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Abstract

For a local field F' and an Artinian local coefficient ring A with the same positive
residue characteristic p we define, for any e € N, a category of €(©)(A) of GLy(F)-
equivariant coefficient systems on the Bruhat-Tits tree X of PGLy(F'). There is
an obvious functor from GLg(F)-representations over A to €©)(A). If F = Qp
then €M) (A) is equivalent to the category of smooth GLg(Q,)-representations over
A generated by their invariants under a pro-p-Iwahori subgroup. For general F
and e we show that the subcategory of all objects in €(®)(A) with trivial central
character is equivalent to a category of representations of a certain subgroup of
Aut(X) consisting of ’locally algebraic automorphisms of level e¢’. For e = 1 there
is a functor from this category to that of modules over the (usual) pro-p-Iwahori
Hecke algebra; it is a bijection between irreducible objects.

Finally, we present a parallel of Colmez’ functor V — D(V): to objects in €(€)(A)
(for any F') we assign certain étale (¢, I')-modules over an Iwasawa algebra o[[]\Aféll) 1]
which contains the (usually considered) Iwasawa algebra o[[No]]. This assignment

preserves finite generation.
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1 Introduction

Let F be a local field with residue characteristic p > 0 and uniformizer pr € Op generating
the maximal ideal pr of the ring of integers Op. Let G be the group of F-rational points of
a reductive algebraic group over F'. An important tool in the smooth representation theory
of G on vector spaces over the complex numbers C is the localization technique which has
been systematically developed by Schneider and Stuhler in their work [7]. Assigning to a
smooth (admissible, finite length) G-representation on a C-vector space V' and a simplex
7 in the Bruhat-Tits building of G the space of invariants of V' under a suitable open
subgroup of G fixing 7, one obtains a G-equivariant (homological) coefficient system Fy,
on X. If this assignment is carried out with appropriate care then V' can be recovered from
Fy as V = Hy(X, Fy), and in this way, the study of smooth (admissible, finite length)
complex G-representations is transformed into the study of coefficient systems on X —

in a sense these coefficient systems are ’smaller’ objects, accessible by the representation



theory of finite groups. These constructions work well also for smooth G-representations
on vector spaces over fields of positive characteristic different from p.

On the other hand, if we ask for smooth G-representations on vector spaces V' over
a field k of characteristic p, then analogous assignments V' +— Fy, are much weaker in
general; typically, they do not allow to recover V. There seems to be basically only one
example class of smooth (and possibly supercuspidal/supersingular) G-representations
over k for which the classical (complex) theory carries over to wide extent: this is the
case where G = GL2(Q,) (or G = SL2(Q,), or G = PGL2(Q,)) and where the smooth
G-representations considered are generated by their invariants under a pro-p-Iwahori sub-
group Ut of G. Namely, the category of these smooth G-representations is equivalent to
a category of G-equivariant coefficient systems on the Bruhat-Tits tree X of PGL3(Q,)
satisfying a simple and natural axiomatic (i.e. the category €W (k) below). See [5] or
Theorem 2.3 below for the precise statement.

The purpose of this paper is to discuss similar concepts for the groups G = GLy(F') for
general F. As in [7] we fix an index e > 1 (the ’level’) and, for an edge n of the Bruhat-
Tits tree X of PGLy(F), we consider the open subgroup Uée) of G "of level e’ which fixes
n. We fix an edge o of X. For a ring A let €(9)(A) denote the category of G-equivariant
homological coefficient systems of A-modules F on X such that for any vertex x and any
edge n with x € n the transition map F(n) — F(z) is injective, its image is .F(I)U7(78>
and generates F(z) as a representation of the stabilizer of z in G. There is an obvious
functor V +— ]—"‘(/e ) from the category of G-representation on A-modules to the category
@) it satisfies ]—"‘(/e)(o) — VU If A = C then the category of smooth, admissible,
finite length G-representations over C generated by VU embeds into a full subcategory
of €()(C) by means of this functor V ]-"(f ). Therefore it is natural to ask for the
relevance of the category €(¢)(A) for arbitrary A. Is it equivalent to a suitable category
of G-representations ?

Let Qﬁée) (A) denote the subcategory of all F € €©(A) on which the action of G factors
through PGLy(F'). The basic observation of the present paper is that the PGLy(F')-action
on any F € Qée) (A) and also on its homology Hy(X, F) naturally extends to a much larger
group G© containing PGLy(F') and contained in the automorphism group Aut(X) of the
tree X. Briefly, an element of Aut(X) belongs to G© if and only if for any edge n of
X it acts on the ball of radius e + 3 around 7 like an element of PGLy(F). We call the

elements of G(© locally algebraic automorphisms of X of level e.*

*In particular we see that the smooth, admissible, finite length PGLs(F)-representations V' over C
generated by yUs automatically carry an action by the larger group G©. For F # Qp this fails if
C is replaced by k (as follows e.g. from [3]), and from the point of view of the present paper, the
failure of this principle is the reason for, or the manifestation of, the difference between the smooth

PGLy(F)-representation theory over C and over k.



The subgroups Uée) of G have as natural analogs certain pro-p-subgroups ﬁée) of G,
Given a G(®-representation V we assign to it the coefficient system ]?‘(/e ) e C(()e) (A) with
.7?‘(,6 ) (n) = VO for edges 1. Let f)A‘iée) (A) denote the category of G©)-representations V
over A generated by Vﬁf(’e), and smooth when regarded as representations of U, (We
find it convenient not to work with a topology on @(e); as a consequence, we do not have
available the concept of a smooth @(8)—representation. Instead, the subgroups U (and
their open subgroups) mimick the role which open subgroups play in usual smooth rep-
resentation theory.) Let now o be a complete discrete valuation ring with residue field k,
and assume that A is an Artinian local o-algebra with residue field k. Then our first main

theorem is the following (Theorem 3.5):

Theorem: The assignments F — Ho(X,F) and V .7?‘(,6) are an equivalence of
categories between (’:ée)(A) and 9?{83)(/\). For F € Qfée)(A) and V' € 55{86)(/\) we have

natural isomorphisms

F—Fyxrn and  H(X,F))—V.

Let Ha(G, Uél)) ~ A[USN\G/USY] denote the pro-p-Iwahori Hecke algebra over A.
For a smooth G-representation V' over A the submodule VU of UM invariants of V' is
naturally an Ha (G, Uél))—right module. In an early stadium of the investigations of the
smooth representation theory of G over k it was not clear (see e.g. [9]) if, parallel to sim-
ilar results over C, the functor V VUC(r1> was a bijection between isomorphism classes
of smooth (admissible) irreducible G-representations over k with a central character, and
isomorphism classes of simple H(G, chl))—right modules (assuming k to be algebraically
closed). For F' = Q, this is indeed correct (see Vignéras [9]; this also uses important work
of Breuil). However, work of Breuil and Paskunas [3] then showed that if ' # Q, there are
many more smooth irreducible G-representations over k£ than expected, disproving such
a correspondence if F' # @Q,. Again we suggest to look at é(l)—representations instead
of G-representations. We observe that also for any V' & E)A‘i(()l)(/\) the A-module V" of
U{Y-invariants of V is naturally an H A(G, Uél))—right module (but we do not consider the
Hecke algebra AJUSN\G® /TM]). We call V € RV(A) admissible if V0" is a finitely

generated A-module. Our second main theorem then reads (Corollary 4.6):

Theorem: Assume that k is algebraically closed. The functor V +— V0 induces a bi-
jection between the isomorphism classes of admissible irreducible é(l)—representations and

the isomorphism classes of simple Hy(G, Uél))-m’ght modules with trivial central character.



In this connection let us mention Vignéras’ result [9]: the number of supersingular
simple H(G, Uél))—right modules with a given action of the scalar matrix pp is exactly
the number of irreducible representations of the Weil group of F' of dimension 2 over k
with a given value of the determinant at pp.'

In the final section we take a look, from the perspective of the present paper, onto
Colmez’ functor from smooth GL2(Q,)-representations on o-torsion modules (where [o :
Z,] < 0) to (p,I')-modules. First, for general F', let Née) denote the pro-p-subgroup of GG
consisting of unipotent upper triangular matrices with off-diagonal entries in p%_l(’)p. In
G© we find (non-abelian) pro-p-subgroups Née) and Néel) which play an analogous role,
but which are much larger than Née) (now G© itself disappears from our discussion).
]/\\f(ge) is a product of copies of N(Si), and, if we set Py = HGLEOF/p];, p?—i-e—l for k > 0, then

]’\70(61) is abstractly the quotient of

(o (P % (o (B2 (Br 2 Bo))..)) .

by the product of the images of all maps

(diag, —id) : H Pt — Praa X Py

ae(’)p/p'}

The N{?-action on any F € € (o) naturally extends to a N ”-action on F, hence also
to a ]Vée)—action on Hy(X,F).

