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Abstract

Let 0 be the ring of integers in a finite extension K of Q,,, let k be its residue field. Let G be
a split reductive group over Q,, let T be a maximal split torus in G. Let H(G, Iy) be the pro-
p-Iwahori Hecke o-algebra. Given a semiinfinite reduced chamber gallery (alcove walk) C'(*) in
the T-stable apartment, a period ¢ € N(T') of C(®) of length 7 and a homomorphism 7 : Ly —
T compatible with ¢, we construct a functor from the category Mod™ (H(G,Iy)) of finite
length H(G, Ip)-modules to étale (¢, I')-modules over Fontaine’s ring Og. If G = GL4+1(Q))
there are essentially two choices of (C(’), ¢, 7) with r = 1, both leading to a functor from
Mod™(H(G, Iy)) to étale (¢, T)-modules and hence to Galg,-representations. Both induce
a bijection between the set of absolutely simple supersingular H(G, Iy) ®, k-modules of
dimension d +1 and the set of irreducible representations of Galg, over k of dimension d+1.
We also compute these functors on modular reductions of tamely ramified locally unitary
principal series representations of G over K. For d = 1 we recover Colmez’ functor (when
restricted to o-torsion GLo(Q,)-representations generated by their pro-p-Iwahori invariants).
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In his remarkable opus [5] on the p-adic local Langlands correspondence for GL2(Q,), Colmez

established a bijection between certain representations of GL2(Q)) and certain two-dimensional



representations of the absolute Galois group Galg, of the field Q, of p-adic numbers. These
representations have coefficients either in a finite extension of F,, or in a finite extension of
Qp. In either case, the theory of (¢,I')-modules as developed by Fontaine [7] provides the
required intermediate objects in order to pass from one side to the other. Prior to Colmez’
work the characteristic p correspondence had been suggested by Breuil as an explicit ”by hand”
matching between the objects on either side; it was then astonishing to see this correspondence
being realized even by a functorial relationship between GL2(Q))-representations and (p,I')-
modules. A certain functor D from o-torsion representations of GL2(Q,) to (¢, T')-modules over
o constitutes one half of this relationship. Here o is the ring of integers in a finite extension K of
Qp. Although Colmez does not phrase it in these terms, his functor D may be viewed as factoring
through a functor from certain coefficient systems on the Bruhat Tits tree X of PGL2(Q)) to
(¢, T')-modules. The purpose of the present paper is to suggest an extension of this latter functor
to certain coefficient systems on the Bruhat Tits building X of a general split reductive group G
over Q. Such coefficient systems can in particular be attached to (o-finite-length) modules over
the pro-p-Iwahori Hecke o-algebra H(G, Iy), formed with respect to a pro-p-Iwahori subgroup
Iy in GG. The entire construction depends on a certain choice, and for each such choice we end
up with an exact functor from such H(G, Ip)-modules to (¢", I')-modules, with » € N depending
on that choice.

Let vy denote the vertex of X fixed by GL2(Zy). In GL2(Q,) consider the element ¢ =
( po ) and the subgroups 9y = ( L Zy ) and I' = Z, 0 ) The orbit of vg under

0 1 0 1 0 1
the submonoid [N, ¢, T'] of G generated by My, ¢ and I' defines a halftree X inside X: its
edges are those whose both vertices belong to that orbit. Adding the unique edge with only one
vertex (namely vg) in that orbit we obtain the half tree X. Let V be a [Ny, ¢, I |-equivariant o-
torsion coefficient system on X. Let D(V) = Ho(Xy,V)* and D'(V) = Ho(X,,V)* (Pontryagin
duals). Under a suitable finiteness conditions these are compact OF = o[[Mp]]-modules and the
natural map D'(V) ®of Og — D(V) Bof Og =: D(V) is bijective, where Og denotes the p-adic
completion of OZ with respect to the complement of mxOF, where mx € o is a uniformizer.
The actions of ¢ and I' then provide D(V) with the structure of an étale (¢, I')-module. (The
O -lattice D'(V) carries the p-operator, the Of -lattice D(V) carries the -operator.)

Now suppose we are given a G-equivariant coefficient system V on X. By what we said,
in order to pass from V to an étale (p,I')-module we might try to assign to V a [, ¢, T']-
equivariant coefficient system on X, . Thinking sheaf theoretically, a very naive pattern would
simply be: choose an embedding (a notion to be clarified) ¢ : Xy — X and take the pull back
1~V of V to X . However, in order that :='V receives a |y, ¢, I'|-action from the G-action on
Y one must ask an equivariance property of ¢. At first one would think of such an equivariance
property with respect to a chosen embedding of [Ny, ¢,T'] into G, but if G # GL2(Q,) such
a construction is apparantly not available. Now the main point of the present paper is that
this embedding idea can nevertheless be implemented if the equivariance property is negociated

down to the bare minimum which just suffices for such an equivariant pull back of coefficient



systems — but only for equivariant coefficient systems of a very specific type: coefficient systems
"of level 1”7 in our terminology.

Let T C G be a split maximal torus, A C X the corresponding apartment, C C A a
chamber, I C G the corresponding Iwahori subgroup, Iy C I its pro-p-Iwahori subgroup, NT a
Borel subgroup with unipotent radical N and Ny = N N I. We fix an infinite reduced chamber
gallery C®) = (C = ¢, cM c@ . )in A with [Ny - C®| = p' for i > 0. Given C®), we
choose an auxiliary datum, which we call ©: for all i > 0 an identification of the orbit Ny - C'?)
with the set of edges of X, ”at distance i”, and of the orbit Ny - (C®) N CU+D) with the set of
vertices of X, ”at distance ¢”. This should respect face inclusions.” Carefully chosen, such a ©
identifies the action of Ny on the neighbourhood of any n - (C® N CUH+Y) (for n € Ny) — i.e.
on the chambers containing n - (C® NG+ — with the action of My on the neighbourhood of
the corresponding vertex in X,. Such a © given, Ny-equivariant coefficient systems V on X of
level 1 give rise to p-equivariant coefficient systems O,V on X, : this is essentially built into
the level-1 property which exactly says that the Ny-action on V(n - (CY nC0+1)) is insensitive
to the subgroup fixing the above neighbourhood of n - (C® N CG+1) pointwise." The ambiguity
in the particular choice of © is immaterial for our further purposes, as long as C(*) is fixed.

If ¢ € N(T) is a period of length r € N for C(®), i.e. if ¢(C?) = CU+7) for all i > 0, then
© can be chosen in such a way that ©,) receives an action by |y, ¢"|. Similarly, if for an
embedding 7 : Z,; — T the image 7(Z,’) commutes with ¢ and acts semilinearly on V), then ©,V
receives an action by [Ny, ¢",T'|.

For equivariant coefficient systems V of level 1 on X satisfying a certain finiteness condition
we thus obtain an étale (¢",I')-module D(0,V) by the functor analogous to the one discussed
at the beginning (now with a ¢"-action instead of a p-action).

To any admissible o-torsion representation V' of G one can associate a G-equivariant coef-
ficient system V on X which indeed satisfies the said finiteness condition: to a chamber C’ of
X with corresponding pro-p-Iwahori subgroup I, one assigns V(C') = V1, to a lower dimen-
sional facet F' one assigns the sum (inside V') of the entries of V at the chambers containing
F. But a closer look at this coefficient system V shows that in fact it only depends on the
H(G, Ip)-module V70 and that it even does not need the G-representation V surrounding V1o,
Therefore its construction generalizes to a functor M — Vy; from the category Mod™ (H(G, Iy))
of H(G, Ip)-modules which (as o-modules) are of finite length, to coefficient systems on X which

satisfy the said finiteness condition. All this is functorial, hence a functor

from Mod™(H(G, Iy)) to the category of étale (¢",T')-modules. It is exact. If the o-action
on M factors through k then the action of Og on D(0.V)) factors through the residue field

*By convention, our chambers are the closures of those open subsets usually referred to as the chambers of X.

"Notice that we only need values of V on all the n-C® and n- (C’(i) N C’(i“))7 not on smaller facets. Therefore,
deviating from usual terminology, a ’coefficient system’ in this paper is ony defined on facets of codimension 0 or
1.



k(=2 k((t))) of Og and we have
dimy, D(0.Vy) < dimy M.

The functor depends on the choice of C(®), ¢ and 7. It is of course of interest to find C(®), ¢, 7
such that the length r of the period ¢ is small.

Let I'g be the maximal pro-p-subgroup of I'. A slight simplification of the above construction
produces an étale (¢", T'g)-module D(0, V) for any choice of (C(®), ¢), not requiring a cocharac-
ter 7 as above. (The existence of such 7 apparently is a fairly restrictice assumption on (C(*), ¢).)
Thus, any pair (C(®), ¢) gives rise to a functor M — D(0,Vy) to étale (¢”, I'g)-modules, cf.
Proposition 4.4, Corollary 7.3 (a), Theorem 7.5 (a).

Let G = GLg44+1(Qp) for some d € N. Then, asking for C®), ¢, 7 with r = 1 one has
essentially just two choices, namely where C(*) is interpolated by the translates of C' by one of
the two (if d > 1) extreme (in the Dynkin diagram) simple coroots. As r = 1 we obtain usual
étale (¢, I')-modules D(©,V)r), hence we can pass to their corresponding Galg,-representations
W (D(O4Var)). We compute the resulting functor

M — W(D(0.Vy))

from Mod™(H(G, Ip)) to Galg,-representations over o in important cases. Let H(G, o), =
H(G, [()) ®o k

Theorem 8.8: The functor M — W (D(0,Var)) induces a bijection between

(a) the set of isomorphism classes of absolutely simple supersingular H(G, Iy)-modules of
dimension d + 1 and

(b) the set of isomorphism classes of smooth irreducible representations of Galg, over k of

dimension d + 1.

The required input about H (G, Iy)x-modules is provided by work of Ollivier [11] and Vignéras
[15] while the facts needed about Galg,-representations we found in work of Berger [2]. These
ingredients allow us to make the correspondence in Theorem 8.8 completely explicit, similarly
to Breuil’s matching correspondence in the case of GL2(Q)).

Next we evaluate the functor on reduced standard H(G, Ip)i-modules (or H(G, Ip)i-modules
of W -type). Such modules admit a k-basis indexed by the finite Weyl group W in terms of which
the H(G, Iy)x-action can be given very neatly. One may expect reduced standard modules to play
a similar role for the representation theory of H(G, Ip)i as standard modules do in similar and
more classical contexts. If Y is a locally unitary tamely ramified principal series representations
of G over K then the H(G, Iy),-module arising by modular reduction from the H(G, Iy) ®, K-
module Y% of Ip-invariants is a reduced standard H(G, Ip)i-module, see [9]. (Here, by local
unitarity of Y we precisely mean that Y0 admits an H (G, Iy)-stable o-lattice.) For any reduced
standard H(G, Ip)r-module M we explain how the Galg,-representation W (D(©.V)yr)) can be
filtered in such a way that the subquotients take the form imd(wf}1 41)®@w’ug with varying m > 0,
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h,s € Z, 3 € k™8 (in usual notations, e.g. as in [2]). Such a filtration is induced from a suitable
k-vector space filtration on M which itself is induced from a suitable (set theoretical) filtration
on W associated with M. In the special case where M = V0 for a tamely ramified principal
series representation V of G over k one can be even more precise. In that case we describe a
filtration of W (D(©.Vy)) with d-dimensional subquotients of the form ind(w?) ® w*us with
varying h, s, 3, and we find dim; W (D(©.Vyr)) = d!d (whereas dimy (M) = (d + 1)!, as for any
reduced standard H(G, Ip)i-module). See Theorem 8.14 for the precise statement. It generalizes
Colmez’ computation in the case d = 1.

The key step in computing the Galg,-representation W (D(©.Vys)) is the passage from the
module Hy(X4, ©. V) over the non commutative polynomial ring k. [¢, ] over kf = k[[Mo]] (=
k[[t]]) to the étale (p,I')-module D(©,V)s) over ke. To this end, inspired by section 5 of [6] we
introduce a notion of ’standard cyclic modules’ over k; [p, T']; these give rise to (¢, ')-modules
over kg whose associated Galg, -representations are of the form ind(w/, ;) ® w®pg.

The structure of the present paper is as follows. We start, section 2, by recalling preliminaries
about mod p representations of SLa(IF,,) as needed in sections 4, 5, 8. In section 3 we present our
main geometric construction: an isomorphism © between the Ny-orbit of a semiinfinite chamber
gallery C(®) in X as above, and the half tree ¥ ; this © can be chosen to be ’equivariant’ in a
sense suitable for our purposes. In section 4 we introduce our notion of equivariant coefficient
systems as needed in this paper, and their (strict) level-1-property. We explain the passage from
equivariant coefficient systems of level 1 on X to such on X, by means of ©, and we prove the
important Theorem 4.3 which says that the 9g-invariants in Ho(Xy, V) for an Mg-equivariant
coefficient system V on X of strict level 1 are just the obvious ones. The functor M — Vs
from Mod™ (H(G, Iy)) to coefficient systems on X is the subject of section 5. Section 6 recalls
basic facts on (", I')-modules, followed by a discussion of standard cyclic modules over kF [, T']
and their corresponding Galg,-representations. Section 7 explains the functors from equivariant
coefficient systems on X to modules over kg [¢", T, to (¢",T')-modules and to (", T')-modules.
This is almost formal and only rephrases the main construction of Colmez’ functor D in terms
of the halftree X;. We end with our computations of the functor M +— W (D(0.,V,s)) in the
case G = GLg11(Qp) and r = 1, section 8.

Remarks: (a) Composing our functor D with the functor of taking Iy-invariants one obtains
a left exact functor from smooth admissible o-torsion representations of G to (¢",I')-modules,
resp. to Galg,-representations. Our approach to generalize Colmez’ functor D is completely
different from and independent of the approach taken in [13]. There, a functor from smooth
o-torsion representations of a Borel subgroup of G to generalized (¢, I'g)-modules is defined,
based on certain higher dimensional generalizations of (¢, I'g)-modules.

(b) Throughout, we could just as well replace G by the group of F-rational points of an
F-split connected reductive group over F, for an arbitrary local field F' with residue field I,
(but still using the tree X of GL2(Q,) and the associated usual (¢, I')-modules).

(c) In the sequel [10] to this paper we discuss in more detail the functor D introduced here



for split reductive groups over Q, other than GLg41(Q)).
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Notations: We fix a finite extension K/Q, with ring of integers o, prime element mx and
residue field k. We let leg resp. k®2 denote an algebraic closure of Qp resp. of k. For
m > 1 we write 0,, = o/m%. Recall that Pontryagin duality V +— V* = HomS(V, K /o) sets up
an equivalence between the category of all torsion o-modules and the category of all compact

linear-topological o-modules.

2 Mod p representations of SLy(F))

In this section we recall well known facts on the representation theory of SLy(F),) and its quotient
PSLy(F,) on k-vector spaces. We use usual conventions concerning induced representations,

Hecke algebras and Hecke operators, just as they are recalled explicitly in the later section 5.

Lemma 2.1. Let U be a cyclic group with p elements. Let W be a k[U]-module, generated by a
finite dimensional sub k-vector space W' of W with dimy(W') = dimy,(WY). Let

n: kU] @ W — W

denote the surjective morphism of k[U|-modules induced from the inclusion W' — W. Then
the map HY(Zp,n) : HX(Zp, kU] @ W) — HY(Z,, W) (continuous cohomology) is bijective for

every surjection Z, — U.

PROOF: The same as for [8] Lemma 2.1 (ii) and (iii). For the convenience of the reader, we

reproduce the proof.

(i) Any (finitely generated) k[U/]-module admits a direct sum decomposition with summands

isomorphic to quotients of k[U{]: this can be seen e.g. by applying the structure theorem for

modules over the polynomial ring in one variable over k, of which k[U] is a quotient. From this

we see that the minimal number of elements needed to generate such a k[U]-module is the same

as the dimension of its space of U-invariants. As dimy(W¥) = dimy,(W’) we therefore see that,

as a k[U]-module, W can not be generated by fewer than dimy(W') many elements.
(ii) Let
e kU@ W — W/, u®w— w for u €U

denote the augmentation map. We claim that ker(n) C ker(e).

To see this let « € ker(n). If @ ¢ ker(e) then the class of z in (kU] ®x W') @y k does

not vanish (here k[U] — k is the augmentation, its kernel is the maximal ideal of the local ring

k[U]). Therefore, by Nakayama’s Lemma, the quotient (kU] @ W')/(k[U].z) can be generated



by fewer than dimg(W’) many elements. As x € ker(n) this is a contradiction to what we saw
in (i).

(iii) Let v : Z, — k[U] @ W' be a 1-cocycle such that no~y : Z, — W is a coboundary. Asn is
surjective we may modify v by a coboundary such that now noy = 0. Let ¢ € Z, be a topological
generator. Since 7(y(c)) = 0 we have v(c) € ker(e) by (ii). But ker(e) = (¢ — 1)k[U] @x W', so
v(c) = cf — f for some f € k[U] ®, W'. Since ¢ generates Z, the cocycle condition on +y shows
() = f — f for any ¢’ € Z,,, so v is a coboundary. We have shown injectivity of H(Z,,n).
The surjectivity of H!(Z,,n) follows from the surjectivity of n and from H?(Z,,?) = 0. O

Let either S = SLg(F,) or S = PSLy(F,). Let U be the (group of F,-valued point of
the) unipotent radical of a Borel subgroup in S. For m > 1 we consider the Hecke algebra
H(S,U),,, =End, 5 (indgl o, )°P.

