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Stochastic Programming

Stochastic Programming model:

v(€) ==minp(x,§) (= min Ee[f(x,)])

xeX

5(8) ={x € X1 p(x, &) = v(£)}

e analytic solutions are rarely available

= numerical approach: discretize or approximate the stochastic process £

How to measure the quality of approximation methods?



Approximation quality

Theoretical results
e perturbation and stability analysis (Rémisch, Schultz, ...)
e statistical estimates and bounds (Shapiro, Sen, ...)

e convergence of optimal values and/or solutions (sets) for specific
approximation techniques (Pennanen, Kuhn, Pflug, ...)



Approximation quality

Theoretical results

perturbation and stability analysis (Rémisch, Schultz, ...)
statistical estimates and bounds (Shapiro, Sen, ...)

convergence of optimal values and/or solutions (sets) for specific
approximation techniques (Pennanen, Kuhn, Pflug, ...)

require regularity and boundedness assumptions (e.g., relatively
complete recourse)

asymptotical results or unknown (Lipschitz) constants



Numerical Evaluation
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e deviation from real optimal value: |v(£) — v(£)|?
e v(&) unknown ;
o Comparing v(£) and v(€)? No.
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Numerical Evaluation

Evaluate approximation quality numerically?
e deviation from real optimal value: |v(£) — v(£)|?
e v(&) unknown
o Comparing v(£) and v(fz)? No.
o deviation from real optimal solution set: d(S(€), S(€)) ?
e 5(&) unknown

e “real-world” performance of approximated solution %(¢):

“p(%(£),€)"

maybe a more reliable estimate of v(&) than v(§)

compare p(%(£),€) and (X(£), )

= estimate ¢(X(¢), &) by out-of-sample simulations



Out-of-sample (0os) simulations

Estimate o(%(€), &) by out-of-sample (0os) simulations:
©® Approximate & by €

® Solve an approximated problem using &
= optimal value v(§) and optimal solution X(&)



Out-of-sample (0os) simulations

Estimate o(%(€), &) by out-of-sample (0os) simulations:
©® Approximate & by €
® Solve an approximated problem using &

= optimal value v(§) and optimal solution X(&)
© Draw samples (out-of-sample scenarios) {&,i =1,... N} from ¢
© Evaluation of X(¢) along &' yields £(%,&7), i=1,...,N



Evaluation of (&) along {&,i =1,..., N}: Literature
Kaut & Wallace (2007)

“Evaluation of scenario-generation methods for stochastic programming”

e one-period portfolio optimization problem



Evaluation of X(¢) along {¢',i =1,..., N}: Literature
Kaut & Wallace (2007)
“Evaluation of scenario-generation methods for stochastic programming”

e one-period portfolio optimization problem

Chiralaksanakul & Morton (2004)
“Assessing policy quality in multi-stage stochastic programming”

Hilli & Pennanen (2006)

“Numerical study of discretizations of multistage stochastic programs”

e multistage stochastic programs  (time interval [1,..., T])

e given solution X(€) and oos scenarios &', i =1,...,N

o fori=1,...,N: let & := %,(£)
fort=2,...,T:
o construct tree for [t, ..., T] conditional on (&1, ...,& 1) = (€, ..., )
e solve optimization problem on [t,..., T] w.rt. (X{,...,%_1) = X,

e numerically demanding (= T small)

e assume relatively complete recourse



Overview

@ Introduction

@ Evaluation Method

© Example: Power Scheduling



Setting

Multistage linear stochastic programs with or without relatively complete
recourse

T
v(§) = min E [Z(cd&),xﬂ]
=1
such that x; >0, x¢ € Ft, t=1,...,T

Aroxe + Aeixe—1 = he(&e), t=2,...,T
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Given: scenario tree approximation & of & and solution (¢)

Consider an out-of-sample scenario &'



Evaluation of (&) along {&,i=1,..., N}
Given: scenario tree approximation & of & and solution (¢)

Consider an out-of-sample scenario &'

® find a reference scenario £M0) of £ close to &'
(nonanticipativity!): For t =2,..., T:

&~ argming, 1€ — &1
such that (51) v )5!‘—1) — (Sf(’)7 . ,g?&ll))



