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A POSTERIORI ERROR CONTROL
IN LOW-ORDER FINITE ELEMENT DISCRETISATIONS
OF INCOMPRESSIBLE STATIONARY FLOW PROBLEMS

CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

ABSTRACT. Computable a posteriori error bounds and related adaptive mesh-
refining algorithms are provided for the numerical treatment of monotone
stationary flow problems with a quite general class of conforming and non-
conforming finite element methods. A refined residual-based error estimate
generalises the works of Verfiirth; Dari, Duran and Padra; Bao and Barrett.
As a consequence, reliable and efficient averaging estimates can be established
on unstructured grids. The symmetric formulation of the incompressible flow
problem models certain nonNewtonian flow problems and the Stokes problem
with mixed boundary conditions. A Helmholtz decomposition avoids any regu-
larity or saturation assumption in the mathematical error analysis. Numerical
experiments for the partly nonconforming method analysed by Kouhia and
Stenberg indicate efficiency of related adaptive mesh-refining algorithms.

1. INTRODUCTION

Adaptive finite element methods play an important practical role in compu-
tational fluid dynamics. They are often justified by a posteriori error estimates
which provide computable upper and lower error bounds which then serve as er-
ror indicators. In this paper, we unify and refine the derivation of such residual
error estimates for possibly nonlinear flow problems, such as the Stokes problem
[V2| V3, [DDP] and certain monotone nonNewtonian flow problems [BB| [P]. The
refinement enables a justification of averaging techniques which are quite popular
in engineering applications.

In the presentation emphasis is on a unifying proof for conforming, nonconform-
ing, and even a conforming-nonconforming scheme [KS|. Because of possible Neu-
mann boundary conditions, we study the symmetric formulation which appears to
be less frequently analysed in the mathematical literature. For notational simplicity
we only give details for 2D regular triangulations but allow mixed inhomogeneous
boundary data.

Given a Lipschitz continuous monotone mapping A : R2X2 — R2X2  Dirichlet

sym sym>

data up € H'(2)? and right-hand sides f € L?(2)? and g € L?(I'x)? in a bounded
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1354 CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

Lipschitz domain Q C R?, find u € H'(Q)? and p € L?(Q2) which satisfy

(1.1) dive+ f=0 and divu=0 in Q,
(1.2) o=Ae(u)) —pl and e(u):=(Vu+Vu')/2 inQ,
(1.3) u=1up onl'p and o-n=g on I'y.

The stress-strain relation o = A(g(u)) — pI (where I denotes the 2 x 2-unit
matrix) models Newtonian fluids for a linear function A(«) = 2u a with viscosity
p > 0; e(u) is the linear Green strain rate for the velocity field u. Then ([LI)-(L3)
is the (stationary) Stokes problem in the symmetric form with mixed boundary
conditions. Non-Newtonian flows, such as the Carreau law, are included as long as
there are positive constants ¢; and c¢o such that the Lipschitz continuous function
A R2X2 — R2X2 (where R2X2 denotes the set of real symmetric 2 x 2 matrices)

sym sym sym
satisfies, for all o, § € R2¢2,

(1.4) c1la— B < (Ala) — A(B)) : (a = B),

(1.5) |A() = A(B)| < c2|a - B.

(Colon denotes the scalar product in Rg;ﬁl, ie, a:f = Zikzl o Bjk.) The

boundary I' := 99 of a bounded Lipschitz domain  in R? is split into a closed
Dirichlet boundary I'p C I' with positive surface measure and the remaining Neu-
mann boundary 'y := '\ I'p. We mention that in the case 'y = (), the pressure
p is defined only up to a constant and we require fr up -nds=0.

The discrete problem is characterised by a (possibly nonconforming) discrete
space V x Q@ C L?(Q)? x L?(Q2) with respect to an underlying regular triangulation
T of the domain €. A discrete solution (uy,py) in (a subspace of) L?()2 x L?(9)
is supposed to satisfy

/A(ET(uh)):ET(vh)dx—/phdivth dx

(1.6) & @

z/f-vhda:—i—/ g-vpds (vp €V),
Q Iy

(1.7) —/ gn divr updz =0 (qn € Q).
Q

Since discrete functions may be discontinuous, a lower index 7 on differential op-
erators (e.g., Vzuy, divy vy, etc.) denotes their 7-elementwise action which may
be different from their distributional meaning.

Remarks 1.1. (i) The continuity condition divwu = 0 is usually utilised in the Stokes
problem to replace the term div 2 e(u) in (II) by p Aw. In the resulting nonsym-
metric formulation the natural Neumann boundary condition reads du/On+pn =g
and is correct from a variational point of view, but not from a physical perspective.
Hence, if Neumann data arise in the problem, the symmetric formulation (LTI)-
(C3) is the reasonable mathematical model. However, the analysis presented below
applies to the omitted nonsymmetric formulation as well.

(ii) Stability results and a priori error estimates for mixed and nonconforming
finite element spaces V x Q can be found in [BF| [BS, [GR], [KS]. It turns out that,
in contrast to the nonsymmetric formulation, the nonconforming Crouzeix-Raviart
elements are not uniformly stable for the Stokes problem [FM]. Instead, a noncon-
forming finite element method is stable where one component of the displacement
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ADAPTIVE FINITE ELEMENT METHODS 1355

is discretised with conforming linear elements and the other with nonconforming
linear elements [KS|, i.e., the trial space for the displacement field is V = V4 x Vs
where
(1.8)

V) :={V e C(Q): V is affine on each T' € T and vanishes on I'p},

(1.9)
Vo :={V : V is affine on each T' € 7, continuous at midpoints of inner

element boundaries, and vanishes at midpoints of edges E C I'p}

(with usual modifications on I'p for inhomogeneous boundary conditions for the
trial space) and Q are the 7-piecewise constants (with vanishing integral mean over
Qif Ty =0).

(iii) A posteriori error estimates and adaptive mesh-refining algorithms are in-
cluded in [DDP} [P, [V1] [V2| [V3] for the nonsymmetric formulation without Neu-
mann boundary data.

(iv) The unique existence of exact solutions (u,p) to (LI)-(L3) and discrete
solutions (up, pr) to (LO)-(L7) is discussed in the literature (see, e.g., [BBl BE]
Cil [GR] KS| [QV], [T] and the references quoted therein). In this paper we therefore
adopt the point of view that the continuous problem has a unique solution and there
are (not necessarily unique) known functions (up,pp) with certain 7-elementwise
regularity properties given to us which satisfy the Galerkin conditions (L.8)-(7).
There is no stability assumption on the discrete problem and indeed, in this way,
unstable methods are analysed as well in their a posteriori error control (but this
is not to recommend generally the application of unstable schemes).

(v) The class of finite element spaces under consideration in this paper is char-
acterised by the fact that the integral mean of the jump [u;] vanishes (or is at least
small) across interior edges. We stress that we do not need any a priori, saturation,
or stability assumption on the discretisation or regularity of the exact solution.

(vi) The refined error estimate of this paper was (for the Stokes problem) an-
nounced in |[CV]. The presented analysis results from a long term research, inde-
pendent from [DDP], [P], and |[BBJ, that started with mixed methods in [Cal] and
with the Stokes problem in [C]].

In this paper, we establish a new residual-based efficient and (to some extent)
reliable error estimate that applies to a general class of finite element discretisa-
tions. To describe the results in a simplified setting, suppose for (8)-(T3), in
this introduction that f € H!(Q) and the (possibly discontinuous) discrete solu-
tion (up,pp) is T-piecewise smooth, satisfies divy up = 0, fE\F[uh] ds = 0, and
fEmFD (up, —up)ds = 0 for all E € &, where £ denotes the set of all edges in 7.
Suppose oy, := A(er(up)) — pn I is a T-piecewise polynomial of degree at most k.

For each T' € 7, define the element contribution to the residual-error bound
N = Yorer Nk BY
(1.10)

Mo = W8IV e+ 2 s (llownsllage, + 10w /05]13s ).
E€ENECOT
Here hp and hg are diameters of an element 7' € 7 and an edge FE € &, respectively.
The jump of a (possibly discontinuous) function G across the inner edge E is written
[G] with modifications according to boundary data, and 9/0s is the derivative along
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1356 CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

edges with respect to the arc-length (see Section 2 for details). All the contributions
in (CI0) are computable residuals of (IT)-(I3) weighted with mesh-sizes.

Our first result shows that ng is a reliable a posteriori error estimate in the sense
that there exists an h-independent positive constant ¢z such that

(1.11) e (uw—un)|72q) + lp = PrllZ2) < cs Z NeT = 3N

TeT
Secondly, the estimate (LIT) is efficient in the sense that the reverse inequality
holds with an h-independent positive constant cq4

(1.12) nr < ¢4 (HET(U — uh)||L2(Q) +|lp _ph||L2(Q)) + h.o.t.,

up to higher order terms h.o.t. which are known and generically of higher order.