Lemma 2.2. The universal module indglom is flat over H(S,U).,, -

PROOF: For the course of this proof let us write H,, = H(S,U),, and more specifically
Hi = Ho,. The flatness assertion is equivalent with the claim that for any left ideal Z in H,,,

the natural map
(1) indS1,, ®,, 7 — indd1,,

is injective. We proceed by induction on m. For m = 1 this is a variant of the proof given for
GLy(F,) in Prop. 2.2 of [12]. For the facts on Hj, stated below see e.g. [3]. Let 7 be a maximal
split torus in S such that f is the unipotent radical of the Borel subgroup B = U7 = TU. We

have the S-equivariant decomposition

indS1, = P inds
BeT®

where [ runs through the set T° of k*-valued characters (3 of T, viewed as characters of B. For
BeTC let €3 € Hj, denote the natural projection indglk — indgﬁ composed with the inclusion
indgﬂ — indgl 1 - The eg are pairwise orthogonal idempotents summing up to the unity element
in Hy. Let T,,, € Hy, denote the Hecke operator corresponding to a generator ngs € N(7) of the
Weyl group N(7)/T. Then Hy, is generated by T, together with all the eg. For 3 € T° define
B35 €T by B5(t) = B(nstn; ') for t € T. We have Ty, e5 = egsTh, -

In view of the above orthogonal decomposition, to prove injectivity of (1) for m = 1 it is
enough to show the following:

(a) For any 3 € T® with 8 # 3° and any left ideal Z in Hiep @ Hiegs the map
(indS8 @ ind3%) @rpep0rpess T — ind3H @ ind34°

is injective.
(b) For (the unique) 8 € T° with 3 = 3* and any left ideal Z in Hyeg the map

(ind2B) @rge, T — ind3p

7



is injective.

n (a) the image of T, in Hyeg ® Hyegs (which we again denote by Ty,,) satisfies T2, = 0,
and besides the relations already stated, there are no further ones in Hyeg ® Hyegs. As eg and
egs are orthogonal idempotents, we may further split up the situation, and the only critical case
to be considered is where Z = HyepsTy,, (or symmetrically Z = HyegTy,, ). We may rewrite the

inclusion 7 = HyegsT),, — Hieg as the exact sequence
Hrep & Hyeps h Hyes
and need to verify that the resulting sequence
1ndsﬂ s indS oB° Ins, indsﬁ

is exact. But this is well known. (This exactness is specific to our working with the prime field
[F,; for non-prime finite fields it fails.) In (b) the argument is similar (but easier, and valid for

any finite field); namely, it boils down to the exactness of

Thst+1 .

ind3p 5 indZp = indSp % indS 4

(for the trivial 3 € T°).

Now let m > 1. We apply indglom ®H,,, (.)to the commutative diagram with exact rows

0——=ZNa 1 H,, 7 Z/I N "M, —0.
00— "H,,, Ho,, Ho,, 4 0

Observe that H01 > IHO The bottom row then becomes the exact sequence 0 — indgl =
indglom — indalomf1 — 0. The top row remains exact in the middle. By induction hypothesis,
the outer vertical arrows remain injective. Therefore the middle vertical arrow remains injective.

O

supported on U and taking constant value

Om

1 € oy, there. For a H(S,U),,,-(left)module M consider the natural map

Let xz; denote the unique element in indgl

(2) M — ind3 Lo, @y, M, m—xg@m.
Lemma 2.3. The map (2) is an isomorphism from M onto (1nd Lo, ®y(3 ), MM,
p)

PROOF: The same as in the proof of [8] Proposition 4.1 (where GLy(F)) instead of SLy(F))
or PSLy(F,) was considered). Specifically, using Lemma 2.2 this is reduced to the case where

M is an irreducible H(S,U),-module. g

Lemma 2.4. Let U # U be the unipotent radicals of two opposite Borel subgroups in S. Let W
be a k[S]-module which is generated by WY . Then W is generated by WY even as a k[U]-module.



PRrROOF: The same as in [8] Lemma 2.1 (i). (We remark that the analogous statement is true
more generally for SLa(FF,) or PSLy(F,), for any finite field F,.) O

For concreteness, let now more specifically I/ denote the subgroup of unipotent upper trian-

gular matrices in SLa(F,,). We define

11 0 1 z 0
V_<o 1>’ ns_(—l o)’ hs(x>_<o :c1>

for z € F)\. In case S = PSLy(F,) we use the same symbols U, v, ns, hs(z) for the respective
images in S. Let t = [v] — 1 in k[U]; this is a generator of the maximal ideal in the local ring
k[U] = k[t]/(t?). The k-algebra H(S,U)y, is generated by the Hecke operators T}, () for = € F
together with T, .

Let 0 <r <p-—1;in case S = PSLy(FF,) suppose in addition that r is even. We define a
character .. : H(S,U)y — k by requiring

(3) Xr(Thy@) = 2" for all z € ;.

as well as x,(Ty,) = —1ifr=p—1,and x,(T,,) =0if 0 <r <p—1.

We denote the one-dimensional k-vector space underlying x, again by x,, and we let e denote

s

a basis element of it. By Lemma 2.3 we may regard e as an element of (ind%lk) Op(E ), Xr-

Lemma 2.5. The subspace k.e = x, of (indglk) On(S 20y, Xr is preserved by the element t"n "
of k[S]. We have t'n;'e = rle.

PRrROOF: It is well known that (indglk) ®34(371), Xr 18 isomorphic with Sym”(k?) as a k[S]-
module. By Lemma 2.3 the space of U-invariants in (indglk) (S 20), Xr is x,. Therefore the

claims follow by a straightforward computation in Sym” (k?). O

Let 1 <r <p-—1;incase S = PSLy(IF,) suppose in addition that r is even. We define an
H(S,U)s-module M, with k-basis e, f by requiring

Th,(e) = f and Tns(f):{ ;f :zi:i
Thy(z)(e) =a"e and Thy (f) =277 f
for all z € F;;. By Lemma 2.3 we may regard M, as a subspace of (indglk) s 70y, Mr-
Lemma 2.6. In (indglk) Dps 1), Mr we have
(4) trInle=f,
(5) tnstf =,
(6) nf—c €Y ktinse,
i>0
(7) 7 ngte — (p—1-r)le €Y ktin,f.
i>0



If r = p—1 we have

(8) ngt(f+e)=f+e,
9) tPInjtle +e € Z Et'ng(f +e).
i>0
ProoF: In indglk we compute
p—1
g g = (W) = DP g g = Z[V]anlXﬁ = Th, Xz
i=0

for the last equality observe U = {[v]’; 0 < i < p — 1}. This proves formula (4). Let 7 =
{hs(z) |z € F}}, the torus of diagonal matrices in S. Let 6 : T — k* be the character defined
by O(hs(x)~1) = 2". Then we have an isomorphism of k[S]-modules

(indS1y) @50, Mr = ind30

sending e (resp. f) to the element e (resp. f) of (ind%&)ﬁ supported on 7U (resp. supported
on S—TU = TUnsU) and with e(1) = 1 (resp. with f(ns) = 1). Indeed, in (ind%lk)@)H(gﬂ)k M,
we find

z'e = Th,(z) (e) = hs(:c)fle,

2" f =Ty (f) = hs(2) f,

whereas in ind%ﬁ we find

0(hs(x)"i() = f(hs(2) ") = (hs(2)) = (hs(2))(.),

and to see that scaling factor is correct we compare formula (4) with (P~ 'n;1e)(ns) = e(1) = 1.
Now {e}U{t'nse|0 < i < p—1} is a k-basis of ind%@. Since we have (nsf)(1) = f(ns) =1 =¢(1)
but (t'nse)(1) = 0 for all ¢« > 0, formula (6) follows. Next, f generates a k[S]|-submodule iso-
morphic with Sym”k?: we get formula (5). Finally, this k[S]-submodule is in fact generated by
nsf even as a k[U]-module (Lemma 2.4), i.e. it coincides with Y ;5 k.t'nsf, and the quotient of
(indglk) ®94(3.20), Mr Dy this submodule is isomorphic with Sympi1—rk2 as a k[S]-module. This
shows formula (7). For the stated formulae in case r = p — 1 observe that f + e generates the
trivial one dimensional k[S]-submodule, and dividing it out we are left with a copy of Sym?P~ 1.2
U

3 Half trees in Bruhat Tits buildings

Let G be the group of QQp-rational points of a Qp-split connected reductive group over Q,. Let
Z denote the center of G. Fix a maximal split torus 7" in G, let N(T') be its normalizer in G.
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Let @ denote the set of roots of T'. For aw € ® let IV, be the corresponding root subgroup in G.
Choose a positive system ®T in ®. Let N = [locor Na-

Let X denote the semi simple Bruhat-Tits building of G, let A denote its apartment corre-
sponding to T. Our notational and terminological convention is that the facets of A or X are
closed in X (i.e. contain all their faces (the lower dimensional facets at their boundary)). A
chamber is a facet of codimension 0. For a chamber C in A let Io be the Iwahori subgroup in

G fixing C. Suppose we are given a semiinfinite chamber gallery
(10) cO c c@ cB .

in A such that, setting
N =Ico NN = T Icw N N,

acdt
we have
(11) NY >NV oSN S NS 5 with (N s NV = p for all i > 0.
We write
N=N", =09 I=Is=1Iy.
There is a unique sequence a(?, a® a@ o) in &+ such that, setting

eli,a] =[{0<j<i—1|la=aY}

for i > 0 and o € ®T, we have

eli,a)

(12) N =TT (Vo Nay»

acdt

Geometrically, Ct1) and C® share a common facet of codimension 1 contained in a wall which

belongs to the translation class of walls corresponding to a(®.

Lemma 3.1. Néiﬂ) s a normal subgroup in No(i), for any i > 0.

ProOF: We claim that, more generally, for any inclusion U; C Us of open subgroups of N
with [Up : Ui] = p and with U; = [] ce+ (Ui N Ny) for @ = 1,2 we have: U; is normal in Us.
Indeed, there is a unique o € ®* with Uy N Ng = Uy N Ng for all § # «. By standard facts
1,-1

v

on reductive groups, for u € N, and v € Ny (any 7) the commutator uvu™ is a product of

elements of the Ng with 3 # a. The claim follows. O

Definition: We define the half tree Y, endowed with an action by the group Ny, as follows.
Both its set Y? of vertices and its set Y'! of edges are identified with the set of chambers of X
of the form n - C® for n € Ny and i > 0. The Ny-action is the obvious one. Whenever we view

the chamber C®) of X as a vertex of Y we denote it by v;; whenever we view C®) as an edge of

11



Y we denote it by e;. The simplicial structure on Y is given by declaring that for n € Ny and
1 > 0 the edge n-e; 1 contains the two vertices n-v; and n-v;11. An element in yi—yl— {eo}
we also write as the unordered pair of vertices it contains, e.g. n-e;+1 = {n-v;,n-v;y1}. In
addition we have the edge eg of Y: it contains only the vertex vo (hence is a ’loose’ end of V')
and is fixed by Ny.

The half tree Y is obtained from Y by removing the edge ey. Thus, its set of vertices is
7 = YO, its set of edges is V' =yl - {ep}, and the simplicial structure is the one induced
from Y.

Remark: By definition, we have a natural bijection Y = Y9: to e; it assigns v;, and more
generally, to any edge its ‘outward pointing’ vertex. Thus, instead of identifying Y° with the
set of chambers n - C¥) (with n € Ny and i > 0), one might just as well (or perhaps more
appropriately) identify Y° with the set of facets of codimension 1 in X shared by two chambers
of the form n - C®.

For v € YV let
(13) v[ = {weY?|{v,w}ecY!andv e [w, v}

where [w,vo] C Y denotes the set of vertices the unique geodesic from w to vo in Y is passing

through.

Let X denote the Bruhat-Tits tree of PGL2(Qp). Let X° resp. X! denote the set of vertices,
resp. the set of edges of X. Let vy € X° denote the vertex fixed by PGL2(Z,). In GL2(Q,) we

define the elements

» 0 14+p 0 11
— s = 5 V=
4 0 1 o 0 1 01

and the subgroups

X 0 14pZ, 0 1 Z
r=| : T B , Ny = P
0 1 0 1 0 1

a 0
For a € Z,; let us write ~v(a) = 01 € I'. Notice that g, resp. v, is a topological generator

of Ty, resp. of My. For r € N let [Ny, ¢"| (resp. [No,¢", o], resp. [N, ¢",T'|) denote the
submonoid (not: subgroup) of GL2(Q,) generated by the subgroup 9y and the element ¢" (resp.
by the subgroups 9y and I'y and the element ", resp. by the subgroups 91y and I" and the

element ¢").

For i € Z we put v; = ¢'(vg) € X% and ¢; = {v;,0;,_1} € X!. We denote by X, the half tree

with sets of vertices, resp. edges,

%?F:H’ﬁo-ni, %i:H‘ﬁo-ei.

i>0 i>0

12



Thus Xy is one of the halfs obtained by cutting X at the edge ¢¢ into two pieces, where by
definition ¢y belongs to X as its only loose end (i.e. an edge containing only one vertex).

The half tree X, is obtained from X, by removing the edge ¢g. Thus, its set of vertices is
?3 = XY, its set of edges is ?i = X1 — {eo}, and the simplicial structure is the one induced
from X .

For v € X9 we put, similarly to definition (13),
Jo] = {weXx%|{v,n}ecX} and v € [r,vo]}.
Theorem 3.2. (a) There exists an isomorphism of simplicial complexes
0:Y = X+
such that for all v € YY and all b € Z>( the composition of bijections
o-1

(14) N -2 e 5 pew)l T 10O m)]

is induced by the action of some element g(v,b) of Np.
(b) Let ¢ € N(T) and r € N such that $(CD) = C+7) for all i > 0. Then ¢(Y') C Y1,

and the isomorphism © and the g(v,b) in (a) can be chosen in a way such that
(15) ' o®=00¢

and such that in G we have

(16) 9(6(v),p") - ¢ =¢-g(v,1).

(c) Let T : Z; — T be a homomorphism such that aor = idZ; for alli > 0. Then there
exists for each v € YO and each a € Z) some element h(v,a) in Ny - 7(a) which induces the

composition of bijections

(17) M2 jeml ™ h@em) e @ em)
For a € NNZ, these h(v,a) can be chosen in a way such that in G we have
(18) h(g(v,1)v,a)-g(v,1) = g(h(v,a)v,a) - h(v,a).

(d) Let ¢ € N(T) be as in (b), let T : Z, — T be as in (c) such that for all a € Z; we have
T(a)¢p = ¢7(a) in G. The isomorphism O, the g(v,b) and the h(v,a) can be chosen in a way

such that in G we have

(19) h(¢(v)> a) p=¢- h(V, a)'
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ProOF: (a) For any j > 0 we choose a topological generator v; of N,y N No = Z,. For
m € Z>o we define the elements mg, my, mg,... of {0,...,p — 1} to be the digits of m in its

p-adic expansion, i.e. m =) >0 mjpj . We then define the element

L peli+1,alit)

_ ,,mo m;p Mj+1pP
V(m) = vy -y, Vi

eli,ali)]

of Ny. We write [0,p’[= {m € Z>¢|0 < m < p'} for i > 0. An easy induction on i shows that
{V(m)|m € [0,p'[} is a set of representatives for the set of cosets No/NéZ). Since Néz) is the
stabilizer of v; in Ny it follows that the map

Byi:[0,p'[— No-vi, mV(m)-v;

is bijective. On the other hand we have the bijection

Bx, i [Oapi[—> MNo-v;, m—v™ v,

We put
©; = Bx, i 05{% : No-vi — No - v,
Taken for all 4 > 0 this is a bijection © : Y0 = %g and is easily seen to define an isomorphism

of simplicial complexes Y = X, . In the following, for i > 0 and m € Z we write Bx, ;(m) =

Bz, i(m') and By;(m) = By,;(m') where m’ € [0,p"[ is such that m — m’ € p'Z. For m € [0,p’[

we find
(20) Byi(m) = {Bvipr(m+pt)|0<t<p-—1},
(21) 1B i(m) = {Bx iti(m+pt)|0<t<p—1}.

For all b € Z>( we have ub(ﬁx+7z~(m)) = fx,.i(b+m) in No - v; and
(B, iv1(m +p't)) = Bx, is1(b+m+p't)  in Mo v
for all 0 <t < p— 1. On the other hand, if for v = By;(m) with m € [0, p’[ we put
(22) g(v,b) = V(b+m)-V(m)~' € Ny
then g(v,b) - By.i(m) = By,i(b+m) in Ny - v; and
g(v,b) - Byir1(m +p't) = Byip1(b+m +p't)
in Ngy - v;+1. To see this last equation we use Lemma 3.1. Together we obtain
V- i1 (W) = Oi41(g(v,b) - w)

for all w €]v], as desired.

(b) For a chamber D contained in A let m1p : X — A denote the retraction from X to A
centered at D, i.e. the unique polysimplicial map restricting to the identity on A and with
75 (D) = D. We have Y! = No{CD};59 = I{CD};50 = 75 ({CP};>0) and hence

(V") = d(ra' ({CYiz0)) = 75l ({CPYizr) € mg ({CDYin) = Y

14



We also see that Wg,(lj+7,) ({C(i)}izﬁ_?«) = ¢(7r5(1j)({0(i)}i2j)) is stable under ¢(N,, ;) N No)¢~*, for
any j > 0. Now ¢ moves the wall containing C1) N CU+D to the one containing CU*") N
CUFT+D " therefore ¢(N, ;) N Np)¢~! must be the stabilizer of CU+") n CU™*1) in either
NyG+r or in N_ +r. But the stabilizer of ClUtr) n cUtr+Y iy N_,i+r does not stabilize
Tt ({CD}izj4r). Thus

Jtr

e[r,a(T+T)]

(23) G(Noyi) N No)o ™! = (Nyim N No)?

o «

Now we refine the construction in (a) by choosing the v; more specifically. First we claim
(24) elr, a(j+r)] + eli, a(j)] = efi+, a(j+r)]

for all 7,7 > 0. Indeed, the above discussion shows in particular that for all j,¢ > 0 we have

al9) = o if and only if o™ = o(t+7) or in other words
{f0<t<i—1]laUt =N —Jo<t<i—1]aV) =a®}.

