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Exercise Sheet 1

1) Let X be a normed vector space. Prove the following;:

(i) The function defined by the norm || - [[x : X — R is weakly lower semicontinuous.
(ii) The function defined by the dual norm || - [|x« : X* — R is weakly* lower semicontin-
uous.

2) The Uniform Boundedness Principle theorem states that if X is a Banach space, Y is a
normed space and (7;);cs is a familly of bounded linear operators from X to Y that are
pointwise bounded (i.e., for every x € X the set {T;(x)};cr is bounded) then there exists
an M > 0 such that ||T;|| < M for every i € I.

Use the theorem above to prove that if K is a weakly compact subset of X then K is
bounded with respect to the norm of X.

3) Let Q = (0,1) and (un)neny C L3(Q) with u,(z) = sin(27nz) for every n € N. Find the
weak limit of this sequence. Does this sequence converge strongly?
Hint: Use the fact that C1(0,1) is dense in L?(2) (why?).

4) Let X be a topological vector space and let (F;)icr be a family of lower semicontinuous
functions where F; : X — R for every ¢ € I. Show that the function F' : X — R is also
lower semicontinuous where

5) Let © C R? an open bounded domain. Define the function F : L'(Q2) — R as

Sl ifue L?(Q)
Flw) = {—I—oo it ue LNQ)\ L2(9Q).

Show that F is lower semicontinuous with respect to the norm topology of L!((2).

6) Does the problem

inf / Vu? + 2dx

ueWbL1(Q)
u(0)=0
u(1l)=1
have a solution?
7) Show that the problem
it 5l Ty + [ [Vulda

has a solution. Is the solution unique?