In the error estimator (LIT)), the edge contributions dominate. This gives rise
to a ZZ-type averaging estimator for the stress field as in [CB]. We prove for the
conforming-nonconforming scheme (L8))-(T9) that

(1.13)
lez(u—un)lZ2(q) + 1P = PrllT2(q) < csllon — o} llz2(a) + heo.t.

even in a more local form. Here, h.o.t. are known terms being generically of higher
order and o7}, is a continuous (not necessarily symmetric) 7-piecewise affine approx-
imation to the known 7 -piecewise constant function o which satisfies approximate
Neumann boundary conditions. Taking the minimal choice defines an estimator (in
practice an approximation will be computed)

(114) Nz = m1n|| Op — Th ||L2(Q),
Th

where 7y, is as 0}, above. Then, with higher order terms that depend on the smooth-
ness of the exact solution, we have efficiency

(115) Nz S H g — Op ||L2(Q) + h.o.t.

with a constant 1 in front of the error on the right-hand side and unknown higher
order terms. (The proof of (LTH) uses the triangle inequality and an approximation
estimate of min., || o — 71, [|L2(q) = h.o.t.)

The remaining sections of the paper are organised as follows. The detailed
notation as the precise statement of the reliability, namely inequality (LIT), is in-
troduced in Section 2. The main argument in its proof in Section 3 is a Helmholtz
decomposition which allows the application of Clément approximations [CI]. In
order to obtain a refined estimate we have to modify the approximation operators
as in [Ca2, [CV],[CB]. The efficiency estimate (I.I2) holds in a local form as shown
in Section 4. The reliability of averaging techniques is established for unstructured
grids in Section 5 where we indicate their efficiency. Numerical examples in Sec-
tion 6 for the Stokes problem and the scheme ([L)-(L9) support our theoretical
predictions and illustrate the superiority of the averaging technique in practise.

2. A RELIABLE AND EFFICIENT
RESIDUAL-BASED A POSTERIORI ERROR ESTIMATE

In order to state the precise form of (III), we specify the hypotheses on the
class of conforming and nonconforming finite elements under question.
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ADAPTIVE FINITE ELEMENT METHODS 1357

Let T be a regular triangulation of Q C R? in the sense of Ciarlet [Ci], i.e., 7 is
a finite partition of €2 into closed triangles or parallelograms; two distinct elements
Ty and T in T are either disjoint or 71 NT5 is a complete edge or a common node
of both T} and Ty. With 7 let £ denote the set of all edges, and we assume that
E € & either belongs to I'p or £ N I'p has vanishing surface measure, so there is
no change of boundary conditions within one edge £ C I

Furthermore, let Py (T) and Qx(T") denote the set of the algebraic polynomials
of total and partial degree < k, respectively, and define Py(T) := P(T) if T is a
triangle and Py (T) := Qi (T) if T is a parallelogram.

The discrete solution (up, pp) satisfies ([L6)-([7) and is supposed to belong to
H?*(T)*x H(T), where H*(T) := H*({J;c7 int T). The test function space V x Q
in (6)-([I7) is supposed to satisfy

(2.1)
S:=8(T)’NHHQ) CVCHYT) and Lo(7T)C QC L*(Q).

Here, the Lebesgue and Sobolev spaces L%(Q) and H'(Q)) are defined as usual
[Hol LM] and

Lo(T) = {VeL=@Q): VT € T,V|r € Pu(T)},
Si(T) == L1(T) N C(Q),
HY(Q) = {v e HY(Q)? : v|r, =0}

Since the test and trial functions are possibly discontinuous, we define their jumps
across the edges as follows. If E € £ is an inner edge, i.e., E ¢ I, then E =Ty N7y
for two different T1,T> € 7, and [Jup/0s] denotes the difference of the traces of
the tangential derivatives of uy, in 77 and T5. Similarly [o,ng| denotes the jump of
the stress vectors, i.e., for x € F and a normal ng on F,

[onng](z) : lim+ (on(z+ 6ng) — on(z — dng))ne.

n 6—0

If E C I'p belongs to the Dirichlet part of the boundary, then [Quy/0s] := O(up —
up)/0s and [opng] := 0. If E C Ty belongs to the Neumann part of the boundary,
then [Qup/0s] := 0 and [opnEg] == g — opn.

Let N denote the set of all nodes in 7, and denote the set of free nodes by
K := N\Tp. Let M denote the set of all midpoints of edges in 7. Let ¢, € SY(7T)
denote a hat function for z € N defined by ¢,(z) = 0 if x € N and x # z and
¢0:(2) = 1. Let w, :={x € Q: ¢,(x) > 0} denote the patch of z € N.

For a fixed node y € '\ K we choose a neighbouring free node ((y) € K and
set ((y) := y if y € K such that I(y) = {2’ € N : y = {(2')} yields a partition
(I(2) : z € K) of N and the connected and open enlarged patch Q, := U.er) w=
with diameter h, := diam(2,) for z € K.

Theorem R.1] implies the estimate (I.I1]) as a particular case.

Theorem 2.1. Let (u,p) € H*(Q)? x L?(Q) solve (LI)-(T3) and let (up,pn) €
H?(T)? x L*(Q) solve (LB)-(I7). Suppose that T'p is connected. Then there exist
h-independent constants cg, . . ., cg that depend on the shape of the elements and the
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1358 CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

patches (82, : z € K) only such that
(2.2)
e (u— uh)||2L2(Q) + llp — ph||2L2(Q)

. 2 2 . . 2
<cg Z || divun |72 +er Z h? nin, | divor+f—fallz20.)
TeT zek

+es Y hu(llownellizs) + | [0un/0s]| 7z )
Ee€

+ ¢ irgf IV (un — U)H%?(Q)'

The infimum in Z2) is taken over all v € H*(T)? such that [,[v]ds =0 if E€ &
and E ¢ Tp and [yvds = [pupds if E€ & and ECTp.

Remarks 2.1. (i) We refer to [QV] for discussion and references on mixed boundary
values in the Stokes problem. It seems not to be clear how a change of boundary
conditions affects the regularity of the solution in the general case. As a con-
sequence, any type of a priori estimate is avoided in Theorem 2] (a saturation
assumption, for instance, is disputable to indicate efficiency, but not reliability).

(ii) In the case of pure Dirichlet boundary conditions, i.e., I' = T'p and
Jrup - nds =0, we normalise p,py € L*(Q)/R by [,pde=0= [, ppdz.

(iii) Our analysis is partly based on the observation of a Galerkin orthogonality
for continuous test functions, i.e.,

(2.3) /Q(a —op):e(vy)de =0 (v, €8).

To prove (23)), we use integration by parts to infer from ([LTl)-(T3)) that for vy, € S

(with S as in (ZT))),
/Q.A(z-:(u)) ce(vp) dx — /deiv vp, dx

:/A(ET)(uh):s(vh)dx—/phdivvhdx. O
Q Q

(iv) For triangles, the condition S;(7)2 N HE(Q) C V in (2] is satisfied for all
standard conforming or nonconforming finite element spaces. On parallelograms,
the nonconforming nodal basis functions do not include the conforming :-finite
elements; our a posteriori error estimates require nonconforming ansatz and trial
spaces on parallelograms of higher order.

(v) The main argument in the proof of Theorem 2:1is a Helmholtz decomposition
which was first utilised in [A] [Cal], [CD, [DDP] in the context of a posteriori error
estimates.

(vi) The refinement in Theorem Tl over [BB, [Cl, [DDP, [P] concerns the second
term on the right-hand side with the factor c7. Since the open cover (2, : z € K)
of Q has finite overlap, we have the estimate

(2.5)

(2.4)

>on puin, [ divon + f = flli2(a.) < cro | hr(divr on + f) [[72q)
zeK i

where hz is the 7-piecewise constant defined on Q by hr|r = hy for T € 7.
If o, := Aer(up)) — pn I is T-piecewise constant, divy op = 0, and by using a
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ADAPTIVE FINITE ELEMENT METHODS 1359

Poincaré inequality we obtain

(2.6) Z h? fmeiu% I1f = f:l720.) < 0l hFVF 172
zeK *

which leads to the volume contributions in (LI0).

(vii) The term inf, ||V (up — v)||2L2(Q) in the a posteriori estimate can be es-
timated once the treatment of the Dirichlet boundary conditions in the discrete
problem is specified. Suppose that fE[uh] ds =01if F € £ and E ¢ T" and that
up — up, vanishes at one point of each edge. Then, with an h-independent constant
c11 > 07

(2.7) inf [V (up = v)|[L2(@) < el he*0(up — un) /05 || L2,

from where the term inf, ||V (un — v)|r2(q) is bounded by the jump terms
[[Oun/0s]||12(E) in (Z2) and so may be neglected in the a posteriori estimate.