The set on the left hand side contains e[i + r,aUt")] — e[r, al7+7)] elements, as can be seen
by performing the bijective shift ¢ — ¢ + r. The set on the right hand side contains e[, Oz(j)]
elements. The claim follows. By formula (23) we may choose the topological generators v; of
the N, ) N Np in such a way that

e[r,ali+m)]

(25) gt =t
for all 7 > 0. An induction using formulae (24) and (25) then shows
(26) ¢V (m)¢~" = V(mp")

for all m € Z>o. We claim that for all 7 > 0 we have

(27) ¢ o By = Pyitr D'

(28) 0" o Bx,i=Pxitr D

(equality of maps [0, p'[— No - viyr resp. [0,p'[— Mg - v;1,). Indeed, formula (27) follows from
formula (26) and ¢(v;) = v, while formula (28) follows from ¢"ve ™" = P and " (0;) = V4.
Combining formulae (27) and (28) gives formula (15), as desired.

To prove formula (16) we write v = Sy,;(m) with m € [0, p'[ as before. By formula (27) we
have ¢(v) = By.i1(p"m) and hence g(¢(v),p") = V(p"(m + 1)) - V(p"m)~!, while on the other
hand we have g(v,1) = V(m + 1) - V(m)~!. Therefore it will be enough to prove

oV (m+1)-V(m) ¢~ =V (' (m+1))-V(p'm)™

in Ny. But this follows from formula (26) applied to both m and m + 1.
(c) Let us first remark that, since 7(a) € T in fact belongs to the maximal compact subgroup
0)

of T fixing A pointwise, we have 7(a)C® = C®, ie. 7(a)v; = v; for all i > 0.
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We may and do assume that a € ZNZY. We write v = fy,;(m) with m € [0,p'[ as before.
We first claim that

(29) 01 ov(a)0o® = 7(a) in Aut(]v;[).

To see this observe (cf. formulae (20), (21)) that

e[i,a<i)]

il = {0] Pvin|0<b<p-1},
Joil = {(@)’via0<b<p—1},
e i,a(i) i .
and that the bijection © : Jv;[—]v;[ sends (v [ ])bViJ’_l to (17" )?v;11. The hypothesis oY o7 =

idzg implies 7(a)n = n®7(a) in G for all n € N, i) N Ny. Specifically,

e[i,a<i)] e[i,a<i)]
(a) (] = (] "7 (a).

We thus get

elia] li, 13,
T(a)(yf )bViJrl = ((Vf )b)aT(a)ViH = (Vzp )asz‘H-

On the other hand we have
@) (1) 01 = (7)) v (@)vip1 = (1) P0iga.
Comparing these formulae we get our claim (29). Now g(v;,am) resp. g(v;, m) induces

0 lov o0 i Jw[ — |07 (OW))]
esp. ©7lormo® vl — JO7mOw)) = WL

We may therefore rewrite the arrow (17) as

0 loy(a)o®@=0"ov"™oy(a)or ™0 B
=07 o™ oy(a)oOog(vy,m)
@ 0 1o 00 or7(a) og(vi,m)_l

= g(vi,am) o7(a) o g(v;, m)f1

where (i) uses formula (29). Inserting formula (22) for g(v;,am) and g(v;,m) we find that the

element
(30) h(v,a) = V(am) - 7(a) - V(m) ™

of G induces the arrow (17). It belongs to Ny - 7(a) because V(am) and V(m)~! belong to Ny,

and 7(a) normalizes Ny.
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To show formula (18) we write v = By;(m) = V(m)v; with m € [0,p’[ as before. From
g(v,1) = V(m + 1)V(m)~! we get g(v,1)v = By;(m + 1), from formula (30) and 7(a)v; = v;
we get h(v,a)v = Py,i(am). Thus, inserting formula (30) again, formula (18) reads

V(a(m+1))-7(a) - V(m+1)""-V(m+1) V(m)™!
=V(am +a)-V(am)™-V(am)-7(a) - V(m)™!

which is obviously correct.
(d) To show formula (19) for v = By,;(m) we notice that ¢(v) = By,;(p"m) by formula (27).
Inserting formula (30) for h(¢(v),a) and h(v,a) we see that formula (19) becomes

V(ap'm)-7(a)-V(p'm)™ ¢ =¢-V(am) - r(a) - V(m)".

That this is correct follows from formula (26), applied both on the left hand side and on the
right hand side, and our assumption 7(a)¢ = ¢7(a). O

Remarks: Let V) denote the subgroup of G generated by all the N, ;) N Ny for j > 0. The
proof of Theorem 3.2 shows that the elements g(v,b) (resp. h(v,a)) of G in fact belong to N/
(resp. to the subgroup of G generated by N{ and 7(a)).

4 Coefficient systems on half trees

Let T be a half tree with set of vertices ¥ and set of edges ', as considered in section 3.

Definition: (a) A (homological) coefficient system V in o-modules on ¥ is a collection of
o-modules V(7) for each simplex 7 of T, and a collection of o-linear transition maps r; : V(1) —
V(y) for each y € 0, 7 € ! with y € 7. The o-modules Hy(T,V) and H;(%,V) are defined by

the exact sequence

0— H\(T,V) — @ V(1) — P V(y) — Ho(T,V) — 0
Te%! ye3o

where v € V(7) is sent to Zyego 5 (v).

Morphisms of coefficient systems are defined in the obvious way. A sequence of coefficient
systems 0 — V1 — Vo — V3 — 0 is called exact if for any simplex 7 of ¥ the sequence
0 — Vi(1) = Vao(T) — V3(7) — 0 is exact.

(b) Let H be a monoid (with neutral element 1) acting on . A coefficient system V on T
is called H-equivariant if in addition we are given an o-linear map g, : V(1) — V(g7) for each
simplex 7 and each g € H, subject to the following conditions:

(a) gnr © hy = (gh); for simplices 7 and g,h € H,

(b) 17 = idy, for simplices ,

(c) rggogy=grory forye T and 7 € T withy € 7, and g € H.
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We then we have a natural action of H on Hy(%, V) if (at least) one of the following conditions
is satisfied:
— T has no loose ends (to each edge two vertices are assigned), or

— H acts by automorphisms of ¥.

Lemma 4.1. (a) An exact sequence of coefficient systems in o-modules 0 — V; — Vo — V3 — 0

induces an exact sequence of o-modules
0 — Hi(T, V1) — Hi(%,V2) — Hi(%,V3) — Ho(T, V1) — Ho(T,V2) — Ho(%,V3) — 0.
(b) If the coefficient system V has injective transition maps rj, then H1(%,V) = 0.

PROOF: Both statements are very easy to prove. O

Definition: We say that a Ny-equivariant (resp. Mp-equivariant) coefficient system V on Y’
(resp. on X)) is of level 1 if for any ¢ > 0 the action of Nézﬂ) on V(v;) and the action of Néz)
on V(e;) (resp. the action of ‘ﬁgzﬂ on V(v;) and the action of M on V(e;)) are trivial.

We fix a gallery (10) and choose an isomorphism © : Y = X, as in Theorem 3.2.

Theorem 4.2. Let V be a Ny-equivariant coefficient system of level 1 on Y.

(a) The push forward ©.V of V to X4 is in a natural way a Ny-equivariant coefficient system
of level 1 on X.

(b) Let ¢ € N(T') and r € N be as in Theorem 3.2(b). If the action of Ny on V extends to
an action of the submonoid of G generated by Ny and the element ¢, then ©,V is in a natural
way |No, ¢" | -equivariant.

(c) Let € N(T'), r € N and 7 : Z; — T be as in Theorem 3.2(d). If the action of No on
V extends to an action of the submonoid of G generated by Ny, by the image of T and by the
element ¢, then ©,V is in a natural way |Nog, ", I'| -equivariant.

(d) In (a), resp. (b), resp. (c), the isomorphism class of Ho(X1,©.V), as an o-module acted
on by the respective monoid, depends on the choice of (10) alone, resp. of (10) and ¢ alone,
resp. of (10) and ¢ and T alone, but not on the choice of ©.

PROOF: (a) Let g € My and v € XY. As Ny is topologically generated by v we find, by
Theorem 3.2(a), some ¢’ € Ny which induces the bijection

(31) o) % Jof L gol = jo 7 (gu)l.
We define g, : ©.V(bv) — ©,V(gv) to be the map
G=00gy 1,007 1 O,V() — O.V(O(40 1 (v))) = O.V(gv).

This definition is independent on the choice of ¢’. Indeed, let also g” € Ny induce the bijection
(31). Then ¢g’~1g” belongs to the pointwise stabilizer H of ]©71(v)[ in Ny. But the action of
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H on V(©~ 1) is trivial. To see this we may assume, by Ng-equivariance of V, that ©~'v = v;
for some i. Then H = N(giﬂ) and this indeed acts trivially on V(07 'v) = V(v;) by the level
1 assumption. Therefore ¢’ and ¢” = ¢'(¢'"'¢") give the same map V(07 'v) — V(g0 tv). It
follows that g, as defined above is well defined.

Now let g € My and e € X. Choose some ¢’ € Ny with ¢'(©7(e)) = ©~1(g(e)) and define
ge : ©.V(e) — ©,V(ge) to be the map

Ge=00gh1,007 1 B.V(e) — O.V(O(4O7(¢)) = OV (ge).

Again this definition is independent on the choice of ¢’. The definitions immediately show that
we have defined an 9p-action on ©,) which is again of level 1.

(b) By formula (15), the ¢-action on V induces a ¢"-action on ©,V. It follows from formula
(16) — which corresponds to the formula 1P - " = ¢" - v in |[Mg, ¢"| — that the actions of Ny
and " merge as desired.

(c) Let a € ZY and v € X}. We define y(a), : ©,V(v) — O.V(y(a)v) to be the map

Y(a)o =© 0 ggy_1, 0O where ¢ is some element of Ny - 7(a) which induces the arrow
(32) lolo) = Jol T Jy@pl = O (@w)l.

Such a ¢’ does exist, by Theorem 3.2(c). As in the proof of (a) we see that vy(a), does not
depend on the choice of ¢ € Ny - 7(a) (i.e. on its left hand factor ¢’ - 7(a)~! € Ny, as long as
the arrow (32) is induced as indicated).

Similarly, for e € %ﬁr and a € ZX choose some g’ € Ny - 7(a) with ¢/(©7(¢)) = O (v(a)(e))
and define v(a)e : ©,V(e) — 0,V(y(a)e) to be the map y(a)e = © 0 gg_,, 0 O~!. Again this is
independent on the choice of ¢'.

We have defined an action of I on ©.V (notice that Ny - 7(a) - Ny - 7(a’) = Ny - 7(aa’) for
a,a’ € Z,;). Tt follows from formula (19) — which corresponds to the formula y(a)-¢" = ¢"-v(a)
in [Ny, ¢",I'| — and from formula (18) — which corresponds to the formula y(a) - v = v*-7y(a)
in Mg, ¢",I'| — that the actions of [Ny, ¢" | and of I merge as desired.

(d) Let =: Y = X4 be another choice. The automorphism A = © o Z~1 of X is covered
by the isomorphism =,V — 6,V which on facets o of X is given by the identity maps

(ZV)(0) = V(E1o) = V(O 1A0) = (0,V)(Ao).

It induces a canonical isomorphism Ho(X,Z,V) — Ho(Xy,©.V). That it commutes with the
actions of My (resp. of ", resp. of I') is a tautological consequence of the definition of these

actions. O

Remark: Theorem 3.2, and then Theorem 4.2 correspondingly, hold true if the topological
generator v of My is replaced by any other topological generator of 9y. In general, this choice
does effect the isomorphism class of Ho(X,,0,V) as a [No, ¢" |- resp. |No, ¢, ['|-representation

(but not as a 9p-representation).
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Remark: Let N denote the subgroup of G generated by all the N, N Ny for j > 0. By
the remark following Theorem 3.2 we see that Theorem 4.2 may be sharpened as follows: to
obtain a p-action on ©,) we do not need a level-1-action of the full group Ny on V but only

a level-1-action (same definition) of N{; similarly for |, ¢" |-, resp. [Ny, ¢",I']-actions.

Remark: It is straightforward to generalize Theorem 3.2 (c¢) and (d) as follows. In the
setting of Theorem 3.2 (a) let 7 : Z) — T be a homomorphism such that there is some w € N
with a() o 7 = idZZ”g for all ¢ > 0. Then there exists for each v € Y? and each a € Z; some
element h(v,a) in Ny - 7(a) which induces the composition of bijections

M2 el M @rem)l = 107 (@) eW))]

For a € NN Z, these h(v,a) can be chosen in a way such that in G we have
hy(v,1)v,a) - g(v,1) = g(h(v,a)v,a®) - h(v,a).

Moreover, if ¢ € N(T) is as in Theorem 3.2 (b) such that for all a € Z,; we have 7(a)¢ = ¢7(a)
in G, then, as before, we can achieve h(¢(v),a) - ¢ = ¢ - h(v,a). Given this setting, Theorem
4.2 (c) can be generalized as follows. If the action of Ny on V extends to an action of the
submonoid of G generated by Ny, by the image of 7 and by ¢, then 0,V is in a natural way
both [N, ¢" |-equivariant and I'-equivariant, such that

v(a) - " =¢"-~(a) and Y(a) - v=v

as endomorphisms of ©.). Therefore, if in addition 7(a) acts trivially on V for all a € Z; with
a® = 1, then by extracting w-th roots of the above 7(a)-operators we obtain an action of the
submonoid of [Ny, ¢",I"| generated by Ny, by ¢" and by I'* = {4 |~y € T'}.

Definition: Let m > 1, let V be a 9p-equivariant coefficient system in o0,,-modules on X .

(1) We say that V is strictly of level one over k if the o,,-action factors through & and if the
following conditions (a), (b) and (c) are satisfied:

(a) All transition maps 7 : V(1) — V(y) for y € X}, 7 € X! with y € 7 are injective; in the
following we view them as inclusions.

(b) For all ¢ > 0 we have

(33) V(o) = 0 Vl(eirr),

ie. as a mgi—representation, V(v;) is generated by V(e;+1), and
(34) V(e:) = V(o)
i.e. V(¢;) is the submodule of ‘)’tgi—invariants in V(v;).
(c¢) The number dimy(V(e;)) is finite and independent of ¢ > 0.
(2) We say that V is strictly of level 1 if it admits a finite filtration such that all the

subquotiens are strictly of level 1 over k.
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Theorem 4.3. Let V be an Ny-equivariant coefficient system in 0.,-modules on X which is

strictly of level 1. We have a natural isomorphism
V(eo) — Ho(X4, V).

PROOF: (i) Suppose first that V is strictly of level 1 over k. We have canonical isomorphisms

of Dy-representations

(35) P Vi) = indgt.t‘;i)/(ni),
ne‘ﬂo/‘ﬂgi

(36) @ V(TL . ei) = indgt%iV(ei).
ne%/‘ﬂgi

By formula (34) the transition map V(eg) — V(bg) is an isomorphism between V(eq) and V(vg)”.
Hence we need to show that the natural map V(vg)™ — Ho(X,, V)" is an isomorphism. The
injectivity even of V(vg) — Ho(X4,V) follows from the injectivity of all the transition maps of
V. Next, Lemma 4.1 (which of course relies on the same argument) shows the exactness of the
sequence
0— P V(r) — @ V) — Ho(X;,V) — 0.
reX, yex,
Looking at the long exact cohomology sequence obtained by applying the group cohomology

functor H*(MNy, -) we see that it is now enough to prove that the natural map
(37) (P V)™ Pvn)™ — (P V)™
reX, yex,
is bijective and that the natural map
(38) H' (M, @ V() — H' O, P V()
reii yegi
is injective. We recognize the map (37) as the natural map

(39) (P vie)™ — (P v)™.
TG%}F yexg_
In view of the isomorphisms (35), (36) and Shapiro’s Lemma, we may rewrite it as

D)™ — Pre)™

i>0 i>0

0 0 2 i
(with V(e0)® mapping to V(09)®® and with V(e;)™0 for i > 1 mapping to both V(v;)® and
i—1
V(v;_1)”% ). Since by hypothesis all the maps

i

V(e)™ = V(es) — V(o)™
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are bijective we have proven the bijectivity of the map (37). Similarly as with the map (39) we
proceed with the map (38): we use Shapiro’s Lemma to rewrite it as

i

i mnr i
D H' G ko] @ Vi) — D H' (T, V(0))).
>0 RLS i>0

To see its injectivity it is enough to show that the maps
1(mp ‘ﬁgi 1(mp
H (‘ﬁg ak[ p¢+1] Ok V(ei-l-l)) — H (‘ﬁg ,V(UZ’))
RS

are injective for all ¢ > 0. But in view of our hypotheses on V this follows from Lemma 2.1,
applied to M = Z, acting through its quotient 9 / ‘ﬁglﬂ =T, on V(v;).

(ii) For general V strictly of level 1 we argue by induction on the minimal length of a filtration
with subquotients strictly of level 1 over k. Consider an exact sequence 0 — V; —V — Vo — 0
where V; and Vs are strictly of level 1 and different from V. The strict level 1 property of Vs

implies that V5 has injective transition maps. By Lemma 4.1 we obtain the exactness of
(40) 0 — Ho(X:, V1) — Ho(X4y,V) — Ho(X1, Vo) — 0.

It follows that in the commutative diagram

0—— Vi(eo) V(eo) Va(eg) ——=0

| | |

0 — Ho(X1, V)M —— Hp(X 4, V)"0 —— Hy(X4, V)"0

the bottom sequence is exact. For the top sequence this is obvious. The outer vertical arrows

are bijective by induction hypothesis. Hence the middle vertical arrow is bijective. ]

Proposition 4.4. Let r € N, let V be a |No, ¢" |-equivariant coefficient system on X4 whose
MNo-action is of level 1. The |No, ¢" |-action on V naturally extends to a |Nog, ¢", Lo | -action such
that Ty acts trivially on V(ep).

