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Classification of methods

» Linear multistep methods
> |OW COStS Rosenbrock
> very successful (BDF)
> not A-stable for p > 2

Obreshkov

» Runge-Kutta methods

> very good stability properties

> stepsize change is easy @
> high costs Runge-Kutia

0

Euler

» General linear methods (GLM)

use of f
. derivatives
> combine advantages
of both classes use of y
. more info } derivatives
> make new methods possible from past
. g s more work
> provide unifying framework \/ per step

for known methods
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An example method

Y 60015 hf(r)
Y2 650|153 hf(¥) s =3
_ |1 21 1 r=
Yn 553 1 3 Yn—1 q=2
hf(yn) 001]/00 Rf(yn—1)
h h h
Y = gf(Y]) + Y1+ gf(ynf]) = Yu—1+ g(f(yn—l)Jrf(Yl))
h h h h
= gf(Y1)+6f(Y2) +,Vn71+6f(ynfl): Y +g( f(n) +£(12))
h 2h h h 1 4 h
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» two TR steps followed by one BDF step (stepsize g)
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An example method

v s 00|13 hf(r1)
Y2 6501 hf(¥) $=3
_ |1 21 1 r=
Yn 553 1 3 Yn—1 q=2
hf(yn) 001]/00 Rf(yn—1)
h h h
Y= gf(Y]) + Yu—1 + éf(ynfl) = Y1+ g(f(,vnfl) +£(11))
h h h h
= gf(Y1)+gf(Y2) +,Vn71+6f(ynfl): Y +g( f(n) +£(12))
h 2h h h 1 4 h
Y3:gf(Y1)+§f(Y2)+gf(Y3)+yn71+6f(}'nfl): *§Y1+§Yz+§f(Y3)

» two TR steps followed by one BDF step (stepsize %)
» output: y, = Y3 coincides with last stage  (stiff accuracy)
» input: yl['j:ll] ~ hiy{(t,_;) (Nordsieck form)
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(1]
Y
Order and Stage Ordel‘ %[0] — M /E local error
Y _{AL{} hf(Y) 3 3
Wl | LBy yln=1]
o— [ ——>e
y(to) y(t)
» let S be a starting procedure
» the method has order p, if yl =30 - o(w+h)

» the method has stage order ¢, if  Y; = y(to + c; h) + O(h?™)
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Y _{AL{} hf(Y) 3 3
Wl | LBy yln=1]
o— [ ——>e
y(to) y(t1)
» let S be a starting procedure
» the method has order p, if yl =30 - o(w+h)

» the method has stage order ¢, if  Y; = y(to + c; h) + O(h?™)
Theorem (Butcher/Wright)

There are methods with p = g for arbitrary order.

A
It is possible to choose A = [ 1 = reduce costs.
*
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GLMs for index-2 DAEs

> given input quantities

A
A (q(x(2),1) ) +b(x(r),1) =0 ][('lel ~ 1L (x(1), 1)
1 1 T » define
singular charges voltages
o fluxges/ cu}'regnts/ q(thtc) . A ‘ Z/[ h Q:’l
g ~|IB \ V] | g
such that

AQ,+ b(X,,t)=0
> solve for the stages X,

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 10



GLMs for index-2 DAEs
@000

GLMs for index-2 DAEs

> given input quantities

/
A (q(x(2),1) ) +b(x(r),1) =0 1[:;11] ~ hkdt‘q( (1):1)
R ' 1 > define
SR ant) | _[A|UT | hQ,
e ~|'B ‘ V] | g1
such that

AQ, +b(X,,t.)=0
> solve for the stages X,
Remark

» charge conservation is guaranteed
» only charges / fluxes are passed on from step to step
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GLMs for index-2 DAEs

> given input quantities

/
A (q(x(2),1) ) +b(x(r),1) =0 1[:;11] ~ hkdt‘q( (1):1)
R ' 1 > define
SR ant) | _[A|UT | hQ,
e ~|'B ‘ V] | g1
such that

AQ, +b(X,,t.)=0
> solve for the stages X,
Remark

» charge conservation is guaranteed
» only charges / fluxes are passed on from step to step

. this scheme is difficult to analyse . ..

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 10
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GLMs for index-2 DAEs (cont.)