Take e = 1 for the moment (in the text we consider general e > 1, but see Lemma
5.5). Given an o-torsion object F € €W (0) such that F(o) is a finitely generated o-
module, we faithfully copy Colmez’ constructions, as reconsidered e.g. in [10]: To F we
functorially assign a finitely generated module D(F) over E(]/\?éll) ) = 0[[]/\7511) ]], endowed
with an additional étale structure (see the text for the precise definition: a morphism
D'(F) — D(F) and compatible semilinear actions by the monoid ( Or ; {0} (1) )
resp. its inverse monoid, satisfying an étaleness requirement).

Precomposing with V' — .7-"‘(/1) we obtain a functor which is a variation, available for
arbitrary F', on Colmez’ functor V +— D(V).

However, if F' # Q, we are not able to assign finitely generated étale (¢, I")-modules

over Fontaine’s ring Og to F € ¢ (o).

Initiated by Cartier, the structure theory of the full automorphism group Aut(X) of X (decomposition
theorems similar to those known for PGLa(F')) and its smooth complex representation theory have been
thoroughly developed, see e.g. [4]. It follows from results of [4] that the structure theory of the groups
G© is parallel to that of Aut(X), see Theorem 3.1. Motivated by the present work one might ask for

their representation theory over o.
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2 Coefficient systems

Let I' be a non archimedean local field with finite residue class field kr of characteristic
p. Let G = GLy(F). Let Z be the center of G.

Let X be the Bruhat-Tits tree of PGLy/F. Let X denote its set of vertices, let X*
denote its set of edges; throughout, we identify an edge with its two-element set of vertices.
Let d : X x X% — Z>( be the counting-edges-on-geodesics distance. By definition, an
automorphism g of X is a permutation g of X° with d(z,y) = d(gz, gy) for all z,y € XY;
clearly such a ¢ also induces also a permutation g of X*!.

We fix o = {z,,z_} € X"

For z € X let K, C G denote the maximal compact subgroup fixing z, let vt K,
denote its maximal normal pro-p-subgroup. For e € N let Uée) = ﬂyUél) where y runs
through all y € X° with d(z,y) < e — 1. For 7 = {z1, 22} € X' let U” C G be the
subgroup generated by Uéf) and Ué?; this is again a pro-p-group. For e > 0 we put

Z©(z) = {y € X°|d(z,y) < e} for v € X°.

If e > 1 then Z®)(z) = (XO)UH(DE), the fixed point set of UL acting on X°. Next, for e > 0
we put
Z€ (1) = Z©O(x,) U Z9(,) for 7 = {x1, 12} € X"

U7(_e+1)

We have Z© (1) = (X°)

Let o0 be a complete discrete valuation ring field with residue class field k of characteris-

tic p. Let Art(o) denote the category of Artinian local o-algebras with residue class field k.

Definition: Let A € Art(o). A homological coefficient system F in A-modules on X
is a collection of data as follows:

— a A-module F(7) for each simplex 7

— a A-linear map r7 : F(1) — F(x) for each x € X? and 7 € X! with x € 7.

We obtain a A-linear map

(1) P Fir) — P Fx)

TeXx! e X0



sending f € F(7) to > .exo 72(f). The cokernel of the map (1) is denoted by Hy(X, F),
TET
its kernel is denoted by H;(X,F).

Lemma 2.1. Let F be a homological coefficient system on X for which the transition
maps r7 : F(1) — F(x) are injective, for allx € T € X'

For any y € X° the natural map F(y) — Ho(X,F) is injective. In particular, if
Hy(X,F) =0, then F =0.

PROOF: Suppose that the map (1) sends ¢ = (¢;), € B,ex1F(7) to the submodule
F(y) of @yexoF(z) (i.e. to an element with zero-component in all F(y') for all v/ # y).
We claim that ¢ = 0. Otherwise there is some 7 € X' with ¢; # 0 and some x € 7 such
that d(y,z) is maximal (for all such 7 and z). But then x # y and the injectivity of
r: F(1) — F(x) shows ¢, = 0, contradiction. O

Let H be a group (or a monoid) acting on X (through automorphisms of X). We say
that the homological coefficient system F is H-equivariant if in addition we are given a
A-linear map g, : F(1) = F(g7) for each g € H and each (0- or 1-)simplex 7, subject to
the following conditions:

(&) gnr 0 hy = (gh), for each g, h € H and each simplex 7

(b) 1; = idx(, for each simplex 7

(c) 797 © g» = gr o], for each g € H and each z € X° and 7 € X' with z € 7.

It is clear that if F is an H-equivariant homological coefficient system, then H acts
compatibly on the source and on the target of the map (1), hence it acts on Hy(X, F) and
on Hy(X,F). There is an obvious notion of a morphism F — G between H-equivariant
homological coefficient systems: a collection of maps F(7) — G(7) for all simplices T,

compatible with the restriction maps and the H-actions.

Definition: For A € Art(o) let €(A) denote the category of G-equivariant homo-
logical coefficient systems F in A-modules on X satisfying the following conditions:
(a) for any (0- or 1-)simplex 7 the action of U on F (7) is trivial,
(b) for any z € n € X' the transition map 77 : F(n) — F(z) is injective, its image
is F (z)U’ge), and this image F (Z)U’ge) generates F(z) as a K,-representation. [Thus, for
ze€ X% if S ={ne X'|ze€n}, then F(2) =3 sim(r7) ]

Let V be a G-representation on a A-module. We define a coefficient system ]-"‘(/e ) on
X as follows:
e (e) . ©) .
A=V ad  F@) = 3 Vi = 0 AO({wh)

yEXO yEXO
{z,yrex!t {e,yrex!



for n € X! and x € X° (where in the definition of ]-"‘(/e)(x) the sum is taken inside V).
Lemma 2.2. ]-"‘(/ie) belongs to €€ (A).

PROOF: This is obvious. O

For A € Art(o) let R (A) denote the category of G-representations on A-modules
which are generated by their UL fixed vectors.

Theorem 2.3. Assume that F' = Q,. The assignments F — Ho(X,F) and V ]:‘(/1)
are an equivalence of categories between €M (A) and RV (A). For F € ¢W(A) and V €
RW(A) the natural maps

are 1somorphisms.

PROOF: [5]. O

3 Subgroups of the automorphism group of the tree

Definition: For e € N let G(© denote the set of automorphisms g of X with the
property that for all 4 € X! there is a ¢’ € G such that the restrictions of g and ¢’ to
Z© (1) (viewed as maps Z© () — X°) coincide. G© is easily seen to be a subgroup of
Aut(X); we call it the group of locally algebraic automorphisms of X of level e. We have

the chain of group inclusions
PGLy(F) C...c G“*Y c G¥ c...c GV c Aut(X).

The following Theorem 3.1 follows from the work of Choucroun [4]. This theorem (like
the notations we need in order to formulate it) is not needed in the sequel, but of course
it should be stated.

Fix a sequence of vertices ..., r_o,x_1,Tg, T1, X2, ... forming a geodesic in X. Let Ef)
(resp. E(_e)) denote the stabilizer in G© of the end of X corresponding to xg, x1, Ta, . ..
(resp. to ...,z _9,x_1,%0). Let Nf) denote the subgroup of E(f) consisting of all g € Ef)
with g(z,) = z, for almost all n > 0. Let K(© denote the stabilizer in G(©) of the vertex
xg. Let 1(©) denote the stabilizer in G(© of the edge {zg,z1}. Let T denote the pointwise
stabilizer in G© of ... yT_9, T 1,20, T1, T2, - ..

Let s € PGLy(F) C G® be an element with s(xy) = x_, for all n € Z, let ¢ €
PGLy(F) C G be an element with o(Ty) = xpyq for all n € Z.

7



Theorem 3.1. (a) Cartan decomposition:
= [[ KE@¢mK©.
mEZzO

(b) Iwasawa decomposition:

~

G = ROBY

(¢) Bruhat decomposition:
G = NOsBO [ BY

and moreover, nlsés_e) N nlséf) # 0 if and only if T = n, T,
(d) We have
)
(e) We have
1) = (I N By . (I' n BY),
T = (1Y " By n (I n BY).

PROOF: This follows from [4] Theorem 1.5.2 as G(©) is closed in Aut(X) and contains
the group PGLy(F') which (in the terminology of [4]) acts weakly two transitive on X.[J

Definition: For a 1-simplex 7 let [/]\,(76) denote the set of automorphisms g of X with
the property that for all 4 € X there is a ¢’ € Uée) such that the restrictions of g and
g to Z¥(p) (viewed as maps Z(u) — X°) coincide. Notice that this implies: for all
x € X% thereisa ¢ € Uée) such that the restrictions of g and ¢’ to Z(¢)(z) coincide.

