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Abstract The first-order div least squares finite element methods provide inherent
a posteriori error estimator by the elementwise evaluation of the functional. In this
paper we prove Q-linear convergence of the associated adaptive mesh-refining strategy
for a sufficiently fine initial mesh with some sufficiently large bulk parameter for
piecewise constant right-hand sides in a Poisson model problem. The proof relies on
some modification of known supercloseness results to non-convex polygonal domains
plus the flux representation formula. The analysis is carried out for the lowest-order
case in two-dimensions for the simplicity of the presentation.
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1 Introduction

The mathematical theory of the adaptive finite element method (AFEM) has been
developed significantly over the past decade. In particular, the adaptive mesh-refining
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method has been understood to converge with optimal convergence rates with respect
to the concept of a nonlinear approximations class [4,19,21,28]. Although optimal
convergence rates are often observed in many numerical experiments [1,3,27], even
the plain convergence is not understood for the adaptive least squares finite element
method (ALSFEM).

This paper analyses the convergence of natural adaptive mesh-refining first-order
div least squares finite element methods. The adaptive scheme monitors the local
contributions of the least squares residual and converges for a sufficiently fine initial
mesh with some large bulk parameter for piecewise constant right-hand sides.

The reliable and efficient error control of the first-order div least squares finite ele-
ment method (LSFEM) [6] for a Poisson model problem (PMP) with the homogeneous
Dirichlet boundary condition is immediately available by the least squares functional

LS(fipe,ue) = || f +divpel® + lIpe — Vel

with the L2 norm [l 1l == |l - I L2 () evaluated for the discrete approximations (pg, u¢)
in some Raviart-Thomas and Courant finite element subspaces of the Sobolev spaces
H (div; ) x HO1 (€2) with respect to a triangulation 7, of the polygonal domain €.

It is expected that the elementwise evaluation of the least squares functional leads
to an effective ALSFEM [1,3,27]. One difficulty in the convergence analysis of those
schemes is the question whether the least squares residual is indeed strictly reduced
provided the mesh is refined [1].

The main contribution of this paper is a first convergence proof for this natural
strategy with the contraction property of the modified least squares functional

LS¢ := LS(f; pe, ue) + A1l (e — mid(7y)) divpe | (1.1)

for some appropriate constant 0 < A; < oo and the additional divergence term
with the piecewise affine pre-factor @ — mid(7y) € P(7y; R?) as a weight equal to
x —mid(T) at x € T € 7y in the triangle 7 with centre of inertia mid(7’). Saturation
holds in the sense that there exists some 0 < g1 < 1 with

LSey1 <01 LSy foralle=0,1,2,... (1.2)

Let IT; denote the L? orthogonal projection onto the piecewise constants Py(7y) (or
any power like Py(7y; R?)) to illustrate the difference of LS, and LS ¢ in the sequel.
The lowest-order Raviart—-Thomas finite element functions and piecewise orthogonal
splits guarantee that

1f = T f1P + 11TTe f + div pell* + Al1(1 = TT)pell” + [ITepe — Vueel?
equals LS, := I:é‘(f;p/g,u() for A := 1 (and IjtS’g for A := 1 + 4A4). In other
words, LS, and LS, differ solely in the weights of the preceding four contributions.

In this sense, (1.2) may be seen as a saturation for the (slightly modified) least squares
functional.
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Convergence of natural adaptive LSFEMs 1099

The affirmative mathematical analysis is performed under the following three
restrictions (i)—(iii) to ensure (1.2). (i) The initial triangulation 7y is required to be
sufficiently fine; (ii) an ad-hoc version of adaptive mesh-refining does nof resolve the
data properly and then (1.2) holds exclusively for a piecewise constant source f; (iii)
the sequence of shape-regular triangulations is generated with some bulk parameter
0 < ®; < 1 sufficiently close to 1.

Some remarks are in order regarding those restrictions. The fineness condition (i)
on the initial mesh was first used in [21]. The following counter-example illustrates
the severe difficulty (ii). It gives the warning that, in general, overall refinement does
not lead to strict reduction of the least squares functional. Suppose that (7)¢cn is a
sequence of uniform mesh-refinements (e.g. with bisec5 depicted in Fig. 1) and pick
a natural number, say, k = 100 and a source term f in LQ(Q) as right-hand side in the
PMP with piecewise integral mean zero with respect to the mesh 7z, written f; = 0,
but with a non-zero integral mean fr1; # 0 with respect to the mesh 7. Then,
the respective discrete solutions (pg, u¢) of the LSFEM vanish for level ¢ =0, ..., k
while (Px+1, uk+1) does not. Consequently, the sequence LS, := LS(f; p¢, ug) of
the minimal least squares functionals satisfies

LSyt < LSp=LSi—1=---=LS = [If|I*. (1.3)

It is clear that the sequence of the least squares functionals is monotone decreasing,
but the convergence may not be strict. An example of this type can be constructed
for standard Galerkin methods as well. But those methods are accompanied by a
residual-based error estimate ||/, f|| with a mesh-size A, in front of the right-hand
side f € LZ(Q), which is reduced. The difference is that, here, some refinement on
the level £ < k = 100 does neither reduce the error nor the aforementioned equivalent
error measures.

