FIRST ORDER OPERATORS AND BOUNDARY TRIPLES
OLAF POST

ABSTRACT. The aim of the present paper is to introduce a first order approach to the abstract
concept of boundary triples for Laplace operators. Our main application is the Laplace operator
on a manifold with boundary; a case in which the ordinary concept of boundary triples does not
apply directly. In our first order approach, we show that we can use the usual boundary operators
also in the abstract Green’s formula. Another motivation for the first order approach is to give
an intrinsic definition of the Dirichlet-to-Neumann map and intrinsic norms on the corresponding
boundary spaces. We also show how the first order boundary triples can be used to define a usual
boundary triple leading to a Dirac operator. In memoriam Viadimir A. Geyler (1943-2007)

1. INTRODUCTION

The concept of boundary triples, originally introduced in [V63], has successfully be applied to the
theory of self-adjoint extensions of symmetric operators, for example on quantum graphs, singular
perturbations or point interactions on manifolds (see e.g. [BGP08]). For a general treatment of
boundary triples we refer to [BGP08, DHMdS06] and the references therein.

Our main purpose here is not to characterise all self-adjoint extensions of a given symmetric
operator, but to show that the concept of boundary triples can also be used in the PDE case,
namely to Laplacians on a manifold with boundary. The standard theory of boundary triples does
not directly apply in this case, since Green’s formula

[ 8Tgas— [ Tagde= [ (0.5 Fon)lox
X X X
does not extend to f, ¢ in the maximal operator domain

dom A™™ = { f € Ly(X) | A" f € L,(X) (distributional sense) }

(cf. Remark 4.2 for details). A solution to overcome this problem is either to modify the boundary
operators (restriction of the function and the normal derivative onto 0X) as e.g. in [BMNWO07,
Pc07], or to introduce the concept of quasi boundary triples as in [BLO7] (cf. also the references
therein for further treatments of boundary triples in the PDE case).

Here, we use a different approach: we start with first order operators, namely the exterior
derivative d taking functions (0-forms) to 1-forms and its adjoint, the divergence operator 6,
mapping 1-forms into functions, since the first order operator domains are simpler. The Laplacian
(on functions) is then defined as Ay := 8d. Certainly, in our approach we do not cover all self-
adjoint extensions of the minimal Laplacian.

The abstract approach also allows to define the Dirichlet-to-Neumann map in an intrinsic man-
ner, and also the norm of ¢4/2 = H'/2(9X) is defined intrinsicly. This might be a great advantage
when dealing with parameter-depending manifolds, as it is the case for graph-like manifolds (see
e.g. [EP07, P06]). We will treat this question in a forthcoming publication. Our approach is
related to the recent works of Arlinskii [A00], Behrndt and Langer [BL0O7], Posilicano [Pc07] and
Brown et al. [BMNWO7], where also a PDE example is treated in the context of boundary triples.
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To precise our idea of the first order approach we sketch the construction here. The given data

arel

%7 %7 d: % -3 %a ‘%1 = domda

where 7, are Hilbert spaces (“p-forms”), and %' carries the graph norm. Guided by our main
application (a manifold with boundary), we call d an exterior derivative.
A boundary map (of order 0) is a bounded operator

Yo: K — 9, @1/% .= ran

with dense range ¥'/? C &, where ¢ is another Hilbert space (usually over the boundary).

For these data, we define dy := d restricted to j‘%l := ker vy and the divergence operator o := dj
with domain %' := dom 6. Furthermore, we can define a natural norm on ¢'/2 using ;.

In addition, we have a boundary operator of order 1, namely, v;: ' — ¢, with the same
range ran-y; = ran-y, = ¢'/2. Moreover, an abstract Green’s formula is valid, i.e.,

(dfo, 1) — (fo,891) = (0.fo. M191) 5172
Finally, h, = 3¢ is the solution of the Dirichlet and Neumann problem

Ayh, = zh,, Ypohyp = @,

respectively; we call 35 also a Krein I'-field of order p.
The Krein Q-function is defined as

Qo == 11dfg;

a bounded operator (on the boundary space ¥'/2), closely related to the usual Dirichlet-to-
Neumann map A(z) on a manifold with boundary defined in Eq. (4.1).
The main idea here is to consider the Laplacian A fy := 6dfy on the space

Ay = domdd := { fo € domd |df, € dom? }

instead of the maximal domain dom A = { fy € 74 | Aofo € 4 }. Although A, is not closed
on J? we can develop a suitable theory of boundary spaces. In particular, for a bounded and
self-adjoint operator B in 4'/? we can show that the Laplacian A restricted to

dom A} :={ fo € 22 | 1dfy = Byofo }

(Robin-type boundary conditions) is self-adjoint under a suitable condition on the domain of the
adjoint (fulfilled in our example of the Laplacian on a manifold with boundary). Our main result is
Krein’s resolvent formula for the resolvents of AF and the Dirichlet Laplacian AY; and a spectral
relation between the operators AF and Qf — B, namely

o(A7) \o(A) ={= ¢ o(A5) [0 € o(Q5 — B) }-

(see Theorem 2.30). The main advantage of our approach is that it can almost immediately be
applied to the case of the Laplacian on a manifold with boundary, using the standard boundary
operator (restriction of a function to the boundary and restriction of the normal component of a
1-form to the boundary).

