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1. Introduction

The least-squares finite element methods (LS-FEMs) for the Stokes equations form a competitive scheme in CFD with the
minimization of L2 residuals of the divergence of the pseudostress tensor o in H(div)-conforming Raviart-Thomas spaces of
order k— 1 and of the constitutive relation for the gradient Du of the velocity field u in H'-conforming piecewise polynomials
of degree at most k minus the deviatoric part deveo of the pseudostress,

LS(0;0,u) == Hdiva”i2 + Hdeva — Dqu2

(£2) £2)"
The lowest-order case (k = 1) is equivalent to the nonconforming Crouzeix-Raviart scheme [1, Thm. 2.1], but higher-
order nonconforming schemes are restricted (e.g. to 2D and odd degrees). An adaptive version of a scheme with automatic
recovery of the optimal rate (for corner singularities) appears mandatory for any polynomial degree. It should be remarked,
that conforming finite element methods (e.g. MINI or Taylor-Hood) are empirically observed to improve the convergence
rates through adaptive mesh-refinement but - at the best knowledge of the authors - are not known to lead to optimal
convergence rates. In other words, the optimal convergence rates for the adaptive LS-FEM of any order k of this paper makes
the overall methodology even more competitive.

More information on the history of least-squares finite element schemes may be found in [2] and on the mathematical
foundation of adaptive algorithms in [3]. Quasi-optimality of an adaptive first-order system LS-FEM has been invented for
the 2D Poisson model problem in [4] and exploited for the Stokes equations in [5] for the lowest-order case k = 1 only.
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Numerical experiments show optimal behaviour of an adaptive algorithm with least-squares formulations driven by the
local contributions of the least-squares functional, e.g., in [6] for the Poisson model problem. However, this approach does
not fit into the known mathematical techniques to guarantee optimal convergence rates [3,7]. The affirmative result in [6]
requires the bulk parameter 6 to be close to one while the known optimality [3,7] follows exclusively for 6 sufficiently small.
An alternative a posteriori error estimator is therefore derived in [5] within the framework of the axioms of adaptivity and
separate marking [7].

Given some right-hand side f € [?(£2; R?) and piecewise differentiable Dirichlet boundary datag € H'(£(3£2); R?) N
C(0£2; R?) with fafz g - vds = 0 on a bounded simply-connected Lipschitz domain £2 € R? with polygonal boundary 92,
the Stokes equations seek a velocity fieldu € A := {v € H!(£2; R?) : v = g on 952} and a pressure distribution p € L%(Q)
(ie.p € [*(2) and [, pdx = 0) with

—Au+Vp=f and divu=0 inS$2.
The LS-FEM considers the equivalent first-order system [8]
f+dive=0 and devo —Du=0 ing2 (1)

with the deviatoric part deve := ¢ — tr(a)/2 I, and seeks a discrete minimizer of the least-squares functional
. 2
IS(f;0,v) := Hf + dlva”L2

foro € X = {r € H(div, £2; R**?) : trt € [3(£2)} and u € A. The equivalence of the homogeneous functional LS(0; o, v)
to the natural norm of the underlying function space X x H(} (£2; R?) [8, Thm. 4.2] reads, for all (o, u) € X x H(} (£2; R?),

(2) + ”deva —Du H 52(9) (2)

150,00~ ol g, + Il 2

and leads to efficiency and reliability of the a posteriori error estimator LS(f; o5, u;s) for some discrete minimizer (o7s, uys).
Section 3 contributes an explicit constant for the norm equivalence and a discussion of its dependence on the domain 2.
The analysis from [5] for optimal rates of adaptive mesh-refinement requires exact solve to apply an alternative a posteriori
error estimator with the volume contributions

|T| |div(devois —Duss) | o, + |T| [curl dev(ors — Duis) | o,
for any triangle T of area |T| and with the edge contributions
|T|1/2 |[deves — Duys]eve | 2e T |T|1/2 |[dev(ors — Duys)]eTe ||,_z(E)

with jumps [e]r across an interior edge E plus additional terms on the boundary.
The main result of this paper is the quasi-optimality of the novel adaptive algorithm (with the number |7;| of triangles
in the triangulation 7;)

sup(| 77| — || + 1) (1S5 0, w) + 05 (&', £:020) * ~ |w. 1), (4)

with the non-linear approximation class

A= {(.f) € Ax X(2:BY) : [, )]’ = supN*E(u,f,N) < oo}
s NeN

and the best possible error

E(u,f,N) :== min min (LS(f; T1s, vis) + 0s€* (g, £(052))).
TEeT(N) (T1s,v15)€Xk—1(7T) x A(T)
The proofs require a discrete Helmholtz decomposition for any polynomial degree on a simply-connected domain in [9],
which has also been established based on exterior calculus by [10-12].

The paper is organized as follows. Section 2 presents details on the approximation of non-homogeneous Dirichlet
boundary data with two possible interpolation operators and states the employed LS-FEM for the Stokes equations. Section 3
is devoted to the analysis of the different residuals in the least-squares functional. The statement of the alternative a
posteriori error estimator and the quasi-optimal adaptive algorithm in Section 4 is followed by the main result of this paper
Theorem 4.3 and the proofs of the axioms of adaptivity. Section 5 outlines the proof of the Axiom A3 (discrete reliability).
Numerical experiments conclude this paper in Section 6.

This paper employs standard notation of Sobolev and Lebesgue spaces H*(£2), H(div, §2), and L?(£2) and the correspond-
ing spaces of vector- or matrix-valued functions H*(£2; R?), [?(£2; R?), H*(£2; R?*?), H(div, £2; R*>*?), and [ (£2; R*>*?). Let
(e, ®)yc denote the duality pairing of H/2(32) and its dual H='/?(§2), which extends the L?-scalar product on 952. Let
lloll =@y g =D e |2, abbreviate the energy norm.

