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Intr oduction

We investigatespectralpropertiesof the Laplaceoperatoron a classof non-compacRieman-
nianmanifolds.We prove thatfor agivennumber we canconstructa periodicmanifoldsuch
thatthe essentiabpectrumof the correspondind.aplacianhasat leastN opengaps. Further
more, by perturbingthe periodicmetric of the manifold locally we canprove the existenceof
eigervaluesin agapof theessentiabpectrum.

Gapsin the spectrum

In our context a periodic Riemannianmanifold MP®" is a non-compactd-dimensionalRie-
mannianmanifold (d > 2) with a properlydiscontinuoussometricactionof anabeliangroup
[ of infinite order suchthat the orbit spaceMP®'/T" is compact. As in the caseof periodic
SchidingeroperatoronecanapplyFloquettheoryto shaw thatthespectrunof theLaplacian
A pryper ONMPE actingon p-forms(seeDefinition 2.3.1)hasbandstructurej.e., thespectrum
sped\, pyeer IS the locally finite union of compactintervals B, (A, pryeer), Calledbands(see
[Don81] if T is abelian,[BS92] or [Gru9g for certainnon-abeliargroupsl” or [RS78]in the
Schibdingeroperatorcase).

Here,werestrictoursehesto the Laplacianon functions,i.e.,we suppose = 0. However,
via the Hodgex-operatoronecanshaw thatthe spectrumof the Laplacianon functionsis the
sameasthe spectrunof the Laplacianon d-forms. Furthermoresupersymmetryn dimension
2 allows usto show thatthe spectrumof Ay prpeer iS the samefor p=0, p=1andp = 2.
Therefore all our resultsfor the spectrumof the Laplacianon functionsremaintruein these
specialcaseqseeTheorem=.3.8and3.4.6andCorollaries2.3.10and3.4.8).

In general,aninfinite numberof bandsB, (A, pyeer) Will overlapasin the caseof the
LaplacianApy = — v ;02 onRY. Here,thespectrunis [0, |.

Ourfirst aimis to constructclasse®f (non-compactperiodicmanifoldsMPe" with gapsin
the essentiabpectrumof the LaplacianA,,,er 0n MP€" actingon functions,i.e., we prove the
existenceof non-woid intervals|a, b with

Spe@Mperﬂ ] a, b[ = 0 (*)

To excludetrivial casesve supposehata > inf esssped per. Notethatfor (abelian-)periodic
manifoldsMP®" we alwayshave inf esssped\per = 0.

We prove the existenceof gapsin two differentways. In both caseshe mainideais to
analysea family of periodic manifolds (MP®"), suchthat MP®" decouplesn somesenseas
€ — 0. By decouplingwe meanthatthe junctionbetweenwo periodcells (seeSection3.2) is
geometricallysmall.
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Figure 0.1: Constructiorof a periodicmanifoldin CaseA.

CaseA: Westartwith acompacd-dimensionaRiemanniamanifoldX (withoutboundary
for simplicity). If I = Z we gluetogetherZ copiesof X modifiedin the neighbourhooaf two
distinct pointsin sucha way that we have two small cylindrical ends. The boundaryof the
modifiedmanifold M is a (d — 1)-dimensionalsphereof radiuse > 0 (seeFigure0.1). The
resultingmanifold MP®" is Z-periodic. Note that MP®" still dependson €. By Floguettheory
theanalysisof the spectrunof AMgf«‘f is reducedo theanalysisof thespectrunof the Laplacian

on a periodcell M, with 8-periodicboundaryconditionswheref € Z (seeSection3.4). The
dualgroupl” = Z = Stis usuallyidentifiedwith [0, 211 (seeSection3.1). Here,a periodcell
Mg is a closedsubsebf the periodicmanifold MP®" suchthatMP®"is theunionof all translates
of M, andsuchthatM, doesnot intersectary othertranslateof M,. Note thatthe spectrum
of A,?,,g is discrete.We denotethe eigervalueswritten in increasingorderby )\lf(ME) counting

multiplicities. In thesameway, let )\f(X) denotethe spectrunof the LaplacianAy on X.
We prove thefollowing (seeTheorem4.3.1andCorollary4.3.2):

Theorem. Thee-periodiceigen/alues)\ke(ME) cornverge uniformlyin 6 € 7.~ S'to theeigen-
valueA, (X) ase — Ofor everyk € N. In particular, if thek-th andthe (k+ 1)-steigervalueof
the LaplacianAy on X satisfyA, (X) < A, 1(X), thenther is a gapbetweerthek-th andthe
(k+1)-st bandofAMEer, ie.,

Bk(AMgef) n Bk+1(AMger) =0,
providede is smallenough.

Note that the corvergenceof the eigervalue )\f(Mg) is not uniform in k (seepage8).
Thereforewe can prove that an arbitrary finite numberof gapsoccurif € is small enough.
We canextendthe theoremto the caseof anarbitraryfinitely generatedbeliangroupl” (see
Figure0.2). We canalsoadmitlongthin cylindersof fixedlengthL > 0 betweerthecylindrical
endsasin Figure0.3: The Laplacianof theresultingperiodicmanifold I\W?er still hasgapsif €
is smallenough(cf. Theoremb.2.1andCorrollary5.2.2). This resultwasoriginally motivated
by work of C. Anné (see[Ann87] and[Ann99)).

CaseB: In thesecondclassof exampleswe startwith a I'-periodicRiemanniammanifold
MPE" (for simplicity) without boundary We perturbthe metric g*¢" of MP®' conformallyby a
factorp?, i.e., we setgh® = pZgPe" and denotethe resultingRiemannianmanifold by MPe,
Here(p,) is afamily of strictly positive smoothperiodicfunctionson MP€" corverging point-
wiseto the indicatorfunction of a setXP€. We supposeahat XP¢" is the disjoint union of the
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Figure 0.3: A periodicmanifoldwith long thin cylindersobtainedby taking M, andC, asnew period
cell Mg.

translatef aclosedsubseX of MP®' suchthatthereexistsaperiodcell M with X ¢ M. Sup-
posefurtherthatnormalcoordinatesvith respecto dX aredefinedonM \ X (seeSection6.1).
This conditionrestrictsthe geometryof X. For example,a centeredspheran acubeasperiod
cell satisfieghis condition. Denoteby M, the manifoldM with metricg?®" (seeFigure0.4and
Figure0.5). Our secondresultis the following (seeTheorem6.1.2andCorollary 6.1.3,for
the Definition of the NeumanrLaplacianAY} seeDefinition 2.3.3):

Theorem. Supposé¢hat MP®'is of dimensiord > 3. Thenthe G-periodiceigen/alues)\lf(Ms)
converge uniformly in 8 € ™ to the eigervalue /\li\'(x) of the NeumannLaplacianon X as
€ — 0, for everyk € N. In particular, if thek-th andthe (k+ 1)-st eigervalueof the Neumann
LaplacianAY on X satisfy AN (X) < AN ;(X), thenthere is a gap betweerthe k-th and the
(k4 1)-stbandof A, per providede is smallenough.

Thetwo-dimensionatasehasto be treatedseparatelyIn this casewe only prove that at
leastanarbitraryfinite numberof gapsexistsif MP®'is acylinderR x S1, seeChapter7.

The proof of the precedingtwo theoremss basedon the Min-Max Principle (seeTheo-
rem1.3.3). Themaindifficulty herecomesfrom thefactthatnot only the quadraticform (cor-
respondingo the Laplacianon M) but alsothe L,-normon M, dependsn £. We therefore
comparethe Rayleighquotientsfor parametedependenHilbert spacegseeTheoreml.4.2).
This ideais motivatedby [Fuk87] and [Ann87], but we prove a slightly differentversion.
Oneimportantingredientin proving the precedingwo theoremss a boundof the L,-norm of
eigenfunction®of A,f’,,g onthecylindrical ends(CaseA) resp.on M\ X (CaseB) corverging to
0 ase — 0 (seeTheoremd.4.1resp.Theorem6.2.1,the estimatesisedtherearemotivatedby
[Ann94)).

In both caseggapsoccurwhenthereis a periodcell M, suchthata neighbourhooaf the
boundaryof M; is smallin somesense.Note thatin CaseA andCaseB the volumeof the
e-dependingpart A, (resp.A; UC; in the caseof Mge’) andM; \ X corvergesto 0. It seems
thatit is importantto have a mechanisnwhich “separates’or “decouples”in somesensehe
differenttranslate®f a periodcell.
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Figure 0.4: In CaseB the Z?-periodicmanifold MP®' is given. We choosea periodcell M suchthatthe
periodicsubsetXP¢" doesnot intersecthe boundaryof M. We further supposehatnormalcoordinates
with respecto dX aredefinedon M \ X.

Figure 0.5: An, alasimperfect,attemptto picturetheconformallyperturbednanifold MP®" obtainedby
scalingthe manifold MP®" of Figure0.4 outsidethe grey areaxP®",

Eigenvaluesin gaps

As anapplicationof ourresultson spectrabapswe perturbthemetricof theperiodicmanifold
MPE" [ocally and obtaineigervaluesin a gapof the periodicLaplacian. Supposehat MP¢" =

MPe"is one of the periodicmanifoldswith periodcell M constructedeforewith metric g

suchthat(x) holds. Sincewe will applyregularity theorywe supposéhatdM is smooth(see
e.g.the periodicmanifoldin Figure0.2). Let A €]a,b[. If A is too closeto a or b we possibly
have to choosea smallere (seeCorollary 8.1.2). Supposdurtherthat (o(71)) .~ is a family

of strictly positive smoothfunctionson MP¢" suchthatp(0) = 1 andsuchthatp(1) is equalto

1 outsidea compactsetK, andsuchthatp(1) is equalto T+ 1 on a compactsetK, C Kl for

all T > 0. SupposdurtherthatK; andK, have (piecavise) smoothboundaryandnon-empty
interior. We denoteby M(T) (resp.K, (1) andK,(1)) the manifold MP®" (resp.K; andK,)

with metricg(t) = p(1)?gP®" conformalto g°®". Rougly speakingwe blow up theareak;. In

particulay theareak, is scaledby thefactort +1 > 1 (seeFigure0.6).
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Figure 0.6: The perturbedmanifold M(7). Again, this pictureis only an attemptsince one cannot
draw correctlythe conformallyperturbedareak, (1) \ K,(7) wherethe conformalfactorp(t) is anon-
constanfunction.

Figure 0.7: A periodiccell M andanapproximatingsubmanifoldM" of MP€"with n = 8 elements.

By the DecompositiorPrinciple (Theorem2.5.1)the essentiabpectraof Ay per and4,, (1)
arethe same but in additionto the essentialspectrumAM(T) could have discreteeigervalues
of finite multiplicity, accumulatingonly atthe bandedgesof spedper. Let

N (A )\) = Z dlmker(AM(T,)—)\)

denotethe numberof eigervaluesA (countedwith respecto multiplicity) of theoperatorfam-
ily (AM(T,))0<T,<T. Amongotherresultswe prove thefollowing (seeSection8.3.1):

Theorem. Let ]a,b[ be a gap in the spectrumof the unperturbedLaplacian Ayper and let
A €]a,b[. Then.#7(4,, M()? A) tendsto infinity as 7 — . In particular, there exist T > 0 such

that A is an eigernvalueof the perturbedLapIamanAM(T).

Theideais quite simple(cf. [AADH94] and[HBO0O0]). We restrictoursehesto a compact
approximatingsubmanifoldM" consistingof n translatesof a fixed period cell M (seeFig-
ure 0.7). We further supposehat M" containsthe perturbeddomainK,. Thenthe spectrum
of the correspondindirichlet-Laplacianis purely discreteandwe cancountthe eigervalues
arisingfrom the perturbationby the Min-max principle. The main difficulty is to prove that
eigenfunctioncorrespondingo a fixed eigervalue A in a gap corverge to eigenfunctionsof
thewhole problemwhenM" * MP¢" (seeTheorems3.1.6and8.2.6). Again, we have to deal
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with thetechnicaldifficulty (which doesnot occurin [AADH94] or [HBOO]) thatour Hilbert
spaceslepencdonthe perturbation.

Note that the Dirichlet boundarycondition on M" producesno eigervaluesin the gap
la+n,b—n[ (for somen > 0) sincethe boundaryof M" is small (seeFigure0.7 andTheo-
rem8.1.2). This factsimplifiesour proof andwe do not needthe morecomplicatedconstruc-
tionin [AADH94].

Note thatwe canexpressour resultsin the following way. Two metricsg andg on MP¢'
arecalledconformallyequivalentif thereis astrictly positive smoothfunctionp on MP€" such
thatg = p2g. A conformalstructure given by g is the equivalenceclassof g (cf. [AG96]).
Thereforewe have proven:

Theorem. In every conformalstructuie on MP€" given by a periodic metric g°¢' there are
periodicmetricssud thatthe correspondind-aplacianhasat leastan arbitrary finite number
of gapsin its essentiakpectrum.

Furthermoe there are (non-periodic)metricsg in the conformalstructure given by gPe"
sud that the spectrumof the Laplacian correspondingo g has eigervaluesin a gap of its
essentiabpectrum.

Relatedresults

The questionwhethergapsexist in the spectrumof the Laplacianon a manifold andwhether
eigervaluesin gapsoccurwasmotivatedby similar resultsholding for divergencetype oper
ators(see[Hem92], [AADH94] or [HL99]). Note that, locally, the Laplacianon a manifold
is adivergencetype operatolin aweightedL,-space As alreadymentionedwe cannotapply
directly the existing resultssincethe weight and thereforethe Hilbert spacedependon the
metric which we wantto perturb Our work is alsomotivatedby similar resultsin the caseof
Schidingeroperatorse.g.,R. Hempelandl. Herbsthave shavnin [HH95a]and[HH95b] the
existenceof gapsin the spectrunof magneticSchiddingeroperators.

E. B. DaviesandE. M. Harrell Il provedin [DH87] the existenceof at leastone gapin
the spectrumof the Laplaciandefinedby a conformallyflat periodic metricon RY (d > 2),
le., 9= p26,- wherep is astrictly positive smoothfunctionon R9. Here,arelationbetween
the conformallyflat LaplacianandcertainSchibdingeroperatorss establishedFurthermore,
E. L. Greenprovedin [Gre97]the existenceof a finite numberof gapsof a conformallyflat
Laplacianwith periodicmetricon R?.

Recently Lott proved the following resultin [Lot99, Theorem3]. For every € > 0 there
existsacompleteconnecteahon-compactinite-volumeRiemanniamanifoldwhosesectional
cunaturedie in [-1— €, —1+ €] andwhoseLaplacianon functionshasaninfinite numberof
gapsin its spectrum.The gapstendtowardsinfinity. He startswith a completefinite-volume
hyperbolicmetricon a punctured2-torusandchangeshe metricon the cusp.

A more generalcontet is givenin [BS92]. The authorsestablishan asymptoticupper
boundon the numberof gapsin the spectrumof a I'-periodicelliptic semi-boundeaperator
Here,evencertainnon-abeliargroupsl” areadmitted.

Note that the corvergenceof the eigen/alue)\kQ(Ms) in CaseA andB is not uniformin
k: therearetopologicalobstructionghat preventthe uniform corvergence(cf. [CF81]). This
resultis in accordanc&ith thegeneraBethe-Sommerfeldonjecturevhich saysthatthe spec-
trumof ary I-periodicSchibdingeroperatoiy,per+V With potentialV onaperiodicmanifold
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MPE" of dimensiond > 2 hasonly afinite numberof gaps,.e., theintersectiorof theresohent
setwith R hasonly afinite numberof componentsNotethatif Af(Ms) would corverge uni-
formly in 8 € [ andk € N thentherewould be aninfinite numberof gapsin spead), per if £ iS
smallenough. ’

In [SY94,OpenProblem37], Yauproposedo analysehe spectrunof the Laplacianacting
on differentialformsof anon-compactanifold. In particular he posedhe questionrwhether
the continuousspectrunof the Laplacianhasbandstructure.lt is well-known thatthe answer
is yeson aperiodicmanifold (by usingFloquetTheory seeChapter3). He furtheraskedabout
the stability of the continuousspectrumwhenchanginghe metricuniformly. In Chapter8, we
prove thatthe essentiabpectrumis stableprovidedthe perturbations smalloutsidea compact
setby usingthewell-known decompositiorprinciple (seeTheorem8.1.7).

Applications

In thetheoryof continuummechanicd.aplaceoperatorson manifoldscanbe usedto give the
necessargquationdor dilationalwaveson asurface(see[Jau67 pp. 341-346]or [Jau72]).

Anotherapplicationis connectedvith the recentdevelopmentof the theory of quantum
wave guidesor quantumwires (cf. [Eé89,pp.257—266]and[LCM99]). Here,aquantumwire
is a two-dimensionakurved planarstrip Q of a fixed width d. If d is small, the Dirichlet-
Laplacianon Q describeghe motion of a free electronliving on Q. Suchmodelscould be
appropriatedor microelectronics.Sincethe scalesbecomesmallerand smallerone should
also considerquantumeffects. Here,a quantumwire is a thin layer of shapeQ in a semi-
conductor Yoshitomiprovedthe existenceof gapsin the spectrunof the (flat) Laplacianwith
Dirichlet boundaryconditionson a periodicallycurvedstripin R? (see[Y0s98)).

Our resultsshov the samebehaiour more generallyfor certainperiodically curved sur
facesj.e., periodicmanifoldsof dimension2. This could modelvery thin non-planaiperiodic
layersmadeout of metallic or semi-conductingnaterials. Thereforewe have proventhe ex-
istenceof gapsin the enegy spectrumof an electronmoving alongthis layer. Note thatthe
band-gapstructureand eigervaluesin gapsareimportantfor the conductorpropertiesof the
material. In particular local perturbationof a periodic surfaceleadsto impurity levelsin an
enegy gap(i.e., eigervaluesin thegap).

Outlook

In the proof of the existenceof eigervaluesin a gapof the unperturbed.aplacian(seeChap-
ter 8) we have assumedhatthe periodicmanifold MP®" possessesperiodcell M with smooth
boundary This is necessargincewe wantto apply regularity theory on a domaingiven by
(theunionof translate®f) M. In particular the caseMPe" = RY is excluded,sinceary period
cell hassingularities.Supposéhatthegroupl” with r generatorsictson MP¢" properlydiscon-
tinuouslyandcocompactly Whatkind of singularitiescould appeaiif onechoosesonnected
periodcells with piecavise smoothboundary?Furthermore canonechoosea periodcell M
with “tame” singularitiessuchthatwe still canapply regularity theory? A positive answerto
theseguestionsvould give furtherexamplesof eigervaluesin agap.
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It is an interestingquestionwetherour resultsextend also to the non-abliancase,i.e.,
whetherthereexists a I'-periodic manifold with a non-abeliangroup” suchthat the corre-
spondind-aplacianhasgaps.Notethatsuchmanifoldsareof interestincefor any Riemannian
manifold MP€" with strictly negative sectionakunvature,Z is the maximalabeliansubgroupof
ary groupl actingisometricallyandproperlydiscontinuouslyon MP€" by atheoremof Preiss-
mann(see[Pre42 Theoeme7*] or [Bye70]). Thereforeif we only allow abeliangroupsl’
with more than one generatorour results(e.g. on the existenceof gapsin the spectrumof
the Laplacian)do not applyto the caseof (non-compactRiemanniarmanifoldswith strictly
negative cunature(i.e., hyperbolicspaces).

Furthermorewe have not proved the existenceof gapsin the spectrumof the Laplacian
Anprveer @ctingon p-forms. Here, our methodsdo not directly apply exept for the caseof
d-formsor for dimension2.

An Overview of the Text

In Chapterl we quotesomebasicfactson Hilbert spaceandSpectrallheory We alsodevelop

someresultson parametedependentilbert spacegseeSectionl.4). In Chapter2 we givethe

necessarypackgroundo definethe Laplacianon a manifold. Furthermorejn Section2.4 we

analysehow several estimatesiependon the metric. We give quite explicit proofsheresince
we needcontrolof the constantsin Section2.5we quotethedecompositiomprinciple,i.e.,the

stability of the essentiabpectrumunderlocal perturbations.Chapter3 is devotedto Floquet
Theory Here,we definethe term“periodic” for manifolds. In Chapterst and5 we construct
a first classof periodic manifoldssuchthat the correspondind-aplacianshave gapsin the

essentiaspectrum(seeCaseA). In Chapters$ and7 we producegapsby a conformalperiodic
perturbationof a given metric (seeCaseB). Finally, in Chapter8 we prove the existenceof

eigervaluesin aspectralgapobtainedby alocal perturbatiorof the metric.
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1 Preliminaries

In this chapterwe introducethe necessarnHilbert spacenotationand somerelatedresults.
Most of the statementarestandardseee. g. [Kat66], [RS8( or [Dav96).

1.1 Hilbert spaces

Let 2# beacomple, separablédilbert spacewith innerproduct(-, >% We alwayssuppose
that the inner product(or ary othersesquilineaform) is linear in the first and antilinearin
the secondargument. The norminducedby the inner productis denotedoy ||uf| ., = [|u| :=
(u, u>%)%. It is well-known thatboundedsubset®f a Hilbert spacearesequentiallicompact
in theweaktopology:

1.1.1.Theorem. Let(un)m beaboundedsequencén theHilbert spaces#. Thenwe canfind
a subsequenc@iy, )n sud thatupy,, cornvergesto anelemenu € J# in theweaktopolagy, i.e.,

(Umy, V) 5 = (UV) n— oo
forallve 7.

Notethatnorm-comvergenceof asequencef vectorsin aHilbert spacas sometimegalled
strongcorvergence
A simpleconsequencef the Cauchy-Schwarz Inequalityis the Cauchy-Younglnequality

(U V) sl < Nlulle + [IVI13- (1.2)

1.2 Operators and quadratic forms

We briefly give somefactson (unboundedpperatorsn Hilbert spacesSupposehat 2, 7]
and.7Z; areseparablddilbert spaces.

A linearoperatorQ: domQ — %, on alinear subspac&lomQ of .77 is calleddensely
definedif domQ is densein 7. The operatorQ is calledclosedif its graphin 7] x J4, is a
closedsubspace.

For a denselydefinedoperatorQ: %, — %, we let domQ* be the setof v € %, such
thatthemap

(Q-,v>%2: domQ — C, ur— <Qu,v>%,é

is continuous. ThereforedomQ* is a linear subspaceof %, and for v.e domQ* the map
u— <Qu, v>%ﬂ can be extendeduniquely to a continuouslinear functionalon J#;. By the
2

11



1 Preliminaries

representatiomheoremof Riesz,this functionalcanbe written as(-,w>jf for preciselyone
1
w € 7. We setQ*v := w andwe obtain

<QU, V>% = <U, Q*V><%01

for all u € domQ andv € domQ*.
We canprove the following resultby usingthe adjointoperator:

1.2.1.Lemma. A bounded(i.e., norm-continuousppemtor Q: s, — J, is also weakly
continuousj.e., uy — 0 weaklyin 7] impliesQu, — 0 weaklyin JZ,.

Proof We have <Qun,v>%ﬂ2 (Un, Q") ,, .~ Ofor all ve . O

If 27 = ¢ = 7%, an operatorQ is called symmetricif Q is denselydefinedand
(Qu,v) ,, = (u,Qv) ,, holdsfor all u,v € domQ. ThesymmetricoperatorQ is calledpositive
(Q>0)if <Qu, u>% > Ofor all u € domQ. A denselydefinedoperatorQ is calledself-adjoint
if Q= Q% i.e.,domQ = domQ* andQu = Q*u for all u € domQ. Self-adjointoperatorsare
symmetricthe corverseis nottruein generalfor unboundeaperators).

A sesquilineamapq: domgx domg — C (linearin the first, antilinearin the second
amgument)is calleddenselydefinedf domq is densean 7. We oftencall asesquilineamapa
(sesquilinearform.

A sesquilineaform q is calledsymmetridgf q(u,v) = q(v,u) or, equivalently, q(u,u) € R is
satisfiedfor all u,v € domag. It is calledpositiveif g(u) > 0 for all u € domqg.

A positiveform q is calledclosedif domq equippedwith theinnerproduct

<u,v>q = (u,v) , +q(u,v) (1.2)

is complete thereforeitself a Hilbert space.We call the correspondingiorm g-normor form
norm(of ). If we speakof topologicalpropertiesof domqg we alwaysmeanthe corresponding
topologyarisingfrom (1.2), e.g.,a g-norm-densesubspace? in domq is calleda form core.
If g is positve and denselydefined,we can always constructthe (unique) smallestclosed
extensionq, calledthe closure of g. By constructiondomq is a form coreof domg. In the
sequelwe do not distinguishbetweerg andg.

By the Polarisationdentity

1 13
q(u,v):z(q(u+v)—q(u V) +iq(u+iv) —iq(u >_ZZO q(u-+i"v) (1.3)

every sesquilineaform is determinedy its (quadratic) form g(u) := q(u, u).
The following representatiotheorem(see[Kat66, theoremVI.2.1]) associate$o every
positive (denselydefined)form g a uniqueself-adjointoperatorQ:

1.2.2.Theorem. For every denselydefinedclosedpositive sesquilinearform q there exists
preciselyonepositiveself-adjointoperator Q sud thatdomQ ¢ domqg and

u,v) =(Quv) (1.4)
for all u e domQ andv € domq. ThedomaindomQ of Q consistof u € domq sud that
q(u,-): domg — C, vi— q(u,V)

is norm-continuouskFurthermoe, domQ is a form core.

12



1.3 SpectrumandMin-max Principle

Asin thecaseof theadjointoperatoywe have thefollowing characterizationf theoperator
domain: domQ consistsof exactly thoseu € domq for which thereexists a (unique)element
w =: Qu suchthat(1.4)is satisfiedfor all v€ domg. It is sufficientto prove (1.4)for all vin a
form core.

We oftendealratherwith thequadratidorm thanwith theoperatoisinceit is mucheasieto

dealwith theform domaindomq thanthe operatodomaindomQ. Notethatdomg = domQ%.
In thesequelwe will assumevithout mentioningthatour formsandoperatorsaredensely
defined

1.3 Spectrumand Min-max Principle

We definethe spectrumsped of a closedoperatorQ asthe setof thoseA € C for which
Q — A doesnot have a boundednverse. From now on we supposehatall our operatorsare
self-adjoint.In particular if Q is self-adjoint,thensped C R.

