm.33 For terrestrial gravity this represents a cyl-
inder diameter of 2lc=5.2 mm. The Moffatt critical rotation
rate is �c=18 s−1, giving Wc=0.287.

Steady solutions obtained using our previous two-
dimensional model8 with n=80 are shown for W=0.05, 0.1,
0.15, 0.2, and 0.3, which is slightly above Wc, in Fig. 6.

Because the cylinder is quite small, the coating is strongly
influenced by surface tension, and the resulting profiles are
difficult to distinguish when plotted in polar coordinates. In
Fig. 6 the cylinder is “unwrapped” to better show h as a
function of �. At low speeds, a large drop forms close to the
bottom of the cylinder. At higher speeds the solution is some-
what front-like, with a reduced bulge of liquid continually
draining down the upward-moving part of the cylinder. Im-
mediately below this bulge is an “undershoot” region. When
W is near Wc, the coating becomes quite smooth, similar to
the Moffatt solution.

The small terms neglected in solving �6� instead of �5�
do not qualitatively alter the coating behavior. We show this
using the two-dimensional variant of our model. Steady-state
solutions of �5� are shown for W=0, 0.1, and 0.2 by dashed
lines in Fig. 6. Solutions of �6�, shown by solid lines in the
figure, differ only slightly from these.

For Bo=1, both the axisymmetric and the Rayleigh-
Taylor instabilities are present for cylinders longer than 2�R,
with the fastest-growing wavelength �=2�2�R. We per-
formed three-dimensional simulations on a cylinder of length
5�R, with the expectation that the coating will be affected by
both instabilities. The initial coating is a nearly uniform
layer, with small random noise as in Sec. III C,

h��,y,0� = 	�1 + 0.01�R�,y − 1
2�� , �17�

where R�,y is a randomly chosen value between 0 and 1 for
each value of � and y corresponding to a grid point. To
adequately resolve the sharp undershoot region seen below
the main drop, a grid with n=80 and n2=200 was used.

We first present results of a three-dimensional simulation
using �5� with W=0.1, well below Wc. The coating at first
evolves with virtually no variation across its length, closely
matching the behavior of the two-dimensional solution. By
t=2�105, the coating profile is essentially the same as the
final steady-state profile obtained with the two-dimensional
model. There is a thick ridge of liquid with a peak at �
�5.1. This is shown somewhat later at t=8�105 in Figs.

FIG. 6. “Unwrapped” steady two-dimensional �axially uniform� coating
profiles h��� for the small rotating cylinder considered in Sec. IV A. Here W
is varied, while Bo=1, 	=0.031 62, and M =0.007. Solid lines show solu-
tions computed using �6�; dashed lines show that the effect of retaining the
additional terms in �5� is small, for W=0, 0.1, and 0.2.

FIG. 7. Coating thickness at the lower
portion of a small rotating cylinder ob-
tained using the three-dimensional nu-
merical method. The cylinder length
5�R is larger than the cut-off wave-
lengths of both the axisymmetric in-
stability, �axi

c =2�R /�1+S=1.99�R,
and the Rayleigh-Taylor instability,
�RT

c =2�lc=2�R. The initial ridge of
liquid breaks up to form drops. As a
contour plot �����2��, for �a� t
=0.8�106; �b� t=1.2�106; �c� t=1.6
�106; and �d� t=2.0�106. The con-
tour interval is 0.02 in �a� and �b�, and
0.05 in �c� and �d�. Here W=0.1, Bo
=1, 	=0.031 62, and M =0.007.
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7�a� and 8�a�. Some slight axial variation, a remnant of the
initial random perturbation, is still present. This leads to the
appearance of a wavelike disturbance along the ridge by t
=1.2�106, shown in Fig. 7�b�. The disturbance then rapidly
grows in amplitude until two distinct half drops are visible at
t=1.6�106, joined by a much thinner ridge of liquid, seen in
Fig. 7�c�. These drops are distorted and shifted somewhat
towards the upward-moving side of the cylinder. Liquid con-
tinues to drain into these drops, though more slowly. After
t�2�106 �Figs. 7�d� and 8�b��, there is very little subse-
quent change in the coating profile, though liquid continues
to slowly accumulate in the bulges.

As these drops develop, liquid is redistributed along the
cylinder. This is evident as a change in the area of enclosed
liquid in sections perpendicular to the cylinder axis. Figure 9
shows this area, computed as

Aj = �
0�i�n

hi,j
�k�

at y= j�, at various times. The rapid change apparent for
1.4�106� t�2.0�106 coincides with the period of drop
formation. Another way to see the relatively rapid breakup is
by the development of variation in thickness along the cyl-
inder axis. The quantity

��h�max = max
0�i�n

� max
0�j�n2

hi,j
�k� − min

0�j�n2

hi,j
�k�
 �18�

measures the greatest variation along any line of constant �
at a given time. This quantity is shown in Fig. 10 on a loga-
rithmic scale. The constant slope indicates exponential
growth, characteristic of such disturbances.21,34,35

This provides a measure of the growth rate of the insta-
bility �est�5.8�10−6 for this particular set of parameters
Bo, 	, M, W, and domain length. Using �6� instead of �5� a
slightly larger growth rate of 6.0�10−6 was found, as shown
by the line marked with “�” symbols in Fig. 10. In compari-
son, the fastest-growing modes of the axisymmetric and
Rayleigh-Taylor instabilities have growth rates �in units of
1 /T� of �axi=2.69�10−6 and �RT=2.63�10−6, respectively.
The growth rate for the axisymmetric instability was calcu-
lated with S=W2Bo=0.01. The effect of centrifugal accelera-
tion is small at this low rotation rate. These growth rates are
somewhat smaller than those observed.