Throughout the paper, A < B abbreviates the relation A < CB with a generic constant 0 < C which solely depends on
the interior angles <7 of the underlying triangulation 7 and so solely on the initial triangulation 7p; A ~ B abbreviates
A<B<A

This paper is restricted to 2D for the ease of this presentation although most of the arguments carry over to 3D as well,
cf. [13] for some additional arguments in 3D and [ 14] for more involved modifications of the treatment of Dirichlet data.
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2. Preliminaries
2.1. Triangulations

Let 7o denote a shape-regular initial triangulation of the simply-connected polygonal Lipschitz domain £2 into closed
triangles. Any admissible refinement of it in this paper is understood in the context of newest-vertex bisection (NVB), see
e.g. [15-17] for details on this method of mesh-refinement in 2D.

The NVB requires an initial condition on the refinement edges in 7y. With reference to [18] for the suppressed details,
this is assumed throughout this paper in the definition of the set

T := {7, regular triangulation of £2 into triangles :
¢ € Ng 379, 71, . . ., Ty successive one-level refinements in the sense
that 7j;4 is a one-level refinement of 7 forj =0, 1, ..., £ — 1}.
of admissible triangulations created from 7; for refinement control and existence of overlays as summarized in [3, Sect. 2.4]
with further references. For any natural number N € N, set
T(N) :={T € T: |T| — |To| <N}
For any 7 € T, NV denotes the set of nodes and £ the set of edges and the corresponding sets A'(0£2) and £(052) on the

boundary 9£2, N'(£2) and £(£2) in the interior £2. For a triangle T € 7, let N'(T) denote the set of its three nodes and £(T)
the set of its three edges.

2.2. Approximation of dirichlet boundary data

Given some triangulation 7 of the polygonal domain £2, let H'(£(9£2); R?) consist of all boundary functions g €
12(32; R?) with square-integrable piecewise arc-length derivative g = 9g/ds € [?(9£2; R?) along the boundary edges
£(082). Let P,(£(052)) denote the space of piecewise polynomials of degree at most k € Ny on the boundary. For k € N and
any function g € H'(£(3£2); R?) N C(882; R?), let [yg € SK(£(882); R?) := P (£(382); R?) N C(3£2; R?) denote the nodal
interpolation with respect to k 4+ 1 distinct nodes xg, . . ., X, € E for any boundary edge E = conv{xg, x;} € £(352). If not
stated otherwise, let the nodes be distributed equally in every boundary edge E € £(352).

Lemma 2.1. Forany E = conv{xo, X} € £(3£2) with arbitrary but distinct nodesxo, . .., xx € Eandg € H'(E; R*)NC(E; R?),
it holds that

” (Ikg)/HLZ(E) < C(Xo, -+ X) ”g/”LZ(E)
with a constant C(xg, .. ., X) that does not depend on the length of E.
Proof. Without loss of generality, let E = [0, h] = [Xo, xx] C R. Hence, for any x € R,

k —
hg() =) gL withLx =[] e

=0 0=0,... ke X T X

Since (Iyg)" and g’ do not change from an additive shift of g, we may and will suppose without loss of generality that g(0) = 0.
Thus,

Xj
g ()] </0 g’ |dy < ‘/HHg,”LZ(E)'
Moreover,

k
=0

k
I (Ikg)/HLZ(E) < Z|g(xj)| ”L]/'”LZ(E) < \/H”g/”LZ(E) Z||L;||L2(E)'
. g

This implies the claim via an inverse estimate for the polynomial L;, namely
/ el . w121
”Lj ||L2(E) < Ginvh ”Lf HLZ(E) < Ginvh ||LJ ||L°°(E)'
For uniformly distributed nodes, the Lebesgue constant Z};O IILjl| .o~ £y satisfies [19]
2k+l

k
;”Lj”po(m ~ eklogk’

In general, the constant C(xq, . . . , X¢) ‘= Ciny Z}l‘(:o L] o & depends onkand the partitionxo, . . ., X, of interpolation nodes,
but it is independent of the size h. It degenerates to oo as min;. |X; — Xk|/h tends to zero or as k tends to infinity. O
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Lemma 2.1 asserts a generic stability constant Cy, > 0 of the nodal interpolation I such that, forallg € H'(£(3£2); R>)N
C(082; R?),

“ (Ikg)/”LZ(B_Q) < CStAb”g/”LZ(B.Q)' (5)

Let Jyg € S¥(£(3£2); R?) denote an alternative interpolation of g with (Jyg)(z) = g(z) forallz € A (382) and, if k > 2,

/E(g —Jk8)pk—2ds =0 forall g, € Pr_»(E) and E € £(352). (6)
This defines Ji uniquely and for the L?(3£2)-orthogonal projection IT_;g’ of g’ onto P,_;(£(32); R?), (6) ensures that

kg = Mg’ (7)
With the k-independent stability constant 1 of IT,_1, this implies boundedness of J,

H (lkg)/”ﬂ(ag) = anflg/ Hmag) < Hg/HLz(‘MZ)'

Recall that Cg,p denotes the constant in (5).

Lemma 2.2. It holds [|((1 — 1)g) l2g) < (1 + Cstab) [I((1 = Ji)&)'ll;2(g) for any E € £(3$2).

Proof. Since IiJ,g = Jxg, Lemma 2.1 implies

1@ =108) [ 26y < €1 =08 | 2, + [ U1 = J0Q) [ 2y < (1 + Cstan) [ (1 =8 || 2y O

Let hg € Py(€) denote the piecewise constant function with he |p = |wg|'/? forevery E € £(92) and its adjacent triangle
wg € T to define the Dirichlet data oscillation

osc(g, £02)) = > (1 = Mg | 2 -
The proof of the following lemma employs the ideas from [5, Lem. 2.1]. In addition, it utilizes the stability from Lemma 2.2
to control the discrete approximation of the Dirichlet boundary data. Therefore, the generic constant Cey > 0 in (8)

includes Cs,p from Lemma 2.3 and, thus, depends on the polygonal degree k. Let Cs; > 0 denote the stability constant from
[20, Thm. 3.1] of the Scott-Zhang quasi-interpolation which also depends on k.