The paper is organised as follows: In the next section, we develop the concept of first order
boundary triples. In Section 3 we show how this concept fits into the usual theory of boundary
triples. Section 4 contains our motivating example, namely, the Laplacian on a manifold with
boundary.

'Here and in the sequel, A: 4 --» % denotes a partial map, i.e., a map (a linear operator) which is defined
only on a subset dom A C J&.
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2. FIRST ORDER APPROACH

In this section, we develop the concept of boundary triples for operators acting in different Hilbert
spaces; guided by our main example of the exterior derivative on a manifold with boundary.

Definition 2.1. Let o7 = %) @ 4 and ¢4 be Hilbert spaces.

(i) Elements of .7, are referred to as p-forms.
(ii) A partial map d: S --» J# is called an exterior derivative if d is a closed map with
dense domain %' := domd C J%. We endow %' with the natural norm defined by

1follZgr = llfoll* + lldfoll*.

(iii) We call vo: S — 9 a boundary map (of degree 0) associated to d iff v is bounded
with dense image, and if /! := keryy C %' = domd is dense in 4. The auxiliary
Hilbert space is also referred to as a boundary space. We say that ~q is proper, if vy is not
surjective, i.e., if 12 1= (') C 9.

(iv) The data (2,9, ~) define a first order boundary triple for the exterior derivative d: J¢) --»
0 if v a boundary map associated to d.

Definition 2.2. We set dg := d[%%l, and call § := djj: A --» J4 the divergence operator with

domain ! := dom & and 4! := domd* (clearly, #' C ', and " is dense in 4 since d is
densely defined). We endow 54! with the natural norm

1flZen = I + 18 Sl
Definition 2.3.
(i) We call Ay := dd the Laplacian of degree 0 with domain
Ay = domdd := { fo € domd |dfy € dom & }
Similarly, A; := db is called the (maximal) Laplacian of degree 1 with domain
A7 = domds := { f € domd|df € domd }.

We endow %if with the norms

1foll%2 = 1 foll® + ldfoll* + lI8d fol?,
£z = IAIP + 18 A1+ [Ids fr]*.
We denote the eigenspaces by A, := ker(A, —z) C . For z = —1, we set A, :== A, 7"
(ii) We call
AD = diidy, AY = d*d,
AP = dyd3, Al = dd*
with the appropriate domains the Dirichlet Laplacian of degree p = 0,1 and the Neumann
Laplacian of degree p = 0,1, respectively. Clearly, all these operators are self-adjoint

and non-negative. We denote the corresponding resolvents by RE = (AII? + 1)1 and
RY = (AN +1)~1
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The following diagram tries to illustrate the two scales of Hilbert spaces associated to d, d* and
do, dfj = & (dotted arrows). Note that only at order 1, 0 and —1, we have relations between the
two scales:

(2.1)

Remark 2.4.
(i) The spaces ,%’;2 are complete, i.e., Hilbert spaces with their natural norms.
(i) Note that A, is a bounded operator on . However, A, with dom A, = J£7 is not
closed. Although we call A, the mazimal Laplacian, it is not the maximal operator AJ*
in the usual sens (which is the operator closure of A, with domain

dom AP = { f, € | A, f, € 7, } (2.2)
in the distributional sense). In general, > C dom AX**. This observation is one of the
motivations for our first order approach (see Section 4).

Lemma 2.5. We have 7 = e%%)l & A, (orthogonal sum).

Proof. Let p=0 and f, € . In this case, f; € (%%1)l is equivalent to

0= <f0790>%1 = (fo, 90) % + (dfo, dgo)sa. Vg0 € Ay (2.3)

However, by definition of the adjoint operator & = djj, we have hy € dom djj iff there exists hy € 94
such that ]

(h1,dogo) s, = (ho, go)or Vg0 € A5 (2.4)

Choosing hg = — fo, the orthogonality relation (2.3) reads hy = dfy € domd and didfo = — fo,

ie., fo € Ay. The argument for p =1 is similar. O

Lemma 2.6. The maps d: Ny — A1 and &: N, — N are unitary.