The coating appearance differs considerably at other ro-
tation rates. Figures 11�a�–11�d� show a series of contour
plots of coating thickness after the drops have formed for
W=0, 0.05, 0.15, and 0.2, computed using �5�. These “foot-
prints,” together with Fig. 7�d� for W=0.1, reveal a change in
drop shape with W. For slowly rotating cylinders, nearly cir-
cular drops form at the underside. As speed is increased,
these are distorted and located somewhat up the upward-
moving side of the cylinder. At the highest speed shown,
W=0.2, the coating does not break up into droplets, but re-
tains the shape of the two-dimensional solution. This last
result will be considered shortly. Very similar results were

FIG. 8. The same coating as in Fig. 7, shown in perspective view �for 4
���2��, at �a� t=0.8�106 and �b� t=2.0�106.

FIG. 9. Changes in the area of cylinder cross sections with time for the
simulation shown in Fig. 7. As drops form, the liquid is redistributed along
the cylinder. Shown at t= �1.0,1.2, . . . ,2.0��106 and t=4.0�106, dashed.

FIG. 10. The growth of axial variation of the coating for the simulation
shown in Fig. 7, using �5� �� symbols� and using the simplified model �6�
�� symbols�. The largest azimuthal variation ��h�max is defined by Eq. �18�.
The growth before t=1.6�106 is essentially exponential, but stops when
drop formation is complete. A growth rate �est may be estimated from the
slope in the initial phase.
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found using the simplified model �6� for each value of W. In
the remainder of this section, we show only results computed
using my �6�.

The increase in extreme values of coating thickness,
which accompanies breakup of the coating, is more gradual
and occurs later for faster-rotating cylinders. This is seen in
Fig. 12, showing the changes in maximum and minimum
values of h over time for several values of W. In the figure,
data points corresponding to the same value of W have been
joined by interpolating splines. After breakup, there are still
moderate amounts of liquid everywhere on the rotating cyl-
inder, including the upper side, while on the stationary cyl-
inder the upper surfaces retain very little liquid. This illus-
trates the tendency of rotation to smooth the coating. For
W=0.17, there is little sign of breakup, even though it is a
little over half the critical value Wc.

For W above about 0.18, the profile did not break up
even after a long time. A plot of the distribution of cross-
sectional area with time, similar to Fig. 9, indicates that after
initially appearing to form a coherent disturbance, this dis-
turbance decays in amplitude, leaving an axially uniform
coating. To explore this, simulations using �6� with the half-
cosine initial condition �14� were run for W=0.2, with 
0

=0.01	 and �= �5,10,15,20��R. As the computational do-
main becomes large, such simulations become time consum-
ing, posing a practical limit on the largest wavelength which
may be tested. Intriguingly, the coating becomes more axi-
ally uniform over time, at all wavelengths tested, with
shorter wavelengths producing a more uniform coating at a
given time. Once the front has been established, the maxi-
mum axial variation ��h�max occurs at �=5.34 for this value
of W. In Fig. 13, ��h�max is shown at various times for �

=5�R and 10�R. The measured growth rates for the decay
seen here are −3.4�10−6 for �=5�R and −6.2�10−7 for
�=10�R.

Simulations with half-cosine initial conditions for vari-
ous W and � provide an indication of the parameter range in
which axially stable solutions may lie. For a given W, small-
wavelength disturbances should decay, while large-
wavelength disturbances should grow. By varying �, it is
possible to approximately locate a cutoff wavelength �0.
Such simulations were made, using initial condition �14�
with 
0=0.001	. Figure 14 shows the results. Here the lower
points �� symbols� indicate the largest wavelength found to
be stable, and the upper points �� symbols� show the small-

FIG. 11. Contour plots of coating thickness after drop
formation is complete, as the rotation rate is varied. In
�a� the cylinder is stationary �W=0�. In �b� W=0.05 and
in �c� W=0.15. For W=0.2, shown in �d� at t=4�106,
the coating does not break into drops. Here Bo=1, 	
=0.031 62, M =0.007.

FIG. 12. For the rotating cylinder with Bo=1, coating thickness variation is diminished as W increases from 0 to 0.17. Points indicate �a� maximum and �b�
minimum values at the given times. The original coating thickness, h=0.031 62R, is also shown.
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est unstable wavelength which was observed. The curve di-
viding these two sets of points is an estimate of the neutral
stability curve, �0�W�. A number of results included here
have been confirmed using substantially reduced grid spac-
ing �n=200� and time steps.

A number of interesting features are evident. At W=0,
the coating is strongly influenced by drainage, though the
cutoff wavelength appears to be near 2�R. As W increases,
so does �0. Near W=0.15, �0 increases rapidly, exceeding
the value 5�R used in the above simulations when W
�0.175. The curve was not continued beyond �=30�R. Dis-
turbances having this wavelength were found to be stable for
0.186�W�0.242, while speeds slower or faster than this
lead to the formation of the drop patterns shown in this sec-
tion. As W is further increased, the cutoff wavelength de-
creases.

