
A RELAXATION-BASED HEURISTIC FOR THE DESIGN
OF COST-EFFECTIVE ENERGY CONVERSION SYSTEMS

�

T. Ahadi-Oskui‡, F. Cziesla and G. Tsatsaronis
TU-Berlin, Institute for Energy Engineering,

Marchstr. 18, 10587 Berlin, Germany

H. Alperin and I. Nowak
HU-Berlin, Department of Mathematics,

Unter den Linden 6, 10099 Berlin, Germany

ABSTRACT

Mathematiciansandengineershave developedin a joint researchprojecta solutionapproachfor
performingsimultaneousstructuralandparameteroptimizationin thedesignof cost-effective com-
plex energy conversionsystems.Thepaperpresentsamethodologyandanapplicationto thedesign
of a combined-cycle power plant that providesfixed amountsof electricity andsteamfor a paper
factory. A superstructurethathasembeddedseveralpotentialconfigurationsof suchacogeneration
systemis usedto minimizethetotalcostof theplantproducts.Thedesignproblemis formulatedas
a nonconvex mixed-integernonlinearprogram(MINLP), andsolvedvia a roundingheuristicbased
on an automaticallygeneratedconvex relaxationof the given problem. Utilities and the process
industryareexpectedto benefitfrom suchaMINLP optimizationtechnique.

Keywords: Costminimization, cogenerationplant, mixed integer nonlinearoptimization,convex
relaxation,roundingheuristic

INTRODUCTION
The optimization of the designof energy conver-
sion systemshasbeenstudiedextensively by engi-
neersfor many yearsnow. Mathematicalprogram-
ming techniqueshave beenof growing interestin
the last yearsin additionto heuristicmethodssuch
as the thermoeconomicanalysis[23, 17, 21, 22],
andstochasticapproachessuchas evolutionary al-
gorithms[9, 4, 18].

Different mathematicalprogramming approaches
have been developed [12], and have been used
for the optimizationof processsynthesisproblems
[11, 13, 16]. Only few publicationsdealwith math-
ematicalprogrammingapproachesappliedto theop-
timizationof energy conversionsystems[6, 20].

In ajoint researchprojectof mathematiciansanden-
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gineers,anew approachhasbeendevelopedto opti-
mizenonconvex MINLP-problemsresultingfrom a
superstructureof a complex energy conversionsys-
tem. The proposedsolution method is basedon
a convex relaxationof the problem,which is con-
structedthrough a seriesof operations. Starting
from anautomaticallygeneratedblock-separablere-
formulationof theproblem,all nonconvex functions
arereplacedby convex underestimators.Theresult-
ing nonlinearconvex relaxationis improved by an
outerapproximationalgorithm,andfinally solution
candidatesarecomputedvia a roundingheuristic.

A main advantageof the proposedapproachis the
useof decomposition,i.e. the generationof con-
vex underestimatorsand cuts are basedon small-
scaleoptimizationproblems. Furthermore,the op-
timal valueof therelaxationis a lowerboundon the
optimalvalueof theoriginal optimizationproblem.
It canbeusedasa quality measure for theobtained
solutions.



The optimizationmethodis codedin C++, and is
partof asoftwarepackagecalledLAGO for MINLP
optimization[19]. Preliminarynumericalresultsfor
ourdesignproblemarereportedhere.
The use of relaxation-basedmethodsfor solving
practicalrelevant large-scaleMINLPs is quite new
[7], andthe integrationof the two well established
areas,nonlinear and mixed integer optimization,
doesnot belong to the “traditional” operationre-
searchareasyet. It is a main issueof this paperto
further this integration for solving complex design
problems.

MODEL DESCRIPTION
Thegoalof theoptimizationis to designanenergy
conversionsystemfor apaperfactorywith minimum
total levelizedcostspertimeunit.
Parameterandstructuralchangesareconsideredfor
the optimizationsimultaneously. A simple super-
structureof a combinedcycle power plant wasde-
velopedas the basisfor the optimization. The su-
perstructure(Figure 1) consistsof a gas turbine
as topping cycle and a subsequentheat recovery
steamgenerator(HRSG)that suppliesa steamtur-
bine asbottomingcycle. The processsteamis ex-
tractedbeforeit entersthe low-pressuresteamtur-
bine. There is a total of five structuralvariables
in the superstructure.The first structuralvariable
refers to the selectionof the gas turbine system
amongtwo different types(GE Frame6/39.1MW
or SiemensV 64.3/67.5MW). Thesecondandthird
structuralvariablesdeterminewhethertherearead-
ditional duct burnersin the HRSG.The possibility
of reheatingthesteamafterthehigh-pressuresteam
turbine is introducedby the fourth structuralvari-
able. The lastof thesevariablesdeterminesif there
is additionalsteamgenerationand superheatingat
intermediatepressure.In additionto the five struc-
tural variables,which arenamedA to E in Figure
1, 15 parametervariablesareconsideredfor theop-
timization. Thesecontinuousvariablesand their
boundariesareshown in Table1. All remainingvari-
ablesof themodelaredependentvariablesandcan
becalculatedfrom these20 decisionvariables.
Therequireddemandof 90 MW electricpower and
99.5t/h processsteamat 4.5bar refersto a realpa-
perfactory[3]. Thecogenerationplanthasto fulfill
primarily theneedsfor thermalenergy of thepaper
machines. If more electricity is producedthan re-