Evaluation of (&) along {&,i=1,..., N}
Given: scenario tree approximation & of & and solution (¢)

Consider an out-of-sample scenario &'

® find a reference scenario £M0) of £ close to &'
(nonanticipativity!): For t =2,..., T:

&~ argming, 1€ — &1
such that (51) v )5!‘—1) — (Sf(’)7 . ,g?&ll))

@ consider the reference solution %/ := %(£"()) along £M(")
® modify X' to a feasible solution along &' (if possible) = oos solution X'



Evaluation of (&) along {&,i=1,..., N}
Given: scenario tree approximation & of & and solution (¢)

Consider an out-of-sample scenario &'

® find a reference scenario £M0) of £ close to &'
(nonanticipativity!): For t =2,..., T:

&~ argming, 1€ — &1
such that (517 v )5!‘—1) — (Sf(’)7 . ’51{1&!1))

@ consider the reference solution %/ := %(£"()) along £M(")
® modify X' to a feasible solution along &' (if possible) = oos solution X'

N T
1 N
= oos-value NZZ<Q(§£)’X£>

i=1 t=1



Evaluation of (&) along {&,i=1,..., N}
Given: scenario tree approximation & of & and solution (¢)

Consider an out-of-sample scenario &'

® find a reference scenario £M0) of £ close to &'
(nonanticipativity!): For t =2,..., T:
&V = argming, € — &
such that (&1,...,& 1) = (/). ¢l

@ consider the reference solution %/ := %(£"()) along £M(")
® modify X' to a feasible solution along &' (if possible) = oos solution X'

N T
1 o
= oos-value N Z Z(ct(g,’f),xé>
i=1 t=1
How to adapt X' to a feasible and “good” solution %' 7
X{ :=X{. For t =2,..., T (nonanticipativity!):
Find feasible X/ that is close to X/ (and, maybe, has low costs (c;(£}), %/)).



Modify X' to a feasible solution X' along &': Naive
Given (%,...,%_1).
Very naive approach: keep close to X/
oi L : i
K¢ = argmin, ||x¢ — X{|/co
such that x; > 0
Aroxt + Aeafi_1 = he(')
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of . : i
K¢ = argmin, ||x¢ — X{|/co
such that x; > 0
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Modify X' to a feasible solution X' along &': Naive

Given (%,...,%_1).

Naive approach: keep close to %/

of . : i
K¢ = argmin, ||x¢ — X{|/co
such that x; > 0

AroXr + At,l)/\(l’:—l = ht(fi)
A’T,OXT+AT,1XT71 S [/‘llrow,h}rlp , T=t+1,...,T

(to include at least deterministic information about the future)

What about the costs (c;(£}), %/)?



Modify %' to a feasible solution & along &1 Myopic
Given (%,...,%_1).
Distance to feasible set:
A'; = min ||x¢ — >~(;||C>O
st.x; >0
Acoxe + Aeaki_y = he(€)
Aroxr + Arixr—1 € [hITOW,hﬂp , T=t+1,...,T



Modify %' to a feasible solution & along &1 Myopic
Given (%,...,%_1).

Distance to feasible set:

AL = min ||x — X{|l0o
st.x; >0
At,OXt + At,l)?é—l = ht(fl)
Aroxr + Arixr—1 € [hITOW,hﬂp , T=t+1,...,T

Myopic approach: keep close to %/, but minimize current costs
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Modify %' to a feasible solution & along &1 Myopic
Given (%,...,%_1).

Distance to feasible set:

AL = min ||x — X{|l0o
st.x; >0
At,OXt + At,l)?é—l = ht(fl)
Aroxr + Arixr—1 € [hITOW,hﬂp , T=t+1,...,T

Myopic approach: keep close to %/, but minimize current costs

K= argmin,, (ce(€D), xt)

s.t. x¢ > 0
Aroxt + At,1>A<1{_1 = ht(éi)
AT70X7-—{—AT71X.,-,1 S [hlﬁ)w,h:p R T=t+1,...,T

HXt - )?Z“Hoc < (1 + 5re|)A{: + €abs

What about the future costs Q;(X{,&1)?