Well above the Moffatt critical speed �Wc=0.287�, the
influence of gravity is weak and the coating is nearly axi-
symmetric. The theory of Sec. III A should therefore be ap-
plicable. As shown in Fig. 14, the cutoff wavelength appears
to approach that of an axisymmetric disturbance on a rotating
cylinder, given by �10� with S=W2Bo here.

The above observations suggest that there is a range of
speeds for which the axially uniform solution is stable to
small perturbations. This is potentially useful for two rea-
sons. First, a coating coated at this speed is unlikely to de-
velop defects. Second, it may be possible to obtain a nearly
uniform coating, with �for example� a lower power require-
ment for rotation than if the speed were raised above the
Moffatt critical speed.

The existence of a stable region is not unique to these
parameters. With M decreased to 0.005, limited results sug-
gest that the neutral stability curve has a similar shape to that
shown in Fig. 14 for M =0.007. However, its features are
shifted to rotation rates which are 7/5=1.4 times larger. This
is not unexpected. M only appears in the viscous dragging
term of �6�, where it is multiplied by W, so a decrease in M
is compensated for by a corresponding increase in W. The
increase in centripetal acceleration caused by larger W ap-
pears to have little effect on these parameters. Similarly,
when the Bond number was increased to 4 �i.e., the cylinder
radius R=2lc�, but 	 and M remained unchanged, a stable
region could still be found. In this case, the rapid increase in
cutoff wavelength occurred at higher speed, around W
=0.24. Initial conditions with wavelengths �=5�R were
found to decay in amplitude for 0.245�W�0.265. For ex-
ample, the growth rate for �=5�R and W=0.25 is −1.0
�10−6. The stable region extends at least as far as when
Bo=1, with negative growth rates found for 0.24�W
�0.26 when �=30�R.

We suggest that in these parameter regimes, the coating
does not destabilize due to an Rayleigh-Taylor-type instabil-
ity because cylinder rotation soon carries liquid particles
away from the ridge of liquid near the cylinder underside.
Furthermore, as rotation rate is increased, the height of this
ridge is reduced, discouraging breakup. A detailed explana-
tion for these results awaits further investigation.

While being stable to one wavelength �or even finitely
many� does not imply stability to all wavelengths, in this
case it is strongly suggestive, since the theory of axisymmet-
ric and Rayleigh-Taylor instabilities �Sec. III A� suggests
that the growth rate dependence on wavelength is character-
ized by a cutoff wavelength, with all shorter wavelengths
being stable. Having found one stable wavelength, all shorter
wavelengths can be expected to be stable. Conversely, the
existence of a single unstable wavelength demonstrates that
the axially uniform coating is certainly �linearly� unstable.

Breakup occurs again at higher speeds, though the re-
sulting coating profile is now ringlike, rather than droplike.
This is seen in a simulation with W=0.3, slightly above the
critical speed Wc=0.287, starting with same random initial
condition as for lower speeds. At first, the coating settles into
nearly axially uniform layer, with a shape in close agreement
with the two-dimensional solution. Small waves appear at
the thickest part of the coating, just below �=0, by t=2

FIG. 13. On a small rotating cylinder with W=0.2 and Bo=1, M =0.007,
	=0.031 62, axial variations decrease over time. The largest azimuthal
variation ��h�max is defined by Eq. �18�. The initial condition is half of a
cosine wave along the cylinder length, with the wavelength indicated. Points
denote simulation results; straight lines are an exponential fit, from which
the �negative� growth rates are found.

FIG. 14. Stability diagram for a coating on a small rotating cylinder with
Bo=1, 	=0.031 62, and M =0.007. The horizontal axis shows dimensionless
cylinder rotation rate W. The vertical axis shows the wavelength of a small-
amplitude sinusoidal variation superposed on an initially uniform coating.
Symbols below the line ��� indicate values for which the disturbance did
not grow; symbols above the line ��� indicate values for which the distur-
bance amplitude grew over time. The thin dotted line on the right indicates
the cutoff wavelength for the axisymmetric disturbance considered in Sec.
III A.
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�106. These waves slowly grow, appearing as droplets on a
ridge of liquid extending along the cylinder axis near �=0 by
t=4�106 �Figs. 15�a�–15�c��. As the droplets grow, the ridge
begins to break up, until the coating consists of rings of
liquid wrapped circumferentially around the cylinder �see
Fig. 15�e�, t=6�106�, connected by a much thinner coating
layer. This arrangement persists for a long time, although,
like the drops underneath the stationary cylinder, rings may
migrate along the axis. This is seen in Fig. 15�f� where at t
=8�106 the right-hand ring is beginning to drift rightward,
later merging with its reflection in the right-hand boundary
�not shown�. The appearance of these rings is somewhat
similar to those observed in experiments.1,3,4

B. Large cylinders: Bo=100

We now turn to a larger cylinder, with R=10lc, and vis-
cosity parameter M =0.007. Simulations begin with a mean
coating thickness h0=0.007R. We presented two-dimensional
solutions of �6� with these parameters previously.8 For a typi-
cal silicone oil �Dow Corning®200 fluid� with �
�21 dyn/cm and ��0.97 g/cm3, the capillary length lc

=0.15 cm, so these parameters correspond to a cylinder di-
ameter of 3 cm and a coating viscosity �=0.4 P. The Mof-
fatt critical speed is �c=0.36 s−1 �3.4 rpm�, so Wc=0.0141.
A coating on the stationary cylinder with Bo=100 produced
drops with a wavelength of between 10.9lc and 12.5lc �see

Sec. III C�. We therefore choose a domain length somewhat
longer than this, with L=10�lc=�R, and take n=400 and
n2=200. In this section, results obtained using �6� are shown;
those obtained using �5� were found to be similar and are not
shown here.