Clearly 17,56) is a subgroup of @(e), and the natural map G — G© restricts to a map
Ul® — 0
U n-

Remark: We do not impose any topology on G©. However, in the following we
mimick the smooth representation theory of p-adic reductive groups by assigning to the
subgroups (7,§‘3) of G© the role of open subgroups. On the other hand, on these individual
subgroups ﬁée) we do consider their pro-p-topology (cf. Lemma 3.2).

Lemma 3.2. ﬁée) s a pro-p-group, for any e € N.

PROOF: For any m > 0, restriction induces a group homomorphism U — Aut(Z™ (o))
to the symmetric group Aut(Z™ (o)) on the set Z™ (o), and we have

Ul = hm;im[a@ — Aut(Z"(0))].

8



Therefore we need to show that all the im[ﬁée) — Aut(Z(™ ()] are finite p-groups. We
do this by induction on m. For m < e the map U — Aut(Z (M) (7)) is trivial. Now let
m>e. Let g€ U and z € Zm=9)(5). Then ¢*" () = z for some N > 0 by induction
hypothesis. As g?" € U? we find some h € U such that the restrictions of & and " to
Z(©)(z) coincide. Since gP" (z) = z this is an equality h = g?" in Aut(Z((z)). Now Ul
is a pro-p-group, therefore we find some M > 0 such that hP" acts trivially on Z™(q).
Therefore g*" " acts trivially on Z()(z). Thus, there is some K > 0 such that ¢?" acts
trivially on Z(¢)(z) for any z € Z(m=¢) (). As

AL R A€

zeZ(m=e)(qg)

we are done. ]

Definition: Let (’:ée) (A) denote the category of all F € €(€)(A) for which the G-action
factors through PGLy(F) = G/Z.

Let F € Qﬁée)(A) and g € G©. Given n € X!, choose a ¢ € G restricting to g on
Z®(n) and define g, : F(n) = F(gn) to be the map g} : F(n) — F(g'n) = F(gn). This
definition is independent of the choice of ¢’. Indeed, let also ¢” € G restrict to g on
Z@(n). Then ¢'"'¢" belongs to the pointwise stabilizer Stabg(Z(®)(n)) of Z)(n) in G. If

x is one of the vertices of 1, we have
Staba(Z“)(n)) C Stabg (2 (2)) = UYZ c U Z.

Since Uée)Z acts trivially on F(n) by the definition of Q(()e) (A), we see that ¢'"'¢” acts
trivially on F(n). Therefore ¢’ and ¢” = ¢'(¢""'¢") define the same maps F(n) — F(gn).
Similarly, given 2 € X°, we choose a ¢’ € G restricting to g on Z®(x) and define
gz © F(z) — F(gz) to be the map ¢, : F(x) — F(¢'z) = F(gz); again this does not
depend on the choice of ¢'.

Lemma 3.3. The above definitions make F into a @(e)—equivariant coefficient system on
X. In particular, G© acts on Ho(X,F).

Proor: This is clear. O

Lemma 3.4. Let A € Art(o). For any F € Q:((f) (A) the natural maps

(3) im(r7)) = Fla)" — Hy(X, F)T

Z?

are bijective, for both 7 =+ and 7?7 = —.



PRrROOF: The injectivity follows from Lemma 2.1. Now we prove surjectivity. Let the
O-chain ¢ = (¢,),exo represent the class [c] in Hy(X, .7:)65’8). Let n(c) € Z>¢ be minimal
with supp(c) € Z™)(g). By induction on n(c) we show that [c] lies in the image of the
map (3). If n(c) = 0 the statement is clear: use the injectivity of F(z7) — Ho(X,F)
(Lemma 2.1). Now let n(c) > 0.

Claim: We have ¢, € ]-"(z)UE?*vz} for all z € Z™)(q), where 2= € ZM9=Y(g) is such
that {z~, 2z} € X1

Given the claim, the defining properties of Q(()e) (A) allow us to pass from ¢ = (¢, )yexo to
a homologous 0-chain ¢ = (¢),exo with n(¢’) = n(c) — 1. Then the induction hypothesis
can be applied.

To prove the claim, let g € Ug?z_}. We find ¢ € Uz(f) with gU” = ¢'U. Let
w € ZM=2)(g) be such that {w,z"} € X'. (If n(c) = 1 and hence z~ € o, then take w
such that {w, 27} = 0.) Removing {w, 2~} from X we are left with two disjoint closed
full subhalftrees of X: the halftree X5 rooted at w, and the half tree X; rooted at z~.
As ¢ fixes {w, 2~} pointwise, the action of ¢’ on X respects X, and X;. Let g € Aut(X)
be the unique element fixing X, pointwise and acting on X; like ¢’. It then follows by
construction that in fact g belongs to U and satisfies the following properties:

(i) For any y € X° with d(y,27) < d(y, z) we have g(y) = y, and g acts trivially on
F(y).

(ii) We have ¢’ = g on F(z), and hence g = g on F(z) (as U acts trivially on F(2)).

As the support of ¢ is contained in the set of all y € X° mentioned in (i), together

with z, we have
gle) —e=glcz) — ez = glcz) — ..
On the other hand, the class [¢] is U9)-invariant, i.e. g(c) — ¢ maps to the zero element

in Hy(X,F). Together, using Lemma 2.1 we see that g(c,) = c., as desired. O

Definition: We define E)A"i(()e)(/\) to be the category of representations of G(© on A-

modules which are generated by their U9 fixed vectors and which, when restricted to

Aée), are smooth (Afo(—e)—representations.

Definition: Given V € ?)A%(()e) (A) we define a coefficient system ]?‘(/e ) as follows:

(e (e (e 77 (e) ~(e

A =vi - Fw= 3 v = 3 A
yex0 yex0
{z,y}tex? {z,ytexl

for n € X' and z € X° (where in the definition of .7_:‘(/?) (x) the sum is taken inside V).
The transition map 77 : ]?‘(/e) (n) — .7?‘(/6) (x) for x € n is defined as follows: if x lies in the
SLy(F')-orbit SLy(F)x of x4, then r? is the inclusion; if however & € SLy(F)x_ then r

10



is the negative of the inclusion. (Notice that X© = SLy(F)zy [ SLa(F)z_.)

The following result is an analogue of Theorem 2.3.

Theorem 3.5. (a) For F € ¢ (A) we have Ho(X, F) € RIV(A). For Ve R (A) we
have .7?‘(/6) € Q:ée)(A).

(b) These assignments F — Ho(X,F) and V — J?&) are functorial in a natural way
and form an adjoint pair: for F € C(()e)(A) andV € 5\%(()6) (A) we have a natural isomorphism

(4) Homgyo) ) (Ho(X, F), V) = Homyo o (F. Fy).

m(e) (A)

(c) These functors are an equivalence of categories between (’Zée) (A) and ﬂ?iée) (A).
(d) For F € Q:(()e)(/\) and'V € 5\%(()6) (A) the natural maps

(5) F— P
(6) Ho(X, R — Vv

are 1somorphisms.

PROOF: (a) For {z,z} € X! we first claim that

() 7
(7) Uy N o {x ) = Uy

yex0
{z,y}ex?

The containment of the left hand side in U {(Z)Z} is obvious. Conversely, let u € U {(;)Z}
Multiplying by an element in U {(gz} we may assume that u fixes Z¢)(x) pointwise. But
then it is easy to see that u € (7{(2)11} for any y € X° with {z,y} € X! Now let
V e RY(A). We claim that

5 5(e)
(8) ( E VVen) Ulrsy — Vtzey
yex0
{z,y}eXl

The containment of Vﬁ{(i)@} in the left hand side 1s obv1ous The reverse containment
follows from formula (7). Formula (8) says ]—"(e ()Y (e = F(e)({x z}). This shows that
Fe el ().

Next, let F € Cée)(A). Since Ho(X,F) is generated (as a G(©-representation) by
F(o), it is in particular generated by its U9 fixed vectors. Moreover, the U\”-action
on Hy(X,F) is smooth: Indeed, given an element v of Hy(X,F), we pick a O-cycle
c € Co(X,F) representing v. We find m > e such that c is supported on Z™~9)(q).

11



Thus ¢ and hence v is fixed by the kernel of U — Aut(Z™(0)); this kernel is of finite
index in U, hence open in U (cf. the proof of Lemma 3.2). We have shown that
Ho(X, F) € RV (A).

For statement (b), the proof is the same as in [5] Lemma 1.2. Statements (a), (b) and
(d) together imply statement (c).