The discrete spectrumof a self-adjointoperatorQ consistsof the eigervaluesA of finite
multiplicity which are isolatedin the sensethat|A — €, A[ and]A,A + €] aredisjoint from
sped for somee > 0. The essentialspectrumesssped is the non-discretepart of spe®.
We have thefollowing characterisationf the essentiakpectrum:

1.3.1.Lemma (Weyl'scriterion). Let Q be a self-adjointoperator. ThenA € essspe if
and only if there exists a sequencdu,) C domQ sud that ||up|| = 1, u, — O weaklyand
[(Q—A)up|| = 0asn— .

Thesequencéuy) is calleda singularsequencéor A andQ.

An operatorQ haspurely discrete spectrumif esssped = 0. From now on, we denote
the eigervaluesof a positive operatorwith purely discretespectrumby A, or A, (Q) (or sim-
ilar notations)written in increasingorder and repeatedaccoding to multiplicity. Thusthe
eigervaluesof suchanoperatorsatisfylim,_, A, = o.

An operatorK : % — %, is compactf (Kun) corvergesto 0 in normfor ary sequence
(un) convergingweaklyto 0. If 77 = J#] = 5%, andK > Othenthisis equivalentto thefactthat
sped \ {0} consistonly of discretepoints. Thesepointsareeigervaluesof finite multiplicity
convergingto O if they areorderedn decreasingrderandrepeatedccordingto multiplicity.
Note that (Q+ 1) ! is compactif andonly if Q > 0 haspurely discretespectrum.We have
anothercriterion:

1.3.2.Lemma. Let q be a positiveform with correspondingoperator Q. Then(Q+1)~1is
compacif andonlyif theembeddingnap

12 (domq, [|-llg) = (A, [-ll 1)
Is compact.

The Min-max Principle allows us to obtain quantitatve estimatesof eigervaluesandto
comparethe eigervaluesof differentoperators.Let Q be a positive self-adjointoperatorwith
correspondingdenselydefined,closed,positive) form g. SupposdurtherthatQ haspurely
discretespectrumLet L beary finite-dimensionasubspacef domg. We define

AL(q) :=su % uelL, u;éo}.

13



1 Preliminaries

The quotientq(u)/||ul|? is calledRaleigh-quotienbf g. Thefollowing theoremis calledMin-
maxPrinciple:

1.3.3.Theorem. Theeigervaluesi, (Q) of a positiveself-adjointopefator Q with correspond-
ing form q satisfy

(@ =inf{ A () ‘ L ¢ domgand dimL =k }. (1.5)

1.3.4.Definition. Letq, resp.g, beasesquilineaform with domaindomg;, resp.domg,. We
saythatq, is smalleror equalthang, (g, < q,) iff

domg, > domaq, and ¢, (u) <gy(u) (1.6)
for all u € doma,.

Note that the inclusion of the domainsin (1.6) is motivatedby settingg; (u) := o for all
u¢ domg; fori =1ori=2. Thenwehaveq, <q, if andonlyif g,(u) <g,(u) forallue .
With this corventionwe canallow ary k-dimensionakubspacé C 77 in (1.5).

Sincethe Min-max Principlefor an operatorwith purely discretespectrumdescribegshe
k-th eigervalue only in termsof the quadraticform andits domain,we have the following
corollary of the Min-max Principle:

1.3.5.Corollary. Letq; and g, be closedpositive forms with correspondingoperators Q,
andQ,. Supposehat Q, haspurely discrete spectrum.Furthermoe supposeg, < g, or, in
particular, thatq, is therestrictionof g, to thesubspace&loma, of domg;,. ThenQ, haspurely
discretespectrumandwehaveA, (Q;) <A (Q,).

We will make frequentuseof this corollary sincein mary of our applicationsthe forms
will only differ in theirdomain,notin their formal expression.
Next, we definethe eigervaluecountingfunction:

1.3.6.Definition. Suppos& > 0is a self-adjointoperatorin .7#. We set
dim, (Q) := dimRanE, (Q)

whereE, (Q) denoteghe spectralprojectionof Q on the measurablesetl C R, = [0,00[. If
furthermoreQ hasdiscretespectrunthen

dim,(Q) = ¥ dimker(Q—2") = card{ ke N ‘ MQet}

Alel

denoteghe numberof eigervalueslying in 1. In particular dim, (Q) := dim[OA](Q) denotes
thenumberof eigervaluesi, (Q) of Q notgreaterthanA.

Thefollowing simplestatementsvill beneededn Chapter8. More detailscanbefoundin
[RS78 SectionXIll.15].

1.3.7.Lemma. LetQ,, Q, > 0 beopemtorswith purely discretespectrum.

1. If Q; < Q, thendim, (Q;) > dim, (Q,).

14



1.4 ParameterdependenHtilbert spaces

2. Suppose#’ = ;& H, andQ; () C £ fori=1landi = 2. Thendim, (Q,®Q,) =
dim, (Q,) + dim, (Q,).

Finally, we sketchtheideaof supersymmetryo obtainspectrainformation(see[ CFKS87,
Section6.3] or [BGV92, Sectionl.3]). Let H andQ be self-adjointoperatorsandlet P bea
self-adjoint,boundedperatoron the Hilbert spaces7 .

1.3.8.Definition. Thetriple (H, P, Q) hassupesymmetryif
H=Q?>0, P’=1  and {PQ}:=PQ+QP=0. (1.7)
Fromthe definitionwe conclude:

1.3.9.Lemma. Denoteby .7, theeigenspaceorrespondingo theeigernvalue+1 of P. Then
H = H & . Furthermoe, Q . := Qr%pi maps(elementof a subsedf) 77, into 77 and

H= Q_Q+ @Q+Q_-

Proof. Clearly sped® C {£1}. Letue domQ C .. ThenQu= +QPu= FPQu i.e.,
Que .. FurthermoreHu = Q_Q, . u. O

Thefollowing theoremshaws thatsupersymmetrys usefulto analysethe spectrunmof H.

1.3.10.Theorem. We havedim, (H, ) = dim, (H_) for all measuable setsl C]0, «[. In par-
ticular, sped, \ {0} = sped_\ {0}.

Proof. For a detailedproof see[CFKS87, Theorem6.3]. If H haspurely discretespectrum,
thenH_u= AuimpliesH_ Q. u= Q. H, u=AQ.u. SinceA # 0, it followsthatu ¢ kerH and
thereforeu ¢ kerQ, i.e.,Q.u# 0if andonly if u# 0. O

1.4 Parameter-dependentHilbert spaces

Sincewe will considerlL,-spaceson Riemanniarmanifoldswith metricsg, dependingon a
parametek, all Hilbert spacewill dependon €. In mostcaseonly theinnerproductandthus
thenormwill dependon € while the vectorspacestructurewill bethe same.We nevertheless
preferto discusghegenerakontect evenif it is quitetechnical.

To obtaincorvergenceof the correspondingigervaluesof the Laplacianwe needseveral
estimategor the parametedependengigervalues eachof the Laplaciansactingin adifferent
Hilbert space. We formulatethe resultin an abstractHilbert spaceframevork. Our Theo-
rem 1.4.2is influencedby [Ann87, Theoeme1l], [Ann99] and [Fuk87, Section5], but we
prove aslightly differentversionof Lemmab.1lin [Fuk87].

We assumehat.7#; and.7#/ areseparabldibert spacedor eache > 0. Furthermoreywe
supposeéhatq, andd, arepositive quadraticformsfor eache > 0 with domainsdomq, and
domq suchthattheassociatedelf-adjointoperatorQ, andQ, have purelydiscretespectrum
denoteddy A, (Q;) andA,(Q}) (asin the previoussection).

1.4.1.Definition. A family (u.) with u. € domg, will be called(q.)-boundedf thereexists
aconstant > 0 suchthat

2 2
[Uelg, = ”Us“%@ +0e(Ug) < C

for all € > 0.
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1 Preliminaries

The following theoremis a simple consequencef the Min-max Principle for discrete
eigervalues:

1.4.2. Theorem (Main Lemma). With the notationfromabove for ead € > O let
®,: domg, — domd
bea linear mapwhich satisfieghe following conditionsfor ead (g, )-boundedamily (uy):
1 limg ol Petiell 3 — llUell3z) = 00r [Jugl|5, < [[PeuellZ
2. lim_, (0 (Peug) — g (Ug)) = 00r ge(Ug) > g (PeU).
3. Thee exist constants;, > 0 sudthatA, (q,) < ¢, for each € > 0.

Thenthere existsfor each k € N a functiong, (¢) > 0 corvergingto 0 ase — 0 with

M(QE) < A(Qe) + 9 (e)

for smallenoughe > 0. If bothinequalitiesin condition1 and 2 are satisfiedcondition3 is
unnecessargndwe canchooseg, (€) = 0.

Notethatthecornvergencan Conditionsl and2 maydependnthefamily (u,). In [Fuk87]
a uniform controlasin (1.15)is needed.Our resultis in somesensemore general,but the
non-uniformnessf the corvergencecomplicatesour proof (seetheremarkafterthefollowing
proof).

Proof. Let (¢¢), C domg, be an orthonormalsystemof eigervectorsfor the corresponding
eigervaluesi, (q,) andu, = le(:l afd}f beanelemenif thespaceES generatedby thefirstk
eigervalues.Condition3 guaranteemat((pf)s is ag.-boundedamily, in particular g. (ug) <
¢, /|Ug||2. We have

Qg (PeUe)  Ge(ug) _
[Deuel> (g ]l?

= ||CDe]l-Js||2 ((|:I|Z(j|£2) (||Ue||2— ||q3gUe||2) + (q’s((Dgug) —qg(ug)))_ (1.8)

Furthermorewe have the estimate

k
luel? = | @eucl2=| S afas(s;— (Pedf, @ehf))|
i,]=1

<8(e) 3 lafP=3(e)usl> (1.9)
with

&(e) =k max |5 —(®chf, Pehf). (1.10)
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1.4 ParameterdependenHtilbert spaces

Notethatwe have usedthe Cauchy-Scharz Inequalityin Estimate(1.9). We have §/(¢) — 0
by condition1 andthe Polarisationdentity (1.3):

5I] - <q)s¢isaq3s¢js>| = |<¢Is’¢]s> - <q)g¢is,q)s¢j£>|
3
<3 ;\||¢f+i“¢f|\2_ [0:0¢ +"0cpf7|. (L11)

Thereforethe first term of the right hand side of Equation (1.8) will be smaller than
C, OL(€)[|Ug]|?/||Peug||?. If we have only the secondalternatve of condition1 we simply set

3(e) =0,
By asimilar agumentwe canshow the existenceof afunction g, (¢) > 0 convergingto 0
ase — O with

O (PeUe) — e (Ue) < & (€)]|Ue]| (1.12)

FromEstimate(1.9) we alsoconclude

(1 5¢()) llue]|? < | ®eue]|*. (1.13)

Assumethate is sosmallsothatdy(g) < 1is valid. If we set

O CL G

thenwe canestimatg1.8) by

e (Pele)  Qe(Ue)
Ioaug2 ~ Tugl? = 5(€) (1.14)

wherewe have used(1.9),(1.12)and(1.13).
Next we want to shav that ®.(Ef) is k-dimensional. Supposeu, = zlj(:l aj¢f with
®.u, = 0. Thenwe have

|¢sus||2:O

k
laj P= U’ < —5—=
3 = el < g

by Estimate(1.13) for smallenoughe. Sowe have or‘E Oforall j=1,...,k thusu, =0
whichimpliestheinjectivity of ®, rEE

Finally, we applythe Min-max Principle(Theoreml.3.3)to the quadraticform ¢, andwe
obtainthe estimate

!
M) < A, ooy (ch) = sup FELPEYE) < gup %) 5 (6) — 2,(Qy) +5,(6)
A X e AT g||
Us7é0 Ue?éo

wherewe have usedEstimate(1.14). Here, it is essentiathat §, (¢) is independentf u,. O
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1 Preliminaries

1.4.3.Remark. Note that we cannotapply directly our Conditions1 and 2 to (1.8) sincewe
needthe errorterms g, (¢) to be independendf u,. But in the conditionsthe corvergence
depends priori onthefamily (u,). Thisis thereasorwhy we applytheconditionsonly to the
eigervectors(¢f) but notdirectly to thefamily (u;).

The alternatve in the assumption®f the precedingtheoremgivesusthe liberty eitherto
prove the convergenceor theinequalityin Condition1 resp.Condition2. We will usethisfact
to simplify our calculationswhenthis theoremwill be appliedto parametedependenmani-
folds. We oftenusethe precedingheoremwith the following assumptiongfor the definition
of ||-||q. see(1.2)):

1.4.4.Corollary. Supposéhere existsa positivefunctionw(g) — 0 as€ — 0 sud that

DUl — l1uellZ | < () lluell?, (1.15)
Qe (Ug) > q/s(q)sus) (1.16)

for all u; € 7% andall € > 0 near0. Supposdurther that Condition3 of Theoem1.4.2is
fulfilled. Thentheresultof Theoem1.4.2holds.

The following simpleresultshows thatthe eigervaluesdependcontinuouslyon the norm
andthequadraticform.

1.4.5.Lemma. Supposehat .7 and.#" are Hilbert spaceswith the sameunderlyingvector
spacestructue. Supposedurther that g and o are positive quadmatic forms sud that the
correspondingoperators Q and Q' in . and #” havepurely discrete spectrumi, (Q) and
A(Q). If there existsa number0 < n < § sudh that

lullZ = llull3| < nllull3 (1.17)
lg(u) — o (u)| < ng(u) (1.18)

for all ue 2 then|A (Q) — A (Q)| < 4n.
Proof. Fromtheassumptionsve obtain

1-n d(u) qu) _1+n d(u)
7 S > S 2 -
1+n lul5, ~ ull3, = 1=n [Jull3,

Theresultfollows by the Min-max Principle. O

Next we considerhow eigervectorscan be approximatedn the context of parameter
dependentilbert spaces.Supposehat .77, 7, are Hilbert spacessuchthat 74, C 77 as
vectorspacedor all n € N, i.e., theinner productof 7, may dependon n. Supposdurther
thatq andq, arepositive, closedquadraticdformsin .7 and.7#, suchthatdomg, C domq for
all n € N. Denotethe correspondingperatordy Q andQ;,.

Let 2 beaform coreof g suchthatfor everyv €  thereexistsanumbem, = n,(v) € N
with v € domqy for all n > nj,.
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1.4 ParameterdependenHtilbert spaces

1.4.6.Theorem. Supposéhatthere exista constantc > 1 anda sequenceé, — 0 sud that

[lunll3 < cllunll, (1.19)
| (Un, V) = (Uns V) | < Gn(llunllg, + IVIIE) (1.20)
|G (Un, V) = G(Un, V)| < & ([|unll2, + [IV]I2) (1.21)

for all ve 2, n > ny(v) andu, € domg,. Supposédurther that Ay — A and that there exist
¢n € domQ),, sud that

Qn®n = Andn, ||¢n||% =1 (1.22)

Thenthere existsa subsequenc@pn,,,)m of (¢n)n andanelementp € domQ such thatp,, — ¢
weaklyin domq, weaklyin 2# and

Qp=A¢. (1.23)

Note thatwe have not shavn thatthelimit satisfiesp # 0. To prove this will bethe main
difficulty in Chapter8. Most of Section2.4is dedicatedo delivertoolsto solve this problem.

Proof. By Assumptiong1.19)and(1.22)we estimate

1nl15¢ < l1nllg < cliénllg, = c(1+An)lIénll54 = c(1+An).

Therefore,(¢n)n is a norm-boundedequencén 7. By Theoreml.1.1thereexist a subse-
quence(¢n,,)m andan elementp € s suchthat ¢,,, — ¢ weaklyin domg. Sincethe em-
beddingmapdomq < % is norm-continuoust is alsocontinuouswith respecto the weak
topologieson bothspacegseeLemmal.2.1).We thereforeconclude

<¢nmav><%ﬂ — <¢7V>jf and Q(¢nm,V) — Q((P,V) (1-24)

for all v e domq. Furthermore,

‘CI(¢,V) —A <¢7V>jf| < ‘q(¢ - ¢nmav)| + |q<¢nm7v) - qnm<¢nmav)| +
+ Ana [ (@ V) s, = (Frs V) s |+ A (D0 = 85V) s |+ [Ana = A[[(9:V) 1y |
for all ve 2 andm € N suchthatny > ny(v). Clearly, the lastterm of the right handside
convergesto 0 asm — . By (1.24)the sameis true for thefirst andforth term. The second
andthird termcanbe estimatedy

(l+)\nm)6nm(l+)\nm”v||g{) —0

with regardto assumption$1.20),(1.21)and(1.22). Thereforewe have shovn that¢ € domQ
and(1.23) O

We give anothercriterionfor theassumptionsnadein the precedingheorem:
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1 Preliminaries

1.4.7.Lemma. Supposehere existsa sequence), — 0 sud that

|||Un||§f - ||Un||§ﬁ]| < ’7n||Un||g4n (1.25)
d(Un) = gn(un)| < '7n||un||§n (1.26)
for all n € N and u, € domg,. Thenconditions(1.19), (1.20) and (1.21) are fulfilled with

o= 12’7” Furthermoe there existsc > 1 sud that

lunlg, < cllunllf (1.27)
for all u, € domqp,.
Proof. From(1.25)and(1.26)onegets

lunllg < (1+2n0)[lunllg, and lunllg, < (1.28)

2
=1_2n, nilg-
Therefore(1.19)and(1.27)follow. Furthermore

13 . .
[(un V) = (UnoV) | < 5 ZO(||un+l"VII§% —[Jun+i4V]|5) <
k:
2Nn
_Znn

by usingthe Polarisationidentity (1.3), Estimate(1.27)and Assumption(1.25). We therefore
have proven(1.20). Condition(1.21)canbeshavn in asimilar way. O

3
INn ko2 2 2 2 2
< > lun+iV]| 5 < 2 ([lunll54 + IVIIG,) < 1 (lunllZg, + 1IVIIG)-
K=0

1.5 Interchangeof norm and quadratic form

The next resultwill be neededn Section7.2. Supposeve aregivena strictly positive closed
quadraticform q in the Hilbert spaces, i.e., 0 is notin the spectrumof the corresponding
operatorQ. Sometimesit is usefulto interchangethe role of the (squared)norm and the
quadraticform q, i.e., we definea new Hilbert space%” on domq with norm q andregard
the original norm |- ||% asaquadratidorm with correspondlng)peratorQ Notethatthe new
normgondomgqis differentfrom thenorm ||U||q = ||u||5, +q(u) arisingfrom theinnerproduct
in (1.2).

We have thefollowing correspondencieetweerthe spectrumof Q andthe spectrunof Q:

1.5.1.Lemma. LetQ bea positiveoperator with O ¢ sped in a Hilbert spaces# with cor-
respondingquadratic form q on H = domgq. We further supposehat Q haspurely discrete
spectrumj.e., spe@Q = {A ke N} withO< A, o0 ask — oo,

Thens# equippedvith || u||2 :=q(u) is aHilbert spaceandtheoperator Q corresponding

to thequadratic formq(u) := ||u|| ¢ forue  in the Hilbert space## hasspectrum
~ 1
specQ:{)\—k‘ke N}U{O}.

In particular, (5 Is compact.
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1.5 Interchangef normandquadraticform

Proof. Clearly, (u,v}j%,: q(u,v) is sesquilineaandpositive definite. The Min-max Principle
implies

AllullZe < a(u)

and

SinceA; > 0 andq s aclosedform, ||-||§?is equialentto a completenorm.
Let (u,), beanorthonormabasisof .7 consistingof eigervectorsof Q with corresponding
eigervaluesi,. Thend, = %uk is orthonormaiin .7#°. Suppose/ is orthogonalin J# to U,
k

for all k € N. Thenwe have

0= <kav‘7>j;z: q(G, V) = \/}Tk<uk’\7>jf

for everyk. SinceA, > Oit followsthatVis orthogonalo every u, in 77, thusv = 0. We have

thereforeshavn that (U, ), is a orthonormabasisof H .
We furtherhave

~__ e . 1, 1 1,
<Quka‘7>jgz: G0 V) = (G V), = )\_k<Quk’\7>% = A—|(Q(Uk,\7) = )\_k<uka‘7>jgz

for everyve . We have shavn thatl, is aneigervectorwith eigervalue)‘—lk for Qin A. O
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2 Analysis on manifolds

In this chaptemwe quotethe necessaryesultsneededateron. Sometimesproofsaregivenif
we needspecialfeaturesvhich arenotin standardextbooks.In thesequelwe assumehatour
manifoldsareorientedandconnectedinlessstatedotherwise.

2.1 Spacesf squareintegrable functions

SupposeéM is a Riemanniammanifoldwith metricg. Let ¢ : U — V beachartwhereU Cc M
andV C RY areopensubsetsDenoteby dx the uniquevolumemeasuraivenlocally by

[ui= [ uax= [ u(y)(det(y))? dy

M M $U

for all integrablefunctionsu: U — R. Here,detg(y) denoteghe determinanbf the usual
Riemannianmetric coeficients (g;;(y));; of g in the chartU. Furthermoredy denotesthe

Lebesguemeasureon RY. Note that the volume measuredx exists even on non-orientable
manifolds,see[BGM71], but herewe will restrictoursehesto orientedmanifolds. Note that
we do notdistinguishbetweeru andits representatiom achartuo ¢ —1, i.e.,weidentify x e U
with y = ¢(x) € V andwrite u(y) insteadof u(¢ ~1y).

If M hasa boundarydM # 0 we alwaysassumeéhat M is (piecavise) smoothanden-
dowedwith its naturalRiemanniammetricandvolumemeasurenheritedfrom M. Denoteby
M the opensetM \ M. If M is smoothwe needchartsg : U — V with opensubsets/ of
thehalf spaceRd := {x € RY|x, > 0}.

Let pz: E — M be a hermitianvectorbundle, i.e., a vector bundlewith inner product
<-, ->EX in eachfiber Ex of E. In particular Ex is a comple Hilbert spaceof constanffinite

dimensionr. We oftenwrite <,> for theinner productand | - | for the correspondingiorm
(suppressindey in the notation).

In ourapplicationsE will betheexteriortangenbundleAPTM of degreep=0, ..., d (with
the corventionA°TM := M x C and T*M := A'TM). This bundleinheritsin a naturalway a
hermitianstructure(-, ), o1y, = g& "™ (-,-) on eachfibre APTM, = APT,M from the tangent
bundle TM with inner product(-,-) ,, = G(-,-) on the (complexified) fibre TM. If (g'1);;
denotegheinversematrix of (gij)ij in agivencharty = ¢(x), we have thelocal expression

(gAPTM)iyl,...,ip,jl,...,jp — %QQPTM (dyil Ae-- /\dyip7dyj1 A---A dyjp) —

iy ipi,
=3 sgno gy °M...g, " (2.1)
gesP
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2 Analysison manifolds

where.#P denoteghe groupof all permutation®f the set{1,..., p}. Notethatthefactoré
is necessaryo have a definitionconsistentvith (2.20).

A sectionin E is adifferentialmapu: M — E with pg (u(x)) =X, i.e.,asmoothmapwhich
associateto eachpointx anelementu(x) € Ex. If : U — V x C" denotestrivalisingmap
of E, we canidentify therestrictedsectionu|, with amapV — C', thelocal representation
of thesectionin thechart¢: U — V. LetCLf(E) denotethe spaceof all compactlysupported
CK-section®of E suchthatthe supportdoesnotintersecthe boundaryof M. For u,v € CZ(E),
we definetheinnerproduct

<U,V>L2(E) ::/M<u(x),v(x)>Ede. (2.2)

We denoteby L,(E) the completionof CZ(E) underthe correspondingiorm. We therefore
obtaina Hilbert space.As an example,L,(APTM) is the spaceof all squareintegrabledif-

ferentialforms of degreep. In the caseof thetrivial bundleA°TM = M x C we write L,(M)

insteadof L,(M x C) for the spaceof all squareintegrablefunctionson M andsimilarly for

otherfunctionspacesThereforewe obtain

<U7V>L2(|v|) :/Mu(x)@dx. (2.3)

We saythatu liesin L, ,.(E) if ufy liesin L,(E[) for all compactsubsetK of M. Here,
Elx denoteshe bundleE restrictedto K. We saythatu, € L, ,.(E) cornvergesstronglyin
L, 1oc(E) if unl corvergesstronglyin L,(ETy) for all compactsubsetK of M.

2.2 Soboley spaces

For moredetailsseee.g.,[H0Or85, AppendixB], [Gil95], [Ros97]or [Heb96].
Definethek-th Sobole spaceontheopensubsel of R asthe completionof the spaceof
smoothmapsu: V — C' suchthat

||U||;k(v) = p <k||dKu||EZ(V) (2.4)

is finite underthe norm definedby (2.4). Denotethis spaceby #(V). Here, ||u||fz(v) =

Sillu, ”Ez(V) denoteshe (squareof the)usuallL ,-normof thevectorvaluedfunctionu, anddu

thederivativein eachcomponenbf u with respecto themulti-index k. Denoteby #X(V) the
closureof C2(V) in s#X(V).

To definethe k-th Soboler spaceon vectorbundlest — M we have to usea localisation
procedure.Let (Xq),ca b€ @ partition of unity subordinateto the atlas.«” = (¢4 : Ug —
Va) gen Of M Whered,, is achartand(Uq ) o alocally finite cover. Denoteby CX(E) thespace
of all functionsof classCK up to theboundary Then.7#%(E) is the completionof the spaceof
all u e C*(E) suchthat

||U||,2%ﬂk(|5) = ||U||ifk(|5),d = Z ||XaUa||§fk(va) (2.5)
a
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2.2 Soboler spaces

Vg \ oRd

oRY

Figure 2.1: Thefunction x, with distanced, from theboundary

is finite. Here,u,: Vo, — C' denoteghe local representatiomf the sectionu in the chart
¢q. Again, #%(E) is the closureof C?(E) in .#¥(E). Note that this norm dependson the
choiceof the cover andthe atlas. Neverthelesswe give a criterion underwhich the norms
areequivalent(seeLemma2.2.3). Definethe supremurmorm on the spaceC*(V) of all Ck-
functionsu: V — C9 by

[ulle = ieuvpmiaxwi 0l and  fulley) = |rp|§>k<l|0KUI|C(V)- (2.6)
2.2.1.Definition. Letk > 0. An atlas.e = (¢q: Uy — Vi) g cp Will be calledCk-bounded

(with boundc, andmaximalnumberof neighbousN) if V, is relatvely compacffor all a € A
andif thereexistsa constant, andanumberN € N suchthat

SUp ||¢a © ¢(;’l||Ck(V nv ) = CO < © (27)
a,a’eA a Vol
card{ a’eA‘UaﬂUa,;«éQ)} <N forallaeA. (2.8)

A partition of unity (xo) subordinateo the Ck-boundedatlas.« will be calledC*-bounded
with respecto the atlas &7 (with boundc, and distanced, fromthe boundary)if thereexist
constants,, d, > 0 suchthat

Sup”XG”ck(V ) = CO <® (29)
acA a

inf dist(SUPRX; OVa \ oRY) =d, > 0. (2.10)
ac

Note that on a compactmanifold, every (finite) partition of unity is Ck-bounded.In Sec-
tion 3.6 we shav that CX-boundedpartitions of unity also exist on periodic (non-compact)
manifolds.