Lemma 2.3. Given any boundary data g € H'(£(3£2); R?) N C(d$2; R?), there exists some extension w € H'(§2; R?) with
wl,, =1 —I)g and ||w] < Cex0sc(g’, £(32)). (8)

Ifin additiong =3 € S (?(8.(2); Rj) for any admissible refinement T of T, there exists some discrete extension w € Sk (?; R?)
with (8) and the modified constant Ceyt := CextCsz.

Proof. An analogous proof to the one of [5, Lem. 2.1] yields existence of a generic constant C > 0 and w € H'(£2; R?) with
1/2
wlo =1 -1lg and [Jwl] < Cr* = 108) ] 250,
The constant C > 0 consists of the universal equivalent constant of different H'/2-norms times the generic constant from

[21, Thm. 1] solely depending on the ratio r := max{|E;|/|Ex| : Ej, Ex € £(352) and E; N E; # #}.
With Cex := C(1 + Cstap), Lemma 2.2 and the commutativity (7) of J, complete the proof of

Jlw|| < Cextosc(g’, £(32)).

The existence of a discrete extension employs the Scott-Zhang quasi-interpolation with stability constant Cs; and follows
verbatim as in the proof of [5, Lem. 2.1] with the modified constant Cex; := CextCsz. O

Lemma 2.4. The constant Cosc = ~/2C2,,/(~/2 — 1) > 0 and any admissible refinement T of T satisfy

052 ((Ikg)', £(32)) < Cosc(05c?(g', £(32)) — 0sc (g, E(32))).
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Proof. Since the left-hand side equals

1/2

osc((hg) . €@ = > o

EcE@20\EODR)

| = M) (ig) |2 - 9)

it remains to consider E € £(9£2) \ £(32) with (even with equality in the first step)
[ = M) 0e) |2y = [0 = M) (g) = k@) | 2y < [ Th8) = Uk) | 2
Lemma 2.1 (with g — Jig replacing g) and (7) imply the upper bound
| (@ = 1) [ 26, < Cotan | (1 = MTe)g | 2 -
This leads to
]wE]]/Z la- kal)(fkg)’”fz@) < cjtab\wE‘l/z Z I nk,l)g’Hfz(F), (10)
FeE(E)

SinceE € 5(8.(2)\\?(8.(2),anyF € f(E) has a subordinated subtriangle wr € T of wg € T thatisrefined and so |wr| < |wgl/2.
This and [|(1 — ITx—1)g"ll;2¢r) < I1(1 = ITk—1)g' |2 TeSUlL in

1/2 1/2)

(] —_ ]/ﬁ)|a)5|1/2 ||(‘l - nkfl)g/”ZZ(F) < (|wE|
1/2‘

|1 = Mg’ 2,
|(1 - Hk—l)g/Hfz(F) - }wf‘l/z H(l - ﬁk_l)g/”LZ(F)

= |oe|"*|(1 = mv)g’ 526, — 05C2(E". F).

= [eor|

< ||

The substitution of this in (10) shows

1/2

loe| 7 (1 = Hk—l)@g)/”iz(}g) < Cosc(0s?(g', E) — 0sc*(g', E(E))).

This and (9) conclude the proof. O

Remark 2.5. The commutativity (7) implies
”h};/z(l - Hk—l)(’]\kg)/HfZ(ag) = Hh},'/z(ﬁk—l - H’(—])g,HfZ(aQ)
< ”hyz“ - Hk—l)g/”;(arz) - ”h‘lg‘/z(1 - ﬁk—l)g/ H;(am

(with Cosc = 1). Hence, the interpolation Jig is an alternative choice for the approximation of the Dirichlet boundary data in
Section 2.5.

Remark 2.6. The corresponding situation in 3D is more involved and does not allow the analysis of this section because
(7) fails. This led in [ 14] to different algorithms to circumvent this difficulty with a separate Dorfler marking to control the
boundary approximation terms.

2.3. Auxiliary problem
Givenf € [?(£2; R*) and g € H?(£(3£2); R?) N C(3£2; R?), let z € H'(£2; R?) denote the unique solution to
—Az=f inQ and z|,, =g onds.

Since f € 1?(22;R?) and g € H?(£(32); R?) N C(32; R?), the reduced elliptic regularity [22-24] implies T := Dz €
H*(£2; R**?) for some s > 0 and

”THH(div,Q) N ||f||L2<9) + ”g”HW(aQ)'

Let Ty = Ty T € RT((T; R?>*?) denote the Fortin interpolation of 7 [25, eq. (2.5.26)]. Then it holds — div gy = — I, divt =
ITf and

”rRTHH(div,(Z) IS ”fHLZ(:z) + HgHHlﬂ(am'
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2.4. Divergence-free Raviart-Thomas functions

The 2D rotation operators read, for v € H!(£2; R?),

— —8v1/8x2 8U1/8X1 __
Curlv .= (—8v2/8x2 v,/ 9%, and curlv := tr Curlv.

Let Cp(£2) > 0 denote the Poincaré constant such that any 8 € H'(£2) N Lg(Q) satisfies

H'B”LZ(Q) < CP(Q)”V 'BHLZ(Q)'

Proposition 2.7. Given pg; € RTy(T; R?*?) with div pg; = O, there exists fc € SK(T; R?) such that CurlBc = pg; and

H 'BC”LZ(S)) < CP(Q)”IORT”H(div,Q)'

Proof. Since £2 is simply-connected, a known discrete Helmholtz decomposition [10,9,11] guarantees the existence of
Bc € Sk(£2; R?) with Curlfc = prr- Without loss of generality, it holds that f o Bcdx = 0 and the Poincaré inequality
proves

Cl’_]”13c||L2(Q) < |H13Cm = chrlﬂc”mg) = ”p”H(div,Q)' U

2.5. Least-squares FEM
The space of discrete admissible pseudostress functions on a regular triangulation 7 reads
i 1(T) = {Trr € RT1(T5 R?) s trT € L3(2))}
and the set of discrete admissible velocity functions reads
A(T) = {v e SK(T:R?) : v =g on 9£2}.