For a slower speed, W=0.004, the coating resembles the
stationary case. Starting from the near-random initial condi-
tion �17�, a bulge of liquid on the upward-moving side grows
to form a ridge. As the ridge gains thickness it moves down-
ward, until settling slightly upward of the cylinder underside,
with the thickest part located at ��4.79. Until t=80 000, the
coating is well described using the two-dimensional model.
Undulations develop along the ridge of liquid, which rapidly
grow to form three drops �Figs. 16�a�–16�c��, with a wave-
length of 3.3�lc. This value lies within the range of wave-
lengths observed for this case when W=0. Drop formation is
largely complete by t=120 000, corresponding to just over
half a revolution of the cylinder. This pattern remains un-
changed for at least two further revolutions. The resulting
droplet contours are nearly circular �Fig. 16�d��. Their maxi-
mum thickness is about 0.15R, compared to thicknesses
greater than 0.2R for the stationary cylinder. The coating
profile is shown in perspective form after drop formation is
complete in Fig. 17. At this speed, the drops finish slightly
upward of the cylinder underside, centered at �=4.74, having

FIG. 15. On a small cylinder rotating
above the Moffatt speed, the coating
may develop into rings. Here W=0.3,
while Bo=1, 	=0.031 62, M =0.007.
Contour plots of coating thickness are
shown at �a� t=2�106; �b� t=3�106;
�c� t=4�106; �d� t=5�106; �e� t=6
�106; �f� t=8�106. The contour in-
terval is 0.01.
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formed only slightly higher. A small, undulating ridge is vis-
ible above the drops in Fig. 16�d�, hinting at the possibility
of secondary drops forming there.

In previous work, Hosoi and Mahadevan22 found that the
wavelength of the axial instability they saw in a rimming
geometry was proportional to the width of the liquid ridge,
and satisfied ���1/3. This scaling results from the dominant
forces in the ridge, namely, capillarity and viscosity.21,34 We
measured the ridge width w for a range of Bond numbers
between 2 and 500 �with 	, M, and W fixed�, using the two-
dimensional form of �6�, finding that it indeed varies like
Bo−1/3. We define the width w to be the angle between the
locations of the thickness minima which occur on either side
of the ridge. As Bond number is increased, the width reduces
and the preferred wavelength of the instability decreases. For
large Bo, our limited numerical evidence suggests that the
wavelength appears to reduce with w. Of course for small
Bo, the curvature of the cylinder becomes important, and the
instability wavelength approaches a constant multiple of the
cylinder radius.

Not far below the critical speed, with W=0.012, the
coating evolves somewhat differently, forming long fingers.
The initial ridge of liquid forms much higher �at ��5.5�, and
is thinner than for the slower cylinder, with a maximum
thickness of about 0.01R. The breakup into droplets is much
slower than when W=0.004. Appreciable droplets do not ap-
pear until about t=4�105 �Figs. 18�a� and 18�b��. By t
=106, 31

2 drops have formed �Figs. 18�c� and 18�d��. The
point of maximum coating thickness at this time is located at
�=5.35, as the drops drain downward from the initial ridge.
Later, the leftmost complete drop merges with the half drop
at the boundary to form a more massive single drop �Figs.
18�e� and 18�f�� which settles further down the cylinder than
the other two drops.

C. Summary

This section has shown how the three-dimensional
model can be used to simulate coatings on cylinders of dif-
ferent diameters for a number of rotation rates. An initial
coating which is nearly uniform evolves in an axially uni-
form manner at first, forming a ridge. For slowly rotating
cylinders, this ridge is relatively large, and is close to the
underside of the cylinder, similar to the stationary case. At
high rotation rates, the initial liquid ridge is thinner and
broader, and situated well up the front of the cylinder.

For small cylinders, the ridge eventually breaks into
drops, except when W is in a range of speeds slightly less
than Wc. These drops are large compared to the cylinder
radius. As speed is increased the drop shapes alter from be-
ing circular to elongated. At higher speed, there is a transi-
tion from ridge-like to ring-like appearance, with rings of
liquid wrapped around the cylinder. In the Bo=1 case con-

FIG. 16. On a large, slowly rotating, cylinder drops develop. Here W=0.004 while Bo=100, 	=0.007, and M =0.007. Contour plots of coating thickness are
shown at �a� t=1�105; �b� t=1.1�105; �c� t=1.2�105; �d� t=2�105. The contour interval is 0.01.

FIG. 17. Drops on the underside of a large, slowly rotating cylinder. Per-
spective view of the coating shown in Fig. 16 at t=2�105. Coating thick-
ness has been exaggerated two times.
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sidered here, it appears there is a range of rotation rates in
which the axially uniform coating has no tendency to break
up.