To see (ZT), choose v|r := up|r on each element which has no edge £ C I'p.
On each of the remaining elements T, we have m € T,, N T'p N M, where M
denotes the set of all midpoints of edges in £. Choose v = up, — G, P, Where 1,
describes the nonconforming hat function for the midpoint m on T,,. The coefficient
am = [p(up — up) ds/hp € R? guarantees that v is admissible in (2.7). Then

(2.8)

IVrun =3y = D lamlP I Vem 3oy <cr Y. laml,
zeMNI'p zeMNI'p

where ¢11 = max_ || Vibn, [|3 1, depends on the shape of the elements only. Since
up — up, has a zero on E, ||up — upll2,g < hg||0(up — up)/0s |2, and with
Cauchy’s inequality,

(2.9)
|am|* < (/E lup — un|ds)*/hy < hg || d(up —un)/0s T2 O

(viii) In the example of the conforming-nonconforming finite element space (I-8)-
(C3), the discrete solution wuy satisfies the Dirichlet boundary condition at the
boundary nodes in the first component, i.e., e1-up(z) = e1-up(z) for all z € NNT'p,
and in the second component the discrete midpoint value equals the integral mean of
the exact boundary value at a boundary edge, i.e., e3-up(m) = ez fE up ds/hg for
the midpoint m of E € £, E C I'p. Then, for the same h-independent constant c1q
as in (2-]) the arguments in (vii) plus a finer estimate of the affine interpolation error
show that the term inf, |V (un — v)||%2(ﬂ) is of higher order. Let Zup € C(T'p)?
denote the E-piecewise affine nodal interpolant to up on I'p. If up|p € H?(E) for
all F € £ with E C I'p, then

(2.10)  inf, [|Vr(un — 0)| L2y < cunll by *0(up — Tup) /s || 20 p).s
(2.11) inf, | V7 (up — )2 < el BY 202up /8% | 120 p)-

(ix) The constants in Theorem 2 depend on the shape of the patches by the
overlap of (2 : z € K). The further assumption that each element contains at least
one free node reduces this dependence to usual dependence on the elements.
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3. PROOF OF RELIABILITY

To put emphasis on possible Neumann data, let us suppose in this section that
'y has positive surface measure. (I' = I'p requires the exact and discrete pressure
to have a vanishing integral mean on (2, but, apart from this modification, appears
less technical.)

Let (u, p) solve (LI)-([T3), let (up,pn) solve (LO)-(T17), and consider the errors
(3.1) er=u—u, € H(T)*> and e:=p—p, € L3(Q).

For abbreviation, we frequently write | - [l2,0 := || - [|L2(@) and || - [[1,2,0 :== || [ 71 ()
and neglect the domain € if there is no risk of confusion. Furthermore, we define
the following residuals, which contribute to (II0) or to the infimum in (Z2)),

(3.2)
= Z ||divuh||2L2(T),
TeT
(3.3)
ne = Z A% min || dive, + f — fz||2L2(Qz),
f=€R?
ze
(3.4)
3= hellownelli: g,
Eee
(3.5)

2. inf{HVT(uh - v)||2L2(Q) : v € H(T) and for all E € & there holds

/[v]ds:OifE§ZI‘and/vds:/uDdsifECI‘D},
E E E

3
=
|

=
X
I

2. Z hi||[0un/0s](172g)-

Eec¢&

In the first step of the proof, we define an auxiliary function v which allows us
to control the error by an energy integral.

Lemma 3.1. There exist a constant cia = c12(Q) and a function w € Hy () with
(3.7) divw =€ and lwll g1 0) < cizllell L2
Furthermore, the function v := c¢; *c3¢3, e —w satisfies (with ¢y, ¢y from (C4)-(T5))
(3.8)
c3cty 2 L2 -2 4.4 2
T||5T(e)||L2(Q) + Z||E||L2(Q) < Q(U —on) ier(v)dr 4 ¢ ey i
Proof. Since Q has a polygonal boundary, we can enlarge € to 2 such that the
open surface piece (or finite collection of pieces) I'y C 99 belongs to the interior

of the bounded Lipschitz domain 2. The function € is extended to € by a constant
€0 := — [ edr/meas(2\ Q) so that [, édx = 0. The Stokes problem

(3.9) A —Vg=0 and divib=¢ in Q
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has a unique solution @ € H(Q)? and ¢ € L?(Q), which satisfies the a priori
estimate [GRI, [T} [BF]

(3.10) @]l g1 e < caslléll 2y < crallell 2o

with constants ci3 and ¢4 that depend only on the geometry of Q) and Q, but not
on €. The restriction w := | satisfies (B7).
According to the definition of v, o, and oy, we calculate

(3.11) /Q(O’ —op):er(v)de = cflcgc%Q/ (A(e(u)) — Aler (up))) : ex(e) dx

Q
—cl—lcgc%Q/Qe:divTedx—/Q(A(g(u))—A(eT(uh))):eT(w) dz + e o

The symmetry of A(e(u)) — A(er(up)) and the estimates (ILH) and (B1) yield

(3.12)
| (Aew) = Aler () s etw) da
Q
030%2 2 1 2
< ezler(@)zallVelze < = ller(e)llza + 5 lell2o-
Because divu = 0, || divy el|2,0 = mi, and (L), BID)-BI2), we calculate
(3.13)
ety 2 L 2 < _ . d -1,.2 2 0
5 ler(@)lzn + Slellzo < Q(U on) rer(v)de + ey ceiam 2,0

Now we consider a Helmholtz decomposition of e7(v) from [CD] (see also [A]
Call [C]]). Recall Curl 8 = (03/0xa, —03/0x1) € L2(;R¥*2) if B € HY(Q)? for
d=1,2.

Lemma 3.2 ([CD|[EM|). There exist o€ H}, and € H?() with (Curl Curl 8)n=
0 on 'y satisfying

(3.14) er(v) =e(a) + Curl Curl 8 a.e. in Q.
Proof. We sketch a proof for convenient reading. Let « solve the elliptic problem
dive(a) = divy e7(v) with boundary conditions o = 0 on I'p and e(a)n = er(v)n

on 'y, ie., [,(e(a) —er(v):e(n) de =0 for all n € HL(). Since e(o) —e7(v) is
symmetric, the solution « satisfies

(3.15) /Q(E(a) s (0):Vde =0 (n € HY(Q)).

Hence, each row of e(a) —e7(v) is divergence-free and (¢(a) — e7(v))n vanishes on
I'y. Hence there exists some 3 € H'(Q)2 with e(a) —e(v) = Curl 3 (see [GR] Sect.
3] for proofs). Moreover, since e(a) —e7 (v) is symmetric, Curlﬁ:e(n) = Curl 3:Vn,
and by integration by parts

(3.16)

Oz/CurlﬁA:e(n)dm:— CurlBn-nds (ne Hh(Q)).
Q I'n

We conclude Curl ﬁn = 0 whence 83 /0s =0 on 'y and so B is constant on each
component of I'y. If I'; is a connectivity component of I' that does not include I'pp,
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1362 CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

then B = Bj is constant there and we deduce

(3.17) /F;Bnds:ﬁj /Fr.nds:O

from the divergence theorem. Since I'p is connected, there is exactly one component
Iy that includes I'p.

The symmetry of Curl[? reads [323 = —31,1, ie., div = 0. The divergence
theorem on €2 and (BI7) then show that for all j # 0

(3.18) 0= / div 3dz = Bnds.

Q o
Hence, Bn has a vanishing integral over all connectivity components qf I' and is
divergence free. Thus, there exists some 3 € H?(Q2)/R that satisfies 3 = Curl 3
[T] IGR]. O

The Helmholtz decomposition (314)) of e (v) from Lemma Bl leads to

c3c? 1
(319) %HET(C)”%Q(Q) + Z”EH%z(SD < /Q((T - (Th) 28(04) dx

+ / (o — op,) : Curl Curl Bdx + ¢y 2caciyni.
Q

The two integrals on the right-hand side in (B19) will be estimated in Lemma Bl
and below. Therein, we require a Clément-type approximation operator [CI, [Ci]
BY] in a refined form (see also [CB] [CV]).

For a regular triangulation 7" with set of edges £ we associate mesh-size weights
hr and hg, which are 7-piecewise and E-piecewise constant defined on € and the
skeleton |J & of all points on edges by hr|r = hy for T € T and hglgp = hg for
E € &, respectively.

Lemma 3.3 ([Ca2]). There exists a linear mapping J : H5(2)? — S, bounded if
domain and range space are endowed with H'-semi norms, which satisfies
(3.20)
- —-1/2
Ihz' (0 = TPz + g (0 = T@)lz2we) < 15 [Vl 2

for all ¢ € HE(Q). In addition, there holds for all R € L*(Q)?