A(g(x,1)) + b(x,1) =0 decoupling
sl 00 - transformed DAE
index-2 DAE
discretisationl J discretisation
AQ +b(X,1) =0 decoupling . .
q(X,1) = hAQ +Ugh=" | <------------ > discretised

transformed DAE
discretised index-2 DAE
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» split solution into characteristic parts AR PN
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Decoupling index-2 equations
T~

Poy Qos

» split solution into characteristic parts AN N
UQoz TQow
S

D=DPyx. Po@rz«

x.(1) = D™ u(1) + (1) + w(?) | N

D~u

> . . ..
split equations similarly = —
12 / 765" DPG; TGyt
u' = f(u,v',1) z=z(u,t) 7 L f ~
_ _ / Iy (u,z,6) =0 ' = Fu,w,t) | —s| Ey(u,w,(,t) =0
v=glu,t w=wlu,v,t !
8(us1) (uv',1) py) Crteeg ][
ii:ézr,; w = w(u,(,t)
-
u' = fu,v',t)
v=g(u,t)
Details: Accessible criteria for the local existence and uniqueness of DAE solutions, V. (2004), Ny N S independent of x

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 12



Motivation Short indroduction of GLMs GLMs for index-2 DAEs Numerical example
00000 000 feYeT Te) o

Decoupling index-2 equations

Ty

. . . T Py / / \Q 2
» split solution into characteristic parts AN AN
_ — D~DPyz., Po@rz« UQoz. TQozs
x.(1) = D™ u(t) + z(t) + w(z) o NS |
split equations similarly i RN
z=12z(u,1) o [ I~
— / Iy (u,z,6) =0 ' = Fu,w,t) | —s| Ey(u,w,(,t) =0
w=w(u,v', 1) - ~_
[ z=z(ut) m
» [ — fg, remains non-singular (locally) T
v=g(u,t)

Implicit Index-1 System |

Details: Accessible criteria for the local existence and uniqueness of DAE solutions, V. (2004), Ny M S independent of x
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» split solution into characteristic parts AN AN
_ — D~DPyz., Po@rz« UQoz. TQozs
x.(1) = D™ u(t) + z(t) + w(z) o NS |
split equations similarly i RN
z=12z(u,1) o [ I~
— / Iy (u,z,6) =0 ' = Fu,w,t) | —s| Ey(u,w,(,t) =0
w=w(u,v', 1) - ~_
[ z=z(ut) m
» [ — fg, remains non-singular (locally) T
v=g(u,t)

| Implicit Index-1 System |

> x(t) =D ()u(t) +z(u(t), 1) + w(u(t),v'(1),1)

Details: Accessible criteria for the local existence and uniqueness of DAE solutions, V. (2004), Ny M S independent of x

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 12
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Decoupling and discretisation

Alg(x,1) +b(x,1) =0 decoupling “ jJ; ((»;7 :;7 %)
index-2 DAE + constraints
discretisationl J discretisation
/ — .
AQ +b(X,1) =0 decoupling discretised index-1 DAE

q(X,t) = hAQ' + qu[”_l] Dl >
discretised index-2 DAE

+ discretised constraints

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 13
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Decoupling and discretisation

Alg(x,1) +b(x,1) =0 decoupling “ jJ; ((u :;7 %)
index-2 DAE + constraints
discretisationl J discretisation
/ — .
AQ+b(X,1) =0 decoupling discretised index-1 DAE

q(X, 1) = hAQ +Ug | <o >
discretised index-2 DAE

+ discretised constraints

» If two subspaces associated with the DAE, DN, and DS, are
constant, then this diagram commutes.

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 13
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GLMs for implicit index-1 DAEs

> A(q(x, t))' + b(x,t) =0 is locally equivalent to

=) o= 2(0)
v=g(u,1) w=w(u,V',1)

» treat the implicit index-1 system first

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 14
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GLMs for implicit index-1 DAEs

> A(q(x, t))' + b(x,t) =0 is locally equivalent to

=) o= 2(0)
v=g(u,1) w=w(u,V',1)

» treat the implicit index-1 system first

» application of {A u ields
pp By y

U, = hAf (U, Vi tae) FU ™ g(Up, 1) = RAV, U]
ull = hBF(UL V!, the)+V ul' =1, v = pB V! 4yl

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 14
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GLMs for index-1 — local error

» find B-series representations of the exact solution

= 5 E(r)P(r) 207 i = 3 E(0)G(o) 2017,

TeT oeT

e A

» find a similar representations for the numerical result

= 5 wtnr() 25 M= 3 v()60) A

TETy, o€,

» order conditions result by comparing coefficients

u(r) < E(r), V(o) £ E(0)

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 15
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GLMs for index-1 — local error (cont.)

Theorem

Let M= Y17 % | b in Nordsieck, u; = 0, v; = 0 fori > r.