On the larger cylinders, with Bo=100, the drops formed
are small compared to the radius. At low speeds, drops are
located at the bottom of the cylinder, but as speed is in-
creased they form further up the upward-moving side. The
undershoot below the liquid ridge requires relatively fine
resolution. In the present numerical model, with uniform grid
spacing, this makes simulation expensive. Some form of
nonuniform, or adaptive, meshing would be helpful here.

V. EXPERIMENTAL COMPARISON

To verify some of the phenomena seen in simulations,
and in particular to study the breakup into droplets, a number
of simple experiments were performed. Figure 19 shows a
smooth steel cylinder, designed as a roller in a pilot coating
machine. It could be rotated using a compressed-air-driven
motor capable of rotating the cylinder at speeds in excess of
60 rpm �2� s−1�. This was coated by a silicone oil �polydim-
ethylsiloxane� provided by Dow Corning. The properties of
the cylinder and oil are given in Table I.

The coating was prepared by holding a shallow tray of
silicone oil just below the underside of the roller. With the
cylinder rotating at constant speed, the tray was raised so that
oil was drawn up to coat the entire surface. The tray was then
quickly lowered, leaving a large amount of liquid on the
cylinder. Sometimes, some excess liquid would immediately
drip off for a short time. The resulting coating layer appeared
not to vary along the cylinder axis. The coating mass, and in
turn the volume and the average film thickness, were deter-
mined by measuring the mass change of silicone oil in the
tray due to the application of the coating. Rotation rates were
determined by measuring the time taken for a fixed number
of revolutions with a stopwatch. Often there was appreciable
variation in the rotation rate, which is attributed to a varia-
tion in the compressed air supply. Although the alignment of
the cylinder axis was checked with a spirit level, often one
end was slightly lower than the other. This caused a slow
drainage along the axis, and a thicker average coating at one
end.

In the experiment reported here, the roller was loaded
with liquid at a relatively high speed ��2 s−1�, and gradually
slowed over several minutes. With the rotation rate at about
1.03 s−1 a row of drops formed from a ridge of liquid at the
front of the cylinder, near the �=0 position. Figure 20 shows
nine such drops. The two rightmost drops, which have
drained somewhat further, formed a few seconds before the
others. The spacing of these drops varied from
1.6 cm to 3.4 cm, with an average spacing of 2.3 cm.

Within about 90 s the drops shown here grew into fin-
gers, which drain downward to settle near the cylinder un-
derside. Figure 23 shows the coating layer 5 min after the
appearance of the drops, from below and to one side. The
rotation rate had decreased slightly to about 0.91 s−1. In
some experiments, so much liquid sometimes accumulated in
a drop that it broke away, removing liquid from the coating.
The part of the drop remaining on the cylinder then quickly
“rebounded” to its original position, slightly forward of the
bottom of the cylinder. This has already occurred for the
rightmost drop in Fig. 23. When the cylinder was stopped, all
the liquid on the cylinder drained, and about 19 drops formed
along the underside, corresponding to a somewhat closer av-
erage spacing of about 1.5 cm.

The above experiment can be compared with a simula-
tion using our model. The simulation parameters for the ex-
perimental conditions are shown in Table II. The volume of
liquid in this case was found to be 18.5 cm3, corresponding
to a mean thickness of 0.0313 cm, so the thickness parameter
	=0.009. The capillary length was lc=0.15 cm, so R
=22.4lc and Bo�500. Based on a constant rotation rate of
�=0.95 s−1, the dimensionless rotation rate W=0.056 was
used. The critical value of � for Moffatt-type solutions for

FIG. 18. On a large, faster-rotating cylinder, drops form on the upward-
moving cylinder surface. Simulation parameters are the same as Fig. 16,
except that W is increased to 0.012. The coating is shown at �a� and �b� t
=0.4�106; �c� and �d� t=1.0�106; �e� and �f� t=1.5�106. Coating profiles
in �a�, �c�, and �e� have been exaggerated five times. The contour interval in
�b�, �d�, and �f� is 0.002.

FIG. 19. The steel roller used for experiments. The tray used for coating the
cylinder with silicone oil is underneath.

FIG. 20. Formation of a row of droplets. The cylinder is seen from the front,
with the visible part moving upwards.
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these parameters, given by �2�, is �c=1.06 s−1, slightly faster
than the value used here. The simulation, using �6�, began
with a nearly uniform layer of thickness 0.009R, with applied
noise of 1% of the thickness. The model cylinder is some-
what shorter �length �R� than in the experiment, with length
8.2R. We have used n=400 and n2=200 here.

In our simulations, a bulge of liquid quickly forms on
the upward-moving side, just below �=0. This bulge in-
creases in thickness, forming a ridge, with little axial varia-
tion evident. After some time, undulations develop along the
liquid ridge, which rapidly grow to form drops by t
=60 000. Contour plots of the simulated coating �Fig. 21�
illustrate this clearly. These drain down the front of the cyl-
inder as long fingers. In the simulation the spacing between
drops varies from 0.36R to 0.49R, with an average spacing of
0.44R. This is somewhat shorter than the spacing seen in Fig.
20. The free surface profile at t=80 000 �1.9 revolutions� is
shown in Fig. 22. Computer rendering is used to view the

coating from the front, shading the coating based on its
thickness. Late in the simulation, the second and third fingers
from the left in Fig. 22 merge, forming a larger finger. Figure
24 shows the computed free surface later, at t=180 000 �4.2
revolutions�, viewed from an angle similar to that of Fig. 23,
below and to one side of the cylinder. The elongated shape of
the droplets, and their position slightly toward the upward-
moving side of the cylinder, qualitatively agrees with the
experimental results.