Modify %' to a feasible solution & along £': Farsighted
Given (%,...,%_1).
Distance to feasible set:

Al = min ||x; — % [|o

s.t. x; > 0
Aroxt + At,1>A<£_1 = ht(éi)
A7-70X7-—|—A.,-’1X7-,1 S [hi?w,h:p , T=t+1,...,T

Farsighted approach: keep close to %, but minimize current and future costs

% = argming, (c(€]) — me1,x)

s.t. x¢ > 0
At oxe + At,1>A<ti71 = ht(éi)
AT,OXT+AT,1XT—1 S [h!,?w,h:p s T=t+1,...,T

%t — &lloo < (1 + erel) AL + £aps

with —7;11 a subgradient of the cost-to-go function x; — Qt(xt,g’(i))



Coping with lack of relatively complete recourse

Distance to feasible set
Ay = min || x; — X{||0o
s.t. Al’,OXt + At7]_)?ll._1 == ht(gl)’ Xt > 0
Aroxr + Arixr—1 € [hITOW,h:p , T=t+1,...,T

No relatively complete recourse = Al may be occ!
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Coping with lack of relatively complete recourse

Distance to feasible set
AL = min ||x — X{|l0o
s.t. Atvoxt + Al’,l)?tl'—l == ht(é\l), Xt > 0
[
Aroxr + Arix-—1 € [R2Y, h2P], T=t+1,...,T

No relatively complete recourse = Al may be occ!

e minimize violation of “soft constraints” (e.g., reserve requirements), proceed
e or stop (= o0os scenario is “hard infeasible”)

= more characteristic values:

-
oos-value w.r.t. feasible scenarios: T Z E (ct(&4), X¢)
[feas| i€ lags t=1
: Isoft inf Ihard inf
rates of soft and hard infeas. scen.: o t/{? eaS|, | ard,\'/" eas|

. - iolation of i
average soft infeasibility: E ( coft oo >

/ .
soft infeas| .
| | ’elsoft infeas



Example: Power Scheduling

Simple power generating system:
e 3 thermal units (coal, gas & steam, gas)
e a pumped hydro unit

e a wind power plant = uncertain wind energy input
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e 3 thermal units (coal, gas & steam, gas)

e a pumped hydro unit

e a wind power plant = uncertain wind energy input

min

s.t.

E[operation costs]

electricity demand is satisfied

power gradient < 1/2 (operation range)
reserve of thermal units > 1/10 demand
fill level of hydro storage = 1/2capacity
fill level of hydro storage > 1/2 capacity

vt
Yunits Vt
Yunits Vt
t=1
t=T
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Simple power generating system:
e 3 thermal units (coal, gas & steam, gas)
e a pumped hydro unit

e a wind power plant = uncertain wind energy input

min [E[operation costs]
s.t. electricity demand is satisfied
power gradient < 1/2 (operation range)
soft constr.: reserve of thermal units > 1/10 demand
fill level of hydro storage = 1/2capacity
fill level of hydro storage > 1/2 capacity

no relatively complete recourse
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Example: Power Scheduling

Simple power generating system:
e 3 thermal units (coal, gas & steam, gas)
e a pumped hydro unit

e a wind power plant = uncertain wind energy input

min [E[operation costs]
s.t. electricity demand is satisfied
power gradient < 1/2 (operation range)
soft constr.: reserve of thermal units > 1/10 demand
fill level of hydro storage = 1/2capacity
fill level of hydro storage > 1/2 capacity

no relatively complete recourse

Time Horizon: T = 48 hours

vt
Yunits Vt
Yunits Vt
t=1
t=T



Stochastic Wind
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Stochastic Wind

Wind speed: model by a mean reverting au-
toregressive stochastic process:

§e = *ft 1 +N<Mt7214 )