PRrOOF: The action of I'y on %Qr respects the orbits 9%y - v; for all 4 > 0. On such an orbit
Mo - v; it is described by the formula

(41) Yo" (0:)) = v (v;)
for all n > 0. Applied to the elements of
o)l = {v" (0ig1) [0 <t < p},

formula (41) (with ¢ 4+ 1 instead of i) shows that the restrictions of 7y and v™ to the subset
Jv™(0;)[ of Mo - v;41 coincide, because (p + 1)(n + tp') = pn + n + tp* modulo (p**1). Thus we
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obtain that for all j € Z and all v € %‘i there is some 8 € My such that the restrictions of fyg
and J to the subset |b[ of X3 coincide. Therefore, if we define the map

T : V(0) — V(35(0))

)

as the map Gy : V(0) — V(8(0)) = V(7}(0)) then, arguing as in the proof of Theorem 4.2, we sce
that by the level-1-property of V this definition is indepedent on the choice of §. In the same
way we define maps 'yé‘?e :V(e) — V(’yg(e)) for e € X1 . We have defined an action of I'y on V.

Now let again v™(v;) (some n > 0, some i > 0) be an arbitrary element of X. Let z €

V(v™(v;)). We compute (dropping the names of vertices in subscripts)
(@) L P () = e @) © (o)

where in (i) we used that o and vP("*1) coincide on Jv"*1(v;)[ whereas in (i) we used that g

and vP" coincide on |v"(v;)[. Similarly we compute

Yole" () Lo (o (@) = ¢ (@) Y o (v0(2))

where in (i) we used that vo and v?" '™ coincide on Jv? (v, )[ whereas in (ii) we used that
vo and vP" coincide on |v™(v;)[. A similar computation can be done on the values of V at all
¢ € X! . We have shown

(42) Yoo =" o and Yoov=1vltloxy

as endomorphisms of V. This means that the actions of [, ¢" | and of Ty merge to an action
of Pﬁo, QDT,FQJ on V. O

5 Pro-p Iwahori-Hecke modules and coefficient systems

Let Fac'(C) denote the set of codimension 1 faces of C' (the facets of X, or equivalently of A,

of codimension 1 which are contained in C'.)

Remark: Let ®; denote the set of all & € ® such that there is a chamber C(a) in A
satisfying the following conditions: for all 3 € ® — {a, —a} we have I N Ng = I¢(4) N Ng, and

moreover
INN_, = ([C(a) N N_a)p and (I N Na)p = IC(a) N Ng.
(Recall that we put I = Io.) We then have the bijective map

(43) d; — Facl(C), a— CNC(a).
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Let Iy denote the maximal pro-p subgroup in 7. Let indIGol0 denote the o-module of o-valued
compactly supported functions f on G such that f(ig) = f(g) for all g € G, all i € Iy. It is a
G-representation by means of (¢'f)(g) = f(gg¢’) for g,¢' € G. Let

H(G, Ip) = End,[g)(ind{ 1,)°P

denote the corresponding pro-p-Iwahori Hecke algebra with coefficients in 0. Then indgllJ is
naturally a right H(G, Iy)-module. For a subset H of G let x i denote the characteristic function
of H. For g € G let T, € H(G, Iy) denote the Hecke operator corresponding to the double coset
Iogly. It sends f: G — o to

Ty(f): G —0,  h— > Xigr(ha™')f(x).
z€lp\G

In particular we have

(44) Ty(X10) = X1og = 9 X1 if gy = Iog.

Let Jo denote the stabilizer of C' in G. Its elements normalize Iy, hence we have the group

homomorphism
(45) JC — H(G, Io)x, gt Tg—1

into the group H(G, Ip)* of invertible elements of H(G, Iy). [Indeed, for ¢1,g2 € J. we form
the composition Ty, o Ty, in Endgg (ind%lo) and compute (Ty, o Ty, )(x1,) = Ty, (X10g2) =
Ty (97 ' X10) = 92 ' Ty (X15) = 92 'Xtogs = 9291 'Xlo = Xloggo’] In particular, any (left)
H(G, Ip)-module carries a natural (left) action by Jc.

For g € Jo and F € Fac!(C) also gF belongs to Fac'(C).

For F' € F. acl(C’) let Jr denote the stabilizer of F' in G; it contains Iy. We then define the
Hecke algebra

Hp = Endgyy, (ind;" 1,)°P.

Now let M be a left module over H(G, Iy). By means of the natural inclusion of o-algebras
(which results e.g. from Frobenius reciprocity) Hrp — H(G, Iy) we may read M also as a left

module over Hr and define the Jp-representation
KF (M) = ind;" 1, @, M.
We define the o-linear map
LF’FZM—>ICF(M), m— X1, ® m.

It follows from formula (44) that tp p is (JoNJp)-equivariant. We regard K (M) as a submodule
of indgF KCF (M) by sending a € KF (M) to the unique K (M)-valued function on G with support
in Jrp and with value a at 1 € G. In particular, we read ¢r r as taking values in indf,;F KE(M).
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More generally, let F) F e Facl(C) belong to the same Jg-orbit, i.e. suppose that there is some
J € Jo with F = jF. The map

tpp=dotrroj i M — indf, K"(M)

does not depend on the choice of j (as long as F = JF) since tpp is (Jo N Jp)-equivariant.
Summing over the Jo-orbit Jo.F of F € Fac!(C) we obtain the map

> tpp s M — ind§ KF(M).
ﬁEJc.F
Let F be a set of representatives in Fac'(C) for the orbits of Jo acting on Fac!'(C); thus
Fac'(C) = [{per Jo-F (disjoint union). We consider the map

(46) o> o 0 M — @ ndf KN (M),

FEF Fejo.F FeF

By our definitions the map (46) is Jo-equivariant. We may therefore induce it to a homomor-
phism of G-representations
(47) ind§, M — € ind§ K" (01).

FeF
We may regard the data collected in the arrow (47) as a G-equivariant coefficient system Vﬁ
on X, as follows. For g € G we let V5 (gC) denote the submodule of ind?CM consisting of M-

1

valued functions supported on the coset Jog™"; it depends only on the chamber gC'. Similarly,

for g € G and F € F we let Vii(gF) denote the submodule of indS;FICF (M) consisting of

ICF (M)-valued functions supported on the coset Jrg™!

; it depends only on the codimension 1
facet gC. The arrow (47) assigns transition maps to facet inclusions. Explicitly, for g € G,
j€Jo, FeFand m € M the transition map rg]cF : Vi (gC) — Vit (g9 F) sends the element
f:G — M of Vi (gC) with f(g~') = m to the element rg]cF(f) : G — KF(M) of Vi¥(gjF) with
(NG = wrp(itm).

We have defined the coefficient system Vﬁ. ¥ By construction, Vﬁ is G-equivariant. It also
follows from the above discussion that for a different choice of the set F of representatives we

obtain a canonically and G-equivariantly isomorphic coefficient system.
We may regard the restriction of Vﬁ to Y as a coefficient system Vjs on Y. To be explicit,
for n € Ny, 1 > 0, to the vertex n - v; of Y we assign
n°(n - v;) = nC® NnpCt+h).

This is a facet of codimension 1 in X depending only on n - v; € Y (although this is not true

for the chamber nC(+1) in X). Similarly, to the edge n - e; of Y we assign the chamber

nl(n e;) = nC®

fMore accurately we better refer to Vi as a partial coefficient system on X because it is defined only on facets

of codimension 0 and 1.
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of X. Both 7" and 7' are injective mappings, equivariant under all sub monoids of G which

respect Y, and (n°,n') respects facet inclusions. We now put
Var(v) = Vig(n°(v)) and Var(e) = Vij(n' (e))

for v.e YO and e € Y. This defines a coefficient system Vj; on Y, equivariant under all sub
monoids of G which respect Y.

It is clear that all these constructions are covariantly functorial in M.

For m > 1 let us write H(G, Ip)o,, = H(G, Ip) ®¢ 0,,. We denote by Mod™ (H(G, Iy).,,) the
category of H(G, Ip),,,-modules which are finitely generated as o,,-modules.

We fix a gallery (10) and choose an isomorphism © : Y 5 X, as in Theorem 3.2.

The following construction is used in the proof of Proposition 5.1 but also later on in the
concrete computation of Ho(X,,0.Vy). Let F € Fac'(C). Denote by s € N(T)/T NI the
reflection (in the (extended) affine Weyl group N(T)/T N I) in the wall of A passing through
F. Let Iép denote the subgroup of G generated by Iy and sFlosgl where sp also denotes a
representative of sp in N(T). There is a unique quotient S of I¥" which is isomorphic with
either SLy(F,) or PSLy(F,). The image of Iy in S is the unipotent radical U of a Borel subgroup
in S.

Alternatively, if & € ®; maps to F' under the bijection (43) then I{ is the subgroup of G
generated by Iy and Ig(q) N N—q. The subgroup of I{ generated by Ic(q) N N—q and I NN, =
Ic N N, maps surjectively onto S.

Proposition 5.1. (a) ©.Vy; is in a natural way a No-equivariant coefficient system of level 1
on X,.
(b) If M € Mod™(H(G, Iy)s,,,) then ©,Vy is strictly of level 1.
(c) If 0 — My — M — My — 0 is an exact sequence of H(G, Iy)

then the induced sequence 0 — ©. V), — O,V — 0.V, — 0 is ezact.

-modules for some m € N

Om

ProOOF: (a) This follows from Theorem 4.2.
(b) For F € Fac!(C) we have I’ C Jp, hence a natural embedding

= F
indS1, = ind; 1, ind;" 1,.
Therefore, by Frobenius reciprocity, the Hecke algebra H(S,U) = Endo[g}(indgla)‘)p may be
regarded as a subalgebra of Hp, we thus obtain a natural map

(48) indS 1, @y 577 M — indj" 1o @20, M = KT (M) = Vi (F).

Similarly to the homomorphism (45) we have a homomorphism Jo N Jp — Hp. As Jo N Jp
and IéT together generate Jr and as their intersection is Iy we deduce that the map (48) is an

isomorphism. Under this isomorphism, the map ¢ r becomes the map

(49) M — ind31, @y, 575 M = Vi (F).
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With Lemma 2.3 it follows that the map (49) is an isomorphism between M and (indgllj@mgﬂ)
M)H. In other words, M is the submodule of Ip-invariants in the I{'-representation V% (F). By
G-equivariance of V]\)/([ we deduce property (34) for ©,V),. Similarly, Lemma 2.4 ensures property
(33) for ©,V). All this applies of course similarly to the subquotients of M with respect to the
filtration {p*M };>0. The other properties required for being strictly of level 1 are clear.

(c) The exactness at any edge of X (which corresponds to a chamber of Y') follows im-
mediately from the definitions. To prove exactness at any vertex of X it is enough, by G-
equivariance, to prove exactness of 0 — Vﬁl (F) — VE(F) — Vﬁz (F) — 0 for all F € Fac(C).
Therefore we place ourselves into the setting of the proof of statement (b), maintaining its

notations. From what we learned there we see that here we need to prove exactness of
0 — indS1,, ® M1 — ind>1,, ® M—indS1,, @ Mp—0

where all tensor products are taken over H(S,U),,, = End, 3 (indglom)‘)p. This exactness

follows from the flatness of indglom over H(S,U),,,, Lemma 2.2. O

We want to explain how the construction of VJ\)} and hence of Vs can be simplified if M is
realized inside a smooth G-representation V.

Recall that for such V' the submodule V10 of Iy-invariants is in a natural way a (left) module
over H(G, Iy). Let M be an H(G, Ip)-sub module of V0. For any facet n of X we let

Vivan(m = > oM

geG
gCDn

(sum inside V'). This defines a G-equivariant coefficient system V()‘(/’ my on X.

Lemma 5.2. Assume that M € Mod™(H (G, Ip)e,,) for some m > 1. When viewed as a partial
coefficient system on X (i.e. restricted to facets of codimension 0 and 1), V()\(/M) s canonically

G-equivariantly isomorphic with VA)/([. In particular, it is independent on V.

PRrOOF: We first notice that for any F' € Fac!(C) with corresponding subgroup It of G
we have (Ié:.M)IO = M, i.e. in the I{—sub representation I{.M of V' generated by M, the sub
module of Ip-invariants is M. Indeed, as before we may use the embedding of H(S,U) into
H(G, Ip) to regard M as an H(S,U)-module. It is contained in the H(S,U)-module (IF'.M)To,
and that this inclusion map is bijective follows from the Lemmata 2.2 and 2.3.

The isomorphism M — V()& M) (C) induces for any F' € Fac!(C) a morphism of Jp-representations
KE(M) — V(}(MM)(F). By the universal property of the source and the target of the arrow (47)
we obtain a morphism of coefficient systems Vﬁ — V()& M) - As it is an isomorphism at cham-

bers, the proof of Propostition 5.1 (b) shows that it is an isomorphism at all facets. ]
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6 (¢, I')-modules

6.1 (¢",I')-modules and (¢",I')-modules

Let Of = o[[Mg]] denote the completed group ring of Ny over o. Let Og denote the p-adic
completion of the localization of (9; with respect to the complement of WKO;

Let Por denote the endomorphism of (’)gr induced by the endomorphism n — @ne=! of
M. Let po, denote the endomorphism of O¢ induced from Por by functoriality. As an o-
module, Og decomposes as Og = im(pp,) & (N — NE)im(pe,) (notice that ENep~! = Nk).
We denote by 9o, the o-linear endomorphism of Og with Yo, o o, = id and with kernel
ker(vo,) = (Mo — N)im(po,). Similarly (or simply by restriction) we define the o-linear

L'of T' on My induces an

endomorphism wog of (’);. The conjugation action (y,n) — yny~
action (v,a) — v -a of I on Of and on Og.
On kf = k[[M]] = OF @, k we have the p-operator Prr = Por Do k, the t-operator

1/1,6; = TZJO; ®, k and the induced action of ', and similarly on ke = Of ®, k.

Let r € N. We need the non-commutative polynomial ring O [cpgg} over Of in which rela-
tions are as imposed by multiplication in GL2(Q)) (i.e. go’(’gg ‘[n] = [n]”" 907(5g for n € Mp) and the
twisted group ring ng [cp’b;,l“] over O;[apg);], again with relations as imposed by multiplication
in GL2(Qp). (Ie. for v € I' and n € My we have gp’(’og Sy = 4‘0?93 and 7 - [n] = [yny~ 1] - 7.
Specifically, for a € Z,;, setting t = [v] — 1 we have y(a) -t = ((t + 1)* — 1) - 7(a).) Similarly
we define Og[pp, ] and Oglpp,, '], as well as kg [gozg} and kt [@Z;,F] (equivalently, Og[pp, | =
@) [907("9;] Bof Og and O¢lyp,, T = of [907("9;,1“] B0y Og¢ as well as kg [4,02;] = O;[gpgg] ®o k and
ki [(ng I =0t [(pTog’ I'| @, k). We will often just write k. [¢"] and kZ [", T], and also drop the

exponent 7 in case r = 1.

Definition: (a) An étale (", I')-module over Og is a module D over Og[pg,,, '], finitely
generated as a module over Og and such that the structure map ¢, is étale, i.e. ([ is injective
and satisfies D = @ o/ nep (D). In this situation there is a unique o-linear endomorphism
Yp of D with ¥ o ¢, = idp and with kernel @ne(%/mgr)_{mgr}ngolg(D). A (¢",T')-module
over kg is an étale (", I')-module over Og whose Og-action factors through the quotient kg of
Oc¢.

(b) Similarly we define étale (¢, I'g)-modules over Og and over kg.

Definition: A (¢",T')-module over kzéIr is a finitely generated free k;—module D*, together
with a k-linear endomorphism 7, satisfying 47, (¢} + (a)x) = ayp},,(r) and a continuous semi-

linear action of I' that commutes with ¢7,..

T

contains no non zero ki -sub module.
Dt &

It is called non degenerate if ker(

e Let D! be a (", T')-module over k; Viewing D! as a linearly compact k-vector space we
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endow the topological dual (D*)* = Hom{'(D¥, k) with the structure of a kZ-module by setting
(a-0)(z) = b(a-z) for £ € (D*)*, 2 € D* and a € k. Notice that (D#)* is a torsion k-module.
We define a k-linear endomorphism P(pry On (D%)* through (cp(m)* (0)(z) = LY} (7)) and an
action by T' through (v(¢))(z) = £(y~!(x)). One checks that this defines on (D?)* the structure
of a module over kZ [, .

e Let Df be a (4", T')-module over k:gr which is non degenerate and such that ¢}, is surjective.
Then D = D? Byt ke carries a unique structure of a (¢",I')-module over kg compatible with
the (1", T')-structure on D (i.e. the I'-actions coincide, and 1, extends Yh;). For r =1 this is
well known [for the uniqueness one may use Proposition I1.3.4(ii) of [4]; see also [14] Proposition
3.3.24.]. For general r > 1 the proofs are the same. (For the (1", I')-modules met later on in
this paper, the corresponding (", I')-modules over kg come along simultaneously and explicitly,

see section 7.)

Let Galg, = Gal((@zlg /Qp) denote the absolute Galois group of Q.

Theorem 6.1. (Fontaine) There is an equivalence functor D +— W(D) from the category of
(0, T')-modules over kg to the category of finite dimensional (smooth) k-representations of Galg, .

PRrOOF: This is shown in [7], for a brief account see [2] Theorem 2.1.2. O

Let I@p denote the inertia subgroup of GalQp. For m > 0 let wy41 - I@p — F; denote
the fundamental character of level m + 1. It is given by the formula wyt1(9) = ¢(Tme1)/Tme1
where 7,11 € Q&® is chosen such that ﬂ'f:j:llil = —p. We denote by w the cyclotomic character
modulo p of Galg,.

For 0 < h < p™*! —1let ind(w’ ;) be the (m + 1)-dimensional Galg,-representation over k
with det(ind(w/, ;)) = w" and ind(wﬁﬁl)b@p = @Tzowﬁjﬁl described in [2]. For 8 € (k®18)* let
g denote the unique unramified (i.e. trivial on Zg,) character of Galg, sending the geometric
Frobenius (i.e. lifting x — 27P) to 8. If B™F! € k* then ind(w!, ;) ® pg is defined over k.

mFl 2 is primitive (with respect to m + 1) if there is

One says that an integer 1 < h < p
no n < m + 1 dividing m + 1 such that h is a multiple of (p™* —1)/(p"™ — 1). If h is primitive

then ind(w!,_ ;) is absolutely irreducible. For all this see [2] section 2.1.