Liquid accumulates near the bottom of the cylinder at
�=3� /2, and the thickness of the drops there gradually in-

TABLE II. Dimensionless parameters for comparison with experiment.

Property, symbol Value

Thickness, 	 0.009

Bond number, Bo 500

Viscosity parameter, M 0.0026

Rotation parameter, W 0.056

FIG. 21. Breakup into droplets on a
large rotating cylinder, using the three-
dimensional numerical model. Param-
eters correspond to the experiment,
and are given in Table II. Contour
plots of coating thickness are shown at
�a� t=2�105; �b� t=4�105; �c� t=6
�105; �d� t=8�105; �e� t=10�105;
�f� t=20�105. The contour interval is
0.002, though contours are not shown
for thicknesses exceeding 0.018.

FIG. 22. Result of the same numerical simulation as in Fig. 21, showing the
formation of a row of droplets. This may be compared with the experimental
result shown in Fig. 20. The cylinder is seen from the front, with the visible
part moving upwards, at t=80 000.
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creases over time. Eventually our model and numerical simu-
lations fail as a result of the excessive changes in thickness
near the edge of the drop. To reach the point shown in Fig.
24 required less than an hour on a 1 GHz Pentium-class per-
sonal computer.

In some experiments, isolated fingers would appear,
without the sequence of ridge formation and breakup into
many drops presented above. These are attributed to local
variations in the thickness of the initial coating, which arise
from the tray used to load the cylinder not being either per-
fectly flat or held perfectly level. Such a finger is shown in
Fig. 25. To study these fingers, a simulation was performed
using a much narrower portion of the cylinder. Simulations
begun from half-cosine initial conditions indicated that the
cutoff wavelength for disturbances to grow was between
0.35R and 0.38R for the parameters in Table II. With L
=�R /10 �n2=20�, a half-cosine variation with a wavelength
of �R /5 was imposed in the axial direction. This grew to
produce one-half of a finger, shown in Fig. 26, which drains
down the front of the cylinder. Its tail extends into the upper
half of the cylinder at later times, though this is cut off in the
figures. The general appearance of the finger is similar to that
of Fig. 25, and also somewhat like that shown in simulations
by Schwartz36 for a drop draining on a vertical wall. There is

a relatively thick region behind the main drop. The position
of maximum coating thickness, which is at the head of the
finger, advances at nearly constant speed, until reaching the
bottom of the cylinder.

VI. DISCUSSION

This work has presented simulations of coating flow on a
rotating cylinder, extending previous work in two comple-
mentary ways. First, we used a three-dimensional coating
evolution equation which adequately includes the effects of
rotation, surface tension, centripetal acceleration, gravity,
and axial variation, for a rotating cylinder, in a parameter
range where all these effects are significant. The numerical
results here are an extension of our earlier work8 in two
dimensions to include axial variation. This work can also be
viewed as the extension of work by Weidner et al.12 for
stationary cylinders to rotating cylinders. Our experimental
results have confirmed the general features of the simula-
tions.

A numerical method was developed for obtaining solu-
tions using the model. This was implemented in three dimen-
sions using an alternating direction implicit �ADI� finite-
difference method. The numerical method was verified, with
gravity excluded, by comparing the observed growth rate of
an axisymmetric sinusoidal disturbance with a linearized
theory. The coating is unstable to this disturbance, and the
coating breaks up into rings wrapped around the cylinder.
With gravity included, model predictions were compared
with existing results for a stationary cylinder.12 In this case,
the liquid drains under the influence of gravity, forming a
ridge beneath the cylinder, which breaks up to form pendant
drops. As is well known,31 the spacing of these drops is
strongly influenced by the cylinder size relative to the coat-
ing capillary length. For small cylinders, the drop spacing
scales with the cylinder radius. For large cylinders, the
Rayleigh-Taylor instability causes the drops to have a wave-
length determined by the coating capillary length.

Using this model we are able to perform realistic nu-
merical simulations of the three-dimensional coating, includ-

FIG. 23. Over time the droplets in the experiment shown in Fig. 20 accu-
mulate the liquid and grow to form long fingers. The cylinder is seen from
below the horizontal, and to one side.

FIG. 24. Computed free surface for the simulation shown in Fig. 21. Fingers
drain toward the cylinder underside at t=180 000. Compare Fig. 23.

FIG. 25. An isolated finger after it has reached the underside of the cylinder.
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ing reproducing the fingering seen in an experiment. In gen-
eral a coating on a rotating cylinder displays the same initial
behavior regardless of cylinder size or rotation rate. A nearly
uniform initial coating first adopts a profile which is axially
uniform, and so it is well described by the two-dimensional
model. A ridge of liquid forms on the upward-moving side of
the cylinder. For most of the parameter ranges considered, an
axial instability develops on this ridge, causing it to break
up. The simple experiments presented here confirm that an
apparently axially uniform layer may develop a nonuniform
surface over time. The mechanism responsible for the
breakup is presumably surface tension, since neither gravita-
tional nor rotational forces act in the axial direction.