(d) We prove the bijectivity of the map (6). The composite

VO = B (0) =5 B (e)7 — Hy(X, F)T —v

is just the inclusion of V0 into V. The map Vo Hy(X, ]?‘(/e))ﬁf(f) is surjective by
Lemma 3.4, therefore the map Hy(X, ﬁﬁ))ﬁf) — V' is injective. If the map (6) was
not injective, then, as (6) is US”-equivariant, the kernel of (6) would contain a non-zero
A[ﬁge)]—submodule. But then, as A is Artinian with residue field k, this kernel would also
contain a non-zero k;[l/]\ée)]—submodule. As U is a pro-p-group by Lemma 3.2, as it acts
smoothly on Hy(X, F) and as char(k) = p, this kernel would therefore have a non-zero
vector invariant under UL contradiction to the injectivity of Hy(X, .7?‘(/6 ))ﬁf(’e) — V. Thus,
the map (6) is injective. Its surjectivity is clear as V' is generated by its U9 invariant
vectors.

Finally, it remains to prove that the map (5) is an isomorphism. Fix F € C(()e)(/\). For
the course of this proof let us write Fp instead of F 1(%)( x5 ForTeX Ylet x,, € X°
denote the vertex of 7 belonging to the orbit SLy(F)xy. As F has injective transition

maps the composition

F(r) 25 Flay ) —s Hy(X, F)

is injective, see Lemma 2.1. Clearly the map Fy(7) g Fu(x,)—Ho(X, F) is injec-
tive, too. Using these maps we regard F(7) and Fg(7) as being contained in Hy(X, F).
Our hypotheses on F and the definition of Fy show that in this way we may regard F
as a sub coefficient system of Fy. Namely, as U© acts trivially on F(7) for 7 € X, we

have the injective maps
oyt F(r) — Ho(X, F)7 = Fy(r),

and as F(z) = Y ,ext F(7) the a, also induce injective maps

TET

Qg F(z) = Z F(r) — Z Ho(X,}—)ﬁE) = Fu(x)

rexl rexl
TET TET

for z € X°. This morphism of coefficient systems F — Fp induces a map « : Ho(X, F) —
Hy(X, Fg). On the other hand, let 8 : Ho(X, Fg) — Ho(X,F) be the natural morphism

corresponding to the identity on Fp under the isomorphism (4).

12



Claim: o « is the identity on Ho(X,F).
As Ho(X,F) is generated by the images of the natural maps ¢, : F(x) — Ho(X,F)
for all x € X, it is enough to show Bo oo, = 1, for all x € X°. If

Ny - .FH(QT) — Ho(X, fH)

denotes the natural map, then we have « o ¢, = 1, o o, by the definition of a. Now by

the definition of 5 we have that o7, is just the inclusion

Fulz) =3 Hy(X,F)"" = Hy(X, F)

rexl
TET

for all x € X°. Tt follows that Soaoi, = Bon,oa, is the inclusion of F(z) into Ho(X, F),
i.e. it is the map ¢,, as desired. The claim is proven.

By the bijectivity of the map (6), applied to V' = Hy(X, F), the map ( is an isomor-
phism; hence « is an isomorphism, by the above claim. In particular, Ho(X, Fy/F) = 0.

But it follows from our hypotheses on F that for all z € n € X' we have
Fru(n) N F(x) = F(n)

inside Fy(x), i.e. (Fy/F)(n) — (Fu/F)(x) is injective, i.e. the quotient system Fp /F
has injective transition maps. These two facts together imply Fp/F = 0, see Lemma 2.1.

We get Fg = F, i.e. the map (6) is an isomorphism. O

4 Modules over the pro-p-Iwahori Hecke algebra

Let A € Art(o) and e € N. Let jAe) = indg(ﬁ)lA denote the G-representation on the
A-module of compactly supported A-valued functions on U(ge)\G . Let

Ha(G,UL)) = Endg(7,7),

the Hecke algebra of Ul c G, with coefficients in A. (For e = 1 this is the pro-p-
Iwahori Hecke algebra over A.) It is naturally isomorphic to the A-algebra A[Uc(re)\G / UC(,e)]
(in which multiplication is given by convolution). This isomorphism sends the coset
U gUL? for g € G, to the endomorphism of J, /&e) which sends the (compactly supported,
U)-left invariant) function f: G — A to the function

G— A  he Y Xpe) g (W) f(2)
teUSNG
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JU) G — A denotes the characteristic function of U gUée)).
For any G-representation V over A, the A-algebra H, (G, US) = A[USN\G /US| nat-
urally acts from the right on the A-module VU of U invariant vectors in V. The

(where X

action of an arbitrary coset US”gUS? on v € VU s given by the following formula: if
the collection {g;}, in G is such that Ul gul? = [1; Uée)gj, then

v- U gU) = Zgj_lv.
J

Proposition 4.1. For any V € i)?iée) (A) we have a natural right action of H (G, Uée)) on
v,

PROOF: We may regard V' as a G-representation, therefore H, (G, Uée)) naturally acts
on VU We claim that this action preserves the submodule v of VU

By Theorem 3.5 we have Ho(X,F) =V for F = F. Let v € V0 = oy (X, F)Ts,
let g € G and h € US”. We need to show

(9) v UfgUs? = h(v- U gU;).

First assume go = 0. By Lemma 3.4 we may represent v by a 0-cycle ¢ = (¢;),exo €
Co(X, F) supported on the vertices of 0. Choose h' € Us? with hlze0) = Pz (0)-
As ¢ and hence gc is supported on the vertices of go = o we see h(v - Uée)chge)) =
R (v - U gU(ge)), therefore statement (9) follows from Vo cyus,

Now assume go # 0. Let z € o be the vertex of o such that, if 2/ € o denotes the
other vertex, then d(z,y) > d(2',y) for y € go. Observing ch(re)g*1 = Ug(fr)
that

we easily see

(10) ZK,NgU¥g™t c U,
For any collection {g;}, in gUée) we deduce from this the equivalence

(11) Ugule = H U9g; in G & Ulg=ty = H{gj’lz} in X,
J J

Indeed, as X' = G/ZK, the second statement in formula (11) is equivalent to the state-
ment ZK,qU' = [I; ZK.g;. But using formula (10) this is straightforwardly checked to
be equivalent to the first statement in formula (11).

Choose a collection {g;}; in gUS satisfying the equivalent conditions of formula (11).

Moreover, choose h; € UL with h|Z<e)(g;12) = hj|Z(e)(g;1z), for any j. We then find

U g7 e =00 g7 e = WU g™ e = WU g2 = [ [{hgy 2} = [ [{hig; "2}
J

J
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and hence, in view of the equivalence (11), also
(12) U gute H U, e)gjh] L

By Lemma 3.4 we may represent v by a 0-cycle ¢ = (¢y)yexo € Co(X,F) supported

on z. Then v - Utge)gUée) is represented by the 0-cycle ¢ = (¢),cxo with szlz = gj_lcz

J

for all j, and with ¢J = 0 for all other vertices y. Therefore h(v - Ul gUée)) is represented
by the 0-cycle h(c?) = ((hc?)y)yexo with (he?), -1, = hjgj_lcz for all j, and (he?), =0
for all other vertices y. But by formula (12) this is again a representative for v-UY gU(Se) 0

Let W be a ZK,, -representation on a free A-module such that Ug&) acts trivially on
. We assume that for any z € X° with {z, 2z} € X' the natural map

(13) W — @ u®

{z y}
yeXx0—{z}
{z,yyex!

is injective. Here W) denotes the module of coinvariants for the action of U {(glc)y} on
{z,y} ’

W. Consider the compact induction indgK”W, the A-module of all locally constant
functions f : G — W, with compact support modulo Z, which satisfy f(gk) = k~'f(g)
for all k € ZK,,. The group G acts by left translation on indgKI+W. For z € X% we
choose g € G with x = gz, and put

G(x) = Gw(z) = {f € ndGy, W [supp(f) C 9ZK,,}

(this does not depend on the choice of g, as X° = G/ZK,,). We have

G
(14) indzg, W= EB G(x)
zeX0
Suppose that we are given a G-equivariant endomorphism 7" of indng+W which, as an
endomorphism of @,cx0G(x) (via the identification (14)), has the following structure: for
any z € X9, the restriction T'|g,) factors as

(15) Tlow) : 6(z) == P Gy) = P Gw)

yeXx0 yeX0
{,yrex!

where ¢ is the natural inclusion, and where 7). is the sum of maps

te
(16) Ty GG 24 G) i — 6(y)
z,y
for all y € X° with {z,y} € X', where the first arrow, resp. the last arrow, is the
canonical projection onto the coinvariants, resp. the canonical inclusion of the invariants,

and where t, , is an isomorphism of A-modules.
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Lemma 4.2. Let A€ A. If forb =73 _yoby € DyexoG(x) the support of

(T = X)) =Y _T(b)s — Ay € DyexoG(z)

is contained in the two vertices of somen € X', (i.e. T(b), = A\b, for x & n), then b = 0.

