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Problem 1 [Kähler Form]
(a) Let (zk = xk + iyk) for k = 1, ..., n be the complex coordinates of Cn. Show that

ω =
i

2

n∑
k=1

dzk ∧ dzk

corresponds to the standard symplectic form of R2n under an appropriate identification.
(b) Let (M,J, g) be a Kähler manifold. Show that its Kähler defines a symplectic form on M .

Problem 2 [Fubini Study Form]
Let A ∈ Ω1(S2n+1; iR) be the connection one form on the total space of the Hopf bundle S2n+1 →
CPn where the connection is given by the horizontal spaces Thz S

2n+1 which are the orthogonal
complements to the orbits of the S1-action

(z1, ..., zn+1) · g = (z1g, ..., zn+1g).

Show: The curvature FA ∈ Ω2(CPn; iR) defines the symplectic form

ωFS := −iFA,

Remark: It is called Fubini Study form.

Problem 3 [Cotangent Bundle]
(a) Show that the exterior derivative dθ of the canonical one form θ ∈ Ω1(T ∗Q) on the cotangent
bundle of a smooth manifold Q is symplectic form.
(b) Check that the zero section and an arbitrary fibre of T ∗Q is a Lagrangian submanifold. Mo-
reover, prove that for any submanifold R ⊂ Q its conormal bundle

N(R) := {α ∈ T ∗
qQ | q ∈ R,α(v) = 0∀v ∈ TqR}

is a Lagrangian submanifold.
(c) Let α ∈ Ω1(Q) be a smooth one form. Show that its graph

{αq | q ∈ Q} ⊂ T ∗Q

is Lagrangian if and only if dα = 0.

Problem 4 [Conservation Laws]
Show the following claims:
(a) In an autonomous Hamiltonian system (M,ω,H) flow lines lie completely in level sets of H.
(b) Consider a general Hamiltonian system (M,ω,H). Let Φ : U× (t0−ε, t0 +ε)→M be a smooth
map for an open subset U ⊂M satisfying Φ(t0, x) = x for all x ∈ U and

∂Φ

∂t
(x, t) = XH(Φ(x, t), t)

also called the flow of XH . We abbreviate Φt(X) := Φ(x, t). Then Φt : U → M is an embedding
and

Φ∗
tω = ω.

(c) Let ϕ : (M1, ω1) → (M2, ω2) be a symplectomorphism. Let H : M2 × R → R be a smooth
function on M2. Then for the Hamiltonian vector fields of H and H ◦ ϕ

ϕ∗(XH◦ϕ) = XH .
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Problem 5 [Noether’s Theorem] Let (M,ω,H) be an autonomous Hamiltonian system. Let G be
a Lie group which acts on M such that ω and H is preserved and such that there is a function

ϕ : g ×M → R

so that for any ξ ∈ g the Hamiltonian vector field

Xϕ(ξ,.) = ξ̃

and the fundamental vector field of ξ agree.
Show that for any ξ ∈ g

ϕ(ξ, .)

is constant along the flowlines of XH .
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