The condition (iii) on the bulk parameter 0 < ®; < 1 sufficiently close to 1 con-
tradicts the discrete reliability in the sense of Stevenson [28] which is key to the proof
of optimal convergence rates: All known optimality results follow [28] and require
the bulk parameter to be sufficiently small! As a consequence, the authors propose
an alternative error analysis with explicit residual-based error estimates in [15] which

green = bisec blue (left) blue (right)
red bisec3 bisech

Fig. 1 Possible refinements of a triangle
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then allows the arguments of [12,28] to guarantee optimal convergence rates under
the extra assumption of exact solve. Nevertheless, the natural adaptive mesh-refining
algorithm of the present paper is employed in practice without further understanding.
A similar situation is encountered in the context of saturation of conforming finite
element methods and hierarchical error estimators in [22].

The remaining parts of this paper are organised as follows. Section 2 introduces
the PMP and its least squares discretisation with Raviart-Thomas-type flux approx-
imations. The analysis is exploited for polygonal domains in two space dimensions
while the generalisation to three dimensions is incremental. The proof of the saturation
property (1.2) relies on some generalisation of the supercloseness results of [8] to the
non-smooth case of non-convex polygonal domains in Sect. 3. The reduction factor
in saturation depends on the maximal mesh-size to some power 0 < s < 7/w from
reduced elliptic regularity of the PMP of Sect. 2 in the non-convex polygonal domain
2 with maximal interior angle w.

Section 4 presents some natural ALSFEM with marking based on the elementwise
contributions of the least squares functional and proves the saturation property (1.2)
for large bulk parameter ® and fine initial meshes 7. Section 5 presents numerical
experiments for the investigation of the choice of the bulk parameter ®.

Standard notation on Lebesgue and Sobolev spaces and norms is employed through-
out this paper: || - || denotes the L? norm and ||| - ||| denotes the H' seminorm over
the entire domain €2, while ||| - ||| yc := ||Vnc - || is some piecewise version thereof.
Finally, a < b denotes a < ¢ b with some generic constant ¢ which may depend on
the domain and the initial coarse mesh 7y but which is independent of the level £ or
the mesh-size Hy = max{hy : T € 7;} which is the maximal piecewise mesh-size
he € L®(R) defined by h¢|7 := hy = |T|'/? for the area |T| of a triangle T € T;.
Similarly, a =~ b abbreviates a < b < a.

The measure |-| is context-sensitive and refers to the number of elements of some
finite set (e.g. the number |7 | of triangles in a triangulation 7°) or the length |E| of an
edge E or the area |T'| of some domain 7" and not just the modulus of a real number
or the Euclidean length of a vector.

It is expected that the results can be generalized to higher-order FEM in 3D as well
despite the severe difficulties that nonconforming FEMs are not available in 3D for
all polynomial degrees.

2 Poisson model problem (PMP) and its least squares discretisation

Given f € L?(Q) on a simply-connected bounded polygonal Lipschitz domain €2 C
R2, the PMP seeks some function u € Co(2) N HI%C(Q) with

—Au=finQ and u =0o0nodQ. 2.1
The least squares methods consider the equivalent first-order system
—divp=f and p—Vu=0 inQ. 2.2)
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Convergence of natural adaptive LSFEMs 1101

The weak form involves the L? inner product (-, -) 12() and its L2 norm || - || over .

Standard notation is employed for the Sobolev space H'(2) with seminorm ||| - |||
and V := Hé (£2). The Hilbert space

H(div; Q) = {q € L*(2; R?) : divq € L*(Q)}

consists of all L? vector functions q = (g1, ¢2) with weak divergence div q := Oy, q1+
dy,¢2 in LZ(Q) and associated norm || - || g (div) [7,10,11,23]. The least squares method
solves system (2.2) by minimising the residual functional, for (q, v) € H(div; Q) x V,

LS(f;q,v) == | f +divql* + llg — Vv|*. (2.3)

The associated Euler—Lagrange equations lead to the equivalent weak problem: Seek
(p, u) € H(div; ) x V such that, for all (q, v) € H(div; 2) x V,

/(f+divp)diqux+/(p—Vu)~(q—Vv)dx:O. 2.4)
Q Q

The well-established equivalence of the norm in H (div; 2) x V with the least squares
functional

LSO q,v) ~ [lql gy, + II0III> forall (q.v) € Hdiv:Q) x V(2.5

leads to the unique existence of a minimiser of LS(f; -) and weak solution (p, u) €
H (div; 2) x V [6]. Moreover, the conforming discretisation leads to a quasi-optimal
convergence.