(3.21)
1/2
IR — Rz|2dx> :

The positive constants cis,c16 do not depend on the mesh-sizes ht and hg, but on
the shape of the elements only. O

/QR.(@—jgo)da?SCw Vel 2 (a) <

E hﬁ min
R.ER?

zeK Q

The first integral on the right-hand side in (BI9) is studied in the next lemma.

Lemma 3.4. We have
(3.22)

/(U —op) :e(a) de < max{cs, ci6} (03 + n§)1/2||Voz||L2(Q).
Q
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Proof. Utilising (Z3), A := Ja € S C V, a — A € H,H(Q), and elementwise
integration by parts, we infer

(3.23)
/Q(U—O’h)tf(a)dl‘Z/Q(O'—O'h)t€(a—z4)d$
:/Q(divah—i—f) (a—A)dx + Z /E[UhnE](a—A)ds.

Ec€&

Recall that [o,ng] is the jump of o,nE across an interior element boundary F € &,
and is defined by g — opn on I'y and [opng] = 0 on I'p. From Cauchy’s inequality

and ([B20)-B.21)) we conclude
(3.24)

/ (0 —op):er(a)de
Q

1/2
< (016 don? fmei]% | divon+f—fll30.+e5 Y hE||[0hnE]||§,E) [Val
zeK * Ee&

< max{cis, c16} (13 +13) /2| Va2 O

2
2,0

The second integral on the right-hand side in ([8:19) is studied in the next lemma,
where c17 will be characterised below in ([3.28) as an analogue to ;5.

Lemma 3.5. We have
(3.25)

/Q(a — op,) : Curl Curl Bdz < ¢y cdyerr(n? + )2 o — onllL2)-

Proof. Let a € HL(2) and b € H%(Q) define a Helmholtz decomposition of o — oy,
as in Lemma B2 i.e.,

(3.26) o —op =¢€(a) + Curl Curld a.e. in Q.

Since (Curl Curlb)n = 0 on I'y we have L2?-orthogonality of Curl Curl 3 and &(a)

and deduce from v := cflcgc%Q e —w and an integration by parts that

(3.27) cicy ey / (0 —op) : Curl Curl fdz = / Curl Curlb: ez (e) dx
Q Q
= / up - Curl Curlbnds — / Curl Curlb: ez (up) de.
I'p Q

Let B € S81(7)? denote an approximation to Curlb as in Lemma where the
role of the Dirichlet and Neumann boundaries is interchanged; here I'y acts as
the Dirichlet boundary, i.e., B € C(Q)2, Curlb = B on I'y. Recall that 0 =
Curl Curlbn = 9 Curlb/0s such that Curlb is constant on each component of I'x
and so the interpolation indeed yields Curldb = B on I'y. As in Lemma B3] we have

(3.28) | Curl Bl + ||hz /?(Curlb — B)|l2.0e < 17 || D?b]2.
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Note that Curl Bng = 0 on I'y and, furthermore, Curl Bng is constant on each
E € £. Thus, for v € H(T)? as in Theorem ],

(3.29) /uD'Curands:/ v-Curl Bnds
I'p

I'p
+ Z / [v] - Curl Bngds = / Vv : Curl Bdz,
e JE\D Q

where we utilised an elementwise integration by parts. From the symmetry of

Curl Curl b, B.27), and (3:29), we infer

(3.30) cicy ey / (0 —op) : Curl Curl fdo = / up - Curl(Curld — B)nds
Q

I'p

+ / Curl(B — Curlbd) : Vyup dz — / Curl B: Vr(up —v)dx.
Q Q

From Curlb = B on I' y and the integration by parts formula on the closed Lipschitz
curve (or curves of) I" we deduce

(3.31) / up - Curl(Curld — B)nds = / up - O(Curlb — B)/0s ds
FD 1—‘D

= Oup/ds - (Curlb — B) ds.
I'p

Elementwise integration by parts, Cauchy’s inequality, (8.28), (B30), and E31)

result in
(3.32) cicy ey / (0 —op): Curl Curl dx < || Curl B2 || Vr(up — v) ||2
Q

+/ [Oup,/0s] - (Curlb — B)ds < ¢17 ||D2b||2 max{ns, |Vr(un —v)|2}. O
uE

Proof of Theorem [2Jl Combining Lemmas [3.4] and we obtain from (BI9) and
lo—onlle < ealler(e) 2 + € l2 and | e(@) 12 < Jlex(e) 12 tha

2.2

c5c 1
(3.33) %IIET(@)II% + ZIIGII% < max{cs, c16} (13 +13)"/?[lez(€)l|2

+ep Bt (n +n3)2 (caller(e) 2 + [l € l2) + e *ezety mi

With Young’s inequality, the terms ||z (e)|2 and || €]|2 on the left-hand side can
be absorbed. This concludes the proof of Theorem 2.1]. O

4. EFFICIENCY

This section is devoted to efficiency investigations whose aim is to prove the
converse estimate up to higher order terms. Some of the technical results of the
section are preliminary to the proof of reliability of the averaging techniques in the
subsequent section.
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=z 1
S
o |

I

FicURE 1. Coarse triangulation where the inner edge F violates
geometric restrictions

To indicate the efficiency of the a posteriori error bound (LI0) we follow Verfiirth
[V1] and refine a corresponding estimate in [DDP].

To cover the conforming-nonconforming scheme (IR)-([T3) as well as conform-
ing finite element schemes, we suppose that uy belongs to W = W; x Wy where
the jumps on interior element edges or Dirichlet edges satisfy different continuity
conditions in each component:

(4.1) Wy = {V e Ly(T):VE €&, [V] vanishes at the endpoints of E},
(42) Wy = {VeLu(T):VECE, /[V] ds = 0}.
B

Here, 1 < k and the jump on boundary edges is understood as [V] := 0 on T'y and
[V]:=up —V onTp.

According to the different role of the two components, we need different mild
restrictions on the coarseness of the mesh: Assume first that each connectivity
component of I'p (I'p is no longer necessarily connected) contains more than one
edge in £. Second assume that each edge E' ¢ T" has at least one endpoint which is
an interior node (see Figure[T] where the second condition is violated).

Suppose that up € C(I'p)? satisfies up|r € H'(E)? for all E € £ with E C T'p,
and write 0f'up/0s™ for the E-piecewise derivative of up on I'p with respect to
the arc-length. Recall that Zup € C(I'p)? denotes the £-piecewise affine nodal
interpolant to up on I'p (i.e., Zup(z) = up(z) for all z € N NT'p, and Zup|g is
affine on £ € £ with E C I'p). Let fr € So(7)? be the L?-projection of f on
So(7)? and let ge denote an E-piecewise polynomial approximation to g on T'y.

Theorem ELT] implies the estimate (ILI2)) as a particular case.

Theorem 4.1. Let (u,p) € H'(2)? x L*(Q) solve (LI)-(I3), (un,pr) € H*(T)? x
L3(Q) solve (CO)-(C7), up, € W, and set op, = A(er(up)) — pnI. Then there
exists an h-independent constant cig > 0 such that, for all T € T and the patch
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wp:={T"e€T: TNT € EUT} of neighbouring elements
(4.3)
Y hs(llonnslliae) + 110un/0s]l|2 k)

EcENECOT

. 2
< ci9 (’u:u;ngnl“p ||5T(Uh - ’U)HLQ(wT)

. 2 2 : 2
o pin (o = 73 + bl divr (o - 7))

1/2
+1he* (9 = 98) |22 wrowe) + WIS = FTian)
1/2
+ 11 b *0(up = Tup) /05 I32(r proun) )

In particular, we have the efficiency estimate
(4.4)
Y- hae(llonnelliae + 10un/0s)7zs))

EcENECOT
+h7 || f+divon 122y + || divun |72

1/2
< c19(llez (= un) [3a(um) + 1o = B0l32ury + 10 *(9 = 91320 nom)
1/2
W3 = 13 ry + 15 20un = Tun) /05 a(r oo )-

Remarks 4.1. (i) The constant c¢19 in Theorem EIl depends on the shape and on
the degree of the finite elements (not on their diameters).

(i) The condition uj € W is satisfied for all conforming finite element methods
as well as for the conforming-nonconforming scheme (L6)-(L7).

(iii) The compatibility condition in (@) could be further relaxed. The proof
shows that any compatibility condition which guarantees an affine function e; - [v]
vanishes is indeed sufficient.

(iv) The mild restrictions on the mesh are violated in the example indicated in
Figure [l Note that successive red-refinements cannot change that the top trian-
gle can rigidly move around the midpoint of F. A green-refinement of FE in the
top triangle cures the failure (see, e.g., [VI] for the definition of red-green-blue
refinement).

(v) In corresponding results in [BB] [Cl] the error term || V(u — up) ||2,0, arises
which is replaced here by the Green strain error || e(u — up) ||2,0,. For conforming
schemes, u — up, € H},(2) and this improvement is not important since Korn’s in-
equality provides global equivalence. For nonconforming schemes, Korn’s inequality
is not available [EM]. For the conforming-nonconforming finite element scheme with
(CR)-([C3), Korn’s inequality is globally available for uj and u but not necessarily
for u — up,. (The different statement in [BB] is still unproven.)

