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ABSTRACT

Mathematiciansnd engineershave developedin a joint researchprojecta solution approachfor
performingsimultaneoustructuralandparametepptimizationin the designof cost-efective com-
plex enegy cornversionsystemsThepapemresenteamethodologyandanapplicationto thedesign
of a combined-gcle power plantthat providesfixed amountsof electricity and steamfor a paper
factory A superstructuréhathasembeddedereral potentialconfigurationof sucha cogeneration
systemis usedto minimizethetotal costof the plantproducts.Thedesignproblemis formulatedas
anoncorex mixed-intger nonlinearprogram(MINLP), andsolved via aroundingheuristicbased
on an automaticallygeneratectorvex relaxationof the given problem. Utilities andthe process
industryareexpectedo benefitfrom sucha MINLP optimizationtechnique.

Keywords Costminimization, cogeneratiorplant, mixed integer nonlinearoptimization, corvex

relaxationroundingheuristic

INTRODUCTION

The optimization of the designof enegy corver
sion systemshasbeenstudiedextensvely by engi-
neersfor mary yearsnown. Mathematicaprogram-
ming techniqueshave beenof growing interestin
the lastyearsin additionto heuristicmethodssuch
as the thermoeconomianalysis[23, 17, 21, 22],
and stochasticapproachesuchas evolutionary al-
gorithms|9, 4, 1§].

Different mathematicalprogramming approaches
have been developed [12], and have been used
for the optimizationof processsynthesigproblems
[11, 13, 16]. Only few publicationsdealwith math-
ematicalprogrammingapproacheappliedto theop-
timization of enegy corversionsystemg6, 20].

In ajoint researclprojectof mathematiciananden-
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gineersanew approacthasbeendevelopedto opti-
mize nonconwex MINLP-problemsresultingfrom a
superstructuref a complex enegy conversionsys-
tem. The proposedsolution methodis basedon
a corvex relaxationof the problem,which is con-
structedthrough a seriesof operations. Starting
from anautomaticallygeneratedblock-separablee-
formulationof theproblem,all noncowex functions
arereplacedy corvex underestimatorsTheresult-
ing nonlinearcorvex relaxationis improved by an
outerapproximationalgorithm,andfinally solution
candidatesrecomputedvia aroundingheuristic.

A main adwantageof the proposedapproachs the
useof decomposition,.e. the generationof con-
vex underestimator&nd cuts are basedon small-
scaleoptimizationproblems. Furthermore the op-
timal valueof therelaxationis alower boundonthe
optimal value of the original optimizationproblem.
It canbe usedasa quality measue for the obtained
solutions.



The optimizationmethodis codedin C++, andis
partof asoftwarepackagecalledLAGO for MINLP
optimization[19]. Preliminarynumericalresultsfor
our designproblemarereportedhere.

The use of relaxation-basednethodsfor solving
practicalrelevant large-scaleMINLPs is quite nev
[7], andthe integration of the two well established
areas, nonlinear and mixed integer optimization,
doesnot belongto the “traditional” operationre-
searchareasyet. It is a mainissueof this paperto
further this integration for solving complex design
problems.

MODEL DESCRIPTION

The goal of the optimizationis to designan enegy
corversionsystemnfor apaperfactorywith minimum
total levelizedcostspertime unit.
Parameteandstructuralchangesreconsideredor
the optimization simultaneously A simple super
structureof a combinedcycle power plantwasde-
velopedasthe basisfor the optimization. The su-
perstructure(Figure 1) consistsof a gas turbine
as topping cycle and a subsequenheat recovery
steamgeneratoi(HRSG) that suppliesa steamtur-
bine asbottomingcycle. The processsteamis ex-
tractedbeforeit entersthe low-pressuresteamtur-
bine. Thereis a total of five structuralvariables
in the superstructure.The first structuralvariable
refers to the selectionof the gas turbine system
amongtwo differenttypes(GE Frame6/39.1 MW
or Siemens/ 64.3/67.9MW). Thesecondandthird
structuralvariablesdeterminewhethertherearead-
ditional duct burnersin the HRSG. The possibility
of reheatinghe steamafterthe high-pressursteam
turbineis introducedby the fourth structuralvari-
able. Thelastof thesevariablesdeterminesf there
is additional steamgenerationand superheatingat
intermediatepressure.ln additionto the five struc-
tural variables,which are namedA to E in Figure
1, 15 parametewariablesare consideredor the op-
timization. Thesecontinuousvariablesand their
boundariesreshavnin Tablel. All remainingvari-
ablesof the modelaredependenvariablesandcan
be calculatedrom these20 decisionvariables.
Therequireddemandof 90 MW electricpowver and
99.5t/h processsteamat 4.5 barrefersto a real pa-
perfactory[3]. Thecogeneratiomplanthasto fulfill
primarily the needsfor thermalenegy of the paper
machines. If more electricity is producedthan re-