Blvi--- v,
The local error has orderp € {1,2,3} if and only if

order 1 order 3
1
1 2 1
. Be + vs _ <8> v Be? 4 2v4 =3
I B(Ac+ u3) +va =1
2
order 2 \)f BeA™1(c? —2ug) +4vqs =

Wi
o
oW
\/

1
2
3) MY BAN(2 - 2u3)? +8u =4
) Y B.A_l(c3 — 6uq) + Gvg =1

! Be + vs :%(

Y BA-( — 2u3) + 203

Il
/N

V' BATI(cAc+ cus — Bua) + 3vs =

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 16
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00000 000 o

o— M—° | b/I

y[O] M1 global error |
}. I }. ______ I—)}.
S S S S S
o——f —>eo— [ —0—————— O—E—»I

y(to) y(t1) y(t2) Y(tn—1) y(tn)

> ¢, = 3(t,) — yI" is the global error at ¢ = 1,

» Aim: find a recursion for the global error ¢, — €,

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 17
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GLMs for index-1 — global error (cont.)

Lemma

LetM = [ “g %){ ] be a GLM in Nordsieck form with nonsingular A

and local error 7,1 = O(hP+1).

Then there are suitable projector functions S, and P, such that the
global error satisfies

i1 =(V—BAU)S, ey + VP, ey + Tups + O(RH).

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 18
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GLMs for index-1 — global error (cont.)

Lemma

LetM = [ “g %){ ] be a GLM in Nordsieck form with nonsingular A

and local error 7,1 = O(hP+1).

Then there are suitable projector functions S, and P, such that the
global error satisfies

€1 =(V—=BAT'U)S, e, + VP, ey + Tpi1 + ORT).

Recall
> M(z) =V +zB(I —zA)~'U is the method’s stability matrix

> M(0) =V =  stability at zero
> M(c0)=V -BA™'U=M. = stability at infinity

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 18
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GLMs for index-1 — global error (cont.)

Theorem

Consider nonlinear implicit index-1 DAEs

u' :f(u>v/)7 v =g(u)

and a General Linear Method M = [ “g g } such that

» A is nonsingular
» the local error is O(h’*)
> My =V — BA~'U andV are power bounded.

Then the method is convergent with order p.

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 19
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Convergence for index-2 DAEs

A(q(x, 1)) +b(x,1) =0 decoupling u' = f(u,V',1)
- v=g(u,1)
index-2 DAE + constraints
discretisationl l discretisation
AQ +b(X,1) =0 decoupling et
(X, 1) = hAQ' + U g1 PRkl S . discretised index-1 DAE
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Short indroduction of GLMs Numerical example

Convergence for index-2 DAEs

Aq(x,1) +b(x,1) =0 decoupling “ ?; ((L; :) g
index-2 DAE + constraints
discretisationl l discretisation
AQ +b(X,1) =0 .
@ b 1) decoupling discretised index-1 DAE

(X, 1) =hAQ +U g | <----mmoooooe >
discretised index-2 DAE

+ discretised constraints

Xn T an = D_(tns)Uns + Z(Unsy tns) + W(Un57 Vylzsa tns)
stiff accuracy — — D_(tns)u(tns) 4+ Z(u(tns), tns) + W(M(tns), V/(tns)7 tny) + O(hmin(l’—lvq))
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Convergence for index-2 DAEs (cont.)

Theorem
Consider index-1 DAEs of the form A(q(x, t))/ +b(x, 1) =0

and a General Linear Method M = { “g ]Z/ﬁ } such that

» A is nonsingular

» the local error is O(h?*1) for implicit index-1 DAEs
» M, and V are power bounded

> M is stiffly accurate

» the stage order s q.

Then the method is convergent with order min(p — 1, g).

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 21
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Convergence for index-2 DAEs (cont.)

Theorem
Consider index-1 DAEs of the form A(q(x, t))/ +b(x, 1) =0

and a General Linear Method M = { “g ]Z/ﬁ } such that

» A is nonsingular

» the local error is O(h?*1) for implicit index-1 DAEs
» M, and V are power bounded

> M is stiffly accurate

» the stage order s q.

Then the method is convergent with order min(p — 1, g).

If M is nilpotent with M* = 0, then, after k + 1 steps,
the order of convergence is min(p, q).

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 21
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Summary

» we investigated DAEs with index 2 (eg. modified nodal analysis)
Ag(x, 1) +b(x,1) =0
» GLMs are applied directly to this formulation
AQ +b(X,1) =0 q(X,1) = hAQ' + U gi"~ "

» for analysing this scheme we used

> decoupling procedure, implicit index-1 system
> trees, B-series and global error recursions

> |f the method is
> stiffly accurate, stable at zero and at infinity, M*, = 0,
then the numerical solution converges with order min(p, ¢)
for the original formulation.

General linear methods for nonlinear index-2 DAEs - St. Voigtmann, p. 22
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