quired,the excessis sold on the market; in the op-
positecase,thedeficit is boughtfrom thenetwork.
Themodelsof theplantcomponentsarechosenin a
waythatthey facilitatethework of thesolver LaGO
ontheonehandandprovide reasonableaccuracy on
theotherhand.Besidesthemandatorymass-anden-
ergy balancesalmostevery plantcomponentmodel
containsoneor morecharacteristicequations.Some
examplesare:
Gasturbinecompressor[5]:

ηis
� hs � hi

he � hi

ηis:isentropic efficiency, hs: enthalpy after isen-
tropic compression,hi : inlet enthalpy, he: exit
enthalpy.

Steamturbine[27]:

ηpol
� 1 � si � se

sis � he

ηpol: polytropic efficiency, sis: entropy after isen-
thalpicexpansion,si : inlet entropy, se: exit entropy.

Heatexchanger:

A � Q̇
k � ∆Tln

A: Heat exchangerarea,Q̇: heat transferrate, k:
overall heat transfercoefficient, ∆Tln: logarithmic
meantemperaturedifference.

A completecombustion is assumedin all compo-
nentsin whichcombustiontakesplace.
Thecostfunctionsfor theplantcomponentsareei-
ther taken from the literature[25, 24, 1] or arede-
velopedfrom availablecostdata[10]. Thetotal lev-
elized costsof the plant designare calculatedus-
ing theTRR-methodfrom [5] and,dependingon the
case,addingthelevelizedcostsof purchasedelectric
power or subtractingthe levelizedrevenuesof sold
electricpower.
Regarding the property equations,all gases,in-
cluding the watervapor in the exhaustgasstream,
are treatedas ideal gases. The statevariablesare
calculatedwith polynomial functions from [15].
The statevariablesof water and steamin the wa-
ter/steamcyclearecalculatedwith theIAPWS-IF97
formulation [26] which representsthe industrial



standard.

For the optimization with the developedsoftware
packageLaGOtheentiremodelhasto bewritten as
onesystemof equations.Therefore,theapproachis
different from that of sequentialmodeling. There
are neither jumps in the model nor distinction of
casespossible.All equationsareactive throughout
the optimization. Every variablehasto be defined
within valid boundaries. In addition, someof the
modelequationswerereformulatedto increasethe
efficiency and robustnessof the LaGO algorithm.
For instance,one of the equationsto calculatethe
saturationtemperature

D � 2G

� F � �
F2 � 4EG� 0 � 5

wastransformedto

x � D2

Ex � FD � G � 0

F2 � 4EG 	 0

2DG � xF 
 0

usingonly quadraticandbilinearfunctions.Hereby,
E, F andG arefunctionsof thepressure.

All in all the model contains508 variablesand
461 constraints.The optimizationproblemcanbe
describedverballyby:

Minimize: Total levelizedcostsper timeunit
Subject to: constraintsreferringto

• plant components

• materialproperties

• investment,operating andmaintenancecost

• economicanalysis

MINLP-OPTIMIZATION
The previously describeddesign problem can be
formulatedasthefollowing mixedintegernonlinear
program(MINLP):

(P)

min f
�
x � y�

s� t � g
�
x � y�
 0

h
�
x � y� � 0

x ��� x � x�
y binary �

Since someof the thermodynamicand economic
equationsarenonlinear, problem(P) is nonconvex,
and,therefore,cannotbesolvedwith traditionalcon-
vex MINLP methods.In thefollowing, we describe
a heuristicfor solving (P), which is basedon con-
vexifying theproblem.