quired,the excessis sold on the marlet; in the op-
positecase thedeficitis boughtfrom the network.
Themodelsof the plantcomponentsirechoserin a
way thatthey facilitatethework of thesolver LaGO
ontheonehandandprovide reasonablaccurag on
theotherhand.Besideshemandatorymass-anden-
emgy balanceslmostevery plantcomponenmodel
containsoneor morecharacteristi@quationsSome
examplesare:

Gasturbinecompressofs]:

hs — h;

he —h,

Nis =

nis:isentropic efficiengy, hs: enthalyy after isen-
tropic compression,h;: inlet enthaly, he: exit
enthalpy.

Steamturbine[27]:
I
Ss— he

Npol: polytropic efficiency, sg: entroyy after isen-
thalpicexpansions: inlet entropy, Se: exit entroyy.

Mool = 1

Heatexchanger:
A= Q
K-AT,,

A: Heatexchangerarea,Q: heattransferrate, k:
overall heattransfercoeficient, AT, ,: logarithmic
meantemperaturelifference.

A completecomlustion is assumedn all compo-
nentsin which comhustiontakesplace.

The costfunctionsfor the plantcomponentsreei-

ther taken from the literature[25, 24, 1] or arede-
velopedfrom availablecostdata[10]. Thetotallev-

elized costsof the plant designare calculatedus-
ing the TRR-methodrom [5] and,dependingpnthe
caseaddingthelevelizedcostsof purchaseelectric
power or subtractingthe levelized revenuesof sold
electricpower.

Regarding the property equations,all gases,in-

cluding the watervaporin the exhaustgasstream,
aretreatedas ideal gases. The statevariablesare
calculatedwith polynomial functions from [15].

The statevariablesof water and steamin the wa-
ter/steancycle arecalculatedvith the IAPWS-IF97
formulation [26] which representsthe industrial



standard.

For the optimization with the developed software
packagd.aGOtheentiremodelhasto bewritten as
onesystemof equations.Thereforetheapproachs

different from that of sequentiaimodeling. There
are neitherjumps in the model nor distinction of

casespossible.All equationsare active throughout
the optimization. Every variablehasto be defined
within valid boundaries. In addition, someof the
model equationswere reformulatedto increasethe
efficiengy and robustnessof the LaGO algorithm.
For instance,one of the equationsto calculatethe
saturatiortemperature

D— 2G
~ —F — (F2—4EG)05
wastransformedo
x = D?
Ex+FD+G = 0
F2—4EG > 0
2DG+xF < O

usingonly quadraticandbilinearfunctions.Hereby
E, F andG arefunctionsof the pressure.

All in all the model contains508 variablesand
461 constraints. The optimizationproblemcan be
describedrerballyby:

Minimize: Total levelizedcostspertime unit
Subject to: constraintgeferringto

plantcomponents

material properties

investmentppelating and maintenanceost

economicanalysis

MINLP-OPTIMIZATION

The previously describeddesign problem can be
formulatedasthefollowing mixedintegernonlinear
program(MINLP):

min  f(x,y)

st g(xy) <0

(P) h(x.y) =0
X € %X

y binary.

Since some of the thermodynamicand economic
equationsare nonlineay problem(P) is noncomwex,
andthereforecannotesolvedwith traditionalcon-
vex MINLP methods.In the following, we describe
a heuristicfor solving (P), which is basedon con-
vexifying the problem.