PROOF: This is parallel to Lemma 2.1. Assume b # 0. Choose x € X° with b, # 0
such that d(n,z) = min{d(y,z)|y € n} is maximal (for all such z). Then T'(b), =
Ty () for all 2 € X© with {z,2’} € X! and d(2/,n) = d(x,n) + 1. The definition of
the T, ,» and the injectivity of the map (13) implies, by translation, the injectivity of the

map

> Thw:G(x) — PG

where the sums are taken over all 2’ € X° with {z,2'} € X! and d(2',n) = d(x,n) + 1.
Therefore T'(b),» = 0 for all such 2’ implies b, = 0: contradiction. O

Proposition 4.3. Let A € A. Assume that Z acts trivially on W.

(a) GO naturally acts on indng+W, and T is GV -equivariant. In particular, GO,
and hence its subgroup U, act on (indng+ W)/ (T — N).

(b) The image of g(x+)U§” ® g(x_)U‘gl) in (indgKI+ W) /(T — X) is contained in the
submodule of ﬁél)—z’nvariants, and the natural map
ind$ Ke, w

OEDR

% DG 0 o
(a7) Glr:)'"
18 bijective.
PROOF: (Here and below we write (imd(Z;KJC+ W) /(T—\) instead of (imd(Z;Km+ W) /im(T—
A)- ~ ~
(a) The action of G on indng+W is defined in the same way as the action of G(®

on F € Q(()e)(A), of. Lemma 3.3. The GM-equivariance of T is then immediate from its
local nature.

(b) The injectivity even of G(z,)®G(r_) — (indgKer W) /(T —X) follows from Lemma
4.2. The following proof of surjectivity of the map (17) is similar to that of Lemma 3.4. Let
a={0;}pex0 € P exo G(v) = indgK“W be such that its class [a] in (indgK“ W)/ (T—\)
is UM -invariant. Let

n(a) = max{d(c,z)| v € X° a, # 0}

where we put d(o,z) = min{d(x,z),d(z_,x)}.
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Step 1: Let v € XY with d(o,z) = n(a) — 1. We claim that for any element 2’ of the
set
O, ={2" € X" | {z,2'} € X", d(0,2') = n(a)}

oD
we have a, € G(2/) ==},

To see this, let u € U{(i?x,}. We find some o' € U with u = o' modulo Ui,l). Next,
we find some @ € US" such that

(i) for all y € X° with d(y,z) < d(y,2’) we have u(y) = y, and @ acts trivially on
G(y), and

(i) we have v’ = w on G(2'), and hence u = u on G(z') (as Ué,l) acts trivially on G(z2')).

As the support of a is contained in the set consisting of 2’ and all y € X° mentioned
in (i), we have

u(a) —a =u(ay) — ay = u(ay) — ay.

On the other hand, the class [a] is US"-invariant, i.e. @(a) —a € (T — A). Together with
Lemma 4.2 we obtain u(a,) = a,, as desired.
Step 2: Let x and O, be as in step 1. We claim that ), co, @z lies in the image of

the natural map

(18) G(z) — P 90 .
) (o'}
X EOz
By step 1, we may view a,, for any ' € O,, by means of the isomorphism ¢, ,/ :

(1)
G(x),m = Q(.ﬂ:’)U{w’w/} as an element in G(z), 0
{z,2'} {z,2'}

with {z,2"} € X! and d(o,2") < d(o,z). Then Ui,l,) acts transitively on the set O,. Given

an element u of Ué,l,), we find an element @ of US"” whose action on {y € X"|d(o,y) <n(a)}

. Let 2” € X° be the unique vertex

fixes (pointwise) all elements not contained in O,, and acts on O, like u. Applying Lemma
4.2 again (and using the UM-invariance of the class [a]) we therefore see that ), ¢, aur
isaU :E}/)—invariant element of the U :E,l,)—representation Darco,G(x) (on which U ag},) acts
by permuting the summands transitively). Therefore ), , a, lies in the image of the
map (18).

Step 3: By what we saw in Step 2 we may pass to another representative (modulo
(T — X)) of [a] which has zero contribution at all 2’ € O,. Doing this for all x € X° with
d(o,z) = n(a) — 1 we obtain a representative a of [a] with n(a) = n(a) — 1. Proceeding
by induction on n(a) we finally see that any U{M-invariant class in (indg[{z+ W)/ (T — N)
is represented by some a with n(a) = 0, i.e. by some a € G(z,) ®G(x_). Asin Step 1 we
then see that this representative in fact belongs to G (x+)U‘§1) ®Gg (J:_)Uffl). O
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Assume that & is algebraically closed. Let W be an irreducible k[K,, ]-module on
which the center of K, acts trivially. We regard W as a k[Z K, ]-module by letting Z

act trivially.

Theorem 4.4. (a) The map (13) is injective, and the Hecke operator T on indngJrW
constructed in [2] has the structure described above, i.e. is given by maps (15), (16).

indg, W -
(b) For A € k the Hi(G, Uél))—module (%)Uél) has k-dimension 2. If it is
nd$ ~
wrreducible, then (sz<+/\) is an irreducible GW-representation.

PROOF: (a) See [2].
(b) Let 0 # V C

indZ, W ~ .
= be a G-sub representation. The same argument as
in the proof of Theorem 3.5 shows that the action of U on indng+W, and hence on

TN

ind§ Ko, W

T and on V, is smooth. Therefore, since l/]\él) is a pro-p-group by Lemma 3.2, we

have V05" # 0. Replacing V by its GW-sub representation generated by V0 we may

assume that V belongs to Ry’ (k), as does —7— - Proposition 4.1 says that Hi(G,Us ")
indeWA) . ~(1) = (1) indeWA).
acts on ((ZTKf;))Uf(’1 , respecting V0. Therefore we have V0 = ((ZTKf;))U‘gl if
ind§ W~ ind§, W indZ, W
%)Uﬁ is irreducible. This implies V' = éf(f;) as éfi)\) is generated by
indgK W =)
w05
(T=2) .
ind W =
By Proposition 4.3 we may identify (%)U‘gl) with g(x+)U‘(’1) & g(x_)Uf(’l). It is
well known that g(x+)U§” = WY and hence also g(m_)Uf(’l) is one-dimensional, therefore
ndZr, W 50 di onal
(W) is two dimensional. O

Definition: A @(1)—representation on a k-vector space V is called admissible if s

is a finite dimensional k-vector space.

Proposition 4.5. For any admaissible irreducible @(1)-representatz'on on a k-vector space

V' there exists some X\ € k and an irreducible kK, |-module W on which the center of

K, acts trivially, and a surjective homomorphism of G -representations
ind%, W

19 — W

(19) (T —\)

PrROOF: As V is admissible, ), cx1 V0" is a finite dimensional k[K,, ]-module.
z €N
Therefore it admits an irreducible k[K,, |-module-submodule W; the center of K, acts

trivially. By the definition of ]?‘(/1) we may regard W also as a k[ZK,, ]-submodule of
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]—A}(,l ) (), and this induces a natural homomorphism of @(1)-representations ideZ;Km+ W —

@meXoj\:‘(})(I‘). Consider the composition of CA}’(l)—representations
v indgK”W — @rexoﬁ‘(})(m) — Hy(X, .7/-:‘(/1)) —V

(we know but do not need here that Hy(X, ﬁ‘(,l )) = V is an isomorphism (Theorem 3.5)).
The ring End(indgKﬂD+ W) acts (by precomposing) from the right on the finite dimensional

k-vector space

Hom(;(indgK”VV, V) = Homyzg,, (W, V) = Homyzy, (W, Z Vﬁfﬂ)).

nex!
T4 €n

Consider the action of 7' € Emd(indgKm+ W) (in fact we have k[T = End(ind(Z;K” W), see
2]) on the k[T]-submodule of Homg(indng+ W, V') generated by 7. As k is algebraically
closed, this action of T has as a non-zero eigen vector, providing a non-zero G-equivariant
homomorphism (19) for some A € k. But since v and T are a(l)—equivariant, also this

map (19) is @(1)—equivariant. [ts surjectivity follows from the irreducibility of V. U

The simple H (G, Uél))—right modules have been classified by Marie France Vignéras
in [9]. In particular, in [9] par. 3.2 it has been defined what it means for a simple
Hi (G, Uo(—l))—right module to be supersingular. We say that a H(G, Uo(—l))—right module
has trivial central characterif for any g € Z the double coset Uél)ch(rl) € k[Uc(rl)\G/Uél)] =
Hi (G, U ) acts as the identity. (This definition makes no reference to the center of the
ring Hy(G, Uél)); for the (easy) description of that center see however [9].)