A conforming discretization seeks (o7s, Uis) € Xx_1(7) x Ar(7) such that, for all (7, vis) € Tk_1(7) X 56‘(7; R?),

/ diVO’LS - div TLs dx +/ (deVGLS — DuLs) : (deers — DULs) dx = — / f - div TS dx. (11)
2 2 2

This yields the unique /gliscrete minimizer of tp\e least—sAquares functional LS(f; os, us) defined in (2). Given 7 and an
admissible refinement 7, let (a5, Uiis) € Zi_1(T) x Ax(T) denote the subordinated discrete solution.

Proposition 2.8. The constant Cyo := CextCoscCsz and any & > 0 satisfy
(1 — &)LS(f; G1s, Uis) + LS(0; G1s — o1s, Ups — Ugs)
<IS(f; o1s, is) + Cqo/(05C% (g, £(9R2)) — 05> (g, E(082))). (12)

Proof. The proof employs the arguments from [5, Thm. 4.8] and is merely outhned here for brevity. Throughout this proof,
the upper index " refers to 7.Lemma 2.3 guarantees the existence of some W € S"(T R?) with |y, = (I, — I)g and

IB* < CexcCsz 053 ((Ikg)', £(32)). (13)

Elementary algebra proves
LS(0; 015 — o1, Urs — Uis) = LS(f; o5, uis) — LS(f; s, Urs) — 2/ (deves — Diiis) : Dw dx.
2

This, the Cauchy-Schwarz inequality, the Young inequality for any parameter ¢ > 0, (13), and Lemma 2.4 conclude the
proof. O

3. Scaling

This section is devoted to an analysis of the norm equivalence constants of the homogeneous least-squares functional
in (3), which in general are dependent on the size of the domain £2. This scaling dependence is sometimes subject to a
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general criticism on least-squares methods. However, the main result Theorem 3.1 presents a weighting of the least-squares
functional and the norms of the function spaces that guarantee scaling independent equivalence constants.

Let C¢ > 0 denote the generic constant from the Ladyshenskaya lemma in [26, Thm. 3.1] and Gz > 0 the Friedrichs
constant [27, Thm. 1.5] which depend on the domain £2 and lead to the well-established estimates

||v||L2(_Q) < G¢|Dv ||L2(m forall v € H} (£2; R?)
and, since $2 is simply-connected, for all g € [3(£2; R?), there exists T € H] (2; R**?) such that ¢ = div 7 and
“Dr”LZ(Q) < C'—”q“LZ(Q)‘
Given two parameters k, j+ > 0, define a weighted least-squares functional, for (7, v) € H(div, £2; R**?) x H, (£2; R?), by

2 2

LS(k, 115 7,v) = | dev(r — Dv) |}y ) + K CE[divT|}, ) + G [[div o] ) (14)
and set
C (ko ) = H#“{K’“} - %\/(1 ~min{x, u})2 +8 > 0, (15)
Cilk, ) = W + %\/(1 — min{x, u})? +8 > 0. (16)
Theorem 3.1. Any (7, v) € T x Hj(£2; R?) satisfies
C-(k, “)(H deerfZ(.Q) +C H div TH;(Q) + Hdeva”;(m +¢ ”div UH;(Q))
< LS(k, w; T, v)
< Gl 'U‘)( |dthH§2(Q) + CF2 ”diVT”iZ(_Q) + Hde"D"”fz(g) + CLZ Hdivv”;(m)'

Several remarks are in order before the proof of the Theorem 3.1 concludes this section.

First, the weights C; and Cg scale differently with the size of §2. In general, the results of least-squares calculation depend
on diam($2) owing to the different scaling of functions and their derivatives in L?(£2). It is known that C; does not scale with
diam(£2), while the first Dirichlet eigenvalue A of the Laplacian leads to CF2 = 1/X; and (g is proportional to diam(s£2).
Moreover, it is well-known and follows with a one-dimensional Friedrichs inequality | , @ap S b—a)/7 171 2 @b and
Fubini’s theorem for the width width(£2) of £2, that ' '

Cr < width(2)/7.

The choice of the weights in (14)-(16) reflects this behaviour. This is why we introduced the values ¥ and u as scaling
invariant variables, which lead to equivalence constants C. («x, ) independent of the domain £2.

This is indeed different for the natural choice of the weights. In fact, x = 1 /CF2 and u =1/ (4CL2) lead to (2) and, hence,
C(k, ) = C(1/CZ, 1/(4CY)) in Theorem 3.1 scales with the size of £2.

The proof of Theorem 3.1 employs the following special case of the well-known tr-dev-div lemma.

Lemma 3.2. Any ¢ € H'(£2; R?) with curl ¢ € L3(£2) satisfies

Jeurl ]|,z o) < 26i[devCurig ], .

Proof. Since curl¢ € L[3(£2), the Ladyshenskaya lemma [26, Thm. 3.1] yields existence of some ¥ € H;(£2; R?) with
divy = curl ¢ and [|¢/|| < G| curl @ || ;2(g)- Hence,

2 1

9l gy = 5 [ DV Ccunl o) d

1
5|
= / Dy : (Curlp — devCurlg) dx
2
< HW”‘ HdevCurl¢ HLZ(Q)'
This concludes the proof. O

A technical lemma is required in the proof of Theorem 3.1.
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Lemma 3.3. Givenk > Oand X := {y € [0, 00)> : |y|? := y2 +y5 +y% > 0}, it holds
X2+ X2+ x3—2xmin{x, x3} 3+«
n =
xeX |X|2 4 4
N X2+ X2+ x4+ 2 min{x, x3} 3+«
X =

1
~JA -2 +8>0.
e FE g Tgv-etess

1

V(1 —k)2+8>0;

Proof. Step 1. Forx € X, set

fx) = (X + x5 + K X3 — 2x, min{x, x3})/‘x‘2.

This step establishes the claimed formula for

M:= inf  f(t,x,0).