The prototype example for a discretisation is the lowest-order Raviart-Thomas
function space RTy(7) based on a regular triangulation 7 of € in closed triangles
in the sense of Ciarlet [10,20], i.e., U7 = Q and any two distinct triangles in 7 are
either disjoint or share exactly one vertex or one common edge. Given any regular
triangulation 7', let

VT):=P(T)NV,
RTy(7T) :={q € P|(T; R?) N H(div; Q) : VT € T, 3ar, by, cr € R,
VxeT, qix) = (ar, br)" +cr x).

There exists a unique minimiser (pzs, urs) of LS(f; ) in RTy(7) x V(7)) and this is
characterised as the weak solution of the discrete analog (2.6) of (2.4). In other words,
the LSFEM solution (prs, urs) € RTo(7) x V(T) C H(div; Q) x V satisfies, for
all (qp7,ve) € RTH(7T) x V(T) C H(div; Q) x V, that

/Q (f + divpLs) divarr dx + /Q (PLs — Viurs) - (Qrr — Voe)dx = 0. (2.6)
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1102 C. Carstensen et al.

The Céa lemma leads to the best approximation property

— i) + 1w —u < min — v) + min u—vcl|]
lp —pLslaw@iv) + 11 Lslll qRTeRTO(T)HP qr7 l H (div) vcev(T)”I clll

Provided the exact solution u belongs to H 2(Q) (e.g. for a convex domain €2), standard
approximation results lead to linear convergence in the maximal mesh-size. However,
in case of reduced elliptic regularity (e.g. for a non-convex domain €2), appropriate
mesh-refining strategies are required to avoid suboptimal convergence rates for less
regular problems.

This section concludes with some representation result which is frequently
employed throughout this paper. Denote by Il the L? orthogonal projection onto
the piecewise constants Py(7; R™) for m = 1,2 with respect to the present trian-
gulation 7. Let C Ré (7)) denote the functions in P;(7") which are continuous at the
midpoints of all interior edges £ (£2) and vanish at the midpoints of all boundary edges
£(9L2). Let V¢ denote the piecewise action of the gradient.

Proposition 2.1 Any Raviart-Thomas function qrr € RTo(7T) reads

div qRrT

> a.e. in 2 2.7

qrr = Hoqrr + (¢ — mid(7))

(where @ — mid(7) abbreviates x — mid(T) at any x € T € T with centre of inertia
mid(T)) and satisfies, for unique vcg € CR& (7) and we € V(T)/R, that

I[Moqrr = Vncver + Curl we. (2.8)

Therein, vcg € C Ré (7) is the Crouzeix—Raviart solution of the PMP with right-hand

side —divqgt € LZ(Q), i.e., vcg solves the nonconforming finite element problem,
hereafter referred to as NCFEM,

/ Vncver - Vycwerdx = —/ wcrdivqrr dx forall wcg € CR(I)(T).
Q Q
(2.9)

Moreover, for any discrete solution qrr of a mixed finite element problem or any
LSFEM solution qrt := pLs of (2.6), we = 0 holds in (2.8). In other words, those
particular Raviart-Thomas fluxes are L* orthogonal onto Curl(V (T)).

Proof Theidentities (2.7)—(2.9) are proven in [24] but essentially known since [2]. The
formula (2.7) follows from the very definition of the Raviart-Thomas functions. The
formula (2.8) is a discrete Helmholtz decomposition for simply-connected domains
of any piecewise constant vector field.

The proof of the L? orthogonality follows from the observation that any function
in Curl(V (7)) is a divergence-free Raviart-Thomas function; the converse holds as
well for the simply-connected domain. This plus the discrete equation with such a test
function leads to the asserted L? orthogonality. O
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Convergence of natural adaptive LSFEMs 1103

3 Supercloseness results

This section is devoted to the proof that the divergence term in the least squares
functional at the discrete minimiser is much smaller than the dominating flux term.
Although the proof below is different from that in [8] and based on L? error control
for Crouzeix—Raviart nonconforming FEM, we believe that it is known. Since the
following result seems unavailable in the literature for non-convex domains, some
direct proof is given below for convenient reading.