Corollary 4.6. The functor V +— v s from @(1)—representatz'0ns to Hi(G, chl))-m'ght
modules induces a bijection between the isomorphism classes of admissible irreducible GO
representations and the isomorphism classes of simple Hy(G, Uél))—m'ght modules with

trivial central character.

PRrOOF: First, in [9] Proposition 4.9 it is shown that the functor V VU from G-
representations to Hy (G, chl))—right modules induces a bijection between the isomorphism
classes of the irreducible subquotients of principal (series) representations of G, and the
isomorphism classes of simple H(G, Utgl))—right modules which are mot supersingular.
Therefore, to see that the non-supersingular simple H;. (G, Uél))—right modules with trivial
central character also ly in the image of our functor under discussion, it is enough to see
that the irreducible subquotients of principal (series) representations of G on which the

center Z of G acts trivially are in fact G-representations. In [2] it is shown that the
ind§, w
ot

W fOI‘ some

irreducible principal (series) representations of G are isomorphic to
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: G
deKZ+

A € k* and some irreducible k[K,, ]-module W. Proposition 4.3 shows that —T)
is indeed a G(-representation (if Z acts trivially). Moreover, in [2] it is also shown
that the principal (series) representations of G which are not irreducible are necessarily
of length two, and the subquotients are the following: a twist of the one-dimensional
G-representation, and a twist of the Steinberg representation. Clearly the trivial (one-
dimensional) G-representation is a @(1)—representation, too. But it is also well known
that the Steinberg representation of G is isomorphic to Ho(X,F) for some F € €5 (k),
hence is a a(l)—representation. (For example, for z € X° the K,-representation F(z) is
the |kp|-dimensional Steinberg representation of the reductive quotient of K,.)

Next, we claim that any supersingular simple H (G, Ut )-right module M with trivial
central character is of the form V0" for some admissible irreducible @(1)—representation
V. Indeed, by [6] Proposition 2.18 (which is a quotation from [9]), the constructions in [6]
Definition 6.2, Lemma 6.3 assign to M = M., a coefficient system F =V, on X (notations
M, and V, from loc.cit). It is immediate from these constructions that 7 € ¢ (k), and
even F € 681)(14:) it M has trivial central character. Moreover, in that case, Lemma 3.4
and [6] Lemma 6.4 show that M = Hy(X, .7-")(75’1> as Hi(G, U(gl))—right modules.

Finally, it remains to show that for any admissible irreducible a(l)—representation V

the Hi (G, Uél))-right module V7 is simple. We use Proposition 4.5, i.e. we choose a
indg, W
surjection (19). If A # 0 then %

our previous disussion applies. If A = 0 then the disussion in [6] (in particular Lemma

is a principal (series) representation (by [2]), and

6.1, Lemma 6.3) shows that the left hand side of the map (17) is a supersingular simple
H,,(G, UM)-right module. By Theorem 4.4 it is isomorphic to Vo, O

5 A variation of (¢, [')-modules

5.1 A functor D

We fix e € N and a uniformizer pr € Op.

Definition: We define the submonoids

a 0

b

01 ) |a € Op—{0}}

and the subgroups

10 10
Née):{<0 1>|b€p§_1(’)p} and N:{(O 1>|b€F}
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and
a 0
T = € Fx
{(O 1)|a )

e e ) 0
of G. We have Né ) % T, = P*( ) We write t = ( p(f ) ) € T,. We then have

T=JtT.
meN
We assume that our fixed central vertices x4 and z_ are those with K,, = GL2(Op) and
r_ =t"'z,. Recall that 0 = {z,,z_}. In the following, the end oy = t >z, of X will
play a distinguished role. For any x € XY there is a unique infinite (without backtracking)
path [ag, z] in X starting at z and passing through almost all ¢~z with m > 0. For
e >0 and v € X° we define the subset

Zf)(iﬁ) ={z€ X°|d(z,z) < ¢ and x € |, 2]}

of X°. We define N\® to be the subgroup of Aut(X) consisting of all g € Aut(X) with
the property that for all z € X there is a ¢’ € Née) such that the restrictions of g and ¢’
to 2\ (x) coincide. For pn € X! we let 2" € X° be that vertex of y such that the other
vertex of p belongs to [ap, «/{|. For example, 27 = x.

For x € X° we let Nx(e) be the subgroup of N consisting of all ¢ € N which fix fofl)(x)

pointwise. For example, N = N{®.

Lemma 5.1. (a) Née) is a (non-abelian) pro-p-group.

(b) For any g € ]/\\fée) and any p € X! there is a g € Née) such that the restrictions of
g and g' to the subset Z') (1) of X° coincide.

(¢) For any pu € X' we have N = U\ N N.

Ty

PROOF: (a) The same as for Lemma 3.2. Alternatively, one may use (b) to see that
]/\}ée) is a subgroup of U and then just quote the result of Lemma 3.2. Or one may just
use the description of Née) given in Lemma 5.12 below.

(b) Apply the defining condition for N to all z € [ay, 2] with d(z,2%) <e.

(c) This is clear. O

We define the subgroup (cf. the proof of Lemma 5.2 below)

]/\/\*(e) _ U tfm]vée)tm
meN
of Aut(X). We read T as a subgroup of Aut(X) and define P to be the subgroup of
Aut(X) generated by T" and N©. We define P to be the submonoid of P© generated
by ]\Afée) and 7.
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Lemma 5.2. (a) We have N9 x T, = P\ and N©©) x T = P(©,
(b) For anym € N and s € P\ we have s"N”s=™ c N\¥'. Moreover,

) "N =1
meN
PROOF: (a) This follows from N\ x T, = P°).
(b) For the first claim it is enough to check sm]/\\fée)s_m C Née) for s € T,. For such s

we have smNée)s’m C N(ge) for all m € N, and the claim follows. The second one follows
from ﬂmeNtmNée)t_m =1. O

Remark: T'N (resp. N, resp. No(e)) is naturally a subgroup of pe© (resp. of ]/\\7(8),
resp. of ]/\\fée)), and similarly, P is naturally a submonoid of P. One might ask for
retractions in the reverse direction. Let €p denote the set of ends of X except for the
end ag. Let ag = t®x, = t>®z_ denote the end of X which together with oy spans the
T-stable apartment in X. Then P acts on ¢p and sending n € N to nag is a bijection
between N (= F') and €p. For any g € P© and a € ¢p there is a unique g, € T'N such
that g and g, coincide on all the vertices on the apartment [ag, ] from ag to «. This

defines for each o € €p a map
(20) P —5 TN, =

such that for any ¢ € TN C P© we have g = g,. Similarly, the maps (20) are retrac-
tions N©® — N and P — P and N\¥ — N/”. Beware that they are not group

homomorphisms. Rather, we have

(g'f)a = Gf(a) * fa

for f,g € P® and o € ¢Ep.

We define the subset

XJOr =prPW g, resp. X_lF = fl).a

*

of X% resp. of X!. If X, denotes the maximal connected full closed subcomplex of X
such that z belongs to its set of vertices but z_ does not, then X9 is precisely the set
of vertices of X, and X} — {o} is its set of edges. To clarify: o = {4, 2_} belongs to
the set which we denote by X}, but it is not an edge of the closed subcomplex X of X.

For any n € N/N" the subset n.X? of X is stable under the action of N, Restric-
tion to this subset defines a quotient ]Véiz of ]/\7(56) contained in the group of permutations
of the set nX?.
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Lemma 5.3. The natural homomorphism

(21) N — T N

neN/N§V
is bijective. The factors Né?L are pairwise isomorphic.

ProoF: The union U ynXY is disjoint in X and stable under Née), and the

)

nEAVA%
restriction map from Née to the group of permutations of U__ /Nu)nX?r is injective, be-
0

cause any element of Née) acts trivially on X° — UZGN/N(ImXJOF. O
0

Remark: The index of " N{?t=™ in N is not finite for m € N. Lemma 5.2 says
that, except for this failure, the axiomatic of section 3 in [8] is satisfied. The following
statement might be viewed as a natural replacement of the finiteness axiom in [8]: we

have
-1

[N = N§ em N = TT ¢
J

3

I
o

for any m > 1, where q = |kp|; here we view the factor ]’\}éel) of N'? as a subgroup in N/°.
Following the lines of [8] one may thus define a corresponding notion of étaleness. How-
ever, although the point in our entire discussion is that one should consider ]/\\fée)—actions
instead of just Née)—actions, the good notion of étaleness seems to be just the usual one,
as given in formulae (23) and (24) below (i.e. based on the cosets tiNél)t_i in Nél)).

Let A € Art(o). We are interested in NT-equivariant homological coefficient systems
in A-modules F on X satisfying the following hypotheses:

(Hyp 1) for any x € n € X' the transition map 77 : F(n) — F(x) is injective.