An illustrative example

In order to explain the basic ideasof the mathe-
matical method,we considerthe following simple
MINLP:

min � x2 � g1

�
x��
 0 � g2

�
x��
 0 �

x1 ��� 0 � 1 ��� x2 ��� 0 � 1�����
whereg1 is a complicatednonconvex function and
g2 is a convex function. The proposedsolution
methodconsistsof the following four steps,which
are illustratedin Figure2. In the first step,a con-
vex relaxationis constructedby replacingg1 with
a quadraticconvex underestimatorq1 and relaxing
the binary constraintby x1 ��� 0 � 1� . The resulting
convex NLP is solvedobtainingthepoint x1. In the
secondstep,a polyhedralrelaxationis generatedby
a linearizationḡ2 of g2 at x1 and by a supporting
hyperplanēg1 of g1 which is orthogonalto ∇q1

�
x1 � .

Thepolyhedralrelaxationis solvedobtainingapoint
x2. In the third step, the binary componentof x2

is roundedto x3, andthepolyhedralrelaxationwith
fixedbinaryvariablesis solvedobtainingapoint x4.
Finally, a localminimizerx5 of theoriginalproblem
with fixedbinaryvariablesis computedusingx4 asa
startingpoint. We describethestepsof this method
now moredetailed.

Block-separable reformulation

Due to the componentstructureof the given opti-
mizationproblem,all functionsof (P) canberepre-
sentedasa sumof sub-functions,which dependon
asmallnumberof variables.Optimizationproblems
having sucha propertyarecalledblock-separable,
andcanbereformulatedin thefollowing form:
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Figure2: Basicstepsof theoptimizationmethod

(S)

min cTx
s� t � Ax � b 
 0

gk
i

�
xJk
��
 0 � i � Mk � k � 1 ��������� p

x � X � xB binary

where X � � x � x� , � J1 ��������� Jp � is a partition of
� 1 ��������� n � , i.e. � p

k 1Jk
� � 1 ��������� n� andJl ! Jk

� /0
for l "� k, gk

i

�
xJk
��
 0 is the i-th constraintevaluated

over the block k, Mk is the index setof constraints
that contain variables in block k, B #$� 1 ��������� n �
is the index set of binary variables,c � IRn, b �
IRm, A � IR % m& n' , and the functions gk

i are twice-
differentiable.Here,weusedthefollowing notation.
For anindex setJ #(� 1 ��������� n� , wedenoteby � J � the
numberof elementsof J. A subvectorxJ � IR ) J ) of
x � IRn is definedby

�
xi � i * J.

The generationof problem (S) from problem (P)
is done automaticallyusing a samplingtechnique
(see[19]). Formulation(S)supportsdecomposition:
Sinceall nonlinearconstraintfunctionsgk

i of (S)de-
pendon a smallnumberof variables,we cangener-
atea convex relaxationof (S) by constructinglow-
dimensionalunderestimatorsandcuts.

Convex relaxation

A convex relaxationof problem(S) is definedby

(C)

min cTx
s� t � Ax � b 
 0

qk
i

�
xJk
�+
 0 � i � Mk � k � 1 ��������� p

x � X

whereqk
i areconvex underestimators of gk

i overXk
�

� xJk
� xJk

� , i.e. qk
i

�
x�,
 gk

i

�
x� for all x � Xk andqk

i is
convex over Xk. The bestconvex underestimators
areconvex envelopes.Sincecomputingconvex en-
velopesof nonconvex functionscanbecomputation-
ally very expensive, we replaceall nonconvex func-
tionsby nonconvex quadraticunderestimatorsusing
a samplingtechnique(see[19]). Finally, all non-
convex quadraticfunctionsare replacedby convex
quadraticα-underestimatorsintroducedby Adjiman
andFloudas[2].

Outer approximation

Computationalexperimentsshowed that for some
convex underestimatorsqk

i of (C) theapproximation
error is quite large. In order to improve the relax-
ation,a cuttingplanemethodwasdeveloped,which
generatespolyhedralrelaxationsof theform:

(R)

min cTx
s� t � Ax � b 
 0�

ck
i � TxJk

� dk
i 
 0 � i � Mk � k � 1 ��������� p

x � X �
In addition to being stronger than the nonlinear
relaxation (C), the linear relaxation (R) has the
advantage,that it can be solved much fasterthan
(C). The following cutting plane algorithm for
generating(R) is ageneralizationof Kelley’scutting
planealgorithm[14].

Algorithm 1 (cuttingplanealgorithm)

1. Initialize (R) by settingMk
� /0, k � 1 ��������� p

andX asthe smallestbox containingthe fea-
siblesetof (C).