6.2 Standard cyclic kZ[¢", T']-modules

We put ¢t = [v] — 1 € k} = k[[9%]]. This is a uniformizer in the complete discrete valuation ring
ki, thus kF = k[[t]] and ke = k((2)).
We often identify elements of F with their Teichmiiller lifting in Z;. In particular, for

r € F); we may consider the element v(z) € T.

$We choose not to use the involution on k;r induced by inversion in 91y when defining the k;—action on the

dual, taking advantage of the commutativity of 9.
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Definition: (a) We say that a k. [¢"]-module H is standard cyclic of perimeter m +1 € N
if it is generated by ker(t|y) = H”%, if it is a torsion kf-module and if there are a k-basis
€0, - - -, em of ker(t|r), integers 0 < ko, ...,k < p" — 1 and units g, ..., 0m € kX with

k.
t"ip"ei—1 = vie;

for all 0 <4 < m. Here and below we extend the indexing of the k;, e;, o; by i € {0,...,m} to
an indexing by ¢ € Z such that k; = kitm+1, € = €itm+1, 0i = Qitm+1-

(b) We say that a kl[¢",I']-module H is standard cyclic of perimeter m + 1 € N if it is
standard cyclic of perimeter m + 1 as a k; [¢"]-module, in such a way that all the above ¢; can
be chosen as eigenvectors for the action of I', with eigenvalues in k*.

(c) Giving H the discrete topology, we endow the topological dual H* = Hom{'(H, k) with
the structure of a kf-module by setting (o - ¢)(z) = {(a - z) for £ € H*, x € H and « € k. We
define a k-linear endomorphism ¢7,. on H* through (¢} (¢))(z) = ¢(¢"(x)) and an action by I'

through (v(0))(x) = £(y" ().

Proposition 6.2. (a) If k; > 0 for at least one 0 < i < m then H* is a non degenerate
(¥, T)-module over k; with surjective operator V., free of rank m +1 as a k;-module.

(b) Suppose that for any 1 < j < m there is some 0 < i < m with k; # kiy;. Then H is
irreducible as a kF [¢"]-module.

(c) For 0 <i<mletn, : T — k> be the character with ve; = n;(v)e; for all vy € T'. Suppose
that for any 1 < j < m which satisfies k; = ki1; for all 0 < i < m there is some 0 < i < m with
N # Nitj. Then H is irreducible as a kf[p", T]-module.

(d) If ki =0 for all0 <i < m thent=0 on H, and e, ..., e, is a k-basis of H.

PROOF: Statement (d) is clear. We prove statement (a).

Claim: The action of ¢t on H is surjective.

For any x € H we need to find some y € H with ty = z. As ker(t|y) generates H we
rn

may assume, by additivity, that x = t"1™1 ... t™ gp”"fei for some 0 < i < d, some [ > 0, some

" e; (some n,n’ >0). If n > 1 we are

nj,n; > 0. Using "t = tP" " we rewrite this as = t"¢
done. Otherwise we put w; = ki +p"ki—1+...+p ko +p"(i+1)km +...4+p" ki1 and substitute
twirm+ e, for e; — up to a scalar in k* these are the same, as follows from "t = t*" ¢". We
use "t = tP " again to rewrite the result as & = "¢ e; for some new n,n’ > 0. Now we have
n > 1 because w; > 1 for any i, as follows from the hypothesis that k; > 0 for at least one. The
claim is proven.

Let £ € H*, £ # 0. Choose x € H with ¢(x) # 0. By the above claim (iterated n times) we
find for any n > 0 some y € H with t"y = x, hence (t"¢)(y) = ¢(t"y) = £(z) # 0, hence t"¢ # 0.
It follows that H* is a torsion free kf-module. On the other hand, we know H* s k (with
t — 0) because this is dual to ker(t|g). In view of Nakayama’s Lemma we obtain that H* is

k‘;—free of rank m + 1.
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Now ¢" is injective on H [as ¢"t = tP" ¢" we have t - ker(¢") C ker(¢"), thus if we had
ker(¢") # 0 then also ker(y") Nker(t) # 0, but this is false], hence ¥};. is surjective; similarly,
ker(¢};.) contains no non zero kf-sub module.

(b) Let 0 # Z C H be a non zero k; [¢"]-sub module. As H is a torsion k;—module so is Z,

hence ker(t|z) is non zero. Let us put

n(z) =n( Z zie;) = max{k; |0 <i<m, z; # 0}
0<i<m

for non zero elements z = >, ., xie; € ker(t|z) (with x; € k). For such 0 # z € ker(t|z)
let us put A(z) = t"®)y" 2. This is again an element in ker(t|z) (as Z is stable under ¢ and
©"); moreover A(z) # 0. We apply A repeatedly: The hypothesis shows that for sufficiently
large n > 0 we have A™(z) € k* - ¢; for some 0 < i < m. But then we further see that
AMI(2) € kX - ei+; for all j > 0. It follows that Z contains all the e;, hence Z = H as the e;
generate the k7 [p"]-module H.

(c) Let 0 # Z C H be a non zero kZ [¢", T'|-sub module. If H is not already irreducible as a
k& [¢"]-module then, by the proof of (b), there is some 0 # z € ker(t|z) such that for all n > 0,
if we write A™(2) = > <;<m Zin€i, then the number |{i|z;, # 0}] is larger than 1 and indepen-
dent on n. Thus z; #_O_and Titj0 # 0 for some ¢, j, and this j violates the hypothesis in (b).
By the hypothesis in (c), replacing z by A™(z) for a suitable n (and replacing i by i +n) we may
assume that 7; # 7;4;. This allows us to produce a non-zero element » .., vyie; in ker(t|z)
such that |{i|y; # 0} < [{¢|zs0 # 0}|. Proceeding by induction we obtain that ¢; € ker(t|z)
for some 0 < i < m and hence, as in (b), that Z = H. O

ForO<j<mleti; =p" —1—k;41—; and
w; = k; —|—prk,‘j71 + ... —I—prjk‘o +pr(j+1)km =+ ... +prm 1

Let hp = 0 and for 1 < j < m+1 let h; = Zg;& imtit1—p". Let o = [[I%,0i; then
twiprmte; — pe; for all 0 < i < m (use @'t = t? ).

Lemma 6.3. (a) There is some 0 < s < p — 2 such that y(z)e; = =" %¢; for all x € Fy, all
0<s<m.
(b) h =hpmi1/(p—1) is an integer.

PROOF: (a) For a € NNZ) we formally compute [v]* —1=3"%_, (?)([V] —1)7 = > e (4,

thus v(a)ty(a™!) —at = ([v]* — 1) — at € t?kZ and therefore also
k -1 ki k k+1
(50) Y(a)t*y(a™t) — a®t" € "k

for all k € Z>o. For 0 <i < m let n; € Z such that vy(a)e; = a™e; for all a € NN Zy . Now let
1 <7< m. Then

) ) () k. ) ) 4

oia"e; = oy(a)e; = y(a)oie; = Y(a)thig ey = thigmabiy(a)e g =t ah e
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where in (i) we used formula (50) and the fact that t*ip"e; 1 belongs to ker(t|g) (as it equals
oie;). Comparing this with g;e; = t*ip"e; 1 we obtain k; = n; — n;_; modulo (p — 1)Z. On the
other hand, the definition of k; shows k; = —i,,+1-; = hj—1 — h; modulo (p — 1)Z. Together this
means n; + h; = n;—1 + h;—1 modulo (p — 1)Z and statement (a) follows.

(b) The fraction h is an integer if and only if p — 1 divides hy,41, if and only if p — 1 divides
> i tj, if and only if p — 1 divides > 7" k;, if and only if p — 1 divides w; for any 0 <7 < m.

For any such ¢ and any v € I' we have

iy My () = (11" es) = oy(es) = iy (er)

and this is a non zero element in H. Specifically, taking v = 7(a) and using formula (50) we
obtain a** =1 in F for all @ € NN ZJ. This implies that p — 1 divides w;. O

Lemma 6.4. Suppose that k; > 0 for at least one i. The (¢",T')-module D over kg associated
with the (Y",T')-module H* admits a kg-basis go, . .., gm Ssuch that

(51) ¢b(95) = gj+1 Jor0<j<m-—1,
(52) ©p(gm) = 0~ 't go,
(53) v(x)(g;) — 2°g; Gt-k:;'-gj foro<ji<m andeIF;.

These formulae completely characterize the actions of ¢ and T'.

ProoOF: Let D denote the p"-module over k¢ with kg-basis go, . .., gm and with ¢"-operator
¢ given by formulae (51) and (52). It is étale and hence admits the usual canonical left inverse

Y. For 0 <j<mlet f; = thfgj. For1<j<mand aé€ /’{:gr we compute
(54)  wblaf;) =thtup(atm gy = g (et o) g oy = gy (et ) £y

where in the first equation we used h; = p"hj_1 + im41—;. We also have hy,q1 = p"hyy, + 40 and

therefore we similarly compute
vb(afo) = vp(age) = e¥p(at"¢p(gm)) = ot" "V (at')gm

Let D* be the free k}-submodule of D with basis f, ..., fm. Formulae (54) and (55) show that
D* is stable under 1, hence that D! is a ¥"-module over ke. Its ¢ -operator Yy = Yplps is

surjective, as follows from formulae (54) and (55) in view of
(56) (i (t2=i=o ”ipi) = (—1)21:01 fighr for 0 <ng,...,n—1 <p—1and 0 <mn,.
£
For 0 < i < m we define €} € (D¥)* by el(f;) = &;; and by €l|,.ps = 0. The set {ef),...,el,} is

a k-basis of ker(t| ps)«), and it generates (D*)* as a kf [¢"]-module as will follow from formulae
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(57) and (58) below. We claim

(57) tkicp’EDn)*e;_l = for 1 <i<m,
(58) 5000 ) € = 060,
(59) twicpr(mH)e; = e} for 0 < i< m.

(D)

For n > 0 we compute

(tkiwzpﬁ)*eg—l)(tnfj) = (szu)*eg—ﬁ(tk#nfj)
= i1 (W (" f)).

Inserting formula (54) we thus get
(60) (tkiSOZDﬁ)*eg—l)(tnfj) = 62—1(%; (thtr =R £ )
for 1 < 7 < m while for j =0 = m + 1, inserting formula (55) we get

(61) (5 eyl ) (1" o) = €l (ot (P =10 )

The right hand side in formula (60) (resp. in formula (61)) vanishes if i # j (resp. if i # m+1 =
0). To evaluate the right hand side if 1 < i = j < m (resp. if i = m + 1 = 0) we again use
formula (56). It shows that for n > 0 the right hand side in formula (60) (resp. in formula (61))
vanishes and that for n =0 and 1 <i=j < m its value is 1 (resp. forn=0andi=m+1=0
its value is p). We have proven formulae (57) and (58). Formula (59) follows by iteration (as
Pt =1"").

As both H* and D* are kl-free of the same rank, a comparison of formulae (57), (58)
with those describing the action of ¢" on H = (H*)* shows that there is an isomorphism of
k¢ ]-modules H = (DF)* sending the e; to suitable k*-rescalings of the €.

We use this isomorphism to transport the I'-action on H to a T-action on (DF)*. For

0 <i,j <m and x € F, it satisfies
ei(v(@)(f5) — 2" f) = (@ e) (f5) — 2T (f)).

We claim that this vanishes. Indeed, if i = j then this follows from ~(z~1)e} = zi*3¢! (the
definition of s), whereas if i # j even both summands vanish individually. The claim proven we

infer

y(@)(f;) — 2" f € (kex(e}) = ¢ - DE.

On the other hand, formula (50) says v(z)(f;) — a"ithivy(z)(g;) € thitlkt - g; C t- D% Together
we obtain

v(z)(g;) — a®g; € t'~" . D,

As both v(z)(g;) and 2°g; belong to k- g; and as k- g;Nt!~"i . D =t-k} - g; we have proven
formula (53).
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For the final statement it is enough to show that formulae (51), (52) and (53) characterize
the k", [J-module (D*)*. We have already seen that they imply formulae (57), (58), (59),
i.e. they characterize the action of QO?D&)*' It therefore remains to see that they characterize the

action of I' on the kZ [p"]-generators e} of (D¥)*. We claim

y(x)e; = 27 e,

Indeed, both sides vanish on ¢ - D!. To compare their values on an argument in D! we may

ignore summands belonging to ¢ - D¥. Thus formula (53) gives us

(v(@)en)(f3) = ei(y(@) 71 f5)

ez M0 f)

for any 0 <i,j < m. We are done. O

Let 3 € (k*8)* such that (—1)"3 ™! = o =T[", 0i-

Proposition 6.5. (Berger) Suppose that r = 1 and that k; > 0 for at least one i. Let D be
the (¢,T')-module over kg associated with the (¢¥,T')-module H*. We have an isomorphism of

Galg, -representations
W(D) = ind(wZH_l) ® w’pg.

PRrROOF: In [2] section 2.2 it is shown that the (¢,T')-module D’ over kg with W(D') =
ind(wf’,, ;) ®w*ug admits a basis in which the actions of ¢ and I satisfy the formulae (51), (52),
O

(53), hence we conclude with Lemma 6.4.

Remarks: (a) In [2] section 2.2 even the precise formula for v(g;), for v € I, is worked out,
sharpening formula (53).

(b) The results in [2] are in fact stated there only under the hypothesis that 4 be primitive.
However, it is easily checked that those statements of [2] which we are using in Proposition 6.5

hold true without that primitivity assumption.

7 The functor D

The topological dual V* of a smooth 9-representation on a torsion o-module V' (endowed with
the discrete topology) is a compact left Of-module, with OF acting through (a- f)(v) = f(a-v)
forae(’); for feV*andve V.S

TAs Mo is commutative this formula indeed defines an Of -action. One might argue that it would be more
natural to endow the dual with the Of-action (a - f)(v) = f(a - v) where (.) : Of — O denotes the involution
induced by the inversion map on 9. Of course, everything we are going to develop holds true with this alternative

Of -action as well.
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Let V be a 9Mg-equivariant coefficient system on X, of level 1. Clearly the 91p-action on both
Ho(X4,V) and Ho(X,V) is smooth, thus

D(V) = Ho(X4, V)" and D'(V) = Hy(%4,V)*
are compact Og—modules. We put
D(V) = 0O¢ Rot D(V).

Proposition 7.1. Suppose that V is strictly of level 1.

(a) D(V) can be generated as an OF -module by dimy(V(eo) ®o k) many elements. In partic-
ular, D(V) can be generated as an Og-module by dimy(V(eg) ®, k) many elements.

(b) The natural map Og B0y D'(V) — D(V) is bijective.

PRrOOF: By Theorem 4.3 we know V(eg) =2 Ho(X4,V) 0. It follows that the k-vector space
Ho (X, V)"0mx=0 can be generated by dimy(V(eg) ®, k) many elements. By duality this means
that the k = OF /m-vector space D(V)/mD()V) can be generated by dimg(V(eg) ®, k) many
elements; here m denotes the maximal ideal in the local ring (’);. Now we conclude with the
topological Nakayama Lemma (see [1]).

(b) We have an exact sequence 0 — V(eg) — Ho(X4,V) — Ho(X4,V) — 0 giving rise to an

exact sequence of (’)g—modules (taking the Pontryagin dual is exact)
0 — D'(V) — D(V) — V(eg)* — 0.

Tensoring its first non trivial arrow with Og over O; gives the map in question. Its surjectivity
follows from Og¢ ®of V(eo)* = 0 which holds true because V(eg) and hence V(ep)* is finitely

generated over o. g

Now suppose that V is [Ny, ¢" |-equivariant for some r € N such that the structure maps
@bt V(z) — V(e"z) and ¢~ : V(1) — V(¢"T) are bijective for all z € X and 7 € X!.
The ¢"-action provides an endoglorphism Plo(x,v) Of Co(X4,V) = Drex? V(z) and hence an

3 T
endomorphism ¢ Ho (%4 V) of Ho(X4,V). We define

1/150,) :D(V) — D(V), d—do SD?%(?@,V)'

It is straightforward to check

(62) Upw) (@ (@) - d) = a- (Whey(d))  fora € Of d e DV).

As Og = O, .o i n¢p, (Og), any element in Og can be written as a sum of products ¢, (b) ¢
with b € Og and ¢ € OF. Thus any element in D()) is a sum of elements of the form o, (b)®d
with b € Og and d € D(V). It therefore follows from formula (62) that there is a well defined
o-linear map

Upy :DV) — DY), gl (b) @ d i by, (d).
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The map ¢" : 369r — %g is injective. Thus the inverse of ¢" induces an isomorphism

o " @ V(x) =, EB V(x).

xewx& xe%ﬂ_

We extend it to a map

Voyx, vy * Co(X4,V) = P V(a) — Co(X4,V) = D V(o)
wex(jr réﬂ

by requiring that its restriction to @, X0 - a0 V(x) vanishes. The definition implies

(63) Vo, v) (@ (@) h) = a Yz, (k) forae of,he @ V().
xex&

The map 2/)60 (X)) induces an endomorphism
Yoz, v) - Ho(X4, V) — Ho(X4, V)

and formula (63) becomes
(64) Vo) (Por (@) 1) = a- VU x, 1) (h)
for a € Of and h € Hy(X4,V). We define the endomorphism

Yoy D'V) — D'(V),  dedoti ik, vy
We claim
(65) P d) = ¢y (@) (@) fora € OF,de D'(V).

Indeed, for h € Ho(X4,V) we compute

(@~ D)) = (a- )Wz, 1) (1)

= d(a- Vg x, v)(h)
L AW, 2, ) (Pl (@) - 1)
= (D) (d) (¢t (@) - h)
= (e (@) Sy (D))

where in (¢) we used formula (64). Because of formula (65) we may proceed to define
PD) = Y0 @ Ppiyy : D(V) — D(V)

where we use the isomorphism Og Rot D'(V) = D(V) of Proposition 7.1 as an identification.
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Proposition 7.2. We have the formulae

(66) Upw) © (b ¥pay) = Yo, (b) - idpy) for b € O,
(67) > nowhy o thoy = idp(y).
ne%/mo

In particular, we have ¢B(V) o 90;3(V) = idp(y) and ‘PTD(V) is an étale map.