The remaining part of the section is devoted to the proof of Theorem [Tl preceded
by several technical lemmas.

The first lemma provides a version of Korn’s inequality (certainly known to the
experts but not easily found in textbooks).

Lemma 4.1. Let RM(Q) denote the rigid body motions in R? (d = 2,3). Then,
|- e and || e()||2) are two equivalent norms on H*(Q)?/RM(S).
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Proof. The standard version of Korn’s inequality is the estimate

(4.5) I U2+ 19 2 < ezo (I - ll2 +112() ll2) in B (@)
and can be found in textbooks. The main point in the lemma is the related estimate
(4.6) min v =712 < crzfle(v) |2

reRM(Q)

for v € H'(92)?. We sketch an indirect proof for convenient reading. If this inequal-
ity was false, we could find a sequence (w;) in H'(Q2)?/RM(Q) with

fim [[e(w;)ll2 =0 and  min w; —r|

1,2 =1

Banach-Alaoglu’s theorem yields a weakly convergent subsequence in H'(Q)? and
by Rellich’s theorem there exists a strongly convergent subsequence (v;) in L2(2)4.
Hence we may and will assume without loss of generality that there exists a weak
limit v in H*(w)? with limj_o | v —v; |2 = 0. Since || e(-) ||2 is sequentially weakly
lower semi-continuous, we deduce £(v) = 0, i.e., v € RM(). Korn’s inequality

(EH) shows
(4.7)

L= i oy rlie V(e —0) ia < oo (Jle(0s - —ula)
comin e =rlhe < V(= 0) e < e (et = o) v = vll),

but the right-hand side in (@7 tends toward zero. This contradiction proves [E6]).
We omit the proof of the remaining assertions. O

Lemma 4.2. LetTy,... ,T; € T be a sequence of neighbouring elements such that
E=T;NTj1 € & is an edge which is not parallel to the xq-axis. Then, allT € W

with rp; € RM(Ty), j=1,...,J are rigid, i.e., r € RM(U;le T;).

Proof. Tt suffices to prove the assertion for J = 2; the general case follows by
induction. Consider a common edge E of two distinct neighbouring elements T
and T, where there exist real numbers ar, by, cp with

(4.8) r(z) = (ar — cr x2,br +crxy) forx eT.

The condition (&I]) shows that the first component [r1] of the jump [r] of r vanishes
at two distinct points. In case E' is not aligned with the x1-axis, this shows that the
affine function [r1] vanishes, i.e., ary, = ap, and ¢y, = c¢p,. Condition (2] implies
that [ro] vanishes at the midpoint of E. Knowing ¢y, = cp, already, by, = b,
follows from this and [8)). Thus, if F is not aligned with the z;j-axis, [r] = 0, i.e.,
TERM(TlLJTQ). O

Lemma 4.3. Let w, be the patch of z € N'. Suppose that either z is an interior
point of Q0 or that z does not belong to exactly one edge E € & parallel to the x1-azis
(cf. Figure ). Let r € W such that r|lr € RM(T) for all T € T with T C ;.
Then r|,, € RM(w;).

Proof. In two dimensions, there are either zero, one or two edges F C w, with
E CR x {2}, where “F C w,” stands for all edges E € £ with z € E. If there is
no such edge, the assertion follows from Lemma
In case there is one such edge E C Rx {23} and z is an interior point, Lemma
reveals r € RM(w, \ {E}) and, since the set w, \ {E} is connected, r € RM(w.).
In case there are two such edges F; and Fy C R x {22} we find that r is a rigid
body motion on either of the two components of w, \R x {z2}. The jump [r2] across
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E; C R x {2} is affine on R X {22} and vanishes at the midpoints of E;. Hence,
[r2] = 0. From this and [r1] = 0 we then deduce r € RM(w,). O

Lemma 4.4. Let w, be a patch of 2 € N NTp such that Tp Ndw, = E1 U Ey for
two distinct edges Fr, Eo € £ which are parallel. Suppose up = 0 and v € W with
er(r) =0 onw,. Thenr =0 on w,.

Proof. Lemma shows that r is a rigid body motion on each connectivity com-
ponent of w, \ R x {z2}. If there is no edge E with z € E parallel to the z;-axis,
then r is a global rigid body motion which is zero at the midpoint m; of E; and so
r = 0. The same conclusion can be drawn if E; and F, are parallel to the x1-axis.
In the remaining case, F; is not parallel to the x1-axis but possibly one other edge.
As in the proof of Lemma we deduce from the boundary conditions in W that
r|g, = 0. Hence, r = 0 on that component of w. \ R x {22}, to which E}; belongs.
FE; and Es belong to different components and so r = 0 on w,. O

Lemma 4.5. Let w, be a patch of z € N which is either an interior node or belongs
to a straight part of I'p in the sense that {z} = E1 N Es, E1,Es € & for parallel
Ey,Es CT'p. Then, there exists an h-independent constant coo > 0 such that for

all v, €W,
5 1/2
(49) (32 hallovn/08]132())
ECw.

1/2 .
< 22 (|| hg*0(up — Tup) /05 |aprow. +_inf Jle(wn =) 12w )-
v=upon'p
In the infimum, “v = up on I'p” stands for all v € H*(w,)? if z is an interior
node and otherwise for all v € H(w,)? with v|g,uE, = Up|E,uE,-

Proof. In the first step, we prove the lemma for the homogeneous case up = 0. The
left- and right-hand sides of ([9) are semi-norms on the spaces

(4.10) C.:=W.NHY(w.) CW, :={V|,. : V eW},

where H},(w,) := H'(w,)? if 2 is an interior node and H}(w,) := {v € H'(w,)? :
v=0on FyUEy}if z € By UE; CT'p. We claim that the right-hand side of (f9)
is a norm on W, /C..

Suppose that v, € W; satisfies inf,c g1 (o) | €7 (vn —v) [[12(0.) = 0. Then, there
exists a sequence (v;) in H}(w) with limj_o || e7(vn — v;) || 12(w.) = 0. Hence,
e(v;) is bounded in L?*(w,) and so is (v;) in Hj(w.)/RM(w,) owing to Korn’s
inequality in the form of Lemma [£1l Banach-Alaoglu’s theorem yields a weakly
convergent subsequence (vy) with weak limit v in H(Q)2. Then || e (v, —v) ||2,0. =
0, and so r := v, — v belongs to RM(T) for all T € T with T' C w,. Note that
v = vp — 1 is a piecewise polynomial in H}) (w;) and sov € C, and r € W,.

For z ¢ T'p, Lemma shows that r is a rigid body motion on w, and this
implies vy, = r+wv € C,. If z lies on the Dirichlet boundary, Lemma 4 shows r» = 0
and so vy, € C,. Thus in any case v, = 0 in the quotient space W, /C,.

The left- and right-hand sides of (@3] are norms on the finite-dimensional space
W./C. and hence equivalent. This proves (EEY) with a constant cos that depends
on w, provided up = 0. A scaling argument shows that the weights hg are chosen
properly so that cao is independent from h, but merely dependent on the shape of
the elements and so the shape of the patch.
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In the second part of the proof, we have z € I'p N FE1 N Ey and allow up # 0. We
extend the nodal interpolant Zup to 2 by taking the remaining nodal values equal
to zero. Then, Zup € S'(7T)?. Let 1; be the nonconforming nodal basis function
related to the midpoint m; of the edge E;. Then the discrete function

wp, = vy, —Zup — a1 1 €2 — az P e,

4.11 €2 .
( ) aj::—~/ (up —Zup)ds, j=1,2,
th Ej
satisfies the compatibility conditions for homogeneous Dirichlet data as considered
in the first step of this proof. Hence, we obtain in particular

(4.12) hyl? |0wn/Osl|o5, < e inf |l er(wp — w) |20,
J weHL (w2)
As in the proof of ([ZI1]) and similar to (Z3) we have
(4.13) laj| < | hg/? d(up — Tup)/ds ||2,m,, §=1,2.
Note also that with | J& denoting the skeleton of all points on an edge, we have
(4.14) hil? 1065 /05 |lay e + | V75 2w, < c2s.
Combining (£12)-([@T4) we conclude
(4.15)

| 0(up —wvn)/0s |2,k
< || Own/0s ||2,5; + || O(up — Tup)/0s ||2,k; + 023(|a1|/h11n3/12 + |a2|/h}5/22)

< 022}1;3%/2 inf |er(vn —w — a1 Y1 ea — az ¥ e2) |
7 w:IuD on FD

2wz

+coa || O(up —Zup)/0s||2,r pnow.