An illustrative example

In orderto explain the basicideasof the mathe-
matical method,we considerthe following simple
MINLP:

min{x, | g;(X) <0, g,(x) <0,
X, € {0,1}, x, € [0, 1]},

whereg, is a complicatednoncowex functionand
0, is a corvex function. The proposedsolution
methodconsistsof the following four steps,which

areillustratedin Figure 2. In the first step,a con-
vex relaxationis constructedby replacingg; with

a quadraticcorvex underestimatog, and relaxing
the binary constraintby x, € [0,1]. The resulting
corvex NLP is solved obtainingthe point x. In the
secondstep,a polyhedralrelaxationis generatedy

a linearizationg, of g, at x! and by a supporting
hyperplaneg, of g, whichis orthogonato (g (x}).

Thepolyhedrakelaxationis solvedobtainingapoint
x. In the third step, the binary componentof x?

is roundedto x3, andthe polyhedralrelaxationwith

fixedbinaryvariabless solved obtaininga point x*.

Finally, alocal minimizerx® of the original problem
with fixedbinaryvariabless computedusingx* asa
startingpoint. We describethe stepsof this method
now moredetailed.

Block-separ able refor mulation

Due to the componentstructureof the given opti-
mizationproblem,all functionsof (P) canberepre-
sentedasa sumof sub-functionswhich dependon
asmallnumberof variables.Optimizationproblems
having sucha propertyare called blodk-sepaable,
andcanbereformulatedn thefollowing form:



0 Xq 1

Figure2: Basicstepsof the optimizationmethod

min c'x
S st. Ax+b<oO0
® gi(x,) <O, €M, k=1,...,p

X € X, Xg binary

where X = [x,X], {J,...,Jp} is a partition of

{1,...,n}0e. UP_ 4 ={1,...,nf andj nJ =0

for | £k, gf(x; ) < Ois thei-th constraintevaluated
over the block'k, M, is theindex setof constraints
that contain variablesin block k, B C {1,...,n}

is the index set of binary variables,c € IR", b €

IR™, A ¢ IR(™, and the functions g¢ are twice-

differentiable Here,we usedthefollowing notation.
Foranindex setd C {1,...,n}, we denoteby |J| the
numberof elementsof J. A sulvectorx; € IRM of

x € IR" is definedby (X );c;-

The generationof problem (S) from problem (P)

is done automaticallyusing a samplingtechnique
(se€[19]). Formulation(S) supportsdecomposition
Sinceall nonIinearconstraintfunctionsgik of (S)de-
pendon a smallnumberof variableswe cangener

atea corvex relaxationof (S) by constructingow-

dimensionalinderestimatorandcuts.

Convex relaxation

A corvex relaxationof problem(S) is definedby

min  c'x
st. Ax+b<O
©) g(xy) <0, ieM,, k=1,...,p
xeX

wheregf arecorvex undeestimatos of gk over X, =
[X3.% s i-e. g(x) < gi(x) for all x € X, andq is
corvex over X,.. The bestcorvex underestimators
arecornvex ervelopes. Sincecomputingcorvex en-
velopesof noncoex functionscanbecomputation-
ally very expensve, we replaceall noncowex func-
tionsby noncowex quadraticunderestimatorasing
a samplingtechnique(see[19]). Finally, all non-
cornvex quadraticfunctionsarereplacedby corvex
quadratica-underestimatorsmtroducedoy Adjiman
andFloudad?2].

Outer approximation

Computationalexperimentsshaved that for some
cornvex underestimatorq}‘ of (C) theapproximation
error is quite large. In orderto improve the relax-
ation, a cutting planemethodwasdevelopedwhich
generatepolyhedralrelaxationsof the form:

min  c'x
R st. Ax+b<O0
(R) (7%, +dK <0, ieM, k=1...,p
X € X.

In addition to being strongerthan the nonlinear
relaxation (C), the linear relaxation (R) has the
adwantage,that it can be solved much fasterthan
(C). The following cutting plane algorithm for
generatindR) is ageneralizatiorof Kelley’s cutting
planealgorithm[14].