Depending on the particular parameters, this leads to the
formation of one of several possible configurations. At low
speeds, the coating on both large and small cylinders settles
into a steady state, with drops of liquid near the underside.
These drops become elongated as the cylinder speed in-
creases. At somewhat higher speeds, rings may form on a
small cylinder, as observed previously. For larger cylinders,

ridges form well up the upward-moving side of the cylinder
and break up to form long fingers which drain to the cylinder
underside.

We report observations of fingers in both numerical
simulations and experiments. For large cylinders, the nu-
merical method is able to qualitatively reproduce experimen-
tal observations of fingering. A simulation using the experi-
mental parameters produced fingers showing reasonable
agreement with the results of our experiment. These fingers
are somewhat similar to the features seen in rimming flows
of liquids20,22 and granular materials.37 Fingering appears to
be a result of the buildup of liquid on the upward-moving
side, but the precise mechanism for instability remains un-
clear. The model here will allow further investigation of such
behavior.

Because rotation continually carries the liquid over the
entire coating, there is a nonzero minimum coating thick-
ness, even after breakup has occurred. This occurs on the
downward-moving side close to �=�, as expected from
Moffatt’s theory. In contrast, on a stationary cylinder all liq-

FIG. 26. Development of a finger on a
rotating cylinder, using the three-
dimensional numerical model. The fin-
ger is produced using a sinusoidal ini-
tial condition with axial wavelength
� /5. Contour plots of coating thick-
ness are shown at �a� t=2�105; �b� t
=4�105; �c� t=6�105; �d� t=8
�105; �e� t=1.0�106; �f� t=1.5
�106; �g� t=2.0�106; �h� t=2.5
�106. The contour interval is 0.01.
Coating parameters are the same as in
Fig. 21.
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uid will eventually drain from the upper parts of the cylinder.
For a certain parameter range, we have obtained numeri-

cal evidence suggesting that the liquid ridge is not unstable
to axial perturbations. For a small �Bo=1� rotating cylinder,
there appears to be a stable speed window below the Moffatt
speed, in which the coating does not break up axially into
droplets or rings. This is a surprising result, given that the
coating might be expected to remain unstable to an axisym-
metric “sausage-type” instability. This may be because in
this parameter range the cutoff wavelength for axial instabil-
ity becomes larger than could be studied here, or because the
axially uniform profile is in fact stable. This stable region
appears to persist for somewhat larger cylinders. A useful
task would be identification of the fastest-growing wave-
length of the transverse instability observed using the nu-
merical method and its growth rate. The latter is expected to
decrease as the stable region is approached. Further analyti-
cal and numerical investigation is needed to shed light on
this question. The existence of a stable speed window might
be confirmed by careful experiments.

Our three-dimensional simulations have not yet revealed
a systematic variation in the preferred wavelength as the ro-
tation rate is increased. The experimental evidence shows
that the spacing in the drippers seen in Fig. 23 is somewhat
larger than the spacing of the drips which form on the cylin-
der underside when the cylinder is stopped and the liquid
drains off. At high speeds where centrifugal acceleration is
significant, the theory of Sec. III A suggests a shorter wave-
length for instability. This apparent discrepancy is perhaps a
result of finite-length effects, due to the relatively short cyl-
inder lengths used here.

An important refinement of the numerical method would
be the incorporation of full curvature and correct mass con-
servation, including the higher-order terms in �4� which were
neglected in the current work. With the present method, the
liquid accumulates in drops near the bottom of the cylinder,
and the coating thickness gradually increases over time.
Eventually simulations fail as a result of the excessive
changes in thickness in this area. Such a scheme has been
implemented for the stationary cylinder by Weidner et al.12

This would prevent the coating from growing to nonphysical
size and allow treatment of the maximum load problem.

For small Bond numbers, resolving features on the order
of the capillary length lc requires many grid points. The
three-dimensional numerical method currently used requires
that the dimensionless grid spacings �� and �y are equal.
Removing this restriction would allow more efficient model-
ing of long or short stretches of cylinder, while ensuring
adequate resolution.

One of the original goals of this work was to improve
understanding of the maximum amount of coating which can
be supported on a rotating cylinder. The present work, while
not directly addressing this issue, highlights the importance
of accurate three-dimensional modeling of drop formation
and fingering. Fingers drain and large drops accumulate the
liquid, before dripping off, removing the liquid from the cyl-
inder. These lower the amount of liquid which can be held
below that which would be expected for an axially uniform
coating. Any complete answer to the maximum load question

must include the effects of these processes. Conversely, in
coating operations where a thin and uniform coating is de-
sired, any axial instability is unwanted. In either case, a bet-
ter understanding of the development of such instabilities
will be important for progress.
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APPENDIX A: COATING FLOW MODEL

Here we summarize the derivation8 of the lubrication
equation �4�. The liquid velocity is written as u�r ,� ,y , t�
=wer+ �r�+u�e�+vey in cylindrical coordinates �r ,� ,y�
where er, e�, and ey are coordinate unit vectors which are
fixed �independent of time� in a nonrotating frame. The con-
tinuity and momentum conservation equations are
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where p is the liquid pressure. Here
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These equations are to be solved in the interval 0�z
�h�� ,y , t�, where z=r−R, subject to the following boundary
conditions.