2. Computeasolutionx̂ of (R),andfor eachblock
k addsomecuts

�
ck

i � TxJk
� dk

i 
 0 to (R) which
areviolatedat x̂, by addingthe index i of the
violatedconstraintto Mk.

3. If the iteration limit is not exceededand x̂ is
changedsignificantly, goto2.

We usetwo typesof cuts. The first cutsarebased
on linearizing the convex constraintsqk

i

�
xJk
� at the

solutionpointof theconvex sub-problem



(Ck)
min aT

k x
s� t � qk

i

�
x��
 0 � i � Mk

x � Xk �
where

ak
� � ∑

i * Vk

∇qk
i
�
x̂Jk
�-�/. ∇qk

i
�
x̂Jk
�0.21 1

andVk is theindex setof convexified constraintsof�
C � , whichareviolatedat x̂. Denoteby x̃k asolution

pointof (Ck). By linearizingtheactiveconstraintsof
(Ck) at x̃k we obtainthefollowing valid cuts

∇qk
i
�
x̃k � T � xJk

� x̃k �+
 0 � i � Ak

whereAk � � i � Mk � qk
i

�
x̃k � � 0 � is theindex setof

active constraints.
Thesecondtypeof cutsareused,if theconvex un-
derestimatorqk

i is abadapproximationof anoncon-
vex functiongk

i . In this case,wesolve theproblem

max� � ck
i � TxJk � xJk

��� xJk
� xJk

�3� gk
i
�
xJk
�+
 0 �

xJk 4 Bbinary� (1)

whereck
i
� ∇qk

i

�
x̂Jk
� . Let tk

i betheoptimalvalueof
(1). Then �

ck
i � TxJk


 tk
i

is a valid cut. For solving (1), we usea sampling
method.

Rounding heuristic

For computingsolutioncandidatesof problem(P),a
roundingheuristicwasdeveloped,whichis basedon
the convex relaxation(C) or (R) [19]. Theheuris-
tic worksby computinga solutionpoint of problem
(C) or (R),androundingsomebinarycomponentsof
this point. The roundedvariablesarefixed andthe
restrictedconvex relaxationwith fixed binary vari-
ablesis solved. This procedureis repeatedaslong
aseitherthe restrictedconvex relaxationis infeasi-
ble or all binaryvariablesarefixed. In the lastcase
a local searchis startedfrom thelastsolutionof the
restrictedconvex relaxationgiving a solutioncandi-
date. The valuesof the binary variablesare recur-
sively switchedandthewholeprocessis repeatedas
long, aseitherall combinationsof binary variables
aresearched,or the numberof solutioncandidates
exceedsagivennumber.

RESULTS

The describedalgorithmwascodedin C++ aspart
of the software packageLAGO [19]. In addition,
a Matlab formulation of the model was developed
to applytheMatlaboptimizationtoolboxFMINCON

[8] for finding local solutionsof the problem. To
analyzetheperformanceof theproposedalgorithm,
thecodewasrunonamachinewith a1GHzPentium
III processorand256MB RAM.

In order to improve the sampling method for
computingquadraticunderestimatorsof nonconvex
functions,a simplebasedesignof thecogeneration
plant wasintegratedin the sampleset. Thereforea
simplestructureof theplantandmoderatevaluesfor
thecontinuousdecisionvariableswerechosen.The
variablesof thebasedesignareshown in thesecond
columnin table2 (Base). In the Table,a valueof
zero representsan inactive variable. The basede-
signproduces72 MW electricpower andhasa total
levelizedcostof 6823Euro/h. Basedon thebinary
andcontinuousdecisionvariables,a completestart-
ing point for themodelwasgenerated,i.e. aninitial
valuefor everyvariablein themodelwascomputed.
Again, theMatlabformulationof thesuperstructure
was usedfor that purpose. Sincethis formulation
dependson thedecisionvariablesonly, it calculates
thevaluesof all dependentvariablesfor a givenset
of decisionvariables.

After running the proposedoptimization method,
a block-separablereformulation(S) with p � 172
blocksis generated,wherethe largestblock-sizeis
max � Jk � � 47. For thegenerationof theconvex re-
laxation(C),524convex underestimatorsof noncon-
vex functionsareconstructed.The solutionof (C)
gives the lower bound5547.13Euro/h for the to-
tal levelizedcost. Roundingthestructuralvariables
of this solution and performing a local optimiza-
tion resultsin a designwith a total levelized cost
of 6090.80Euro/handanelectricpower generation
of 85.69MW. Thecorrespondingdecisionvariables
areshown in columnthreeof Table2 (LaGO).