Condition(2.10)saysthatthedistanceof suppx, from the“artificial” boundaryoVy \ dR‘i
of thecharthasalowerbound(seeFigure2.1). Thiswill beneededo applyregularity theory

Condition(2.8) says,roughly speakingthatevery setU, hasat mostN neighbours.This
is necessaryn thefollowing lemma:

2.2.2.Lemma. Let (x,) bea partition of unity subodinateto the cover (U,) of M with at
mostN neighbous, i.e., (2.8) is satisfied. Supposdurther that D is an operator in L,(M).
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2 Analysison manifolds

Thenwehave
IDUIZ ) < 2N’ IDXaUl2 ) (2.11)
a

1
EHUHEZ(M) < ;”XQUHEZ(UG) < ||U||EZ(M) (2.12)

for all u € domD with x,u € domD resp.u € L,(M).
Proof. We estimate
D= Y (D(Xal),D(X)) <

a,a’
UgNU ,#0

< Y (IPXaWIP+IDXEWIZ) <2NY [ID(Xau)l1?
! a
uagﬁzﬁém

by usingthe Cauchy-Yunglnequality(1.1). The secondstatementollows form thefirst with
D = id andby thefactthat

QMM@MSZAJwMﬂM@W

sincex3 < xq < 1. O
Now we give a criterionunderwhich the differentSobole normsareequvalent.

2.2.3.Lemma. Supposeéhat (xq) and (x;) are Ck-boundedpartitions of unity subodinate

to theCK-boundedhatiasese and ./ with at mostN neighbous andCk-boundc,. Thenthere
existsa constantc = ¢(N, ¢;) > 1 sud that

1
E“u“%k(E),ﬂ < ||u||%k(E),JS C||u||%k(E),£{'
for all u € s#%(E). In particular, the estimateholdson a compactmanifold.
Proof. NotethatTheoremB.1.80f [HOr85]is needed. O

Thefollowing theorentollows easilyfrom the Euclidiancase:

2.2.4.Theorem (Rellich-Kondrachov CompactnessTheorem). Supposé¢hatE is a Hermi-
tian vector bundle over the compactmanifold M. Supposedurther that k; > k,. Thenthe
embedding

1 A (E) = #'(E)
is compact,.e., every sequencéun)n converging weaklyin the Hilbert space.s#% (E) to an
elemenu € % (E) corvemgesin normin s#%2(E).
Finally, we quotethefollowing theorem:

2.2.5.Theorem. LetM bea Riemanniarmanifoldwith smoothboundarydM andlet E bea
Hermitian bundleover M. Thentherestrictionul ,,, of a sectionu € #*(E) is well-defined
andliesin L,(ET,,,)-

Proof. (see[Ste70]or [HOr85, AppendixB]) O
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2.3 Thelaplacianon a manifold

2.3 The Laplacian on a manifold

Now we candefinethe Laplacianon a manifold. Many of the following statement®n the
Laplaciancanbefoundin [Cha84, [Tay96]orin [DS99, pp. 30-75],for example.

Let M be a (possiblynon-compactRiemanniammanifold without boundary We denote
theexterior dervative on M by

d: CZ(APTM) — CZ(APTITM)

andby d* its formal adjointwith respecto theinnerproductgivenby (2.2). Defineaquadratic
formin theHilbert space.,(APTM) by

Oporyy (U) = /M(|du|2+ duf?) (2.13)

for ue CZ(APTM). Sinceq,py), is adenselydefined positive form the closureexistsandwill
alsobe denotedoy g, p- Cleary CZ(APTM) is aform core. We sometimessall the integral
in (2.13)theenegy integral of APTM andits valuethe enegy of u.

If M is complete,i.e., M is completeas a metric spaceor, equialently, every maximal
geodesids definedon R, one canprove that s#(M) = domaqy, (thisis a partof Gaffney’s
Theoremseg[DS99,p. 53]). If themetricis uniformly elliptic with respecto anatlas<” then
thenorms||-||%1(M)’£{ and||-||q, areequialent.In particular thisis the caseif M is compact.

If we dealwith functions,i.e., p = 0, thequadratidorm is givenby

d — 1
O (U) = /M duj® = /U > 9y duly) d;u(y) (detg(y))* dy. (2.14)
i,]=1
Here,the secondequalityis valid if suppu liesin thecoordinatechartU (see(2.1)). Notethat

2.3.1.Definition. SupposeM is a (possiblynon-compactmanifold without boundary Let
A, pry DEtheoperatorcorrespondingo the closed positive sesquilineaform g, oy (S€€The-
orem1.2.2),calledthe Laplacianon APTM. For the Laplacianon functionswe simply write
A- If thecontet is clear we sometimeswrite A.

Formally, we have A, p1,, = d*d+dd* andA,, = d*d.

Notethatif M is completetheLaplacianonfunctionsis uniquein thefollowing senseBy
Gaffney’s Theorem A, ng’(M) is essentiallyself-adjoint,i.e., the smallestclosedextensionis
self-adjointandagreeswith our definition of the Laplacian.

If we dealwith functions(p = 0), we specifydifferentboundaryconditions.Thereforewe
supposdhat M is a compactmanifold with boundarydM =# 0. We do this by changingthe
domain,the quadraticform correspondingo the Laplacianis formally the same.

2.3.2.Definition. We definethe Diric hlet Laplacianon M by the quadraticform of; (u) de-
finedin Equation(2.14)for all u € domq,?,, = }iﬂl(M). Denotethe correspondin@peratory
AR

2.3.3.Definition. We definethe NeumanrLaplacianon M by the quadraticform gl (u) de-

finedin Equation(2.14)for all u € domg}, := s#*(M). Denotethe correspondingperatoby
AN
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2 Analysison manifolds

Note that the form norms ||'||qD and ||'||qN are equialent to the first Soboler norm
M M

[P Remembethat.#’(M) is thecompletionof C* (M) andthat.s#*(M) is theclosure

of CZ (M), the spaceof smoothfunctionswith compacisupportawayform M.

It is clearthatwe candefinemixed boundaryconditions. Let Z be a componenbf dM.
Let C7 (M) denotethe spaceof smoothfunctionswith compactsupportawayfrom Z. Thus
CZ (M) =C3,,(M). Wedefineaquadratidorm by (2.14)onthe.7#-closureof C3 (M). Wecall
the corresponding.aplacianthe Diric hlet-Neumaniaplacian(satisfyingDirichlet boundary
conditionson Z and Neumannboundaryconditionson dM \ Z). In particular if M is the
disjoint union of two manifoldsM! andM? we denotethe correspondingjuadraticform with
Dirichlet boundaryconditionson dM* andNeumanrboundaryconditionson dM? by gP}

M1om2*
Similar notationslike oy, 2 OF A2, 2 @reunderstoodn anobviousmanner
In the next lemma,the eigervaluesarewritten in increasingorderandrepeatedccording

to multiplicity asassumedn Sectionl.3.

2.3.4.Lemma. 1. LetM beacompactmanifoldwith boundarydM. Let M’ bea subman-
ifold of M of the samedimension.Thenthe specta of A,E’,,, and A,\N,I are purely discrete
andthe eigervaluessatisfy

A (M) < A2 (M) (2.15)

2. Supposefurther that M = M; UM, sud that M; N M, has measue 0. Denote
by AN(M,;UM,) and A2(M;UM,) the eigervaluesof the quadratic forms definedon

(M) ® #1(M,) and #1(M,) & .#*(M,). Thenwehave
M (MUM,) < AR (M) < A2(M) < AP (MOM,). (2.16)
Thisestimatds called Dirichlet-Neumanrbracleting

Proof. Theorem2.2.4 ensureghat the resohent (AN + 1)~ is compact(seeLemma1.3.2,
notethat.;#(M) anddomq,’?‘,I have equ'valentnorms).ThereforeA,\'\',I haspurelydiscretespec-
trum. By constructionwe have s#1(M’) C s#1(M). TheMin-max Principle(Corollary1.3.5)
implies thatA,?A, hasalsopurely discretespectrumandthat Inequality (2.15) is satisfied. In-

equality(2.16)follows from theinclusions(resp.embeddingnapsby obviousidentifications)

AL M) ® A1 (M,) € A1 M) C 1M C 1 M) © 1 (M,)
in the sameway. O

Notethatthe eigervalue0 correspondso functionsconstanon every componentlf M is
connectedhe eigenspaceorrespondingo the eigervalue0 hasdimensionat most1, but the
constantiesonly in thedomainof theNeumanr_aplacian(quadratidorm). Thus)\{\'(M) =0,
AN(M) > 0fork>2andAP (M) > 0forkeN.

Sincethe Laplacianshave purely discretespectrumhereexistsanorthonormalbasiscon-
sistingof eigenfunctionsThefollowing resultjustifiesthe names'Dirichlet” and“Neumann”
Laplacian(see[Tay96,Chapters] or [Hor85 Section20.1].

2.3.5.Theorem. Theeigenfunctionsp of Ay andA}) belongto C*(M) andsatisfy¢|,,, =0
resp.ongl,, = 0.
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2.3 Thelaplacianon a manifold

Here we have setdyu := du(fl) on dM wheref denotesthe outward normalunit vector
field of dM. Furthermoregdenoteby v the correspondind.-form definedon a neighbourhood
of dM. Furthermoredenoteby 1, theinterior productgivenby

{(u,1,v) = (vAU,V)

i.e., 1, istheformaladjointof theexterior productu+— v Au. A proofof thefollowing standard
resultcanbefoundin [Tay96,Section2.10].

2.3.6.Lemma (Gauss-GreenFormula). Let M be a Riemannianmanifoldwith (piecevise)
smoothboundarydM. Thenwehave

(dlu, dv) + (AU, V) = (A UV + /d ((duvay —(@uny) @17
(du,dv) = {Ayu,v) +/0M Onuv (2.18)

for all u € ##2(APTM) andv € #1(APTM) resp.u € s#%(M) andv € 7#1(M).

Notethatdu andv canberestrictedo M (seeTheorem2.2.5).

Now we introducethe Hodgeduality operator(seee.g.,[Tay96, Section5.8]). We still
assumehatM is orientable By w € C*(AYTM) we denotethevolumeform of theRiemannian
manifoldM. Let

«: C*(APTM) — C™(A9-PTM) (2.19)
bethe Hodgeduality operatorcharacterisetly
UA V= (U, V) 10y @ (2.20)

for all u,v € C*(APTM). Sincexxu = (—1)P(d=P)y on p-forms, « is bijective. Furthermore,
* extendsto a boundedoperatoronto the correspondingd-,-spaces. Here, we do not want
to specifyboundaryconditionson p-forms (exceptfor 8-periodicboundaryconditionsin Sec-
tion 3.4). Thereforewe supposehatdM = 0. For thedefinitionof naturalboundaryconditions
on p-formsseee.qg.[Tay96,Section5.9].

2.3.7.Lemma. Thex-operator commutesvith the Laplacian,i.e.,

A *U = %A prU (2.21)

Ad-PTM
for all u e #2(APTM).
We canapplythe Hodgex-operatorto obtainthe following result:

2.3.8.Theorem. SupposéhatM is an orientableRiemanniarmanifoldof dimensiord (with-
outboundary). Thenwe havethe equalitydim, (A, ppy) = dim (A, 4_,,,) for all measuable
setsl C [0, andall 0 < p < d. In particular,

spedppry = SPEd 4 ppy-

If M is compacthenA, (APTM) = A, (A9~PTM) for all k € N.
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2 Analysison manifolds

Proof. Denoteby E, (H) thespectraprojectionof H onl. By Lemma2.3.7we alsohave
Sincex is bijective we concludethefirst statementThe otherstatementollow. O

SetATTM := @ eenAPTM andA TM := P
thefollowing:

D 0agAPTM. Weusesupersymmetrio prove

2.3.9.Theorem. Supposéhat dM = 0. Thenwe havedim, (A, ;) = dim, (A, 1) for all
measuablesetsl C]0,[. In particular,

sped\, .1y \ 10} = spedy, 1, \ {0}

Proof. Let s#, := L,(A*TM), Q:=d+d*. ThenH = Q> =A, - SetPu:= uif ue #,.
Furthermoreif u € 77, , thenQu e 7. andPQu= FQu= —QPu This provesthat(H, P, Q)
hassupersymmetryTheresultfollows by Theoreml.3.10. O

In dimension2 the spectrumof the Laplacianon forms is completelydeterminedby the
spectrunof the Laplacianon functions:

2.3.10.Corollary. If MP®'is of dimensiord = 2 (withoutboundary}thenwehavedim, (4,,) =

dim (A, 17yy) = dim; (A, ,,,) for anymeasuablesetl C]0,[. In particular,

Spe(AM \ {O} = Spe@AlTM \{0} = Spe(AAZTM \ {O} (222)
Proof. Thecorollaryfollowsdirectlyfrom theprecedingwo theoremsNotethatin dimension
2,ATTM = A°TM @ A’TM andA~TM = AlTM. O

Thenext lemmashows thatharmonicfunctionsminimizetheenegy integralin thefollow-
ing sense:

2.3.11.Lemma. Let M be a Riemanniarmanifold. Let f be a Dirichlet function,i.e., f €

#1(M), andlet h € C*(M) be harmonic,i.e., Ayh = 0. Thenwe have{dh,df>L2(T*M) =0.
In particular, wehave
||dh||EZ(T*M) < [|d(f +h)”EZ(T*M) and ”df”EZ(T*M) < [|d(f +h)||EZ(T*M)'
Proof. Usingthe Gauss-GreeRormula(2.18)with f € CZ(M), we obtain
<dh7df>L2(T*M) = <Ah7 f>L2(M) =0.
A limiting agumentshavsthatthisis truefor all f € #1(M). O

Thenext resultfollows from elliptic regularity theory(see[Tay96,Chapters])
2.3.12.Lemma (Weyl). Supposé € L,(M) satisfies

/hK/:o
M

for all ve C?(M). Thenh € C*(M) andAh = 0.
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Finally we quote anotherresult due to Weyl. A proof can be found in [SV98, Theo-
rem1.2.1]. For thedefinition of the eigervaluecountingfunction seeDefinition 1.3.6.

2.3.13.Theorem (Weyl asymptotic). Let M be a Riemanniarmanifold and denoteby AP/N

the correspondingd_aplacianwith arbitrary boundaryconditions(if dM # 0). Thenwehave

vol(B9)
(2m)

(N[

dim, (AD/N) — vol(M)A2 =0(A“7)

asA — . Here, BY := {x € RY||x| < 1} denoteghe unit ball in RY,

Physically the asymptotidoehaiour of the eigervaluecountingfunctioncanbe motivated
in thefollowing way (see[RS78 SectionXXX.15]):

2.3.14.Remark. If AI\D/I/N describeshe enegy of a quantummechanicabystem(with normal-

izedmassandunitssuchthatthe Planckconstansatisfiesh = 1) thendim, (A,E)A/N) is thenum-
berof statesvith enegy notgreateithanA . Thereforewe canunderstandhe Weyl asymptotic
in a semi-classicapicture: In classicalmechanicsthe enegy level A determinesa certain
allowed region in the phasespaceT*M with respectto the Hamiltonianh(x, &) = gx(&,¢),

(x,&) € T*M whereg denoteghe Riemanniarmetricon T*M. Here,an arbitrarynumberof

particlescould beaccomodateth thisregion of volume

voIT*M{ (x&) €T™™M ‘ h(x,&) <A } = A92yol(B?) voI M.

In guantummechanicshowever, the uncertaintyprinciple implies thatary particle occupies
a volume (2rth)9. Thereforethe numberof statesof the correspondingdamiltoniana,, in
quantummechanicss approximatelythe allowedvolumein phasespacedevidedby (27th)d =
(2m)% in our units.

2.4 Metric perturbations

In this sectionwe give someresultson how to dealwith Riemanniammanifoldswith changing
metric. Someof the resultsherecanbefoundin standardext books,but we needan explicit
controlontheconstantsn theestimatesThisis necessargincein theapplicationin Chaptei8
we dealwith an increasingsequencef manifoldsandwe needboundsindependentf this
sequence.

To construcperturbation®f themetriconthemanifoldM we defineanormonCX(S?TM).
Here,CK(S’TM) denoteghe spaceof C-sectionsin the bundleof bilinear symmetricforms
S?TM, i.e., thefibersS?T M, = S?TyM consistof all bilinearsymmetricformson T,M. There-
fore, aRiemanniammetricg is a sectionin S?TM suchthatgy is strictly positive definitefor all
xe M.

2.4.1.Definition. A RiemanniarmetricgonM will becalledC*-boundedwith respecto the
C*1l-boundedatlase = (¢q: Ug — Vi) gep) if

gl = 19llcxna) o = SUPlIGallexgy, ) <

whereg, = (ga,ij) denoteghe matrix-valuedlocal representationf g in thechartU,.
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2 Analysison manifolds

Notethatthis definitionis independenof the choiceof theatlas. If we chooseanother
C*1l-boundedatlas# thenthereexistsa constant = ¢(c,) > 1 suchthat

1
E”g”Ck(M),ﬂf < ||g||Ck(M),‘sz,/;S < C”g”(:k(M),M

for all g € CK(S’TM). Thisis true becausall transitionmapshave the uniform C<t-bound
Co- Notethatwe needthe dervative of ¢, o ¢ ‘;,1 to transformgg into g,
Thenext definitionis necessaryn orderto apply regularity theory Let

. _ Gar,y(V: V)
y):= inf and  Gu(y)'= sup —
%= o V2 O e VP

bethesmallestresp.greatestigervalueof thelocal representatiog, of g atthepointy € V,,
i.e.,thesmallestresp.gerateseigervalueof thematrix (g, j;(¥));;-

2.4.2.Definition. We saythatg is uniformlyelliptic with respecto thealtlas 7 if thereexist
constant® < Gy SGp <0 suchthat

Yo < Inf g, (y) < inf Ga(¥) <G
for ally € M. We briefly write g, < g <g, (with respecto 7).

Notethaton a compactmanifold,every metricg on M is uniformly elliptic with respecto
asuitableatlas.« .

Therearetwo usefultools whendealingwith estimates.Let E andF be normedvector
spaces.

2.4.3.Lemma. LetD beanopensubsebf E x E sud that (x,x) € D for all x € E. Suppose
thatR: D — F satisfiesR(x,x) = 0. Thenthefollowing statementare equivalent:

1. ThemapRis uniformly continuouson a neighbourhoof thediagonal{ (x,x) |x € D }.

2. Thee existsa monotonencreasingfunctionn (é) — 0asd — 0 sud that||R(X,y)||r <
n(lIx=yllg) for all (x,y) € D.

In particular, a functionf: U — F definedon someopensubsetJ of E is uniformly contin-
uousif andonly if there existsa monotonencreasingfunctionn () — 0 asd — 0 sud that

100 = fWI < ndlix=ylD)-
Proof. Thefunctionn canbedefinedby
n(3) = sup{ IRl | (6y) € D, [x—llg < 3 }.
Clearly, n is monotone.The uniform continuity of R impliesthe continuity of 1. O

2.4.4.Lemma. Letf: M — F becontinuousn X, € M C E. Thenthere existsa monotone
increasingfunctionc(d) sudhthat || f(x)|| < c(||x||) for all x e M.

Notethatc(dn) is aboundedsequencd (dy) is bounded.
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Proof We set

—sup{|f X) — ()| | [X— x0|<6xeM}

Sincef is continuousn x,, () < . Furthermorefrom the definitionandthe monotonicity
of n(d) we obtain

[F00] < [(xp) |+ (IX] + [Xo|) = c(|X]).
Notethatc dependsn f andx, € M. O

2.4.5.Remark.We will applythislemmain thefollowing situation:LetV be openin R? and

letG: V — L(RY) beaCK-map. Supposéurtherthat f isacontinuougunctionin G. We need
afixedspaceE independenof theopensetV. Thiscanbeachievedby extendingthemapG to

amapG: RY —s L(RY) with ||G||Ck < &||Gl|«- Here,g, is aconstantependingndV, d and

k (seg[Ste70]).But we canchooseanatlaswhich hasonly afinite numberof differentshapes
0V, by restrictingthe chartsto smallersetsif necessaryTherefore we canassumehate, is

independenbn V. Applying Lemma2.4.4with E := CKRY,L (RY)) we obtaina monotone
increasingunctionc(d) independenof V suchthat|| f(G)|| < || f(G)| < c(||G|)) < c(&l|IGl))-

Fromnow on, we assumehatthereexistsaC?-boundedatlase’ = (¢4 : Ug — V) with
subordinateC?-boundedpartition of unity (xq) with boundc,, distancefrom the boundary
dy > 0 andmaximalnumber of neighbourgseeDefinition2.2.1). Theassumptiord < gy <
g< < 7, < » alwaysrefersto theatlas.z/ (cf. Definition 2.4.2). The existenceof suchmetrlcsg
andatlases#Z will beprovenin Section3.6.

We alwaysassumehatU andV of achart¢ : U — V arerelatvely compact.Note that
we switch without mentioningbetweena functiononU andonV. OnU, we alwaysusethe
definition of the correspondindunction spacedefinedfor manifolds,onV we usethe usual
definitiononV C ]Rd Furthermoreyve only allow suchsetsV for which anextensionmapof
CK-mapsonV to o mapson RY with normsmallerthane, exists (seeRemark2.4.5). Here,
gy is aconstanindependenonV.

Let M resp.M be the Riemannianmanifold M with metric g resp.g. Similarly, for an
opensubset) ¢ M, we endav U with the metricg andU with the metricg. Sometimest is
corvenientto write

duf2, = Z g’ auo;u= (G 'Du,0u)p, (2.23)
i,]=1

with G: V — L (RY). Here,G(y) denoteghestrictly positive linear mapassociatedvith the
matrix (g;;(y));; fory e V.

In thesequelthevarlousfunctlonsn n; andc,c, depencdonly on gy, Jo, Co» dy, € andN.
Thefollowing lemmagivesestimatesor theL,-norm andthequadratldorm of theLaplacian
definedby differentmetricson M.

2.4.6.Lemma. For all constant® < 9SGy < there existsa monotonencreasingfunction
n(é) - 0asd — Osud that

12 gy = W02 1| < 7118 = Bl ) 10 (2.24)
[1eulf? rn) — ||du||2 T*M|_ (119~ lcoqug)) U2, v (2.25)
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2 Analysison manifolds

forall ue L,(M) resp.ue (M), all metricsg andg onM sud thatg, < g,§ <g,, andall
manifoldsM.

Proof. Weonly prove (2.25)sincetheproofof (2.24)is similarbut simpler By Equation(2.23)
we have

1
/M\du\Z:Z/V Xa(G310u, [1u) ., (detGy)
o] a

for all u € s#1(M), anda similar remarkholdsfor G,. Now we estimate

[ o /Jdu\z\ <

deté 3 1~ g 1\~ 1 1 1
<Z/ Xal( detG") G1G4'G} )G, 70u,G, 20u)| (detGy)
1
<s(1:psm\1/p\ (G (Y),Gq (Y DIN ®) Z/ Xa{Gg*0u,Ou) (detGq) 2.
YEVq

Here,
~ ~ 1 ~
R(G,G) := 1 — (detG/detG)2G:G1G?
for ary two matricesG and é;is a continuous(matrix-valued)function on the compactset
D:={(GG)|g, < \G\L(Rd), ‘G|L(Rd) <7, } andthereforeuniformly continuous. Sincefur-

thermoreR(G, G) = 0 thereexistsamonotonégunctionn () — 0 asd — 0 (seeLemma2.4.3)
suchthat

R(G,G) n(1G—Gl )

‘L Rd
for all (G,G) € D wherewe have chosenthe equivalentnorm \G\Rdz i=sup;|Gj;| onE =
RY = L (RY). Finally, we have

sgpysel\J/pn(\R(Ga(y),éa( I gey) < NI =8l copy)

which endsour proof. O

In therestof this sectionwe give (amongotherestimatesa similar resultfor thedifference
of two Laplaciansarisingfrom differentmetrics.

Note that we have to localizethe global functions. We cannotquotestandardarguments
heresincewe needboundsndependentf themanifoldM. In ourapplicationM = M" will be
anincreasingsequencef compactmanifoldscorverging to a non-compactnanifold. Some-
times,we evenneedto applytheresultswith M non-compac{seeTheorem3.1.7).

2.4.7.Lemma. For all constant® < 9y <G < there exist monotondncreasingfunctions
¢,(8) andn,(5) - 0asd — Osuch that

||AMU||EZ(M) < C1(||g||cl(M)) ||u||§f2(M) (2.26)
1O = B0l < 11 (1= Gl 1Bz @27)

for all u e #%(M), all metricsg andg onU suc thatgO < 9,9 < g,, andall manifoldsM.
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2.4 Metric perturbations

Proof. First,weprovethelocalestimatesn thechart¢, : U, — V. Thelocalproofof (2.26)
is quite obvious. Applying Lemma2.4.4 we obtaina monotoneincreasingfunction ¢y (J)
independentn a (seeRemark2.4.5).

The local proof of Estimate(2.27) is essentiallythe sameasthe proof of Lemma2.4.6.
Here,we haveto estimateacontinuougunctionRdependin®ngy, ;;, 9 ij: 9Jq i; @A, ;;
whichis Oif g, = g,. Again,sinceg andg areuniformly elliptic, we canrestrictthedefinition
of R to somecompactsetD. Therefore,a monotonefunction n;(d) exists by Lemma2.4.3
suchthatthelocal Estimate(2.26)holds.