ProOF: To prove formula (66) we first remark that for b € Og we have

Vinx.v) © (0 Py, v) = Yo (0) -id

Indeed, this is true already on 0-chains. To check this the 0-chain may be assumed to be
supported on a single vertex, and b may be assumed to belong either to im(¢ O+) or to ker (v O+)

in either case the claim follows easily from the definitions. We use this to see

Uy (0 i) (d)(h) = (b @y (D)@, z, 1) (B)
= dWHo (%4, v)(b ‘PHO 3€+,V)(h)))
= d(Wpy (0) - h)
= 4, (b) - d().

Any element of Og can be written as a sum of products b = by - by with b; € Og and by € (92r

and by = ¢p_ (Yp, (b1)). Inserting what we just saw we compute

Yy (b - epay)(a®d) = Ppn,)(b- o, (a) ® €1y (d))

= Yoy (o, (Yo, (b1)) - Po,(a) @ by - £y (d))

= Up) (Poe (Yo, (b1) - @) @ bz - @1 (d))

= 90, (b1) - a @ P (b2 - Py (d))

= o, (b1) - a® wg;(bz) -d

= oy (b1) - oy (b0) - @ d

=1p,.(b) -a®d.
We haven proven formula (66). To prove formula (67) we view the injective map D’(V) — D(V)
as an inclusion. We find some N > 0 such that ¢, (tVD(V)) C D'(V). The map tND(V) —

D(V) induces an isomorphism Og Rof tND(V) = O¢ Rof D(V) = D(V), therefore we may write
an element in D(V) as a sum of elements ¢, (b) @ d with d € D(V) such that @Z)E)(V)(d) e D'(V),
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and then more generally ¢7,,, (n=1.d) € D'(V) for n € Nyg. We compute

ne‘ﬁo/‘ﬂé’r ne‘ﬂo/‘ﬁgr
= Y noepumb@vhyy(nTt-d)
né%/mgr
= D Po.(0) @n- (Pp @y (" - ).
ne‘ﬁo/‘ﬂgr

Therefore we need to show the equality

(68) > e (@hiy Wby (- d) =d

nEmo/mgr

of linear forms on Hy(Xy,V). An inductive argument using formula (33) shows that any element

of Hy(X4,V) can be represented by a 0-chain supported on

modaei = H nggorxg.
nOG‘ﬁo/‘ﬁgr

Thus, to prove (68) it is enough, by the definitions of 7, V) and wg(v), to prove

(69) > (T o, © Yo, v 0 m(e) = ¢
neNo /NG

for all ¢ € Cy(X4+,V) supported on nowT.’{?r for some ng € Ny. For n € Ny with nng ¢ ‘ﬁgr we
have nnogprfg ﬂgo’”%g = () and then c is killed by weo(x+ V) on. On the other hand, if nng € ‘ﬁgr

then ¢ is fixed by n=! o @Z‘o( )© 1/)60(36+ V) O 1 Formula (69) is proven. O

XLV

Corollary 7.3. (a) The Og-module D(V) can be generated by dimy(V(eo) @, k) many elements
and carries a natural structure of an étale (", I'g)-module.

(b) If the |MNo, " |-action on V extends to a | Ny, ¢",T'|-action on V, then D(V) is an étale
(¢",T')-module.

PROOF: (a) Except for the I'g-action everything else has already been established in Proposi-
tions 7.1 and 7.2. By proposition 4.4 the [, ¢" |-action on V naturally extends to a [N, ¢", T'g|-
action on V. In particular it induces a T'g-action on Ho(X4,V). We define a I'g-action on D'(V)
by setting (y-d)(h) = d(y~'-h) for vy € Ty, d € D'(V), h € Hy(X1,V). For a € O} we compute

(y-(a-d)(h)=(a-d)(y ' -h)=d(a-v"-h)=(y-d)(yay " -h)

= ((vay™) - (v-d))(h) = ((v-a) - (v - ) (h)
i.e. the action is semilinear. Moreover, it follows immediately from the definitions that it
commutes with 7, V) Therefore we obtain a semilinear action of I'g on D(V), commuting with
©b(v)> by putting y(@a®d) =v-a®~y-dfor a € Og and d € D'(V).
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Of course, the same construction also endows D()) with a semilinear I'p-action, commuting
with wB(V)’ and extending to the same I'p-action on D(V).
(b) This is the same argument (without invoking proposition 4.4). O

Corollary 7.4. (a) The restriction of Vb to ﬂnemimgrker(zp]g(v)(n -.)) 1is a bijection onto
D(V). Its inverse, composed with the inclusion of ﬁne%imgr ker(wﬁ(v) (n-.)) into D(V), is the
map cp”"D(V) ;in particular, the latter can be reconstructed from Qj)lg(v).

(b) Conversely, 1/);’)0;) can be reconstructed from 90715(1/)'

Proor: This is a formal consequence of Proposition 7.2.

(a) (See [14] Proposition 3.3.24 for the abstract argument.) All we need to show is

m(eh) =[] ker(@hpy(n- )
ne%f‘ﬂgr

Let d € im(¢hy,), say d = @, (c). Let n € Mg — M. Then v, (n-d) = ¥y, (n -
CP]TD(V) (c)) = Y5, (n) - ¢ = 0 where we used formula (66) and then ¢, (n) = 0. Conversely, let
de ﬂnemoimgrker(w]g(v) (n-.)). Formula (67) shows
A= 30 n oo Whe ! d).
ne‘ﬁo/mgr

By hypothesis, only the summand for the coset ‘ﬁgr survives, showing d = cp’”D(V) (w]g(v)(d)),
hence d € im(gai")(v)).

(b) Proposition 7.2 implies D(V) = im(gp"D(V)) ® Zne%—‘ﬁgr n- im(npg(v)) and that ¢,
is injective. Thus ¢p, ;) is the projection onto im(cp’"D(V)) with kernel Znefﬁofm{f n- im(cp;")(v)),
composed with the inverse of go’”D(v). O

We fix a gallery (10) and choose an isomorphism © : Y 5 X+ as in Theorem 3.2.

Theorem 7.5. (a) Given ¢ as in Theorem 3.2(b), the assignment M — D(O. V) is an ezxact
contravariant functor from Mod™(H(G, Ip),,,) to the category of étale (", Tg)-modules over
O¢.

(b) Given ¢ and T as in Theorem 3.2(d), the assignment M — D(0, V) is an exact con-
travariant functor from Mod™ (H(G, Iy),,,) to the category of étale (", T')-modules over Og.

(¢) The functors in (a) and (b) depend canonically on the choice of (10) and ¢ alone, resp.
of (10) and ¢ and T alone, not on the choice of ©.

(d) For M € Mod™ (H (G, Ip)e,) = Mod™(H (G, In)x) we have

dlmng(@*VM) < dimkM.

PRrROOF: The assignment M +— Vj; (and hence M — ©O,V)y) is exact by Proposition 5.1.
Therefore the assignment M +— Ho(Xy,0,V)) is exact, cf. the exact sequence (40). By
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exactness of taking Pontryagin duals it follows that M — D(©.V);) is exact. Finally, by the
flatness of (92r — Qg we obtain that M — D(0©.,V),) is exact.

The independence on the choice of © follows from the corresponding independence statement
in Theorem 4.2. g

8 The case GL41(Q))

We consider the case G = GLg41(Qp) for some d > 1 and keep all the previous notations
T,N(T),X,A etc.. We fix a chamber C' in A, and as before we denote by I resp. I the
corresponding Iwahori subgroup, resp. pro-p-Iwahori subgroup of G. The (affine) reflections in
the codimension-1-faces of C' form a set S of Coxeter generators for the affine Weyl group which
we view as a subgroup of the extended affine Weyl group N(7')/Z(T'NI). Put W = N(T)/T,
the finite Weyl group.

We find elements u, sq € N(T') such that uC = C (equivalently, ul = Iu, or also uly = Iyu),

such that u®*! € {p-id,p~! -id} and such that, setting
S; = ud_isdui_d for0<i<d

the set {so,s1,...,Sq} maps bijectively to S; we henceforth regard this bijection as an identi-

fications. Let ¢ : SL2(Q,) — G denote the embedding corresponding to sq4. For 0 < i < d we

nsizud-iw(( ’ 1)>-ui-d and hsxx):ud—w((x 01>>-ui-d

put

-1 0 0 «x

X

-1

for € F,; where we use the Teichmiiller character to regard (
T

) as an element of

SL3(Qp). Similarly, by means of the Teichmiiller character we regard the group T = I/Iy =
(T'NI)/(T'NIy) as a subgroup of T
We write H(G, Iy)r = H(G, Iy) @ k. Let H(G, Ip)as 1 denote the k-subalgebra of H(G, Io)s
generated by the T},, for s € S and the T} for t € T. Let H(G, IO);H,k denote the k-subalgebra
of H(G, In)r generated by H(G, Ip)asr x together with the elements T),iq and T),-1.4q = Tpfih. We
put
¢ = squ € N(T) and C =¢'C  fori>0.

We have ¢ = £(p) € T for some £ € Homyig (G, T'). Let
7:(.)m‘§\Z; 12y, — T, awa™-{(a)

for some m € Z. For z € F); use the Teichmiiller lifting to define 7(z) € T

Lemma 8.1. (For a suitable choice of Ny we have:) {C¥Y;>0, ¢ and T satisfy the assumptions
of Theorem 3.2 (with r =1 there).
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PRrROOF: We choose a system A of simple roots in such a way that the image of S — {so} in
W is the set of simple reflections corresponding to A. (The above embedding ¢ : SLy(Q,) — G
is then taken, more precisely, to be the one corresponding to the simple root associated with sg4.)
We take Ny to be the group of Z,-valued points of the unipotent radical of the Borel subgroup
containing T corresponding to A. Then ¢¢ belongs to T' and we have ¢?Nyp~¢ C Ny with
[No : ¢*No¢p~? = p?. From this the claims easily follow. (All this can also be checked be means

of the concrete realizations of T', ¢, u etc. given below.) O

We choose an isomorphism © : Y = X, as in Theorem 3.2. Recall that the chamber C of X
corresponds to the edge eg of Y. The codimension-1-face of C corresponding to the vertex vg
of YVis

F=C0nCW =Cne¢C =CnsquC =CNsyC.

Therefore sq is the simple reflection corresponding to the simple root a® and in the present
setting we have

Y = ¢ = squ.

Placing ourselves into the setting of sections 2 and 5 we observe:

Lemma 8.2. (a) The image of My C SLa(Z,) in S = SLa(Fp) is MNo/NG, and this is the
unipotent radical U of a Borel subgroup in S.
(b) We have an isomorphism between S and the reductive (over Fy,) quotient of I", inducing

an isomorphism between U and the image of Iy, hence an embedding of k-algebras

H(S,U)i = Endy g (indS14)°P = Endyr (ind]0 1,)°P
(70) — H(G, Io)agty C  H(G, o)k

It sends T,z to Th, (z) (for v € F)) and Ty, to T,

nsd'

PROOF: (a) is clear. (b) The subgroup of SL2(Q,) generated by the stabilizers of the edges
in X, emanating from vy is SLa(Z,), its reductive (over F,) quotient is S = SLo(F,). From this

everything follows. O

For a H(G, Iy)-module M, Theorem 4.2 and Proposition 5.1 tell us that ©,V); is in a natu-
ral way a [N, ¢, ' |-equivariant coefficient system on X, with D%p-action strictly of level 1. For
later use we remark that ©,Vy(bg) = Vas(vo) = Vi (F) is stable under sy (which acts on the

. . . X
G-equivariant coefficient system Vy;).
From now on, for concreteness, we specialize our discussion as follows. T is the subgroup

of diagonal matrices in G and I is the pro-p-Iwahori subgroup of G consisting of all matrices

in GLg+1(Zp) which (minus the identity) are strictly upper triangular modulo p. We further
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assume that we are in one of the following two ‘opposite’ cases (which we treat simultaneously).|

The first one is where

(0 E ( Baa 0 (B4 0
N A CR R

0 1
for a € Z,;. Here Ej denotes the identity [ x [-matrix, and s = ( L o ) € GLso. In this case we

Ed*

have N} = (with column * having entries in Z,), where N/ denotes the subgroup of

G generated by all the N_; N Ny for 7 > 0 (cf. the remark following Theorem 3.2).

«

The ’opposite’ case (corresponding to the other end of the Dynkin diagram) is where

_ 0 pt [ s 0 [ a O
(72) u-(Ed 0 ), sd—< 0 Ed—1>7 T(a)—<0 Ed).

1
In this case we have N = * )
0 E,

8.1 Supersingular H(G, Iy)g-modules

For a character A\ : T — kX we denote by Sy the set of all s € S with A(hs(x)) = 1 for all
T € IF;. Suppose we are given a character A : T — k> and a subset J of Sy. There is a uniquely
determined character

g H(G, Io)ag e — k

which sends T; to A(t~1) for t € T, which sends T;,, to 0 for s € S — J and which sends T}, to
—1 for s € J (see [15] Proposition 2). Let b € k*. The character x) s extends uniquely to a
character

g MG o)y —

which sends T,a+1 to b (see the proof of [15] Proposition 3). We define the H(G, Iy),-module
M[)\a J, b] = H(Gv IO)k (®H(G,Io)gﬂJc k.e

where k.e denotes the one dimensional k-vector space on the basis element e, endowed with the
action of H(G, Ip),q 5, by the character xx 7.

For 0 <i <dwelete =T,~i ®e € M[\,J,b]. The pair (A, 7l1) defined by A\ (¢) =
Mu~tu’) and J = w!Ju~" satisfies the same assumptions as (\,J), hence gives rise to a

corresponding character x i i, of H(G, Io)hg -

INotice that our analysis requires explixit matrix computations only when we justify certain statements in-
volving 7. For some of these statements our specific choice of 7 is important, i.e. some of them may fail if 7 is
replaced by a +— a™ - 7(a) for some arbitrary m € Z. In general, the condition to be imposed on 7 should be that

the image of 7 together with SLg41(F,) generates GLgt1(Fp).
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Form e Z and 0 < i < d with m —i € (d+ 1)Z we set e, = €5, Jml = gl ang \ml = )0,
and similarly for all other objects defined below which are indexed by 0 < ¢ < d. Consider the

condition
(73) The pairs (A, 7). (A, 719 are pairwise distinct.

Proposition 8.3. (a) If (\,J) satisfies (73) then M\, J,b] is an absolutely simple super-
singular H(G, Io)k-module of k-dimension d + 1. For another pair (X', J') satisfying (73) the
H(G, Ip)-modules M\, T,b] and M[N,J',b] are isomorphic if and only if (N, T') and (N, T)
are conjugate by some power of u.

(b) Any absolutely simple supersingular H(G, Io)-module of k-dimension d+1 is isomorphic
with M\, T, b] for suitable A, J, b satisfying (73).

(c) As a H(G, Io) g ,-module, M, J,b] decomposes as

(74) MM T, b= @ ke

with H(G, Io).g . acting on k.e; by the character XAlil, 718

PrOOF: For (a) see [15] Proposition 3 and Theorem 5. Notice that conjugating the pair
(A, J) by powers of u is equivalent with cyclically permuting the set of pairs {(Al1, 7}, For
(b) see [15] Theorem 5 together with [11] Theorem 7.3. For (c) see the proof of [15] Proposition
3. To see e.g. that T} for t € T acts by All(t~1) on k.e; we compute

Tie; = TtTuﬂ' RKe= Tufit ®e= TufiTufitui X e

=Tyt @ Tyipgie = Tyi @ Mu"t M ul)e = T,—s @ A (7 1)e = Mt 1),

For 0 < i < d we define a number 0 < k; = k;(\, J) < p — 1 such that
(75) A (hy, (2)) = A(hs,_, (2)) = 2 for all z € F,

as follows. If A o h , is not the constant character 1 then k; is already uniquely determined by
formula (75). Next notice that Al o hs, = 1 is equivalent with s;_1 € Sy. If Al o hs, = 1 and
si_1 € J we put k; =p — 1, if A\ ohs, =1 and s;—1 ¢ J we put k; = 0. We put

(76) w; = wi(/\, j) =k; +pk;i_1+ kai_g —+ ... +pi/€0 —l—piJrlk‘d —+ ... —i—pdki_,_l,

d
S\ T) = (1) A(=id) ] k"
i=0

Put V = 0.V 7, The image of e; € M[A, J,b] in Ho(X,,V) we denote again by e;.
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Proposition 8.4. (a) Hy(X1,V) is a standard cyclic kf[p,T]-module of perimeter d + 1. The

set {eq,...,eq} is a k-basis of the kernel ker(t) of t, and we have the following formulae:
(77) t*Fipe;_1 = kA (7(=1))e for1<i<d,

(78) t*opeq = koA (r(—1))bLeg,

(79) tvipdtle; = (=1)26(\, T)b te; for0<i<d,

(80) y(x)e; = A (7(2))e; for0<i<dandxcTF,.

PROOF: As Hy(X4,V) is an inductive limit of kZ-modules which are finite dimensional over
k, it is a torsion k}-module. From Theorem 4.3 we obtain M[X, J,b] = V(eg) = Ho(X4+, V)™ =
ker(t). From this and the strict level-1-property (namely formula (33)) together with the fact
that for any e € Y! we find some n € Ny and m > 0 with n¢™ey = e it follows that ker(t)
generates Ho(X 1, V).