Senmhp? il ler(on = w) [aw. + 25| 0(up — Tup)/0s o ronow.
To change “w = Zup on I'p” to “w = up on I'p” in the infimum, we will prove
that
(4.16)

inf le(w) 2. < c26 | he> d(up — Tup)/ds|

w:upruD on FD

2,'pNow, +

Since up — Zup vanishes at the endpoints of each edge Ej, it suffices to prove for
an edge £ = E; of T' € T that

(4.17)

inf fle(w) o < ez hil? || 8(up — Tup)/0s | 2.5-

wW=up 7I7J,D on
Several explicit constructions of sufficient w are possible. For instance, let w €
H'(T)? be the harmonic extension of the boundary values w = up — Zup on E
and w =0 on 0T \ E. Then,

(4.18) | Vw27 < eor || w ][ g1/2om)-

From a characterisation of the trace space H'/2(9T) by interpolation of H'(OT)
and L2(0T) we deduce

(4.19)

1/2

1/2 1/2
Vaorllwlyar = casl|wly,

1/2
Vo sllwlly

2,E

w1207y < cos l|w]
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With Young’s inequality we infer from (@I8)-(@I9) that
(4.20) |V [laz < cag (R Ow/0s 2,5 + b5 w |l2.8).

A transformation argument shows that the constant cog is hg-independent and only
depends on the shape of T'. From ([20) and a standard estimate of w = up —Zup,

we deduce [@I7) and then (£IG]).

The remaining terms such as h}ﬂ/Q [[[Ovh,/0s]||2, for an inner edge in w, can be

treated similarly utilising an estimate for h}ﬂ/ % ||[0wn/0s]||2.5 as in @IZ). We omit
the details. O

Lemma 4.6. Let wg :=J{T € 7 : E C T} denote the neighbourhood E € £ with
E ¢ T'p. Then, there exist hg-independent constants csg, c31, C32, C33 such that

(4.21)
1/2 . .
hil?||[on nsll2, e < eso TEH(gilvf;wE)z(||0h = Tll2we + hplldivy (on — T)||2,wE)

if E is an inner edge. If E C Ty and wg = Tg for some T € T, there holds, for
each gg € Py(E),

(4.22)
hit*lowns = gelers < e inf (llow = Tllom, +halldivr (on = )l ).
TN=ggEg
(4.23)

1/2 1/2
hd*llonne = gllo.e < hillg — gllo.e
ez inf (llon = 7laz, + exshel divr(on 7)o, ).

where in the infima in @22) and @23), “rn = gg” and “Tn = g” stand for all
functions T € H(div;wg)? with Tn = gg and ™ = g on E, respectively.

Proof. The proof follows [V1] and considers the 7-piecewise quadratic bubble func-

tion by for the edge E' C OT; by vanishes on 9T\ E and is normalized by max bg = 1.
The norms || - ||2,r and ||b}3/2 - |l2, are equivalent, with equivalent constant csq,
on the finite dimensional space which [0}, ng] belongs to. Let E € £ be an in-
ner edge, E = Ty N T, for some 11,75 € 7. Then using the extension operator

P: C(E) — C(Th UTy) of [V1] and

(4.24) {V(beP(lorng)): T+ beP(lorng]) - divr} do =0,

(owing to integration by parts) we infer
(4.25)

lfon nslll3s < e [E b P(jonnp]) - [on ni] ds

=csa [ {V(P(lonnEe])(on—7)+bpP(lonng]) divy (on—7)} d.

wWE

Cauchy’s inequality, the inverse estimate
IV (bpP(lon ne)l2ws < cashi'IIbeP(lon )25,

and
1b5P (o ne))l2ws < csshy”llonng]l2 e
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lead to
(4.26)
Wil lllonnelller < caacss{casllon — Tllows + hell divr(on — )|z }-

The proof of (@2]]) is finished. The same arguments prove ([£22) for an edge on the
boundary 'y as well by straightforward modifications. We omit the details which
lead to (E22)) and mention in the proof of ([@23) only that instead of ([@.2H) we now
study

(4.27) llowng — gsllp < cas / bpP(onns — gg) - (ohnE — gp) ds
E

< 034/ bpP(onne —gg)- (on —T)nEdS+C34/ bpP(onne —gr) (9 —gr)ds
E E
and integrate by parts only in the second to last term. [l

Proof of Theorem .1l We prove (£3) by combining the estimates of Lemma
and 6. One needs to notice carefully that the conditions on the mesh allow, for
any edge E even on the boundary, the choice of some endpoint z € N such that E
is involved in the patch-oriented estimates.

Notice that v = u and 7 = ¢ can be included and that A is Lipschitz continuous.
To prove (@) it remains to observe (u is divergence free)

(4.28) | divunlle,r < llex(u —un)ll2,r

and estimate the term div op,+ f7 following [V1]. To do so, consider the nonnegative
cubic bubble function by on T' € T with max by = 1. Then, the norms || - ||z, and
||b1T/ . l2,r are equivalent on the finite dimensional space to which divoy + fr
belongs, and so

(4.29)

0571|| divoy + fT||§,T

< / br(divon + fr) - (divion — o) — f + fr) do
T

< / V(br(divoy + fr)) : (on — o) dz + || divoy, + frlerlf — frler
T

< |IV(br(divon + fr))ll2,rllo — onller + [ divon + frll2,rllf — friler-

Utilising the inverse estimate ||V (br(divoy, + fr))ll2,r < 038/1;1” divoy, + frlzr,
we obtain
(4.30)

hr| divey, + frile,r < csressllo — onlle,r + carhr||f — frier. O
5. AVERAGING TECHNIQUES FOR A POSTERIORI ERROR, CONTROL

The ZZ-estimator [ZZ] and estimators often based on gradient recovery tech-
niques can be justified on arbitrary shape-regular meshes by the refined estimate
of the previous sections. The first result shows the reliability of low order con-
forming schemes; below we discuss estimators for the lowest order conforming-
nonconforming finite element scheme (CY)-(LY).

Let (u,p) € HY(2)? x L3(Q) solve (TI)-(T3) and let (up,pn) € W with k = 1
satisfy (LO)-(C7). As in Stokes’ problem suppose that A maps deviatoric strains
onto deviatoric ones, i.e., tr A(E) = 0 for all E € R2X2 with tr E = 0.

sym
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Let A* denote the set of all 2 € N which are either free nodes or belong to
two aligned edges on I'p. If 2 € N* NT'p such that I'p N dw, = E1 U Fy =: v,
for two aligned distinct edges E1, F2 € £ and such that there exists a third edge
E3 € E\{E1, E5} through z and parallel to the z1-axis, then for some interior node
¢ € N with E3 = conv{z,(} C R x {22} (e.g., ¢ = ((z) as in Theorem 2.1 we
define Q. := w, Uw¢. In all remaining cases of z € N* we define 2, := w, and
Yz = @

Theorem Bl implies the estimate (LI3) and the reliability of (LI4).

Theorem 5.1. Let (u,p) € H'(Q2)2x L2(Q) solve (LI)-(T3) and (up,pn) € H*(T)?
x L2(2) solve (L) -(CT). Suppose that Tp is connected and up € C(Cp)NH(I'p)
is piecewise H*('p) in the sense that upl,. € H*(7.)? for 2 € N*NTp.

Then, there exists an h-independent constant csg > 0 that depends on the shape
of the elements and the patches (w, : z € K) only such that

G-1) ez (u = un)lz2@) + P = prll2@

. 2 1/2 2
<o 3 (gt o = oy +1G ~ o) e
zeN* ®

1/2 1/2
3/2 .
+ | h202up /052 ||2L2(rDmawz))> +cr <Z Juin, | hr (f = f2) ||2L2(QZ)> :

zeK”F

Moreover, suppose g € C(Ty)? is E-piecewise in HY(TN)?, i.e., glp € HY(E)? for
E € & with E C Tn. Assume that o} € S*(T)?*? satisfies g(z) = o} (2)ng(z) for
each endpoint z of an edge E on Tn. Then,

(5.2)
ller(u —un)llz2c) + lp — PrllL2 (o)

< cao (Ilon = o 2 + | 0 *03un /05 120 + | hE *0e9/05 |12,

) ) 1/2
e (;f% Ihr(f = £) 3eqn)) -
z

Remarks 5.1. (i) If g is £-piecewise in H?(I'y)?, the perturbation term ||h2/28g/85||2
in (5.2) can be improved to || hg/zﬁgg/ﬁsQ I|2-

(ii) The discrete Neumann boundary conditions on the nonsymmetric o} can
be satisfied exactly even at corner points (with two different normals); see (6.2.1)-
(6.2.i1) below for details.

(iii) The choice of the remaining degrees of freedom in o} is arbitrary: any
averaging scheme is reliable. The efficiency of the averaging process is a different
topic and has to be checked separately.