Thestepfrom localto globalestimatess simple.UsingLemma2.2.2andthelocal version
of (2.26)we obtain

18Ul < 2N'S (18, Ual? < 2N ¢ (lgllgr, ) lualpeq,) <
a a

< 2N¢; (l1glZxuy) 141152,

wherewe have setu, := x,U (notethatwe have usedthe monotonicityof c;(d)). Therefore
c,(0) := 2Nc/ (9) is sufficient. Theglobalproof of (2.27)is similar. O

Now we shaow thatlocally, thefirst orderdifferentialoperator/d;, x] canbe estimateddy
asecondorderdifferentialoperator

2.4.8.Lemma. For all constant® < 9SGy < there existsa monotonencreasingfunction
c5(0) sud that

18y, X1,y < (18l o) IXller) (I o)+ IB0UIE ) (2:28)

forall ue #2(U)Ns#1(U), all x € C*(U), all metricsg onU such thatg, < g <, andall
charts¢: U — V.

Proof. Withoutlossof generalityassumehatu € C*(U) with uf, , = 0. Again, G(y) denotes
thestrictly positive linearmapin RY associatesvith thematrix (g; j(¥))ij asin Equation(2.23).

SinceT = [Ay, x] is afirst orderdifferentialoperatorwe canwrite Tu= & ; t,0,u+t,u with
smoothcoeficientst = (t,...,t;). Denoteby ||t||c0(u) the maximumof the supremurmmorms

of t,. Thenwe have

d
1
ITUE ) <2 (1 3, 4047 + foul) (det@)’

1
<2 /U (AT, C1u) (detG)? +2[tg]|Zo U2 )

whereA(y) denotesthe linear maprepresentedby the matrix (t;(y)t;(y));;. Furthermorewe
estimatesimilarly asin theproofof Lemma2.4.6

Nl

1
/U (AT, Du) (detG)? < [1AGco(, e /U (G 10u, Du) (detG) ?

< ”A“CO(U,L (RY)) ”G”CO(U,L (RY)) <AU u, u>L2(U)
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2 Analysison manifolds

wherewe have usedthe Gauss-GreeRormula(2.18). Here,the boundarytermvanishesince
ul,, = 0. By the Cauchy-YoungInequality(1.1) we obtain

<AU u, u>L2(U) < ||AUU||EZ(U) + ||u||Ez(U)

By theconstructiorof A(y) we have |A(y)\L(Rd) < dmax [t (y)|. Furthermore||t||co(u) canbe

estimatedy Cg(||g||cl(u)) ||X||cl(u) for somemonotonefunctioncy(d) (seeLemma2.4.4and
Remark2.4.5). Thereforewe obtain

ITull?u) < (G Itll o (180 UIIE ) + I1UlIE u))

with the continuoudunction f definedby
f (G) = 2d(||G”CO(Rd,|_ (Rd)) + 1)

Again, by applyingLemma2.4.4thereexists ¢, (d) estimatingf(G). Therefore we canset
& (8) = c4(8)c/(3). 0

2.4.9.Lemma. For all constants, > 0, 0 < g, < g, < « there existsa monotonencreasing
functionc,(8) sud that

1. X112 gty < € (10l Xl 10230

for all ue s#1(M), all x € C*(M), all metricsg sudh thatg, < g <g,, andall manifoldsM.

Proof. Locally, thisis cIearsince[AUa , Xa X| is afirst orderdifferentialoperator In the global
estimatewe cansetc,(9) := ¢,¢;(0) wherec;(9d) is definedin the previous proof, andwhere
Co IS the C2-boundof the partition of unity. O

Finally, we quoteresultsfrom regularity theoryto obtainboundson the s#2-norm. Here,
we needAssumption(2.10)on the partition of unity.

2.4.10.Theorem. For all constantscy,d, > 0, 0 < g, < g, < e there existsa monotonen-
creasingfunctionc,(5) sud that

112240y < S5(110llcsuny) (1L, )+ 1Bt ) (2.29)

for all u € J#2(M)N (M), all metricsg suc thatg, < g <7, andall manifoldsM with
smoothboundarydM.

Proof. Theproofof thelocal estimatgwith U, andu, = x4 U insteadof M andu) is standard
in elliptic regularity theory seee. g. [GT77, Theorem8.12] or [Tay96 Theorem5.1.3]. The
constanin Inequality (2.29) dependsontinuouslyon the coeficientsg, of the elliptic oper
atorA, andits first derivatives. Thesecoeficientsareindeedcontrolledby ||gq | Ua): By

Lemma2.4.4the desiredfunction c5(d) in the local estimateexists (seealsoRemark2.4.5).
Notethatwe do not have adependencenthe boundaryof V, by Assumption(2.10).
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2.5 TheDecompositiorPrinciple

To obtainthe globalestimatewe calculate

1920y = 3 W02,

< cs(llgllcr) Y (luallf u,) + 18y, ualIf u,))
a
2
SC'3(||9||Cl)(||u||EZ(M)+||AMU||52(M)+;H[AuavXa]UHLZ(M))

wherewe have usedLemmaz2.2.2andthe monotonicityof c;(d). Applying Lemma2.4.8we
obtain

18, - Xal|? < S (10alles) 1Xallgs (IUI1Z 0, + 180, U2 ,)-

Finally, we cansetc;(0) := ¢5(0)(1+¢,C,(d)). Here,we have appliedLemma2.2.2again.
U

2.5 The DecompositionPrinciple

In this sectionwe prove thatthe essentiabpectrumis determineddy the geometryat infinity,
i.e.,theessentiagpectrunremaingnvariantundercompacperturbation®f themanifold. This
resultwill be neededn Chapter8. A similar resultfor the continuousspectrumis provenin
[DL79].

SupposehatM is amanifoldwhich admitsanatlaswith afinite numberof neighboursand
a C2-boundedsubordinatepartition of unity with strictly positive distancefrom the boundary
(seeDefinition 2.2.1). Furthermoresupposehata Cl-boundednetricwith respecto theatlas
exists. Thereforetheresultsof thelastsectioncanbe applied.

RemembethatA € esssped), if andonly if thereexists a singularsequencéor A and
Ay, (seeWeyl's CriterionLemmal.3.1).

2.5.1.Theorem. Let M be a manifoldasabove Supposehat K ¢ M is compact. Thenfor
everyA € esssped), there existsa singularsequencevith supportawayfromK.

Proof. Let (un) besingularsequencdor A anddy, i.e., ||u|| = 1, uy — 0 weaklyin L,(M)
and||(Ay —A)ul| — 0. LetU,, U, beopen,relatively compactsetssuchthatk c U; c U, C
U, c U, C M. Furthermorelet x, € CZ(U,) suchthat x, [ = 1 andlet x, € CZ(U,) such
thatx, [, = 1. Sincedist(suppx,, M) > 0 we do notneedthatdM is smooth,.e.,dM could
have singularitiesascornersetc. By Theorem2.4.10andLemma?2.4.9thereexists a constant
¢ > 0 suchthat

||X2Un||§f2(U2) < CI(HUHHEZ(M) + ||AMUn||EZ(M))
<@+ MNunllE oy + 1By = AUl E o))

for all n € N. Therefore(x,un) is boundedin 7#2(U,). By passingto a subsequencalso
denotedby (x,un) we canassumethat x,u, — 0 weakly in ##2(U,) (Theorem1.1.1). By
theRellich-Kondrache Compactnessheorem(Theoren®2.2.4)we have x,u, — 0in normin
1(U,), in particular x,un — 0in Ly(U,).
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2 Analysison manifolds

Let Vi ;= (1— X;)un. Sincewe have 1 = ||up|| < || Xoun|| + ||Vn]| thereexists a constant
¢’ > 0 suchthat||Vy|| > 1/c¢”. Now we canshaw thatv, := V,/||Vs|| is the desiredsingular
sequenceClearly, supp/n C M\ K andv, — 0 weaklyin L,(M) by theexistenceof ¢”. Finally,
notethat

@ =2Vl < € ([[(Bm = Al oy + [[1Bw: Xalnll_))-

Thefirst termcorvergesto 0 by our assumptioron uy, the secondermconvergesto 0 sinceit
canbeestimatedy someconstantimes||)(ZUn||t%p1(U ) by Lemma2.4.9.Here,we have used
2

thatx, [y, = 1,i.e., theconstructionwith thetwo setsU; andU, is necessary O

Therefore the essentiabpectrunmof a manifold describeghe manifoldat infinity, i.e., outside
compacsubsetsin contrasto thediscretespectrundeterminedy thebehaiour of themetric
on compactubsets.
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3 Floquet theory

The main ideain analysingperiodic problemsis the unitary equivalenceof the operatoron
thefull domainto afamily of operatorson a periodiccell, calledFloquettheoryor sometimes
Blochtheory

3.1 Fourier analysison abeliangroups

For the detailsof Fourier analysison abeliangroupssee[Rud62] or [Pon57]. Let I be a
discrete abeliangroupwhich is generatedy r elementse,,...,e € . Suchagroupis iso-
morphicto Z'o x Zrl x -+ x Zi@ for somenumbers, ...,ra € Ny withr =ry+---+ra. Here,
Z denotes*.heabellangroupof orderp > 2 with onegeneratarWe supposehatl” is endaved
Wlth its discretetopology

We call thegroupof (continuoushomomorphisnirom I into S* thedual groupor charac-
ter group, denotecby [ . Thisgroupcanbeendavedin anaturalway with acompactopology
Thecorrespondindgunique)Haarmeasureavith total massl is denotedoy d6.

The dual group of Z is isomorphic(in the senseof topologicalgroups)to S Further
more, Zp is isomorphicto the closedsubgroup{ze C|zP = 1} (itself isomorphicto Zp) of
St Thereforewe sometlmesdentlfy anelementd e I with its element(8(e,),...,0(&)) in
the correspondingubgroupof (S1)". In particulay if I = Z" we sometlmesdentlfy theele-
ment6 € [ = (SYH)" with (arg(8(e,)), ...,ag(8(e))) € R' (modulo2rtin eachcomponent).

As in the caseof theusualFourieranalysisonI” = Z, we have the following orthogonality

relation
1 ify=1
O(y)do = ' 3.1
/ﬁ ) {O, otherwise. S

The FourierinversionFormulain this context is

Ze v D / o'(y)f(6')do’ (3.2)
for allmostall 6 € I andall f € Ll(r). Here,it is essentiathatl” is abelian.

In what follows we want the group " to be of infinite order; thusthe only restrictionis
ra> 0.
0

3.2 Periodic manifolds and vector bundles

For detailsseee.g.[Cha93,section4.2] or [BGV92]. Let be a discrete finitely generated
groupwhich actsisometricallyon a d-dimensionaRiemanniarmanifoldMP®', i.e.,we have a
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3 Floguettheory

groupactionl” x MP" —; MP®T (y x) — y-x suchthat(y-): MP*'— MP€'is anisometryfor
everyyerl.

We saythatl™ actsproperly discontinuouslyon MP" if to eachx € MP®' thereis a neigh-
borhoodU of x suchthatthe collection of opensets{ yJ |y € I' } are pairwisedisjoint (see
Figure3.1).

A manifold MP®" is calledperiodicor covering (Riemannian)nanifold (with respecto I')
if I actsisometricallyandproperlydiscontinuouslyon MP€',

Undertheseconditions,the orbit spaceMP®'/T, i.e., the spaceof all equivalenceclasses
x = {y-x|y €T}, hasa natural Riemannianmetric suchthat the projection r: MP®" —;
MPE'/I" x — 'x is alocalisometry

We call theactioncocompactf the orbit spaceMPe'/T" is compact.

3.2.1.Definition. An opensetD c MP®'is called a fundamentaldomainof the I'-action if
M := D is connectedif dM is piecavise smoothandif thefollowing two conditionsaresatis-
fied:

DNyD=0 forallye '\ {1} (3.3)
U yM = mPe. (3.4)
yel

We call M a periodcell.

Figure 3.1: Thegroupl” = Z? actingproperly discontinuouslyon MPe". An elementy € I" translates
thefundamentatiomainD to thedisjoint copy yD. We call theclosureM = D aperiodcell.

Intuitively, if we fix a periodcell M, one canimagine MP¢" as a manifold glued from
(card)-mary copiesof M suchthaty € ' movesM to exactly one of the copies. Here,
onecanthink of a tesselategpavementasin Figure 3.1 wherewe have chosena fish-shaped
periodcell. Note thatfor a cocompaciactionarny periodcell is compact. For more details
on fundamentaldomains,e.g. the existenceof fundamentadomainswith piecavise smooth
boundarysee[Bea83 Chapter9]. In particular we have thefollowing lemma:

3.2.2.Lemma. Supposé hasr genertors. Thenwe can decompos¢he piecavise smooth
boundarydM into 2r’ closedsmoothcomponentZ' with r’ > r sud that 2! are pairwise
disjoint for i = 1,...,2r". Furthermoe, for each i = 1,...,r’ there exists y; € I' such that
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3.3 Floquetdecomposition

Figure 3.2: A periodcell with theisometriesp, identifying elementsonthe boundary

¢,: 221 — 7% areisometriesof theform ¢;(x) = y; - x for all x € 2~ (seeFigure 3.2). If
weidentifyz%~1 with z% via ¢, we obtaina spaceisometricto the orbit spaceMPe'/T.

Let p: EP®" — MP€" be a hermitianvectorbundle. We further supposehatl” actson the
left of both EP®" and MP®" in sucha way that p(y.e) = y- p(e) for all e € EP®', i.e., we have
maps

Ve: Ex — Eyix for eachx € MP€'

which we further supposeto be unitary with respectto <-,->EX. We call sucha hermitian
vector bundle periodic (with respectto I') or I'-equivariant(see[BGV92, sectionl.1]). If
EP"= APTMP®'is the exterior tangentoundlewe definey, to bethe pull-backof

d(y ) TyMPE — TuMPeT

the derivative of theisometry(y—1.).
Foru e CZ(EP®") andy € I, we definethe y-translateof u by

(TW)(Y) = yu(yt-y)  forye MP.
Sincel actsunitarily on EP®" andisometricallyon MP®" we have
||TVU||EZ(Eper) = ||U||Ez(Eper) for ue CZ°(EP®).

Hencewe canextendthe operatorT, to a unitary operatoron L, (EP®") alsodenotecby T,. We
thereforehave a unitary representationf I on L,(EP®'). The operatorT, actsasa translation
operator

3.3 Floguet decomposition

For detailson Floquettheoryon manifoldsandvectorbundlessee[Don81 and[Gru98]. In
thecase™ = Z% andM = RY we referto [RS79.

Remembethatl is abelian. We startwith the decompositiorof the spacel,(EP®"). We
definethe spaceof smooth(I", 8)-equivariantor 6-periodic sectionson EP®" by

c(EP)" = {ue co(EP*)

Tu=08(y)u forallyerl } (3.5)
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3 Floguettheory

Clearly, any sectionu € C“(Epe’)r’e is determinedy its valuesu[,, onaperiodcell M C MP®",
Thus

ol ) = [ U9 B,ox 3.6)

definesa norm on C*(EP®)"?. We call the completionof C*(EP®)"® under this norm
L,(EPE)TO. If E := EP®"),, denotesthe restrictedvector bundle, it is easyto seethat the
restrictionmapL,(EP®)"-9 — L,(E), urs ul, is unitary. Furthermore,

[l HL (EPer],, )= ur M’HL (EPT,) (3.7)

for 6-periodicu € L,(EP®)"- andary otherperiodiccell M’. The inverseof the restriction
mapis givenby extendingasectionu € L,(E) onM toa 9-periodicsection®@?u on MP¢', i.e.,

(©%u)(y) = Z o(y HTu(y). (3.8)

Notethatthe 8-periodicityis notarestrictionin thecaseof L,-spacesincewe donotneedary
smoothnessonditionsat the boundarydM for functionsin L,. Finally notethat©u makes
alsosensdor u € CZ(EP®).

In the sequelwe often switch betweenra 6-periodicsectionon MPe" andits restrictionto a
periodcell M (alsocalled8-periodic). We set

CZ(E) = {u[M‘ueC“(Epe’)r’e}. (3.9)

Notethatthis spacedepend®n 6 in contrasto the correspondingd.,-space.

We definethedirect(constantfiber integral f? L?(E)d6 asin [RS78,XIlI.16]. Forasim-
ilar definitionof nonconstantiber integralsover 8-associatedectorbundlesseee.g.[Don81]
or [Gru98].

For u € C2(EP®") we set(Uu)? := @%u. Furthermorewe have

IUUEs ers = [LIUWCIZ ) 6

- /r /M y’;erQ(V_l)/)<TyU(y),Tyu(y)>Eydyd9
=3 Ju TR (by (3.1)

= \Exdx
=3 J
= |u(x)|g,dx
\Mper

2
= ||U|||_2(|v|per)-

Thusthis mapextentsto anisometry

@&
L,(EP®") —s /r L,(E)d8
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3.3 Floquetdecomposition

Theadjointis givenby
/ 8(y)y- 10 (y)d6 € Ey.

for x € MPe" which canbe written asx = y~1 -y with y € M in a uniqueway (up to a setof
measurd). By the FourierinversionFormula(3.2) we have

(UU*£)® Ze Y HTAU*F)(y)

:%9( /e y)de’

=3 607 017 ) a8

= fo(y). (3.10)
We thereforehave proven:
3.3.1.Theorem. Theoperator U is unitary with adjointU*.

We now startwith our analysisof periodicoperators.For detailsseee.g.[RS78,section
XI111.16].

3.3.2.Definition. A boundedperatorA in L,(EP®) is calledperiodic (with respecto I') if A
commuteswith the unitarytranslationoperatofT, for all y € T".

3.3.3.Definition. A boundecbperatorA in ff@ L,(E) dB is calleddecomposabl# thereexists
ameasurabléamily (A), of boundedoperatorsin L,(E) suchthat (Af)® = A9 for every
elementf € [£L,(E)df. Wewrite A= [£ A®d6.

We have thefollowing characterisationf decomposableperators:

3.3.4.Theorem. Thedecomposablboundedoperators are exactly the operators commuting
with eadh elemenbf thealgebra

@ .
of = {/ f(6)106| f € Lu(f) }
r
consistingof thoseoperators whosefibresare multiplesof theidentity operator 1 on L, (E).
Proof. A proofcanbefoundin [RS78 TheoremXIli1.84]. O

A consequencss:

3.3.5.Corollary. Let A be a boundedoperator in L,(EP®) and setA := UAU*. ThenA is
periodicif andonlyif A is decomposable
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3 Floguettheory

13,(0°)
k=3
B,(D) {
8,(0) | k=1 ;

Figure 3.3: Bandstructureof the spectrunof a " -periodicoperatoD. Here,the secondandthird band
overlap.

Proof. By Theorem3.3.4,the setof all decomposableperatorss the commutant#’ of «.
The subalgebraf C(), generatedy { y|y € I' }, is densein C(F) by the Stone-\éierstrass
Theorem. Here, we have sety(8) := 6(y). FurthermoreC(I") is weakly densein La(I),
thereforethe subalgebraof .7 generatedy yl is weakly densein «7. Sincecommutants
areweakly closed,an operatorA lies in .7’ if andonly if [A y]=0forall yel. Finally, a
calculationsimilarto (3.10)shovs that

UTU*f = Vi,

i.e.,I actson [£ L,(E)d6 asmultiplicationoperatori.e., (yf)® = 6(y) f®. ThereforgA, y] =
Ofor all ye I' if andonly if [A,T,| = 0for all y € I'. Thelatterstatements the periodicity of
A 0]

Sincewe aredealingwith self-adjointunboundedperatord we apply our definitionsto
the (boundedyesohent(D +i)~! (againsee[RS78]).

The following nice characterisatiorof the spectrumof a decomposabl@peratoris one
reasonwhy oneis interestedn Floquettheory:

3.3.6.Theorem. Supposehat (De)e is a family of positiveoperators on L, (E) suc that D®
haspurely discrete spectrum)\k(De) written in increasingorder and repeatedaccoding to
multiplicity. Supposéurtherthat)\k(De) dependgontinuouslyon 6 for eadh k € N. Thenthe
spectrurof [ D d6 is givenby

spec AGB Ddo = | J sped? = | J {)\k(De) ‘ e f}.
r oef keN

In particular, the spectrumof ff@ D?d6 consistsof the union of compactintervals B, :=
{A(D%) |6 €T}, calledk-th band

Proof For a proof see[RS7d. Sincethe eigervaluesdependcontinuouslyon 8, and [ is
compactthek-th bandB, is indeeda compactinterval. O

Thereforehespectrunof al-periodicoperatoD with decompositiorf? D?de (by Corol-
lary 3.3.5)satisfyingthe assumption®f Theorem3.3.6hasbandstructure,.e., the spectrum
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3.4 PeriodicLaplacianon a manifold

is thelocally finite unionof compactntervals

sped = | J B,(D) (3.11)
keN

with B, (D) = {)\k(De) ‘ NS f}, the k-th bandof D. Notethatin generalwe do notknow if
we have gapsor not, i.e., if B,(D) N B, ,(D) = 0 for somek € N (seeFigure3.3).

3.4 Periodic Laplacian on a manifold

Let MP€" be a periodic manifold asin Section3.2. For simplicity, supposehat MP¢" hasno
boundary Denoteby APTM therestrictionof APTMP€"to aperiodcell M of MPE',

3.4.1.Definition. Let 8 € ['. We denoteby 4 (APTM) the completionof CZ(APTM), the
spaceof all 8-periodicdifferentialforms (see(3.9) and(3.5)), underthe form norm of qf\pTM
or underthe equivalentnorm ||-||%1(ADTM). Here, g8 7 (U) is definedasin (2.13)for u €

Cg(APTM) andcanbe extendedto domg,ppy, = #4 (APTM). Clearly, this definesa closed,
positive form. We denotethe correspondingoperatorby Af\pTM resp.A,‘?,I if p=20, the 6-
periodic Laplacianon APTM resp.M.

We have thefollowing equivalentdescriptiorof %1(M): We decompos¢heboundarydM
into 2r' componentZ' asin Lemma3.2.2andobtainisometriesp, : 2~ —; Z2. Therestric-
tion uf,,, is well-definedfor a 8-periodicelementu € #;'(M) by Theorem2.2.5. Therefore
u(¢;(x)) = B8(y)u(x) for all xe zZ?~tandalli = 1,...,r', i.e.,thevalueof uon Z2 is just the
valueof u on Z% -1 multiplied by acomple numberof norm1.

After the completionprocedure, 77, (APTM) still dependsn 6 in contrastto the corre-
sponding,-spacgseeSection3.3). Notethatif uis smoothenough similar remarkshold for
higherderivativeslik e du.

3.4.2.Lemma. LetM beaperiodcell of a periodicmanifoldMPe". Supposéurtherthat6 € .
Thenthe spectrunof the 8-periodic LaplacianA,?,I is purely discreteand satisfies

AL (M) < AZ(M) <AL (M). (3.12)
Thisinequalityis sometimesalled Dirichlet-Neumanrenclosure
Furthermoe, AS ;1\, haspurely discretespectrumdenotedoy A2 (APTM).
Proof. By Lemma2.3.4,A,\’\',I haspurelydiscretespectrumWe have thefollowing inclusion
Co (M) C Cg(M) C C*(M).
If we completethesespacesheinclusionsremaintrue. Thereforewe have
HAHM) C A M) C M),

In particular the Min-max Principle(seeCorollary 1.3.5)imp|iesthatA,‘\9,I haspurelydiscrete
spectrumandthe Inequality(3.12)is satisfied.

In the sameway asin Lemma2.3.4we prove thatAng,\,I haspurelydiscretespectrunde-
notedby A2 (APTM). It is importantthat.7#; (APTM) anddoma$ ,,, have equivalentnorms.
This canbe shavn sincethe boundarytermin the Gauss-Greerormula(2.17) vanishedor
0-periodicforms(seee.g.,[HOr85,Chapter20.1]or [AC93]). O
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3 Floguettheory

Note thatwe still have an eigervalue enclosurdike (3.12) for the “Neumann”Laplacian
on APTM (definedin the sameway asfor functions,i.e., the form domainis the completionof
C”(APTM) undertheform normof thequadratidorm definedin (2.13)).But the“Neumann”
Laplacianhasinfinite dimensionalkernel henceit hasno longer purely discretespectrum.
Thuswe only obtainthetrivial lower boundAN(APTM) = 0 for all k € N. Here,thenormson
#1(APTM) anddomq},1), arenolongerequivalent(seee.g.,[AC93).

Next, we notethatthe eigervaluesi, (APTM) of A, depenctontinuouslyon 6:

3.4.3.Theorem. Denotethe eigervaluesof A% ,r, by AZ(APTM). Thenthe function 6 —
A8 (APTM) is continuoudor each k € N,

Proof. (seeLemma2.2of [BJR99]or TheoremXII1.89 of [RS79 for thespecialcaseM = RY
andl = 79) O

We apply Floquettheoryto prove thefollowing fundamentatesult:

3.4.4. Theorem. Thespectrunof the Laplacianon p-formson a periodic manifold MP¢" has
bandstructur, i.e.,

sped\, pryper = U By (Aaprper)
keN

With B, (Appreer) = {AS(APTM) |0 € [} beinga compactinterval, called the k-th bandof
Appriper-

Proof. NotethatA, ,ryeer IS I -periodicsincethe correspondingjuadraticform gy pryper Satis-
fies

quTMPer(TyU) = ||dTyU||2+ ||d*TyU||2 = Qpprpper(U)

for all u € 1 (APTMP®"). Here,we have usedthe factthatthe translationoperatorsT, com-
muteswith the exterior dervatived, i.e.,

andthat T, actsunitarily on L,(AP™1TMPe") resp.L,(AP~1TMP®'). The resultfollows from
FloquetTheory(cf. Section3.3). O

We concludesomeeasyfactsaboutthefirst bandof Ay;per.

3.4.5.Lemma. Supposehat MP¢" is connected. In the nonperiodiccasef # 1 we have
Af(M) > Ofor all k e N. In particular, thefirstbandof A per hasnon-emptynterior.

Proof. Note thatthe eigervalueO correspondso functionsconstanton every component.|f
MP€'is connectedve canchoosea connectegeriodcell M. Thereforethe eigenfunctiormust
be constant. But the constantlies only in the domainof the periodic Laplacian(quadratic
form). Thesecondstatementollows from the precedingheorem. O

We canapplythe Hodgex-operatorto obtainthe following result:
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3.5 Harmonicextension

3.4.6.Theorem. The eigervaluesof A3,r, and A%, are the same i.e., A?(APTM) =

AZ(A9=PTM) for all k€ N andO0 < p < d. In particular,

SPe@p prypper = SPEA, ,_g1ppper-
Proof. The proof is essentiallythe sameasthe proof of Theorem2.3.8. Note thatu is 6-
periodicif andonly if xu is 8-periodic. Thelaststatemenfollows by Theorem3.4.4. O

In thesameway asin Theoren?.3.9we usesupersymmetrjo prove thefollowing (AT TM
denoteghe bundleof evenresp.odddifferentialforms, seethe notationin Theorem2.3.9):

3.4.7.Theorem. We havesped\§ , .\ {0} = spear’__, \ {0}.