Proof. If fo € A4 then dddfy = —dfy, ie, dfy € A1. Similarly, f; € A4 implies df; € .
Furthermore, —dd fy = fo and d(—0f1) = fi implies that — is the inverse of d. Finally, d is an
isometry because

||df0||2%011 = [ldfoll24 + 18dfoll% = lldfollZ + Il foll % = ||fo||2;;%1-



FIRST ORDER OPERATORS AND BOUNDARY TRIPLES 5

Since d is surjective, it is therefore unitary with unitary inverse —9. O

Lemma 2.7. Assume that the boundary map 7o is proper (i.e., 9'/2 = ran~yy, C 4). Define
Yo = Yol s, then 4o is invertible and (30)7t: G --s A is an unbounded operator with domain
dom (%)™t = 9Y2. Furthermore, (30) "'y = hg is the (unique) solution of the Dirichlet problem

(AO + 1)h0 = 0, ’)/Qho = Q.
Proof. The operator 4 is invertible since (keryo)* = (1) = A5 by Lemma 2.5. If (5)~ were
be bounded, then 4, would be a topological isomorphism of 4} and ran~, = ¢'/2, in particular,

@1/2 would be closed in ¢, and by the density, we would have ¥'/2 =% — a contradiction. The
last assertion is an immediate consequence of Lemma 2.5 and the definition of the inverse map

(%0) 7" U
Definition 2.8. We endow ¢4/2 with the norm
[@llgrsz == 1(G0) ™ ll -

Lemma 2.9. Assume that the boundary map ~yo is proper (i.e., 9% = ranvyy C 4), then the
following assertions hold:

(i) We have ||olly < [ollll@llgr2 for ¢ € G2
(ii) The operator voys > 0 is invertible in &, and

A= (1075) 7" = ((B0) ) (o) ™! =

We define the associated scale of Hilbert spaces by
9= domA,  lle = A%l

for s >0 (and the dual with respect to (-, )y for s <0).
(iii) The operator ((30)™1)*: Ao --+ 9 is unbounded with domain

dom((%)_l)* = {f(] e M | ’}/(]fo € domA = @t }

(iv) The operator ~5: 9 — H is bounded, and 5o = hg is the unique Neumann solution,
1.€.,

1
Ivoll*

(AO + 1)h0 =0, Yoho € gl’ Ayoho = .

Remark 2.10. If v is not proper (i.e., if 7 is surjective, i.e., ¥Y/? = &), then all the above
assertions remain valid except for the fact that (40)7!, ((40)71)* and A are bounded operators.

Proof. The first assertion follows from

lelly = [90(F0) " elly < llllll(Go) ™ eller = Iollllellyr-
To prove the second, note that 975 = Yo7 is bijective and
(@, D)z = {(F0) ™ 0, (o) T 0)orr = (0. ((50)71) (o) 0y = (0, Ap)y

if (50) ¢ € dom((99)7")*, i.e, ¢ € dom A. Furthermore, ||[A7|| < |70/l
The third assertion is a consequence of Lemma 2.7, and the domain characterisation can be seen
readily. To prove the fourth assertion, take ho = vj¢ € ran~j C (ker )™ = Ag; in this case

(ho, f0>%1 = (,70.fo)y
for all fy € J4. If fo € A, then
<h07f0>%1 = (Yho, Y0 fo)g1/2

by definition of the norm on ¢'/2. But the latter term equals (Ayoho, Yo fo)« if Yoho € dom A, and
thus ¢ = Ayghy. O
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Remark 2.11. Note that ¢~'/2 is the completion of ¢ with respect to the norm |[[p|lgy-12 =
H'YOSOH%L

Definition 2.12. We define the boundary map of order 1 as
i — 9, Y= =00
where P, is the orthogonal projection in ' onto the subspace ./4;,.

Lemma 2.13. We have kery; = £, and vi: # — 9 is bounded with norm |y = ||ol|-
Furthermore, ranvy; = 92 and 41 := vi| 4, is a unitary map from A, onto G/2.

Proof. If f; € %211 = (M), then v, f1 = 0 since Py fi = 0. If fi € A, then v, f1 = =78 f1 = 0 iff
f1 = 0 since & is unitary from .4#; onto 4; = (ker v)*.
The boundedness follows from

Imfille < lrodPufille < [llll8Pfillg = ol Pufrllag < lvollllfillzg

by Lemma 2.6. Furthermore, for fy € A set fi := dfy, then v f1 = —v0d fo = Yofo. In particular,
71l = [l7ol[- Finally,

Y1 fillgrre = I0dfillgrre = 118 f1llgr = llLfill
for f; € A1, since 8 f; € A and by Lemma 2.6.

Lemma 2.14. The (abstract) Green’s formula holds, namely,
(dfo, 91) — (fo,891) = (Yoo, M191)91/2 = (V0.fos Y191)
where yy := Ay, : ' — G712,

Proof. It fy € 4%%1, then the LHS vanishes since & = djj, and so is the RHS, since vyfy = 0.