Sincetheproblemis of smallsizeregardingthebi-
naryvariableslocal optimizationsof all 32 possible
structuralvariablecombinationsare performedfor
comparison.For this,50randomlycreatedpointsfor
everybinarycombinationareusedasstartingpoints
for a localoptimizationof theremainingcontinuous
decisionvariables.Thebestfounddesignhasa to-
tal levelized cost of 5995.83Euro/h andgenerates



90 MW of electricpower. The parametersof that
designare shown in the fourth column of Table 2
(LO).
Consideringthepreliminarystatusof LaGO,there-
sults are promising. Thereis only a differenceof
1.6%comparedto the bestsolutionfound by com-
pleteexplorationof thebinaryspacecombinedwith
amultistartlocaloptimizationwhich is only reason-
ablefor acombinationalproblemof thissmallsize.
Thecomparisonof the last two columnsof Table2
showsthatthenearlyoptimalsolutionscouldbesig-
nificantly different. However, the differencein the
valueof the objective function betweensuchsolu-
tionsis in generalrelatively low.

Table2: Decisionvariablesof differentdesignsof
thecogenerationplant

Parameter Base LaGO LO
Gasturbine Frame6 V63.4 V63.4
1.DuctBurner Yes No Yes
2.DuctBurner No No No
Reheating No No Yes
Add. Steam No No Yes
ṁP [kg/s] 40 30.03 32.18
ṁS [kg/s] 0 0 5.40
php [bar] 70 113.80 63.46
Thp [K] 825 784.1 812.6
pr p [bar] 0 0 53.73
Tr p [K] 0 0 771.0
pi p [bar] 4.5 5.82 4.5
Ti p [K] 0 0 479.3
∆Thp [K] 15 5.0 5.4
∆Ti p [K] 15 7.0 24.2
ηHP 0.850 0.765 0.750
ηMP 0 0 0.755
ηLP 0.850 0.762 0.923
ṅB1 [kmol/s] 0.0800 0 0.0097
ṅB2 [kmol/s] 0 0 0
Total lev. cost 6823 6090.80 5995.83
[Euro/h]

CONCLUSIONS
We presenteda MINLP solution methodfor opti-
mizingthedesignof acost-effectivecomplex energy
conversionmethod. In contrastto samplingmeth-
ods,theproposedsolutionapproachgeneratesacon-
vex relaxation,whichprovidesaqualitymeasureon
the obtainedsolutions. Furthermore,the approach

supportsdecomposition,andit offersthepossibility
to improve the relaxationby addingcuts. Prelimi-
narynumericalresultsshow thattheobtainedconvex
relaxationis reasonable.Futureresearchwill focus
on the improvementof the relaxationusingdeeper
cuts,andonthedevelopmentof abranch-and-bound
algorithmfor reliableglobaloptimization.
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Figure1: Simplesuperstructureof thecogenerationplant

Table1: ContinuousDecisionParameters

Parameter Symbol Bounds Unit
massflow rateof thehigh-pressuresteam ṁP 6 307 1008 kg/s
massflow rateof steamgeneratedat intermediate-pressure(if existing) ṁS 6 0 7 208 kg/s
pressureat theinlet of thesteamturbineHP php 6 307 1608 bar
temperatureat theinlet of thesteamturbineHP Thp 6 7007 8708 K
pressureat theoutletof steamturbineHP if reheatingexists pr p 6 107 608 bar
temperatureof thereheatedsteam(if existing) Tr p 6 7007 8708 K
pressureof theintermediate-pressuresteam pi p 6 4 9 5 7 108 bar
temperatureof theintermediate-pressuresteam Ti p 6 4307 5308 K
subcoolingin thehigh-pressureeconomizer ∆Thp 6 5 7 258 K
subcoolingin theintermediate-pressureeconomizer(if existing) ∆Ti p 6 5 7 258 K
polytropicefficiency of thesteamturbineHP ηHP 6 0 9 757 0 9 958
polytropicefficiency of thesteamturbineMP (if existing) ηMP 6 0 9 757 0 9 958
polytropicefficiency of thesteamturbineLP ηLP 6 0 9 757 0 9 958
molarflow rateof fuel to thefirst ductburnerin theHRSG(if existing) ṅB1 6 0 7 0 9 58 kmol/s
molarflow rateof fuel of thesecondductburnerin theHRSG(if existing) ṅB2 6 0 7 0 9 58 kmol/s