For z € ' we compute T}, ()€ = A (hg,(z71))e; = 2 %e;. On the other hand, in Lemma

k

2.5 (with k; = r there) we have T}, ;e = x~"e. Therefore, if we apply Lemma 2.5 to the

character of H(S,U ), obtained by pulling back the character X, 71 of H(G, Io)afr i along the
embedding (70), then we obtain tkin;dlei = k;le; inside M [\, J,b] = V(eo), the latter viewed (cf.
the proof of Proposition 5.1) as a subspace of

V(Uo) = (indglk) ®H(§ﬂ)k M.
A matrix computation shows ng,sq = 7(—1) = 7(=1)"! € T. We therefore see that sqe; =
Al (7(=1))n; e since 7(—1) acts by Ty (_1y-1, i.e. by M (7(=1)~1) on k.e;. We get

thi g e; = Al (T(—l))tkingdlei
(81) = kI (7(=1))e;.

Formula (44) gives ue;—1 = T,,-1¢;—1. For 1 <i < d we therefore obtain

(82) tkigoel-_l = tFisue;_1 = tkisdTuq eioq1 = tFisge;

while for ¢ = 0 we obtain

(83) thopey = thosquey = tF0s T, -1eq = tkOSdTuflfdeo = thog, b eg.

Formula (81) together with formula (82), resp. with formula (83), gives formula (77), resp.
formula (78). Combining formulae (77) and (78) gives formula (79); for this observe pt = tPp
and A\(—id) = H?ZO Al(7(=1)). To see formula (80) notice that the action of y(z) € I' is given
by the action of 7(x) € T, and that 7(z) acts by T,(;)-1, i.e. by Ai(7(z)) on k.e;. O

For 0 <j<d+1lletij =p—1-Fkgi—; and h; = Zg;ol idtit1—;p".  (Attention: In
general, 0 = hg need not be equal to hgy1. The h; must not be confused with the hsj.) Define
0 < s < p—2 by the condition 27 = \(r(x)) for all z € FY. Let 8 € (k*#)* be such that
ﬁd—i-l — 5()\“7)—117'
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Theorem 8.5. h = hgi1/(p — 1) is an integer, and if k; > 0 for some i then we have an

isomorphism of k-linear Galg, -representations
WD) = ind(why,) ® w'as.

Proor: That h is an integer follows from Lemma 6.3. Alternatively, it follows from the
divisibility of 20525 4 ki by p—1, which is a consequence of

Z’%—Hw—HAM Hh& = A(id) =1

for all x € F;. We now conclude with Proposition 6.5, using the formulae of Proposition
8.4. (By Lemma 6.3, the formula z—5~" = AUl(7(z)) for z € Fy and all 0 < j < d follows

from the case j = 0; alternatively it can be verified by a straightforward calculation showing

zhi = ()\//\[j])(T(x))-) -

Theorem 8.6. (a) If for any 1 < j < d there is some 0 < i < d such that k; # ki then
Hy(X4,V) is irreducible as a kg [¢]-module.

(b) If (A, J) satisfies (73) then Ho(X4,V) is irreducible as a kZ [p,T']-module.

(c) If (\,TJ) satisfies (73) then D(V) is an irreducible (1, T)-module over kf, and D(V)
is an irreducible (p,T')-module over ke. The integer h = hgy1/(p — 1) is primitive and the
Galg, -representation W (D(V)) = ind(wgﬂ) ® w’ng is irreducible.

PrROOF: (In the case d = 1 the argument was given in Theorem 5.1 of [6].) We use the
formulae in Proposition 8.4. Statement (a) follows immediately from Proposition 6.2.

For statement (b) we first claim that for any 1 < j < d violating the hypothesis in (a), i.e.
such that for all 0 <4 < d we have k; = k;1;, we have il o7 #* i+l o 7 for all 0 < <d.

Indeed, k; = kiy; for all 0 < i < d implies J = JU+] for all 0 < i < d. Thus, by
hypothesis (73) we have AlJ £ Al+7] for all 0 < i < d. Now k; = ki for all 0 < i < d says that
the characters A and AlitJ] of T differ at most by some character invariant under conjugation
by the full group W. But then we must have Al o 7 £ A+l o 7 and the claim is proven.

Next, since y(z) € I' for € F); acts by multiplication with Ai(7(z)) on k.e; (formula (80))
it follows that the hypotheses of Proposition 6.2 are fulfilled in order to deduce the irreducibility
of Hy(X4,V) as a k[, T'-module.

Statement (c): By Pontryagin duality theory, the natural map Ho(X4,V) — (Ho(X4,V)*)* =
D(V)* is an isomorphism of (topological) k-vector spaces. It is checked that it is also an isomor-
phism of k[, I'-modules. The same check shows that the irreducibility of the k} [¢, T']-module
Ho(%.,V) implies the irreducibility of the (1, I')-module D(V) = Ho(X,,V)*, which in its turn
implies the irreducibility of the (¢,I')-module D(V) (cf. e.g. [14] Proposition 3.3.25). The irre-
ducibility of D(V) implies that of ind(w/, ;) ® w*uz (Theorem 8.5), and hence the primitivity of

h because only primitive h give rise to irreducible ind(wg 1) d
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Theorem 8.7. For any 0 < h < (p™*!' —1)/(p — 1), any 0 < s < p—2 and any 3 € (k&)
with Bt € kX there are A, J and b as before such that we have an isomorphism of irreducible
k-linear Galg,-representations W (D(V)) = ind(wh, ) ® wug for V = 0.V 7

If h is primitive then (X, J) satisfies (73).

PrROOF: Write h(p — 1) = ig + pi; + ... + pdig with 0 < i; < p — 1, then put k; =
p—1—igpi—jfor 1 <j<d+1and ky=Fkqy1. As p—1 divides h(p — 1) and hence Z?:o ij,
it also divides Z?:o kj. As T is generated by the images of 7 and all the hs;, subject to the
relation H;lzo hs; = 1, it therefore follows that there exists a unique character A : T — k> with
Ni(hg,(2)) = A(hs,_, () = a¥i and with A(7(z)) = 27 for all 2 € F}, all 0 < ¢ < d. Let
J ={si € S|kiz1 =p—1}. Then J C Sy. Let b=5(\, J)3%! € k*.

That W (D(V)) = ind(w/}, ;) @ w*ug for this triple (A, J,b) follows from Theorem 8.5. If h is
primitive then ind(w” 1) ®w’pg is irreducible, hence D = D(V) is irreducible. It follows that Dt
the unique (by [4] par. IL.4 and I1.5) non degenerate surjective (¢, I')-module over kf giving rise
to D, is irreducible. [Given a non-zero (¢, I')-submodule Dtl1 of D* we obtain a non-zero kg-sub
vector space Dg ®kgf kg of D stable under ¢p and I'. Thus Dg ®k; ke = D by Proposition 11.3.5
of [4], hence D% = D% Ot ke N D% = DF. See also [14] Proposition 3.3.26.] Thus Hy(X,,V)* and
hence Hy(X4,V) are irreducible. The irreducibility of the kF[p, I'l-module Ho(X4,V) implies
the irreducibility of the H(G, Ip)i-module M[A, J,b]. Indeed, a proper H(G, Iy)-sub module of
M\, J,b] would induce a proper sub coefficient system of V, and Theorem 4.3 applied to these
two coefficient systems would then induce a proper k{ [, I'l-sub module of Hy(X4,V). Hence
(A, J) satisfies (73). O

Remark: Property (73) for the pair (), J) in Theorem 8.7, and conversely, the primitivity
of h in Theorem 8.5 are proven here very indirectly. It looks quite cumbersome trying to give

direct, purely combinatorial proofs.

Remark: The Hecke operator T,a1 for u®t! € {p-id,p~! -id} acts on M|\, J,b] through
the scalar b. The determinant of the action of the geometric Frobenius on W(D(0.Var,7.)))
is 6(\, J)71b. If d = 1 then 6(\,J) = 1 in k* so that this determinant is equal to b. If d > 1

then §(\, J) is not necessarily equal to 1 in £* and is not even independent on .

Consider the composed functor
(84) M — W (D(0.V)).

from the category Mod™ (H (G, Iy);) of finite dimensional H(G, Ip),-modules into the category

of Galg,-representations over k.

Theorem 8.8. The functor (84) induces a bijection between
(a) the set of isomorphism classes of absolutely simple supersingular H(G, Iy)i-modules of

dimension d + 1 and
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(b) the set of isomorphism classes of smooth irreducible representations of Galg, over k of

dimension d + 1.

PRrOOF: By [2] Corollary 2.1.5, the discussion preceeding [2] Lemma 2.2.1 and the beginning
of [2] section 3.1, any smooth irreducible representation of Galg, over k of dimension d+ 1 is of
the form ind(wngl) ®@wiug with 1 < h < (p@*! —1)/(p— 1) — 1. Therefore it is isomorphic with
W (D(©.Vh)) for an absolutely simple supersingular H(G, Iy)i-module M of dimension d + 1,
by Theorem 8.7.

By Proposition 8.3 any absolutely simple supersingular H (G, I)i-module M of dimension
d+1is of the form M|\, J,b] with (A, J) satisfying (73). It remains to show that the isomorphism
class of the simple H(G, Ip)i-module M|\, 7, b] can be recovered from the isomorphism class of
D(V) for V = ©.Vyx, 7.5

Step 1: The isomorphism class of M\, T, b] can be recovered from the isomorphism class of
Ho(X4+,V) as a kf[p,T]-module.

Recall the w;, formula (76). Let @ = min{w; |0 < i < d}. For w € Z>q let Fy, = ker(¢t) N
ker(tvTlpdtl). By formula (79) we may recover w as @ = min{w € Zso|F, # 0}. Let
I = {i|w; =w}={i|Fy, = Fp}. Let To = T N SLgy41(F,). For i € I we claim that we can
recover [’ |7, and that this is the same for all i € I. Indeed, Ty is generated by the u™"hg, (x)u™
for 1 <m < d+1and z € Fpy, we have A (u""h, (x)u™) = Nt (b, () = 2Fitm and ki
can be read off from w as the coefficient of p?T1=™ by formula (76).

Next, pick some eigenvector e € Fy, for the action of I' on Fj. By formula (80) there is
some i € I such that the action of T on k.e is given by Al o 7. With the above this allows us to
recover A because the domain T of Al is generated by Ty and the image of 7. As a result we
see that we can recover A up to conjugation by a power of u. Next, up to cyclic permutation
we can recover the k; as the digits in the expansion of w in base p, as already remarked. Since
these determine the J we see that together with what has been said we can recover the pairs
(A, 7Y up to cyclic permutation, or what is the same, we can recover the pair (A, .J) up to
conjugation by a power of u. Finally, knowing the k; (up to cyclic permutation) allows us to
recover H?:O k;!. Moreover, knowing A (up to conjugation by a power of u) allows us to recover
A(—id) = H?:O All(7(=1)); namely, this is the product of the eigenvalues of 7(—1) acting on
ker(t) through the action of I' (formula (80)). Hence we may recover d(A, 7). But then we may
recover b from formula (79) which holds true with w; replaced by @ and with e; replaced by any
ec Fy.

We are done because the isomorphism class of the H(G, Ip)i-module M|\, J,b| is given by
b and the pair (A, J), the latter taken up to conjugation by powers of u.

Step 2: The isomorphism class of Ho(X4,V) can be recovered from D(V).

The (¢,I')-module D(V) is irreducible (cf. e.g. [14] Proposition 3.3.25). Therefore (and
because D(V) is of dimension > 1) D(V) contains a unique compatible (i, I')-submodule over
l{:gr on which the t-operator is surjective ([4] par. IL.4 and IL.5). By uniqueness, this must
be D(V). Thus, the (¢,T')-module D(V) can be recovered from D(V). Since Ho(Xy,V) —
(Ho(X+,V)*)* = D(V)* is an isomorphism of kZ [p, []-modules we are done. O
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Remark: A numerical version of Theorem 8.8 was proven in [15] Theorem 5: there it was
shown that for fixed b, the number of absolutely simple supersingular H (G, I)i-modules of the
form M[A, J,b] is the same as the number of smooth irreducible representations of Galg, over

k of dimension d + 1 with a fixed determinant of the Frobenius.

Remark: H(G, Ip),-modules of the form M\, J,b] with (A, J) violating (73) contain su-
persingular H(G, Iy)g-modules M of dimensions [ which are proper divisors of d+ 1 (and all su-
persingular H (G, Ip),-modules arise in this way, by [11]). The associated Galg,-representations
W(D(©,V))) are also of dimension [, irreducible for simple M. One may either detect them
inside W(D(©:V(x,7,)) (using Theorem 8.5 and the exactness of our functor). Alternatively
one may observe that M is structured in the same fashion as M|\, J,b] (but of 'perimeter’ [
instead of d+ 1) (simplicity for M can be characterized by a non-periodicity property analogous
to (73)), hence one can compute W (D(0.V)s)) and test its irreducibility exactly along the lines
we did with W(D(@*VM[)\’jJ,])).

8.2 Filtrations on the Weyl group

Let ¢ : W — Zx¢ be the length function with respect to the set of Coxeter generators {si, ..., sq}
of W. Setting @ = sq--- 51 we have s; = u? squ'~% for 1 <i < d.

Let Wo = {w € W | l(wsq) > £(w)}. Suppose that we are given a map o : W9 — {—1,0,1}.
In the following, for w € W and i € {—1,—0, 1} we write o(w) = i as a shorthand for [w € W*d

and o(w) = 1.

Definition: (a) For a subset W’ of W we define a self mapping

by the formula

wu : o(wut) =0or o(witsy) =0

D= —1or o(wutsy) = 1] and wu 'squ ¢ W’
(85) w_‘ﬁ// = = —1] and wu 'squ € W’
—1]) and wu~tsqu ¢ W’

=1or o(wu~ ]
1] and wu~tsgu € W'.

)
wu ') =1 or o(wutsy)
) 'sq) =
)= —1or o(wu tsy) =
(b) A o-admissible filtration of W is a filtration by subsets
(86) P=WoCcWrCWaC...CW,=W

of W (for some ¢ € N) such that for each 1 < i < g the map (.)K/i_1 respects both W — W;_4
and W; — W;_; and is bijective on the latter (i.e. restricts to a permutation of W; — W;_1).
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Proposition 8.9. o-admissible filtrations exist for any o.

PROOF: Suppose we are given a sequence of subsets
D=WocWi CWaC...CW;_1 CW

(some ¢ > 1) such that for all j < ¢ and all x € W; — W;_; there is a y € W; — W;_; with
T = y:/_vj_l.

Claim: For any w € W — W,;_1 we have w_Iﬁ/'Fl eW —W;_1.

Assume that, on the contrary, wivi_l € W;_1, ie. wzv"_l € W; — W;_; for some j < i. Thus

wKVi_l = vyjfl for some v € W; —W;_1. As w ¢ W;_1 we have w # v and this forces that either

__ Wi— W;— __
(87) wr t=wl T =0T = vu sy
or

__ Wi W, _
(88) W tsg=wy T =0 = ow

and moreover that neither o(wu 1) = 0 nor o(wu tsy) = 0.

Suppose first that [o(wu'sy) = —1 or o(wu!) = 1] and we are in case (87). Then
[o(vi~1) = —1 or o(vu'sy) = 1] and by the definition of vJVer*l we get vulsqu € Wi_1, ie.

w € Wj_1, contradiction.

lsq) = 1 or o(wu!) = —1] and we are in case (88). Then

[o(vi~1) = 1 or o(vu~'sg) = —1] and by the definition of vzvjfl

Suppose next that [o(wu~
we get vi'squ € W;_q, ie.
w € W;_1, contradiction.

lsq) = 1 or o(wu~') = —1] and we are in case (87). Then

Now suppose that [o(wu™
wutsqu ¢ W;_1 by the definition of w:/}/i’l, ie. v ¢ W;_1, contradiction.

Finally, suppose that [o(wu 'sy) = —1 or o(wu™!) = 1] and we are in case (88). Then
wutsqu ¢ Wi_1 by the definition of wKVi_l, i.e. v ¢ W;_1, contradiction.

The claim is proven. It implies that the map (.)KVF1 respects W — W;_1. Let W; — W;_1
be the maximal subset of W — W;_; on which (.)Yi’1 is bijective; as W — W;_1 is a finite set,
Wi — W;_1 is non-empty. Put W; = (W; — W;_1) U W;_;.

It is clear that the sequence ) = Wy C Wy € Wy C ... C W; C W again satisfies the above

condition. Proceeding inductively we thus obtain an admissible filtration of W. U

Remark: The specific filtration constructed in the proof of Proposition 8.9 may be regarded

as the ’socle’ filtration.

Examples: (a) If 0 = 0, i.e. if o(w) =0 for any w € W then ) = Wy C W; = W is a
o-admissible filtration: the permutation ()g on W is right multiplication by w1
(b) In Theorem 8.11 below we describe an explicit o-admissible filtration (in fact: the above

'socle’ filtration) for o = 1, i.e. when o(w) =1 for any w € W¥d.
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(c) Assume d = 2 so that W = {1, s1, s2, 5152, S251, wp} with wg = s15281 = s25152, and
Wéed = W92 = {1,81,8281}.
(cl) Assume o(s2s1) = o(s1) = 1 and o(1) = 0. Then ()g acts on Wi = {s1s2,wo} as

Wh

wg +— s182 — wo while (.)}* acts on W — Wy as sas1 — 1 — §1 — S — S257.

(c2) Assume o(s2s1) = 0 and o(s1) = o(1) = 1. Then ()?F acts on Wp = {sq, s251, s152, wo }

as wg — $189 — 8981 — S9 — wo while ()y1

actson W — W7 as s; — 1 +— sq.

We assume that d > 1. Let (s1,...,84—1) denote the subgroup of W generated by the
elements s1,...,84_1, and similarly define R = (s1,...,84-2). Put Wy = () and Wy,1 = W, and
for 1 <4 < d define the union of cosets

W; = U Sj8q(S1,. ., 8d—1)-
1<5<i
Lemma 8.10. (a) For any w € W; N W#d we have wu € W;_1.

(b) For any w € (W — W;_1) N W¥sy we have wu ¢ W;.

(c) For any w € W; we have |{0 < j <d—1; w(u tsy)! € W} =i — 1.

(d) The set R is a set of representatives in (s1,...,Sq—1) for the right cosets of the cyclic sub-
group (@ tsq)” = {(@tsq) |7 =0,...,d=1} of (s1,...,84-1), i-e. (51,...,84-1) = [[per v(@ sq)%.