In dimensior? thespectrunof the 8-periodicLaplacianonformsis completelydetermined
by the spectrunof the Laplacianon functions:

3.4.8.Corollary. Supposé¢hat MP€"is a connecte®-dimensionabperiodic manifoldwithout
boundary Then

sped) per = SPEA\ = sped\ (3.14)

ALlTMPer — A2TMPper"

Proof. This follows from the precedingwo theoremsand Theorem3.4.4exceptthe factthat
0 lies in all spectra. The constantfunction is an eigenfunctionof A,?,Izl, lLe.,0¢€ speo&,‘\’,,:l
andtherefore0 € spead\®5L by Theorem3.4.6. Furthermorewe have 0 € sped\97L = since

A2TM ALTM
kerAiTTlM o kerAAlT(Mper/r) is nottrivial by thefollowing aguments:Thekernelof theLapla-

cianon 1-formsis isomorphicto the first cohomologygroupH, (MP®/T") by de Rhams The-
orem (cf. [Mas8Q AppendixA]) andby the Hodge Theorem(cf. [Ros97, Theorem1.45]).
SinceMP¢" is connectecdand orientableby our global assumptionMP®Y/T" is a compactori-
entablesurface and thereforehomeomorphido a sphereor to a connectedsum of tori (see
[Mas77, Theoreml.5.1]). Sincethe 2-sphereis simply connectedhe canonicalprojection
. MPE" — MPEY/T" which is alsoa covering mapwould have to be a homeomorphisnfsee
[Mas77, ExerciseV.6.1]. Thisis impossiblesinceMP®" is non-compactTherefore MPe/T is
homeomorphito a connectegumof n tori anddimH, (MP®Y/T") = 2n > 0 by [Mas8Q Exam-
plelll.4.2]. O

TheorenB.4.6allows usto provetheexistenceof gapsin thespectrunof A, ;.. provided
Ayer hasgapsin its spectrum.Furthermorejf d = 2 thena gapin the spectrumof Ay ;per is
automaticallyagapin thespectrunof A, ,1\0er for p= 1 andp = 2 by theprecedingcorollary.
Therefore our resultson spectralgapsof the Laplacianon functionsin Chapterst, 5, 6 and7
remaintruein thecaseof d-formsresp.1- and2-formsif d = 2.

3.5 Harmonic extension

We needsomefactsaboutharmonicfunctionson a manifold and the 8-periodic harmonic
extensionof afunctiongivenon X C M ontoaconnectegeriodcell M.

First, we notethatthe boundarytermof the Gauss-GreeRormulavanishedor 6-periodic
functions.
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3 Floguettheory

3.5.1.Lemma. Letu € J£Z(M) andv € 54 (M). Then/,,, dhuv=0.

Proof. As in Lemma3.2.2we split dM into 2r' smoothcomponentZ' with the isometries
¢;: Z%~1 — 7% suchthat ¢,(x) = y; - x. Thefunction f = dyuv is well definedon dM by

Theorenm?2.2.5. Furthermore(f o ¢,)(x) = f(y-x) = —0(y)0(y) f(x) = —f(x) for x e 21

sincethenormalderivativeson Z2—1 andZ? have oppositesign. NotethatzZ—! andz? have

oppositeorientation.But ¢; changesheorientation(seeFigure3.2), sowe have

/aMf:i;ZI\/ZZi_l(f—fodJi):O

since [, f =~ [, fod;. O

3.5.2.Lemma. Let MP®" be a periodic manifoldwith period cell M. Supposéhat X ¢ M is
closedandsud that M \ X haspiecavisesmoothboundary Supposdurtherthat yX N X # 0
impliesy=1. Leth e %1(M) be 6-periodic. Thenthefollowing statementsre equivalent:

1 (dndv)_

M) = Oforall ve Cy(M) withv[y = 0.

2. Thefunctionh is smoothandharmonicon M\ X, i.e., Ah|
onM\ X.

M\X = 0 anddh is 8-periodic

Proof. (1) = (2): By definitionof /(M) astheclosureof Cg (M) 2 C“(Mpe’)r’e (see(3.5))
we canassumehath extendsf-periodicallyonto MP®" to an.#*-function. Thenwe have

0= (dh,av),_ .y = /M o A W) = /M "

for all ve CZ(M’\ X) andall periodcellsM’. Notethatthe assumptioris only madeon M but
it remainstrue for ary periodcell M’ via (3.7). The Weyl lemmayieldsh € C*(M’\ X) and
Ah = 0. By choosingdifferentperiodcells M’ suchthatM’ coverssomepartsof dM we can
shaw thath is smoothup to theboundarydM, i.e.,h € C*(M\ X).

(2) = (1): Without loss of generalitywe may assumethat X ¢ M. Thend(M \ X) =
OMUAX. The Gauss-GreeRormulayields

/ o.hv = / o.hv
I(M\X) oM

for all ve Cy (M) suchthatvly = 0. Thelatterintegral vanishessincedh andv are 8-periodic
(cf. Lemma3.5.1). O

3.5.3.Theorem. SupposehattheclosedsetX C M haspiecavisesmoothboundary Suppose
furtherthat yX N X # 0 impliesy = 1. Theneveryu € s#*(X) canbe extendecharmonically

in a uniquewayto anelemenh = ®u € £ (M), i.e., his harmonicon M \ X with 8-periodic

derivativedh onM \ X.

Proof. By theassumptionsn X thereexistsanopensetU containingX suchthatU hasstrictly
positive distancefrom dM (if necessarye have to chooseanotherperiod cell M which is
possibleby theassumptioron X).
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3.6 Periodiccoverings

Supposéirstthatwe arein thenonperiodiccasej.e., 6 # 1. ThenOis notaneigervaluefor

AP, Thereforewe canuseqf, asnormon # = (M) (seeSectionl.5). For u € s#1(X)
let vV € #71(MP®") be an arbitrary extensionof u with supp/ c U (such extensionsexist,
see[Ste70]).Setv := OV (see(3.8)). Then

=Y 0(y)W(y-x)=
v(x) % (VV(y-x) = u(x)

for all x € X sincethis sumconsistonly of thetermfor y = 1. Let w := Pv betheorthogonal
projectionof v ontothe closedsubspace

A4\ x) = { 1 e 7M1, =0}

of the Hilbert space. We seth := v—w. Thenwe have hiy =Viy =uly andh=v—-Pve
(%”é(M \ X))+ = 3%. Notethatelementof %’gareharmonicon M\ X andhave 0-periodic
derivativeson M \ X by Lemma3.5.2. This provesthe existenceof a harmonicextension.

For the uniquenessve shawv that0 € .7#%(X) canonly be extendedto 0 € JZ’Z: Let h be
an extensionof 0. Thenwe have h € jfé(M \ X) becausé[y = 0 andh is 8-periodic. By
constructionwe have h € ,;%% = (A5(M\ X)) thush=0,

In theperiodiccasewe have to excludethe constanfunction1 becausés A -normwould
be0. Thereforeweset.# = A (M)/CL. We denotetheelementsf this quotientspaceby
U= u+Cl. As above let v be a 8-periodicextensionof u € .7#1(X). Let P bethe orthogonal
projectiononto #5_,(M\ X)/Cl = {T|ue #§_,(M\X)}. Seth=V—PV. Leth bethe
representate of h suchthathly = ufy. Again, by Lemma3.5.2,h is harmonicon M \ X with

periodicderiative dh on M\ X. Theuniquenes$ollows from the choiceof the representatie
h. O

3.6 Periodic coverings

In this sectionwe prove thataCK-boundedhtlas.e with finite maximalnumberof neighbours
and a Ck-boundedpartition of unity with strictly positive distancefrom the boundaryexist.
Furthermorewe constructuniformly elliptic and Ck~1-boundedmetricswith respectto the
atlas«.

First, we constructa cover of MP€" adaptedo the periodicstructure.Fix a periodcell M of
MP€"andchooseacoverof M, i.e., finitely mary setsJ, openin MP®"suchthatM C J,caUa-
This is possiblesinceM is compact. Supposehat YU, NU, # 0 impliesy =1, i.e.,U, is
smallerthansomeperiodcell (not necessarilM). Supposdurtherthat$,: Uy — V, C R
arecharts. Without loss of generalitywe canassumehatthe transitionmapsgg, o ¢(;11 are

boundedn CK, i.e.,all componentandderivativesupto theorderk aresupposedo bebounded
functions,providedU, NUg, # 0. Then

¢a,y: Ua,y —> Va
with

Ug,y = Waq and ba,y(Y-X) = 9q(X)
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3 Floguettheory

arealsochartsand (Ug,y) yca yer
way arecalledperiodiccovers.
Notethatwe have ¢, o ¢(;117y1 = ¢qa,0 ¢(;11 forall y;,y, €. Thereforethe CK-boundof

the transitionmapsfor the atlas.#/®" = (¢4 : Ug,y — Va.y)« is the sameasthe C¥-bound
of thetransitionmapsfor theatlas’ = (¢ : Uq — Vq)q Of theperiodcell M, i.e.,on MP¢'
thereexist Ck-boundedatlasegseeDefinition 2.2.1). Thisis oneof thereasonsvhy we choose
aperiodiccover; periodicmanifoldscanbetreatedessentiallylik e compactmanifolds.

To shortenthe notationwe write 8 = (a,y) € AxT.

form a covering of MP®". Coveringsof MP€" arisingin this

3.6.1.Lemma. The numberof neighbous of a given setUB is bounded,.e., there existsa
numbem € N sud that

!
card{B EAXF‘UﬁﬂUB,;«é(I)}gN
forall e AxT.

Proof. Letr denoteghenumberof generator®,,..., & of I'. For eachg we have two neigh-
bourseM ande*M of M. ThereforeM has3" — 1 neighbours.Occasionallya chartsetU,

couldmaximallyhave N = 3" (cardA) neighbours. O
Next, we constructa partitionof unity adaptedo the periodicstructure.

3.6.2.Lemma. Theeexistsa partition of unity (X, ,) subodinateto thecovering (U, ) sud

that Xq,p = TyXa forall o € A, y € I'. Sud a partition of unityis called periodic In particu-

lar, the partition of unity is CX boundedand canbe chosersud thata strictly positivedistance
fromthe boundaryexists(seeDefinition2.2.1).

Proof. Let 71: MPE"—; MPE"/T" bethe projectionontothe orbit space ThenU,, := nU, form
an opencovering of MP®"/T". Suppose(Xy) is a partition of unity subordinateto the atlas
o = (fg: Uy — Va) qea- Without lossof generalitywe canassumethat dist(suppx, Vq \
dRY) > d, for all a € Aandsomed, > 0 sinceA is finite.

We canlift ary smoothfunctiononthequotientspaceo thefull spacej.e.,wesety,(X) :=
Xa(1X). SinceyUy NUy # 0 implies y = 1, the function x4, := Xa lu, , is smoothandhas
compactsupportin U, . Furthermoreif x € MP®' thenthereexist a € A7andy€ [’ suchthat
x€Uq yand(Y q,y Xa,y)(X) = 3 a Xa(X) = 3 g Xa (1X). Theboundednessf Suﬂx,y”Xa,y”Ck(Va)
andthestrictly positive distancefrom the boundaryfollow from the periodicity of x4. O

Finally, we statethefollowing result:

3.6.3.Lemma. Theperiodic metric g*¢" is uniformly elliptic with respectto .27P¢". Further-
more, g"®" is CK-boundedf «7P¢" is Ck+1-bounded.

Proof. Cleary by the periodicity of g°®" and.«7P®', we canpassto the compactguotientRie-
mannianmanifold MP€/T". Here,every metricis uniformly elliptic, provided the metriccom-
ponentscanbe extendedcontinuouslyonto the closureof U,. The Ckt1-boundednessf gPe'
followsin the sameway. O
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4 Construction of a periodic manifold

In this chaptemwe present classof examplesof periodicmanifoldswith gapsin the spectrum
of the corresponding-aplacian. In the simplestcasethe periodic manifold is obtainedby
glueingtogetherZ copiesof afixedcompacimanifold X modifiedin theneighbourhooaf two
distinctpointssuchthatwe have two smallcylindrical ends.We obtaingapsin thespectrumf
we shrinkthe radiusof thecylindrical ends.

4.1 Metric estimates

First, we collect somefacts about Riemannianmanifolds. For detailsseee.g. [BGM71],
[Cha93],[dC92] or [GHL87].

Let X be a compactRiemannianmanifold of dimensiond > 2 (possiblywith boundary
0X # 0) andmetricg. Let By (x,&) bethe opengeodesidall at x with radiuse > 0. The
injectivity radiusinj, X in x is the maximalradiussuchthatthe exponentialmapis definedon
By (X, €). The(global) injectivity radiusinj X is theinfimum of inj, X takenoverall x € X. On
acompactmanifoldwe alwayshave g, := inj X > 0.

The exponentialmapdefinesa chartmap

(callednormal coordinatesat x;) WhereB‘EO denoteghe centerepenball of radiusg, in the
tangentspacely X atx,. We identify this vectorspacewith RY by fixing the basisd,, ..., d,

of Ty X. If we choosepolar coordinatess = so € R? with 0 < s< gy ando € 91 =: S to
describepointsBe \ {0} we obtainadiffeomorphism

¢ :]0,55[xS — By (X,&) \ {X} C X.

The Gausdemmaimpliesthatthe metricin polarcoordinategtheinducedmetricon|0, £, xS
by ¢) splitsinto aradial partanda sphericapart,i.e.,

(4’*9)(5,0) = d5§+h(370) (4.1)

(seee.qg.[GHL87, Lemma2.93]) where h(s-) denotesa parametedependenmmetric on the
(d — 1)-dimensionalinit sphereS = S9-1,

Our glueingproceduraequiresthatwe flattenthe manifoldin the neighbourhooaf some
points.We needthefollowing estimate:
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4 Constructiorof a periodicmanifold

4.1.1.Lemma. Supposédhe metricis givenin polar coodinatesat x, by (4.1). Denotethe
standad metriconS by do?. Thenthere existconstants > 1 and0 < s, < inj X sud that

C—lzszdaz <h._, <c?Pdo? (4.2)

(s)
in thesensdhat

C—lzszdag(ug,ug) <h. . (Ug,Ug) < 22d0(Ug, Ug)

(s0)
forall uz € T8, 0 e Sand0 < s<s,.
Proof. Denoteby g;;(v) := gex%v(ai,dj) the metric componentsn normalcoordinates.Let
Amin(V) resp.Ana (V) be the smallestresp.greatesteigervalue of the correspondingnatrix.
Sincethis matrixis strictly positve we have 0 < A, (v). Furthermorehe eigervaluesdepend
continuouslyonv (since(g;; (v)) does seee.g.,[Kat66, Theoreml.5.1] or Lemmal.4.5). Thus
if we restrictourselesto the smallerchartgivenby |v| < s, < injX for some0 < s; < inj X
we canchoosec > 0 suchthat

We conclude

Slu>< > gjuul <c?lu? (4.3)

for ary u € RY. In polarcoordinateshe standardmetricatv = so is
|uf? = ds (s, Us) + $°d02 (Ug, Ug)
with u = us+ ug, whereus is the vectortangentto the radial directionandwhereu, is the
vectortangento thesphereS atv = so. From(4.1) and(4.3) we conclude
C—lz(dsz—i- $d0?%) < ($70) g 4y = 05"+ g ) < F(dS°+ Sd0?).
Thereforewe have proven(4.2). O

We needanothettype of estimate®n the metric:

4.1.2.Lemma. Supposeve are giventwo positive bilinear formsh; and h, on a finite di-
mensionalHilbert spaceV with orthonormal basise,,...,e; which satisfyh, < h,, i.e,
hy(u,u) < h,(u,u) forallueV.

1. Denoteby deth, thedeterminanbfthematrix (h,(g;,€));;- Thenwehavetheinequality
deth, < deth,.

2. Supposer,, a, > 0 with a; + a, = 1. Thenthe convex combinationlies betweerthe
givenforms,i. e. h; < a;h; +a,h, < h,. In particular, if h, is strictly positivesois the
convex combination.

Proof. Thefirst statemenis asimpleconsequencef the Min-max Principle(Corollary1.3.5):
From the assumptiorwe get0 < A, (h;) < A, (h,) andthusdeth, = A;(h)) -...-A4(h)) <
Thesecondstatemenis truein any orderedvectorspace. O

52



4.2 Constructiorof theperiodcell

Figure 4.1: Graphsof the cut-off function x. andof theradii functionsr,r.,T..

4.2 Construction of the period cell

As above, let X beacompactRiemanniarmanifold of dimensiond > 2 (possiblywith bound-
ary X # 0). Letr bethe numberof generatorof a given abeliangroupl". We choose2r
distinct pointsx,,...,X,.. For eachpoint x; we set Bi = B(x;,€). Supposehat the radius
g > 0 of the geodesuball aroundx is smallerthanthelnjectlvlty radiusinj X. Supposdur-
ther that B' are pairwisedisjoint and that B' doesnot intersectthe boundaryof X for all
i=1,. 2r Denoteby B, theunionof all theseballs Let Xe := X\ B,, for 0 < 2¢ < g, with
metrlcmherltedfromx Finally, IetY' = dB . bethecomponenbf the boundaryof X, near
X; (seeFigure4.2).

We start now with the constructionof the modified metric on X. Let x. be a smooth
functionwith valuesbetweerD and1l, x.(s) = 0for s< € andx.(s) = 1for s> 2¢. Letr, be
asmoothfunctionwith r.(s) = € in aneighbourhooaf 0 andr(s) = sfor s> 2¢. Finally, let
rg(s) =€ fors< eresp.rg(s) =sfor s> ¢ andr, :=r,,. Suppose . andr, encloser, (see
Figure4.l).

Fromthe orthogonaldecompositionn polarcoordinateg4.1) we obtaina metric h'
thesphereS for eachpointx;. We replacethis metricby a corvex combinationof thestandard
metricon the spherewith radiusr(s) andthe original metrlch'( ) I.e., we obtainametricon
S by

e a0y = (1= Xe(9) r2(8)dO2 + Xe (Mg o,

dependingon thetwo parameters ande. By Lemma4.1.2,hi(£ 5) is indeedstrictly positive,
thusametric. Lemma4.1.1lyields

1 1 i
512900 < (1= Xe(9) 12(8) + 5Xe(9) do? < ) <
< ((1—)(8(3)) r(s) +c2xs(s)sz> do? < ¢?12(s)do?
whichimpliesthe existenceof anotherconstant’ (againby Lemma4.1.2)suchthat

1879 < (det, )

Nl

<drd1(s). (4.4)

We denotethecompletionof X\ {x,, ..., X, } togethemwith the modifiedmetricsgi(

£,5,0) =
ds2+h

(£:50) nearx by M,. NotethatX, is embeddedn M, andthatthe boundaryof M, has
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4 Constructiorof a periodicmanifold

Figure 4.2: Constructiorof the periodicmanifold MP®". We startwith the compacimanifold X, modify
X in aneighbourhoodaf x,,...,x, . Here,the periodcell M, hasonly r = 1 pairsof cylindrical ends.
Finally we gluethe periodicmanifold MP®" from copiesof the periodcell.

2r new disjoint componentZ}, ... Z2", eachof themisometricto the sphereof radiuse. Let
Al bethepartof the manifold M, nearx, givenin polarcoordinatesy [0, 2¢] x S. Finally, we
setA, = AlU---UAZ Y, =Y U---UYZ andZ, = ZL U---UZZ (seeFigure4.2).

Remembethat " is a finitely generatedabeliangroup with r generators,,...,e. We
supposéhatl” hasatleastoneinfinite generatarFurthermordet yM, beanisometriccopy of
M, with identificationx— y-x for eachy € I'. We construcanew manifoldMP®" by identifying
yZZ-1 with e yZ?2 for eachy € I andi = 1,...,r (seeFigure4.2). Sincein a neighbourhood
of Z. the manifold is isometricto a cylinder of radiuse, we canchoosea smoothatlasand
a smoothmetric of the glued manifold MP®". We thereforeobtaina (non-compactynanifold
which admitsa cocompact -actionasin Chapter3, soFloquettheoryapplies. The manifold
Mg is a periodcell for MPe",

Notethator a d-dimensionamanifold MP®" afinitely generategjroupl” with r generators
(e.g. I = Z") exists which actscocompactlyon MP®". Thusthe dimensionof periodicity
is independenbf the dimensionof the manifold. This is in contrastto the flat periodiccase
MPer — RY wherethegroupactionmusthaver = d generators$o obtaina cocompactction.

4.3 Convergenceof the eigervalues

Floguettheoryallows usto analysethespectrunof theperiodicmanifoldMP®" by analysinghe
spectrunof the 8-periodicLaplacianon the periodcell M,. We imposef-periodicboundary
conditionsbetweerzgi_1 andZ§i foreachi=1,...,r. If dM, containanorecomponentgthus
component®f dX) we leave theboundaryconditionson X unchanged.

Now we areableto stateour first mainresult:
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4.3 Convergenceof theeigervalues

4.3.1.Theorem. Let T be an abeliangroup with r geneators. Let MP®" be constructedas
aboveby glueingtogetherl” copiesof a compactmanifoldM,. Here, M, is obtainedby taking
away?2r pointsfrom X andchangingthe metricsud thattheendslook like smallcylinders.

Thenthe k-th Dirichlet as well as the k-th Neumanreigervalue (denotedoy AE/N(ME))
corvergesto thek-th eigervalueA, (X) of X ase — 0.

In particular, thek-th B-periodiceigen/alueAlf(Ms) convergesuniformlyin 6 € [ to the
k-th eigervalueA, (X) of X ase — 0.

Applying the Floquettheorywe obtainthe first exampleof a periodicmanifold with gaps
in its spectrum:

4.3.2.Corollary. For £ small enoughthe k-th band B, (A,eer) and the (k+ 1)-st band
By1(Ayper) do notoverlap, providedA, (X) < Ay, 4(X). In particular, for givenN € N there
existsg, > 0 suc thatthe periodicoperator A per hasat leastN gapsfor 0 < € < &,

To shaw the corvergenceof the Dirichlet resp.Neumanreigen/aIues)\kD/N (Mg) on Mg for
€ — Owewill enclosehemby eigervaluesof Laplacianswvith Dirichlet or Neumanrboundary
conditionson X.. Thereforewe needthe corvergenceof the spectrumof theseoperators.
Fortunatelytheseresultsarealreadyin theliterature,sowe will only quotetheresults.

4.3.3.Theorem. Thespectrunof the Dirichlet Laplacianon X, convemesto the spectrunmof
the Laplacianon X, i.e., lim, o A2 (X¢) = A (X).

Proof. (see[CF78]) O

4.3.4.Theorem. Thespectrumof the Neumanriaplacianon X, corvergesto the spectrunof
the Laplacianon X, i.e., lim, o AN(X¢) = A (X).

Proof. (see[Ann87)) O

Proofof Theoem4.3.1. First we give an estimatefrom above for the Dirichlet eigervalues
AQ (M) of thequadraticform qg . Thisis easilydoneby theembedding

don‘(qg()g) = H(Xe) = A (Mg) = don‘(Ql\D/lg)
for thedomainsof the quadratidorms. The Min-max Principleyields
AP (Xe) > AQ (Mg). (4.5)

For the estimatefrom belowv we needour Main Lemma(formally, the Main Lemma(The-
oreml.4.2)canalsobeappliedto obtainthe estimaterom above). We set

<%0£ = LZ(ME)a domqg = %1(M£)a Qe -= ql\N/'e’
A= L,(Xe), domg], := (%), g :=0},

andtheoperator®; is justtherestrictionof u, to X, €.9. P, U := Ug [
We have to verify the conditionsof Theoreml.4.2resp.of Corollaryl 4.4.
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4 Constructiorof a periodicmanifold

Condition1 resp.(1.15)is satisfiedf
Pl = uell?) = [ el = [, Juel? < coe) el
Ms\xs Ag Me

with a positive function w(e) — 0 as€ — 0. The existenceof w(¢) will be shovn Theo-
rem4.4.1.
Condition2 resp.(1.16)is trivially satisfiedbecausef

i (ue) = [ Jduef? > [ Jducf? = o, (@cup)

Notetheadwantageof not having to prove the corvergenceof the quadratidforms.
Condition3 is satisfiedby Estimate(4.5)andTheoremé.3.3.
Finally, Theoreml.4.2implies

A (Xe) = B () < AL (Mg) (4.6)

with § (¢) = Oase — 0.
Estimateg4.5)and(4.6)togethemwith the Dirichlet-Neumanrenclosurgsee(3.12))showv

A (Xe) = 8(€) < AX M) < A2 (Mg) < A2 (M) < AP (Xe).

ThereforeTheorem4.3.3andTheoremd.3.4imply the corvergenceof the Dirichlet, Neumann
and 6-periodick-th eigervalueon M, to the k-th eigervalueon X. Note thatthe corvergence
is uniformin 6 € I' sinceg, (&) doesnotdepencon 6. O

4.4 Estimate onthe cylindrical ends

The following theorem basedon articlesby C. Anné (cf. [Ann87], [Ann94, LemmeA] and
[Ann99)), givesustwo importantestimateson the boundaryZ, resp.the junction A,. The
estimateover the boundaryis anintermediateesultwhich will be neededn Chapter5 (when
glueingalongthin cylinderto My).

4.4.1. Theorem. Theee existsa positivefunctioncw(€) corvergingto 0 ase — 0 sud that

2 2 2 2
Ug|%, u <ws/ Ug |+ [du
J, 1ueP. [ uel? < ete) [ (uel*+lauef?)

for all u, € S1(M,).
Notethatw(€) only depend®n thegeometryof X nearx;.

Proof. We prove the resultfor the component<Z. of Z, resp.Al of A, separatly Suppose
Ug € C*(M) with u.(gy,0) = 0 for all 0 € S. Firstwe shav an L,-estimateover A; ¢ :=
{s} xS c A with its inducedmetrich,,

Applying the Cauchy- SchwrzInequalltytogethewwth Estimate(4.4)yields

lug(s,0)| / OiUg(t,o dt‘

50 C d 1 &0 5 1
gc’/S Lg(t) olt/s 9us(t,0)P(dethy, ) ct.
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4.4 Estimateonthe cylindrical ends

If we integrateover o € S9! we obtain
2 2 3
/A‘ 1| :/S|u£(s,a)| (deth, . ) *do

<) ()" el

e,S
WV

=:x(€)

We have constructed . resp.r suchthatr(t) = e for 0 <t < g andr(t) =t for e <t < g,
resp.rg(s) < 2¢ for 0 < s < g,. Therefore

w(e) < d(ze)d—l(/oe gd—l_l dt +/:° tdi_l dt) = w(e)

wherew(€) corvergesto 0 ase — 0. If we sets= 0 we obtainthe statemenfor Z, = AL ..