0<t<00,0<xy

(17)

Since f(t,0,t) = (1+«)/2forall0 < t < oo, it remains to consider f (t, x,, t) for x, > 0. Arescaling allows a reduction
to x, = 1. Since

Kkt2 4+ (t —1)?
t1,t) = ——————
f( ) 2t2 +1

has a negative derivative of (t, 1, t)/dt for 0 < t < t* and a positive derivative for t* < t with the unique zero
1—« 1
t* = + -V (1—«)?+38,
1 1 ( )

it follows

3 1
M=t 1,65 = X

—Z\/(l—K)2+8>O.

Step 2. Since m := minyex f (xX) < M is obvious, the remaining parts of the proof are devoted to the converse inequality.
Step 3.1f0 < x < 1and x € X, then min{x3, x3} + «k max({x], x3} < x§ + kx3 implies

f(min{xq, x3}, X, max{xq, x3}) < f(x).
(If & > 1, the aforementioned inequality holds when min and max are interchanged.)

Step4.1f0 < k¥ < 1and x € X, then f(x) > M. To see this, consider x € X and utilize Step 3 to reduce to 0 < x; < x3 and
0 < x,. Since min{xq, x3} = X1, elementary algebra shows

2
f&) =k + 1 =) +x— 200/ =) [|x|". (18)
The infimum of f will be smaller than « only in case that xf + x% — 2x1% /(1 — k) < 0 and then (with x4, x, fixed), (18)
shows that f (x) is monotonically increasing with xs. The infimum is therefore achieved for minimal x; = x3. Thus f (x) > M.
Step 5. If k > 1, the Step 3 shows, for all x € X, that
f(max{xy, x3}, xo, min{xq, x3}) < f(x).
This leads to the case 0 < x3 < X1, 0 < X, and

F&) =1+ (c — D& — 20x) /x|

With fixed x,, x3 and (¢ — 1)x§ — 2xX3 < 0, f (x) is monotonically increasing in x;. This shows f(x) > f(x1, x2, x1) > M.
Step 6. Analogous arguments yield the upper bound with the only positive root

k—1

+ V-1 T8
4 V"
of the derivative dof (t, 1, t)/dt of

t* =

2 2
f(t, 1,f) — w

2t2 + 1
and

3 1
sup f(6, 1,0 =f*, 1,09 = <2 L L g o
0<t<oo 4 4
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Proof of Theorem 3.1. Step 1.ForZ := {« € H(} (£2; R?) : diva = 0}, the Helmholtz decomposition for a simply-connected
domain £2 reads

[%(£2; devR**?) = DZ & (DZ)* (19)
and is [2(£2) orthogonal with the orthogonal complement
(DZ)* = dev(CurlH'(2; R?)/R%)

= {devCurl¢ ¢ € H'(2; R?) with / pdx = Oand/ curlp dx = 0} )
2 2

The authors expect that the above representation of (DZ)' is well-known and deduce this from a discrete variant
[28, Thm. 3.2] for the mesh-size in the underlying triangulation tends to zero. This implies existence of «,a € Z and
B.b e (DZ)* with

devt = Do+ B and devDv = Da + b.
Let ¢ € H'(£2; R?) such that 8 = devCurlgp = Curlp — curl /2 I,;.

Step 2. The orthogonality from the Helmholtz decomposition (19), an integration by parts, the Cauchy-Schwarz
inequality, and Lemma 3.2 yield

/b:ﬁdx:/ﬂ:devadx:/Curld):devadx
2 2 2

1 . 1 .
= —5/;Curl¢ : (divvlyyp) dx < Encurlqb”Lz(Q) ldivo||, g
< CL”ﬂ”LZ(Q) ”diVU”LZ(Q)'

This and the Cauchy-Schwarz inequality prove

‘/gzb : ﬂdx‘ < ||ﬂ||L2(.Q) min{”b”Lz(Q)’CL||diVU“L2(Q)}'

Step 3. The orthogonality from the Helmholtz decomposition (19), an integration by parts, the Cauchy-Schwarz and
Friedrichs inequality yield

/QDa:Dadx:/QDa:rdx:—/ga-divrdxg ] 20 119 2] o g, < Cellall v T

This and the Cauchy-Schwarz inequality prove
I/Q Da : Der dx| < [[al| min{{je|], Ce|div 7| o)}

Step 4. Abbreviate

x = ([l [l

In this notation and with f = f from (17) and f,, from (17) with « replaced by p, the combination of Step 2 and 3 lead to

a

’CF”THLZ(Q)’ b”LZ(.Q)’ BHLZ(.Q)’ CL”diVT”LZ(.Q)) € R

fe@®1, %2, X3) + fu(xa, X5, X6) = X + X5 + kX5 — 2%, Min{Xy, X3} + X5 + X2 + pUx§ — 2x5 Min{xs, X}
gx%—i—x%—i—xx%—l—xﬁ—l—xé—{—uxé—z/ Da:Dadx—Z/ b: Bdx
2 2

= LS(x, u; T, v).

Lemma 3.3 results in C_ (i, ) (X3 4 - - + X2) < fie (X1, X2, X3) + f,1 (Xa, X5, X5).
Step 5. An analogous computation and the upper bound from Lemma 3.3 proves

LS(ic, it; T, v) < X2 + X5 + kX3 + 2x, min{xy, X3} + X5 + X2 + puxZ + 2xs min{x,, Xg}
<SCilk, WEE+---+x3). O
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4. Quasi-optimal adaptive algorithm

4.1. Alternative a posteriori error estimator

For the solution (o7s, u;s) to the discrete equation (11) and for any subset M C 7 of triangles in the triangulation
T of the 2D polygonal Lipschitz domain £2, define an a posteriori error estimator n*(7, M) = > .., n*(7,T) and
n%(T) := n*(T, T) with

n*(7,T) = |T|| div(devors — Duss) 3, + |T| |curl dev(oys — Duis)]|;

12(T)
. |T|1/2 Z || [devos — Dus]g vg ”52(5)
EcE(MNE(R)
+ |T|1/2 Z |[dev(ars — Duss)]e 7 ||52(E> -
Ee&(T)

with jumps along the edge E € ¢ with neighbours T, and where available T_ defined, for any discrete tensor Tnc €
Pu(T; R**?), by
(rNC)yT+ — (Tno)|; OonE € £(2) withE = 9T, N aT_,

[Encle = (rNc)]T+ onE € £(382) N &(Ty).