Let H denote the maximal mesh-size in the current regular triangulation 7 and let
1/2 < s < m/w for the maximal interior angle w of the non-convex polygonal domain
Q2. Note the regularity index s attains the value 1 for convex domains.

Theorem 3.1 The LSFEM solution satisfies

Mo f +divprsll < H'llpLs — Vurs|. (3.1

Before the remaining part of this section is devoted to the proof of Theorem 3.1,
various supercloseness results are deduced from it. Recall that (pr s, 11 s) denotes the
least squares solution and pr7 denotes the lowest-order Raviart—-Thomas mixed FEM
approximation of the PMP [7,10,11,23], i.e., there exists (pr7, urr) € RTo(7) X
Py(T) with

/ PRT - qQrT dX —i—/ ugr divqrr dx =0 forall qgy € RTo(7),
Q Q

/(f+dinRT)dx:0 forall T € T.
T

Moreover, let ucg (resp. cg) denote the NCFEM approximation of the PMP with
right-hand side f (resp. —div prs). Proposition 2.1 leads to some ticg € C Ré (7)
with TIoprs = Vyclicg. Let uc € V(T) denote the Courant finite element solution
of the PMP with right-hand side f € L?(2) with the oscillation term

os (£, T) := Y TS = Tofll 2

TeT
Recall that ||| - ||| = ||V - || denotes the H' seminorm and define its discrete version
I+ llnve := |IVnc - || with respect to the underlying regular triangulation 7.

Corollary 3.2 The aforementioned approximations satisfy

IpLs — PrrlI® + lllick — ucrll%e + llurs — ucll®
< H¥ LS(Tof; prs, urs) + osc*(f, 7).

Proof All the three terms on the left-hand side are controlled by || Iy f +div prs|| and
then the corollary follows from (3.1). Since the supercloseness of the nonconforming
Crouzeix—Raviart FEM seems to be new, the proof below focusses on the estimation

of ||[icr — ucrllInc-
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1104 C. Carstensen et al.

Let g (resp. ucg and iicg) solve the NCFEM for the PMP with right-hand
side —divprs (resp. f and Ilp f). Proposition 2.1 and the admissible test function
it\CR — iicg in NCFEM lead to

ek — iicrllyc = / (Mo f + divprs)(iick — Ucr) dx.
Q

The discrete Friedrichs inequality [10] for functions in CR(% (7),ie.,

lverll < carlllverlline forall ver € CRY(T),

results in
lllicr —icrlline < carllTof +divprsll. (3.2)

The solution uc g of NCFEM with right-hand side f satisfies
uck — iicrlllyc = / (f —Mof)(ucr —ticr) dx.
Q

Since [(f — Mo f)dx = 0forany T € 7, this equals

/Q(f — o f)(1 — Mo)(ucr — iicr) dx.

1/2

The piecewise Poincaré inequality (with hz|p := |T|"/* for any triangle T € 7T)

shows

/Q(f — Mo f)(1 = Ho)(ucr —iicr)dx S hr (f — o)l [[luck —icrlline

= osc(f, Dlllucr — ucrllInc.

Consequently,

llucr —ticrlline S ose(f, T). (3.3)
The triangle inequality and the estimates (3.2)—(3.3) show that ||[zcg — MCR|||%VC is
controlled by the right-hand side in the corollary. O

The main tool in the proof of (3.1) is the following superior convergence of the
Crouzeix—Raviart errors in L?(€2) (when compared with the nonconforming energy
norm) which is standard [7,10] for H? regular problems when € is convex. Recall
that H denotes the maximal mesh-size and s is the index of elliptic regularity.

Lemma 3.3 (L? error estimate for NCFEM) Anyvcg € C R(l) (T) with

/ Vincveg - Vwedx =0 forallwe € V(T)
Q
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Convergence of natural adaptive LSFEMs 1105

satisfies

lverll < H* lllverlline-

Proof Let z € H'™(Q) N H} () be the solution of the PMP with right-hand side
ver = —Az. Incase 0 < s < 1, the textbook analysis is not applicable and, hence,
arguments from a medius analysis are exploited. Given vcg € C Ré (T), one defines
a conforming approximation by the averaging of the possible values

0@ = vfe@ = lim | verds/|BG.8)
2,

of the (possibly) discontinuous vcg at any interior node z € AV (R2) (vzkj » denotes the
precise representation of the Lebesgue function vcg). Linear interpolation of those
values defines v; € P1(7) N Cp(R2).