Furthermore,
2¢
Jotuel2= [ [P <2sw(e) [ jauel.
A 0 JA Me

&

If u(g,, 0) # 0 we choosea cut-off function (which is independenof €!). If u e J#1(M;)
we applyanapproximatiorargument. O
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4 Constructiorof a periodicmanifold
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5 Periodic manifold joined by cylinders

In this chapteme constructanotherclassof periodicmanifoldswith gapsin thespectrum This
time, we admitlong thin cylindersof fixedlengthbetweeneachmodified manifold. Roughly
speakingwe join ' copiesof a compactmanifold X by long thin cylinders. As before,we
obtaingapsin the spectrumf we let theradiusof thesecylinderstendto 0.

5.1 Construction of the period cell

LetI" beanabeliangroupwith r generatorsSupposehat M, is the periodcell constructedn
thepreviouschapteri.e., M, is obtainedoy takingaway 2r pointsx; from X andmodifyingthe
metricin aneighbourhoodf eachpointx; suchthatsmallcylindrical endsof radiuse ariseat
eachpointx; (seeSection4.2). SupposeahatL; > O0fori=1,...,r andsetl' := [0, L;]. Now
for eachi = 1,...,r we glueoneendof thecylinder C. := I' x S with metric ds®> + £2do? to
the componem‘Z‘gi*1 of the boundaryof M. We call the resultingcompactmanifold M, (see
Figure5.1). Let C, be the (disjoint) union of C},...,CL andlet | be the (disjoint) union of
RN LS

Figure 5.1: Here, the period cell M; is obtainedfrom glueingthe cylinder C! of lenghtL, > 0 and
radiuse > 0 to theperiodcell M, constructedn Figure4.2.

We obtainthe periodic manifold I\ﬁ?er in the sameway asin the last chapterby glueing
together™ copiesof the periodcell M, (seeFigure0.3on page5).

5.2 Convergenceof the eigervalues

As beforewe useFloquettheoryto analysethe spectrumof the periodic manifold I\ﬁger by

analysingthe spectrumof the 6-periodic Laplacianon the period cell M,. We impose6-
periodic boundaryconditionsbetweenz? and the free end of CL. for eachi = 1,...,r. If
0X # 0 we leave theboundaryconditionson X unchanged.
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5 Periodicmanifoldjoinedby cylinders

We denoteby AP (XUI) = A2 (XUILU...UI") the spectrumof the Dirichlet Laplacianon
XUI (notethat XUl consistof r + 1 components)The spectrunof this manifoldis the union
of the spectraof its componentsthus)\kD(XUI ) is justarearrangemerih increasingorderand
repeatediccordingto multiplicity of all eigervaluesAy(X), A, (11), ., Ap.(I").

In the sameway, we denoteby )\kDN(XUI) the spectrumof the Laplacianon X andthe
spectrunof theDirichlet-NeumanriLaplacianonl, i.e.,we poseDirichlet boundaryconditions
at0 andNeumanrboundarycondionsat L; on eachinterval I,

Our secondmnainresultis thefollowing:

5.2.1.Theorem. Let I be an abeliangroup with r generators. Let I\’Z‘Eer be constructedas

aboveby glueingtogetherl” copiesof a compacmanifoldM,. Here, M, is obtainedby glueing
r cylinders of lenghtL; andradiuse to the componenzZ -1 of M.

Thenthek-th Diric hletresp.0-periodiceigervalue A (M,) resp.A2 (M) corverges(uni-
formlyin 6 € I') to thek-th Diric hleteigervalueA? (XUI) of XUl ase — 0. Thek-th Neumann

eigervalueAN(M,) convergesto thek-th Diric hlet-Neumanrigervalue ANP (XUI)) of XUl as
e—0.

Again, applyingFloquettheorywe obtain:

and the (k+ 1)-st band
Bk+1(AMper) do not overlap, provided that A, (XUl) < Ak+1(X£UI). In particular, for given

5.2.2.Corollary. For £ small enoughthe k-th band B, (A.,)

N € N ther existse > 0 sudh thatthe periodicoperator Amper hasat leastN gaps.

Notethatthis resultis in somesensdesssatisactorythantheresultof Chapter4 because
thelimit spectrumcontainsmorepoints. If oneis interestedn gapsit would be betterto have
alimit spectrumwith few points.

Neverthelessthis exampleshons anotherphenomena.The volume of the e-depending
partC, U A, is of theorderO(&9-1) in contrasto theexampleof the preceding:hapter There,
we hadvol(A;) = O(¢%). Therefore the periodic manifold Mger leadsto the conjecturethat
the separationprocedureproducinggapsonly needsa surfaceterm (i.e., a submanifoldof
dimensiond — 1) whosevolumecorvergesto O.

To show theconvergenceof the 6-periodicresp.Dirichlet eigervalueswe will enclosghem
by Laplacianswith Dirichlet or Neumannboundaryconditionson X, andDirichlet boundary
conditiononC,. We furtherneedthe corvergenceof the spectrunof thecylinders.Onewould
expectthatthespectrunof thecylinder Cl. corvergesto thespectrurof theinterval I ase — 0
sinceCL. collapsedo I'. Thisis indeedthe case:

5.2.3.Theorem. ThespectrunoftheDirichletresp.Diric hIet-NeumaanlapIagianonCis con-
vergesto the spectrunof the Diric hletresp.Diric hlet-Neumant.aplacianon|' = [0, L], e.g.,
lim, AP (CL) = A2 (1) resplim,_ o APN(CL) = APN(IT).

£—0 e—0

Proof. We have

. 1 .
)‘Ig,kz(c.ls) = ?Akl(g) +/\|Z(I ).

Theresultfollows by rearrangingheseeigervaluesase — 0. 0J
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5.2 Cornvergenceof theeigervalues

In Chapter8 we needestimate®nthelimit spectrum:

5.2.4.Lemma. We have AP(1') = %kz and APN(1') = &(k— 3)?, ke N. In partic-
ular, A2(1") < AZN(1") and AP (XUI) < APN (XUI) with strict inequality if AP(XUI) and

ASN (XUr) are notin the spectrumof A, .
Now we prove the mainresultof this chapter

Proof of Theoem5.2.1. We call APP (X.UC;) resp. A%D(X ucC ) theeigen/alues orderedac-
cordingto multiplicity, of the quadraticform qX ®qc, resp. qX &) qC correspondingo the
LapIaC|anonX UCs. Notethattheseelgervaluescorvergeto pomtsof theunionof thespectra
of gy andqI (seeTheoremst.3.3,4.3.4and5.2.3).

We first give an estimatefrom above for the 8-periodic and Dirichlet eigervalues. The
embedding

LX) @ AHCy) > M) = (M)

for the domainsof the quadraticforms with Dirichlet resp. 8-periodic boundaryconditions
yieldstheinequality

AP (XeUCe) > A0 (Mg) > A2 (M) (5.1)

via the Min-max Principle.
For the estimatefrom below we alsoapply our Main Lemmawith

% = LZ(Ms)u domq£ = %1(M8)7 qs = q%ga

A =L, (Xe) B L,(C), domd; := (X)) @ #H(Ce), Oz := Q>N(g S qgg-
We furthersetu, = v, @w, and®.u, := v, & (W, — H.u,) whereh, := H.u, is theharmonic
function (Acshg = 0) with boundarycondition h, facg = Ug racg- By constructionwe have

fo =w; —h, € #1(C,). Notethath, existsandthath, is uniqueby TheoremB.5.3. Theidea
of usingthe harmonicextensionon thecylinderis dueto [Ann87].

Now, we have to verify the conditionsof the Main Lemma(Theorem1.4.2). In orderto
shov Condition1 we estimate

euel2= sl < [ s+ [ (e —hel? = )
< el gy + 2l INell ) + el

Sincewe alreadyhave proven ||us||f )0 for every qf) _-boundedfamily (ug). ase — 0

in Theorem4.4.1it is sufficientto sh0N thecon/ergence||hg||2 )= O uniformly in 6. This

will bedonein thenext section.

In orderto verify Condition2 we needLemma?2.3.11which is onereasornwhy we have
chosenthe harmonicextensionon the cylinder. In short,it saysthatDirichlet functionsmini-
mizethe enegy integral whenaddingharmonicfunctions,i.e.,

lowe = dhel[f 7,y < llAWellf 7, )-
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5 Periodicmanifoldjoinedby cylinders

Thisyieldsa proof of condition2:
O (Pele) = q>l\<l£ (Ve) + qgg (We —hg) < q>l\<l£ (Ve) + qCD:E (We) = ql%g(ue) = Qe(Ug)-

Condition 3 is satisfiedbecauseof Estimate(5.1) and the corvergenceof the Dirichlet
eigervalues(seeTheorem4.3.3andTheoremb5.2.3). The constanin condition3 is alsoinde-
pendenbf 6.

Theoreml.4.2yields

AP (XUCe) — 3 (€) < A (Me) (5.2)

for someg, (¢) — 0 ase — O uniformly in 6.

Estimateg5.1) and(5.2) togethemwith Theoren¥.3.3, Theorem4.3.4andTheorem5.2.3
imply the convergenceof the k-th 8-periodicresp.Dirichlet eigervalueto the k-th eigervalue
of XUI with Dirichlet boundaryconditionson theinterval |.

Wewill notprovetheconvergencedN(M,) — APN(XUI) sinceit canbedonein essentially
thesameway. O

5.3 Estimate of the harmonic extension

For the proof of the L,-corvergenceof the harmonicextensionon the cylinders we follow
C. Anné[Ann87] and[Ann99].

In this contet it is usefulto work in ane-independenHilbert space Thiswill beachieved
by thetransformation

Te: L, (C) — Ly(C)
U — g7u
with C = C; beingthe cylinder | x S (resp.the disjoint union of the cylinders|' x S) with

standardmetric. Denoteby g, anddg the derivative with respectot € | ando € S = sd-1,
Thetransformedjuadraticorm of the LaplacianonC; is

B 1
T, (0) = e, (Te ) = [ (1 + ldsu)

with thesamedomaindomT, qc :doqu = J#1(C) for eache if wehave Dirichletboundary

conditions(the samestatementolds for Dirichlet- Neumannboundaryconditions). In the

sequelve will notin generaldistinguishbetweertheform gc_onL,(C¢) andT.qc_onL,(C).
We will provethefollowing theoremin se/eralsteps(seefAanQ]).

5.3.1.Theorem. Theintegral fcg IHeu?|? corvergesto 0 uniformlyin @ for all qgs-bounded
families(u?), 4 (alsoboundedn 6?).

We first shav thata limit h existsfor subsequences theboundedamily.
5.3.2.Lemma. Let (U9), 4 be a g% -boundedfamily and h{ := H.uf. Thenthe families
(||h£9||%1(c))£’9 and (g, (h?)), ¢ areboundedin € and 6).

In particular, for all sequence$en)m and (6m)m with €, — 0 we can find subsequences
(€&m,)n @and (Bm,)n sud that hy, := hg:hh convergesweaklyin #1(C) andstronglyin L,(C) to

anelemenh € #1(C). We will denotethe subsequencealsoby (&,) and (6,).
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5.3 Estimateof the harmonicextension

Proof. Let (u?), o beafamily boundedoy someconstant > 0. Furthermorelet AP(C,) > 0
bethefirst Dirichlet eigervalueof the quadratidorm qgl. Setwse = ug’ fcg- By constructiorof

h¢ we harewf — h¢ e ;#(C) andtherefore
AP(C) W — . < B (W8 —hE) < @@ (wE —hE) -

0 4qnd|i2 912 0 0 (1,0
= [[dwg —dh;[|E 1c, < lldwg|[f ¢, < [|dug]] g (Us) <c

2 —
LT*M, — A,

where we have used the Min-max Principle in the first, 1 < 1/52 in the secondand
Lemma2.3.11in thethird inequality It followsthat

6 0 2] 0 C
Ihell e < e =Pellyie) + IMENl ) < /35 cy + Ve

In the sameway we prove
6 8\ _ (1qh8]12 612 62 _ a0 (10
Ac, (Ne) < dc, (Ne) = lldne|IE,rc, < lWellE,roc, < llAUEll] 1., =Gy, (Ue) < c.

Again, we have usedl < 1/£2 in thefirst andLemma2.3.11in the secondnequality Since
the ##1-normis equivalentto the quadratidorm normof the Laplacianthereexistsa constant
¢’ > 0 suchthat

IMZesc) < € (IR o) + e, (M)

for all h € s#1(C). Thereforethefirst partof thelemmafollows.

Furthermorethe sequence{hgrf:)m is boundedfor ary sequence$en)m and (6m)m. Thus
the weak sequentiatompactnessf boundedsubsetsf the Hilbert spaces#*(C) (seeThe-
orem 1.1.1)implies the existenceof a subsequencéh,), corverging weakly to an element
h € #1(C). Thestrongcorvergenceis just a consequencef the Rellich-Kondrache Theo-
rem2.2.4. O

Note that the elementh in generaldependsn the sequence$em)m and (6m)m. We will
show in the next lemmasthatthis is not the case.First we prove thatthelimit his constanin
sphericaldirection,secondlywe prove thatit is harmonic.

5.3.3.Lemma. Thefunctionh: | x S — C is independenotf thesecondvariable

Proof. Let P bethe projectionontothe spaceof functionsin L,(C) = L,(I) ® L,(S) constant
in thesecondvariable.Notethatthis is a closedsubspaceFurthermorelet Pw := w— Pw be

the projectionontothe orthogonakcomplementThe smalleskigervalueof the quadratidorm

ds(W) == J¢ |d§w|2 in L,(C) is 0. Thecorrespondingigenspaces the rangeof the projection
P. Thefirst non-zerceigervalueof qg is A,(S) > 0. Therefore

MaS)IP el c) < Go(Phe) = [ [dshe —dsPhef? <

1
<2 [ (1ansf2+ Sldshe ) = %, (ne)

wherewe have useddgPh, = 0 sincefunctionsin the rangeof P areconstanin o € S. By
Lemma5.3.2we have ||Ph,|| < £2¢/A,(S). Finally, P*h= 0 ase = & — 0,andPh = h since
hn, — h strongly O
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5 Periodicmanifoldjoinedby cylinders

In the sequelwe sometimesdo not distinguishbetweenfunctionson | and functionson C
constanin sphericaldirection.

5.3.4.Lemma. Thefunctionhis harmoniconl,i.e., d;h=0.

Proof. Letw € CZ'(C) beconstanin thesecondvariable(i.e.,w € CZ(1)). Then
<_atth, W> - <0th, 0tW> - r!i_r>noo<0thn, (9tW> - rli_r)ancsn(hn,W) - r![)nw <Acgn hn,W> - O

dueto Lemma5.3.2and5.3.3. Thusd;;:h is orthogonalto the spaceof functionsconstant
in the secondvariablebut also constantin the secondvariableby Lemma5.3.3so we have
dtth - O |:|

5.3.5.Lemma. We haveh = 0.

Proof. It is sufficient to prove hf,, = 0 asa resultof the maximumprinciple for harmonic
functions.Here,we couldargueevensimplier: aharmonicfunctionin onedimensions affine
linear, thereforen = O is equialentto hf , = 0.

Let f € C*(1). By the Gauss-GreeRormula(2.18)we have

[(h,atfﬂm—/I<h,attf>:/l<ath,atf>:

= m, [ (ewat) = im, [ (hwont) ~ [ (cT)
dueto the weak cornvergenceof (hy) shovn in Lemmab.3.2. The 6-periodicity implies the
equalityof theintegralsover 0C andZ,. Togethemwith Theorem4.4.1we obtain

[ Inge= [ @< ae) [ (dfR+1?) < wle)e
ac Z M

€ £

Thereforewe have shawn [(h,d; )], = Oforall f € C¥(1),i.e.,h=0. O

Proofof thereom5.3.1. Let (g), be a sequenceornvering to 0. By Lemmas5.3.2to0 5.3.5
every subsequencef (hg)I hasa convergentsub-subsequena®rvergingto 0, i.e., hg —0as
| — o andevery 6.

Supposethis corvergenceis not uniform in 8. Thenwe canfind a numbern > 0 and
sequencefem)m and () m with £ — 0 andd(hgj;, 0) > n whered denotesa metricdefining
the weaktopology on a boundedsubsetf .7#1(C). Lemma5.3.2implies the existenceof a
subsequencanda limit h which mustbe differentfrom 0. But Lemmas5.3.3to 5.3.5imply
h = 0 whichis acontradiction. O
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6 Conformal deformation

In this chapterwe do in somesenseahe corverseof the work doneby now. We startwith a
givenperiodicmanifold MP®" of dimensiond > 2 anddeformthemetricby a conformalfactor
ps to obtainspectralgapsin the spectrumof the Laplacian. The ideais to let the conformal
factorcorvergeto theindicatorfunctionof a setX with positive distanceo the boundaryof a
periodcell M of MP®", This convergences of coursenot uniform becausef thediscontinuity
of theindicatorfunction.

6.1 Conformal deformation

First, we statesomefactsaboutconformaldeformationf agivenmetricg of ad-dimensional
Riemanniamanifold M. Let p, be asmooth strictly positve functionon M. Thenwe denote
by M, the manifoldM with metricg, = p?2g.

We give somesimpleformulashow the conformalfactorentersin the inner productand
in the quadraticform of the Laplacian. The formulasin the caseof differentialformswill be
neededn Section7.4.

6.1.1.Lemma. Thespaced ,(APTM;) andL,(APTM) are identical as vectorspaces.Fur-
thermog, for u,v € L,(APTM) wehave

(V)L arm,) = /M (U0, V(X)) pppg PE 2P (9 (6.1)

Denoteby d* andd; theformaladjointofd: C2(AP~1TM) — CZ(APTM) with respecto the
inner productof L,(A*TM) andL,(A*TM,). Thenwe have

dzu = pZP~9~2d" (pg~%Pu) 6.2)
for u e CZ(APTM). Finally the quadratic form of the Laplacianon APTM is givenby
2 d- «/ d— 2 2p-d\
Gaprm(U) = /M (lau?o¢ 2 +|d*(pg 2Pu) %2 *) p; 2 6.3)

for u e J#1(APTM).
Proof. Thevolumeform yieldsafactorpg. Wefurtherhave |u(X)[Zpmy, = P 2P(X) [U(X)|Zpry

by (2.1). Note thatthe minusin the exponentoccurssincewe are dealingwith the inverse
matrix (g/) of (g, j;). Fromtheseremarkswe easilyconcludethethreestatedequations. [
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6 Conformaldeformation

Figure 6.1: Normalcoordinategr,y) parametrisinganeighbourhooaf Y = dX andM \ X.

Aps(x)
Lﬂ
£ - ——=xeM
g x gd

Figure 6.2: Theconformalfactorp, leaving X undeformed.

Now we deform a periodic manifold conformally Let MP®" be a periodic Riemannian
manifold with metric g°®" and cocompaciabelianl-action (for detailsseeSection3.2). Let
X C MPE" be a compactsubsetwith smoothboundarysuchthat yX N1 X # 0 impliesy = 1.
Thenaperiodcell M with dist(dX,dM) > 0 exists(seeFigure0.4 on pageb6 or Figure6.1).

We introduce normal or Fermi coodinates(r,y) with respectto Y := dX (for details
cf. [Cha93 Section3.6]). Here,r € | —r,ry[ parametriseshe normaldirectionandy € Y
parametriseghe tangentialdirection;r < 0 correspondso the interior of X andr = O corre-
spondgoY (seeFigure6.1). L

Furthermore we assumethat normal coordinatesalso exist on M\ X, i.e., we suppose
thatM \ X canbe parametrisedy (r,y) with r € Iy andy € Y. Here, |y is a compactsubset
of R containing[0,r,] (seeFigure6.1). The existenceof normal coordinateson M\ X is a
geometricakestrictionon X. For example,this conditionis satisfiedfor a centeredoall in a
cube.

Supposehat, for eache > 0, p.: MP®"— ]0, 1] is a smoothl -periodicfunctionwith the
following propertiegseeFigure6.2):

pe(x) =1 forall x € X, (6.4)
pe(X) =€ for all x € M with dist(x,X) > &¢. (6.5)

Notethatthefunctionp, corvergespointwiseto theindicatorfunctionof thesetX. We define

Peri=pZP  resp. g :=0"Iy (6.6)

66



6.2 Lowerboundsfor theeigervalues

andcall theresultingRiemanniamanifoldsMP®" resp.M,. We thereforeobtaina conformally
deformedr -periodic manifold MP®" with periodic metric gP®" and periodic Laplaceoperator
A\ per. Thespectrunof thisoperatomwill beanalysedy applyingFloguettheory We only have

to analysehebehaiour of the G-periodiceigen/alues)\lf(Mg) of thecorrespondind.aplacian
onMg.

In the restof this chapterwe show that the Dirichlet and Neumanneigervalueson M,
(denotedby A D/N(M )) corvergeto the eigervaluesof the Neumanrboundaryproblemon X,
provided the 5lmenS|ond of the manifold MP¢" is greaterthan2. The two dimensionalkase
will betreatedater.

6.1.2. Theorem. SupposeMP¢' is of dimensiond > 3. Supposdurther that X is a subsetf
a periodic cell M with smoothboundarydX and with dist(dX,dM) > 0 sud that normal
coordinateson M \ X exist (seeFigure 6.1). We assumehat (p.: M — |0, 1]), is a family of
conformalfactors satisfyingConditions(6.4) and (6.5). Then

lim AP/N (M) = Ag(X) (6.7)

£—0

whee M, denoteghe conformallydeformedperiod cell with metric givenby (6.6). In partic-
ular, thek-th G-periodiceigen/alue)\lf(Ms) on M, corvergesto AN (X).

Again, applyingFloquettheorywe obtain:

6.1.3.Corollary. For £ small enoughthe k-th band B, (A,,eer) and the (k + 1)-st band
Bk+1(AM£er) do not overlap, providedthat A, (X) < A, 1(X). In particular, for givenN € N
there existse > 0 sudh thatthe periodicopertor A, ,qer 0N the conformallydeformedmnanifold
M hasat leastN gaps. ’

We split the proof of the theoremin two parts: a lower boundfor )\li\'(Mg) andan upper
boundfor AP (M).

6.2 Lower boundsfor the eigervalues

We first prove lower boundsfor the Neumanneigen/alues)\li\'(Ms). We needthe following
estimateon M, \ X. Note thatthe next theoremis alsotruein dimensiond = 2. Theideais
motivatedby articlesof C. Anné (cf. [Ann87], [Ann94, LemmeA] and[Ann99])).

6.2.1. Theorem. Supposehat normal coodinatesexist on M\ X. Let p.(X) = p¢(r) be a
functionsatisfyingconditions(6.4)and (6.5), i.e., p.(r) = 1 for all r < 0 andp.(r) = ¢ for all
r> g9,

Thenwe canfind a functionw(e) — 0 ase — 0 sud that

/Mg\x\ue\zé w(g)(/'vls‘ug|2+/'vlg|dug|2) (6.8)

for all ug € #1(M,).
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6 Conformaldeformation

Proof. We proceedn the sameway asin the proof of Theorem4.4.1. We introducenormal
coordinatesasin Figure6.1. For notationalsimplicity only, we assumethat Iy = [0, ry] for
somenumberr, < ry. Supposehatu, € C*(M;) with ug(r,y) =0forally e Y andr < —r,.
Asin (4.1) we have the orthogonalsplitting

O = psz (drz + h(r,y))

in normalcoordinatesrvhereh(r ) is aparametedependenmetriconY. From(6.1) and(6.3)

we obtain
| ouel= [ uePed and [ jauca, = [ jucaed-?
M, M M, M

By the Cauchy-SchwarzInequalitywe have

ug(s,Y) |2 ‘/ O Ug ( VY)dr‘

</

for 0 < s<ry. SinceY is compactwe can estimatethe first integral by ¢ > 0. Therefore
integratingovers € ly andy € Y yields

ry 1
Jole= / (1ue 2(detg)2pg) (s.y) dscly

< c/ " (detg)2 (s, y)pd( )/ (10rug|2(detg) ?)(r, ) dr dsdy.
yeY Js=0 =

r=—r,

(dergr) [ (10eP(detg)?) ry)ar

o —To

We can estimatethe s-dependentermsas follows: for 0 < s < ¢4 we have pg( s) = € by

Assumption(6.5). Furthermorethereexists a constantt’ > 0 suchthat (detg)?2 (s y) < c for
ally e Y and0 < s<ry sinceM\ X is compact. Thereforethe integral over 0 < s < sd and
g9 < s<ry canbeestimatedy c’e9. We conclude

/M\X|ug|2<cc’£/ / (16,ug |X(detg)2)(r,y) dr dy

__rO

<cc’£/ / (|0rue( detg)ZpS_Z)(r,y) dr dy
yeY Jr=

r=—r,

gcc’s/ |dug |?
Mg

wherewe have usedp, > ¢ in thesecondine.

If ug(r,y) # 0 for somey € Y andr < —r, we multiply ug with a cut-off function x such
thatx(r) = 1forr > —ry,/2andx(r) = O for r < —r,. Notethatsuppx C X, i.e.,onsuppy,
thereis no conformaldeformation If u; € 7#%(M,) we applyanapproximatiorargument. [

We emphasizehatthefunctionw(€) only depend®nthegeometryof X andM. Againwe
applytheMain Lemmato prove alowerboundonthe Neumanreigervalue)\li\'(Mg), thistime
with

=%a£ = LZ(ME)a doqu = ‘%al(ME)a qE = qwﬂga
A= L,(X), domq := #(X), q:=qf.
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6.3 Upperboundsfor the eigervalues

Herethe operator®, is just therestrictionof u, to X, i.e., ® U, := U.[y. We verify the con-
ditionsof Corollary1.4.4.Condition1 resp.(1.15)is satisfiedoy Theorem6.2.1. Condition2
resp.(1.16)is trivially satisfiedbecausef

Ge(ue) = [ Jduel?> [ [uef? = (@eue).

