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Problems marked with p˚q will be graded. Solutions may be written up in German or

English and should be submitted electronically via the moodle before the Übung on the

due date. For problems without p˚q, you do not need to write up your solutions, but it is

highly recommended that you think through them before the next Tuesday lecture. You

may also use the results of those problems in your written solutions to the graded problems.

Convention: You can assume unless stated otherwise that all functions take values in a

fixed finite-dimensional inner product space pV, x , yq over a field K which is either R or C.
The Lebesgue measure on Rn

is denoted by m.

Problem 1
Show that the space of bounded continuous functions on R is not dense in L8pRq.

Problem 2
Fix p, q P r1,8s with 1

p ` 1
q “ 1.

(a) Show that if p ° 1 and f P Lp
locpRnq satisfies

≥
Rnxf,'y dm “ 0 for all smooth

compactly supported functions ' P C8
0 pRnq, then f “ 0 almost everywhere.

1

(b) p˚q Assume 1 † p † 8, and suppose T, T ˚
: C8

0 pRnq Ñ C8pRnq are two linear

operators satisfying the “adjoint” relation

ª

Rn
xTf, gy dm “

ª

Rn
xf, T ˚gy dm for all f, g P C8

0 pRnq.

Show that T extends to a bounded linear operator T : LppRnq Ñ LppRnq if and only

if T ˚
extends to a bounded linear operator T ˚

: LqpRnq Ñ LqpRnq. [6pts]

Hint: Use the isometric identification of Lp
with the dual space of Lq

. (In part (a), this

makes sense only after restricting to a compact subset.) You will also need to use the

density of C8
0 in Lp

.

Problem 3 p˚q
Show that for any f, g P L1pRnq and a compactly supported smooth function ' : Rn Ñ R,

ª

Rn
x' ˚ f, gy dm “

ª

Rn
xf,'´ ˚ gy dm,

where '´pxq :“ 'p´xq. [4pts]
Hint: Here is a useful fact about integrals of vector-valued functions. If L : V Ñ W is a

linear map between finite-dimensional vector spaces and f : Rn Ñ V is Lebesgue integra-

ble, then Lf : Rn Ñ W is also Lebesgue integrable and
≥
Rn Lf dm “ L

`≥
Rn f dm

˘
.

1We will see when we study distributions that the result of Problem 2(a) is also true for p “ 1, but
that case is trickier to prove.
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Problem 4 p˚q
For an integer m • 0, let Cm

b pRnq denote the Banach space of Cm
-functions Rn Ñ V

whose derivatives up to order m are all bounded, with the usual Cm
-norm. Let CmpsRnq

denote the subspace consisting of functions f P Cm
b pRnq whose derivatives of order m

are also uniformly continuous.
2
One can show along the lines of Problem Set 1 #3(b)

that CmpsRmq is a closed subspace of Cm
b pRnq, so it is also a Banach space. Prove that if

f P CmpsRnq and t⇢j : Rn Ñ r0,8qujPN is an approximate identity with shrinking support,

then

lim
jÑ8

}⇢j ˚ f ´ f}Cm “ 0,

and conclude that C8pRnq X CmpsRnq is dense in CmpsRnq. [8pts]
Hint: A similar (though non-identical) result is proved at the end of §5 in the lecture notes.

We did not cover it in lecture.

2Note that for f P CmpsRnq, the derivatives of any order k † m are also uniformly continuous, but this
is not an extra condition; it follows (via the fundamental theorem of calculus) from the assumption that
the derivatives of order k ` 1 are bounded.
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1 Show an example f E lock which cannot be

approximated by any sequence of bounded continuous
functions

fCx O i 2 0 e PCR's
L N ZO

yI

Tf any sequence tn e CbCR s t Ling HnH o

Suppose not then tf E O F NEN s t t n zNs

Ifn fl C Take E

Ifncx ta l L Yz tnCx 221 14



fncX L I f ko

f n x iz I Zz H X 20

This cannot happen as for one continuous function

CbGR is not dense in ECR

There are many more examples

a Ldf 47dm 0 if QE Irn

Let 13,26 is some closed ball of radius Rin

IR

dami zfpeojhfigldm
OV gc LYoc.GR's



where Iq L

C is dense air LV F some 4 ECE s t

f ESO

Sfg dm Stg fatty dm

SfCg a dm Sfadm
o giveno

g war arbitrary Jtg dm 0

LP and kN
t
are isomorphic to each other

as
The function on L which is given

As Jlt dm is 0 by

Every functional on it must be of the form As
for some f E LP Riesz Rep

o LN LP is an isomorphism

Af O 0 0 f O a e on BRI
F a measure zero set in BploT
s t f to



We know that IRB can be covered by countable
union of closed balls

Atmost we have countable measure zero sets

where f 1 0 But countable union of measure

zero sets is still a measure zero set

f 0 a e on IR
ta

b Suppose 1 LOCK's EHR is a bounded

linear operator
Want Too LCR's LPGA is a bounded linear

operator

Lemmy X Y let VC X be a dense subspace

If he LCU Y then 11 can be extended
to Te Lexi's and the operator norm of
11TH 11h11 Lec 33

Let f e CE kn and define e CECR'D

Ng LLTt g dm InCf Mg dm

CECIRn IR



1kg4 1,11781dm

J Iff T'S71dm pa is aboundedRn
linearop D

E Hft HT.glLeo ppgqq.EC lgllgHolders

I CHttp119ha
7 canbeextended

1 has bounded operator normeie LF
p A can be extended to a bounded linear operator

from LV
r e Lor

t HAH E CHfHuo

A An for some help C 4 LP

But from the condition in the problem

In Tf and Affll E CHHILP

because Ch LP is isometric

E Tf is bounded in the norm by
the lemma T can be extended to abounded



linear operator LPCRn Earn

µ

he f g dm In f ang DX

Ln noG g fly dy g dx

fan ax g gadfly dy dx

fpfelxDgaddxjfhdylfubninm.is

L ftp.nlef ly xbgcxldx fCy dy
pJn fny

Cy x gcx dx tcy7dy



L Ce g G fly dy

Lucy a g t dy

for an arbitrary vector space V we just use

f J io and just follow the

same proof
Da

43
trick

Pj f is smooth Already seen in the lectures

sileja f g af



Pj is an approximateidentity w shrinking
support rj o and supplej e Boy.CO

Fj Pj f

Ifj fast Latex g Ply dy fan

nfix y G
us fixtg.ly

fax Pj dy f I

Luffa y f G paddy fCx gjdm

EL Ita y fanlejey dy t fix IEj
where Ej is appearing

b c Pj is an approximate

identity Jµpjdm L as j a

I nPj dm 11 CEj t g so

i f is bounded and Pj have support
contained eie By

jkl fix y data



2 they 2 I

lfjcx tmlt fgy.lt 9 dm ofEj
LE bound on

Hanfable2M as f is uniformly
t

where M is the continuous

bound ou fo E E Jpg dm M Ej
Bnj as jess

I C Meg Spjelm L

E for j large enough

Ifj fanICE

Fj converge uniformly to f

Similarly use the fact that f have all of
their derivatuis of order Em bounded and are

uniformly continuous

fj G f f in omCRI
j a

Feds


