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Summary. The numerical solution of elliptic boundary value problems with
finite element methods requires the approximation of given Dirichlet data u p
by functionsu p ; inthe trace space of afiniteelementspaceonI" . In this paper,
quantitative a priori and a posteriori estimates are presented for two choices of
u p.»» namely the nodal interpolation and the orthogonal projection in L?(I"p)
onto the trace space. Two corresponding extension operators allow for an esti-
mate of the boundary data approximation in global H' and L? a priori and
a posteriori error estimates. The results imply that the orthogonal projection
leads to better estimates in the sense that the influence of the approximation
error on the estimates is of higher order than for the nodal interpolation.
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1 Introduction

In this paper we investigate the influence of approximation errors in the
Dirichlet boundary data for finite element approximations of elliptic partial
differential equations. We restrict our attention to the model problem
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(1.1) —Au=finQ, u=uponlp, du=Vu-n=gonly

but the results have an important impact also for the analysis of nonlinear
problems, see, e.g., [BC2] and [B] for an a posteriori error analysis of varia-
tional inequalitites and time-dependent Ginzburg-Landau equations, respec-
tively. Here, Q is an open and bounded Lipschitz domain in RY, d = 2 or
d = 3, with polygonal or polyhedral boundary, respectively, and # is the unit
outer normal to d$2. We suppose that 02 = I'p U I'y where the Dirichlet
boundary I'p is a closed subset of 92 with positive surface measure and the
Neumann boundary is given by I'y = 92 \ I'p. The basis for finite element
approximations of (1.1) is its weak form given by

(1.2) (Vu; Vv) = (f; v)+f gvds forallv e H)(Q)
r

N

where H} () is the subspace of the Sobolev space H'!(2) given by
HL(Q) = {ve H(Q) : v|r, = 0},

and where (-; -) denotes the L? scalar product. Let 7 be a regular triangula-
tion of €2 into triangles (d = 2) or tetrahedra (d = 3) in the sense of Ciarlet
[Ci]. We consider the simplest conforming finite element space S'(7") of all
continuous and piecewise affine functions on 7. Moreover, we denote by
Sll) (7) the subspace of all functions in S'(7) that vanish on I'p, and by
S!'(T'p) the trace space of functions in S'(7") on I'p. In order to formulate
the finite element approximation of (1.1), we fix a function up , € S (Tp).
Then u;, € S'(7) is the finite element solution of (1.1) if u;, = upj on I'p
and

(1.3)  (Vup; Vop) = (f; vp) +/ gvpds forall v, € S,l)(T).

I'n
We assume that f € L?(2), that g € L>(I'y), and that u is continuous on
I p. More regularity of u , on the faces of the elements in I', will be required
for some of the estimates. Then the model problem (1.1) and its finite element
approximation (1.3) have unique solutions u and uy,, respectively.

The focus of this paper is to provide appropriate tools which allow to ana-
lyze the influence of approximated boundary data on a priori and a posteriori
estimates for the error e = u — uy, in H' and L? and to analyze in particular
the effect of the choice of the discrete Dirichlet data up j, on the estimates.
A standard choice for the Dirichlet data up 5, in finite element spaces is the
nodal interpolation /pu p of the given function u p. This does not influence
the a priori H' error estimates since the approximation error does not appear
explicitly. As for a posteriori estimates, the results in [BC1,CB,CBJ,Cal]
show that this choice affects the estimates only in a higher order term. Sur-
prisingly, this situation is different for the corresponding L? error estimates
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based on duality techniques (Aubin-Nitsche trick). As a remedy we propose
touse up, = [lpup where I1p is the L? projection of the Dirichlet data
up onto S'(I'p). A surprising consequence of the analysis in this paper is
that the resulting contributions to a priori and a posteriori error estimates are
always of higher order, see Section 2 for an informal overview of our results
and Sections 6 and 7 for the precise statements.

2 Formulation of the problem and main results

In order to formulate our results, we recall the following general framework
for a posteriori error estimates. Let w be the solution of

—Aw =0 in 2,
w =up—upy onlp,

d,w =0 onIy.

Equivalently, w is the minimizer of the Dirichlet integral subject to the given
Dirichlet conditions. Thus

||Ve||iz(m = Res(e — w) +f Ve - Vw dx
Q

where we define for a function v € H Ll) (€2) the residual by

Res(v):/Ve-Vvdx:/fv dx+/ gvds—/Vuh~Vv dx.
Q Q I'y Q

This identity and the orthogonality [|Ve|l?, = [[Vw|3, + V(e — w)|3,
allow us to estimate

1/2)

(2.1) IVellz2@) < [IRes||-1 +np
where
1/2 .
(2.2) ' = IVl = inf Vol
veH (Q)
vlrp=up—uph
and
Res(v
2.3) [|Res||_x = sup 4 fork =1, 2.

vert oy IV Hk @)
ver=O
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The L? estimates are based on duality techniques and we define correspond-
ingly z to be the solution of the dual problem

—Az =e, 1n<,
(2.4) z=0 onlp,
0,z =0 onTly.

We obtain by integration by parts

(2.5) = Res(z) — (up — up.p) 9,z ds.

lell72 g
) -

For the derivation of L? error estimates we assume that the dual problem is
H? regular, i.e., that z € H?(2) and that the elliptic estimate

(2.6) Izl =< cillell 2

holds with a constant ¢; that only depends on €2 and I" . A sufficient condition
for this estimate to hold is that the domain €2 is convex and that I'p = 9.
Then

—1/2

lell ;2@ < c1(llRes |2 + 0% ).