(iv) It is interesting to notice that the higher order terms in the reliability es-
timate depend on the smoothness of the data while the the higher order terms in
the efficiency estimate depend on the smoothness of the exact solution.
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Lemma 5.1. For any z € N* there exists an h-independent constant cqo > 0 such
that, for all v, € W (for k=1),

1/2
(5:3) (D hel00n/0s)3xs))
ECQ.
3/2 02 2 .
< eao (|| 1¢/0% (up = Tup) /0 || La(r prow.) + in || <(on = Vi) = 7l 12cc))-
In the minimum of (&3), Vi, is arbitrary in SH(T |q.) == {V € C(Q2.)*NS* (T |a.)? :
V =0 on~.} and 7, is arbitrary in S*(T|q.)**? = {(rjx) € C(2,)**? : VT €
T, 7jk|r € Pi(T) provided T C Q.}.

Proof. In the first step of the proof we consider up = 0 and show that the
right-hand side of (&3)) is a norm on the space W,/C, from {I0). To check
definiteness, suppose that v, € W., Vi, € S5(T|q.), and 7, € S1(T |q.)?*? satisfies
7 = €7 (v, — V) and so the 7-piecewise constant function e7 (v, — V},) is continu-
ous, where it is constant on 2,. Thus we can find an affine mapping Ax + b such
that r(z) := vp(z) — Vi(x) — Az — b satisfies ez (r) = 0 on 2., i.e., r|r € RM(T)
for all T € T with T C Q.. The compatibility conditions on the edges for v;, imply
the same for r and so Lemma 4] shows r € RM(w,) if z is an interior node or
if no edge F C w, is parallel to the zi-axis. In the case that z € I'p we have
I'p Now, = E1 U Es for two aligned distinct edges F1, Fo € £. If they are parallel
to the z1-axis we have r € RM(w,) from Lemma [l If there exists another edge
E3 = conv{z,(} C R x {22} we have r € RM(w¢). Since r is the same rigid body
motion on both elements joining E3 we find r € RM(2,) using Lemma The
interior jumps in the left-hand side of (B.3]) vanish in any case. The boundary con-
tributions vanish as well since the affine function vy, — V}, vanishes at the midpoint
m; of E; for j = 1,2 and so on the straight line through ~,.

We have seen that the left-hand side of (5.3) vanishes if the right-hand side does.
A compactness and a scaling argument concludes the proof of the lemma if up = 0.

In the second part of the proof, we have z € I'p N E; N E; for two aligned distinct
edges E; = conv{z,(;} C I'p,j =1,2, and allow up # 0. Extend Zup (prescribing
remaining nodal values) to Zup € S*(7)? and define the affine functions

(5.4) a1 (w) = LG o) up (G) + L2l ey up (Gr),

(5:5) az(w) = SRR [y, ez up ds + SRgiT) [ e up ds

The discrete function
(5.6) wp, = vy — (e1-Zup)er — ag eo

satisfies the compatibility conditions for homogeneous Dirichlet data considered in
the first step of this proof. Hence, we obtain in particular, for j = 1, 2,

(5.7) hjlg/f |Own/0sl2,m; < ca2 ‘I/nin le(wn — Vi) — 7 l|2,0.-
hsTh

Notice that 7, = (a1 €1 + a2 e2) is constant and so allowed in the minimum in (B7).
Hence we may replace wy, in () by @y, := wyp, + a1 e1 + a2 ea — Vj, where V}, is such
that (a1 — e1 - Zup) ex — Vj, vanishes at all nodes different from z (a1 — ey - Zup
has zeros (1, (2 by construction). This shows @y, = v, + (a1(2) —e1 - up(z)) v €1
with ¢, being the nodal basis function at z. From ||V, ||2 < ¢41 and a triangle
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inequality we deduce
min [| (wp = Vi) = 7 [|2,0.
(5.8) hiTh .
< min [le(on = Vi) = 7 [l2,0. + cafai(2) —e1 - up(2)].
hsTh

As in (1), we infer
(5.9) hi*I|0(up — v4) /05 |l2.5, < hil”|| Own /05 |12k,
+ hyf®|| Oer - (up — Tup)/0s ||o,5, + hif 1| 0(az — e2 - up) /s 2.5,
Standard arguments in one dimension show
(510) a1(2) = e1 - up(2)| + hil” || der - (up — Tup)/0s |2,
+hyf*| 0(az — €2 - up) /05 2.5, < caz | g *0*(up — Tup) /05 |12, p,0E,-
Combining (5.7)-(E10) we conclude that (5.3) holds. O

Proof of Theorem [5Jl Some terms in Theorem 2.1 simplify because uy, is 7 -piece-
wise affine. For instance, divy o, = 0 and divy up, = 0. The term inf, ||V (up, —
v)||2 can be bounded as in [2.7) of Remark 211 The remaining edge contributions
are estimated with Lemmas and B.] (with V3, = 0) in a manner similar to the
proof of Theorem A1l In this way, we obtain

(5.11) ler(u —un)l3 + llp — pall3 <C7Z min, || hr(f - fz) 13 6.
EIC

2 : 2
reis 30 (o el pallon =7 o + 21 divron =) e,

1/2
+ller(un) =7 |3q. + &% (g

3/2
— o) 3 rano. + | 08 *0Run /05 I r o )
An inverse estimate shows for one summand in (E11) that
(5.12) he|| divr (on = 72) l2,0. < lon — 72 [l2,0.

The equivalence of norms and a scaling argument for the h.-independent constant
ca5 > 0 shows for T-piecewise constants Lo(7 |, ) and the continuous 7-piecewise
affine functions S*(7 |q.) that, for all a € Lo(7|q.)?*?,

(5.13)
c min || a— Q. < min a— 0. < min Jja— Q.-
ol e vlea s 0 pele e s i, o=l

A Cauchy inequality and (TF) reveal that for all a, 3 € R22,

(5.14) o= ] < |A(e) = A(B)] < cz|a — Bl

Owing to monotonicity arguments, the mapping A is a bijection on Rg;ﬁ and so
we deduce from (B.I13)-(E14) for the piecewise constant ez (uyp,) that

(5.15) min er(un) =7 ll2,0. <1 min_ |er(un) — 7|20,
7. €8Y(Ta.)ogm YERZSE
< min [ Aer(un)) = A(Y) 2.0, = min [ Aler(un)) — 72,0
YERZXZ o
< min | Aler (un)) — 7 l|2,0.
ThESH (T, )iym
=cp min || dev(op — ) [l2,0. < iy min - flon — 7 [|2,0.
ThE€SH (T, )sym The€SY (T, )iym
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Here we used dev A= A—tr(A)/2 I and, in the second to last step, that A(ez(up))=

on — pr I is pointwise almost everywhere deviatoric (since 0 = divy u = treg(uy))
and so is the optimal 7p,.

A combination of (E11), (&12)), and (BI5) concludes the proof of Theorem Bl

O

6. NUMERICAL EXPERIMENTS

In this section we report on the numerical performance of the two a posteriori
estimates established in this paper (Theorems[Z1 and BI) and give two strategies
to refine a given mesh automatically.

The proposed estimator in Theorem B:Ilis based on a function o} € S'(7)?*2

which satisfies g(z) = o} (2)ng(z) for each endpoint z of an edge E on I'y. We
define

(6.1) oy = Z Z.0n ¢,
2EN
where Z : L2(Q2)%*% — SY(T)?*2 for = € N'\ Ty is, with f o5, dz denoting the
integral mean of oy, over 2,
I.op ::][ op dx .

z

For z € Ty we distinguish between the following cases (i) and (ii) to fulfill the
discrete Neumann condition g(z) = o} (2)ng at z.

(6.2.1) In case z € Fy N Ey for two distinct edges Ey, Fs C I'y with linearly in-
dependent outer unit normals ng, and ng, on E; and Es, respectively, we choose
Z.0}, to be the unique solution (%1 %12) of the linear system

T21 T22
ni,p, N2,E, 0 0 T11 gl|E1 (Z)
0 0 ni1.g, MN2.E, T12 _ 92|E1 (Z)
ni,E, N2,E, 0 0 T21 g1lE,(2)
0 0 N1,E, N2,E, T22 g2 |E2 (Z)

(6.2.ii) In the remaining cases z € E1 NT'p or z € E; N Fy with two parallel
outer unit normals ng,, ng,, we choose tg, to be the unit tangent to Q at z that is
perpendicular to ng,, and let 7,04 be the solution ( %1 Z12) of the uniquely solvable

ZT21 T22
system
ni,e;. N2,E, 0 0 T11 gl{El Ei;
0 0 nip n2E T2 | _ 9218,
tig, tam, 00 zor | T | (Jolonanonae)de) te,
0 0 tl,Ez t2,E2 22 fwz(gh721,o‘h722)dx tEl

In the error indicator 7z r this amounts to, for each ' € T,
(6.3) nzr = llon —opllLzr) -

Since the symmetric formulation with P? x Py-finite elements is unstable for the
conforming and the nonconforming case, we considered the conforming-nonconform-
ing scheme from (CX)-(TY).