ProOF: Identify W with the group of permutations of the set {0,...,d}, in such a way
that s; = (j — 1,7) (transposition) for 1 < j < d. Then W; = {w € W|w(d) < i} and
Wed ={w e Wlw(d—1) < w(d)}, moreover u(j) =j — 1 for 1 < j < d and u(0) = d. State-

ments (a), (b) and (c) are now easily read off. Statement (d) is clear. O

For0<j<d-1,for1<i¢<d+1 and forv e R let
w;(i,v) = s;- - sdv(ﬂ_lsd)j eWw
and let wq(i,v) = wo(i,v). Let Wj, = {wo(i,v), ..., wa—1(i,v)}.
Theorem 8.11. If 0 = 1 then the filtration ) = Wy C ... C Wyy1 = W defined above is
o-admissible. More precisely, for any 1 < i < d+ 1 we have
(89) Wi— Wi = [ Wiw
vER

and wj(i,v)z/i*l = wj+1(2,v) for all0 < j <d—1. We have
(90) H0<j<d—-1;w;j(i,v) e W} =i—1.

PrOOF: Lemma 8.10 (d) implies the decomposition (89). To see that wj(i,v)yi’l =

w;+1(i,v) assume first that we are in the case where w; (i, v)u"tsq € W#. Then, as w;(i,v)u " tsq €

W;, Lemma 8.10 (a) tells us w;(i,v)u tsqu € W;_1, and the hypothesis o = 1 therefore gives
wj(i,v)yi’l = wjt1(i,v). If on the other hand w;(i,v)u~! € W% then, as w;(i,v)u tsq ¢
Wi_1, Lemma 8.10 (b) tells us w;(i,v)u"tsqu ¢ W;_1, and again the hypothesis ¢ = 1 gives

w;j(1, U)Yi_l = w;+1(4,v). Finally, formula (90) follows from Lemma 8.10 (c). O
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8.3 Reduced standard H(G, [j),-modules

The justification for defining reduced standard modules over H(G, Iy), as we do it below is given
in [9].

U= sq---51 is the image of u € N(T) in W = N(T)/T. Our specific choices in (71) resp.
(72) allow us to regard W as the subgroup of N(T') generated by si,..., Sq4.

Definition: We say that an H(G, Iy)x-module M is a reduced standard module (or: is of
of W-type) if it is of the following form M = M(0,0,¢c,). First, a k-vector space basis of M
is the set of formal symbols g, for w € W. The H(G, ly)x-action on M is characterized by
a character §# : T — k* (which we also read as a character of T N I by inflation), a map
o: W9 — {—1,0,1} and a set € = {€y }wew of units €, € k*. Namely, for w € W we define
Kw = Kuw(0) = 0(wns,sqw™) € {1}. Then the following formulae are required for ¢t € T and
weW:

Ti(gw) = O(wt ™ w™) gy,
Tufl(gw) = €wGym—1»

Guws, : [0(wsq) = —1 and O(whs,w™) # 1] or o(w) = 1
Tsy(gw) = ~fww : o(wsg) € {0,1} and §(whs,w™1) =1

Gwsy — Kwdw o(wsq) = —1 and (whs,w™") =1

0 : all other cases

Here the conditions involving f(whs,w™!) = §(whs,(.)w™!) and 1 compare the homomorphism

Fy— k% o O(whs,(z)w™!) with the constant homomorphism z — 1(z) = 1.

Fix a reduced standard H(G, Ip)x-module M = M(0,0,¢,) and let V = 0., V(9 0.c,)- Choose
a o-admissible filtration ) = Wo C Wy C ... C W, = W. For 1 < i < ¢ decompose W; — W;_;

i—1

into its ()ZE/ -orbits, i.e. write

Wi—=Wi_1 = H {WQ(i, U)> wl(i7 U)a cee >wtv—1(i7 U)}
VER,

where t, is the cardinality of the (.)Yi’l—orbit with index v € R;, such that wj(i,v)fi’l =
wj1(2,v) for all 0 < j < t, — 1; here we write wy, (i,v) = wo(7,v).

For v € R; let N;,, be the k} [, T'|-submodule of Hy(X,V) generated by the elements g,, €
M C Hy(%4,V) for all w € Wi—1 U {wo(i,v), w1(i,v),...,we,1(3,v)}. Let Ni = > cr. Nio,
i.e. the kf[p,I']-submodule of Hy(X,V) generated by the elements g, € M C Hy(X4,V) for
all w e W,.

Theorem 8.12. Assume that there is no v € W% with o(v) = —1 and 0(vhs,v~t) = 1. Then

=Ny CNi C...CN,=Ho(X:,V)
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is a filtration by k; [0, [|-submodules, its subquotients admit direct sum decompositions

N;i/Ni—1 = GB Niw/Ni-1
vER;
with N; . /Nij—1 standard cyclic of perimeter t,.
The Galg,-representation W(D(V)) admits a filtration W(D(V)) = Vo D V4 D ... D
Vy = 0 and direct sum decompositions Vie1/Vi = @veRiV,»_LU such that Vi_lm s the GalQp-
representation corresponding to the k‘zf[gp, I'l-module N; ,/N;—1.

The proof of Theorem 8.12 is based on the following Lemma 8.13.

Let w € W. If O(whyw™) = 1 we put [k(w)| = 0 and [k(w)] = p —1 (but do not define
k(w)). If O(whlw™') # 1 we define 1 < k(w) < p —2 by 0(wh; ! (z)w™!) = = FW) for all
r € F), and we put [k(w)] = [k(w)] = k(w).

Lemma 8.13. Let v € W*. In Hyo(X+,V) we have the following identities.
If o(v) =1 then

(91) tpilnsidlgv = KoyZGvsy

(92) ttesaln g, = [k(vsa)]'gus,

(93) ;. KuGusy — Go € Z kt'sqgy

i>0

(94) tpm TRl Ly, — (p— 1= [k(vsa)]) g0 €Y kt'sqgus,-
i>0

If o(v) =0 then

(95) k)] n;dlgv = |k(v)]!gy and ¢lk(vsa)l n;}gwd = [k(vsa)|'gvs,-

If o(v) = —1 and O(vhs,v™1) # 1 then

(96) tpfln;ilgvsd = KysyJv

(97) tHOhn g, = Th(v) 119,

(98> n;ilﬁvsdgv - g’usd S Z k-tisdgvsd
>0

(99) tpflffk(”ﬂn;ilgvsd —(p—1—[Ek(@)])gvs, € Z k.t sqg.

i>0

PRrROOF: We view M as an H(S,U);-module by means of the embedding (70). As in the

proof of Proposition 8.4 we use the corresponding embedding
(100) (ind315) @577, M = V(09) = Ho(X1,V).

Regarded as an H(S,U),-module, M is the direct sum, indexed by all v € W#, of the two
dimensional H(S,U),-modules (gy, gus,)- If o(v) = 0 this summand splits up further as

X k(o)) B Xr(wsay = (9v: Gus,)
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with the H(S,U),-modules X|k(v)]> X[k(vsq)] considered in Lemma 2.5. Namely, send e € X|x(v))
to g, and send e € X[x(vs,)] O Gus,- Thus, if o(v) = 0 we conclude with Lemma 2.5. Next, if

o(v) = 1 we have an isomorphism of H(S,U);-modules

Mfk(vsdﬂ = (gv, Gusg )

sending e € My (ys,)] to g» and sending f € Myg(ys,)) t0 Tn,, g0 = 15,1,

nsysa9v = KvGvsy- Thus,

vsq)
in this case we conclude with Lemma 2.6. Finally, if o(v) = —1 we have an isomorphism of
H(S,U)-modules

Mii(o)] = (Gvs Gusa)

sending e € M[kz(uﬂ to guvs, and sending f € M[k(vﬂ to Tnsdgde =T TnstdQUSd- The latter
equals Kys, gy 8s we assume O(Uhsdv_l) # 1 (it equals Kys 90 — Gus, if Q(Uhsdv_l) =1). Thus,

also in this case we conclude with Lemma 2.6. O

PrOOF OF THEOREM 8.12: As in Proposition 8.4 we see that ker(t‘Ho(?EJr,V)) generates
Ho(X+,V) as a kf [p, T]-module and that Hy(X4,V) is a torsion kJ-module.

Step 1: We claim that for 1 < ¢ < ¢, for v € R; and for 0 < j < ¢, — 1 there are
n=n(i,v,j) € Z>o and o = p(i,v,j) € k* with

(101) tn()@gwjfl(i,v) = 09w, (i) modulo N;_;.

To prove this we begin by computing

CGw; 1 (i) = 5dUGw; (i) = SdLu=1(Guw;_1(i0)) = €w; (i) SdGuw,_, (i,0)a—1-

Wi—1

Now $49.,;_, (i,vya—1 is related to ng, ¥

y gw] L(i,vya—1 by afactor £1, and we have w; (i, v) = w;—1(i,v)

Thus we need to show that for w = w;_1(i,v) there are n € Z>g and ¢ € k* with
t"ns_dlgwu =0 g _,  modulo N;_;.
To do this, we turn back to the definition of wJVrVi‘lz
In the cases where o(wu™1) = 0 or o(wu~tsy) = 0 this follows from formula (95).
In the cases where [o(wu ™) = —1 or o(wu 'sy4) = 1] and wu~tsyu ¢ W;_; this follows from
formula (92) resp. (9

7).
In the cases where [o(wu 1) = 1 or o(wi~'sy) = —1] and wu~'squ € W;_1 this follows from
formula (94) resp. (99) since ;5 k- ' SaGum-1s, = > >0 k' 0g, g1, 18 contained in Ny_;.
In the cases where [o(wu™!) = 1 or o(wu 'sy) = —1] and wu~tsyu ¢ W;_; this follows from
formula (91) resp. (96).
[o

In the cases where [o(wu 1) = —1 or o(wu'sg) = 1] and wu~'squ € W;_1 this follows from

formula (93) resp. (98) since ;5 kt'sqgum—1s, = > >0 k' 0g, g1, 18 contained in Ny_;.
Step 2: We claim that for any ¢ > 1 the subquotient NV;/N;_; is a direct sum, indexed by

v € R;, of standard cyclic k; [, T']-modules N;,/N;_1 of perimeter ¢,, and that N; is a direct

summand of Hyo(X,,)) as a k;—module. We proceed by induction on 1.
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By induction hypothesis, N;_1 is a direct summand of Ho(X4+,V) as a kf-module. There-
fore, and since M = ker(¢| H0(§€+,V)) by Theorem 4.3, the classes of the g, (i) (for v € R;
and 0 < j < ¢, — 1) form a k-basis of ker(t|y,/n,_,)- Together with step 1 we deduce our
claim concerning N;/N;_; and the N;,/N;_i. Next, if N;,/N;_1 is t-divisible then with N;_;
also N;, is a direct summand of Ho(Xy,V) as a k;—module. If however N;,/N;_1 is not t-
divisible then it must be entirely contained in ker(¢| Ho(RLV) /Ni71)’ cf. Proposition 6.2. This
means that the numbers n(i,v,j) appearing in step 1 are zero for all 0 < j < ¢, — 1. In
view of the formulae in Lemma 8.13, the case by case distinction in step 1 in the passage
from w;(i,v) to wjt1(i,v) = wj(i,v)ffi_l then reveals that for any 0 < j < ¢, — 1 we have
w;(i,v)u tsqu € Wiy or o(w;(i,v)ut) = 0 or o(wj(i,v)u tsy) = 0. It follows that for
all w € W — W; and all | > i we have wyl = wyl_{wo(i’v)""’wt“*l(i’v)}. Therefore, and as
Niw/Ni—1 C ker(t|y, 3, vy/n,_,)s step 1 shows that the k¢ [¢]-submodule of Hy(X4,V)/Ni_1

generated by the g, for w € W — {wo(,v),...,w,—1(i,v)} is a kZ[p]-module complement of
N;/Ni—1. In particular, N;,/N;_1 is a direct summand of Ho(X+,V)/N;—1 as a k‘gr—module,
hence N;, is a direct summand of Ho(X4, V). O

Remark: We leave to the reader the necessary modifications of the proof of Theorem 8.12
in the general case, i.e. where we allow v € W*¢ with o(v) = —1 and 6(vhs,vo~') = 1. Following
Lemma 2.6 one first must refine the formulae (96), (97), (98), (99): If o(v) = —1 let us put
F, = 1if §(vhs,o™!) = 1 and F, = 0 if §(vhs,v™ ') # 1. Then formulae (96), (97), (98), (99)
remain true for general v € W# with o(v) = —1 if each occurence of kys,g, is replaced by
KusyGv — Fugus,. In addition, by formulae (8), (9), if o(v) = —1 and f(vhs,v~') = 1 we have the

formulae ns_dlgv = g, and tp_lns_dlgvsd + Gusy € Zizo k.t sqgy.

Remark: Apparantly, the above proof of Theorem 8.12 allows us to precisely compute
the parameters n(i,v,j) € Z>o and p(i,v,j) € k*, hence the standard cyclic k:zf [, T']-modules
Niw/Ni—1, hence their associated Galg,-representations. In the following Theorem 8.14 we do

this in the modular principal series case ¢ = 1.

Let R C W and wj(i,v) € W be as in Theorem 8.11.

Theorem 8.14. Suppose that o = 1. Then Ho(X4,V) admits a kg [p,T]-module filtration
0=NogCN; C...CNgqy1= H0(¥+,V) together with direct sum decompositions

(102) N;/Ni_1 = @ Nio/Ni—1
VER

such that N; /Nij—1 for1 <i <d+1 andv € R is a standard cyclic k‘zf[gp, I']-module of perimeter
d. More precisely we have: For fixed i and v € R put wj = w;(i,v) for 0 < j < d; then there is
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a k-basis eq, ... ,eq-1 of ker(t|n, ,/n,_,) such that, setting eq = eq, for 0 < j < d —1 we have

(103) P e = eweji if wiyr ¢ W,
(104) pej = €w;€jt1 if wiyr € W24,
(105) y(x)e; = O(wﬂ(m)w;l)ej for all x € T

The distribution between the cases (103) and (104) is given by formula (90). In particular, if
1 <7 <d then the GalQp—representation associated with Nj,/N;—1 has dimension d, whereas if

i=d+1 it has dimension 0.

PROOF: This follows from Theorem 8.11 and Theorem 8.12. To see formula (105) recall that
v(z) acts as 7(x), and that 7(x) acts as the Hecke operator T’ (,y-1. For the formulae (103) and
(104) we must inspect the above proof of formula (101); namely, it is enough to prove that for

all w € W we have

(106) P 00w = €wlug-1s, if wu ! e Wed,
(107) PGw — €wYya-1s, € Z k" 0gums,a if wu ¢ Wed
n>0

in Hyo(X4,V). As before we begin with
PYw = squgw = SaTy-1(gw) = €wSaGuyz—1-
Suppose first that wu—t € W*. Define 1 < r < p — 1 by the condition
G(wﬂ_lh;ll(x)ﬂw_l) =z"

for all x € F'. Then, since o(wu™1) = 1, we find that, as an H(S,U)x-module, )

is isomorphic with M, as considered in Lemma 2.6 — take e = g,;-1 there. We compute

p—1 _ 4p—1 —1
7 8aGym—1 = T SdNsy Mg, Gt

(@ -1, -1
= sqns,t’ N, w1

()
= SdNs, Tnsd Gu—1

= Sdnsdednsd Tsd Guwz—1

= gwﬂflsd

where (i) uses tP~1syns, = sqns,tP~! while (ii) uses formula (4).
Now suppose that wz—! ¢ W9, Define 1 <r <p—1 by

G(wﬂ_lsdhs_dl (z)squw ™) = "
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for all 2 € F). Then, since o(wu™'sq) = 1, we find that (g,z-1,,gug-1) is isomorphic with M,

as considered in Lemma 2.6 — this time take e = g, ;-1

s, there. We compute

sagwa = SdTs;(Guu-1s,)
= SdTTL;dl SdTnSd (gwﬂ’lsd)

= nSdTnsd (gwﬂ_lsd)

= gwﬁ_lsd

where the last congruence uses formula (6) and is to be understood as an identity modulo

Z kt"ns Gym—1s, = Z kt"sagyg-1s, = Z k" 0gum—1s -
n>0 n>0 n>0

g

Further examples: (a) The easiest case is the generic case o0 = 0, i.e. o(w) = 0 for
all w € W9, ("Most’ reduced standard H(G, Iy)r-modules arising by reduction from a locally
unitary principal series representation are of this sort, cf. [9].) To describe it, fix a set of
representatives Q in W for the right cosets of the cyclic group % = {w|j=0,...,d},ie. such
that W = [],co vii”. For example, one may take Q = (sy,...,54_1). Then Ho(X,,V) admits a
direct sum decomposition

Ho(X1,V) = ®veoN1y

such that Nj, for each v € Q is standard cyclic of perimeter d 4+ 1. More precisely, it can be
described as follows. The set with d 4 1 elements {gy, gua, - - -, gyye} is a k-basis of ker(t|n; , ).
It generates N1, as a kg [¢, [-module. In Ho(X,V) we have the identities (the proof proceeds

as in Theorem 8.14, but is easier)

T N g o = ekt [R (T )]Gy it ol ¢ W,
t\‘k(vﬂjil)J @gvﬂj = 6Uﬂj K;'Uﬂj_l Lk(vﬂj_l)J !gvﬂj_l lf Uﬂj_l S Wsd,
Y(a)gmi = H(UﬁjT(G)ﬁ_jU_l)gvaj for all a € Z,.

(b) Assume d = 2. Theorem 8.12 and our examples in section 8.2 show that, for suitable
choices of o, the ki [p,T'l-module Hy(X4,V) admits a two-step filtration with standard cyclic
subquotients of perimeters 2 and 4 (resp. 4 and 2). At least for generic 6, the corresponding
Galg,-representation admits a two-step filtration with irreducible subquotients of dimensions 2
and 4 (resp. 4 and 2).
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