Here
1
—1/2

en  ay" = sup  —— | (up—upy)dupds

deH}  (\(0) ||¢||H2(Q) I'p
where

Hpn(Q) = {¢ € HX(Q) N HL(Q) : 3,¢|r,, = 0}.

The foregoing representations of the error in L? and H' have the important
feature that they separate terms that depend on the given boundary data, the
expressions 17(;1/ % and terms that only depend on I'p, namely the negative
norms of the residuals given by (2.3). Estimates for these residuals are well
established and can be found in the literature, see [AO,BS,BC1,CB,CB]J,
CV,EEH]J, V] for details. For completeness of the presentation, we quote a
few results in Section 3. The main focus of this paper is therefore to estab-
lish bounds on the additional error terms that reflect directly the influence
of the boundary data and their approximation. We give an overview of our
results in Table 1. The surprising observation is that the L? projection of the
given Dirichlet data onto the trace space of the finite element functions on
the boundary gives always higher order contributions in a posteriori estimates
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Table 1. Overview of main results: approximation of the Dirichlet data by nodal interpo-

lation (Ip) and by L? projection (I1p) and the corresponding contributions n(Dil/ ? in the

global L2 and H! a priori and a posteriori error estimates

Error Estimate ngtl/z) for Ip ni)i]/z) for Ip
A priori H' 0 Oh3/?)
A posteriori H' O(h3/?) O(h*?)
A priori L? oh?) O(h>'?)
A posteriori L? Oh?) O(h*'?)

than the nodal interpolation. The key to this result is the representation (2.7)
in which we can rewrite the boundary integral as

(up —upp)dupds = | (up —upn) (0P — Yn)ds
I'p I'p
for all v, € S'(I"p), see the proof of Theorem 7.1.
These results can be easily extended in several directions.

Remark 2.1. The computation of I1pu p involves the solution of a linear sys-
tem of equations of the size of the number of nodes on I'p. Other definitions
of up.j, based on piecewise L? projections are possible and reduce the amount
of work for the computation of the projection. One obtains the same bounds
as for up, = Ipup. For example, let F be a connected face of 9€2, i.e.,
the intersection of <2 with a d — 1 dimensional plane in R4, and let P be a
connected component of ' N I'p. Then one can define up ;|p € SYTp)lp
by up.ulap\ar, = Ipup and

/ (uD,h —up)v,ds =0 forall v, € SI(FD) with vhlap\arD =0.
P

In this case up,, is defined by local L? projections on (maximally) affine
parts of I'p. The error up j — up is then L*(Tp) orthogonal to functions in
S!(I'p) that vanish on the intersections of maximally affine subsets of T'p.
This orthogonality is sufficient for the proofs of our estimates (cf. proof of
Theorem 7.1).

Remark 2.2. The estimates in L? and H' can be extended to estimates in H?,
0 < s < 1, by standard interpolation techniques.
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Remark 2.3. The case Q # Q, = UT is excluded from our analysis but can
be analyzed with similar techniques: Let iz, € H 1 (§2) be an extension of uy,
and lete = u — iy, and up , = uy|r,. We define Res by replacing e by ¢ in
the definition of Res, w by replacing up j, by i p 5 in the definition of w, and
ﬁgﬁl/ 2 by replacing w and up , by w and i p j,, respectively, in the definition
of ngtl/ ? It can then be shown as above that

IVell 2@ < IResll1 + 7y,

~ ~ ~(—1/2
12l 2 < c1(IResl| > + 75 ).

A

We believe that under appropriate assumptions on I'p similar estimates to
those shown in Table 1 can be proved for ﬁgﬂ/ ? with similar techniques as
provided in this paper. For estimates of [|Res||_x, kK = 1, 2, we refer the reader

to [DR].

We conclude this introduction with an overview of the paper. Section 3
summarizes well-known facts that will be used in the sequel without proofs
and introduces the relevant notation. The proofs of the H! and L? estimates
rely essentially on extension theorems for functions and vector fields that we
obtain in Sections 4 and 5, respectively. The precise statements of our results
are then given in Sections 6 and 7. We conclude the paper with an explicit
example showing that the choice of up ; = I1pup leads genuinely to higher
order contributions in the estimates which is not the case for up , = Ipup.

3 Preliminaries

In this section we introduce the notation used throughout the paper and we
collect some auxiliary results.

Notation. We say that a constant ¢ in a given inequality depends only on
the geometric properties of the triangulation if it depends only on the space
dimension d and the constant ¢, > 0 that relates the maximal radius of a ball
B(x,r) C K and the minimal radius of a ball B(y, R) D K via

cor <hg =diam(K) <¢;'R  forall K € 7.

For simplicity we write frequently a < b for a < ¢ b where the constant ¢
depends only on the geometric properties of the given triangulation 7.

The lowest order conforming finite element space of piecewise affine and
continuous functions is given by

SYT) = {v, € C(Q) : vy is affine on all elements T € T}.
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We define NV to be the set of all nodes (or vertices) of 7 and we write
(¢, : z € N) for the nodal basis of S'(7"). The subspace of all functions that
vanish on I'p is given by

(3.1 SHT) ={v, € S'(T) : vplr, = 0).

