Problem Set 11

Differential Geometry
WS 2019/20

Problems 1 to 3 can be discussed in the tutorial.
You may submit solutions for Problems 4-6 until January 22.

Problem 1
(i) Check that
—y Tz
X(@y,z)=1| z | Y(z,y,2)=| yz
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define smooth vector fields on S? C R? and express them in stereographic coordinates.

(ii) Let a € R* be a linear form on R3. Express the smooth one form (*a = « |pg2 in spherical
coordinates.

(iii) Express the Riemannian metric on $? C R3 induced by the Euclidean metric in stereographic
coordinates.

Problem 2
(i) Show that
G:={Ae MmR) | ATA = E,,det A =1}

is a submanifold of the space of n x n—matrices M(n;R) = R™ and a subgroup of the group.
Gl(n;R) of invertible n x n-—matrices and determine its dimension. Explain why

p:GxG—G, ulg,h)=gh!

is a smooth map.
(ii) Describe the tangent space Ty, G. For g € G let L, : G — G denote the smooth map L,(h) =
gh. For v € Ty, define a vector field X on G by

X(g) = dE,,,Lg(v)

Show that for all g,h € G
X(gh) = dnLyX(h),

and that X is differentiable. Moreover, if {v;} C Tg, G is a basis, then for the corresponding vector
fields {X;(g)} is a basis of TyG. (iii) Finally let X,Y be the vector fields corresponding to two
elements v,w € T, G. Show that their Lie bracket [X,Y] is also a vector field corresponding to
an element in Tg, G. Describe that element.

Problem 3
Let v : [a,b] = M be a differentiable curve in a differentiable manifold M and V be a vector field
along . Show that there is a differentiable map I' : (—¢, €) X [a,b] — M such that

0

%L:O(F(s,t)) =V(t).

Hint: Prove the statement, when ~([a, b]) is contained in a coordinate chart. Then cover [a,b] by
finite number of intervalls which are mapped to coordinate chart under ~.



Problem 4
For smooth vector fields X, Y, Z and a smooth real function f on a smooth manifold show that

X, Y] = [V, X]
X, fY] = fIX. Y]+ X (/)Y
[1X, Y], 2] + [[. 2}, X] + [[Z, X), Y] = 0.

Problem 5
Let (M, g) be a Riemannian manifold, p,q € M two points,

dy(p,q) == inf{lg(y) [ v :[0,1] = M € C*([0,1], M),7(0) = p,7(1) = q}-
Show that (M, d,) is a metric space.

Problem 6

Consider the manifold M := $?"*1/S' from Problem 5 of Problem Set 10. Correction: S*"*+1 C
il

(l) Show that {(pJ :C" — M}je{l,.,.,nﬂ}

1
¥ '(Zla ceey Zn) = 7(217 sy Zj—1, 17 Zjy ey Zn)
’ V1 =] ’ ’

where z = (21, ..., 2,), define a smooth atlas {Uj, gaj_l, C"},; of M, where U; := ¢;(C™).

(ii) Show that the canonical projection 7 : S?"*1 — M, p(z) = [z] where [z] denotes the equivalence
class is smooth.

(iii) Show that the tangent space Tjz]M at [z] € M for a given x € S*"*! can be identified with
the orthogonal complement (7, (S*-z))+ C T,,$*" ! in T,,5%"*1 w.r.t. the scalar product induced
by the Euclidean scalar product, where the identification is given by the differential d,7. Show that
the resulting isomorphism between (7,,(S* - z))* and (Th,(S*-2))* for any A € S! is an isometry.
(iv) Thus the induced scalar product on (T (S! - x))* defines a scalar product on each tangent
space of M. Show that this is a Riemannian metric.

(v) Compute the metric defined in (i) w.r.t. the coordinate chart (Uni1, @), 11)-