Similarly, if g; € ' = domd*, then the LHS vanishes since 8g; = d*g; and so is the RHS,
because 191 = 0 by Lemma 2.13. For f, € A4; and g, € A1, we have

(dfo, g1) — (fo, 8g1) = —(dfo,ddg1) — (fo,891)
= —(/fo, 591),%&01 = (Y0.f0, —70891)1/2
by Definition 2.8. The last assertion is obvious. 0
Corollary 2.15. We have
(Ao fo, go) — (fo, Aogo) = (Y0fo,71dgo)g1/2 — (v1dfo, Y090) 5172
= (Y0f0,71dg0)s — (71dfo, Y090)%
for fo, 90 € A3

The following lemma shows that A = A(—1) is the Dirichlet-to-Neumann map for the operator
Ao + 1:

Lemma 2.16. For ¢ € 92 and ho := (3%) ‘¢ we have
Ay = 71dhg.
Proof. By Lemma 2.14, we have
(dfo, dho) — (fo, Aoho) = (00, Y1dho)g-
On the other hand, we have
(dfo, dho) = {fo, Aoho) = (fo. o)z = (Vofo, Yoho)s1/2 = (Yo fo, g1z = (Yofo, Ap)g-
for fo, ho € . O
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Remark 2.17. The map 7; is indeed the boundary map occuring in the applications (see Section 4).
Namely, the Green’s formula is usually formulated with a boundary integral given as an inner
product of ¢4 rather than ¢'/2. In particular, 3;dhg is the “normal derivative at the boundary”
(in the case of a manifold with boundary).

The boundary maps are also bounded as maps with target space ¢'/2:
Lemma 2.18. The operators v,: H,' — 4'/* are bounded with norm bounded by 1.
Proof. For p =0, we have

o follgrrz = 1(G0) " 0 follgr = I1(0) " 0 Posfoll s = 1 Pofoll ey < Nl foll ez
since Yo fo = 7P fo. For p =1, we obtain

I fillgre = 11(50) " 900 P fill gy = 18Pl = 1 PLillg < Il fill
using Lemmas 2.6-2.7. L]

In order to define the Dirichlet-to-Neumann map also for other resolvent values z, we need to
provide results similar to those in Lemmas 2.5-2.7 for general z. Write

So:=o(AD), %, = o(AY). (2.5)

Lemma 2.19. For z ¢ ¥,, we have %’;1 = ji%}%ﬂf (topological direct sum). In particular,
Y5 =Wl x> s a topological isomorphism from A7 onto G2,

Proof. For z ¢ a(AY), we define
Pii=1—10(Ap — 2)" YAy — 2): K —
where
Ay = 6d: A — ,%%_1, (AP —2)7t = (8dy — 2) 7 ,%%_1 — ,%%1

and ¢g: %%1 — . A simple calculation shows that (1 — P§)? = (1 — P§), i.e.,, 1 — P§ and
therefore P are projections. Furthermore, fy = F§ fy is equivalent to Agfy = 2fo. In order to

show that fy = P¢fy € Ay* let us first show that fy € J4?, i.e., that hy := dfy € ' = dom .
To this end, recall the definition of the domain dom & = domd in (2.4). We have here

(dfo,dogo) = (8d fo, 90) = {2 fo, 90)

by Lemma 2.14 (note that vogo = 0) and the fact that ddfy = zfy; we can choose hg = zf; and
therefore fy € 2. A straightforward calculation shows now that (Ag — 2)fo = 0, and finally,
fo€ e/I{)Z .

By the definition of P§, it is also clear that ran(1 — Pf) C J#', and therefore %' splits into
the direct sum. The direct sum is also a topological sum, since 1 — P and F; are bounded maps.
Therefore fo — ((1—F§) fo, P§ fo) is a bounded bijection, and also a topological isomorphism. The
argument for 1-forms is similar, using

Pri=1—0u(AY = 2)"Y A, — 2): 8 — 6}
where
Ay =ds: A — 7, (AN =)= (dd - ) AT —
and 1, : S — AL

For the last assertion, note that kerw, = ji%,l and that ranvy, = 92 (see Lemma 2.13);
in particular, 47 is bijective. Furthermore, 4, is bounded as restriction of the bounded map

Vp: ) — G 172 (cf. Lemma 2.18), and therefore, 95 is a topological isomorphism. O
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Lemma 2.20. For z # 0, the maps d: AN — A7 and &: N7 — ANy are topological isomor-
phisms.

Proof. It fo € A7 then dodfy = zdfo, ie, dfy € A77. Similarly, fi € A7* implies df; € .
Furthermore, %6d fo= foand d(%é f1) = f1 implies that %6 is the inverse of d. Finally, d is bounded
on Ay?, since

IdfollZe = ldfoll % + 18dfoll % = ldfoll % + 12l foll5e < (1+ 121 follZ
and therefore a topological isomorphism. The assertion for & follows similarly. O

Definition 2.21. We call z — 3 := (8)7!, z ¢ Xy the Dirichlet solution map or the Krein
[-field of order 0 associated to the first order boundary triple (J,%,70). Similarly, we call
2z 37 :=(3%)7, 2 ¢ Xy the Neumann solution map or the Krein T'-field of order 1.