In the second step, one defines v, € P»(7) N Co(2) which equals vy at all nodes N
and satisfies

/UCRdS=/ vrds forall E € £(Q2).
E E

In the third step, one adds the cubic bubble functions to v, such that the resulting
function v3 € P3(7) N Cy(R2) equals vy along the edges and satisfies

f veR dx :/ v3dx forallT € 7.
T T
Therefore, an integration by parts shows
f Vucg dx =/ Vusdx forall T € 7.
T T
Altogether,
luerll® = / (vcr — v3)vcr dx -I-/ v3vCR dx
Q Q
= / (ver — v3)(1 — Ip)vcg dx —/ v3Azdx.
Q Q
Piecewise Poincaré inequalities lead to
/ (ver = v3)(1 = To)ver dx < H2[lJucrlllve lllver = vslllne-
Q
The design of the dual solution z leads to

f/ v3Azdx:/ Vv3~Vzdx:/ VNCUCR~Vzdx+/ Vnc (3 —vcR) - Vzdx.
Q Q Q Q
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1106 C. Carstensen et al.

Since vcg is perpendicular to the conforming nodal interpolation Icz € V(7)) and
since fT V(vs —vcr)dx =0 forall T € 7, the last expression equals

/ Vncvcr - V(z — Icz)dx +/ Vnc(vs —vcR) - V(z — Icz) dx.
Q Q

The reduced elliptic regularity of the PMP plus standard finite element interpolation
estimates on polygonal domains bound the previous terms with some C(€2,s) < 1
from above by

C(Q,s)H* |lverll(llverlline + 11lvs — verlline)-

The approximation and stability properties of v has been studied in a former work
on preconditioners for nonconforming FEM [9] (called enrichment therein). This and
standard arguments also prove stability in the sense that

Nvslllve < Mllverlline.

The combination of the above estimates concludes the proof. O

Proof of Theorem 3.1. Given the piecewise constant [Ty f +divprs € Po(7) and the
inf-sup condition (also called LBB condition) for the lowest-order Raviart—-Thomas
functions, there exists some qgrr € RTy(7) with

—divqrr = —Tlof —divprs and [qr7llg@iv.e) S Tof +divprsl.
Amongst all possible qg7 € RTy(7) with prescribed divergence, the mixed finite
element solution minimises the L norm |[qg7 || of the flux and, hence, is orthogonal

onto Curl(V (7). Hence, Proposition 2.1 shows that we may and will assume that

divqrr

qrT = VNCUCR + (e —mid(7)) a.e.in

with the Crouzeix—Raviart solution vcg of the PMP with right-hand side — div qg7.
Recall the analog identity for pys with [TopLs = Vnciicr. The LSFEM leads to

Mo +divpesi? = [ (Mo +divpL) divarr dx = [ (Vuws — prs) - qer d.
Q Q
The aforementioned identities for qgr and p s show that the above term equals
1 . . . ~
_Z/ div qrr divprslx — mid(7)[* dx + / Vnc(urs —ucr) - Vncvcrdx.
Q Q

The first term is controlled by some H || div qrr|| ||h7 div prs]|| in terms of the local
mesh-size h7 € Py(7). An inverse inequality proves that

[lhr divyc(PLs — Vurs)ll S 1prs — Vupsll.

@ Springer



Convergence of natural adaptive LSFEMs 1107

This results in
1 ) ) ) 2 .
~ divqrr divprslx —mid(7)|"dx < H |IpLs — Vurs|l | divqgrrl].
Q

The second term is recast with the observation that, given any vc € V(7) with
Vue € Po(T: R?), it follows

/ Vnc(urs —ucr) - Voc dx = / (pLs — HopLs) - Ve dx = 0.
Q Q

Hence, Lemma 3.3 implies

llucr —ursll S H'||lucgr —ursllinc.

This is applied at the last step after [Toqrr = Vycvcr followed by an integration by
parts, namely

/ Vnc(urs —ucr) - VNcvcr dx = f qr7 - Vnc(urs —ucg) dx
Q Q

= /Q(TICR —urs)divqgr dx

< H|lucr — ursllinell divqrr]l.

Notice that ||[iick — ursllIinc = [[TlopLs — Vursll < |[pLs — Vursl|. The com-
bination of the respective upper bounds for the first and second term yields (3.1).
(]

4 Saturation for large bulk parameter

This section is devoted to the proof of the existence of constants 0 < A; < oo and
0 < 01 < 1 with (1.1)—(1.2) for a uniform mesh-refining or some particular adaptive
mesh-refining strategy. The point of departure for the specification of the latter, is the
discussion of a general marking with the localisation of the least squares residual into

Wi (T) = |1 f = T fl17a gy + e f +divpell7a g,
+11(1 = T)Pell7 gy + [1Tepe — Vel |37,
for the LSFEM solution (py, u¢) (and the L? orthogonal projection IT, onto the piece-
wise constants) with respect to the regular triangulation 7, and a triangle 7 € 7.