Algorithm 1 (cutting planealgorithm)

1. Initialize (R) by settingM, =0, k=1,...,p
and X asthe smallestbox containingthe fea-
siblesetof (C).

2. Computeasolutionx of (R), andfor eachblock
k addsomecuts(ck)Tx; + dk < 0to (R) which
areviolatedat X, by adkdingtheinde< i of the
violatedconstraintto M, .

3. If theiterationlimit is not exceededandX is
changedsignificantly goto 2.

We usetwo typesof cuts. Thefirst cutsare based
on linearizing the convex constraintm}((xJk) at the
solutionpoint of thecorvex sub-problem



min  afx
<) st.  g{(X) <0,ieM,
X €

where

3=~y 0a(%,)- 1100 (%)™

ievk

andVK is theindex setof corvexified constraintsof
(C), which areviolatedat X. Denoteby £ a solution
pointof (C,). By linearizingtheactive constraintof
(C) at %< we obtainthefollowing valid cuts

o ()T (x5, —%) <0, ieA
whereA = {i € M, | g¢(%) = 0} is theindex setof
active constraints.
The seconaype of cutsareused,if the cornvex un-
derestimatoq}‘ is abadapproximatiorof anoncon-
vex function g}‘. In this casewe solve the problem

K .1 o
max{(ci)Tx; | X3 €[X5.%; ], of(xy) <O,

X318 binary} 1)

wherec = 0gf(, ). Lettf bethe optimalvalueof
(1). Then
(Cik)TXJk <t

is a valid cut. For solving (1), we usea sampling
method.

Rounding heuristic

For computingsolutioncandidatesf problem(P),a
roundingheuristicwasdeveloped whichis basedn
the corvex relaxation(C) or (R) [19]. The heuris-
tic works by computinga solutionpoint of problem
(C) or (R), androundingsomebinarycomponentsf
this point. Theroundedvariablesarefixed andthe
restrictedcornvex relaxationwith fixed binary vari-
ablesis solved. This procedurds repeatedaslong
aseitherthe restrictedconvex relaxationis infeasi-
ble or all binaryvariablesarefixed. In thelastcase
alocal searchs startedfrom the lastsolutionof the
restrictedcorvex relaxationgiving a solutioncandi-
date. The valuesof the binary variablesare recur
sively switchedandthewhole processs repeate@s
long, aseitherall combinationsof binary variables
are searchedor the numberof solution candidates
exceedsagivennumber

RESULTS

The describedalgorithmwas codedin C++ aspart
of the software packageLAGO [19]. In addition,
a Matlab formulation of the modelwas developed
to applythe Matlab optimizationtoolbox FMINCON

[8] for finding local solutionsof the problem. To

analyzethe performanceof the proposedalgorithm,
thecodewasrunonamachinewith alGHzPentium
Il processoand256 MB RAM.

In order to improve the sampling method for
computingquadraticunderestimatorsf noncowex
functions,a simple basedesignof the cogeneration
plantwasintegratedin the sampleset. Thereforea
simplestructureof the plantandmoderatevaluesfor
the continuousdecisionvariableswerechosen.The
variablesof thebasedesignareshavn in thesecond
columnin table2 (Base). In the Table,a value of
zerorepresentsan inactive variable. The basede-
signproduces’2 MW electricpower andhasa total
levelized costof 6823 Euro/h. Basedon the binary
andcontinuousdecisionvariables a completestart-
ing point for themodelwasgeneratedi.e. aninitial
valuefor everyvariablein themodelwascomputed.
Again, the Matlab formulationof the superstructure
was usedfor that purpose. Sincethis formulation
depend®on the decisionvariablesonly, it calculates
the valuesof all dependenvariablesfor a given set
of decisionvariables.

After running the proposedoptimization method,
a block-separableeformulation(S) with p = 172

blocksis generatedwherethe largestblock-sizeis

max|J, | = 47. For the generatiorof the corvex re-

laxation(C), 524corvex underestimatorsf noncon-
vex functionsare constructed.The solutionof (C)

gives the lower bound 5547.13Euro/h for the to-

tal levelized cost. Roundingthe structuralvariables
of this solution and performing a local optimiza-
tion resultsin a designwith a total levelized cost
of 6090.80Euro/handan electricpower generation
of 85.69MW. The correspondinglecisionvariables
areshavn in columnthreeof Table2 (LaGO).