Remark 2.22.

(i) We prefer to use the symbol 3 instead of 7 for the Krein I'-field in order to avoid confusion
with our boundary maps 7,.

(ii) The maps 3;: A NF C %’;1 are topological isomorphisms, since the inverses 4,
are.

(iii) The names “Dirichlet/Neumann solution map” are due to the following fact: The p-form
hy, := B} is the solution of (A, — z)h, = 0, and y,h, = ¢. For p = 0, this is the solution
of the “Dirichlet problem” (vohq prescribed), and for p = 1, the solution of the “Neumann
problem” (v1hy prescribed). We will see in Lemma 3.7 that the Krein I'-fields are related
to a Krein I'-field in the sense of an ordinary boundary triple.

(iv) The map 3Z: 9Y/? — ! regarded as an operator 32 : 412 — J# into 54 is bounded,
as well as its adjoint, denoted by (5%)*: J# — G/2,

Lemma 2.23. We have y1dfo = (32)* (Ao — 2) fo for fo € dom AP = #2202 where (57)* is the
adjoint of BF as operator 3% : 9'* — . Furthermore, ran(G7)* = 41/2.

Proof. The assertion follows from (see also [BGP08, Thm. 1.23 (2d)])

(¢, (ﬁg)*(Ao — 2) fo)grrz = (B3, (Ao — 2) fo)
= ((Ao — 2)B50, fo) # + (10850, id fo)grr2 — (11dB5@, Yofo)gr/2
= (¢, m1d fo)g1/2

by Corollary 2.15 for the second equality. As far as the third equality is concerned, note that the
first term vanishes since (3¢ solves the eigenvalue equation; the same holds for the third term
since v fo = 0 for fy € e%%l. For the second term, we have v,3i¢ = ¢ by the definition of ;.
The last assertion follows from ran(37)* = (ker 42)* and from the fact that Z: ¥Y/2 — 4 is
injective. U

We can now define the Dirichlet-to-Neumann map and a closely related map for arbitrary resol-
vent values z:

Definition 2.24. The Krein @Q-function associated to the first order boundary triple (,¥9, 7o)
is the map

2 Qf = md(3§) " = mdpg, 2 ¢ o =0(AD).
For z ¢ %, the abstract Dirichlet-to-Neumann map at z is defined by

A(z) = AQf = Aidf; = 155 92 — 4712,
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Remark 2.25.

i) We shall see in Section 3 that () is indeed a Krein Q-function for an ordinary boundary
0
triple. Note that Q: ¥Y/? — %'/2 is a bounded map (cf. Lemmas 2.18-2.20). In
addition, we have

Qo' =md(50) ™" = =8 d(F0) T = 10(50) " = idyar:
at z = —1.
(ii) Note that A(z) is indeed the Dirichlet-to-Neumann map: We solve the Dirichlet problem
ho = B3, e,
Aghg = zhy, Yoho = ¢

and the Dirichlet-to-Neumann map is the “normal derivative at the boundary” of hg
(cf. Remark 2.17), i.e., A(2)p = Y1dhy.

Let us now define self-adjoint restrictions of A,.

Definition 2.26. Let B be a bounded operator in /2. We set
dom A§ = { fo € A | v1dfo = Bofo }
dom AY := { fi € 7| 71f1 = Bodf1}

and denote by Af the restriction of A, onto dom Af.

Lemma 2.27. Assume that dom(AP)* C H4!, then the operator AP is self-adjoint iff B is self-
adjoint in G2,

Remark 2.28. The domain condition does not seem to follow from abstract (“soft”) arguments; in
our manifold example, it follows from elliptic regularity (“hard” arguments). Note that in general,
dom AP** defined in (2.2) is even not a subset of ' (see Remark 2.4 (ii) and Remark 4.2).

Proof. The graph of the operator (AF)* is given as
graph(AéB)* = { (fo, Ao fo) ‘ fo € dom AF™,
Vg0 € dom AT : (AF™ fo, go) = (fo, AF*g0) } C ' x 4,

and the latter inclusion holds by our assumption on the domain of the adjoint. In particular,
fo, go € H;? and we can apply Corollary 2.15, namely,

(AY™ fo, 90) — (fo, Ag"™g0) = (vo.fo, 1dgo)g1/2 — (v1dfo, Y090) 5172
= <70f0737090>g41/2 - <B%f077090>g¢1/27

and the latter equality follows from fy, go € dom AF. The assertion is now obvious. O
The self-adjointness of B in ¥%/? can be shown as follows:

Lemma 2.29. Let B be a bounded and self-adjoint operator on 4. In this case, B := A'B s
bounded and self-adjoint as operator on G/2.