The implementation is performed on triangles in Matlab in the spirit of [ACF]
using analytic formulae in the calculation of the stiffness matrix. Since A(«) = 2pa
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in (C2) is a linear operator in our examples, the linear system of equations can be
solved directly. In order to approximate the right-hand side for a given function
g € L*(Tn)?, we compute fFN gup, ds via a three-point Gaussian quadrature rule
on any edge F. The Dirichlet boundary conditions are implemented as in Remark
RT(viii).

In the comparison of uniform mesh-refinement with adaptive refinement tech-
niques we use the following adaptive Algorithms (Ag) and (Az). Both algorithms
are different in the error indicators only.

Algorithm 6.1. (ARr) resp. (4z) (a) Start with a coarse mesh 7y, k = 0.

(b) Solve the discrete problem with respect to the actual mesh 7.
(¢) Compute nr for all T € T}, where, for (Ag),

=gy = hpl| Vi + Y he(IEnelliegm) + 1200U/0s]12: k)
EcENECOT

and, for (Az), with an averaged function o of the discrete stress field oy, as
in (M)7
nr =nzr = |on — opllLz(r)-
(d) Compute a given stopping criterion and decide to terminate or to go to (e).
(e) Refine the element T' (red refinement) provided,

1
— max Ny < .
27TeTy e =T

(f) Refine further elements (red-green-blue refinement) to avoid hanging nodes.
Define the resulting mesh as the actual mesh 7;1, update k and go to (b).

Remarks 6.1. (i) Details on the so-called red-green-blue refinement strategies can
be found in [V2].

(ii) Stopping criteria for termination in step (d) can be based on nr :=
Qrer n2)'/2. For instance, we can terminate in (d) if 5z, is less then a cer-
tain percentage of nz,. If f is sufficiently smooth and the mesh is sufficiently fine,
1z might be regarded as a very good guess for the exact error.

(iii) Utilising the initial mesh displayed in Figure @], Algorithm (Ag) (resp. (Az))
generates a sequence of meshes which satisfy the assumptions of Section

Example 6.1. The first numerical example for the Stokes problem is on the L-
shaped domain  := (—1,1)2\ [0,1] x [-1,0] with f = 0 and A(«a) = 2« [V2]. The
geometries of Q, I'p and I'y are depicted in Figure Bl where 7; is shown as well.
The boundary values up, g are taken from the exact solution (u, p) which reads, in
polar coordinates for o = 856399/1572864 = .54448, w = 37/2,

u(r, ) =r (1 + a)(sin(p), — cos(¢)) w(¢p) + (cos(p),sin(y)) wy(¢)) ,
p(r,p) = — rot ((1 + 0‘)21%(4?) + wwwp(@)) /(1 —a),
w(p) =(sin((1 + a)p) cos(aw)) /(1 + a) — cos((1 + a)p)
— (sin((1 — @)¢p) cos(aw)) /(1 — @) + cos((1 — a)yp).

A plot of the mesh 79 generated by Algorithm (Ag) as some magnified detail
near the re-entrant corner (zoom of (—0.1,0.1)%) is given in Figure[3 and shows a
high refinement of the mesh near the singularity at the origin.

The resulting improvement of the convergence is outlined in Figure[d, where the
error ey := |[2e(u—un) — (p—pn)I| £2(0) is plotted versus the number of degrees of
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N
K
XXX > P
b
N\ K
FIGURE 2. Initial mesh 7; of the FIGURE 3. Mesh 79 and magni-
domain € and boundary I'p, resp. fied detail at the re-entrant cor-
I'y in Example [6.1. ner in Example

freedom N on a log/log-scale. (A slope —1/2 in Figures @] and [ corresponds to an
experimental convergence rate 1 owing to N oc =2 in two dimensions.) Figure [4]
shows the convergence rates for the uniform refinement in comparison with the
mentioned adaptive Algorithm (Ag) or (Az); eta_R (eta_Z adapted) corresponds
to ng for a sequence of meshes generated by Algorithm (Az). According to the re-
entrant corner, the uniform refinement yields a convergence rate of approximately
0.544 which coincides with the theoretically expected rate. The adaptive mesh-
refining Algorithms (Az) and (Ag) improve this experimental convergence order
to 1 which is expected to be optimal for V; X Vs-elements.

In Table[l we displayed the errors and the bounds for different meshes computed
with uniform refinements. Here, N is the number of unknowns, ey is the error-norm
(evaluated by using a 7-point Gauss quadrature formula of order 6 on each element),
and ng (resp. 7z) is the computed upper bound of the a posteriori estimate.
From Table 1 and Figure @ we observe that the quotients nr/eny (resp. nz/en)
remain bounded from above in agreement with our theoretical results. Moreover,
the quotient of overestimation ng /ey is approximately 2.5 for uniform refinements
(Table M) and becomes slightly larger (= 3.3) for the adaptive strategies (Agr) and
(Az). The error estimator 1y estimates the error asymptotically exactly for uniform
refinements and both adaptive strategies which could result from local symmetries

TABLE 1. Errors ey and error estimates ng, 7z for uniform meshes
of Example [G.1}

N en nr | nr/en nz | nz/en
45 5.1346 || 9.4007 | 1.8308 || 4.8630 | 0.9471
161 4.0600 || 8.7255 | 2.1491 || 4.0150 | 0.9889
609 2.9155 || 6.8511 | 2.3499 || 2.8915 | 0.9918
2369 2.0357 || 4.9026 | 2.4082 || 2.0232 | 0.9939
9345 1.4075 || 3.4146 | 2.4260 || 1.4003 | 0.9949
37121 | 0.9690 || 2.3575 | 2.4327 || 0.9646 | 0.9954
147969 | 0.6658 || 1.6219 | 2.4356 || 0.6629 | 0.9956

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1378 CARSTEN CARSTENSEN AND STEFAN A. FUNKEN

10

eta_R (uniform)
eta_Z (uniform) -+---

Error (uniform) -8--
eta_R (eta_R--adapted)

eta_R (eta_Z--adapted) -&-- 0.5
eta_Z (eta_R--adapted) -* -

eta_Z (eta_Z--adapted) -¢--

Error (eta_R--adapted) -+---

Error (eta_Z--adapted) &—

Il Il
10 100 1000 10000 100000
Number of Unknowns

o
[

Error in Energy Norm / A Posteriori Error Estimate

FIGURE 4. Errors ey vs N for uniform and adaptive meshes of Example

eta_R (uniform) -o—
eta_Z (uniform) -+---
eta_R (eta_R--adapted) -8--
eta_R (eta_Z--adapted) -x

eta_Z (eta_R--adapted) -a--
eta_Z (eta_Z--adapted) -x-

A Posteriori Error Estimate

Il
1000 10000 100000
Number of Unknowns

0.1

FIGURE 5. A posteriori error indicator ng and nz vs N for uniform
and adaptive meshes of Example [6.2]

in the mesh and superconvergence. Preasymptotically we obtain by Algorithm (Ay)
meshes with slightly smaller errors ey and quantities ng and nz. This numerical
example supports the assertion that the estimates are reliable and efficient.
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F1GURE 6. Mesh 7y and magnified detail at re-entrant corner of
Mesh 7g of Example

2

-
15
1
05
0 1 1 I I I I I I
-2 -1 0 1 2 3 4 5 6 7 8

FIGURE 7. Approximation to streamlines based on 715 of Example .2

Example 6.2. Finally, we report on a benchmark example. Here, we consider the
backward facing step with initial mesh and a magnified detail at re-entrant corner
after nine iterations using Algorithm (Az) as plotted in Figure [ (cf. [BW]). Here,
we choose A(«) = a/50. Neumann boundary conditions are g := (68, (2y—3)/1100)
forz =-2,1<y <2andg:=(17,(1 — y)/4400) for x = 8, 0 < y < 2. On the
remaining boundary we define homogeneous Dirichlet conditions.

In Figure Bl we plot the a posteriori error estimates nr and 7z for uniform
and adaptive meshes. The convergence rate of ng and 7z is approximately 1 for
the adaptive meshes and 0.66 for uniform meshes. As expected, the a posteriori
estimates g and 7z decrease faster for adaptively refined meshes with an optimal
convergence rate. If we supposed that 7, is almost exact, then the error estimator
nr would overestimate by a factor ~ 3.1. The quantities nr and 7z are smaller on
meshes obtained by Algorithm (Az) than Algorithm (Ag).

The approximate streamlines based on 732 and Algorithm (Az) are plotted in
Figure [ in agreement with corresponding pictures in the literature.

In all examples, the meshes are highly nonuniform and the experimental con-
vergence rates of the true and estimated error have been improved to the optimal
order which supports the assertion that our adaptive schemes are very useful in
practise.
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