The open patches w, = {x € Q : 0 < ¢.(x)} form an open cover {w, : z €
N} of  with finite overlap and diameter 4, = diam(w,). Let £ denote the
set of all edges (d = 2) or faces (d = 3) of elements in 7, i.e.,

5={conv{z1,...,zd}: EITeTsuChthatTﬂN:{zl,...,zd}}.

For simplicity, we refer to the edges of the triangles in two dimensions also
as faces. We suppose that I' , is matched exactly by faces of the triangulation,
that is, there exist subsets £p, Ey C & such that

FD=UE, f‘N=UE.

Ee&p Eeén

In particular, 7 induces regular triangulations of I'p, and T'y. Then the set
of interior faces &g is defined by Eq = £ \ (€p U Ey). The lowest order
conforming finite element space on £p is given by defined through

SY(Tp) = {vy, € C(T'p) : vu|g is affine for all E € Ep).

We denote the mesh-size function which is piecewise constant on the ele-
ments of 7 by A, i.e., hr|r = hy = diam(T). Similarly, hg € L*(UE)
describes the size of the edges of the triangulation by h¢|p = hgp = diam(E);
here UE = U7 dT is the set of points on the faces of the elements.

In this paper, we analyze two particular approximations of the given
boundary data u in S'(I"p): The nodal interpolation Ipu p, defined through
Ipup(z) = up(z) for all nodes z on I'p, and the L2 projection I1pup which
is the unique function in S'(I'p) with

(up — Mpup)vy,ds =0 forall v, € S'(Tp).
'p

We define Sobolev spaces on the Dirichlet boundary I'p as follows.

Definition 3.1. For an edge or a face E € € and a function g € C'(E) we
denote by 0¢ g the surface gradient along E (with respect to a proper Carte-
sian coordinate system along the flat d — 1 dimensional manifold E). We
then say that v|g € H'(E) if v has weak derivatives on E and if ||v ”i]l(E) =

lv ”iZ(E) +||ogv]| iZ(E) < 00. Similarly, we denote by agg the edgewise second

derivative of g along T'p if gl € H*(E) forall E € Ep.
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Definition 3.2. We define H'(I'p) = {v € C(T'p) : VE € &p,v|g €
H'(E)} with the norm

2 2
Wy, = 2 10l -
Ee&p

Some of our assertions require the projection I to be stable in H'(I'p).

Definition 3.3. The operator Tlp : H'(I'p) — S'(I'p) is said to be H'
stable if

IMpvligiry S Ilaiey forallve H'(Tp).
Stability results can be found in [CT,BPS, Ca2]. A particular version of a
red-green-blue refinement strategy on surfaces (such as I'p) allows for local
refinements and guarantees that

||85HDU||L2(I‘D) < C||3gv||Lz(1~D) forall v € HI(FD)

Here the constant C does not depend on the mesh-size or the number of
refinement levels, but depends on the shape of the elements [Ca3]. Thus, the
assumption that ITp be H! stable on I'p is indeed satisfied for a large class
of meshes used in practise in two and three dimensional problems. We finally
recall the following estimate for stable projections.

Lemma 3.4 ([CV], Lemma 3.3). Assume that 1 is H' stable. Then
Ihz' (v = Tpv)ll 2w, S N19evll2r,, forallve H(Tp).

We frequently use Poincaré-type inequalities in the estimates. In particu-
lar, if D is a Lipschitz domain and # is the mean value of # on D, then

/ lu —a>dx < c(D)diamz(D)/ |Du|* dx.
D D

Moreover, a scaling argument proves the following version for functions
defined on the open patches w,. If u € H'(w,) with u = 0 on at least one
face E € £ with E C dw,, then

(3.2) / lu|? dx 5c(T)h§/ |Du|* dx.

The next estimate of Poincaré-type is used in the proof of the extension the-
orems below.
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Proposition 3.5. Let K € T be a triangle or tetrahedron of diameter hg
with nodes py, ..., pas1 € R Then

(33) / SR dx < ht / D262 dx,
K K

(3.4) f|V¢|2dx Shi/ |D?|* dx
K K

forall ¢ € H*(K) with ¢(p;) =O0for j=1,....,d + 1.

Proof. Assume first that K = K is the standard simplex in R? with
1 < hg < 1, and that (3.3) does not hold. Then there exists a sequence

~/

¢ € H*(K) with ¢ (p;) = 0for j = 1,....d + 1 and [ ¢l 2z, = I such

that
k/ |D2¢k|2dxs/ el d.
K K

It follows that the sequence ¢ is uniformly bounded in A2 and that ¢, —
¢ (weakly) in H?. The compact Sobolev embedding theorem implies that
¢ — ¢ in H' with @]l 24, = 1and ¢(p;) = O0for j =1,....d + 1.
Moreover, we obtain from the weak lower semicontinuity of the norm that

1
/ |ID*¢|* dx < liminf/ | D¢y |> dx < limsup — = 0,
K k—oo  Jg k—oo k

and thus ¢ is an affine function. Since ¢(p;) = 0, we deduce that ¢ = 0
and this contradicts ||¢|| 2R = 1. A scaling argument completes the proof
of (3.3). The proof of (3.4) is analogous. O

We finish the preliminaries by quoting some estimates for the residuals.
For instance, if f € H'(S), then [CV,CB]

2
I Res || 1 5 ||hTVf||L2(Q)

. 1/2
+ min_ IV, — pulliz + 107 — pr- w2 )

preS\(T)d
and
1/2
IRes It S IK5V fllag + (Y hellVun - npll2a )"
Ec&q
1/2
+(D° hellg = Vuy - nli2a )"

