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Exercise Sheet 2

1) Let X be a real topological vector space. Recall the definition of the epigraph of a function
f : X → R:

epi(F ) = {(x, α) ∈ V × R : f(x) ≤ α}.
Prove the following:

(i) A function F is convex if and only if its epigraph is convex.
(ii) A function F is lower semicontinuous if and only if its epigraph is closed.

(iii) If X is a Banach space and the function F : X → R is lower semicontinuous with
respect to the norm then it is also lower semicontinuous with respect to the weak
topology.

2) For a function F : X → R we define F to be the lower semicontinuous envelope of F , that
is, the pointwise supremum of all lower semicontinuous functions that are everywhere less
than F :

F (x) = sup {G(x) : G ≤ F and G is lsc} .
Prove the following:

(i) epi(F ) = epi(F ), (the closure of epi(F )).
(1) For every x ∈ X and xn → x, F (x) ≤ lim infn→∞ F (xn).

3) Let X be a real topological vector space. The indicator function IA of a set A ⊆ X is
defined as

IX(u) =

{
0 if x ∈ A,
+∞ if x /∈ A.

Show that:
(i) IA is convex if and only if A is convex.

(ii) IA is lower semicontinuous if and only if A is closed.
(iii) IA = IA

4) Let X be a reflexive Banach space and F : X → R be a weakly lower semicontinuous
function with the property that F (x) → ∞ when ‖x‖ → ∞ (in particular it is coercive).
Let A ⊂ X be a convex set, closed with respect to the norm. Prove that the constrained
minimization problem infx∈A F (x), has a solution.

5) Let X be a Banach space and F : X → R a convex function. We define F ∗ : X∗ → R to
be the polar or convex conjugate of F as

F ∗(x∗) = sup
x∈X
〈x∗, x〉X∗,X − F (x).

(i) Calculate the convex conjugate of : F : L2(Ω)→ R with F (u) = 1
2‖u‖

2
L2(Ω).

(ii) Show that F : L2(Ω) → R with F (u) = 1
2‖∇u‖

2
L2(Ω), is lower semicontinuous (where

F (u) :=∞ if ∇u /∈ L2(Ω,Rd)). Revisit problem (6) of Exercise Sheet 1.


