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Problem Set 5
Due: Thursday, 10.12.2020 (18pts total)

Problems marked with (%) will be graded. Solutions may be written up in German or
English and should be submitted electronically via the moodle before the Ubung on the
due date. For problems without (*), you do not need to write up your solutions, but it is
highly recommended that you think through them before the next Tuesday lecture. You
may also use the results of those problems in your written solutions to the graded problems.

Convention: You can assume unless stated otherwise that all functions take values in a
fixed finite-dimensional inner product space (V,{, )) over a field K which is either R or C.
The Lebesgue measure on R" is denoted by m.

Problem 1
Show that the space of bounded continuous functions on R is not dense in L*(R).

Problem 2
Fix p,q € [1,00] with 2+ 1 = 1.

(a) Show that if p > 1 and f € L} (R") satisfies {.(f,)dm = 0 for all smooth
compactly supported functions ¢ € CF(R"), then f = 0 almost everywhere.!

(b) (¥) Assume 1 < p < oo, and suppose T,T* : CP(R") — C*(R") are two linear
operators satisfying the “adjoint” relation

| @rgdn=[ ¢rigam foran ggecimn.
Rn Rn

Show that T" extends to a bounded linear operator 7' : LP(R™) — LP(R") if and only
if T* extends to a bounded linear operator T* : LY(R"™) — L4(R"™). [6pts]

Hint: Use the isometric identification of LP with the dual space of L?. (In part (a), this
makes sense only after restricting to a compact subset.) You will also need to use the
density of Ci° in LP.

Problem 3 ()
Show that for any f,g € L'(R") and a compactly supported smooth function ¢ : R” — R,

(o= f,g)dm = f (f, 07 * gydm,
Rn Rn

where ¢~ () := p(—z). [4pts]

Hint: Here is a useful fact about integrals of vector-valued functions. If L : V — W is a
linear map between finite-dimensional vector spaces and f : R™ — V is Lebesgue integra-
ble, then Lf : R" — W is also Lebesgue integrable and (g, Lf dm = L ({. f dm).

'"We will see when we study distributions that the result of Problem 2(a) is also true for p = 1, but
that case is trickier to prove.



Problem Set 5

Problem 4 (x)

For an integer m > 0, let CJ*(R™) denote the Banach space of C"-functions R" — V
whose derivatives up to order m are all bounded, with the usual C™-norm. Let C™(R")
denote the subspace consisting of functions f € C}"(R"™) whose derivatives of order m
are also uniformly continuous.? One can show along the lines of Problem Set 1 #3(b)
that C™(R™) is a closed subspace of CJ"(R"), so it is also a Banach space. Prove that if
f € C™(R") and {p; : R™ — [0,0)}jen is an approximate identity with shrinking support,
then

ity g+ £ = Flom =0,

and conclude that C*®(R") n C™(R") is dense in C™(R"). [Spts]
Hint: A similar (though non-identical) result is proved at the end of §5 in the lecture notes.
We did not cover it in lecture.

2Note that for f € C™(R™), the derivatives of any order k < m are also uniformly continuous, but this
is not an extra condition; it follows (via the fundamental theorem of calculus) from the assumption that
the derivatives of order k + 1 are bounded.
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Show that the space of bounded continuous functions on R is not dense in L*(R).
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Fix p,q € [1,0] with%+ % =1

a) Show that if p > 1 and f e LP (R™) satisfies {..{f,>dm = 0 for all smooth
( ) loc R
compactly supported functions ¢ € CF(R™), then f = 0 almost everywhere.!

(b) (%) Assume 1 < p < o, and suppose T,T* : CL(R") — C®(R") are two linear

operators satisfying the “adjoint” relation
| @rgam= | G.r0gdm foran fgecpe).
R” R"

Show that T' extends to a bounded linear operator T : LP(R™) — LP(R") if and only
if T* extends to a bounded linear operator T* : LY(R"™) — L(R"). [6pts]
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Problem 3 (x)
Show that for any f, g € L'(R") and a compactly supported smooth function ¢ : R® — R,

| wrran=| <o egyim,

where ¢~ (z) := p(—x). [4pts]
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Problem 4 ()

For an integer m > 0, let CJ*(R™) denote the Banach space of C™-functions R" — V

whose derivatives up to order m are all bounded, with the usual C™-norm. Let C™(R")

denote the subspace consisting of functions f € CJ*(R™) whose derivatives of order m

are also uniformly continuous.? One can show along the lines of Problem Set 1 #3(b) S Q /

that C™(R™) is a closed subspace of CJ"(R™), so it is also a Banach space. Prove that if -3

fe C™R") and {p; : R™ — [0,0)} jen is an approximate identity with shrinking support, ‘k’Y)'

then C——K '
i Jpj % f = fllom =0,

and conclude that C®(R™) n C™(R™) is dense in C™(R"). [8pts]
Hint: A similar (though non-identical) result is proved at the end of §5 in the lecture notes.
We did not cover it in lecture.

?\3 *% ) SV\AOO*\/\J' A\v@d)j seevl n Sre lechuen

fad(@%): 95%‘}‘)&



Q\.') s Qn O??YUN'\MO\)-Q \620\W>V\6 c,:/ S\r\ﬂn'f\kr\'«\aﬁ
xm?yov’c , 'K\'}'-—ab amd oupp( (ij> <. %ab'(h)‘

d

(JLOO jl(@ ]J}CK :D(J(Qﬂcﬁ 3—(»@\
R™

- ﬁjt(x_j) Py - $GH)

RY 4+ fo) (3-@50\5 Lo

j (qtﬁx 9) %C*)@(j) a + %(x)@@ dm )R

[gw RN

2 J 156eg) ~olesi dy + |1l
Y,

—

A ej o Q)\)Pm\yﬁ blc ?j o O (lr;vaox(rmk‘:
“'dm}p"’a =0 J%AM’—'L 053——300
‘RW
= U‘jS\m—ll<€j ¥ & >
(KVI

/Kf A0 \QDLAN\.C&'ECL m % l’\a,uL Su?povt
Cont W(L -U:b ?)/\\3
B Ly - B0



- J

= \33 @ -+ £ é %(«—ﬂ»%wl @) dm +JC

/ & 4 € bourd o
i | i uijmlg S

)

[4e-lele ant
e M w0 G o
YDM@L% < élsedo\m +H\J
By i o =D
< é/—’c"d\%’ gg?jo)m"’l.

(€ é’m/ ] Qﬁwﬁé émO%-
H-(ﬁ)‘jfm\ L€

J
=p %' umuM?Z MAL&WWJ? @ 3'

:S\W\O«/\Q/Z e e —}ad‘ Pral X\g o QN QRY

DJT ovée/r £m .\Ot)\A/V\d'eC\ C'/mf} o2

Maiv &Qwu
UNM&NW%ﬁ CoOn Y MBsUO
=0 fioop —=§ s @)

j= &
J @