Ee&y

Local problem solving techniques, equilibrium estimators and other im-
plicit a posteriori error estimation techniques [AO,BS] can also be applied.
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Moreover, if the L? projection onto S'(7) is H' stable, then we have the
following bound for || Res ||, (see [CV])

1/2
IRes |l S inf W7 (f = 2 + (Z AR nE]||i2<E)>
fneSH(T) o
1/2
+( > hillg = Vuy - nuizm) :
EEgN

4 The extension operator for functions

The H' estimates require good bounds on the quantities ng/ Y in (2.2). They
rely on the construction of functions with given values on the Dirichlet bound-
ary ['p which we describe in this section. Our first result is valid in any
dimensions.

Proposition 4.1. Let K € T be a simplex in R? and let hy = diam(K).
Assume that the nodes of K are givenby py, . .., pay1 € R? and that the faces
of K arelabeled Fy, ..., Fyi1. Supposethat g € C(OK) withg|F; € H'(F;)
forj=1,...,d+ 1, and define w to be the harmonic extension of g to K.
Then there exists a constant cs that only depends on the geometric properties
of K such that

2 -1 2 2
“vw”LZ(K) = C3{h1( “g”LZ(BK) + hK”agg”LZ(aK)}-

Proof. Since the harmonic extension of g minimizes the Dirichlet integral,
it suffices to construct a function v € H'(K) with v|;x = g and

(4.1) IVOll3a g, < c3lhi 1811320k + ik 18e8l720k) |-

In order to construct v, let xx denote the barycenter of K and define the sim-
plices K; = conv{xg, F;} for j = 1,...,d + 1. The idea is to interpolate
the boundary data linearly along rays connecting the boundary points and
Xk, see Figure 1. For each x € K \ {xg} there exist unique A, € (0, 1] and
&, € 0K suchthat x = (1 — A, )xx + A,&,. Define v on K by

_ Mg ifx e K x # xk,
vl = {0 if x = x.

It remains to prove (4.1). It suffices to show that

2 3 -1 2 2 P =
1905 20k;) < 7oy Uk 1812y, + Rk e8I} forj=1d 41,
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E A
P e

=3

K

A

Fig. 1. Construction of the extension of the boundary data into the simplex in two dimen-
sions

We may assume that j = 1, that F} = conv{py,...,ps} C{x eR": x, =
p} with p > 0 and that xg = 0. In the following we write x for the firstn — 1
coordinates of x, i.e., X = (x1, ..., x,—1). Then

Xn 10 o :
o(x) = Wg(ﬂx,p) . ifx € Ky, x # xg,
0 if x = xg.

Thusfori =1,...,n—1

L g . Xn
= [ ] G o) s av =l

Finally,
0 2. 1 3_g P .
/K1|8xnv(x)| dx_/Kl|p )= Y (L) L
1 |12 P .
= - P ||g||L2(F1)+/1 _’%|Z§( )| dx

diam?(F))
||g||L2(p1) —IZ I il T

This implies the assertion since the regularity of the triangulation implies the
existence of a constant ¢4 > 0 such that

| /\

cshg < diam(F)) < c;'hg,  cshg < p < cj'h.

This concludes the proof of the proposition. O
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The main result in this section is the following extension result that is
crucial in the proofs of the H'! estimates. For simplicity of the exposition, we
state this result only ford =2 andd = 3

Theorem 4.2. Assume d =2 ord = 3, and that up € C(I'p) withup|g €
H?*(E) for all faces E € Ep. Let up, = Ipup. Then there exists a w €
HY(Q) such that w|r, =up —upp suppw C{T €T : TNT'p # ¥}, and

3/242
4.2) IVwll 2@ S IhY 2 82upll 2y

Proof. The idea of the proof is to successively extend functions from lower
dimensional objects (faces) to higher dimensional ones (elements) by har-
monic extension. In order to accomplish this, we define first the function w
on all edges of the triangulation and then on all simplices.

Recall that we denote by d¢ the (tangential) derivative of a function on the
d — 1 dimensional faces of the tetrahedra. Moreover, we use o, for the deriv-
ative of a function along a one-dimensional edge (the line segment formed
by the intersection of two faces) of a tetrahedron in three dimensions.

Step 1: Definition of w on the faces of the triangulation 7. Let ¢ = up —
up € C(I'p) and note that g(z) = 0 forallz €e N NT'p.Foreach E € £
we define a function wg € C(E) as follows.

(@) fFENTp ={z1,...,z¢}forl <€ <dandz,...,zp e Nor ENTp =
@, then we set wg = 0.

(b) If E C I'p, then we set wg = g|Eg.

(c) Supposethatd = 3 and thateither (c;) ENT'p = U{Zl conv{a;, b;} with
J€{1,2,3},a;,b; € N,anda; # b;,or(c;) ENTp = conviay, b }U
{z} with a;, by € N, and z € N\ {a;, b1}. Let zx denote the bary-
center of E and define S; = conv{a;, b;} and G; = conv{zg,a;, b;}.
Forj=1,...,J,let WE|G, be the harmonic extension of gls; such that
welag;\s; = 0. Finally we set wg = O on E \ U/_,G .

Here case (c) describes the situation that in three dimensions some (or all)
of the edges of a face of a tetrahedron may be contained in the Dirichlet
boundary even though the face is not a subset of I'p.