Sincethe problemis of smallsizeregardingthe bi-
nary variableslocal optimizationsof all 32 possible
structuralvariable combinationsare performedfor
comparisonForthis,50randomlycreatecpointsfor
every binary combinationareusedasstartingpoints
for alocal optimizationof theremainingcontinuous
decisionvariables. The bestfound designhasa to-
tal levelized costof 5995.83Euro/h and generates



90 MW of electricpower. The parameter®f that
designare shavn in the fourth column of Table 2

(LO).

Consideringhe preliminarystatusof LaGO,there-

sults are promising. Thereis only a differenceof

1.6% comparedo the bestsolutionfound by com-
pleteexplorationof the binary spacecombinedwith

amultistartlocal optimizationwhichis only reason-
ablefor acombinationaproblemof this smallsize.

The comparisorof the lasttwo columnsof Table2

shawvsthatthenearlyoptimalsolutionscouldbesig-

nificantly different. However, the differencein the
value of the objectve function betweensuchsolu-
tionsis in generakelatively low.

Table 2: Decisionvariablesof differentdesignsof
the cogeneratiomplant

Parameter Base LaGO LO
Gasturbine Frame6 V63.4 V63.4

1.DuctBurner Yes No Yes
2.DuctBurner No No No
Reheating No No Yes
Add. Steam No No Yes
M [Kg/s] 40 30.03 32.18
mg [kg/s] 0 0 5.40
Php [bar] 70 113.80 63.46
Thp K] 825 784.1 812.6
Prp [bar] 0 0 53.73
Tep [K] 0 0 771.0
pip [bar] 4.5 5.82 4.5
Tp [K] 0 0 479.3
AThlo [K] 15 5.0 54
A'I'ip K] 15 7.0 24.2
Nup 0.850 0.765 0.750
Nup 0 0 0.755
Np 0.850 0.762 0.923
Ng, [kmol/s] 0.0800 O 0.0097
Ng, [kmol/s] 0 0 0

Totallev. cost 6823 6090.80 5995.83
[Euro/h]

CONCLUSIONS

We presenteda MINLP solution methodfor opti-

mizingthedesignof acost-efective complex enegy

corversionmethod. In contrastto samplingmeth-
ods,theproposedolutionapproactyenerateacon-

vex relaxationwhich providesa quality measuren

the obtainedsolutions. Furthermore the approach

supportgdecompositionandit offersthe possibility
to improve the relaxationby addingcuts. Prelimi-
narynumericakesultsshav thattheobtainedcorvex
relaxationis reasonableFutureresearchwill focus
on the improvementof the relaxationusing deeper
cuts,andonthedevelopmenibf abranch-and-bound
algorithmfor reliableglobal optimization.
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Figurel: Simplesuperstructuref the cogeneratiomplant

Tablel1: ContinuoudecisionParameters

Parameter Symbol Bounds Unit
masdflow rateof the high-pressursteam mp [30,100 kagls
massflow rateof steamgeneratedtintermediate-pressuféd existing) Mg [0,20] kgls
pressureattheinlet of the steamturbineHP Php [30,160 bar
temperaturattheinlet of the steamturbineHP Thp [700,870 K
pressureattheoutletof steamturbineHP if reheatingexists Prp [10,60] bar
temperaturef thereheatedteam(if existing) Trp [700,870 K
pressuref theintermediate-pressusteam Pip [4.5,10] bar
temperaturef theintermediate-pressuseam Tip [430,530 K
subcoolingn the high-pressureconomizer ATy, [5,25 K
subcoolingn theintermediate-pressuetonomize(if existing) ATy, [5,25 K
polytropicefficiengy of the steamturbineHP Nup [0.75,0.95]
polytropicefficiengy of the steamturbineMP (if existing) Nyp [0.75,0.95]
polytropicefficiency of the steamturbineLP Nip [0.75,0.95]
molarflow rateof fuel to thefirst ductburnerin the HRSG(if existing) Ngq [0,0.5] kmol/s
molarflow rateof fuel of the secondductburnerin the HRSG(if existing) ng, [0,0.5] kmol/s