For any subset M, C 7; of triangles, its contribution to the least squares functional
LS(f; pe, ug) is abbreviated as

ueMyp) =Y pi(T) andso pi(Te) = LS(f;pe, ue).
TeM;
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1108 C. Carstensen et al.

Given any bulk parameter 0 < ® < 1, the step MARK of an adaptive refinement
selects some subset (e.g., of almost minimal cardinality) M, C 7, with

Oul(Te) < n2(My). (4.1)
This is equivalent to
13 (T\My) < (1 — ©)u(To) = (1 — ©) LS(f; pe, ue).

The highly-oscillatory data example from the introduction with (1.3) has to be excluded
to guarantee saturation (1.2). The underlying assumption throughout this section will
be that the data resolution error || f — f¢| is small compared to LS(f¢; pe, u¢) for
fe := Iy f. At least the refined triangulation 7, | shall resolve the data and then the
last condition implies

Y e = Vueliagy < (1= ©) LS(feri; e, uo)- (4.2)
TeT\M;

All the triangulations in this paper are defined by a sequence of one-level refinements
starting with the initial triangulation 7 of € into triangles. A one-level refinement
consists of markings in the newest-vertex bisection as depicted in Fig. 1 to generate a
shape-regular refinement.

The following two refinement conditions (R1)—-(R2) are imposed on the regular
triangulations 7, and 7y of € with their respective LSFEM solutions (py, u¢) and
(Pe+1, ug41) for saturation.

(R1) The LSFEM solution (p¢, u¢) satisfies (4.2) with @, < ©® < 1.
(R2) The regular triangulation 7,4 is a one-level refinement of 7, such that any
triangle in M is red-refined.

Theorem 4.1 Provided the initial regular triangulation Ty is sufficiently fine, there
exist constants 0 < 02 < 1,0 < Ay < 00, and 0 < ®y < 1 such that (R1)—(R2)

imply

LS(fort Petts uer1) + Azl (1= e n)pes 12
< 02 (LS(fu1; e o) + A2ll(1 = Moope?)

Some comments are in order on the parameters before the proof of Theorem 4.1.

Remark 4.1 Theorem 4.1 implies saturation (1.2) under the aforementioned assump-
tion f = fyy1 := Iyy1 f. Since the refinement rules (R1)—(R2) do not provide the
resolution of the data, additional algorithms are required to guarantee this assumption,
e.g., the data approximation algorithm in the separate marking of [15,18].

Remark 4.2 The crucial point is that ®; < 1 may be large (i.e., close to one) and so
is ® with (R1). Some closer investigations on the parameters at the very end of this
section reveal that 9o < 1 implies 2/3 < ®,. This is crucial and seems to expel the
proof of optimal convergence rates with arguments from [12,18,28].
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Remark 4.3 Some closer investigations on the parameters at the very end of this section
reveal that 0 < Ay < oo can be arbitrarily small. However, 0 < Ay << 1 implies
that 02, ®; < 1 are very close to one and the initial triangulation 7y is very fine.

Remark 4.4 The condition (R2) on the red-refinement can be relaxed. However,
Lemma 4.3 requires that all edges of any triangle in M, are bisected.

The proof of Theorem 4.1 is split into four ingredients. The first of those is based
on the stability of the mixed FEM plus elementary algebra.

Lemma 4.2 It holds

Il fo + divpell> + 21l fo1 — fo +divpest — POI* = 21 fes1 + div peg |12
S IPet1 — Pe — Viuer: — ue)|l.

Proof The inf-sup condition from the Proof of Theorem 3.1 leads to q; € RTy(7Zy)
with fp + divp, = div q; and some stability constant Cy;,p, = 1 with

lgell?> < Csrapll div aell> = Cyrapll fo + div pell*.

The LSFEM on the level £ shows
Il fe + divpe|l> = / (Vug —pe) - qedx.
Q

The LSFEM on the level £ + 1 with test function q, shows that the last term equals

/ (Pet1 — Pe — V(ugyr —ug)) - qedx + / (fer1 +divpeyr) divge dx.
Q Q

Since div q; = f; + div p¢, the binomial formula shows that the second summand in
the last term equals one half times

| fear + divpest > + | fe + divpel> — || et — fe + div(pess — po >
The combination of the aforementioned identities shows
I fe + divpell® + Il fear — fe + divesr — PN = || et + divpeq1 |
=g£wﬂ—m—vwﬂ—w»qwx
< lael*/Q2Cstap) + 2CsiapllPest — Pe — Vgt — ug)||*.