Proof. We have
IBll a2y = A2 BAT2|| gy = | A7/2BAT?
so that B is bounded on ¥/2, and
(B, )qrz = (M2 B, AV*)y = (A2 B, A)y = (Bo, ¥):

and the self-adjointness follows from the self-adjointness of B and a similar expression with B and
B in the second argument. 0

2 || Bl #)

2@ < |A7!




10 OLAF POST

We can now formulate our main result. For brevity, we restrict ourselves here to 0-forms. Similar
results hold also for 1-forms.

Theorem 2.30. Let B be a self-adjoint and bounded operator in 4%, AP the self-adjoint Lapla-
cian with Dirichlet boundary conditions (cf. Definition 2.3) and AP the self-adjoint restriction of
the Laplacian (cf. Definition 2.26). Assume that dom(AF)* C 4.

(i) For z ¢ o(A}) we have ker(Al — 2) = B; ker(QE — B).
(ii) For z ¢ o(AF) Ua(Af) we have 0 ¢ o(Qi — B) and Krein’s formula
(AF —2)7' = (A7 = 2)7' = 5(Q5 — B) (5%
is valid, where (B7)* is the adjoint of 5% as operator BF: G'? — .
(iii) We have
o(AF)\o(A7) = {z ¢ o(A7) |0 € o(Q5 — B) }.
Proof. The proof is again closely related to the proof for ordinary boundary triples (cf. [BGPOS,
Thm. 1.29]). For the first assertion, take ¢ € ker(Qf — B) and set fy, = G5¢. By the definition of
the solution map 5§, we have (Ag — z) fo = 0 and v fo = ¢. Furthermore, Qe = By is equivalent
to y1dfo = Bryofo by the definition of QZ. However, the last equation shows that fy € dom AJ,
i.e., fo € ker(AF — 2). The opposite inclusion follows similarly.
To prove the second assertion, take hy € 5% and fy := (AF —2)"*hy € dom AF. By Lemma 2.19
we can decompose fo = f§ + g5 € L + N7, Since fo, gi € H? we also have f& € H#? and

ho = (AF —2)fo = (Do — 2) fo = (Do — 2) f§ = (AF — 2) 5,

ie., f§ = (A — 2)"'hg. Furthermore, vof¢ = 0, therefore yofo = Y0gg, €., 95 = Bivofo and we
have

(AOB - Z)_lho = f(] = fg + gS = (AOD - Z)_lh(] + ﬁg’}/of(]. (26)
Now we apply y1d to the decomposition of f; € dom AF and obtain
Bryofo = mdfo = mdfy + mdB50fo
= (65)" (Ao = 2) f5 + Qiv0fo = (55)"ho + Q570 fo-
using the definition of QF (cf. Definition 2.24) and Lemma 2.23 for the third equality. In particular,
(@5 — B)vofo = (55)"ho, (2.7)
and the RHS covers the entire space ¢'/2 since hg covers .7 (see again Lemma 2.23). In particular,

(Q§ — B) is surjective. By (i), this operator is also injective, i.e., 0 ¢ o(Q§ — B). Krein’s formula
now follows from (2.6)—(2.7). The last assertion is a consequence of (ii). O

Returning to the original boundary space ¢ and the Dirichlet-to-Neumann map A(z) = AQ§ —
regarded as an unbounded operator in ¢4 — we obtain the following result:

Theorem 2.31. Let B be a self-adjoint and bounded operator in ¢ and AOE the corresponding
self-adjoint restriction of the Laplacian with domain

dom AG = { fo € 75" |Fadfo = Brofo}
(Robin type boundary conditions). Assume that dom(AF)* c !
(i) For z ¢ o(A}) we have ker(Al — 2) = BEA™! ker(A(z) — B).
(ii) For z ¢ o(AP)Ua(AY) we have 0 ¢ o(A(z) — B) and Krein's formula
(AP —2)7 = (AF = 2)71 = B5(A(z) = B)H(5))"

is valid, where (Zig)* is the adjoint of 3 : 4/* — 4 considered as an unbounded operator
B G --» A with domain G2
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(iii) We have N
o(AF)\ (A7) ={z ¢ o(A7) |0 € o(A(z) — B) }.
Proof. The proof follows from Theorem 2.30 because A(z)—B = A(Qz—B) and (57)* = A(5)*. O

3. BOUNDARY TRIPLES

In this section we show how the first order approach of the last section fits into the setting of
boundary triples in the usual sense. We only sketch the ideas here; for more details on boundary
triples, we refer to [BGP08, DHMdS06] and the references therein.