Step 2: An auxiliary estimate in case (c). We have
J
~1 2 2 2 3 2
hE ”wE”LZ(E) S; hE”aSwE”LZ(E) S; Z (hE“g”Hl(Fj) + hE”g”Hz(Fj))'
j=1

Note that by construction wz € H'(E) N C(E). Moreover, we obtain from
Proposition 4.1 (with d = 2 applied to the triangles G; whose union is
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the face E) and the one-dimensional Poincaré inequality for wg on the line
segment S; that

2 2 2
(43) ”agwE”LZ(Gj) 5 hE”aﬁwE ”LZ(BG]-) = hE”aﬁg”LZ(Sj)-

To estimate the derivative of g along S; choose aface F; € £p with §; C 0 F;,
j=1,...,J. It follows by scaling from the trace inequality in W'!(K),

fA vlds < cu%)[ (Iv] +1Dv]) dx,
K K
applied to v = ¢? that

1617205, S hx 10172k, + 18120 IVl 2 k) forall g € H'(K).

This estimate applied to K = F; and the Poincaré inequality in Proposi-
tion 3.5 imply

(4.4) hENcg s,y S 18 + PR8I

Since wg vanishes on two of the three sides of the triangles G ; we may use
Poincaré’s inequality and we obtain

J J
1 2 -1 2 2
g Mwell g = hg' D Iweliag, She ) 18eweli g,
j=1 j=1

The combination this inequality with (4.3) and (4.4) implies the assertion of
Step 2.

Step 3: Proof of the theorem. We extend the function wg (defined so far for
all E € &)toafunction wr on T € 7 inthe following way. Forall T € 7 let
w7 be the harmonic function with wr = wg on 87T . From the construction
of wg we have wr £ 0 only if T N T'p # @. By Proposition 4.1 we deduce

2 —1 2 2
”vaHLZ(T) S hT ”wT”LZ(GT) + hT”ang”LZ(aT)

-1 2 2
EcE,ECAT

Recall that wg is different from zero only if £ € &p or (this applies only
to the three-dimensional situation) if E is the face of a tetrahedron and at
least one of the edges of this face is contained in I'p. In the former case,
wg = g|k, and in the latter case wg and its derivatives have been estimated
above. Hence

§ 2 2 : —1 2
”vaHLZ(T) SJ (hE ”g”Lz(E)
TeT EecE,ECTp
2 3 2 12
+hE||8c€g”L2(E) + hE”agg”LZ(E))
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Let xr be the characteristic function of the element 7. Then,
w=Y xrwr € H(Q) with wlr,=g=up—upy.
TeT

Proposition 3.5 shows, for all E € £p,

hEI/ |g|2ds—|—hE/ |0 g|*ds gh%/ |a§g|2ds:h;/ |0up|*ds.
E E E E

These estimates allow us to rewrite the foregoing estimate as
3
IVwlGag S D hplldgupliag, -
Ee&p

This finishes the proof of the theorem. O

We conclude this section with the construction of a suitable extension of
the difference I1pup — Ipup on I'p onto 2.

Proposition 4.3. Assume that T1p is H' stable and that up € C(T'p) with

uple € H*(E) for all E € Ep. Then there exists a v, € S'(T) such that

Uh|FD =Ilpup — Ipup, supp v, € {T eT:Tn I'p 75 @}, and
IVUnllizg S Ihellmg ) Ihed2unllzq,-

Proof. Let gy = Npup — Ipup. We define v, = Zze/\/ v, where v, =
gn(z)if z € NNTp and v, = 0 otherwise. Then suppv, € U{w, : z €
N NT p}, and the quantities lvnll£2(w,) and h;/2||gh||Lz(awzmrD) are equivalent
norms for g, |y..nr,. We conclude from inverse estimates that
Bl
||VUh||L2(w) ~ z ||Uh||L2(w) ~ h 172 TTpup — IDMD||L2(am NCp)

for all z € N N T'p. We now take the sum for all z € N N Tp . Since
the patches w, have finite overlap and since h, < hg < h, for E € £ and
z € ENN we obtain that

IVurll2@) S ||h5||L00([‘D)”hg (IMpup — Ipup)llr2r,)-
It follows from the triangle inequality and Lemma 3.4 in view of [1p Ipup =
Ipup that
IVullz2@) < ||h€”Loc(rD)||hg Op(up — Ipup) 2wy
S el =y, (18ep — Ipup) 2y
g p = Ipup) l12rp))-

The assertion of the lemma follows now with standard interpolation inequal-
ities. O
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5 The extension operator for vector fields

In the case of the L? estimates, one needs good bounds on the quantities
ngl/z) defined in (2.7). The idea here is to write d,¢p = p - n with p = V¢,
and to use integration by parts to rewrite the boundary integral as a volume
integral. This leads to the question of how to construct vector fields p;, that
are suitably close to p; the answer is given in Theorem 5.1 below.

Definition 5.1. Foreach E € Ep letn|g, t}g, e tfé*l € R? be an orthonor-

mal basis of RY. For p € H' (Q)? and E € Ep let vie (D) € L*(E)? denote
the tangential component of p|g, i.e., p|g = v, (p) + (n|g - plg) nlEg.