The combination of ||q¢ |2/ Csiap < || f¢ + div pe||? with the previous inequality con-
cludes the proof. O

The second ingredient exploits arguments from a discrete efficiency analysis of
adaptive mixed FEM.

@ Springer



1110 C. Carstensen et al.

Lemma 4.3 It holds

ITLepe — Vuell* S IPest — Pe — Vgt — up) > + (1 — ©)LS(fes1; Pe, o).

Proof Recall the representation ITyp; = Vycitg from Proposition 2.1. Then veg :=
Uy —uy € CRé (7¢) satisfies

ITepe — Vue|* = f (pe — Vue) - Vycvcr dx.
Q

The nonconforming vcp is first approximated similar to the proof of Lemma 3.3 by
some vy € V(7y) with v}, (2) = v¢(z) = ve11(z) for any interior node z € N¢(R).
Whenever an interior edge E € & of length | E| is refined, written E € £ (2)\E¢+1,
its midpoint mid(E) € Ny11(2) is an interior node in the refined triangulation 7y
and has some conforming nodal basis function g € V(Zy41). Then

verrs=ve+ Y 2| (ver —ve)ds/|E| gr € V(Tey1)
EeE@\En " F

satisfies, for all E € & (2)\Er+1, that

/vulds:/ vcRr ds.
E E

Since any T € M, is red-refined by (R2), all its edges are bisected and the previous
identity leads (via an integration by parts) to

/(pg — Vug) - V(vcg — vg4+1)dx =0 forall T € M.
T

Let Q' := U(7y\.My) abbreviate that part of the domain which is not covered by the
marked triangles. Then,

ITepe — Vgl = /Q(Pz — Vug) - Vugqpdx + /Q,(Pz —Vuy) - Vnc(uer — vey1) dx.
The test function vy € V(Z41) in LSFEM on the level £ + 1 satisfies
/ (Pe+1 — Vugyr) - Vogyrrdx = 0.
Q

Therefore,

ITepe — Vuee]? < — f (Pest — Pe — Vueas — ug)) - Vops dx
Q

+lIpe — Vuell 2@y lllver — vetilline.-

@ Springer



Convergence of natural adaptive LSFEMs 1111

The stability of the discrete approximation operators [9] reads

Mvertlll S Hlverllive = [ITepe — Vugl|.

Observe that (R1) and (4.2) imply

IPe = Vauello gy < (1= OLS(fee1; Pes )
The combination of the previous three displayed formulas concludes the proof. O

The third ingredient is the well-established Galerkin orthogonality for LSFEM.
Lemma 4.4 It holds

LSO; per1 —Pe,uer1 —ug) = LS(f; pe, ue) — LS(f; Pes1, uey1).

Proof The proof is straightforward with elementary algebra and the Galerkin orthog-
onality of the LSFEM. O

The last ingredient is the explicit reduction for ||(1 — IT¢)pe]l.
Lemma 4.5 The refinement conditions (R1)—(R2) with (4.2) imply

I(1 = T D)pel® < 1/4 (1 = Tpell® +3(1 — ©)/4 LS(fes15 Pe, o).

Proof AnyT € M, with vertices P;, P>, P3 and opposite edges E, E3, E3 of lengths
|E1l, |E2|, | E3| satisfies

e —mid(T)|172 ) = ITI(E1 + | E2|* + | E3[*)/36. 4.3)

(1)

(The proof of (4.3) is by direct calculations and hence omitted.) The red-refinement
Te+1(T) of T consist of the four congruent subtriangles 71, T, T3, T4 enumerated
such that 7} is the triangle in the centre and the subtriangle T has the vertex P; for
any j = 1, 2, 3. The four contributions of the four subtriangles are equal to each other
and can also be calculated with (4.3). This results in

/ | @ —mid(T})*dx = |Tu|(|E1|* + |E2|* + | E5|*)/144 forj=1,...,4.
T;

The comparison with (4.3) proves that the identity mapping e and its piecewise constant
integral means (which interpolate at the centres of inertia) satisfy

(1= Tes1) @ 72y = 1/4 11 =TIo) @ 1757,
The multiplication with the constant | div p¢|7|> proves

11 = e )Pell 7oy = 1/4 11 = TOPell7 7y

@ Springer



1112 C. Carstensen et al.

This verifies even equality in the key estimate

(1= TeDpell7a gy < 03 11 = TPelljap, forall T e M,

with o3 = 1/4. Any triangle which is bisected (also called green refined), shows the
previous inequality with o3 = 1/2 while o = 1 for the unrefined; further details are
omitted.