Definition 3.1. Let . be a Hilbert space with a closed operator D in .. Assume furthermore
that ¢ is another Hilbert space, and I'g,I'1: dom D — & are two linear maps. We say that
(4,1,I'y) is an (ordinary) boundary triple for D iff

(Df,g)owe = (f,Dg)or = (Lof . Trg)g — (T'1f,Tog)g,  Vf,g€domD (3.1a)
¥ -
[Ty domD — 909, f—Tof @1 f is surjective (3.1b)
Y
ker(I'p & I';) = ker 'y Nker I';  is dense in 7. (3.1c)

Lemma 3.2. Let 5 = 56 ® 764 and (H,9,v) be a first order boundary triple as in Defini-
tion 2.1. Write

0 &
D (d 0), domD == " = A & A |f12 = 1f12% + |IDf 1%

and Upf :=,f, for f = fo © fi € 5. Then (9'/% T, T1) is an ordinary boundary triple for D.
Proof. The Green’s formula (3.1a) follows from
(Df,g)w = {f, Dg) e = (dfo, g1)m — (fo,891) 0 + (8.1, go)ots — (f1.dg0).
= (Yoo, Mg1)g12 — (1.f1,7090) 512
by Lemma 2.14. The second condition (3.1b) follows from I’y ég I =% DM and the surjectivity

of v,: A — ¢1/2 The last condition (3.1c), i.e., the density of J#' := %%1 D %211 in 7, is a
consequence of Definition 2.1 (iii). O

The next lemma can be proved readily:

Lemma 3.3. Set 4" :=ker(D —w). If w# 0 then ¢ : %wQ — N with

w o 1 fO w L 1 %6]01)
,lvbOfO = ﬂ(idf())’ ’le fl = \/§< fl
are topological isomorphisms. In particular, for w = +i, they are unitary.

Corollary 3.4. The operator D has zero defect indez, i.e., /" = ker(D—i) and A 7' = ker(D+1)
are 1somorphic.

The next lemma is a well known fact; we give a proof for completeness.
Lemma 3.5. If w # 0 then ' = AL F N L (topological direct sum), and the projection
P* onto A" is given by
pu_L( B LRy
2 \daryt Pt )

If w = i, then we have ' = e NN (orthogonal direct sum), and P*' are orthogonal
projections (in ).
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Proof. Recall that P? is the projection onto .4* = ker(A, — z). Denote by PZ, = 1— P the
projection onto e%%)l and set P := Py @ P,. Then we can decompose f € ! as
f=Pf+Pf+Pf,

since P¥ + P~ = P¥ & P*" and P 4 (P¥" & PP’) = 1. A simple calculation shows that
DPY = wPv¥, ie., that P¥f € A™"; in addition, (P¥)? = PY, i.e., P is a projection; and
Pfe st

The sum of eigenspaces associated to different eigenvalues is direct, and NNV =
AN @ A@ (Lemma 3.3). Since in addition, A = %ﬁ,l—i—f/%wz, it follows that the sum

A = A+ N E NV s direct. The direct sum is also topological since the projections
are bounded operators. The orthogonality for w = =+i can be checked easily. U

. . . . . ¥
Lemma 3.6. Let D™™ be the restriction of D onto dom D™ = ;' .= 7' @ 7' = ker(Ty & T'y).
Then (D™")* = D.

Proof. We refer to [BGP08, Thm. 1.13 (1)=-(4)] for a proof. Note that D has self-adjoint restric-
tions since the defect index is 0 by Corollary 3.4. O

We write DP := Dlyerry, the Dirichlet Dirac operator, and DN = Dlyer, the Neumann
Dirichlet operator. Note that (DP)? = AD @ AP and (DV)? = A} @ A},

Lemma 3.7. Let w ¢ o(DP). The operator To| yu: A" — 92 has a bounded inverse 3, and
w — (% is a [-Krein field, i.e.,

BY: GV Y s a topological isomorphism and (3.2a)

U = g ger wy,wy ¢ o(DP), (3.2b)

where
Jwiw2 . — (DD — w2)(DD — wl)_l =1+ (wl - w2)(DD - wl)_l‘

Furthermore, 3% = ﬂwéuﬁéuz, where 35 is the Krein «y-function of order 0 associated with the first
order boundary triple (7,9 ,70) (cf. Definition 2.21) and 1 is defined in Lemma 3.3.

Proof. For the proof of the first assertion, we refer again to [BGP08, Thm. 1.23 (2a-b)]. The
relation with 5%” follows from the fact that Ty = o7, where mo: ' — !, f — fo; and the
inverse of \/51/15” is 7y (restricted to the appropriate subspaces). O

Lemma 3.8. The operator Q¥ = I'1f%: 4Y/? — G2 defines the Krein Q-function w — QY
1.€.,

Q" — (Q™)" = (wy — wy)(B™2)* B wy,wy ¢ o(DP).
Furthermore, Q% = ng”Q, where Q)f is the Krein Q)-function associated to the first order boundary
triple (F€,9,7v) (cf. Definition 2.2/4).