Wind energy: map wind speed to wind energy
using an “aggregated power curve’

il ]

ol |

= sample scenarios as input for scenario tree construction
SCENRED 2.1 (H. Heitsch et.al.)
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e sample 1000 initial scenarios

e construct scenario trees with varying degrees of
reduction = &



Average distance 0os scenarios to scenario trees

e sample 1000 initial scenarios

e construct scenario trees with varying degrees of
reduction = &

e sample N = 1000 further scenarios
= oos-scenarios £',i=1,..., N

® project 0os-scenarios onto scenario tree
(respecting nonanticipativity): &+ £h0)
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Average distance 0os scenarios to scenario trees

e sample 1000 initial scenarios

e construct scenario trees with varying degrees of
reduction = &

e sample N = 1000 further scenarios
= oos-scenarios £',i=1,..., N

® project 0os-scenarios onto scenario tree
(respecting nonanticipativity): &+ £h0)

e compute average distance 3100 ||€ — £h())|

6,000 e ideal: binary branching tree
(initial fan) . .
48 timestages = 10** scenarios

e 103 scenarios on 48 timestages =
only ~ 1.15 branches in each node

mean scenario

e early branching leads to bad
approximation of conditional
distributions in later timestages

102 163 164 105 (low number of initial scenarios in

number of nodes subtrees after a few branchings)




Average distance 0os scenarios to scenario trees

e sample 1000 initial scenarios

e construct scenario trees with varying degrees of

reduction = &
e sample N = 1000 further scenarios

= oos-scenarios £',i=1,..., N
® project 0os-scenarios onto scenario tree

(respecting nonanticipativity): &+ £h0)
e compute average distance 3100 ||€ — £h())|

e ideal: binary branching tree

—@— 1000 initial scen. initial fan . H
w2000 initial scen. 48 timestages = 10'* scenarios

—@®— 3000 initial scen. 3 i i
—— 4000 initial scen. e 10° scenarios on 48 timestages =

only ~ 1.15 branches in each node

e early branching leads to bad
approximation of conditional
distributions in later timestages

102 163 164 105 (low number of initial scenarios in

number of nodes subtrees after a few branchings)




Out-of-sample values: Naive, Myopic, Farsighted, &

@ construct scenario trees ffrom 4000 scenarios
@® project 1000 oos-scenarios &' onto trees: & — £h0)
© modify reference solutions %(£/(1) to feasible solutions along £ = &/
naive minimize distance || (")) — &i||
myopic minimize stage-t costs within e-box around X (£"())
farsighted minimize stage-t and future costs within e-box around %.(£"("))
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Out-of-sample values: Naive, Myopic, Farsighted, &

@ construct scenario trees ffrom 4000 scenarios
@® project 1000 oos-scenarios &' onto trees: & — £h0)
© modify reference solutions %(£/(1) to feasible solutions along £ = &/
naive minimize distance || (")) — &i||
myopic minimize stage-t costs within e-box around X (£"())
farsighted minimize stage-t and future costs within e-box around %.(£"("))

avg. projection distance ||€ — &||
6,000

4,500 w
3,000

scenario tree value v(€) vs. out-of-sample values
25

—@— approx. problem value v(€)
—x— oos-value naive
—»— oos-value farsighted ¢ = 0.00

2.4

2.3

% —x— oos-value farsighted ¢ = 0.05

| - < 9(/){)@‘(/xﬂ: —=— oos-value farsighted ¢ = 0.10

PIY e SN o : - >-- oos-value farsighted £ = 0.25
o— —@- i _ - % - oos-value farsighted ¢ = 0.50
102 103 104 105 - -- oos-value farsighted £ = 1.00

number of nodes




Out-of-sample values: Naive, Myopic, Farsighted, &

@ construct scenario trees ffrom 4000 scenarios
@® project 1000 oos-scenarios &' onto trees: & — £h0)
© modify reference solutions %(£/(1) to feasible solutions along £ = &/
naive minimize distance || (")) — &i||
myopic minimize stage-t costs within e-box around X (£"())
farsighted minimize stage-t and future costs within e-box around %.(£"("))

avg. projection distance ||€ — &|| number of (soft/hard in)feasible oos-scenarios
6,000 1,000
oo w 800 e
’ 600 @ soft inf.
3,000 400 @ hard inf.
scenario tree value v(£) vs. out-of-sample values 200
2.5 0
0 025 05 0.75 1
04 ‘\,_‘_T’,///) ¢: allowed deviation from reference solution
2.3 M
L - : -)(X*;?: —— v(§) —»— oos-value naive
IR :+\~)s:/::2$’/ < ! —»— 00s-value & = 0.00 —<— oos-value & = 0.05
. —o- = !