(Hyp 2) for any p e X', if S, = {n e X*|pnn={z"}}, then

(22) Flat) = 3 ().

neSy

N(e)
(Hyp 3) for any pn € X', the image of 7%, : F(u) — F(a!) is F(z'!) =
+

Before proceeding, we first provide examples for such F.

Lemma 5.4. Let N(kp), N(kr) be the unipotent radicals of opposite Borel subgroups in
GLy(kp), let W be a k[GLy(kp)]-module which is generated by its subspace WN®r) of
N (kg)-invariants. Then W is generated by WN* ) even as a k[N (kp)]-module.
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Proor: If W is finitely generated, then, by Nakayama’s Lemma, applied to the local
ring k[N (kr)], to show that WN*F) generates W as a k[N (kr)]-module it is enough to
show this after reduction modulo the maximal ideal, i.e. it is enough to show that the
composition WN®r) — W — W k) is surjective. If W is an irreducible k[GLa(kr)]-
module this is easily verified. Next suppose that W is a princial series representation, i.e.
parabolically induced from a character of a Borel subgroup. In this case W is isomorphic,

as a k[N (kr)]-module, with a direct sum of the trivial one-dimensional k[N (kr)]-module
and a copy of k[N (kr)]. In particular, W (k) 18 two dimensional. Similarly we see that
WNEF) is two dimensional. The dual of W is a again a principal series representation W,
in particular (W)N®*7) maps surjectively onto the space of N (kz)-invariants of the unique
irreducible quotient of W’. Dually we obtain that the space of N (kf)-coinvariants of the
unique irreducible subobject of W maps injectively into the space of N(kp)-coinvariants
of W. Thus applying what we said above to the unique irreducible subobject and to the
unique irreducible quotient of W we see that the composition WN*r) — W — W (k) 18
surjective.

Now suppose we are given a general W. Then, as W is generated by WN*r)  we see
that W is isomorphic to a quotient of a direct sum of principal series representations of
GLa(kp). Their property of being generated by their N(kp)-invariants clearly passes to

direct sums and quotients, hence to W. 0

Lemma 5.5. Any F € ¢W(k) satisfies hypotheses (Hyp 1), (Hyp 2) and (Hyp 3) (with
e=1).

PrOOF: (We do not ask that F € Q(()l)(k:): the center Z of G may act nontrivially on
F.) The validity of hypotheses (Hyp 1) and (Hyp 3) is clear, only hypothesis (Hyp 2)
requires a proof. The K, -action on F (z%) factors through the quotient of Ky isomor-
phic to GLy(kp). Thus, abstractly F(z%) is isomorphic to a representation of GLo(kr)
generated by its invariants under the unipotent radical N(kr) of a Borel subgroup in
GLy(kp). But then Lemma 5.4 tells us that F(z%) is generated by its invariants under
N(kp) even as a representation of the unipotent radical of an opposite Borel subgroup.

Given the other properties of F & Qﬁél)(k:), this is precisely the meaning of formula (22).00

We now fix an arbitrary F over an arbitrary A € Art(o) satisfying the above conditions
(a), (b), (c).

Let g € P©. Given n € X1, choose a ¢ € NT restricting to ¢ on Zf)(:ﬂ) and define
g : F(n) — F(gn) to be the map g, : F(n) — F(¢'n) = F(gn). Similarly, given z € X°,
choose a ¢" € NT restricting to g on ZJ(f) () and define g : F(z) — F(gx) to be the map
gy » F(x) = F(g'z) = F(gz).
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Lemma 5.6. The above action of P© on F is well defined and makes F into a ple)

equivariant coefficient system on X. In particular, pe naturally acts on Ho(X, F).

PRrRoOF: The same as for Lemma 3.3. O

Since X is closed in X we have a natural map Hy(X,,F) — Ho(X,F). Asin Lemma
2.1 this map is seen to be injective. Moreover, as X, is a P stable subcomplex of X
we have P acting also on the submodule Hy(X,,F) of Ho(X,F). The corresponding
N{9-action on Hy(X,,F) in fact factors through the quotient Néel) of N{©.

Lemma 5.7. The action of ]/\7(&61) on Hy(X,F) is smooth.
(b) The natural map F(o) = }"(er)NO(e) — HO(XJF,F)N(ES) is bijective.
PROOF: (a) The same as for Theorem 3.5 (a).

(b) The same as for Lemma 3.4; notice that (Née), U;,(;i)) = U, O

We now assume that o is the ring of integers in a finite extension field L of QQ, with
residue class field k = k;, and uniformizer p;, € 0. We assume that A € Art(o) is a quotient

of 0. For a profinite group H we write
L(H) = of[H]]
for its completed group ring (Iwasawa algebra) over o. For example, the natural maps
N 4 B 2 R

— both ¢ and pr o are injective — induce corresponding morphisms of Iwasawa algebras
LN = L(N) — E(]/\\féel)) Using Lemma 5.7 we obtain that the Pontrjagin dual

D(F) = HomS(Hy(X,, F),L/o)
of Hy(X,,F) is a module over ,C(J\A]éel))

Lemma 5.8. If the k-vector space }"(er)Née)’pL:O has dimensionn < oo, then the L( Aéfl)-

module D(F) can be generated by n elements.

PROOF: ﬁ(ﬁé‘?) is a local ring (as ]/\7(561) is a pro-p-group), its augmentation (left-)ideal
I is maximal, and I — 0. We may therefore apply the topological Nakayama Lemma
(see [1]) to the profinite E(J/\\féel)) (left-)module D(F): it says that D(F) can be generated

over ﬁ(]\Aféel) ) by n elements (n < oo) if its reduction modulo /I can be generated by n
elements. By duality, this is the case if Hy(X, F )Né

o)

172=0 has dimension < n. Now apply
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Lemma 5.7. O

We also define the £( (51)) module

HO(X-H‘; ) HO(X7~’ )

— " 7 /o) 2 Hom®(—————2_ L/o).
.F(O') Y /0) 0 Y <H0(X_,f), /0)

Here we view F(o) as embedded into Hy(X,F) via F(o) — F(xy), and Ho(X_,F)
is the 0-homology group of F on X_, the full closed subcomplex of X with vertex set
X9 = X% — X0, (Thus, o belongs neither to the complex X nor to the complex X_.)

D/(F) = Hom®(

0

Lemma 5.9. (P~ naturally acts on D(F), and P\ naturally acts on D'(F).

PROOF: As the monoid P acts on Ho(X,,F), the inverse monoid (P{”)~! acts
on its dual D(F). On the other hand, P itself acts on D'(F). Indeed, the group
]Véel) acts on Hy(X,,F), respecting the submodule F(o), hence it acts on D'(F) =
HomCt(HO(X—+f L/o). The monoid T, 1 acts on Hy(X,F), respecting the submodule

Ho(X_,F), hence T, acts on D'(F) = Hom¢( ;10 ) 5, L/o). O

Let Oée) denote the p-adic completion of the localization of L(Née)) with respect to
the complement of py L(N).

Definition: An étale ((P\9)~1, P{))-pair over L(N, 0. ()} is an injective morphism of
E(]Véi))—modules 0: D" — D, together with an action of the monoid (ﬁ*(e))q on D and

of the monoid P\ on D’ , either of them extending the given action of the group ﬁée)

(through its quotient ]\Aféel)) The following properties are required:
(a) For m € N let ¢ym denote the endomorphism ¢t~™ of D, and let ¢;m denote the

endomorphism ™ of D’. For any m € N we have

(b) The cokernel of 0 is finite. As Oée) is flat over £(N.*) (and as 9 is in particular

E(Née))—linear) it follows that 0 induces an isomorphism

O @ oy D' = OF @ i) D.

We identify its source and its target into a single object D.
(c) Denote again by ¢m and ¢y the endomorphisms of D obtain from those on D
and D’ by base extension (’)gj) B o) (.). Then we have
0

(24) Z n(ptrnwt'mnil - ldD

neN$ i N§D -
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Theorem 5.10. Suppose that the k-vector space ]:(:E+)N56)’pL:0 has dimension n < oo.
Then (D'(F) — D(F)) is an étale (P!, PX))-pair over E(]/\?O(el)) Moreover, D(F)

can be generated as an L(]Vé,el))—module by n elements.

PROOF: The last statement was shown in Lemma 5.8. We have an exact sequence of
E(]/\\féel) )-modules

0 — D'(F) — D(F) — HomS(F(o),L/o).

With .7-"(1:+)N(§e)7pL:0 also F (o) and hence the cokernel of D'(F) — D(F) is finite.
Formula (23) is immediately verified already by evaluating elements of D(F) resp.

D'(F) on the level of O-chains: it simply follows from ¢tX? C X9 (and ¢71(tX?) = X0).