Theorem 5.1. Let p € HY(Q)! satisfy y,(p) = O for all E € Ep and
p-n = 0on Ty. Then there exists p, € SY(T)¢ with Vi (Pr) = 0 for all
Ee€é&p, pr-n=00nTy, and

(5.1 ||h}1 (p— Ph)||L2(Q) +IV(p — Ph)||L2(sz) § ||VP||L2(Q)-

Proof. Forz e N'\ 0Q set p, = |w.| ™! fw" p dx. We need a more sophisti-
cated construction for nodes on 9. For z € N N 99 define
p. = |w|7! fwz p dx. Moreover, let v{, ..., v;, 1 < k; < d, be an ortho-
normal basis of

Vz=span{n|E:zeEeSN}Uspan{tf::zeEeED,E=1,...,d—1},

and let (v{, ..., v; ,s7,...,s;_, ) be an orthonormal basis of R4, Set

d—k,
P = Z(ﬁz : S;) S;
j=1

and define p, = ZZGN pz¢.. By construction, y;,(py) = 0forall E € &p
and pj, - n = 0 on I'y. To see this, consider for example a face E € £p. The
spaces V, contain the tangential directions for all nodes z € E and thus p,
is normal to E for all nodes z € E. Consequently, the tangential component
of pj, vanishes on all E € £p. The argument for £y is analogous. Since
Yooen@:=landh, Shy Shif T €T andz € NNT, we have

(5.2)

lhz' (P = P2y = D / hZe:(p — p2) - (p — pa) dx
zeN Y@z

1/2
S (Z h2lp - pzuiz(wz)) 1h7' (P = Pl 2ey-
zeN
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Moreover (g, : z € N) is a locally finite partition of unity and therefore

1/2

53 VP = plle S (D IV =) s,)
zeN

If we expand the gradient using the product rule we obtain a term similar
to (5.2) and a term proportional to ||V pll.2q) since pZ is constant on the
patch w. It thus suffices to show that ||p — p_ll 12s.) S 21V Pl 12w~ SUp-
pose first that z € N\ 9. Since p, is the mean value of p;, on w, we obtain
with Poincaré’s inequality that

54 lp— pz||L2(w )~ Sh ||VP||L2(w )
It therefore remains to estimate this local norm for z € A/ N 9. By con-
struction, p, - vj = 0for j = 1,...,k;, and this implies in view of the

orthogonality of the vectors v} and s that

d—k;
55) Np = pllis, = an v ||L2(w)+Z||(P P2) 55130

The second term can be estimated by Poincaré’s inequality since
(5.6)

1P = P2 - 5i 20 = 1P = F2) - 5E 11200y

S Vol forj=1,....d—k,.

In order to justify the application of the Poincaré inequality (3.2) in the first
term, consider first z € E € Ey. Then E C dw, and (p . nlE)|E = 0. Hence
(5.7) Ip - nlell2w) S hAIVPRlEN 20 S AV Pl L2 (w,)-
Similarly, for z € E € £p we have that (p . tE)IE =0foré{=1,...,d -1
and consequently
(5.8) 1P - tel 2w S hAVP el 2wy S PV P20

Finally note that for all z € N N Q the vectors v° ; € V. are linear com-

binations of the vectors n| £ and 75, and this allows us to find coefficients
ol p. B with |a! o1, |B5] < C(S2) such that

d—1
Yooalpnlg+ > DY Btk j=1.. k.

zeEeéy zeEe&p =1
By (5.7)—(5.8) we have

lp - U§||L2(w ) S Sh ||VP||L2(m )

By (5.5)—(5.8) one obtains (5.4) forz € N'Na2as well. Since [| Ve, || 1w, S
hz_1 for all z € \V, the assertion of the theorem follows from (5.2)-(5.3). O
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Lemma 5.2. Let p, € S'(T)? be such that Yie(pn) = 0 forall E € Ep.
Then (pj - n)Ir, € S'('p).

Proof. Wehave to show that (pj,-n)|r,, is continuous across interfaces E1NE,
of neighbouring faces E;, E, € Ep withn|g, # n|g,. Since pj|g,nEg, is per-
pendicular to span{t}gl, R tﬁ;l, t}gz, e, tfé;]} = R we have pulEnE, =0
and hence pj, - n is continuous across £} N E;. m]

6 A priori and a posteriori estimates in H!

In this section we state and prove the asymptotic estimates for the a priori
and a posteriori estimates in H'.

Theorem 6.1 (A priori estimate in H'). Under the foregoing assumptions,

Vel 2@ S inf IV (u — w2
wp €SYT), wylrp,=Ipup
0 ifupy = Ipup,
+ 1/2 ) )
”hS”Loc(rD)”hé'aguD”H(FD) ifup = Tpup.

Remark 6.2. 1f u € H*(R2), then standard interpolation estimates imply that

. 2
inf IV — w2 S Ihr D7ull 2.
wp€SNUT), wylrp,=Ipup

Proof. The Galerkin orthogonality
(6.1) (Ve; Vup) =0 forall v, € S)(T)
and Holder’s inequality yield

IVell7aq = (Ve, V(e —vp) < [[Vell2llVie — vl

(€2)
for all v, € S}(T). If up , = Ipup, then the assertion follows immediately
by choosing v, = wy, — u;, where w;, € S'(7) satisfies wylr, = Ipup. If
up.n = Hpup, then let v, = wy, — uy, + y,, where wy, y, € S'(7) satisfy
ythD =Ipup — Ipup and wher = Ipup. It follows that

V(e —vi)ll2@ S IV@ —wi)ll2@ + 1IVynllL2@),
and the proof is an immediate consequence of Proposition 4.3. O

The a posteriori estimate relies on a good estimate of the contribution

ng/ ? which is based on the extension results in Section 4. More precisely,

we have the following theorem.
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Theorem 6.2 (A posteriori estimate in H'). Under the foregoing assump-
tions,

3/2 .
”hs/ 8§'I"D||L2(FD) ifupy = Ipup,

IVell 2 < IIRes |1 + | _
@ el e Ihed3upll 2y if upn = Hpup.