Recall from the proof of Lemma 4.3 that ' := U(7;\My) abbreviates that part
of the domain which is not covered by the marked triangles. The sum of all triangles
leads to

11 = T Dpell® < 1/41( = Tpell7s g gy + 11 = TPl
= 1/41(1 = Tpe > +3/41(1 = TTOpel72 -
This and (4.2) conclude the proof. O

Proof of Theorem 4.1. Recall (2.3) and set LS, := LS(fe: pe, ue), LSy =

LS(fos1; Pesue) = LS, + || fog1 — fell? and LSesy := LS(fit1: Pest, tes1).
This and Lemmas 4.2—4.3 show, with some C ~ 1, that

LS, — (1 = TI)pel? = Il fo + divpell* + [ITepe — Vel
< 2l fe1 +divpes11? = 20 fes1 — fe + div(pes1 — po)ll?
+ Cllpest — pe — Vgt — up)l* + C(1 — ©)LS,.

The multiplication by any § with 0 < § < min{1/2, 1/C} and Lemma 4.4 lead to

LSes1 + 1 div(pest — POI* + 28] fear — fe + div(pert — poll?
< (1= 8)LSe + 8[| fear — fel* + 281 feqr + divpesa |
+8II(1 — Tpell* + (1 — O)LS,. 4.4)

The further analysis uses the following list of arguments (a)—(c) for the estimation of
three terms on the right-hand side in the preceding inequality.

(a) The Young inequality
I fert = fell® < 201 ferr = fo+ divpest — POI® + 21 div(pes1 — po) .
(b) The supercloseness result of Theorem 3.1 for 7 = 7,4 reads
I fert + divpesil)* < & LSes
with some ¢ ~ H* which tends to zero as the maximal mesh-size of 7; tends to

zero; 0 < & < 1/2 will be chosen sufficiently small via the condition that the
initial triangulation 7y is sufficiently fine.
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(c) The Young inequality shows, for any 0 < A < oo

(1= e DPes1l? < A+ DI = T ppel? + 4+ /D10 = Tpg)Pest — Pl

Lemma 4.5 implies some reduction formula for || (1 — ITy41)p¢||- To control the second
term [|(1—Tg41) (pe+1 —Pe) |, observe that the integrand || (1— g4 1) (Pe+1 —pe) || is
equal to the constant divergence of pg+1 —p¢ in T’ times |x —mid(T”) |2 < h%+1 |77 =
|T’| of T' € Ty4 1 at any x in some triangle T’ in 7y . This proves

(1 = e 1) (Pes1 — POI* < IMheg1 div(pes1 — pe)ll*. (4.5)

The combination of all arguments of (c) results in

(1 = M4 D)pes1]?
< (14 2)/4[1(1 = T)pe > + 31 + 1) (1 — ©) /4 LS,
+(1+ 1/2) H*|| div(pe+1 — po)lI*.

Multiply the respective inequalities (a), (b), and (c) by &, 2§, and some factor 0 <
A < 0o and add them to (4.4). The result is equivalent to

(1 —286)LSp41 4 All(1 = Mg 1)pesi |l
<(2-0-—5+3A(+1)(1—0)/4) LS,
+ @+ A+ 21)/4) (1 — T)pel?
+ (A0 +1/2)+25 = 1) [ divipes —pol.

This inequality is divided by 1 — 28¢ and then proves the assertion with A, =
A/ (1 —268¢) and 02 := 0/ (1 — 268¢) for

o:=max{l =5+ (1 —0)(1+3A0+1)/4),8/A+ 1+ 1)/4)}
provided that
H>A(1+1/0) +28 < 1.

The latter condition as well as o3 < 1 follow for sufficiently fine meshes (as & and ¢
become small) once the parameters 0 < A, A < coand 0 < § < min{1/2, 1/C} are
fixed with o < 1. The crucial condition § < 1/2 and o < 1 is feasible for large ®,;
further details on the parameter choice are omitted for brevity. O
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Fig. 2 Convergence history plot of the least squares functional LS(f; pg, ug) in Sect. 5

5 Numerical experiments on L-shaped domain

Let Q := (-1, 1)2\[0, 1]2 be the L-shaped domain and let f = 1. The Fig. 2 shows
convergence of the natural adaptive LSFEM for a wide range of bulk parameters
0 < ® < 1. This indicates that the restrictions on the parameter in condition (R1)
does not seem to be very sharp. However, they are crucial for the analysis at hand.
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