Theorem 4.1 (Efficiency). For any admissible triangulation 7 € T with discrete solutions (o's, Uis) € Xp_1(7) X A (7) to(11),
it holds n*(T) < LS(f; o1s, ugs).

Proof. The proof of [5, Thm. 3.5] relies on the discrete test function technology due to Verfiirth [29] and applies literally to
the situation at hand. O

Define the data approximation error u?(7) := D ter w?(T) with oscillations

PAT) = A= Tof [, + 1T D0 A= Teg | g, (21)
Ec&E(T)NE(AR2)

forallT € 7.
4.2. Adaptive algorithm (ALS-FEM)

Input: Initial regular triangulation 7o with refinement edges of the polygonal domain 2 into triangles and parameters
0<0<1,0<p<1,0<k <o0.
for anylevel¢ =0,1,2,...do
Solve LS-FEM with respect to regular triangulation 7, with solution (a7, uy).
Compute 7,(T) := n(7, T) from (20) and w(T) from (21)forall T € 7; and set n? := n*(7;) and pu2 := p*(7).
if 12 < kn? (CASE A) then
Select a subset M; C 7; of (almost) minimal cardinality | M,| with

on; <mpMy) = Y ni(T).
TeM,

Compute smallest regular refinement 71 of 7, with M, € 7; \ 7+, by NVB.
else (kn? < u? CASEB)
Compute an admissible refinement 7;, 1 of 7, with (almost) minimal cardinality |74 1| and @ (7Z¢11) < pue. fi od

Output: Sequence of discrete solutions (o, U¢)¢er, and triangulations (7¢) ¢en,-
Remark 4.2 (Case B). Any (quasi-)optimal data approximation algorithm may be employed in the algorithm ALS-FEM and

in the analysis. The Approx algorithm [16,30,7] consists of the thresholding second algorithm (TSA) of [31, Sect. 5] followed
by a completion step and is one possible realization of the refinement in Case B.

4.3. Optimal convergence rates

The main result of this paper involves, for any given 0 < s < o0, the notion of approximation classes .A; which consists
of all pairs (u, f) € A x L[?(£2; R?) such that

|, )|, = sup(N + 1)*E(u, f, g, N) < 00
As NeN
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with the best possible error

E(u,f,g,N) .= mi

n min (LS(f; T1s, vis) + 0sc* (g, £(312))).
TEeT(N) (T1s,v15)€Xk—1(T) < A(T)

Theorem 4.3. There exists a maximal bulk parameter 0 < 6 < 1 and a maximal separation parameter 0 < ko < oo (which
depend exclusively on Ty) such that for all0 < 0 < 0y, forall 0 < k < ko, forall0 < p < 1, and forall0 < s < oo, the output
(07¢, Up)een Of ALS-FEM with (u, ) € A; satisfies

1/2
iup(’ﬂ‘ — || + 1) (1S(f: 0. ue) + 05P(g. £0(092))* ~ . f)] .-
eN
The equivalence constants depend only on the initial mesh 7y, the polynomial degree k, and the parameters s, p, 6, and k.

4.4. Axioms of adaptivity

This section summarizes the convergence analysis of [ 7] based on the axioms (A1)-(A4), (B1)-(B2), and (QM) for the proof
of Theorem 4.3. It will be shown in the remaining part of this subsection and Section 5 that those conditions are satisfied for
the problem at hand. The axioms (A1)-(A3) and (B2) concern an admissible refinement T € Tofan arbitrary triangulation
T e T and the associated discrete solutions (o', is) and (o7, uis) to (11) in the definition of the distance

~ .o~ 2 ~ 2
8*(T,7) = ||div(Gs — o15) ||Lz(g) + |dev(@s — o15) — D(Uis — uys) ”,_2(Q)~ (22)
Recall the estimator 1?(7) from (20), «?(7) from (21), and their sum convention from the beginning of this section.

Theorem 4.4 (Stability and Reduction). Any admissible refinement T of T € T satisfies
(T, TNT) —n(T, TNT)| < AS(T, T), (A1)

n(T,T\T) <27"*n(T, T\ T) + A:8(T, 7). (A2)
Proof. The proofs of (A1)-(A2) are straight-forward from [3,5,4] evenfork > 2. O
The proof of the discrete reliability

84T, T) < As((T, T\ T) + 13(1)) + Asn*(7) (A3)

is postponed to Section 5.
The quasi-orthogonality concerns the outcome (7;)¢en, of the algorithm ALS-FEM and reads

(o]
Y8 (T T) < (P (T0) + A (T0)). (A4)
k=t
This follows directly from (A1)-(A2), the following theorem, and [7, Thm. 3.1].
Theorem 4.5 (Quasi-Orthogonality with ¢ > 0). For any sequence of successive admissible refinements 7y, 71, ... € T and all
positive &, A4(€) = Gl + Cqo/& < 00 satisfies
£+m
2 2 2
Y (8 Tsr, T) — €185 0k, u)) < Aa(@) (72T + [f = | o))
k=t
Proof. Forallk = ¢, ..., ¢ + mand positive &, Proposition 2.8 proves

82 (Tir, T) — €LS(f; Oiqt1s Ups1) < LS(F; 0, tg) — LS(F; O kgt Upr1)
+ Cqo/e(0sc*(g', Ek(32)) — 0sc* (g, Ek11(312))).

The proof concludes with the telescoping sum of the aforementioned estimates overallk = ¢, . .., £ +m and the reliability
from Corollary 5.2. 0O

The subsequent assumptions (B1)-(B2) transfer directly from [7] to the situation at hand in three components for the
TSA plus completion (called ApPrOX in) [30].