Proof. In view of the representation (2.1) it suffices to estimate the terms
ng/ D, Suppose first that up , = Ipup. Since w minimizes the Dirichlet inte-
gral subject to the given Dirichlet conditions, we deduce from Theorem 4.2
that

. 3/2

IVwll 2 = min  [|Voll2q) S 18 0upll 2.
vlrp=up—up

This proves the assertion for the nodal interpolation. Assume next thatup j =

Mpup and that I is H'! stable. Note that for all y, € S'(7) with y,|r, =

Hpup — Ipup

||Vw||L2(sz) min ||Vv||L2(sz)
h

v[rp=up—up,

< min ) IV = y)llz + IVyrllze

vlrp=up—up,

= min IVylizz + 11IVyrll2)-

ylrp=up—Ipup

The statement of the theorem follows now in view of the estimate for
IVyllL2q) and [VyullL2q) with Theorem 4.2 and Proposition 4.3, respec-
tively. m|

7 A priori and a posteriori estimates in L2

In this section we present the corresponding L? estimates.

Theorem 7.1 (A priori estimate in L?). Suppose that the dual problem (2.4)
is H? regular and that T is H' stable ifupn = Hpup. Then

Ihz02up 2, ifupn = Ipup,

lell 2@ Slhr Vel 2 +{ ;
@ @ el ey 1hed2upll 2wy if ups = Mpup.

Proof. We first derive a representation of the error based on duality tech-
niques. Let z € H*(Q) satisfy (2.4) and (2.6). Then

(7.1) ||e||iz(m = (e; —Az) = (Ve; Vz) —/ e d,zds.
'p
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Letz;, € S}) (7) be the nodal interpolant of z so that the Galerkin orthogo-
nality (6.1) implies

(Ve; Vz) = (Ve; V(z — z1)) < hr Vel 2 llhy Vi — z)ll 2@
(7.2) S lhrVell 2@ llzll g2)-

The second term on the right-hand side in (7.1) is bounded by
(1.3) [ eanzas <al izl
I'p

It therefore suffices to estimate the terms ngl/ 2. Suppose first that up , =
Ipup. By the continuity of the trace operator H'(Q2) — L?*(I'p) we have
10.00 200y < IVOli20r,) S @2 Therefore, Holder’s inequality
yields for ¢ € H} (),

(up —upp)dpds S llup —uppll2ap)lélm2g)-
I'p
and standard nodal interpolation estimates imply that
(=1/2) 292
np S IhE0RuD ) 2y

It remains to prove the assertion for up, = Ipup. Fixv € H 1(Q) with
Vlrp =up —upjand ¢ € H%N(Q). Let p = V¢. Then y;, (p) = 0 for all
E e&pand p-n = 0onTy and we may find a vector field p, € S'(7)?
with the properties in Theorem 5.1. Since up —up j is L*(Tp) orthogonal to
S'(I'p) we have by Lemma 5.2, integration by parts, and Cauchy’s inequality

(up —upp)o,¢ds
'p

=/ (up —upn)(p — pn) - nds
'p
:/ v(p — pp) -nds

Q2

:/VU-(p—ph) dx+/vdiv(p—ph) dx
Q Q

< hr Vvl 12 ||h}1 (P — P2 + IVl I1div(p — pu)ll 2
1/2 _
< (17 Volljag + 1072g) " (187 (P = P72
. 1/2

The choice v = w — v, with w of Theorem 4.2 and v, of Proposition 4.3
shows

2 2 3 2 2
Ih7 V0l + 101220, S Ihe oy lhedZun 2o, .
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The combination of the previous estimates with Theorem 5.1 and ||V p|| 2() <
||¢ || HZ(Q) ShOW that

(-1/2) 3/2 2
05 P S Mhell Y= hed3upll 2y
This concludes the proof of the theorem. O

The inequality [|3,¢| .2,y S 41l n2(q) appears suboptimal in the fore-
going proof for up , = Ipup. However, the estimate for ngl/ ? in the proof
of Theorem 7.1 can in general not be improved, see Section 8.

The next theorem describes the corresponding results for a posteriori error

estimates.

Theorem 7.2 (A posteriori estimate in L?). Suppose that the dual problem
(2.4) is H? regular. Then

292 .
Ingdguplliary) ifupn = Ipup,

lellz2@) S I Res || +{ ) )
@ el ) 1he 020l 2 yifups = Tputp.

Proof. With (7.1), (7.3), and (2.6)—(2.7),

2 (=1/2)
lel22 ) < (IRes 12 + 05 )zl 20

—1/2
<ci(IRes -2 + 05 ") el 2()-

The assertion follows now as in the proof of Theorem 7.1 |

8 Model Example

In this section we discuss an example which demonstrates the different scal-
ing for the different choices for the approximation of the Dirichlet data. In
particular, the boundary contribution

lel7q, — Res(z) = — | (up —up)dhzds
D

in (2.5) is not of higher order for the discrete boundary data up , = Ipup.
Moreover, the L? error ||e||,.q is significantly reduced if one replaces the
discrete Dirichlet data up ;, = Ipup by up, = Ipup while the H' errors
are comparable.