2 i i —»— oos-value ¢ = 0.10 - x-- oos-value € = 0.25
102 103 104 105 - x-- 0oos-value £ = 0.50 - x-- oos-value € = 1.00
number of nodes




Power Scheduling Solutions

o tree 5: 2899 nodes, from 4000 initial scenarios

reference scenario £h(7)
00s scenario &'

e compare reference solution X(£"()) and
modification %' that is feasible along &’

reference solution %(£"(")), cost: 2.241

@D Coal @D Gas&Steam @D Gas
@D Wind @D Turbine @ Pump

——— Water Reservoir fill level

l_/v
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Power Scheduling Solutions

reference scenario £h(7)
00s scenario &'

o tree 5: 2899 nodes, from 4000 initial scenarios

e compare reference solution X(£"()) and
modification %' that is feasible along &’

reference solution ("), cost: 2.241 00s solution &', naive, cost: 2.443
%', farsighted, ¢ = 0.00, cost: 2.368
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@S Wind QU Turbine @ Pump %', farsighted, e = 0.10, cost: 2.359

——— Water Reservoir fill level

l_/v




Power Scheduling Solutions

o tree 5: 2899 nodes, from 4000 initial scenarios

e compare reference solution X(£"()) and
modification %' that is feasible along &’

reference solution %(£"("), cost: 2.241

@D Coal @D Gas&Steam @D Gas
@D Wind @D Turbine @ Pump

——— Water Reservoir fill level

l_/v

reference scenario £h(7)
00s scenario &'

00s solution &, naive, cost: 2.443

%', farsighted, £ = 0.00, cost: 2.368
X', farsighted, € = 0.05, cost: 2.364
%', farsighted, € = 0.10, cost: 2.359
X', farsighted, ¢ = 0.25, cost: 2.305




Power Scheduling Solutions

o tree 5: 2899 nodes, from 4000 initial scenarios

e compare reference solution X(£"()) and
modification %' that is feasible along &’

reference solution %(£"("), cost: 2.241
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Power Scheduling Solutions

o tree 5: 2899 nodes, from 4000 initial scenarios

e compare reference solution X(£"()) and
modification %' that is feasible along &’

reference solution %(£"(")), cost: 2.241

@D Coal @D Gas&Steam @D Gas
@D Wind @D Turbine @ Pump

——— Water Reservoir fill level

l_/v

reference scenario £h(7)
00s scenario &'

00s solution &, naive, cost: 2.443

%', farsighted, £ = 0.00, cost: 2.368
X', farsighted, € = 0.05, cost: 2.364
%', farsighted, € = 0.10, cost: 2.359
X', farsighted, € = 0.25, cost: 2.305
%', farsighted, € = 0.50, cost: 2.428
X', farsighted, ¢ = 1.00, infeasible

12 24 36
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o well suited for processes where &; depends only on short-time history

= represent a large number of scenarios with a small number of nodes
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BUT: due to time-coupling constraints, solution process is unlikely to follow
same recombination pattern as scenario tree




Recombining scenario trees

=

consider scenario “trees’ where scenarios are allowed to recombine
well suited for processes where &; depends only on short-time history
represent a large number of scenarios with a small number of nodes

BUT: due to time-coupling constraints, solution process is unlikely to follow
same recombination pattern as scenario tree

modification of Nested Benders decomposition allows for solution process
that is dynamically recombining

C. Kiichler, S. Vigerske, Decomposition of Multistage Stochastic Programs with
Recombining Scenario Trees, SPEPS 9 (2007)

extends work of Pereira & Pinto (1991) and Infanger & Morton (1996)

g
zi% j
4

i

gi i




Average distance oos scenarios to recomb. scenario trees

e construct recombining scenario trees from 4000
initial scenarios with varying degrees of
reduction in subtrees = £



Average distance oos scenarios to recomb. scenario trees

e construct recombining scenario trees from 4000
initial scenarios with varying degrees of
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That's it.

Thanks!
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