(B1) Rate s data approximation. VTol > 0, 750 := APPROX(Tol, t(K) : K € 7o) € T satisfies | Tio)| — | 70| < AsTol~Y? and
Mz (771'01) < Tol. —
(B2) Quasi-monotonicity of u. u(7) < Agu (7).

Since 23 in (A3) may be large, the following result is required.
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Theorem 4.6 (Quasi-Monotonicity of n 4+ ). Any admissible refinement TeT of T € T satisfies

n(T) + w(T) < A;()(T) + (7). (Qw)
Proof. The efficiency from Theorem 4.1 plus Proposition 2.8 and the reliability from Corollary 5.2 prove (QM). O

5. Discrete reliability

Throughout this section, let T € T denote an admissible refinement of 7 € T with respective discrete solutions (o's, Uis)
and (o7s, urs) to (11). Recall the definition of the distance 6(7, 7) from (22).

Theorem 5.1 (Discrete Reliability). It holds

(T, T) <™ (T, T\ T) + p*(T) + LS(f; Ois, Tis). (23)

Proof. The proof follows the lines of [5, Sect. 4.2] for k = 1 and utilizes the auxiliary problem of Section 2.3 adapted
for all k > 1. Moreover, the generic constants of the stability and approximation estimates of the Scott-Zhang quasi-
interpolation [20] as well as the constant Cex from Lemma 2.3 depend on the polynomial degree k > 1. The rest of the
proof follows analogously and its key arguments are presented below.

The proof involves three discrete mixed FEM solutions Tgr, Ty, and gy to the Poisson model problem from Section 2.3
with respect to homogeneous boundary conditions g = 0, the respective right-hand sides

—div(ais — o1s), —IM_1div(eis — 015), and  — [T div(a1s — o1s),
and the triangulations 7, 7, and 7; in particular,
diV?RT = diV(&LS — O'Ls) and diV?;{T =14 diV(ELS — O'LS) = div Tps.
The stability of mixed FEM reads
H?RT —?ET”Lz(Q) S H(l — I—y) div(os — GLS)“,_z(Q) and ||TPS ”L2(9) S an—l div(os — o1s) ||Lz(9)- (24)

The proof of 5, Lem. 4.,5] with Lemma 2.3 and Proposition 2.7 plus elementary algebra shows in this paper that there exist
some W, B € SK(T; R?) with

Wlao = G —10g, ||| < Cexeosc((g)’, £(@£2)), and (25)
[div(@is — a1s) ||Zz(_Q) + |dev(Gs — o15) — D(Uis — us) ||fz(m
= (1 = 1) divGis = 019) [} o, + [ (@evGis — a1s) ~ Dlfis — ) : (dev(Ers — Ti) — D) d
2
+ / (deVU]_S — DULs) : (D@\LS — Uis — I/,U\) — devCurlE) dx.
2

An analogous proof to [5, Eqn. (23)] using the Cauchy-Schwarz and triangle inequality plus the stability of mixed FEM from
(24) and (25) shows

/ (dev(o1s — a1s) — D(Uis — uys)) : (dev(Tps — Tpg) — DZ) dx
2

S ||deV(3Ls — o15) — D(us — ULS)”Lz(Q)(”(l — ) div(os — ‘TLS)”Lz(Q) + osc((lkg), £(082))).

An analogous proof to [5, Lem. 4.6] with the discrete equation (11), a piecewise integration by parts, the Cauchy-Schwarz
and trace inequality, the stability and approximation property of the Scott-Zhang quasi-interpolation operator [20], and a
finite overlap of patches around triangles yields

/ (devos — Duys) : D(Uis — us —2) dx < |HﬁLS — Us —/Z\m( Z (|T| ||diV(dEV0Ls — Duys) ||52(T)
2

TeT\T

1/2
+ > 1" idevors — Duys]e VE||i2<E>)> '
EcE(MNE(R)
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An analogous proof to [5, Lem. 4.7] with the discrete equation (11), a piecewise integration by parts, the Cauchy-Schwarz
and trace inequality, the stability and approximation property of the Scott-Zhang quasi-interpolation operator [20], a finite
overlap of patches around triangles plus the stability of mixed FEM from (24) and Proposition 2.7 yields

/ (devas — Duys) : devCurlp dx < [ows — o1s ||H(div7m< Z <|T| | curl deves ||52(T)
2 TeT\T

12
+ Z ‘T|1/2 |[dev(o1s — Duis)] 7 “fZ(E))) .

Ec&(T)

The combination of those estimates plus standard rearrangements conclude the proof as in the proof of [5, Thm.4.3]. O

The discrete reliability and the plain convergence of the LS-FEM implies reliability of the error estimator n(7) in the
following sense.

Corollary 5.2 (Reliability). Any admissible triangulation 7 € T with discrete solution (os, uis) € Xp—1(7) X A(7)
to (11) satisfies

LS(f; 015, tis) < Crat(0*(7) 4 p*(7)). (26)

Proof. The proof of [5, Corollary 4.4] relies on the discrete reliability (23) with 7 replaced by successive uniform refinements
of 7 and applies literally to the situation at hand. The convergence of the LS-FEM in the limit as the maximal mesh-sizes
tend to zero proves (26). O

Proof of (A3). The combination of (23) and (26) with respect to T proves (A3) from Section 4.4. O

6. Numerical experiments

This section presents some numerical experiments with an implementation of the ALS-FEM algorithm from Section 4.2
for the lowest-order case k = 1.

6.1. Natural adaptive refinement

The following adaptive algorithm with the natural error indicator is used for comparison.
Input: Initial regular triangulation 7o with refinement edges of the polygonal domain 2 into triangles and bulk parameter
0<fO <1

for anylevel£ =0,1,2,...do
Solve LS-FEM with respect to regular triangulation 7; with solution (a7, u).

Compute LS(f; o5, us; T) == |If + div "L5”f2(r) + || devos — DuLS”iZ(T) forall T € 7g.

Mark a subset M, C 7; of (almost) minimal cardinality | M| with

O LS(f; o1s, uis) < LS(f; o1s, urs; My) == Z LS(f; o1s, ugs; T).
TeMy

Compute smallest regular refinement 7y of 7, with M, € 7; \ 7y+1 by NVB.