For the precise argument consider Q@ = (0,1)?> and I'p = Q. Let
h = 1/n for n € N. We fix the uniform triangulation 7 with nodes N =
{(jh, kh) : j,k=0,1,..., n} and sides parallel to the x-axis, the y-axis
and the direction (1, 1). In this situation, the quadratic function u(x, y) =
up(x,y) = x(1 —x) + y(1 — y) is the solution of —Au = 4 subject to its
own boundary data. The following theorem describes the asymptotic scaling
of the boundary contribution.
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Theorem 8.1. Suppose that T and u are as above and that up, = Ipup.
Then

U > V5
b =3 /226

In order to prove this result, let I,u € S'(7) denote the nodal interpo-
lant of u. We write e] and ¢;' for the finite element errors for the choices
up = Ipup and up , = M pup, respectively. Finally, let z} and z}' denote
the solutions in H},(S2) of the corresponding dual problems

(h* + O™ ")).

—Az,’lzeé in , zé:Oon 082,
AL — o5 n_
—Az, =e, inQ2, 7z, =00ndQ.
The following proposition compares the four contributions to the two L2

residual relations

legllzoq =Resz) = [ (1= Ip)up d,z; ds,
I'p

lei 172qy = Res(zi) — | (1 = Tp)up 3,z ds.
'p

Proposition 8.2. The approximation errors e} and e} are related by e} =
el + h? /6 and satisfy the following estimates:

— | (A =1Ip)upd,zlds =h*/18 + OK?),

I'p
— [ (1 —=Tpup duz)' ds = Oh*?).
I'p
Moreover, ”eflz”iz(sz) = 11h*/90 and ||e}1:[||iz(m = 7h*/180.

Remark. The L? error is reduced to 56% when the discrete boundary data
are obtained by the L? projection instead of the nodal interpolation of u p.

Proof. The second partial derivatives of u are constant and therefore a sec-
ond order difference quotient is exact. The stiffness matrix for the uniform
triangulation 7 is equivalent to the discrete problem in the related difference
scheme. Hence, e{l = (1 —Iy)u.

Let s denote the arc-length parameter on an edge £ C ['p on which
e,’t = (1 — Ip)u is given by e,’l(s) = s(h —s) with 0 < s < h. The identities

h h
f s (ej —h?/6)ds =0 and / (h —s) (e} — h?/6)ds =0
0 0

imply that e} — h%/6 = (1 — Ip)up —h?*/6 is L*>(I"p) orthogonal to S'(I"p)
so that we have ITpup = Ipup + h?/6. Since Iyu + h*/6 € S'(T) equals
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up = Ipup on I'p and satisfies the difference equations there holds e,ll_[ =
ep — h?/6.

A short calculation shows that

e 2dxd llhédhh“ 2dxd Ty
fo /0 ey(x, y)” dx Y=gl an /0 /0 ey (x, )" dx Y=1s0""

This verifies the last two identities in the assertion of the proposition since
eé and e}? are (h, h)-periodic.

The L? projection is stable for (quasi-) uniform meshes and therefore the

estimates in the proof Theorem 7.1 show ngl/ D = O(h%/?). By assumption,

the dual problem is H? regular and thus

n I I
18nz 122y < Nl2n 2@y < lleg lr2c)-

Hence
-—/ (1= Mp)up 8,27 ds < 05 e 20 = OURO).
'p

Let¢ € HLI)(Q) = HO1 (£2) be the solution of A¢ = 1in Q2. Then,
7 =z, —h*/6¢.

We obtain in view of e/ = e}l + h?/6 that

h2
- (LJw@mdw=—/<4+Wmm@E—gow
Q2

I'p
h2
=—/ e}?a,,z?ds—l-—/ eyl 3, ¢ ds
a0 6 Joe
4

+h d,cd hz/ 9,z d
— ,Cds — — .2 ds.
36 Joq 6 Jog "

The first term on the right-hand side is of order 4°/? as shown previously. The
second term is of the same order by the same arguments since || || y2(q) S 1.
Partial integration in the third term shows

/ Bngds:/Ag dx = 1.
aQ Q

Combined with a direct calculation of [, el dx = h*/3, the same arguments
prove for the last term

—/ anz}fds:—/Az,? dx:/e}:[ dx:h2/6.
FI9) Q Q

These estimates prove that

— | (= 1Ip)upd.zids = h*/18 + OK*?),
'p

as asserted. O
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Proof of Theorem 8.1. With up, f, T, z1, and e} as in the proposition,
! SV > | (A = Ip)updazh ds = h*/18 + O
Izl 2y 1p > (I = Ip)updyz,ds = h" /18 + O(h™'7).
'p

The estimate ||z} || z2) < c1 llej |l 12(q) and the above identity for ||e} | 12(q)
conclude the proof. O

The point in the example is that the approximation error up — Ipup in
the Dirichlet data does not change its sign. This is always the case on parts of
the boundary where up is convex or concave. We may therefore expect that
the boundary contribution

(8.1) - f e} duzpds
I'p

is not of higher order. In this sense, the model example describes a rather
generic situation unless long-range cancellations lead to a global integral
(8.1) of higher order.
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