Condition 3 is satisfiedby the embedding#*(X) c £ (M,) which implies AN(M,) <
AP (X) := ¢, by theMin-max Principle. ThereforeTheoreml.4.2yields

A (X) = 8, (8) < AL (M) (6.9)

with 8, (¢) — O ase — 0.

6.3 Upper boundsfor the eigervalues

Herewe useour assumptiorthatthe dimensionsatisfiesd > 3. We apply our Main Lemma
with

H = L,(X), domq := #(X), q:=q,
‘%, = LZ(M£)7 domqls = %1(ME)’ qls = ql\D/le

Let ®u beanextensionof u which liesin J#1(M).
Againwe have to verify the conditionsof Theoreml.4.2. Condition1 is satisfiedbecause

ol = [ 1w < [ |ou? =|joul?
X M,

In thecased > 3 Condition2 is satisfiedbecaus®f

of

@@ o) = [ [d0ufy, = [ doutypf 20 (610

by the Lebesgueorvergencetheoremandtherequiremen({6.5)whichimpliesthatp.(x) — 0
for all x e M\ X. Notethatthe corvergencedepend®n u (seeRemark1.4.3). Condition3 is
not necessarypecause’ is independendf €. Theoreml.4.2yields

AQ (Mg) < AN(X) + 8, () (6.11)

with Ek(s) — 0ase — 0. From(6.9), (6.11)andthe Dirichlet-Neumanrenclosurg3.12)we
obtain

AR (X) = 8, () < AN (Mg) < AZ(Mg) < AR (Mg) < AX(X) + 8, (€).

We thereforehave proven Theorem6.1.2. O
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6 Conformaldeformation
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7 The two-dimensionalcase

In dimension2, the specialform of the Raleighquotientof the Laplacianon the conformally
perturbednanifoldMP®" causesidifferentbehaiour. The 6-periodiceigervaluesof theLapla-
cianonaperiodcell M; still corvergebutthelimit depend®n 6. Sincethecorrespondingmit

operatotis quitecomplicatedwe areonly ableto constructa simpleexampleof aconformally
perturbed2-dimensionalmanifold with an arbitrary numberof gapsin the spectrumof its
Laplacian.

7.1 What is differentin the two-dimensionalcase?

In the precedingchaptewe have shavn thatthe k-th bandB, (MP®") of A, e cOrvergesto the

k-th NeumanreigervalueAli\'(X) providedthat X satisfiesertaingeometricaconditions that
theconformalfactorsp, (¢ > 0) satisfyConditong6.4) and(6.5),andthatthedimensionis at
least3. Thefollowing lemmashavsthatin dimension2, thebehaiour is completelydifferent:

7.1.1.Lemma. Supposé¢hatMP®'is connectedSupposéurtherthatthe conformalfactors p,
satisfyConditong(6.4) and (6.5). Supposén additionthat p, are monotonicallydeceasingif
€\ 0. Thenwealwayshavetheinclusion

B, (MZ™) € By(MZ®),  0<e<g,

for thefirstbandof the periodic LaplamanAMper, whee B, (M pe’) hasnon-emptynterior.

In particular, theflrstbandcannotcollapseto thepoint0, thefirstNeumanreigervalue as
in thehigherdimensionatase

Proof. As aresultof the Min-max Principle(Theoreml.3.3),thefirst eigervalueis givenby

0 fM ‘du\z
A Me) = e o 102" (7

andthereforemonotonicallyincreasingase “\, 0. Note that 7' (M,) is independentf € as
vectorspaceWefurtherha/e)\9 L(M,) = 0 sincein the periodiccasethe constanfunctionis

aneigenfunction By the continuousdependencef the eigervalueson 6 (seeTheorem3.4.3)
we have [O,)\leO(Mso)] = Bl(ME:') for some@,. Therefore

B, (ME®) = [0,A0(Mg)] C [0,A0(M,)] C By (ME®).

By Lemma3.4.5,Bl(M§Oe’) hasnon-emptyinterior. O
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7 Thetwo-dimensionatase

In arbitrarydimensionthe Raleighquotientis of theform

2,d-2
)\lG(Ms): inf M

7.2
sy JylUZpd (7.2)

As before thespaces#; (M,) isindependentf € asvectorspacevhichwe denoteby 7, (M).
But for dimensiond > 3 this quotientcan be minimized by functionsconstanton X. These
functionscanstill be 6-periodicsincetheir behaiour on M, \ X is not importantbecausef
thesmallnes®f p, there.

7.2 Limit form in two dimensions

To motivatewhichis theright candidatdor thelimit quadratidorm in two dimensionsye use
the specialstructurehere. The quadraticform doesnot dependany moreon &, only the norm
does.By interchangingheir rdleswe canprove a monotonicityresultfor the eigervaluesand
specifythelimit operator Theabstracbackgrounds givenin Sectionl.5.

We apply Lemma1.5.1to the nonperiodiccasesincethenwe have 0 ¢ speaﬁ,@lg: ary
eigenfunctionwith eigervalue 0 would have to be constantout the nonperiodicityforcesthe
constanto beO. In particular we set

He=LyMd,  Qe=tf, and  q(u)= [ [duf=[lulZ.
M

With the notationof Sectionl.5we obtain
A =domg= M), Afe)=A(Me) and  Ge(u) = [ |u%p? =lul%
We supposehe conformalfactorp, to bemonotone Therefore
Ge(w) = | U2 [ U= Go(w).

Thelimit form ¢, correspond$o an operato@0 wich is alsocompaciby themonotonicityand

the Min-max Principlefor example).Sincethe eigervaluesof Q,, the operatorcorresponding
to thequadratidorm @, areexactly thereciprocalsof )\lf’(Ms) by Lemmal.5.1,all we haveto

doisto analysetheeigen/alues’):k of (50 (denotedn decreasincg)rderX1 > Xz > > Xk > 0).
TheeigevaluesA? (M,) aredominatedoy the Dirichlet eigervaluesA P (X), thereforewe have
theminoration

A= 1/A8 (M) > 1/A2(X) > 0.

Thereforewe areonly interestedn strictly positive eiger\/aluesﬂ)v\k > 0. We computethe or-
thogonalcomplementin #) of

kerQ, = { ue A4 (M) ‘ Uly = O} = H5(M\ X).
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7.2 Limit form in two dimensions

In Lemma3.5.2we have shavn that
(kerQ)* = { he (M) ‘Ah[M\X = 0, dhis B-periodicon M \ X }

Sincewe do not really wantto analysethe limit operator@0 [j? in the inversedsituation
0

we try to bring it backin the usualcontext, i.e., we try to constructa quadraticform qg in the
Hilbert spacel,(X). In TheorenB.5.3we have shavn thateveryu € 7#(X) canbeextended
in auniquewayto anelementh = ®u e %’g (evenin theperiodiccase).

Thereforewe can definethe limit quadraticform in the Hilbert spacel,(X). Forue
domgy := % (X) we set

()= [ [dou?
M
i.e.,we extendu harmonicallyontoM \ X. Sincewe have
oY <dg <dy
in the senseof quadraticforms (seeDefinition 1.3.4), qg hasalso purely discretespectrum
denotedoy A, (qf) satisfying
AR (X) < A@g) < AL(X).

7.2.1.Theorem. SupposeMP€" is of dimensiond = 2. Supposdurther that X is a subsef
a periodic cell M with smoothboundarydX and with dist(dX,dM) > 0 sud that normal
coordinateson M\ X exist (seeFigure 6.1). We assumehat (p.: M — ]0,1]). is a family
of conformalfactors satisfyingconditions(6.4), (6.5)andwhich is, in addition,monotonically
deceasingase \, 0. Then

lim A& (Mg) = A(c). (7.3)

£—0

uniformlyin 8 € [ where M, denotesthe conformally deformedperiod cell M with metric
givenby (6.6).

Proof. Againwe applyourMain Lemma(Theoreml.4.2)with
He = Ly(Mg), domg; := %1(“/'5)7 Qe -= Ch?/lg
H' = Ly(X), domq := #(X), q :=qd

where®, := u,[y. Conditionl is satisfiedbecause

lPeucl? = uel? = [ Juel < co(e)( [ Juel+ [ [l
Mg \X Mg Mg

£

convergesto O for everyq,?,,g-boundedamily (ug)e by Theorenb.2.1.Sincew doesnotdepend
on @ thiscorvergencds evenuniformin 8. Condition2 is satisfiedasaresultof Lemma2.3.11
which saysthatharmonicfunctionsminimizethe enepgy integral:

Qe(te) = [ Jausf= [ Jauef+ [ o ?
M, X M\X
Z/|dus|2+/ ‘dhs‘zzqg(cbsus)-
X M\ X
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7 Thetwo-dimensionatase

Here, h, is the harmonicextensionof u, restrictedto M \ X. It is importantto notethatthis
estimateonly worksin dimension2 sincethenthereis no p.-factorin theenegy integral. As
usual,condition3 is satisfiecby theembeddings#*(X) C #(M,) whichimpliesA? (M) <
AP (X) := ¢, via the Min-max Principle. Therefore the Main Lemmayields

M(a0) — B () < A2 (Mg) (7.4)

with g, (¢) — 0 ase — O uniformly in 6.
For the otherinequalitywe applythe Main Lemmawith

S = L,(X), domgq := #1(X), q:=qd
M =Ly (Me), domg; := 5 (M¢), o = O,

where®u is the harmonicextensionasin Theorem3.5.3. Again we have to verify the condi-
tionsof Theoreml.4.2.Condition1 is satisfiedbecausef

ol = [ < [ jou=|loul?,
X M,

Condition2 is trivially satisfiedbecausef
(= [ lduP+ [ [douP= [ |dou? = (ou).
X M\X M

Condition3 is notnecessarpecause’? is independentf €. Thereforeby Theoreml.4.2we
obtain

A¢ (Mg) < A(a)- (7.5)

Notethatwe do not have anerrortermsincein both conditionswe have usedthe inequalities
in Theoreml.4.2. O

7.2.2.Remark.In the sameway we canshaw the corvergenceA /N (M) — A2/N(0) where

the limit form qg’/N is definedsimilarly (herewe usethe harmonicextensionwith Dirichlet
resp.Neumanrboundaryconditionson dM).

We wantto prove the existenceof gapsfor € smallenoughat leastin the specialsituation
givenin thenext section.By Theorem7.2.1we only needto calculatethe 6-dependeneigen-
valuesA ¢ (0) of thelimit operatorQ§. If we canfind bounds0 < A, < A, ; independenof 6
with

M (0) <A <Ay <A4(0) (7.6)

for all 6 € ', we have establishedhe existenceof a gapbetweerthe k-th andthe (k+ 1)-st
band.

For the concreteexamplein the next sectionwe needsomeinformationaboutthe domain
of the operatorcorrespondindo the quadraticform qg via (1.4). Again, ®%u denoteghe (6-
periodic)harmonicextensionof u ontoM \ X. Furthermoreg, denoteshe normalderivative
ondx.
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7.3 Example

Figure 7.1: Theperiodcell M of thecylinder MPe' = R x S1.

7.2.3.Lemma. Thedomainof the operator Qf correspondingo the limit quadratic form g8
is givenby

domQf = { ue #2(X)

du=d,®°u on dX}. (7.7)

Furthermoe, Q§u = Ay u for u € domQy.

Proof. Thelemmafollowsfromthe Gauss-Greeformula(2.18)andTheoreml.2.2.Notethat
theintegral over dM vanishesy Lemma3.5.1. Furthermorey, Au € L,(X) imply u € s#2(X)
by Theorem2.4.10. O

7.3 Example

We give an exampleof a two-dimensionalperiodic manifold which canbe conformally de-
formedin sucha way thatspectralgapsoccur Let MPe":= R x S bea cylinderwith ' = Z
actingon MP®" by y- (x,0) = (y+x,0). The periodicmetricis givenby gP®' = dx? + r’da?
for somefixedr > 0. We chooseM = [0,1] x St asperiodcell.

Let0 < a< b< landlet X = [a, b] x S betheundisturbedegion of M. Notethatnormal
coordinatesexist on M\ X (seeSection6.1). (seeFigure7.1). Supposehatthe conformal
factorsp, (¢ > 0) aremonotonicallydecreasingse \, 0, andthatp, satisfyConditions(6.4)
and(6.5).

Let 8 € [". In this context we preferto view 6 ase® e St Furthermorewe identify
functionsw(o) on o € St with 2r-periodicfunctionson R which will be denotedagainby
w(o).

We first calculatethe 6-periodic harmonicextensionh = ®fu of a function u € C*(X)
givenby u(x, o) = v(x)€"? for somen € Z, i.e.,we have to solve the boundaryvalueproblem

h(a7 ) = u(a, )
1 . h(b7 ) = U(b, )
Byxh=—0uh— 055N =0,  with (L) — 80, (7.8)
dxh(17 ) = eiedxh(oa )

which hasa uniquesolutionby Theorem3.5.3. Separatinghe variablesh(x, o) = f(x)g(o)
yieldsthetwo ODEs

f’(x)=cf(x) and d'(0)=—cr’g(o).

75



7 Thetwo-dimensionatase

Sinceg hasperiod2mTwe have ¢ = n?/r? with n € Z andg(o) = €*'"?. Furthermoreve have
two fundamentakolutionsfor the ODEin f givenby

X/ro i —nx/r
f (x) = {en I]]: 2# 8’ and f,(x) = {i I]]: :# 8’
X | = | = U.

Sincex variesover two disjoint intervals we have four independentonstantsn the general
solution:

F(x) = ¢ fi(x)+c,fh(x) if0<x<a, (7.9)
d; fi(X)+d,fr(x) ifb<x<1
Theboundaryconditionsin (7.8) now requirethatg(og) = €"? and
fi(a)e, + fo(a)c, = Vv(a)
, , fi(b)d; + fy(b)d, = v(b) (7.10)
€%, (0)c, + €°f,(0)c, — fi(1)d; — f(1)d, = O '
€%fi(0)c, + €°f3(0)c, — fi(1)d; — f3(1d, = O
We obtainthe solution
¢, = y(+ €I PBya) — e193y(h))
c, = y(— e@PBy@) + e19+3by(h)) (7.11)
d, = y(+ €%PPya) — e (HDBy(b)) '
d, = y(— €%PPya) + eIHABy(h))
if n 0 wherewe have set
L=b—a>0, l=1-L>0,
n 1 1
p=y and V="gF_e6 ~ 2sinn1B)’
resp.
c, = Il(v(a)—e_iev(b)).e
CZ = \{(a)_e—?(v(a)—e_' V(b)) (712)
d, = 1(€°(a)—v(b))

d, = v(b)—2(¢%(a)—v(b))

for n= 0. Notethatc, = ¢;(v) andd;, = d,(v) dependinearyonv.

Now we searchfor eigervaluesA = A, (qf) > 0 andeigenfunctionsi = u® # 0 of Qf. By
Lemma7.2.3u satisfies

1
AyU= —0OxU— —05gU=AU.

r2
Again, by separatinghevariablesu(x, o) = v(x)w(o) we obtaintheformal solutions

V) = AV, () +AM(X)  and  w(g) =€
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7.3 Example

with A;, A, € R wherev,, v, arefundamentabolutionsof —v' = v, i.e.,

éo% if u >0, e if u>0,
Vi(X) = 4 X if u=0, and v,(x) =<1 if u=0, (7.13)
e if u<O0 e if u<o0

with w= +/|u|. Thereforeheeigervalueof thefull problemis glvenby)\ u+n?/r2>0for
ne Z andu > —n?/r?. Theeigenfunctioriesin thedomainof QO, i.e.,thenormalderiatives
of uandh agreeon dX. Thereforewe require

V@ =f(a and V(b)=f'(b). (7.14)

This becomes linearsystenfor theunknovn A; andA, with the coeficient matrix

A— < vi(@) —cy(vy) f1(a) —cy(vy) f3(a) \/2(3) Cy (Vo) f1(a) — Cz(Vz) f3(a) )
Va(b) —dy (vy) f1(b) — dy(vy) f3(b) - V3(b) —dy(V,) f1 (D) — dy(V,) F3(b)

A non-trivial solutionv existsif thedeterminanbf A vanishesThis conditiondeterminesur
possiblevaluesof A in dependencaponé (andn).

We have to distinguishfive cases:

CaseA: n=0andu = 0. A simplecalculationshavs that

2
detA = I—(l— cos0). (7.15)
The only solutionof detA = 0is 8 = 0. The correspondingigenfunctionis the constant

function(i.e.,A; = 0).
CaseB: n=0andu > 0. A longerbut straightforwardcalculationyields

detA = 2iw(|g(cos(La)) —cosf) — wsin(La))) . (7.16)

Thesolutionsof detA = 0 areanalysedateron.
CaseC:n#0and—n?/r? < u=—w? < 0i.e., 2 > w? > 0. We obtain

coshIB) cosh{Lw) — cosb
sinh(IB) )

Herewe have no solutionsincew > 0 andthereforedetA > 0.
CaseD: n# 0andu = 0. Here,we have

detA:2<(Bz+w2) sinh(Lw) +2Bw (7.17)

coshIB) — cosb
sinh(I3)

detA=LB%+28 >0 (7.18)

sincef # 0. Again, we have no solution.
CaseE: n# 0 andw? = u > 0. We obtain

cosH(| ) cogLw) —cosh ) , (7.19)

detA = 2i((B2—w2) sin(Lw) +2Bw Sinh(I )
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7 Thetwo-dimensionatase

-0

0 T 21

Figure 7.2: Thesquareroot of the eigervaluesof thelimit operatong in CaseA, B (thick line) andE
(dottedanddashedine) plottedfor L = 0.5 andr = 1/13. Here,atleastm = 2 gapsoccur

TheequationdetA = 0 hassolutions.

From CaseA andCaseB we obtainsmoothfunctions@ — wm(8) for eachm e N, solv-
ing the equationdetA = 0. Note that wn(6) is the squareroot of aneigervalueA = )\k(qg)
of the limit operator(seeFigure 7.2). Furthermore note that the compactintenals B, :=
{wf(0)]0< 6 < 2m} areall disjoint: Onecanprove that

J(mm/L)2 — gy, (mm/L)4 B, =0

for all mm € N, if &, = & (L) is smallenough.Finally notethat (mrr/L)? arethe Neumann
eigervaluesof theinterval [0, L].
In CaseE we denotethe squareroot of the eigervalueby n, i.e.,n = VA = /w?+ B2.
We alwayshave
nz>pB=p=

>

=13
Sl

If wereplacew by \/n?— 2 in (7.19)we obtainsolutionsd — nn p(6) of detA=0forn,p €
N (seeFigure7.2). Notethatwe donotexpectthattheintervalsBy,  := { nﬁ,p(e) |0< 06 <2m}
aredisjoint, we ratherexpectthat the intenvals B, , cover the gapsbetweenrthe intervals B,
whenm,n or p arelarge. But we still have B, , > B, = 1/r, i.e., if r < =, the intervals
By; - - ., Bm remaindisjoint. Thereforewe have proventhefollowing:

L
mm

7.3.1.Theorem. Let Q¢ be the limit opertor on the cylinder M = [0,1] x ST with radius
r > 0, with X = [a,b] x S sud that0 < a < b < 1 and with eigervaluesdenotedby A, (qf).
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7.4 Mid-degreeforms

SetL = b—a. Thenwehaveat leastm gapsbetweertheintervals

B (Qo) = {)‘k (3) ‘0<9<2"}

for 1 <k <m+1, providedr < —

In particular, if we denotethe conformallyperturbedperlodlc Laplacianon MP®'= R x
St with metric gP®" = pZ(dx® + r2do?) and conformalfactor p, satlsfylngthe condltonsof
Theoem?7.2. 1byA,\/Iper thenthespectrurrr)fA,vIper hasatleastmgapsif r < — andlf e>0is
smallenough.

7.4 Mid-degreeforms

In this sectionwe considerhow the Laplacianon differentialforms behaesin somespecial
caseaunderconformaldeformation.Again, denoteby M a periodcell of a periodicmanifold
MPE" Let X beasubseif M with smoothboundaryandwith strictly positive distancefrom
theboundaryof M (seeSection6.1). Supposéhatp, (¢ > 0) areconformalfactorssatisfying
Conditong6.4)and(6.5). Supposen additionthatp, aremonotonicallydecreasingf € \, 0.

First, we notethatfor mid-degreeforms,i.e., p-formsonamanifoldof dimensiond = 2p,
we have

||U|||_2(ApT|v|£) = ||u|||_2(ApTM)

by (6.1),i.e.,thenormis independenof the conformalfactorp,. By theassumptionsnadeon
Ps, thequadraticform

Qpor, (U) = [ (Jdu2+|au?) o

is monotonicallyincreasingor u € s#1(APTM) andcornvergesto the quadratidorm

(v) = [ (0uP+Ia"uP)
for all
ue domgf = {u € A (APTM) ‘ durM\X =0, d*u[M\X = O}.

By themonotonecornvergenceof quadratidorms(see[RS80,TheoremS. 14]),theoperator
Af\pTMg corvergesto QF in strongresohentsensei.e.,

(ARprm, + 1) tu— (QQ+ Dt @0)u

ase — 0 for all u € L,(APTM). Here, Qf denotesthe operatorcorrespondingo the form
95 in L,(APTX) andthe direct sumrefersto the splitting into L,-sectionson X andM \ X.
Slncethespectrurmf AA,)TM is discretewe concludefrom Theorem\/ll 24 of [RS8( thatthe

A 9(APTM ) corverge to somepoint A € specQ0 ase — 0 for every k € N. But we do not
know arything aboutthelimit operatoan. Notethatnotall elementss € 7#*(APTX) canbe
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7 Thetwo-dimensionatase

extendedo anelementi e domqg. Furthermoretheboundaryconditionsatisfiedoy elements
of domqg still depend®n thebehaiour of the “harmonic” extensiond on M \ X.
In dimension2, it is mucheasierto apply Theorem3.4.8: the spectrumof A, ,rysper is the

samefor p= 0, p=1andp = 2. Thereforejf A,,.er hasagapin the essentiabpectrumthen
thisis truefor A ALTMPET andA A2TMPEr
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8 Eigenvaluesin spectralgaps

In the sequel,we follow the ideasof [AADH94] and[HBO0OQ]. Let MP®¢" be one of the peri-
odic manifoldswith gapsin the spectrumconstructedn the previous chapters.We first anal-
ysean approximatingproblem,i.e., we considerthe Dirichlet Laplacianon a compactsubset
M" 7 MPE" Thenthe spectrumis purely discreteandwe cancounteigervaluesarisingfrom
a perturbationon a fixed subsetM™ of M". The main difficulty is to prove that eigenfunc-
tions correspondingdo afixed eigervalueA in agapconvergeto eigenfunctionsof the whole
problemasn — co.

Notethatthe Dirichlet boundaryconditionon M" produceso eigervaluesin thegap]a, b]
sincethe boundaryof M" is smallin somesense This factsimplifiesour proof andwe do not
needthe morecomplicatecconstructiorin [AADH94].

Furthermorenotethat by Theorem2.3.8the following resultson eigervaluesin gapsof
the Laplacianon functionsremaintrue for the Laplacianon d-forms whered denotesthe
dimensionof the manifold. Furthermorejf d = 2 thenwe caneven prove the existenceof
eigervaluesfor the Laplacianon 1- and2-formsby Corollary2.3.10.

8.1 Approximating problem

Here we considerone of the I'-periodic manifolds MP®" resp. I\ﬁger constructedin Chap-
ters4, 5, 6 and7. To avoid problemsarising from regularity theory we assumethat there
existsa periodcell M, of MP®"with smoothboundaryi.e., dM; splitsinto 2r disjoint smooth
manifoldsZ' if r denoteghe numberof generator®f I (seeFigure8.1). Hence,we exclude
the casesn which M, hassingularitiedik e cornersetc.

Let " beasubsebf thegroupl'. Thenwe set

MM == yM,.

yel’

M,

Figure 8.1: A periodcell M, with smoothboundarydM,. The correspondingeriodicmanifold MP®
is periodicwith respecto a groupwith r = 2 generators.
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8 Eigenvaluesin spectragaps

Notethatby our smoothnesassumptiongd’M; is alsosmooth.

Forasubsef " of I with n elementsve denotebyA%&' eithertheLaplacianwith Dirichlet

or Neumanror mixedboundaryconditionson T "M, andby /\E/N (F"M,) its eigervalues.

Thefollowing theoremandits corollary ensurethatthe spectrumof A, per andAE,{l\’;‘ have
commongaps: ; ;

8.1.1.Theorem. Letk € N. Suppose¢hatAN(M,) — A, andAP(M,) — A, ase — 0 for some
positivenumbes0 < A, < A,.

ThenbothAf (M) andAD/N(Ir"M,) havethe sameerror estimatedor all m= (k— 1)n+
1,...,kn,i.e, thereexist positivefunctionsd, (&) andgk(e) convemingto 0 ase — 0 sud that
A= 0 (8) S A2 (M), ARN(TMg) <A+ 8, (e).

Proof Denoteby ="M, the disjoint union of n copiesof M. ThenAR(ZM,) = A2 (M,)
and AN (ZM,) = AN(M,) for all m= (k— 1)n+1,...,kn sinceevery eigervalueon the dis-

joint union hasmultiplicity jnif the correspondingeigervalueon M, hasmultiplicity j. By
Dirichlet-Neumanrbracleting (see(2.16))we obtain

AL (Me) = AR (EMe) < ApMN(TMe) < AR(EM) = A2 (M),
while the Dirichlet-Neumanrenclosurgsee(3.12))implies
A (Mg) < A (Mg) < AP (Me).
Thustheassumptioron A2 (M) andA}N (M) impliesthe existenceof §, (&) andd, (¢). O

8.1.2.Corollary. If Xk < Ay, thenthere existnumbes a, b independenof n sud thatxk <
a<b< A, 4, andtheintervall :=]a,b[ is a commorgapin the spectrunof the Laplacians,
providede is smallenoughj.e.,
INspedyper =0 and 1N speoﬁ?,{l\’g‘g = 0.
Thenext corollarywill beusedin Section8.2. For thedefinitionof theeigervaluecounting
functiondim, (A%/N ) seeDefinition 1.3.6.

8.1.3.Corollary. Suppose¢hattheassumptionsfthe previouscorollary are fulfilled. If A € |
liesin thegapbetweerthek-th andthe (k+ 1)-stband,thendim, (AP/N') = kn independently

MM,
of theboundaryconditionson I "M.

For the restof this chapterwe fix k € N suchthatA, <a<b <A, ; andA €| =]a,b].
Furthermorewefix € > 0 suchthatl isacommongapasin Corollary8.1.2andthereforeomit
€ in thenotation,e.g.,M = M.