Output: Sequence of discrete solutions (o, ug)cen, and triangulations (7¢)¢en,-

6.2. Preliminary remarks

The main output of the experiments displayed are the convergence history plots for errors and error estimators as
functions of numbers of degrees of freedom (ndof). The grey scale value and the shape of the marker determine the specific
terms which are listed in the associated legend. The style of the line and the brightened grey scale value of the marker show
whether a uniform refinement (dotted line), the natural adaptive refinement (dashed line) with error indicator LS (f; o¢, uy),
or the alternative adaptive refinement (solid line) with error indicator n%(7;) is used for comparison. The letters ‘A’ and ‘B’
indicate the case in the adaptive algorithm from Section 4.2 for the computation on the current level.

The degrees of the Gaussian quadrature are chosen in such a way that the integration is exact if possible (for polynomial
data) or 10 otherwise. If not stated otherwise, the chosen parameters read 6 = 0.5, p = 0.3,and x = 0.1.
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Fig. 1. Velocity plot for the colliding flow example from Section 6.3 for adaptively refined mesh with 1048 triangles (ndof = 4 195).
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Fig. 2. Convergence history plot for the colliding flow example from Section 6.3 for uniform (dotted lines) and adaptive (solid lines) mesh-refinement.
6.3. Colliding flow example

The first benchmark problem employs f = 0 on the square domain £2 := (—1, 1)2. Let the exact solution
u(x) := (20x:x; — 4x, 20x1x, — 4x3)" and  p(x) := 120x3x5 — 20x] — 20x; — 16/3

prescribe the inhomogeneous Dirichlet boundary data g := u|ye. Fig. 1 presents the discrete solution u, for £ = 6 with
ndof = 4195.

On convex domains, the regularity theory of elliptic operators [32, Ch. 5] yields the optimal convergence rate 0.5
independently from the chosen refinement strategy. The convergence history plot in Fig. 2 confirms this theoretical result
for the uniform and adaptive case. The equilibrium residual ||f + divo||;2(p) in the least-squares functional is of higher
order and attains between 1% and 10% of the constitutive residual |[devo, — Dug||;2(q).

6.4. Example on L-shaped domain

The second benchmark solves the ALS-FEM with the right-hand side f = 0 on the L-shaped domain £ := (=1, 1)? \
((0,1) x (—1,0)). With « = 856399/1572864 and w = 3w /2, an exact solution from [33] reads in polar coordinates
(r,9) €10,00) x [0,3m/2] as

o A+ a)sin@®)w(®) + cos(®)w'(9)
@, 9) =r <—(1 + ) cos(P)w(®) + sin(z?)w’(z?)) ’
p(r,®) =" ((1+)’w'@®) + ") /(1 - ),
w() = 1/(a + 1) sin((¢ + 1)) cos(ew) — cos((o + 1)) + 1/(a — 1) sin((a — 1)¥) cos(axw)
+ cos((ax — 1)).
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Fig. 3. Convergence history plot for the L-shaped domain example from Section 6.4 for uniform (dotted lines), natural adaptive (dashed lines), and
alternative adaptive (solid lines) mesh-refinement.

-0.5 |- 1

I I I I I
-1 —0.5 0 0.5 1

Fig. 4. Triangulation plot for the L-shaped domain example from Section 6.4 of adaptively refined mesh with 572 triangles (ndof = 4275).

Let the exact solution prescribe the inhomogeneous Dirichlet data g := ulg. Note that g vanishes at the two edges of the
reentrant corner for ¥ = 0 and ¢ = 37 /2 and, thus, is smooth on the whole boundary d42. Therefore, the boundary data
oscillations are of higher order also for this example.

The convergence history plot in Fig. 3 confirms the superiority of the adaptive mesh-refinement for the natural error
indicator in the spirit of [6] as well as the alternative error indicator from Section 4.1 with the separate marking algorithm
from Section 4.2. Both converge with the optimal rate of 0.5 starting at about 1000 degrees of freedom, while uniform
refinement shows an empirical convergence rate 0.25.

The plot of the adaptively generated mesh in Fig. 4 shows the expected increased refinement at the re-entrant corner.
This avoids unnecessary computational costs by reducing the number of degrees of freedom in the less refined parts of the
domain.

6.5. Backward facing step example

The third benchmark concerns a flow in a pipe £2 := ((—=2, 8) x (=1, 1)) \ ((—=2, 0) x (—1, 0)) with a bottleneck and a
polynomial in- and outflow, for x € 952,

1/10 (—x2(x, — 1), 0)T forx; = —2,
g(x) == 141/80(—(x2 — (%2 +1),0)" forx; =8,
0 otherwise.

An exact solution to this problem with f = 0 is unknown but the errors are equivalent to the estimator.
Fig. 5 presents the convergence history plot for k = 1 and supports the qualitative equivalence of the natural and the
alternative mesh-refinement.
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Fig. 5. Convergence history plot for the backward facing step example from Section 6.5 for uniform (dotted lines), natural adaptive (dashed lines), and
alternative adaptive (solid lines) mesh-refinement.

6.6. Conclusions

In all examples with a known exact solution, the displayed error estimator by LS'/? appears to be equivalent to the
error—even in Section 6.4 we expect that the convergence rates will be equal for finer and finer triangulations.

In all examples, the adaptive algorithm leads to optimal convergence rates 1/2 for the lowest-order discretization with
k = 1 even for a relatively large bulk parameter & = 0.5. This is not theoretically founded but a numerical observation
deduced from all the convergence history plots.

The separate marking strategy differs the two cases A and B displayed in the convergence history plots. It appears that
this dominates the pre-asymptotic rates only which is expected as for all examples with smooth Dirichlet data. In case g
is globally continuous and edgewise in H?, the oscillations are of higher order and hence may appear negligible for quasi-
uniform and fine triangulations. Thus, the separate marking algorithm runs the case B solely in the first few loops.
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