Proof. For the proof of the first assertion, we refer again to [BGP08, Thm. 1.23 (2c)]. The other
follows straightforward. O

Further results like Krein’s resolvent formula or the spectral relation for self-adjoint restrictions
DP of D can be found e.g. in [BGPO08]. In particular, if B is bounded and self-adjoint in ¢'/? then
the restriction of D to

dom DP .= { fe T \f =BLof} ={f € |vfi = Byfo}
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defines a self-adjoint operator DZ. The Laplacian (D?)? acts on each component as the Laplacian
A, fp, but with domain

dom(D?)* ={ f € dom D? | Df € dom D?}
={fe | nfi=Byf, mndfo=Brdf}.

Note that this domain is different from dom Af & dom AP (cf. Definition 2.26) since the two
components in dom(D?)? are coupled.

4. MANIFOLDS WITH BOUNDARY

In this section we present our main example and show how it fits into the abstract setting of
first order boundary triples of Section 2 (see also [A00]).

Let X be a compact Riemannian manifold with boundary 0X equipped with their natural
volume measures. Denote the cotangential bundle (or bundle of 1-forms) by 7*X. The data we
need to fix are the following:

% = L2(X)> ‘%1 = Hl(X)>

A = L,(T*X), d: HY(X) — Ly(T*X),
where Ly(X) and Ly(7*X) are the spaces of square-integrable functions and sections over the
cotangent (1-form) bundle, and where d stands for the usual exterior derivative with domain
1 = H!(X), the Sobolev space of functions f € L,(X) such that |df| € Ly(X) (or df € Ly(T*X),

what is the same).
For the boundary map, we need to fix the boundary space ¢ := L,(0X), and we define

Y0: HY(X) — Ly(0X), Yof = [flox-
Note that the norm of ~y depends on the local geometry of X near 0X. The range of g is
@12 = HY2(9X) together with the intrinsic norm defined in Section 2, namely
H90H2H1/2(ax) = Hf0||2H1(X) = ||f0HE2(X) + ||df0||EQ(X)a

where f; is the solution of the Dirichlet problem (Ag + 1)fy = 0 and o fy = ¢. Since H/2(0X) #
L,(0X), the boundary map =y, is proper.

After defining these data, we obtain %' = H!(X) = kervy and dy := df 1 (x)- Furthermore,
d = dj is the divergence operator. Comparing the abstract Green’s formula in Lemma 2.14 with

Green’s formula
[t~ [ Fonde= [ Fulox,
X X X

where 7, stands for the normal component of the 1-form 7 near 0.X, we see that

;?177 = T fax

Remark 4.1. Note that J#' := dom& C L,(T*X) is not the Sobolev space of order 1 on 1-
forms, defined locally via charts. Therefore, 5;: dom & — H™'/2(0X), and 7, does not map into
H/2(0X), as one could naively guess.

The Dirichlet-to-Neumann map in this case is
A(2)p = Ouho, where Aohy = zhyg, holox = ¢ (4.1)
for p € HY2(0X) and z ¢ o(AD) (cf. Definition 2.24).
Self-adjoint boundary conditions of the Laplacian on 0-forms like Robin boundary conditions are

now given as follows: Let B be a smooth, real-valued function on 0X and set B := A~'B. Then
B is bounded and self-adjoint on ¢'/? (Lemma 2.29) and

dom(AP)* = { fo € AP | 3, folyx = Bfolox }
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is a subset of ! = HY(X) since a priori, d,folsx € H™*/2(8X), but by the smoothness of B
and folpx € H™Y2(0X), we conclude that 9, folsy € H™Y/2(0X). By a theorem of Lions and
Magnenes (see [G68, Prop. I11.5.2] or [LM72, Thm. 7.4]), it follows that f € H!(X). In particular,
the domain condition is fulfilled, and the above domain defines a self-adjoint Laplace operator
(cf. Lemma 2.27).

Note that in general, the Robin boundary conditions cannot be expressed as (D?)? where D is a
self-adjoint restriction of the Dirac operator (cf. the end of Section 3). This is another justification
of our first order approach (instead of directly starting from an ordinary boundary triple as in
Section 3).

Remark 4.2. The first order approach to boundary triples enables us to use the natural boundary
maps Yof = flox and 717 = nu [y, in contrast to the second order approach using the Laplacian
as e.g. in [BMNWO07, Pc07]. In the second order approach, the maximal domain of the Laplacian

dom A™ = { f € Ly(X) |Af € Ly(X) }

is not a subset of the Sobolev space H'(X). In particular, f|,y is not in L,(0X), but only in
H=Y2(0X); and 0, f[5x € H™*2(0X) (see e.g. [G68, GO6, LM72]). In particular, Green’s formula
(cf. (3.1a)) fails to hold with the natural boundary maps.
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