To see formula (24) we observe first that it follows from formula (22) that any element in

Hy(X,,F) can be represented by a 0-chain with support in

X0 -z V() = U nt"™ X9,

neNg" jem N§D¢-—m

But evaluating elements of D(F) resp. D'(F) on such O-chains it is clear that

Z NYgmWPym nt

neNg? jim N§Dg—m

acts as the identity on O @ D'(F)=0%¥ ® vty DIF). O
0

L(NS) )

We write D(F) = O((ge) L ON D’(F)%Oée) ® (N D(F). The key property exploited
0 0
in Colmez’ study of his functor D is that in the case F' = Q, (and e = 1) the module
D(F) is finitely generated over Og). Namely:

Theorem 5.11. Suppose F' = Q, and e = 1 and that the k-vector space .7-"(:17+)Nél)’p:0

has dimension n < oo. Then D(F) can be generated as an Oél)—module by n elements.

PROOF: The proof is parallel to that of Lemma 5.8, with Lemma 5.7 (in that proof) re-
placed by the following fact: for ' = Q, and e = 1 the natural map F(c) = F(xQNél) —
HO(XJF,}")NSD is bijective; this has e.g. been shown in [5] Theorem 3.2 (notice that
(N(gl), Ug&)) = Uél)). (In fact [5] Theorem 3.2 is stated for the coefficient ring & only, but
the devissage arguments used in the proof of [5] Theorem 3.3 easily give the result in

general.) O

If = Q, then (’)g) is exactly the ring Og used in Fontaine’s theory of (¢, I')-modules.

Theorem 5.11 describes Colmez’ functor from finitely generated o-torsion representations
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V of G (generated by VU‘('U), to finitely generated étale (o, [")-modules. Namely, from
V' pass to .7-"‘(/1) € ¢W(A), then restrict the PM-action on D(f( )) to P and of the
(PM)~L-action on D(F) to (PM)~1.

Thus, we may regard Theorem 5.10 as some sort of variation, available for arbitrary F
(and e), on Colmez’ construction. For F' = Q, and e = 1 it is in fact an enhancement of
Colmez’ construction in that it provides actions 16*(1), reps. of (]3*(1))_1, on D’ (]—"‘(/1 )) resp.
on D(FP) .

Let I be a finite extension of @Q,, and let us indicate the dependence on F' in our
definitions by the symbol [F]. Using the trace map described in Lemma 5.13 below one
might try to pass from (finitely generated, as in Theorem 5.10) étale ((P( )) L ple )) -pairs
over E(]/\?éel))[F | to (finitely generated) étale ((PL9)~1, P{))-pairs over £(N, 61)[@p] From

here, can one pass to suitable modules finitely generated even over (’)g Q] 7

5.2 The pro-p-group ]/\\7(;61) and the Iwasawa algebra L( Aéel) )

For ¢+ > 0 consider the group homomorphism
H pH_e ! — Autsets(OF)
aEOp/pF

sending (Za)acop /pi, (With z, € piFe™1) to the following permutation of (the set underlying)
Op: it sends € Op to T + (), where a(z) € Op/p} is defined by a(z) = z modulo
pt. Next, for k£ > 0 define the map of sets

CID v C I pi) o — Autaa(Or),
aGOF/PF a€OFr/pF
((%,k%e%/n’% ooy (Ta,1)ac0p fpps To0) Gk((fﬂa,k)aeop/pﬁ%) o...0€1((Ta1)acop /pr) O €0(200)-

It induces a map of sets

H kare 1 o ( H p%) X pF — Autsets(OF/PkH)

a€O0p /pk, acOF/pr

Define Hée) =pS ' Let Hée) act on [[,co, p, PP Dy its action 0¢ on the index set Op/pp.
Using this action we define H¥ = (ILicoy/pp P7) > H?. One easily checks that with

this group structure, ¢; is a group homomorphism. Using it we have Hl(e)

acting on
[locop ps™ and we may define H{ = (Iacop 2 pst) % B Inductively we thus
define a group H ,(f) for every k > 0. We then define H to be the projective limit of the

nge), ie.

HO = (C I e T o= (C IT pe) 2peh 000

a€Op /ph a€Op /pkt anF/pF
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We have H) ¢ H for ¢ > e while, of course, abstractly the H for the various e
are all isomorphic.
Define the group homomorphism 9(¢) : HE™ — HE not as the inclusion, but as the

product of all the maps

(dlag, —ld H pk+e H k-l-e H pk+e 1 ,

aEOF/pF ae(’)p/pk“ aEOF/PF

k+e

i.e. the negative of the inclusion HaGOF/pk e Re—l

- HaEOp/pk pF
ponent, and the diagonal embedding HCLEOF Jok phte — [co, Jpltt phte (induced by the

k+1)

in the second com-

natural projection of index sets Op/pk — Op/p in the first component.

Lemma 5.12. We have a natural isomorphism

(e)
Hx 3
(a(e)) 0,1

IIZ

(25)

PROOF: N acts simply transitively on the set of ends of X different from ¢t~z ;
similarly, Nél) acts simply transitively on the set of (infinite) ends of X,. Therefore,
identifying Nél) with the additive group (Op,+) and sending f € Op = Nél) to the end
f(t>®z,) is a bijection between O and the set of ends of X,. The group HY acts on
(the set underlying) O through ., = lim, ;. Together we get an action of HC(S) on
the set of ends of X,. It induces an action of H on X0 as follows. Given z € X9,
choose an end « of X, with = € [z4,a]. For h € H) we then define ha € X0 as the
unique vertex belonging to [z, ha] with d(xy,z) = d(x, hz); it is independent of the
choice of .. Tt follows from the definitions that this H.Y-action on X? induces a surjective
homomorphism HY — ]/\\fo(el) whose kernel is im(9(®)). O

Let us redescribe Né { and L(N, 6)) in the case F' = Q,, using the isomorphism (25).
For k> 0andi € Zp /p*Z, consider the corresponding copy of p* =17, as a factor of H. ©
Let us denote by e ) its topologlcal generator pFte=1. Then HC(S) is the pro-p-completion
of the group generated by all the ei , subject only to the following relations:

egk) . ey) = egg) . egi)pg if k> /¢ and i = j mod (p),
egk) . eéﬁ) = ey) : egk) if k> ¢ and i # j mod (p).

(Here, of course, i + p’ is the class of i + p’ modulo (p¥).) Next, im(0(®)) is topologically

generated inside HY by all expressions
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for k> 1and j € Z,/p*'Z,. Write Ui(k) =1 egk) in E(Hé?) for k > 0 and i € Z,/p*Z,.
The above description of H translates as follows: E(Hég)) is the (p-adically complete)

formal power series algebra in the variables Ui(k), subject to the commutation relations

ool =u Ul if k> ¢ and i = j mod (p!),
v v =u".u® if k> ¢ and i # j mod (pf).

Next, the quotient L(N, 081) ) is then obtained by dividing out the closure of the ideal
generated by all expressions

[T a-v®)-a-vFy

i€Zp/p*Zp
i—jepk—1lzy

for k> 1 and j € Z,/p"'Z,.

To indicate the dependence on the local field F' (which was fixed so far) let us now
write N( {[F] and HE [ ] and 0®)[F] instead of ﬁéel) and HE and 9©). Let F/E be a

finite extension of local fields, let e(F/E) be its ramification index.

Lemma 5.13. For any e, e’ € N with €' - e(F/E) < e there is a natural trace map
tr: NS[F] — NSV[E]

PROOF: Let tracep g : F' — E be the usual trace map. As e’ -e(F/E) < e it restricts
to a map traceg g : pi " T 5 pdEm =t for all m > 0 and all 0 < ¢ < e(F/E) — 1.
Forallm >1and 0 <t < e(F/E) — 1 the inclusion O C O induces an injective map
Op/pE — O /pp© /B~ We may thus define the composition

H IJ;+W”L-e(1*“/1‘3)—lt—1 SN H p%+m N H pe, '+m—1

OF/P?'E(F/EFt OF/P;:L'E(F/E ¢ Ow/vg

where the first arrow is the product of the above trace maps (in each factor), and the
second arrow is the natural projection induced by the above inclusion of index sets.

Summing over all 0 < ¢ < e(F/FE) — 1 we obtain a map

(26) H e I+me(F/E) o || H p?(m D-e(F/E) __ H pe '“14m

Op /g ) Op fpf e/ On/vE

for any m > 1. Taking the product of the maps (26) for all m > 1, while taking for m = 0
just the trace map tracep/p : P& ' — p% ', we obtain a trace map HY [F] — Héf;/)[E].
It is straightforward to check that it maps im(9®[F]) into im(9'®)[E]), hence it induces,
using the isomorphisms (25) for ]\Aféel) [F] and ]/\\fée{) [E], a trace map tr : ]\Aféel) [F] — ]Véell)[E]
as desired. O
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