�1� At the moving wall a no-slip boundary condition is
applied: u=v=w=0 at z=0.

�2� At the free surface s=h, the shear stresses are zero,
and normal stress arises from pressure and surface tension
effects, so

n · � · t
 = 0 for 
 = �1,2
 ,

− p + ��n · � · n� = − �� .

Here �= ��u+ �uT� /2 is the fluid rate-of-strain tensor, and n
and t
 are unit vectors normal and tangential to the free
surface, respectively. � is the free surface curvature.
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�3� At the free surface F�� ,y ,z , t�=z−h�� ,y , t�=0,
DF /Dt=0, where D /Dt is the usual material derivative. This
boundary condition is used to obtain the evolution equation
for the film thickness.

Equations �A1�–�A4�, together with the above boundary
conditions, form a complete statement of the general prob-
lem. In our earlier work,8 a perturbation expansion in the
small parameter 	=H /R
1 is carried out, where H is the
characteristic film thickness. This requires scaling the fluid
velocity components along the substrate with �gH2 /�, pres-
sure with �gH, and time with �R /�gH2.

To leading order the variable part of the pressure �in
physical variables� is

p = − �� h

R2 + �2h� + ���R + z��2 − g sin ���z − h� .

Here the nonlinear expression for the free surface curvature
has been approximated by a linearized expression. This is
appropriate when h
R, i.e., 	
1.

The components of fluid velocity along the substrate, in
the azimuthal and axial directions respectively, are

u = −
�

��
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� z2

2
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2
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2
− hz� .

Integrating the fluid velocity across the film thickness
leads to an evolution equation for the coating thickness,
h�� ,y , t�. This is Eq. �3�.

APPENDIX B: THREE-DIMENSIONAL NUMERICAL
SCHEME

To solve �6� numerically, a finite-difference method is
used. The coating thickness h at ��i ,yj�= �i� , j�� is approxi-
mated by hi,j

�k� at time level t�k�. Equation �6� is solved using
an ADI scheme similar to that described by Yanenko38 for
solving equations of biharmonic type arising in the theory of
elasticity. The fourth-order derivatives are treated implicitly,
while other quantities are treated explicitly. This avoids the
restrictive small time step requirement for the stability of a
fully explicit method.

At the end surfaces y=0 and y=L, zero flux boundary
conditions are imposed:

�h

�y
=

�3h

�y3 = 0 at y = 0,L .

In the � direction, the coating is required to be periodic,
i.e., h��+2� ,y , t�=h�� ,y , t�. References to i, i±1, i±2 in the
first subscript of hi,j

�k� should be understood to be modulo n in
the following description.

Each full time step, from the kth to the �k+1�th time
level, is divided into two half-time steps, with fictitious in-
termediate values hi,j

�k+1/2� computed at time t= �t�k�+ t�k+1�� /2.
It is useful to define the finite difference operators

��f i,j = �f i+1/2,j − f i−1/2,j�/� ,

�yf i,j = �f i,j+1/2 − f i,j−1/2�/� ,
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�y
2f i,j = �f i,j+1 − 2f i,j + f i,j−1�/�2.

In the first half time step, the highest order � derivative
is treated implicitly, while the viscous dragging term is
handled using a time-centered difference:
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where �t= t�k+1�− t�k� and
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For each value of j� �0, . . . ,n2
, a periodic pentadiagonal
system of n linear equations are solved for the hi,j

�k+1/2�, using
a variant of the standard method for a pentadiagonal
system.39 Here ci,j

�k�=1+ fhi,j
�k� reflects the cylindrical coordi-

nate system used. In solving �5� we set f =1, while for �6�
f =0.

In the second half-time step, the highest order y deriva-
tive is treated implicitly:

072102-19 Three-dimensional solutions for coating flow Phys. Fluids 17, 072102 �2005�

Downloaded 07 Jul 2005 to 141.20.54.144. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



ci,j
�k+1/2�hi,j

�k+1� − hi,j
�k+1/2�

�t
= −

1

3Bo�
��hi,j+1/2

�k+1/2��3�Di,j+1/2
�k+1/2� + Ei,j+1/2

�k+1� + �yhi,j+1/2
�k+1/2�� − �hi,j−1/2

�k+1/2��3�Di,j−1/2
�k+1/2� + Ei,j−1/2

�k+1� + �yhi−1/2,j
�k+1/2��


+
�hi,j+1/2

�k� �3Fi,j+1/2
�k� − �hi,j−1/2

�k� �3Fi,j−1/2
�k�

3�
,

where

Di+1/2,j
�k� = ���

2hi,j+1
�k� − ��

2hi,j
�k��/� ,

Ei+1/2,j
�k� = ��y

2hi,j+1
�k� − �y

2hi,j
�k��/� ,

Fi,j+1/2
�k� = �W2 − sin �i��yhi,j+1/2

�k� .

To obtain the values of hi,j
�k+1� at the end of this half-time step

for each value of i� �0, . . . ,n
, a pentadiagonal system of
�n2+1� equations must be solved for the hi,j

�k+1�.
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