Let" 7T beanexhaustvesequencd,e.,amonotonesequence&ith | J," =T. Suppose
furtherthatM" :=T"™, R" := (" \I")M andR%" := (I'"\ I'o)M for n, < n areall connected
(seeFigure8.2). NotethatM" ~ MP¢TandR™:" ~* R asn — « andthatMP¢'= M"UR" and
M" = M" U R%",
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8.1 Approximatingproblem

n=16

Figure 8.2: The approximatingmanifold M" on the right handside and the manifoldsM™, M" and
R%" ontheleft handside(n, = 4 andn = 16).

Now we considemperturbation®f the periodicmetricg”®" on MP". Let (g(1)), beafamily
of Riemanniarmetricson MP®". The Riemanniamrmanifold (MP€',g(7)) will bewritten briefly
asM(1). It is quite obvioushow to understanahotationdike M"(7), R"(7) andsoon.

Now we make our assumptionsn thefamily of metrics(g(7)):

9(0) = ' (8.1)

19(7) = 9(To) llgyppey = O @S T— T (8.2)

sup([9(1) = 9(O)llcy gy =0 @S Ny — o (8.3)
>0

for all 7, > 0.

Thefirst assumptiorassureshatwe startwith the periodicmanifold. The secondneis a
kind of continuityandthethird onetells us,roughlyspeakingthatoutsideof aboundedegion
thereis moreor lessno perturbation.

Next we needsomeargumentsusedin Theorem8.1.6to prove thatthelimits of the eigen-
functionsarestill linearyindependent.

8.1.4.Lemma. LetTt, > 0. Thenthere existsc = ¢(1,) > 1 sud that

1
Ml ungeny < Ul ey < Clbll uncen (8.4)

forallue L,(M") andne Nand0 < 1,7/ < 1,

Proof. We apply Lemma2.4.6twice with g = g(7) and@ = g(7’) andvice versa. By As-
sumption(8.2), g(1) dependscontinuouslyon 1. Thereforethere exists ¢ > 0 suchthat
n(|lg(t) —g(r’)||C1(Mn)) <c forall 0< 1,7 <715andn e N. Estimate(8.4) now follows

from (2.24)with ¢:= (1+¢)¥/2, O
Letn, (n) bethesmallesintegersuchthatM" c M™+("). Similarly, letn_(n) bethegreatest

—(n)
integersuchthatM"™-(" ¢ M" (seeFigure8.3). Notethatn_(n) < n< n,(n) andn_(n) — o
asn — o,

8.1.5.Lemma. Letn, :=n,(ny) andn_ :=n_(n,). Supposehat 1, — 1. Thenthere exists
¢ > Osudthat

||AEAnUn||EZ(M“o) <c* (||Un||EZ(M“+(r)) + ||A|\D/|n(rn)un||EZ(M“+(r))) (8.5)
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8 Eigenvaluesin spectragaps

Figure 8.3: Definition of theintegersn, (n) andn_(n).

for all n> n_ (ny) := n,(n,(ny)) andall u, € F#*(M") Ns#1(M"). Furthermoe, there
existsd, — 0 asn — o« sud that

1A _AI\D/I”(Tn))un”EZ(R”O’”) <o - (||Un||L () 1Bz, Un||Ez(Mn(rn))) (8.6)

for all n> ny andall u € #2(M™ N A (M").

Proof. We choosea function x € CZ(M™+) suchthat x [, ,n, = 1. Applying Lemma2.4.7,
Theorem2.4.10andLemma2.4.9we obtain

”AI\D/I”UHHEZ(Mno) < [ XunlIE un
< C1-C3- (HXUHHE M™ (1n)) +||AM” (Tn) Xun”l_ M"+ Tn)))
2
<Cp Cs- (1+CZ||X||C1 Mper))(”un”L M™(1q)) + ”AM” Tn)uﬂ||L2(M”+(Tn)))'

We apply Lemmas.1.4to obtainan estimaten which the L,-normover M(T1) occurs.By the
periodicity of g°¢" andby Assumption(8.2) we canestimate

o(7o) &1 (18l ca) e (19Tl r) (Lo (gt o) X la) < €

for someconstant > 0.

To prove the secondestimateuse x € CZ(R") suchthat X[ n = 1. The proofis es-
sentially the sameif we replacec, (||g°||..) by the expressionn, (||g°*'—g(n)||..) Which
corvergesto 0 uniformly in n asn, — o by Assumption(8.3). Notethatit is importanthereto
applyregularity theoryup to the boundaryoM". 0J

The following theoremnow shaws that the eigenfunctionof the approximatingproblem
corvergeto eigenfunction®f the original problemwithoutlossof multiplicity.

8.1.6. Theorem. Suppos¢hatt, — TandA,; - A €l =]a,b[fori= ., K. Supposéurther
thatd,; € L,(M"(mn)) =: Hn, i =1,....k are orthonormalfor all n and

AI\D/In ¢n| )\n,i ¢n,i' (8-7)
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Thenfor everyi there existsa subsequencegpnm’i)m corveging weaklyto ¢, € domAM(T) in
2 (M(1)) andstronglyin L,,,.(M(7)). Furthermoe,

Ap(zyPoi = A @o; (8.8)
fori=1,...,k,and(¢q;);_; _areorthogonal.

Proof. For every i we apply Lemma2.4.6 with g = g(1,) and g = g(1). By Assump-

tion (8.2) the conditionsof Lemmal.4.7 and thereforethe conditionsof Theorem1.4.6 of

Chapterl (with JZ = L,(M(1)), On := q,\D/In(Tn), q:= Gy ) and 2 := CZ(MPe") are sat-

isfied. Note that we really needDirichlet boundaryconditionson M"(1,,) heresincethen
domg, = #1(M"(1y))) € #1(M(T)) = domq,

Therefore(by passingo a subsequence),; — ¢,; weaklyin AY(M(1)) andstronglyin

L, 10c(M(7)) by theRellich-Kondrache compactnes¥heoremash — andgy; € doma, ..

Furthermore(8.8) is satisfied.
The maindifficulty is to prove that ¢o,i arelineary independentSupposdhat thereexist

ay, ..., 0y, notall equalto 0, suchthatun := 3; 0, ; corvergesto 3 ; a; ¢ ; =0in L, |, (M(T)).
Since(1) is boundedhereexistsc, > 1 suchthat

1 2 __
||un|||_2(|\/|n) = ” l’1|||_2 M (1,)) Z|a| CZ>O

for all n € N by Lemma8.1.4. By Corollary8.1.2,1 is a spectralgapof AQn. The spectral
theoremimplies

b—
||<AI\D/In _)‘)uﬂ“Lz(Mn) > (b—a)||un|||_2 Mn) > — 2 —: 03 >0 (8-9)

for all n € N. Ontheothersidewe have
D
”(AM” - A)un”LZ(Mn) S

k
< ||_Z (850 = A0 )t B0l + 3151 Py AL 18l ey

Thelasttermcorvergesto O since||¢,, ; ||L y<¢ by Lemmas8.1.4. Thefirsttermcanbesplit

into anintegral over M™ andR™". By usmg(8 6) and(8.7) we canestimateheintegral over
Ro" by

D D
” (AM” - AM“(Tn))un” L,(R'o™)

NI

<on_- (||Un||L gz T 1By Un||Ez(Mn(rn)))

i
2

<0

= “n_(ng)

k
2 2
(3 log|*(2+maxdy ;)
=1 J
tendingto 0 asn, — . Theintegral over M"o canbe estimatedy

D
||AMnUn”L2(MnO) + mjaX)\n,j ||un||L2(MnO) .
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8 Eigenvaluesin spectragaps

Furthermoreapplying(8.5) yieldsthe estimate

NIl

2 2
||A nUn”L (M) = <c- (||un|||_2(M“+ + ”AM” (tn) un||L2(M”+(r)))

1
<cC- ((1+)‘)||uﬂ||L2(M“+(r)) + ||(A|\D/|n(rn) - A)Un||fz(|v|“+(r))) :

forall n>n, , (ny). Thefirst termunderthe squareroot corvergesto 0 sinceu, — 0in L
Thesecondermcanbeestimatedy

K
2 2 2
mjaXMn,j = Al 11E vngey)) D 191
=i

which alsocorvergesto 0. This contradictg8.9). O

2,loc*

Finally, we provethattheessentiaspectrunof theperiodicandtheperturbed.aplacianare
the same For the definitionof the essentiapectrumandsingularsequenceseeSectionl.3.

8.1.7.Theorem. We haveessspead\per = essspea&M(T) forall T > 0.

Proof. Let A € esssped),er andlet € > 0. By LemmaZ2.4.7, Theorem2.4.10and Assump-
tion (8.3)thereexistsn, € N suchthat

||(AM( )—AMPEI’)U“L RnO) (”u”L RnO +||AMperu||L Rno)) (810)

for all u € #%(R%) N #1(R%). Here,c, > 0is someconstanspecifiedateron.

Let (un) beasingularsequencéor A andAyper, i.€., Uy — 0 weaklyin L,(MP®"), |lun|| = 1
and|| (Apper — A )Un|| — 0 asn — o. By the DecompositiorPrinciple(Theorem2.5.1)we can
assumehatuy, hassupportaway from M. By Lemma8.1.4thereexistsc > 0 suchthat

1 1
||Un|||_2(M(T)) > E”Un“Lz(Mper) = >0 (8.11)

for all n.

Now we wantto shav thatv, := Un/“Un”Lz(M(r)) is a singularsequencéor A andAM(T).
Sincethenormtopologyin L,(MP®") andL,(M(1)) arethesamethis is alsotruefor theweak
topology(seeLemmal.2.1). By (8.11)we concludethatv, — 0 weaklyin L,(M(T)). Since
Un rMnO = 0wehave

[ )Vn||L (1))

|

< 2% (11 By gy — Buver) Unll oy + 11 (Bygoer = A)tnl [ )

2
<2 —(||Un||L R0y [[Bygpertinl[f toy) + 24| (Bypper = A)nlIF )

2
<2ct C—1(1+2)\)+20 (1+ C_l)”(AMPer_)‘)un”Lz(RnO)

by (8.10) Lemmas8.1.4and(8.11). Finally setc, := 4c*(1+2X). Thenthe first summand
in the lastline is £/2 andthe secondcorvergesto 0 asn — «. Thereforewe have proven
esssped)jper C essspecAM(T). Theoppositeinclusioncanbe shavn in the sameway. O

FromtheprecedinglTheoremandCorollary8.1.2we conclude:
8.1.8.Corollary. Theintervall = ]a,b[ is an essentiakpectal gapfor AM(T) forall T > 0.
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8.2 Eigervaluecountingfunctions

8.2 Eigenvalue counting functions

Herewe give alower boundonthe numberof eigervaluesin thegapof theunperturbeapera-
tor. Again,wefix k€ N andA suchthatd, <a<A <b<A,, . Here,l :=]a,b[ isacommon
gapasin Corollary8.1.2.

First,we shav thattheboundaryconditionson R""(1) arenotimportantfor theeigervalue
countingfunction.

8.2.1.Lemma. DenotebyAg,{O’},L(T) theLaplacianonR":"(1) eitherwith Dirichletor Neumann
or mixedboundaryconditions.Thenthere existsn, € N sud that

: D/N

dim, (AN, () =K(n—n)

forall T > 0andn > n,.

Proof. Choosen > 0 sosmallsuchthat
Ag<A+8n<a<b<A,,—8n<A.,.

We useLemma1.4.5with # = L,(R"(1)) and s’ = L,(R%"). The assumptionsof
Lemmal.4.5arefulfilled by Lemma2.4.6if

n(fggllg(f) = 9(0)llca o)) <N
This canbe achievedby Assumption(8.3), providedn, is largeenough.Thenwe have
ARN(Re™) —ARN (RO (1)) | < 4n

for all T > 0. ThereforeAR/N(R"(1)) is socloseto AR/N(R%") suchthatno eigevalue of

Agn/o’jln(r) liesin | = ]a,b[ andthe eigervalue countingfunctionsagreefor A € |. The result
follows by Corollary 8.1.3. Remembethat R%" consistsof n— n, copiesof the periodcell
M. 0]

Next, we give lower boundson the eigervalue counting function of the approximating
problemindependenof n:

8.2.2.Lemma. We have
dim, (An(r)) — dimy (ARn) > dimy, (A () — dim, (Afiny) (8.12)
dim, (Afn) — dim, (Anr)) > dim, (Ae,) — dim, (Afng ) (8.13)
forall T>0andn > n,.

Proof. By AgnDO,n we denotethe Laplacianwith Dirichlet boundaryconditionson dM" and
Neumanrboundaryconditionson dR%:"\ dM". Furthermoreasaresultof Lemmal.3.7we
have thefollowing estimate

dim, (Afyn(r)) — dim, (ARn)
> dim, (AEA%(U) +dim, (Agno,n(r)) — (dim,, (Afjn, ) + dim, (ARR))

Here,we have usedCorollary 8.1.3and Lemma8.2.1to showv the equality Estimate(8.12)
follows by applyingCorollary8.1.3oncemore. Estimate(8.13)canbeshavn similarly. [
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k=j+1
k=]
k=j—-1

Figure 8.4: The numberof eigevaluebranches\°(M"(-)) crossingthe A-level in [T — &, T + J] can
be estimatedby the numberof eigewvalue branchesn theintenal [A — 7(J),A + (d)] at the fixed
parameter.

Now we shav the continuity of the eigervaluebranchegfor amoregeneraresultconcern-
ing the continuity of the eigervaluebranche®f the Laplacianonformssee[BD97]):

8.2.3.Lemma. Thefunctiont — A2 (M"(T)) is continuousin particular

[Am(M™(10)) = Am(M™ (1)) | < 4n (19(7) = 9(To)llca o)) - (8.14)
Proof. Again,we useLemmal.4.5,now with 52 = L,(M™(1)), #' = L,(M"(1,)) andn =
N([19(1) = 9Ol 1 wno))- -

Thenext resultallows usto estimateheeigervaluecountingfunctionsfor differentparam-
eterst andfixedA by theeigervaluecountingfunctionfor afixed r andaninterval containing
A (see[HBOO, Section4]). We needthis lemmasincewe do notknow whethereigenfunctions
correspondingdo differentparameters areorthogonal We do notevenknow thatthey aredif-
ferent! But sincewe wantto shav thatthemultiplicity of eigervaluess conseredasn — c we
needthe orthogonalityof the approximatingeigenfunctiongseethe proof of Theorems.2.6).

8.2.4.Lemma. For all 1, > 0 there existsa monotonéncreasingfunctionfj(5) —0asd — 0
sud that

dimy (Bn(r+.5)) = diMy (Bfingr_s)| < dimy s 53405 BRinr)
forallA > 0,5 > 0andall T+ < 13,

Proof. Sinceeveryeigervaluebranche\J-D (M"(+)) is continuousy theprecedindemma,there

existsaparameter € [T — J, T+ d] suchthatA = )\jD(M”(f)) by theintermediatesaluetheo-
rem(seeFigure8.4). Again,Lemma8.2.3yields

A= APMN())] = [AP(MP(2)) ~ AP(M™(1))] < 40 ([la(2) ~ (D)l gqn)) = R(T.2):

By Assumption(8.2), R is uniformly continuouson [0, TO]Z. By LemmaZ2.4.3thereexists a
monotonencreasingunctionf} () — 0 asd — 0 suchthat

A= AP(MM(D))| < A(IT— ) < A(3),

i.e.,A,\D,In(T) hasaneigemvaluein [A — 1 (8),A + 1 (0)] O

88



8.2 Eigervaluecountingfunctions

A sped(T)

N2 i

| | | T

y

0 1, T, Ty
Figure 8.5: Two Eigervalue branchesn a gap of the operatorQ(0). Here,the eigervalue counting
functionof (Q(1)); satisfies 47, (Q(:),A) =1, A7,(Q(:),A) =4 andA7,(Q(:),A) = . Notethatthe

eigemwvalue countingfunction doesnot counteigervalue branchedut the numberof intersectiorpoints
of thebranchewith thelevel A.

8.2.5.Definition. For aparametedependenbperatorQ(1) we define

HQE)A) = T dimker(Q(r) - A),

o<t

the eigervalue countingfunction of (Q(1));. The function .47(-,A) countsthe numberof
eigervaluesA (with multiplicity) of thefamily (Q(1)); (seeFigure8.5).

Notethe differenceto the eigervaluecountingfunction of a singleoperatorQ (seeDefini-
tion 1.3.6),i.e.,

dim, (Q) = ker(Q—A").

0<AT<A
Finally, we prove the mainresultof this section(see[HB0O, Section4)):

8.2.6.Theorem. We have

He(BygsA) > lim supdim, (Afa ) —dim, (Agn) |- (8.15)

n— o0

()
Proof. Denoteby
Thi=Ta(A) = { T e[o, Tol ‘)\ € Spe(ﬂ'\Dﬂn(T) }’

the setof parameterg’ that producean eigervalueA. Let T, bethe setof limit points,i.e.,
T € T if andonlyif T € [0, 1] andif thereexist sequenceénm)m C N andty, € Ty, suchthat
T, — T.

We have to distinguishtwo cases.If the cardinalityof T, is greateror equalto N, , the
right handsideof (8.15) thenwe apply Theorem8.1.6with fixedeigervalueA = A, = A, and
with multiplicity k = 1 for eachlimit pointT € T.,. As aconsequencéhereareatleastcardT.,
parameterg suchthatA is aneigervalueof AM(f). This proves(8.15).
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If cardTe < N, thenT, consistsn afinite numberof pointst, ..., 7, andTy — {1;,..., T }.
Furthermorethereexistsa sequenceéy, — 0 suchthat

k
j=1

for alln e N. If nis largeenoughall theseintervalsaremutually disjoint. As a consequence,

d, (1) :=dim, (A,\D,ln(r,)) is constanbn eachcomponenbf [0, ]\ T,. Therefore

|dy n(T) =, ,(0)] < Zl|dA,n(f,~ — &) —dy o(F+ &)
]:

By Lemma8.2.4thereexist (d) — 0 asd — 0 suchthat

I
B0 =< 3 A0 i)
=

By passingto a subsequencee canassumethat |d, (1) —d, (0)] — N,. We have even
equalityif n is large enoughsincethe sequenceonsistsof integers. Now we selecta subse-
quence(nm)m suchthat

is independenof m. Thisis possibleby choosingaconvergentsubsequencéigain,acornverg-

ing sequenceonsistingof integersis constanup to finitely mary exceptions.Therefore for

eachn € N, we have kj orthonormalkeigenfunctionsp, ,,..., ¢, with eigervaluesi,; — A.
) el J )

Hencewe canapply Theoren8.1.6with fixed fj = Tp = Ty andconcludethatthelimit problem
AM(T) hasA aseigervalueof multiplicity k;. This provesthetheoremsinceA hatmultiplicity

atleasty'_; ki > N,. O

8.2.7.Remark. Notethatthesameresultfor theapproximatingproblemis quiteobviousto see:
By Lemma8.2.3,the eigervaluebranchesrecontinuous.Thereforethe eigervaluecounting
functionof A,\D,In(_) hasasalowerboundthenumberof eigervaluebranchepassinghelevel A,
Le.,

e (Bygngy,A) = [dimy (B ) — dim, (AGn) |-

8.3 Examples

In this sectionwe constructa perturbationof the metric suchthat eigervaluesin the gap of
the periodicproblemoccur Supposehat| = ]a, b[ is a commongapof AP, andAyper asin
Corollary8.1.2. Finally, supposéahatA € |. CombiningLemma8.2.2andTheorem3.2.6we
obtain

A) > dim, (Ao (r)) — dimy, (Ayr) (8.16)
A) > dim, (Afr,) — dim, (AR‘A%(T)). (8.17)
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By the Weyl asymptotic{Theorem2.3.13)we have

—dim, (Am') A w(vow%(r)) —vo|(|v|”o))/\%

: D/N
dim, (AMn 2y

O(T))
if A is large enough.This meanggeometricallythatthe numberof eigervaluesin agaphasan
asymptoticlower boundcontrolledby the volumedifferenceof the perturbedandthe unper
turbedmanifold.

Note thatwe do notknow whetherthe countingfunction,/VT(AM(_) ,A) is finite or not. For
example,if g(7) is equalto ametricg(t;) for T nearr; andif A is aneigervalueof AM(TS) then
L/VT(AM(.),)\) = if T > 15 (seeFigure8.5). FurthermorethecountingfunctionL/VT(AM(.),)\)
couldbe muchlargerthanthe differencesn theright handsideof (8.16)and(8.17): think of
oneeigervaluebranchpassinghelevel A from above (or from below) and oszillatingaround
A severaltimesbothin the approximatingoroblemon M"(t) andin thefull problemonM(1)
(againseeFigure8.5).

Finally we considerconformal deformationsof the periodic metric g°¢', i.e., g(1) =
p2(1) gP®". Here,p(1) is asmoothfunctionon MP®" for every T > 0 with thefollowing proper
ties:

p(0)=1 (8.18)
1P(T) = P(To)llcappery = O @S T =T (8.19)
sup||p(1) — 1”(:1(R”o) —0 as ny— o, (8.20)
>0

Clearly, thefamily (g(1)), of metricssatisfiesConditions(8.1)to (8.3).

8.3.1.Eigervaluesfrom above. LetK ¢ M™ beacompacisetwith non-emptyinterior. Sup-
posefurther that p(1) is constanton K with constantc; tendingto o as7 — «. Thenwe
have

0 <A(M™(1)) < A2(K(T)) = ZAC(K)

by (2.15). Here,K (1) denotesk with metricg(t) = c2gP®". Therefore A2 (M"(1)) — 0 as
T — o for all k € N anddim, (A,\DAnO(T)) — o asT — o, This meansthat arbitrarily mary

eigervaluebranchesrossthelevel A from aboveast — .
Thereforepy Theorem8.2.6andLemma8.2.2we have

Hr(Byy5A) = dim, (Do) — dim, (Agny) —

M(-)?

ast — o, Geometricallywe blow up the manifoldin all directionswith the samefactorc; on
K.

8.3.2.Eigervaluesfrom below. Again,letK ¢ M™ beacompacsetwith non-emptyinterior.
Furthermorelet K’ betheclosureof M™ \ K. Supposéhatp(T) is constanbnK with constant
¢t — 0ast — «. Thenwe have

0 < A (K(T)UK'(1)) < Ag'(M™(1))
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8 Eigenvaluesin spectragaps

by the Dirichlet-Neumanrbracleting (2.16). Furthermore,
1
MK(D) = SM(K) = o
T
asT — o for all k > 2 andthereforedim, (AN

valueof the Neumanrproblem.
By Lemmal.3.7we have

(T)) — 1ast — o since0 is alwaysaneigen-

dim, (AI\N/I”O(T)) < dim, (AR rycr(ry) = dimy (A% ) +dim, (A r)-
Again, by Theorem8.2.6andLemma8.2.2we conclude

N By, A) = dimy (Afeg) — dimy (Byng(r)) — kng— L—liminfdim, (&Y, ;) (8.21)

T—®

Here, A lies in the gap betweenthe k-th andthe (k+ 1)-st band. By the Weyl asymptotic
(Theorem2.3.13)we have

vol(B9)
(2m)d

NI

dim, (AR () =~ vol(K'(1))A
Now we have to choosen,, K’ andp(1) [, suchthatlim_,,Vvol(K'(7)) existsandsuchthat
the right handside of (8.21) s strictly positive. Note thatK andK’ alsodependon n,. If
suchachoiceis possible we have shavn thata finite numberof eigervaluesoccurin thegap.
Geometricallywe shrinkthe manifoldin all directionswith the samefactorc; onK.

Notethatwe have notonly constructedpectralgapsfor the Laplacianon a periodicmani-
fold (seeChapterss and7) but alsoeigervaluesin agaponly by perturbingthe metricconfor
mally.
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Zusammenfassung

Die vorliegendeArbeit befasstsich mit spektralerEigenschafterdesLaplace-Operatorauf
nichtkompakten periodischerMannigfaltigkeitender Dimensiond > 2. Unter einerperiodi-
schenMannigfaltigkeit MP€" versteherwir eine Riemannschd&lannigfaltigkeit, auf der eine
abelscheGruppel” eigentlichdiskontinuierlichundisometrischoperiert. AuRerdemnehmen
wir an,dassderQuotientenraunviP®’/T" kompaktist. UnterZuhilfenahmederFloquet-Theorie
kannmanzeigen,dassdasSpektrumdesLaplace-OperatorA,,.er Bandstruktubesitzt,d. h.
dasSpektrumist lokal endlicheVereinigungabzhlbarvieler kompakterntervalle. Sind zwei
benachbartintervalle disjunkt,sosprecherwir von einerLiicke im Spektrum.Unserinteres-
serichtetsichaufdie Frage,ob esBeispielevon periodischerMannigfaltigkeitenmit Licken
im Spektrumgibt. Im Falle von SchibdingerOperatorerim R? sind solcheFragenbereits
vielfachuntersuchtvorden.

Wir gebereweiBeispielklassenon periodischemMannigfaltigkeitenan,beideneriiicken
im Spektrumentstehenln beidenFallen betrachterwir eine Familie von periodischerMan-
nigfaltigkeiten(MP®"), diein einemgewissenSinnim Limes e — 0 entkoppeln,d. h., beider
die VerbindungzwischendenPeriodenzelleimm geometrische®innklein wird (z. B. korver
giert dasVolumendieserVerbindunggegen0). UnserHauptegebnisbestehtim Nachweis,
dasszu jedemN € N mindestendN Luckenim Spektrumvon AMEer in beidenBeispielklassen

existieren,wenne klein genuggewahltwird.

AbschlieRendtorenwir die Mannigfaltigkeit lokal undzeigendie Existenzvon Eigenwer
tenin einersolchenLicke im Spektrum.

Der Effekt, der zur Entkopplungfihrt, ist hier viel subtiler und technischschwererzu
beherrschemls bei SchibdingerOperatoren Da wir mit parameterakdngigenMannigfaltig-
keiten arbeiten,hangtinsbesondereler zugrundeligendeHilbertraumtiber die Metrik von
diesemParametenh Ein Teil derArbeit widmetsichdiesemProblem.

Die vorliegendeArbeit zeigt,dasshereitsbekanntespektraleAussageriiberDivergenztyp-
und SchibdingerOperatorerauchfir Laplace-(Beltrami)-Operatoresuf gewissenMannig-
faltigkeit gelten,undverbindetsomit Spektraltheorieind Differentialgeometrie.
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